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Directed Information on Abstract Spaces: Properties
and Variational Equalities
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Abstract

Directed information or its variants are utilized extensively in the characterization of the capacity of channels
with memory and feedback, nonanticipative lossy data compression, and their generalizations to networks.

In this paper, we derive several functional and topological properties of directed information for general
abstract alphabets (complete separable metric spaces) using the topology of weak convergence of probability
measures. These include convexity of the set of consistent distributions, which uniquely define causally conditioned
distributions, convexity and concavity of directed information with respect to the sets of consistent distributions,
weak compactness of these sets of distributions, their joint distributions and their marginals. Furthermore, we show
lower semicontinuity of directed information, and under certain conditions we also establish continuity of directed
information. Finally, we derive variational equalities for directed information, including sequential versions. These
may be viewed as the analogue of the variational equalities of mutual information (utilized in Blahut-Arimoto
algorithm).

In summary, we extend the basic functional and topological properties of mutual information to directed
information. These properties are discussed in the context of extremum problems of directed information.

Index Terms

Directed information, weak convergence, convexity, concavity, lower semicontinuity, continuity, variational
equalities.

I. INTRODUCTION

Directed information quantifies the directivity of information defined by a causal sequence of feedback
and feedforward channel conditional distributions [4], [5]. Specifically, given two sequences of Random
Variables (RV’s) X" 2 {Xo, X1,..., Xn} € Xom 2 X700 Y 2 (Y0, Y1, ..., Y0} € Vom 2 X7V
where X; and ); are the input and output alphabets of a channel, respectively, and B(X;), B(};), the
corresponding measurable spaces, directed information from X" to Y is often defined via conditional
mutual information [5], [0] as follows.

(X" = Y™ 231X Yy (L1)
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where notion (I.3) indicates that directed information /(X" — Y™) is a functional of two collections
of causally conditioned distributions, {Py;yi-1 xi : © = 0,...,n}, and {Px, xi-1yi—1 : i = 0,1,...,n},

called feedforward distribution, and feedback feedback distribution, respectively, which uniquely define
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the joint distribution {Pyiyi : ¢ =0,1,...,n} and the conditional distribution { Py;jyi-1 : i =0,1,...,n}
of the RV’s {(X,Y"): i=0,1,...,n}.

By Bayes’ rule, for any A; € B(X}), B; € B(Y;), 7 =0,1,...,1, the joint distribution decomposes into
PXi7yi(A07B0,...7AZ',BZ') = / PXO(dCC())/ PYO|X0,Y*1(dy0|x0ay_l)"-
Ag Bo

. / PXi|X7;717yi71(d.Ti‘fL’i_17 Y / Pyi|yifl7xi<dyi|yi_1, ), i=0,1,...,n. 1.4)
i B;

Formally, we represent (1.4) by Px: y:(da’,dy’) = ®'_, (PXj|Xj717yj71 ® Pyjlyjflg(j), and we call it an

(n + 1)-fold compound probability distribution.

If the distributions {Pxi\ xi-tyi-1, Pyyi1xi 0 i =0,... ,n} are defined with respect to the probability

density functions of continuous valued RV’s {(X;,Y;) : ¢ =0,1,...,n}, denoted by, { fx, xi-1 yi-1, fy;yi-1 xi

: i=20,...,n}, then (I.1) reduces to

n
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If the distributions {Pxi\ xi-1yi-1, Pyyi-ixi 0 1 =0,... ,n} are defined with respect to the probability
mass functions of countable or finite alphabet valued RV’s {(X;,Y;) : ¢ = 0,...,n}, denoted by,
{px,xi-1yi-1, Py, yi-1xi © ©=0,...,n}, then (I.1) reduces to

n n = Pmyifl,xi(yi’yi_lal’i) i i
O O D DD DR Y Jpxiyi(a',y),
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In information theory, directed information (I.1) or its variants are used to characterize capacity of channels
with memory and feedback [7]-[!4], lossy data compression of sequential codes [7], [15], lossy data
compression with feedforward information at the decoder [16], and capacity of networks, such as, the
two-way channel, the multiple access channel [6], [17], etc. Some of the above references derive coding
theorems for an anthology of problems of information theory, under any one of the assumptions: (a)
stationary ergodic processes {(X;,Y;):i=0,1,...}, (b) Dobrushin’s stability of the information density

Yoiolog % , (¢) Verdd and Han’s information spectrum methods [I8]. Moreover, directed
Yilye s/ . . . . . .

information is also utilized in a variety of problems subject to causality constraints, such as, gambling,
portfolio theory, data compression and hypothesis testing [19], in biology as an alternative to Granger’s
measure of causality [20]-[22], and in relating Bayesian filtering theory to sequential and nonanticipative

RDF [23], [24].

Directed information is initially introduced by Marko [4] by decomposing Shannon’s self-mutual informa-
tion into two directional parts, and then taking expectation. Although, directed information is defined via
a sequence of conditional mutual informations (i.e., (I.1)), for general abstract alphabets (i.e., continuous)
or distributions which are not necessarily continuous (i.e., induced by mixture of continuous and finite
alphabet RVs) its functional and topological properties are not well understood [6].

Further, for such alphabet spaces or distributions, specific functional properties of mutual information
expressed as a functional J(X™;Y") = Lynyn(Pxn, Pynixn), of the two distributions {Pxn, Pynjxn},
such as, convexity, concavity, and topological properties such as lower semicontinuity (with respect
to the topology of weak convergence of probability measures), at first glance, do not translate into
analogous properties for directed information. The reason is that directed information (X" — Y") =
Ixn_yn(Px,xi-1yi-1, Pyyi-1 xi 1 = 0,1,...,n) is a functional of two sequences of distributions
{Px,xi-1yi-1, Py yi-1 xi :4=0,1,...,n}, and the joint and marginal distributions are induced from these
sequences of distributions. Such properties are important in extremum problems of directed information.



Similarly, it is not obvious whether the well-known variational equalities of mutual information, which
involve a single maximization or minimization of appropriate functionals over appropriate convex sets, have
counter parts, for directed information, which involve nested maximization and minimization operations of
appropriate functionals over appropriate convex sets, giving rise to sequential variational equalities. Such
sequential variational equalities, are important to develop computationally efficient sequential algorithms
to compute capacity of channels with memory and feedback, similar to the Blahut-Arimoto algorithm
[25], of memoryless channels.

These properties together with compactness of subsets of the sets of the conditional distributions
{Px,xi-1yi-1 :1=0,1,...,n} and {Py,)yi1 xi : i =0,1,...,n}, are fundamental to analyze extremum
problems of directed information related to channel capacity, sequential and nonanticipative RDF, their
generalizations to networks, etc, for countable and abstract alphabets.

Recently, in [26] it is demonstrated via several examples that Shannon information measures, such
as, entropy, relative entropy, mutual information, and conditional mutual information, when defined on
countable alphabets, are discontinuous with respect to strong topologies (i.e., induced by total variational
distance metrics on the space of probability distributions). Since directed information in (I.1) involves a
sequence of conditional mutual informations, the observations in [26] also apply to directed information.
The lack of continuity is attributed to the fact that mutual information and directed information are defined
from relative entropy, and relative entropy is lower semicontinuous with respect to distributions [27]. For
such abstract alphabets problems, it was recognized many years ago (see [28], [29]) that the analysis of
capacity formulae based on single letter mutual information formulae requires tools from the topology
of weak convergence of probability measures (or equivalently the weak* topology), in order to identify
global and local analytical properties of channel input distributions which maximize mutual information.

The main objective of this paper is to derive functional properties, topological properties, and sequential
variational equalities, for directed information, when the distributions are defined on abstract alphabets, and
to provide appropriate conditions for these to hold. The methodology and the main results are summarized
below.

R1) Introduce an equivalent directed information definition expressed via information divergence D(-||),
. . . . o A
as a functional of two consistent families of conditional distributions P(-]y) on AN = x% X;

parametrized by y = (yo,%1,...) € Y0 2 x2,Vi, and Q(+]x) on Yo parametrized by x € XM,
which uniquely define {Px, xi-1yi-1 : i € No} and {Py;yi-1 xi : © € Ny}, respectively, and vice-
versa, and their (n+ 1)-fold compound probability distributions P, (dz"[y" ") £ @7 Py, xi-1,yi-1
(dala™t y"h), 607n(dy”|$”) 2 @ Pyyi xi (dysly' ™, ).

R2) Show convexity of the consistent families of the conditional distributions P(-|y) for y € Yo, Q(+|x)
for x € XM,

R3) Show convexity and concavity of directed information as a functional with respect to the consistent
families of conditional distributions Q(:|x) for x € XM, and P(:|y) for y € Yo, respectively.

R4) Show under certain conditions, weak compactness of the consistent families of conditional distribu-
tions P(-|x) for x € XN, and Q(:|y) for y € Yo, and of their marginals and joint distribution.

R5) Show lower semicontinuity of directed information as a functional of the consistent families of the
conditional distributions P(-|y) for y € Y, and Q(:|x) for x € A™°, and under certain conditions,
continuity of directed information as a functional of the family P(-|y) for y € YMNo.

R6) Express directed information in terms of variational equalities involving sequential minimization and
sequential maximization operations over conditional distributions.

R7) Illustrate that R1)-R6) extend naturally to three sequences of RV’s X" € Xy, Y™ € Vo, £2" € Zyp,
or more, which cover directed information measures for networks, and possible problems with side
information.

R8) Discuss applications of R1)-R6).

The above functional and topological properties are shown by invoking the topology of weak convergence



of probability measures on Polish spaces and Prohorov’s theorems [30], [31]. Some of the results described
above are obtained by utilizing analogies between communication channels with memory and feedback,
and stochastic optimal control problems in which the control element and the controlled element are the
sequences of conditional distributions, {Px, xi-1yi-1 : ¢ = 0,1,...} and {Py,yi1 xi : 7 = 0,1,...},
respectively, [32], [33].

Items R1)-R7) extend various functional and topological properties of mutual information 7(X™;Y™") =
Ixn,yn(Pxn, Pynjxn) as a functional of {Pxn, Pyn|xn} to directed information.

From the practical point of view, there are many potential applications of R1)-R7). Below, we briefly
discuss some of them.

The concavity and convexity properties are important in deriving tight bounds in applications of converse
coding theorems, in identifying properties of extremum problems involving feedback capacity [0], [34]
and sequential and nonanticipative lossy data compression via the nonanticipative RDF [35], in relating
Bayesian filtering theory and nonanticipative RDF [23], in network communication applications [36], [37],
etc. The semicontinuity and continuity of directed information, and the compactness of the consistent
families of distributions P(:|y) for y € Y™, and Q(-|x) for x € XM, are crucial, when addressing
questions of existence of extremum solutions to problems involving feedback capacity, sequential and
nonanticipative lossy data compression, computations of extremum solutions and their properties, and in
extending existing coding theorems to abstract alphabets [38]. For example, the converse part of coding
theorem for feedback capacity presupposes existence of optimal channel input distribution maximizing
directed information, and existence of its per unit time limit. The variational equalities are important in
generalizing Blahut-Arimoto computation schemes of single letter mutual information expressions [39]
to sequential Blahut-Arimoto schemes, involving extremum problems of directed information, such as, in
problems of evaluating feedback capacity (see [40]).

Throughout the paper, we illustrate applications of the results to the following extremum problems.
Capacity of channels with memory and feedback. Consider the extremum problem of channel capacity
with memory and feedback. Under the assumption of stationary ergodic processes {(X;,Y;): i =0,1,...}
or Dobrushin’s directed information stability and transmission cost stability, the operational definition of
capacity is given by the following extremum problem [ 1].

c’t(p) 2 lim inf sup
n—oo {PXi|X’L‘*1,Yi*1: i:O,l,...,n}EPo,n(P) n + 1

I(X™ = Y™, (L.5)

where Py ,,(P) is the transmission cost constraint set defined by

Pon(P) = {PX”X“’Y“, i=0,1,...,n: n—E{co W2y} < P}, P>0 (1.6)

A NI . .
and ¢y, : Xon X Vo1 — [0,00), con(2™, y" 1) =30 g:(a’, ¥~ !) is a measurable function denoting

the cost of transmitting symbols over the channel.

The task of showing existence of a sequence of probability distributions {PXZ.| xi-iyi-1:1=0,1,...,n} €
Po.»(P) which achieves the supremum in (I.5) for continuous or countable alphabet spaces is not easy. The
main difficulty arises from the fact that /(X™ — Y™) is a functional of the two sequences of distributions
{Px, xi—1yi-1, Pyyyi-1 xi 1@ =0,1,...,n}, unlike mutual information I (X™; Y") = Ixnyn(Pxn, Pynxn),
which inherits most of its properties from those of relative entropy between the joint distribution Pyn xn
and the product of its marginals Px» X Py». However, we show by utilizing some of the results described
under R1)-R6), existence of such conditional distribution and identify several properties of the optimal
conditional channel input distribution.

Generalized Information Nonanticipative or Sequential RDF. Consider the extremum problem of
general information nonanticipative RDF, or sequential RDF [7], which is a variant of classical RDF [41],



defined by [23], [42]

R™(D) £ limsup inf (X" —Y™), (1.7)
n—00 {PYZ-\Yi_l,Xi’ i:0,1,...,n}€QO,n(D) n + 1
where Qp,,(D) is the fidelity constraint set defined by
N , 1
Q(),n(D) = {QYiY"_l,Xi? Z:O,]_,...,TLZ n+1E{d07n(J;n’yn)} SD}, DZO (18)

and do,, : Xon X Vo +— [0,00], don(z™ y") = Sor o pi(2',y") is a measurable function denot-
ing the distortion function of reconstructing z; by y;, ¢ = 0,1,...,n. Note that if Py, xi-1yi-1 =
Py, xi-1, a.a. (=), i =0,1,...,n, then it can be shown that (1.7), (1.8) are degraded to Gorbunov
and Pinsker’s nonanticipatory e-entropy [43].

For both extremum problems (I.5), (I.7), we illustrate applications of R1)-R6) in showing existence of
solutions, identifying properties of optimal solutions, and in constructing sequential versions of Blahut
Arimoto Algorithm (BAA) [39].

The rest of the paper is structured as follows. Section II introduces two equivalent definitions of nonantic-
ipative channels on abstract spaces (Rl)). Section III derives the functional and topological properties of
directed information (R2)—R5)). Section IV derives sequential variational equalities of directed information

(R6)).

II. EQUIVALENT NONANTICIPATIVE CHANNELS ON ABSTRACT SPACES

In this section, our aim is to establish two equivalent definitions of the sequence of conditional
distributions or basic processes, which define any probabilistic channel with nonanticipative (causal)
feedback, that relate causally the input-output behavior of the channel. This formulation is utilized
extensively to establish the results stated under R1)-R7). The first definition of conditional distributions is
the usual one found in many papers, e.g., [6], [7], [10]-[13], for finite alphabets spaces. The aforementioned
definition is described via a family of multi-fold compound conditional distributions (see Fig. II.1, (a)).
The second definition is described via a family of conditional distributions defined on product alphabets,
which satisfy a certain consistency condition (see Fig. 1.1, (b)). The second definition is often utilized in

Feedback  Channel Feedforward  Channel Feedback Channel Feedforward ~Channel
> X Y,:1=0,1,..n - X" — Y',neN
—_ 1'\”\”_,,' = P)’,,:_‘, > —> Py Oy —>
A h
Yoo Viseeos Vi Yt
Unit 4 Unit
delay [ delay

(a) Sequence of feedback and feedforward channels (b) Consistent families of feedback and feedforward chan-
{PX”X@—lyyi—l,Py”yi—lyxi I’i:O,l,...,ﬂ}. nels { xn|yn—1, &yn|xn ZHENO}.

Fig. II.1. Equivalent Representations of Feedback/Feedforward Channels.

the stochastic control literature, in which there is a control process and a controlled process [32], [33].
Indeed, the analogy is that {X;: i =0,1,...} is the control process, {Y; : i =0,1,...} is the controlled
process, {Px,xi-1yi-1 : 4 = 0,1,...} is the control element, and {Py,yi-1 xi : ¢ = 0,1,...} is the
controlled element. The second definition is more convenient, because the directed information density

. A dPy \yi-1 xi APy \yi-1 yi .
(X" = Y") =log ( " #}/if) =3 " ,log <%> corresponding to I(X™ — Y™), can be

equivalently expressed in terms of two consistent families of conditional distributions, namely, Q(-|x) on



YN0 given x = (xg,21,...) € XN, and P(-ly) on XN given y = (yo,v1,...) € Y, which uniquely
define { Py,jyi-1 xi 11 =0,1,...} and {Px,xi-1yi—1 : 7= 0,1,...}, respectively, and vice-versa, such that

(X" —=Y"™) =log j%éléz.)) (y")) — a.s., where vF®Q(.) is the marginal distribution on x_,); obtained

from P(-]y) and Q(-|x). Once the conditions on the abstract spaces {(J;, X;) : ¢ =0,1,...} are identified,
and the consistency conditions are introduced, then it can be shown that i(X™ — Y™) has another version

given by i(X™ — Y™) = log (—déﬁ_’)‘gf%gz?))
distribution defined by P(-|-) and Q(-|-), and similarly for the rest of the measures. Consequently, directed

information can be expressed in terms of Kullback-Leibler distance D(P@Q\ P ® VP®Q) L

(™, y”)) —a.s., where ® denotes the compound probability

Notations and Preliminaries. A
Denote the set of nonnegative integers by Ny = {0,1,2,...}, and the restriction of Ny to positive

integers by N; = {1,2,...}, and to a finite set by N = {0,1,2,...,n}. Introduce two sequences of
spaces {(X,,B(X,)) : n € No} and {(V,,B(V,)) : n € No}, called basic measurable spaces, where
X, Yn,n € Ny are topological spaces, and B(X,,) and B()),) are Borel c—algebras of subsets of X,
and ), respectively. The set of probability measures on any measurable space (Z,B(Z)) is denoted by
Mi(2).

For each n € Ny define the product spaces

(Ko B o)) 2 (<igis GLoBA)): Yoy Bon)) 2 (<ioVss @B
For each n € Ny, let &), and ), be the spaces of all possible outcomes. Given the data up to and
including the nth time, specifically, (z;,y;) € X; xY;, i =0, 1, ..., n, the probability distributions at time
(n + 1) are anrl(AnJrl"an <5 Tns Yo, - 7yn) and QnJrl(BnJrl‘yOa <oy Yns Loy - - 7$n+1)9 An+1 € B(XnJrl)a
B,11 € B(Y,11). Hence, each possible outcome of the experiment is a sequence w = (g, Yo, L1, Y1, - - -)
with z,, € &,,,y,, € Y, for each n € Ny (here, no time ordering is required).
Consequently, define the sample space (2 and the algebra F of all experiments by

(2, F) = ( Xneo (X X Vn), Oneng (B(X,) @ B(yn))>.

Associated with the basic measurable spaces there are two basic sequences of Random Variables (RV’s)
{X,, :n € Ny} and {Y,, : n € Ny}, such that for each n € Ny, they take values X,, € X, and Y,, € V,.
These are introduced as follows.

Let Xy, Yy, X1, Y1, ... be the coordinate RV’s. For each n € N

Xn(w) =z, Yo(w) =y, if w=(x0,v0,21,¥1,--.)

Clearly, X,, : (2, F) — (X,,B(X,)), Y, : (0, F) — (M, B()»)), and for each outcome w €
of the experiment, X, (w), Y,(w) are the results of the nth time. Similarly, X" 2 {Xo,...,X,} and

yn 2 {Yy,...,Y,} denote the result of the trials up to and including the nth time; they are RV taking
values in (Xp,,, B(Xp,,)) and (Yo, B(Don)). respectively. The objective is to construct a measure P on
(Q, F) consistent with the data (e.g., measurable spaces and conditional distributions).

For every n € Ny, define the o-algebras generated by { Xy, X1,...,X,,} and {Yp,Y;,...,Y,} by

FX™ 2 o{Xo, X1,..., X}, FOY™) 2 o{Yo, Va,.... Y, )
Then every event H € F(X™) has the form
H= {(XO,Xl,...,Xn) € A} = AX Xy X Xy, A€ B(X,)

'In the rest of the paper we write v instead of F®Q omitting its explicit dependence on P(-]y) and Q(-|x).



and H is called a cylinder set with base A € B(&Xj,,). Similarly, for an event J € F(Y™)

J:{(%,K,...,YH)EB}:Bxyn+1><yn+2--'a BGB(yO,n)

and J is a cylinder set with base B € B().).

Points in the Cartesian countable product spaces A™° = X neNo Xns A = X neN,Vn are denoted by x =
{zo,11,...} € XNy = {vo,y1, ...} € YN, respectively. Similarly, for n € Ny, points in Xj, 2 XA,
Yon 2 x™ ,Y; are denoted by z" 2 {zo,21,..., 20} € Xom, Y 2 {Y0, Y1, -, Yn} € Vo, respectively.
Let B(X™0) and B(Y"°) denote the o—algebras in XN0 and Yo, respectively, generated by cylinder sets
(e.g., B(X™") is the smallest Borel o—algebra containing all cylinder sets {x = (xq, z1,...) € XN : 24 €
Ag, w1 € Ay, ... 1, € An}, A € B(X;),i € NT). The Borel o-algebra B(X™0) is denoted by ®;en, B(X;).
Hence, B(X,,,) and B()p,,) denote the o—algebras of cylinder sets in XN and Y™, respectively, with
bases over A; € B(&;), i € Ny, and B; € B();), i € Ny, respectively.

Backward or Feedback Channel.

Suppose for each n € Ny, the conditional distribution of the RV X, € X, is determined provided the
values of the basic processes X" ! = 2" ! € X,y and Y ! = y" ! € )),_1 are known, and let
{pn(dz,|z" 1, y" 1) : n € Ny} denote the collection of these distributions. At n = 0, the distribution
is po(dzolz™,y~1), where (x71, y1) are either fixed, or py(dxolz™,y7') = p(dzy), depending on the
convention used. Without loss of generality, we assume po(dzo|z™t, y~t) 2 po(wo) (e, o{X 1 Y71} =
{0,9Q}). For each n € Ny, the functions p,(-|-,-) : X, X Xon—1 X Yon_1 — [0, 1] are candidates of
distributions of the sequence of RV’s {X,, : n € Ny} on {(X,,B(X,)) : n € No} if and only if the
following conditions hold.

i) For every n € Ny, and "' € Xy 1, ¥ ' € Vo1, pu(-]2" 1,y 1) is a probability measure on

B(X,);

ii) For every n € Ny, and A, € B(X,), p,(4,]-,-) is an @) (B(X;) ® B();))-measurable function of
n—1 n—1

T € XO,nfla Yy S yO,nfl-

For every n € Ny, the set of all functions that satisfy i), ii), are called stochastic kernels on &,, given
Xon—1 X Yon-1, and these are denoted by

A — n— n— n— .s
Q(Xn’XO,n—l X yO,n—l) = {pn(’mn l>y l) € Ml(Xn) T ! € XO,n—lay ! S yO,n—l and 11) hOIdS}

Given the collection of functions {p,(-|-,-) : n € Ny} satisfying conditions i), ii), one can construct a

family of measures on the product space (XNo, B(A™No)) 2 ( Xieny X, Qien,B(X;:)) as follows.
Let C' € B(Ap,,) be a cylinder set of the form

4 {x € XN gy Coar €Ch,... a0 € Cn}, Oy € B(X,), i € NI, Co = X",

Define a family of measures P(:|y) parametrized by y € Y™ on B(X™0) by

P(C\y)é/ po(dwo)/ pl(dxllwo,yo)---/ po(dz, |2ty (IL.1)
0 C

C
<_
= Pou(Couly™™). (11.2)

n

The notation <]307,1(-|y”*1) is used to denote the causal conditioning dependence of the measure P(:|y)
defined on cylinder sets C' € B(Xp ), for any n € Ny. The right hand side (RHS) of (II.1) uniquely defines
a measure on (XN B(XMN0)). Moreover, for each n € Ny the family of measures P(:|y) parametrized
by y € YMNo, satisfies the following property (inherited from condition ii)): for £ € B(x™N), P(E|) is
B(YMNo)—measurable, and for £ € B(X,,,), P(E|") is B(Jon_1)—measurable.

Thus, if conditions i) and ii) hold then for each y € Yo, the RHS of (I.1) defines a consistent family



of finite-dimensional distribution, and hence there exists a unique measure on (AN B(X™No)), for which
pn(dz, |z, y"~1) is obtained. This leads to the first definition of a feedback channel, as a family of
functions {p,(:|-,:) € Q(X,|Xon-1 X Yon-1) : n € Ny}, ie., satisfying conditions i) and ii). This
definition is used extensively by many authors [6], [7], [10]-[13], when the alphabet spaces have finite
cardinality.

An alternative, equivalent definition of a feedback channel is established as follows. Consider a family
of measures P(-ly) on (XN B(X™N0)) parametrized by y € Y satisfying the following consistency
condition.

Cl: If F € B(Xy,,) then P(Ey,,|") is B(),n_1)—measurable function of y € Yo,

Clearly, if conditions i) and ii) are satisfied, then the family of measures P(:|y) defined via the RHS
of (II.1) satisfies consistency condition C1. The question we address next is whether for any family of
measures P(-ly) on (XN B(XN0)) parametrized by y € Y™, satisfying consistency condition C1, one
can construct a collection of functions {p,(:|-,:) € Q(X,|Xon-1 X Von-1) : n € Ny}, ie., satisfying
conditions i) and ii), which are connected to P(-|y) via relation (II.1). To illustrate this point, let A =
{x € XN . z,€A}, A€ B(X,), and let P(A™|B(X;,,_1)|y) denote the conditional probability of A™
with respect to B(X;,,_1) calculated on the probability space (XM, B(X™0), P(-|y)). Then

P(A™|B(Xyn 1)|y) = pu(Alz™ 1y, A € B(Xy,), (IL.3)

for P(-|y)—almost all x € X™o. Clearly, the function on the RHS of (I1.3), p,(A|z" ", y" 1) is B(Xy,—1)-
measurable for a fixed A € B(X,,) and y"' € Vy,,_1, but it cannot be claimed that p,(-|z" "1,y 1) is
a probability measure on X,. However, under the general assumption that {(X,,, B(X,)) : n € Ny} are
complete separable metric spaces (Polish spaces), with B(A,) the c—algebra of Borel sets, it is shown in
[32], that the RHS of (I1.3) represents a version of conditional probability (a.s.), i.e., condition i) holds
as well. Therefore, to establish the second equivalent definition of a family of measures defined by (II.1)
with elements {p,(:|-,-) € Q(X,|Xon-1 X Von-1) : 1 € Ny}, we introduce the following condition on
the alphabet spaces.

iii) {X, : n € Ny} are complete separable metric spaces and {B(X},) : n € Ny} are the oc—algebras of
Borel sets.

By [32], if condition iii) holds, then for any family of measures P(-|y) parametrized by y € Y™ satisfying
C1 one can construct a collection of versions of conditional distributions {p, (dz,|z"~!,y" ') : n € Ny}
satisfying conditions i) and ii) which are connected with P(-|y) via relation (IL.1), and hence the following
conclusion.

When {X,, : n € Ny} are Polish Spaces with {B(X,) : n € Ny} the o—algebra of Borel sets, there are
two equivalent definitions of a feedback channel. The first definition is the usual one given by a collection
of functions {p,(-|-,-) € Q(X,|Xon—1 X Von—1) : n € Ny}, i.e., satisfying conditions i) and ii). The
second definition is given by a family of measures P(-ly) on (XM B(X™N0)) depending parametrically
on y € Yo and satisfying the consistency condition C1.

The second equivalent definition of a feedback channel, together with an analogous equivalent definition
for the forward channel will be used throughout the paper.

Feedforward Channel.

The above methodology is repeated to obtain two equivalent definitions for the forward channel as well.
Suppose for each n € Ny, the conditional distribution of the RV Y,, € ), is determined provided the
values of the basic processes Y"1 € Von—1 and X" = 2" € A&} ,, are known, and let {gn(dy,|y™t, z") :
n € Ny} denotes this collection of distributions. At n = 0, go(dyo|y—1, %), where y_; is either fixed
or its distribution is fixed (depending on the convection used). Without loss of generality, we assume

qo(dyoly—1, zo) 2 qo(dyo|zo). The functions {g,(-|-,-) : n € Ny} satisfy the following conditions.
iv) For every n € Ny, and y"! € Vo1,2" € Xon, qu(-|y" !, 2™) is a probability measure B()),,);



v) For every n € Ny, and B, € B(V,), ¢u(Bal-,-) is an @~ (B(yi) ® B(Xi)) ® B(X,)-measurable
function of 2" € Xy, v" ' € Von-1.

For every n € Ny, the set of all functions that satisfy iv), v), are called stochastic kernels on ), given
Von—1 X Xon, and these are denoted by

QVulVom-1 % Xon) = {gu(-ly" 1 2") € My(Vy) 2 ¥ € Von1,2" € X, and v) holds}.

Similarly as before, using the collection of functions {g,(-|-,-) € Q(Vn|Von-1 X Xo,n) : n € Ny} one can
construct a family of measures Q(-|x) on (Yo, B(Y™0)) which depend parametrically on x € XM, as
follows.

Consider a cylinder set D € B()),,) of the form

D2 {y € Y™ yo€Do, €D, y€Dn}, Di € BOY), n € Ny, Doy = X1y D

Define a family of measures on B()JN0) parametrized by x € A by

Q(D‘X)é/ QO(dyo|$0)/ Q1(dy1|y0,$1)~'/ Gn(dy,|y™ ", ™) (IL.4)
o Dy

D n
= Gy (Donl2™). (IL5)

Since, for each x € AXNo the RHS of (I1.4) defines a consistent family of finite dimensional distri-
bution, then there exist a unique measure on (YN B(YMN0)) from which the family of distributions
{gn(dyn|ly™t,2™) : n € Ny} satisfying iv), v) can be obtained. Moreover, the family of measures Q(:|x)
parametrized by x € XM satisfies the following consistency condition.

C2: If F € B(),), then Q(F|) is a B(Xp,,)—measurable function of x € XM,

By [32], to obtain another equivalent definition for the forward channel introduce the following condition
on the output alphabet.

vi) {V,, : n € Ny} are Polish Spaces and {B(},) : n € Ny} are the c—algebra of Borel sets.

If condition vi) holds, then for any family of measures Q(:|x) on (Yo, B(YN0)) parametrized by x € XM
satisfying consistency condition C2, one can construct a collection of functions {g, (|, ) € Q(Vu|Von-1 X
Xon) 1 n € Ng}, ie., satisfying conditions iv) and v), which are connected with Q(-|x) via relation (I1.4).
Therefore, we arrive at two equivalent definitions for the forward channel as well.

We conclude this section by constructing the probability space (€2, F,P), as stated earlier, and the sequence
of RV’s {(X,,,Y,,) : n € Ny} defined on it. Given the basic measures P(-]y) on X satisfying consistency
condition C1 and Q(-|x) on Y™ satisfying consistency condition C2, one can construct a sequence of
RV’s {X,,,Y,, : n € Ny} or conditional distributions as follows.

Suppose iii), iv) hold. Let A™ = {x : x,€A4}, A € B(X,) and B™ = {y : y,€B}, B € B()),). In
addition, let P(A™|B(X;,,_1)|y) denote the conditional probability of A™ with respect to B(Xp,,_1) cal-
culated on the probability space (XM, B(X™), P(-|y)), and Q(B™|B(Yo,,—1)|x) denote the conditional
probability of B with respect to B()%,,,—1) calculated on the probability space (Y™, B(Y™N0), Q(-|x)).
Then for each n € Ny, by conditioning it follows that

P{X,€AIX" ' =" V" =y} =P({x: 2,€A}B(Xo,i-1)]y), AEB(X,)
= pa(Alz" 7y ) (IL.6)

P{Y,eB|Y" ' =y" " X" = 2"} = Q({y : yn€B}BVom-1)|x), BEB(YVy)
= ga(Bly" ™, a") (I1.7)

for almost all x € XN in measure P(-|y), and for almost all y € Y in measure Q(-|x). Note that for
each n € No, p,(5+,-) € Q(Xu|Xon-1,Yon-1) and ¢,(-]-,*) € Q(Vn|Von-1,X,) are stochastic kernels



determined from P(-|-) and Q(+|-), respectively, (e.g., they are related via (II.1) and (I1.4), respectively).
Consequently, the finite dimensional distributions of the sequence of RV’s {(X,,,Y,,) : n € Ny} is defined
by

]P){XOGA(L Yo € By, ..., Xn€A,, YnGBn} = po(dzo) / qo(dyolzo) - - -
Ao Bo

/ pn(dxn|x”_1,y”_1)/ gn(dyn|y™t, ™). (IL.8)
A n
Hence, given the two Polish spaces XN and Y™, for any P(:|-) and Q(:|-) satisfying the consistency
conditions C1, C2, respectively, there exist a probability space and a sequence of RV’s {(X,,Y,): n €
Ny} defined on it, whose joint probability distribution is uniquely defined by (II.8), via P(-|-) and Q(-|-).

The following remark summarizes the previous discussion on the two equivalent definitions of forward
and feedback channels.

Remark II.1.

Suppose {X, : n € No}, {), : n € Ny}, are complete, separable metric spaces (Polish spaces) and
{B(X,) :n € No}, {B(Vy,) : n € No} are respectively, the o—algebras of Borel sets.

Then

1) The collection of stochastic kernels {p,(-|-,) € Q(X,|Xon—1 X Von-1) : n € No} uniquely define a
family of probability measures on (X~ B(X™N)) parametrized by y € Y™ via (I1.1).

2) For any family of probability measures P(-|y) on (XN, B(XN0)) parametrized by y € Y™, satisfying
consistency condition C1 there exists a collection of stochastic kernels {p,(-|-,-) € Q(X,|Xo.n—1XVon-1) :
n € No} connected to P(-|-) via (II.1).

3) The collection of stochastic kernels {q,(-|-,-) € Q(Vn|Von-1x Xon) : n € No} uniquely define a family
of probability measures on (YN0, B(Y™°)) parametrized by x € XN via (I1.4).

4) For any family of probability measures Q(-|x) on (YN0, B(YN0)) parametrized by x € X™° satisfying
consistency condition C2 there exists a collection of stochastic kernels {q,(+|-,-) € Q(Vn|Von—1 X Xon) :
n € No} connected to Q(+|-) via (I1.4).

The point to be made here is that directed information as defined by (I.1)-(I.3) can be expressed via the
equivalent definitions of Remark II.1, 2) and 4) rather than 1) and 3). We use this equivalent definition
of directed information, to derive the functional and topological properties of directed information on
general abstract spaces. Throughout the rest of the paper it is assumed that the conditions of Remark II.1
are satisfied, i.e., all spaces are Polish spaces.

III. PROPERTIES OF DIRECTED INFORMATION

In this section, we define the feedforward information /(X™ — Y™) on abstract spaces (Polish spaces),
via the Kullback-Leibler distance (or relative entropy), using the basic family of measures P(-|y) on
(N0, B(AxMNo)) and Q(-|x) on (YNo, B(YMNe)), which satisfy consistency condition C1 and C2, re-
spectively. Once this is established, then following Pinsker [44], it will become obvious that directed
information permits a representation as a supremum of relative entropy between two distributions, where
the supremum is taken over all measurable partitions on a given o— algebra of subsets of a set Z. Further,
in a subsequent subsection, we use the definition of directed information in terms of P(-|y) and Q(:|x), to
derive several of its properties, such as, convexity, concavity, lower semicontinuity, with respect to these
two families of measures.

To present the precise expression for the directed information, we first introduce the measures of interest
constructed from the basic consistent families of conditional distributions. Introduce the following notation.



The set of stochastic kernels by
QO (xNo|yhoy 2 {P(|y) € My (xM) .y € Y™ and consistency condition C1 holds}
= {P(|) € Q(xMNo|YMNo) . consistency condition C1 holds}. (IL.1)
Note that for each y € YN, elements of this set are probability distributions on X0 denoted by
MEL (Mo 2 {P(!y) € My (XMN°) . consistency condition C1 holds} (11.2)
Similarly,
QO2(YNo| xNo) 2 {Q(\X) € My (YM°) : x € XM and consistency condition C2 holds}
= {Q(|) € Q(YMo|xMNo) . consistency condition C2 holds}. (11.3)
and for each x € XNo, elemenets of this set are probability distributions on YNo_ denoted by
M2 (YM0) 2 {Q(|X) € My (YM°) : consistency condition C2 holds} (IL.4)

The projection of MEH(XNo), MEZ(YPNo), QCL(xNo|YNo) and QCZ(PMNo|xMNo) to finite number of
coordinates is denoted by MEY(X;,.), ME2(Vo.n), O (Xon|Von—1), and Q% (Vo n|Xo.n), Tespectively.
Since the spaces are complete separable metric spaces then P(:]y) € M;(&X™0), for fixed y € Y, and
Q(-|x) € My (PMNo), for fixed x € XN, are regular conditional probability distributions [30].

Next, we define the distributions of interest. Given any P(-|-) € QC(XNo|YNo) and Q(-|-) € QC2(YNo|xMNo),
by utilizing the construction of Section II, we can define uniquely {p,(:|-,:) : n € No} and {g,(+|-,") :
n € No}, (see (IL.6), (II.7)) and the following distributions.

P1: The joint distribution on XM x YN0 of the basic sequence {X,,Y, : n € Ny} constructed from
P(:]) € QCY(AxNo|YNo) and Q(-|-) € QF%(YNo|xMNo)  defined uniquely for A; € B(X;), B; € B())),
Vi € Ny, by

%
(PO,n ® 5O,n)(xzn:0(‘4iXBi))éP{XoeraYb S BO» oo aXnEAmYnEBn}
=/ po(dl’o)/ QO(d?JO|$0)--~/ pn(dxnlx”‘l,y”‘l)/ G (dyn|y" ", ™). (IL.5)
Ao Bo A n

%
Forglally, the (n+1) fold compound joint distribution defined by (II1.5) is written as ( P o7n®50,n) (dx™, dy™)
or Py, (dz"y"") @ Q. (dy™|z").

P2: The marginal distributions on X™° of the sequence {X, : n € Ny} constructed from P(:|-) €
QCL(xMNo| Yoy and Q(-]-) € QC%(YNo|XNo), defined uniquely by’

Hom(XIgAi) 2 P{Xo € Ao, Yo € Vo, ..., Xn €AY, € yn}, A; € B(X), VieN? (111.6)
%
= (Pon ® Go ) (X1p(Ai X V1))
= / po(d:to)/ qo(dyol|zo) - - / pn(dmn|$”_1,y”_1)/ qn(dyn]y”_l, ). (II1.7)
Ag Yo Ap n

2Actually g = pF®Q but we omit the superscript throughout the paper.



<_
Formally, (II1.7) is written as pg,(dz™) = (Po, ® 50’n)(d$”,%,n), and by Bayes’ rule g, (dz™) =
®iopti(dai] ).

P3: The marginal distributions on YN of the sequence {Y, : n € Ny} constructed from P(-|-) €
QCL(XNo| YN0y and Q(+|-) € QC2(YMNo|xMNo), defined uniquely by’

Von (X1 B;) 2 P{XO € Xo,Yo € By, Xn € Xy, Yy € Bn}, B, € B(),), Vie Nt (I11.8)
%
= (Pon ® T, )(xIp(X: x B)
:/ po(dxo)/ qo(dyo\xo).../ puldr,|2™ 1, ”1)/ Gu(dy,|y™ ' 2™).  1IL9)
Xo Bo X n
. . A=y
Formally, (IIL.9) is written as v, (dy") = (Po, ® ao,n)(é\foﬁn,dy”), and by Bayes’ rule v, (dy") =
Ri—ovi(dyily' ™).

%
P4: The distributigl ﬁgm : B(Xo.n) @ B(Von) — [0,1] constructed from P ,(-|-) € QN (Xon|Von-1)
and vy, (dy") = (Pon ® Qo) (Xom, dy™) € M1(Von) of (I11.8), defined uniquely by

o (X" o(AixB)) 2 (Pom @ von) (X" o(AixBy)), A € B(X,), B; € BO)), Vi € N

:/ Po(dxo)/ Vo(dyo)/ Pl(d%’xmyo)/ Vl(dyl‘QO)"'
Ag By A By
../A puldz, |zt y" )/ U (dyn |y ). (II1.10)

%
Formally, (II1.10) is written as ﬁ()n dz", dy™) = Pon,(dz"y" ') @ von(dy™) € M1 (Xon X Vo)
P5: The dlstrlbutlon ﬁ()n : B(Von) ® B(Xy,,) — [0, 1] constructed from 60n(|) € Q%% (Von|Xo.n) and
fon(dx™) = (P(]n ® 6 (dz" Yo n) € My(Xo,,) of (IIL7), defined uniquely by

o0 (g (AixBy)) 2 (o, ® 60,n)(x?:0<AiXBi))7 Ai € B(X;), B;i € B(:), Vi e Ny

Z/ Mo(dxo)/ C]o(dyo\ﬁﬂo)/ Ml(dm!l‘o)/ Q1(dy1|y0,$0)-~

Ao Bo Aq By

/ ,un(d:z:n|x”_1)/ qn(dyn|y”_1,x”). (IL.11)
A n

Formally, (ITI.11) is written as ﬁoﬁn(dx”, dy") = pon(dz") ® 607n(dy”|x”) € My(Xon X Von)-

From the above definitions, for each n € Ny, an alternative way to construct the conditional distributions
of Y, given Y"1 = ¢y 1 v, (-ly"t) € My(),), and X,, given X"t = 2" (|2t € My (X,)
is as follows. Let A™ = {x : 2, € A}, A € B(X,), B™ = {y : y, € B}, B € B(),), and let
ﬁo (A™ BM™|B(Xy-1) @ B(Von_1)) denote the joint conditional probability of A™ x B(™ with respect
to B(Xo,n_1) ® B(Yon-1) calculated on the probability space (XNO @ YNo  B(XNo) @ B(YMNo), ﬁ()n())
Then, for A € B(X,,), B € B(),) we obtain

ﬁo, (A™ BM™|B(Xpn1) @ B(Von-1)) = pa(Alz" 1, y" ) x v (Bly™ ™). (111.12)

Hence, v,(-[y"™") € My(Yy) is given by v, (dy,ly"™") = [, ﬁ()n(dxn,dynm L yn=1), from which
von(dy™) € Mi(Vo,) is also obtained. Similarly, let ﬁOn A BM|B(Vyn1) ® B(Xy,_1)) denote

3Similarly, v = ¥ ®Q,
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the joint conditional probability of A™ x B(™ with respect to B(Vo,,_1) ® B(Xy,,_1) calculated on the
probability space (Yo x XN B(YN0) @ B(XMN), ﬁ()n()) Then, for B € B()),) we have

<ﬁmn(/q(’"b),B<n>|15’(2507n_1)@15’(3)0,71_1)) = / G (Bly" ™, 2™) @ pn (dy |27 (I11.13)
An

from which g, (-|z"') € My (X,) and pqg,,(dz™) € My (Xp,,) are obtained. Similarly, from (II1.10) and
(I11.12) we can obtain any of the individual conditional distributions p,(:|z"1, 4" 1) € M;(X,) and
¢ (-ly" 1, 2") € M1(Y,) appearing in their RHS by proper conditional expectations.

Using the first definition of basic processes, that is, given a collection of stochastic kernels {p,(-|-,-) €
Q(X, | Xon—1 X Von—1) : n € No}t and {¢,(+]-,-) € Q(Vu|Von—1 X Xp»n) : n € Ny}, the joint distribution,
as well as the conditional distributions are defined via P1 — P5. Consequently, it is well-known that
directed information is defined via relative entropy as follows [ 1]

(X" = Y™ 23 I(XL YY)

“ dPyi(-,-ly"™") . . - -
= log - (LU’L, yz) P()ﬂ'(dxl, dyl|yZ )P(]’Z;l(dyl ) (11114)
Z /3701 1 /XOZXM‘ (d(POJ( ‘yl 1) X Vl("ylil))

—Z / D(q (g )l (™)) pol sl )
Xo,iXVo,i—1

®'Z) <qj(dyj|yf*1, ) ®pj(d:cj|:cj*1,yj*1)) (I1L15)
= Ixnyn(pi(c|-, ), qi(-], ) i =0,1,...,n). (II1.16)
The RHS in (III.14) follows from the definition of conditional mutual information. In (III.16), we use

the notation Ixn ,yn(p;(-|-,),q(]-,-) : ¢ =0,1,...,n) to indicate that I(X™ — Y™) is a functional of
{pi(-],-) € QX[ Xoi—1 x Wosi-1), @i(t]-) € Qi1 X Xoi) 0 1=0,1,...,n}.

A. Directed Information Functional of Consistent Conditional Distributions

Now we consider the second definition of basic process introduced in Section II. Given any P(:|) €
QCL(xMNo|YNo) and Q(-|-) € QC2(AMNo|YMNo) the distributions under P1 — P5 are constructed. Next, we
(<1_eﬁne directed information via relative entropy as often done for mutual information [28]. By Lemma A.9,

Pon®Qq, << Pon®uoy if and only 1f on(-]2") << wvou(-) for Po,—almost all 2™ € Ap,. Utilizing
PO n®ao n) n : 5
the Radon-Nikodym derivative (RND) —m(x y"), define the relative entropy of P, ® ao,n
with respect to ﬁo n as follows.
A
JIqu(Poma :D(Pon@@aonHﬁon

/ ( d(Pon® Gy,
= log
XO anO n

%
d<P0,n X VO,n)

(z", y”)) (<130,n ® 507,1)(@;", dy")  (IL.17)

_ déo,n<-|x”> e -
B /Xy T dvoa() (v ))<P 0 ® Qo )(da", dy") (II1.18)
= MY”(PO”’aO") (I11.19)

Note that (III.18) is obtained by utilizing the fact that if P()n ® 6% << P 0n @V, then the RND

(Pon®Go.0) Qo (")
m(m y") represents a version of T()( y"), Pom—a.s for all 2" € A} ,,. On the other hand,
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F
using Lemma A.9, 5071(]3:") L Vynu(-), Pon—almost 2" € A}, and by Radon-Nikodym theorem, there

exists a version of the RND &, (2", y") = dadlfi:—(l(‘x;)(y”) which is a non-negative measurable function of
. 7 = . - d($0 n®60 n
(x™,y") € 0n><y0n ence another version of &y (-, ) is &y, (2", y") = W ®V0n)( ,y"). We use

(_
notatlon I Xn_>Yn(P 0. 60 ,) given in (I11.19) to illustrate that D( P, ® 60n\| o) 1s a functional of
{POn )75 ,n } € QCl XO,n‘yO,nfl) X ch(yo,n’XO,n)-

In the next Remark we summarize the equivalent definitions of directed information based on the two
equivalent definitions of channels, that is, the one based on (III.15), (III.16), and the one based on (III.17),
(IIL.18).

Remark III.1.

Let P(:]) € Q€1 (xMNo|YNo) and Q(-|-) € QC2(YMNo|A™No). By repeated application of Lemma A.9, and
the chain rule of relative entropy [30, Theorem B.2.1., p. 326], directed information admits the following
equivalent definitions.

I(X" = Y™) 2 S IV = D(Pon ® Gl To) (I11.20)
=0
AQonlla™) o -
_ / log (22 (7)) (P, Go)(dz" dy") = Lyeye(Pon, G,).  (IL21)
XO,anOn d On( )

— —
Clearly, (IT1.21) is valid even when (P07n®50’n)(dx”, dy™) is singular with respect to ( P ,,®v ) (dx™, dy™),
in which case its value is +co0. The point to be made here is that we will show the convexity, con-
cav<i_ty, lower semicontinuity properties of directed information using éhe definition (X" — Y") =
D(Pon ® 60n|]ﬁ n) = ]IXn_>Yn(P0n760n> as a functional of P, (-]y""!) € MCl(X()n) and
<_
om(-]2") € MF2(Vo,n). We will also use the directed information definition D( P, ® 50 nH 0.n)» @S

a functional of { P, @, } to show lower semicontinuity, convexity and concavity properties. Then we
will use these functional and topological properties to demonstrate how to establish existence of optimal
solutions to the two extremum problems defined by (I.5) and (I.8), respectively.

B. Convexity and Concavity of Directed Information

First, we show that the set of conditional distributions P(-|y) € MEY(XN0) and Q(-|x) € MEC2(YMNo),
i.e., satisfying consistency conditions C1 and C2, are convex, and then we show convexity of directed
information with respect to Q(-|x) and concavity with respect to P(-|y).

Recall that the set of all distributions P(-|y) € M;(XM) and Q(-|x) € M;(Y"°) (i.e., without imposing

consistency conditions C1 and C2) are convex, that is, given {P'(-|y), P?(:|y)} € M;(X™0) x M; (X)),

and A € (0,1), there exists a probability measure P on (X0 x YNo B(XMN0) @ B(Y™)) whose regular

distribution P(-|y) satisfies P(-]y) = AP(:|y) + (1 — M)P?(:]y) € M;(XNo),

Next, we show convexity of the sets ME(XMN0) and ME2(PMNo).

Theorem IIL2. (Convexity of sets ME(XNo), ME2(YMo))

Let {X, : n € No}, {), : n € No} be Polish spaces with B(X,,), B(),), respectively, the c—algebras

of Borel sets. Then the sets of distributions P(-]ly) € MEL(xN) and %‘X) € ME2(YNo) are convex,

and similarly, their projection to finite number of coordinates, that is, Po,(-[y"") € MY (X, ,,) and
on(-]z™) € M%), are also convex.

Proof: Since the methodology is similar for both sets, only the derivation for M€1(X™N0) is given. By
definition, the set of distributions ME1(X™N0) is convex if for a given {P!(:y), P%(-|y)} € MEL(xMNo) x



MEL(XMN0), and a given A € (0,1), there exists a probability measure P on (AN x YN0, B(AMN0) &
B(YMo), whose regular conditional measure P(-]y) is a convex combination P(-ly) = AP(:]y) + (1 —
MP2(-ly), a.e. y € Yo, and consistency condition C1 holds, i.e., AP!(:]y) + (1 — M)P?(:ly) €
MEL(XMN0). By [45], the set of distributions M (X) is convex, and since {P'(-|y), P*(-|y)} € M;(X™)
x My (X™), then there is a probability measure P on M (XM x YNo B(XMo @ B(YM0)), whose regular
distribution ]5(-|y), y € Yo, satisfies

P(ly) = AP'(ly) + (1 = WP*(-ly) € My (X™), VA€ (0,1).

Moreover, if P!(-y), and P?(-|y) satisfy consistency condition C1, then their convex combination also
satisfies consistency condition C1, and consequently AP!(:]y) + (1 — \)P?(-ly) € MEH(AMN0), ie., the
consistency condition C1 holds. The derivation for Q(-|x) € MS2()MN0) is similar. The derivation for the
projection to finite number of coordinates is done as follows. Let A™ = {x : x,€A}, A € B(X,,), and let
P(A™|B(X,,,_1)|y) denote the conditional probability of A™ with respect to B(X;,,_1) calculated on the
probability space (XM, B(XN),P(-|y)). From the definition of regular conditional probability measures,
it follows that

P(AM|B(Xy-1)ly) = AP (A™|B(Xo 1) ]y) + (1 = NP*(A™|B(Xy 1) |y) — a.s.
= )\p}l(A|a:"_1,y"_1) +(1— )\)pi(A|:E”_1, y”_l) —a.s.

where pl(-|z"7 1,y 1), p2(-|a" 71, y™ 1) are regular conditional distributions. Since convex combination
of regular conditional distributions is also a regular conditional distribution, by Remark II.1 the set
Pon(ly"1) € MEY(X,,) is convex, and the derivation is complete. H
Since Mil(Xo, ) and M$2()),,,) are convex, then we proceed further to show that directed information
Ixnyn(Pon, éo,n)’ as a functional of Pg,(-ly""') € M1 (X,,,), for a fixed 507,1(%1:”) e ME2( Vo),
is concave, and as a functional of @, (-|z") € MF?(Wyn), for a fixed P, (-]y" ") € MFH(X,), is
convex. These results are shown in the next theorem.

Theorem IIL.3. (Convexity of conditional distributions)
Let {X, :n € No}, {V, : n € Ny} be Polish spaces with B(X,,), B(Vy), respective(iy, the o—algebras of
Borel sets. Consider the directed information functional I(X" — Y") = Ixn_,yn (Pon, Qo) Ixnsyn
MEY (X n) X ME2(Von) + [0, 00] defined by (111.21).
Then the following hold.
. . . )2 -

1) HXn*)Yn(POJL,éO’n) is a convex functional of ao,l(h:") € MC2(Vo,) for a fixed Po,(-ly"1) €
M?I(‘XO,H)-

2) HXn%Yn(PO’n,aofn) is a concave functional of ?Qnﬂy”*l) e MCYAy,,) for a fixed a(m(-u") €
Mgz(yO,n)- —

3) Ixn_yn(Pon,-) is a strictly convex functional on the set {50n(|x”) € MS2(Von) : Ixnyyn(Pon, ao,n)
< oo} for a fixed ?Oﬁn(ﬁy"_l) € MY Xp,).

Proof: By Theorem 111.2, the sets MS(X;,,) and MS2()),,) are convex. Therefore, to show parts
1), 2), 3) we utilize the consistency of the two families of conditional distributions and we apply the log-
sum formulae, and the existence of certain Radon-Nikodym Derivatives (RNDs). The complete derivation
is given in Appendix B. M

Theorem II1.3 is analogous to mutual information /(X™;Y™) = Ixn.yn (Pxn, Pyn| xn ), expressed as a func-
tional of input distribution Pxn(-) € M;(Xp ) and the channel Py xn (-|2™) € M1(Yp,»), which is known
to be a convex (respectively concave) functional of Pynjxn(-|z") € M1(,) (respectively Pya(:) €
M (X)), for a fixed Pya(-) € Mi(Xp,) (respectively Pynjxn(-|z") € M;(Jo,)). It is important to
point out that if one considers the alternative definition of directed information (III.14), (III.16), as a



functional of the sequence of input channel distributions, 7(X" — Y") = Ixn_yn(pi(-]-, ), ¢i(-]-,*) : i =
0,1,...,n), then it is not clear to us whether it is possible to establish convexity and concavity with
respect to ¢; and p;.

For finite alphabet spaces, the convexity of the set of causally conditioned probability mass functions

1\ & n i— i— n A i .
P@™|ly"t) = 1o p(z]a" "y~ t) and Q(y"||2™) = [[i- Oq(ylly ,2') is shown in [46, Lemma 1],

under the assumptlon that for each n € Ny, the ratios (éﬁ Jﬁyn T and (Qﬁylnin) T exist, and they are given
by p(z,|z" 1,y ) and q(y,|y" !, 2™), respectively. The derivation in [46] is based on showing that the set

of all causally conditioned distributions P(z"||y"!) is a polyhedron. The method described in [46] does
not apply to conditional distributions defined on continuous alphabets. Theorem III.2 and Theorem II1.3,
hold for general conditional distributions defined on abstract alphabet spaces, and they do not require
existence of probability density functions (corresponding to the causally conditioned distributions for
each n € Ny), hence they compliment the work in [46].

C. Weak Convergence and Compactness of Conditional Distributions

In this section we give general sufficient conditions for weak compactness of the set of probabil-
ity distributions Pg,(-ly"!) € MP(X,,) and 60n(|x") € MS2()y,), and compactness of the
set of joint and marginal measures with respect to the topology of weak convergence of probabil-
ity measures These conditions are sufficient to show lower semicontinuity of Ixn_yn(Pou, @) for

fixed POn( ly") € MPH(X,,) (respectively 6()” (]z") € ME2(Vp,n)) with respect to ao,l(h:”) €

ME2(Vo,n) (respectively Po,(-|y"*) € M (X,,)). The lower semicontinuity of directed information
is the analogue of the lower semicontinuity of mutual information, extensively utilized in information
theory and statistics (see [28], [47]).

Before we state the main theorem, we introduce the following notation. Let BC(X) denote the set of
bounded, continuous real-valued function f defined on a metric space (X, d) endowed with the supremum
norm ||f|| = sup,cx |f(x)]. A sequence of probability measures {F, : a =1,2,...} C M;(X) is said
to converge weakly to a probability measure P € My (X)) if [31]

ILm f(z)dP,(x) = / f(x)dP(x), Vf € BO(X).

a—r 00 X X
Weak convergence of {P, : a =1,2,...} to P is denoted by P, — P. A family of probability measures
M C My(X) is called relatively compact or weakly compact if every sequence in M contains a weakly
convergent subsequence that converges to M;(X) but not necessarily to M. Appendix A summarizes
well-known theorems of weak convergence, compactness, tightness, and Prohorov’s theorem, which we
invoke to derive the results of this section.
Throughout sequences of points in XN and Y are denoted by x(@) 2 (x4 2 1 e xN, y@ 2

{?/o 7y1 ...} € YN o = 1,2,... Moreover, a sequence of points x(® € XN o = 1,2 ... is

said to converge to x() € XM as a — oo, if lim, o 2 = ) for every n € Ny. Sequences of

such points in XOn 2 X X and Vo, 2 x™_,Y; are denoted by " n(a) & {xéa),xga),...,xﬁla)} and
2yl gl Y, e =12,

The next remark, is introduced to illustrate that in applications of weak convergence of probability distri-
butions, weak continuity of probability distributions is natural, when analyzing conditional distributions
with discontinuities, such as, distributions induced by mixture of discrete and continuous RVs.

Remark II1.4. (Weak continuity vs. Strong continuity)
Let q(-|-) € Q(YV|X) be a conditional distribution, and suppose there is a distribution p(dx) € M (X)
such that for every x € X, q(:|x) has a density q(-|x) with respect to u(-), ie.,

o(Blz) = /Bcj(y|x)u(dx), B € B(Y), Va € X.



For example, if X € R then p(dx) = dz is the Lebesgue measure on R. If G(y|-) is continuous on X
for every y € Y, then q(-|) € Q(Y|X) is strongly continuous (i.e., q(B|-) is continuous on X for every
B e B(y)). Strong continuity of channel models is rather restrictive, because it rules out conditional
distributions which have discontinuities, such as, additive noise channels, in which noise is a mixture of
a continuous RV (i.e., Gaussian distributed RV) and a finite alphabet valued RV.

Consider a channel model with feedback described by the nonlinear recursive equation

Y, = hn(Y"‘l X, V), Y=yt n=01,...

where {h, @ Yon-1 X Xy X Vs —> Yo :n = 0,1,...,}, is a sequence of measurable functions and
{Vo: n= O, 1,...} is a sequence of {V,,: n=0,1,.. } valued RV'’s, representing the channel noise.
Suppose the following condition holds.

P‘/nlvn717Xn7Yn71(dvnlvn_l, x", y”_l) =Py (v,), n=0,1,....
Then the channel distribution induced by the above model is
G(Bly" 2™ =P{Y, € BlY" ' =y" ', X" =2"}, BecB()
=P{h,(Y" ", X,,V,,) € BIY" ' =y X" = 2"},

CP({u, €V, ¢ h(y" a0 € BY) = / T (B (g™ 00, 0)) Py, (o)

= ¢.(Bly" ', x,)

where 1g(-) is the indicator function. If for each n, the function hy,(-,-,v,) is continuous on Y ,_1 X X,, for
every v, € V,, n=0,1,..., then by bounded convergence theorem {q,(-|-,-) € Q(Vu|Von-1xX,) : n =
0,1,...} is weakly continuous (see Definition A.4), i.e., for each sequence {(y"~H(®) x(a)) a = 1 .} C
Yon-1 X Xy, such that ( - (a),x(a)) — (ynh) xé)) then lim, fy (Yn)@n (dyn |y~ (a))

fy 9(Yn)qn (dy, |y~ ) for all bounded continuous functions g(-) € BC(),). Hence, no require-
ment is imposed on the dzstrlbutzon of {Pv,(-) e Mi(Vy): n=0,1,...}.
On the other hand, consider the special case of an additive channel, of the form

Y, =h,(Y" ', X))+ Vo, n=0,1,...

where Py, (dv,) is assumed to have a density, p(v,), i.e., Py, (dv,) = p(v,)dv,, n = 0,1,.... Then
{qu(-],") € QVnlVoa x X)) = n=0,1,...} is strongly continuous if for each n, h(-,-) is continuous
on Yon—1 X X, and p(-) is continuous on V,, forn =0,1,....

Clearly, when proving properties of mutual information or directed information, weak continuity is more
general (less restrictive), compared to strong continuity, which by definition rules out many interesting
application examples.

Next, we state the main theorem which is also used to show lower semicontinuity of directed information.
The theorem consists of two parts depending on whether, A) ) ,, is compact and p,(dz,|-, -) as a function
of (2" 1, y" 1) € X1 X Von—1 is weakly continuous, and B) Xp,, is compact and ¢, (dy,|-,-) as a
function of (y" !, 2") € Vo1 X Xy, is weakly continuous. In applications of information theory either
one of them or both maybe required, depending on the context of the application considered.

Theorem II1.5.

Part A. For each n € Ny, let ), be a compact Polish space, X, a Polish space, and assume the
collection of conditional distributions {p,(-|-,-) € Q(X,|Xon_1 X Yon-1) : n € No} satisfy the following
condition.

CA: For all g(-)e BC(Xy ), the function

(" 1y ) € Xona1 X Vot H/ z)pn(dz)z™ 1 y" ) eR (111.22)



is continuous jointly in the variables (", y" ') € Xyn_1 X Von_1-
Then the following hold.
< «@
Al) Let Po,(-|ly" ') € ML X,,,) and consider a sequence of forward channels {aOon”) L=

F
1,2,...} C MS2(Von). Then the sequence of joint measures {(P g, ® agm) a=1,2,...} converges
weakly to a joint measure P°(dz", dy"), that is,

A= w 1) n n A= ~O n n
(Pon @ G2,)(da", dy™) = P(da”, dy™) = (Po, @ QF,)(da", dy") € My(Xop X Vo) (I1L23)

where the joint measure P°(dx", dy") corresponds to the same backward channel ?0,,1( ly" 1) € MEPY(AL,)
and a forward channel Q3 (-|x") € M1(Von) (i.e., not necessarily in M2 (Vo )). Equivalently, {( P ¢, ®
68n) : a=1,2,...} is relatively or weakly compact.

Moreover, the corresponding sequence of marginal measures {vg,,(-) € M1(Von) - =1,2,...} on Yy,
and {p,,(-) € My(Xon) 1 a=1,2,...} on Xy, converges weakly, that is,

Von(dy") = v, (dy") and pi, (dx") = pig, (da™)
where Vg, (-) € M1(Vo,n) and g ,,(-) € Mi(Xo,,) are the marginals of the joint measure in (111.23).
A2) The set of measures Po,(-[y"™') € MEPY(X,,.) is uniformly tight.
A3) The set of measures (), (-|z") € Mci(yo,n) is relatively compact.
A4) Let Po,(-ly"™1) € MEY(X,), {égjnﬂx”) ca = 1,2} © MP2(Von), where {15, (

)
<— a
Mi(Von) : a = 1,2,...} are the marginals of {(Po, ® 60,n)(dx”,dy") € My(Xon X Yon) : @
1,2,...}. Then

S

< w 5 n n— o ny — o n n
ﬁ&n(dx", dy™) = Po,n(dx"|dy”_1) ® Vo (dy") — Pon(dz"|dy H® Vo (dy") = ﬁ(m(da: ,dy™)
where 1§, (-) € My(Von) is the weak limit of the marginal in (I111.23).

Part B. For each n € Ny, let Xy, be a compact Polish space, ), a Polish space, and assume the
collection of conditional distributions {q,(-|-,-) € Q(Vn|Von-1 X Xon) : n € No} satisfy the following
condition.

CB: For all h(-)e BC(Yo.n), the function

(", y" 1) € Xon X Yon—1 h(y)qn(dy\y"_l, ") eR (I11.24)
Vn

is continuous jointly in the variables (z™,y" ') € Xon X Von_1.
Then the following hold.
{—a«
Bl) Let aovnﬂx”) € M%) and consider a sequence of backward channels {P07n('|yn_1) o=

%
1,2,...} € MEY(Xy,). Then, the joint measures {(P§, 60’71) : a=1,2,...} converges weakly to
a joint measure P°(dz", dy"), that is,

S w o n n DO n n
(Pg,n ® 5O,n)(dl’n7 dy”) — P (d‘%’ de ) - (PO,n ® 60,n)(dm 7dy ) S Ml(XOJL X y(),n) (IIIZS)
where the joint measure P°(dz",dy™) corresponds to the same forward channel 60n(|x”) € MF2(Von)

and a backward channel FY, (-ly"') € Mi(Xy,) (ie., not necessarily in MP(Xy,)). Equivalently,

<_
{(P§,® 60771) :a=1,2,...} is relatively or weakly compact.
Moreover, the corresponding sequence of marginal measures {vg,(-) € M1(Von) - =1,2,...} on Yo,
and {p§,,(-) € My(Xon) : a=1,2,...} on Xy, converges weakly, that is,

Ve (dy™) = v5.,(dy™) and pf, (dx™) — pf,,(dx"™)



where 1§, (-) € My(Von) and g, (-) € My(Xon) are the marginals of (111.25).

B2) The set of measures QOH(\:U”) € MS2(Vy.) in uniformly tight.

B3) The set of measures P, (-|y" ") <e_a./\/llcl()((m) is relatively compact.

B4) Let 60n(|xn) € MP2Von) {Ponly"™h) o = 1,2,...} € MPH(X,), where {ug,(-) €
M (X,) 1 o = 1,2,...} are the marginals of {((]Sgn ® 50,n)(dw",dy”) € My(Xop X Yon) : a =
1,2,...}. Then

TTo(da, dy") = Qo (dy™|d™) © g, (d™) 5 Qo dy”|do™) © paf, (do™) = To(da”, dy”)
where 15 ,,(+) € My (Xo,,) is the weak limit of the marginal in (I11.25).
Proof: See Appendix C. O

Note that additional conditions are required to show that the limiting joint distribution (II1.23) (respectively,
(II1.25)) corresponds to a Q°(-|z") € ME2()y.,.) (respectively, P°(-|y" 1) € MEL(Xy,,)). Conditions for
this to hold are given in Section III-D.

Below, we illustrate analogies and differences between Theorem II1.5 and currently known results regarding
mutual information found in [28], [47]. To this end, consider Part B., B1). If we use mutual information
[28, Lemma 2], then the sequence of joint measures is defined by Pg. y..(dx", dy") 2 Pynixn (dy"|z™) ®
Pg.(dz™), and showing weak convergence of this family is much simpler compared to the sequence of
joint distributions (P, ® @,)(dz", dy"), because Pyn(dz") is not conditioned on y" € )j,. Clearly,
if the mapping 2" — Pynx»(-|2™) is weakly continuous (i.e., special case of III.24), and Pg.(dx")
converges weakly to Pg.(z"), then Pg, y.(dz", dy™) converges weakly to Pyn|xn (dy"|2") @ Pgn(dz™) =
P yu(dz™,dy™), and so does its marginal on ). On the other hand, if we use directed information,

then the jOint measure PXn7yn(d.Tn, dyn) é ®?:0PY7;|YZ‘*1,X1' (dyi‘yi_l, .Z'l) X PXilXi717yi71(d$i’xi_1, yi_l)
involves an (n + 1)-fold compound probability distribution defined by (I1.4), and Py, xi-1yi-1(:|-,-) is a
function of y"~' € )y,,_1, hence a significant level of additional complexity incurs, compared to mutual
information. Nevertheless, condition CB is the natural generalization to causally conditioned (n + 1)-fold
compound probability distributions of the weak continuity of the mapping «™ — Pyn|x=(-|2"), assumed
for the mutual information by Csiszér in [28].

Theorem II1.5 is important for several extremum problems involving directed information. Such applica-
tions are discussed in the next section.

D. Applications of Theorem II1.5

In this section, we discuss applications of Theorem II1.5 to the extremum problems of feedback capacity
and nonanticipative RDF, defined by (I.5) and (I.7), respectively.

Existence of optimal channel input distribution for channels with memory and feedback. Consider
extremum problems of capacity of channels with memory and feedback defined by (I.5), without any
transmission cost constraint. The aim is to show existence of a channel input conditional distribution
P(ly") € MSY(X.),y" ' € Vo1, which achieves the supremum of directed information. To show
that such a conditional distribution exists, it is sufficient to show compactness of the set of channel input
conditional distributions (i.e., this set is closed &nd uniformly tight) and upper semicontinuity (or conti-
nuity) of Ixn_yyn(Pon, Qon) with respect to P (-|y" 1) € MEL(X,,) for a fixed channel (g, (-|z") €
ME2(Vy ). Since Theorem I11.13, Part A. A2) uniform tightness of P (-]y"~') € MF1(X,,,), it remains
to show this set is closed. This is shown in the next lemma, by introducing additional assumptions.

%
Lemma IIL6. (Compactness of P(-]y" 1) € MF( X))
Suppose the conditions of Theorem I11.5, Part A. hold, and for each compact subset K, ;1 C Xp,—1, and
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each h;(-) € BC(X;),

lim  sup / hi(2)pS(do|x™t, ) — / hi(x)pi(dz|a™ ',y )| =0, i=0,1,...,n (I11.26)
X0 gi-leKg o | J A Xi
Then,

— w = _ _
P& (de"y" ") = P§ ., (dz"y" ") for each y" " € Vo1 (I1.27)

%
ie., the set P(-ly" 1) € MCYX,,,) is closed with respect to the topology of weak convergence, and
moreover, it is also is compact (i.e., closed and tight).

Proof: See Appendix D. O

Remark IIL.7. (Compactness of channel input distributions with transmission cost)

In the presence of power constraints P (-|y"™1) € Py, (P) C QY (Xyn|Vom-_1), by Prohorov’s theorem
(Appendix A, Theorem A.3), to show compactness of Py, (P), it is sufficient to show that this set is closed
and uniformly tight. By invoking Lemma II1.6, it suffices to show Py, (P) is a closed subset of the weakly
compact set MCL(X,,,) (as a closed subset of a weakly compact set is weakly compact).

Existence of optimal reproduction distribution of nonanticipative RDF. Consider a special case of ex-
tremum problems of nonanticipative RDF defined by (I.7), with distortion constraint defined by (I.8), when
the source distribution is causally independent of past reproduction symbols, that is, p;(dz;|z~t, 1) =
pi(dr;|xi 1), —a.a.(x*1 1), i =0,1,...,n. Then, the finite time version of (I.7) is given by

RgD)= it o (%@ )) Qonldy"a™) @ pon(dz”) (11128
0.0 (dy™|27)EQ0 (D) J X o x Vo Von(*)

= inf Tn sy (ti0ms Qo) (I11.29)

0,n(dy™|z™)€Qo,n (D)

where (i, (da") = @ opi(drila’™), vou(dy™) = [y, ao,n(dyﬂx”) ® pon(dz™), and the fidelity con-
straint is defined by ’

Qon(D) é{aoyn(d(yﬂx”) e M2 (V) :

1
n+1

/ do,n(x”,y”)ao,n(dy%”) ® pron(dz™) < D}, D >0 (I11.30)
XO,anO,n

and do,, 1 Xo, X Yo = [0,00], don(z",y") 2 >or o pi(2’,y") is a measurable function denoting the
distortion function of reconstructing z; by vy;, ¢ =0,1,...,n.

The information nonanticipative RDF defined by (I11.28), (II1.30), is an equivalent notion to the nonan-
ticipative epsilon entropy investigated by Gorbunov and Pinsker [43] (see Charalambous et al. in [23] for
relations to filtering theory).

The aim is to show existence of a conditional distribution 50n(|x”) € MSP2(Yy.n), which achieves
infimum in (111.28). Since Qy,,(D) C ME2();.,,), to show such a conditional distribution exists, it is suf-
ficient to show compactness of MS2()),,) (closed and uniformly tight), the set Qp (D) is a closed subset
of M$2(Vo.n), and Ixn_yn(Po,, Qo) is lower semicontinuous with respect to @ (+|z") € ME2(Ip..),
for a fixed o, (dz"™) € M;(AXp,,). This can be done by invoking a combination of the assumptions of
Theorem II1.5 Part A. or Part B., depending on whether )} ,, is compact and &} ,, is arbitrary or &, is
compact and ) ,, is arbitrary, respectively. Since in general, ), ,, C &} ,, it is more appropriate to assume
Vo 18 compact.
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Lemma IIL.8. (Compactness of 6( ") € Qon(D))

(1) Suppose Xy, are Polish spaces, and Yy, is compact, the sequence {q,(:|-,") € Q(Vn|Von-1 X
Xon) : n € Ny} is weakly continuous, i.e., it satisfies (111.24), and for each compact subset ®;_1 C Yy i—1,
and each h;(-) € BC(Y),

lim  sup / hi(fﬁ)q;‘(dyly"‘l,wi)—/ hi(y)a(dyly™", 2')| =0, Va' € Xy, i =0,1,...,n.
ATy ledg, | JY; Vi
(IIL31)
Then,

68’n(dy”|x”) SN ag’n(dy”u”) for each x" € X,

i.e., the set MSC2(Yy.,.) is closed with respect to the topology of weak convergence. Moreover, M2 (Vo )
is compact (closed and tight).

(2) In addition, suppose the distortion function do,(z",-) : Xy, X Yon — [0,00] is Borel measurable
relative to B(Xy,,) @ B(Yon) and continuous on y"™ € Yo p.

Then, the fidelity set Qy,(D) is compact (it is a closed subset of the compact set MET?(Vo.)).

Proof: See Appendix E. O

Theorem II1.5 gives the flexibility of choosing either A;, or )y, to be compact; it has several

applications in other extremum problems of directed information. In the following remark, we discuss
such applications.

Remark IIL9. (Additional Applications)

(1) Consider extremum problems of capacity for a class of channels with memory and feedback, such as,
arbitrary varying channels [?5]. Such problems are defined by the max-min operations of directed
information, where the minimizer is over the class of channels [48]. To investigate such capacity
problems one has to establish coding theorems, and showing compactness over the class of channel
conditional distributions, in addition to channel input distributions is very helpful. Theorem III.5,
Part B., B3) gives conditions of weak compactness of channels Q¢ (:|z") € ME2(Vy.,).

(2) Consider extremum problems of sequential or nonanticipative lossy data compression for a class
of sources. Then such problems are defined by mini-max operations of directed information, where
the maximizer is over the class of source distributions [49]. To investigate such data compression
problems, one has to establish coding theorems, and to show compactness over the class of source
distributions, in addition to the reproduction distributions, Theorem II1.5, Part A., A3) is crucial.

E. Lower Semicontinuity of Directed Information

We are now ready to utilize the results of Theorem III.5, to show lower semicontinuity of directed

information I(X"™ — Y™) = Ixn_yn(Pon, &o,). This may be viewed as a generalization of lower
semicontinuity of mutual information 7(X";Y") = Lxnyn(Pxn», Qyn|x»), With respect to Px» for fixed
Qyn|x», and with respect to Qynxn» for fixed Pyn.

Theorem IIL.10. (Lower semicontinuity)
1) Suppose <_z‘he conditions in Theorem II1.5, Part A., hold.

For fixed Po,(|ly"™") € M Xo,), if the family MS?(Vy,) is closed (i.e., {agnﬂx”) oa =
1,2,...} € MS2()y,.) converges weakly to 68n(|x”) € MS2(Vo,)) then

< L. <
JIXn%Yn(Po,n,aS,n) < lim inf Hme(Po,maﬁn)
a—r0o0

ie, Ixn syn(-, 60771) is lower semicontinuous on ao7n(-|x") € ME2(Vy.n).
2) Suppose the conditions in Theorem I11.5, Part B., hold.
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For fixed 60n(|$”) e M2 (Von), if the(iamily MEY (X, ) is closed (i.e.,{?&n(-\y”_l) Do =
1,2,...} € MY (Xyn) converges weakly to P§ (-ly"') € MPH(Xy,)) then

<= L. <=
Ly (P8, Gon) < liminf Ly yn (PS,, Gon)
a—r 00

- -
ie, Ixn yn(Poy,-) is lower semicontinuous on P, (-|y" ) € MFH(Xy.).
Proof: See Appendix F. O

Recall that conditions for the sets M (X, ,,), M$E2().,) to be closed are given in Lemma II1.6 and
Lemma III.8, respectively.

Comparing Theorem III.10, 1), with the lower semicontinuity of mutual information /(X";Y") = Ixn.yn
(Pxn, Qyn|xn), it is clear that directed information requires additional assumptions for its derivation (e.g.,
those given in Theorem IIL.5).

Theorem I11.5 together with Theorem II1.10 are important to establish existence of the optimal reproduction
distribution for the nonanticipative rate distortion functions defined by (I.7) [23], [42] (by utilizing
Weierstrass’ Theorem) and in general extremum problems of directed information involving minimization
over (Qo,(-|z") in some subset of ME2()) ). This is formally stated in the next theorem.

Theorem IIL.11. (Existence of information nonanticipative RDF)
Under the conditions of Lemma 111.8 and Theorem I11.10, the infimum over 60n(|$n) € Qon(D) in

Ry%(D), defined by (I11.28), is achieved by some aa‘n(]m”) € Qon(D).

F. Continuity of Directed Information

Many problems in information theory involve extremum problems defined as maximizations of directed
information, with respect to the feedback channels {p;(dz;|z"~',y"™') € My(X;) : i = 0,1,...,n},
such as, extremum problems of feedback capacity of channels with memory with transmission cost
constraint defined by (I.5). For such problems it is desirable to have upper semicontinuity of directed
information with respect to P, (-|y" 1) € MEY(X,,). Since by Theorem II1.10, directed information
is lower semicontinuous with respect to Py, (-]y" ) € M1 (X, ,), to investigate extremum problems
involving feedback capacity (maximization problems), it is sufficient to show continuity of the functional
Lxnyn(Pon, Qo) With respect to P, (-[y" ") € M (X, for a fixed 60n(|x”) e MSP2(Von).
Continuity of mutual information based on single letter expression is shown in [28, Lemma 7], and under
weaker conditions in [29, Theorem 3.2]. Here, we show continuity of directed information by following
the procedure in [29], generalized to the directed information functional Ixn_,yn( P g, Om). First, we
shall need the following Lemma.

Lemma III.Q.
For a given P, (-|-) € QY (Xo.n|Von_1) and 50,1(]) € Q°%2(Von|Xo.n) define

%
‘]IXMW‘(&SOW@)M) é/X log (d(PO,n®60,n)>
0

%
Then the following inequalities hold.

%
A(Pon® Gy,
d(PO,n X VO,n)
. = =
HXW%Y"(PO,naao,n) < |]IXn—>Yn|(P0,mao7n) < HXneYn(Po,maom) +

n Xy(],n

2

. 111.32
eln?2 ( )
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Proof: Recall directed information defined in Remark III.1. Then

%
- d(Po,® o)\

Hm%wmm@mzj' log [ St =0} 4By @ @)

XO,anO,n d( PO”n, ® VO,n)

<— —
A(Pon® Gon)\ ((A(Pon® o)\ &
% <_ ) k]
X0,nxd0,n d( PO,n ® VO,n) d(PO,n & VO,n)

The first inequality in (II1.32) is obvious. To show the second inequality in (III.32), recall the inequality

[44, Section 2.3, p. 13] —=5 < zlog, z, x € [0,00) (0log0 is assumed to be 0). Then,
2
|zlog, x| < zlogyx + ——. (1I1.34)
eln?2

d(Po.n®G0.,)
d(Po,n®vo,n)
Now, we are ready to state the Theorem, which establishes continuity with res;ﬁct to weak convergence of
Ixnsyn(Pon, 6%) for a fixed 60,71('!90”) € MS2(Yy.n), as a functional of P, (-|y" ') € MEH(An).

Theorem IIL.13. (Continuity) —
Consider a forward channel 50,71,(' |z") € ME2(Do.n), and a closed family of feedback channels P, (-|y" ™) €
MEYU Ay ) C© MO (X,). Suppose the following conditions hold.

A) There exists a measure Uy, (dy™) on Yy, such that 5(]”(]35”) < Uy n(dy™) with RND or density

n n A da ,n("xn) n
5170,71(1: NOE d,oyo,n(.) (y").
B) The RND &, (z",y") is continuous on Xy, X Vo, and & (", y")1log &y, (a7, y") is uniformly

integrable over {(ﬁo,n ® <Fo,n) (dx™, dy™) : ?07n(~|y"_1) € M?I’CZ(XO,H)}.

C) For a fixed y* € Yo, the RND &, (x™,y") is uniformly integrable over MY ).
Then, HXn_>yn(<FO’n, on) @8 a functional of P ,(-|) € MEYUX, ) is bounded and weakly continuous
over MY (X, ), for fixed 5()”(’95”) € ME2(Vy.n).

Proof: The derivation is shown in Appendix G. O

Using (I11.34) in (II1.33), with x = ( ), establishes the second inequality in (II1.32). O

Note that Theorem IIL.5 gives conditions for wgak compactness of <Fo,n(-\y”_l) e MFYA,,), and
Lemma II1.6 gives conditions for compactness of <_P 0n %y”_l) € MSL(X,,,). In addition, Theorem I11.13
gives conditions of weak continuity of Ixn_,yn(Pg,, Qo) With respect to P, (-[y" 1) € MFH( Xo,),
for fixed 5()”(\3:") € MS2()y.). Hence, sufficient conditions are identified to address existence of
solution to the extremum problem of feedback capacity. This is stated in the next theorem.

Theorem I11.14. (Existence of information feedback capacity without tmnsmis(_sion cost constraint)
Under the conditions of Lemma 111.6 and Theorem 111.13, the supremum over P, (-|y" ') € M (X;,,)
in the extremum problem of information feedback capacity

1
ot 2 sup I(X™ — Y™ (IIL35)
{PXi\Xifl,Yifl: i=0,1,...,n}€M101(X07n) n + ]'

<—
is achieved by some P} (-ly" ') € M (Xpn).

G. Extension of Directed Information to Arbitrary Number of Sequences of RV'’s

In this section, we demonstrate how the previous results are easily generalized to three, or more, sequences
of RV’s. These extensions have implications in communication networks, and in communication with side
information at either the transmitter or the receiver [36], [37].
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To facilitate the demonstration, first consider the following case.

Case 1: The sequence of RV’s X" € X, is defined by X" = (X', X*") € A}, x XF,, = X, where
X ={X': i=0,1,...,n} and X>" = {X2: i=0,1,...,n).

Then, the two sequences of conditional distributions are {p;(dz;, dz?|z" = 2> ¢y~ i =0,1,...,n}
and {q;(dy}|y""t 2V 2?") 1 i =0,1,...,n}, respectively. Consequently, the constructions of consistent
families of cond1t10na1 dlstributions, and the results obtained so far, extend naturally to directed information
H(Xl,n7X2,n)_>yn(Pon7 on)s Where Po,(dzt™ da*"|y" ') = @ pi(de}, de?|zb 1 2>y~ 1), and

Om(dynu,l,n’ ) ®? O%(Clyzwl 1>$1’i7l’2’i).

Next, we consider the following case.

Case 2: The sequence of RV’s Y™ € ), is defined by Y™ = (Yin y2n) e ygm X ygm = Yo.n, Where
Yin={v!: i=0,1,...,n}and Y?" ={V?: i=0,1,...,n}.

Then, the two sequences of conditional distributions are {p;(dx;|z*~!, y* 1 y>1) . ¢ = 0,1,...,n}
and {q;(dy}, dy?|y"*ty* 1t 2t) © @ = 0,1,...,n}, respectively. Consequently, the constructions of
consistent families of cond1t10na1 distributions, and the results obtained so far, extend naturally to directed
information ]IXH*)(Yl,n’YQn)(POn’ o.n)s Where P, (dz™ |yt y> ) = @ pi(day| 2"yt i),
and Qou(dy™", dy?"[2") = O ygi(dyl, dy? |yt > o).

Clearly, Case 1 and Case 2 can be generalized to an arbitrary number of sequences of RV’s.

IV. SEQUENTIAL VARIATIONAL EQUALITIES OF DIRECTED INFORMATION

In this section we derive variational equalities including their sequential versions for directed informa-
tion. Moreover, we illustrate an application of these variational equalities in feedback capacity computation,
by developing the main ingredient of a sequential algorithm using dynamic programming.

The variational equalities of directed information may be viewed as generalizations of the well-known
variational equalities of mutual information I(X";Y™) = Ixn,yn(Pxn, Pynxn), expressed as minimiza-
tions or maximizations of relative entropy functionals, as follows [25].

Min: Given a channel distribution Py xn(dy"|2z™), a source distribution Px~, and any arbitrary distribution
Vyn(dy™) on Y, then

. dPynixn(-|z") )
Ixn.yn(Pxn, Pynjxn) = inf log | —————(y") | Pynixn»(dy"|2") @ Pxn(dz"
X 7Y ( X Y IX ) VYn(dyn)EMl(yO,n) \/XOanOn g( dVYﬂ() (y ) Y |X ( y | ) X ( )
(IV.1)
and the infimum is achieved at Vy«(dy™) = Py~ (dy™) given by
Py (dy™) = / Pynpxen (dy"[27) @ Pyn(da™). (IV.2)
X0,n

Max: Given a channel distribution Pyn xn»(dy"|2"), a source distribution Pxn»(dz™), and any arbitrary
conditional distribution Vyny»(dz"|y") on Xy, parametrized by y" € ), then

AVxenjyn (+|y"
I[Xn;yn(PXn, PYann) = sup / log <);PY—<|:g/>($n))PY"X"(dyn|xn) X PX” (dl’n)
VX"lY”(dxn‘yn) X0,nXVo,n Xn()
eEM1(Xo,n)
(IV.3)

and the supremum is achieved at Vyn|yn(daz"|y") = Pxnjyn(dz"|y™) given by
f)co Pynxn(dy™|z™) @ Pxn(da™)

Pynjyn(da"[y") = (IV4)
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That is, in (IV.1) and (IV.3) the optimal distribution is generated by the joint distribution induced by
{Pyn|xn, Pxn}. Both variational equalities are used in the Blahut-Arimoto algorithm (BAA) [25], [39]
to derive iterative computational schemes for channel capacity of memoryless channels, via max-max
operations, and for RDF of memoryless sources via mini-min operations.

Recently, a version of (IV.3) is applied in [50, eq. (9)] to develop a BAA for capacity of channels
with memory and feedback, defined on finite alphabet spaces. Specifically, the authors in [50] con-

sider causally conditioned probability mass functions, P(z"[[y"!) £ TI"yp(a;|zi~L, yi=1), Q(y"[|z") £
i— % n i—1Y 3 n ,n) 2 1| |0m— n||,.n

I q(yily'~", '), where P(y") = I op(yi|y'~") is generated by P (2", y") = P(a"||y" ") @Q(y"|]a") =

I op(zi]z™, v 1) @ q(y;|y"™", 2"), and utilize the identity P(z"|y") = M7 yp(x;|z*~!, y™), to rewrite

Q(E"ch)n) — ng@?ﬁl), and to express (IV.3) as follows.
P(z"|y") -1
I(X" —=Y") = sup log (— P™||y" ) @ Q(y"||z"). (IV.5)
Planly") 2 P(a"|ly"1)

" 7yn)6XO,n XyO,n

Based on (IV.5), the authors in [50] developed an algorithm, which computes the causally conditioned
product P*(z™||y"~!) that maximizes (IV.5), similar to the BAA [25], [39], over the product space X, =
x ,X;. The variational equalities introduced in this paper and the envisioned applications compliment
[50], in the sense that our emphasis is on generalizing classical variational equalities, by developing
sequential variational equalities, which can be used to develop sequential computational algorithms.

A. Variational Equalities of Directed Information

In this section, our emphasis is to develop variational equalities of directed information, and equivalent
sequential variational equalities.
The variational equalities of directed information are based on two families of distributions, similar to
P(-|) € QCl(XNOWN(O_) and Q(-|-) € Q€2(YNo|xMNo), which are introduced below.
Let Py, (dz",dy") = Pon(da"y" ") ® Q@ ,(dy™|z") be the given distribution constructed from the basic
feedback channel P(-]y) € MS1(A™N0) and forward channel Q(-|x) € ME2(Y™0) (by projection onto
finite number of coordinates).
Let S(-|x) be any probability measure on (YN0, B(YN)) depending parametrically on x € A satisfying
the following consistency condition.

C3: If F' € B(Qh.n), then S(F|x) is a B(AXp,—1)—measurable.

For fixed x € XM, the set of measures on (YN0, B(YN0)) satisfying consistency condition C3 is denoted
by ME3(YMNo) and the corresponding family by Q¢3(YNo|x™No). By Remark II.1, for any family of
probability measures S(-|x) on (Yo, B(YN0)) parametrized by x € XM, satisfying consistency condition
C3, there exists a collection of stochastic kernels {s,,(+|-,-) € Q(Vn|Von—1 X Xpn—1) : n € Ny} connected
to S(-|x) as follows.

Son(X"oDila™ ) (IV.6)

S(Dlx) = /D so(dyo) /D s1(dyalyor z0) - . / su(dynly™, ")

n

where
DE{yeY™ :yye Doyr € Di,...,ya € Do}, Di € B(Y)), Vi € NL.

%
Note that S, (-|z"1) € MEP3(Iy,) is conditioned on z"~! € X1, unlike 50n(|x") € MF2(Von),
which is conditioned on z" € A& ,,.
Let R(:|y) be any family of probability measures on (X0 B(X™0)) depending parametrically on y € YN
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satisfying the following consistency condition.

C4: If £ € B(X,,), then R(Ely) is a B()),,) —measurable.

For fixed y € Mo, the set of measures on (Yo, B(YMN0)) satisfying consistency condition C4 is denoted
by ME4(x™No) and the corresponding family by Q€4(XNo|yMNo). Similarly as before, by Remark II.1,
for any family of measures R(:|y) on (XN, B(X™0)) parametrized by y € Y™ satisfying consistency

condition C4, there exists a collection of stochastic kernels {r,(-|-, ) € Q(X,|Xpn—1 X Von) : 7 € Ny}
connected to R(-|y) as follows.

R(Ely) Z/ To(dI0|yo)/ T1(d$1|$0,y1)~-/ ro(dz, |z y") Eﬁo,n(x?:oEﬂyn) (Iv.7)
Fo o .

where
E2{xeX™ zy€Eya €E,... v, €E,}, E; € B(X,), Vi e NI

The joint distribution on ISXNO X YN @ e B(X,) ® B(Y,)) constructed from S(-|-) € QO3 (Yo x)
and R(+]-) € QC4(AxMNo|YNo)  is defined uniquely for D; € B(Y;), E; € B(X;), Vi € N2, by

%
(Son ® Rop)(x1g(Di x Ey)) = / so(dyo)/ ro(dzolys) ..
Do Eo
/ Sn(dyn|y"_1,$”_1)/ Po(dz, |2t y™). (IV.8)
n En

Formally, the (n+1) fold compound joint distribution defined by (IV.8) is written as (<§0’n®ﬁg7n) (dx™, dy™).
Note the difference between the stochastic kernels {pi(dz;]z=1 y=1) 1 i € N}, {qi(dyi]yi‘l,:ci)_: i €
Np}, which define POn(dzp"|y" D), Qon(dy™|z™), respectively, as well as the joint measure (P, ®

o.n)(dz™ ,dyﬁ), and the stochastic kernels {r;(dz;|z""!,y") : i € N}, {si(dinZ‘l,yi_l) . i€ N}
which define R, (dz"|y"), Son(dy™|z""), respectively, and the joint measure (S ® R)(dz™, dy").
The following theorem gives two variational equalities of directed information, including their sequential
versions, which are analogous to (IV.1), (IV.3).

Theorem IV.1. (Variational equalities)

Let {X, : n € Ny} and {), : n € Ny} be Polish spaces. Let P(-]-) € Q€1 (xNo|YNo) and Q<L|) €

QC2(YNo| xNo) " and for any n € Ny, construct from them the joint distribution Py, (dx", dy") = (Po,®
on)(dz"™, dy"), and the distributions Vo,n(dynz_: Pon(Xon, dy"™) = @ ovi(dy:ly™h), {vi(dys|ly'™) €

M) i =0,1,...,n}, ﬁ(dw”,dy") = Pon(dz"|y"™") @ vy, (dy"), (defined by (1I1.5), (II1.9),

(111.10)).

Then the following variational equalities hold.

Part A. (i) For any arbitrary distribution V()n(dy”) M (Vo) we have
I(X"%Yn)—]IXnayn(POn,a POnHﬁOn
— D(Po,ne@@omHPOn@m) (IV.9)

Vo,n(dy”)EMl (yO,n)

_ inf {/Xy (dao" 12%) (”))(?07n®607n)(dm”,dy")} (IV.10)

Voon (dym)EM1 (Von) dVon(+)

and the infimum is achieved at Vy,,(dy"™) = vo.(dy™) € My (Do) given by

<_
Vo (dy™) = / (Pon ® ao,n)(dwn,dyn)- IV.11)
XO,n
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(i) For any arbitrary conditional distribution V;(dy;|y"™) € My(Y;), i =0,1,...,n, we have
_[(Xn — Yn) = ]IXn%Yn(pZ'7q7; = 0, 17 ce ,TL)

n

: dg;(|y"t, x")
" Z /XO,iXyO,il o < dvi("ylil) (y )>

{Vi(dyi|yi—1)€/\/l1(yi):i:O,l ..... n} i=0
il i (D 6 i1 g i1
pz<dl‘z|x Y )®( PO,Z—l ® O,n—l)(dy ) dr ) (IVIZ)
and the infimum is achieved at V;(dy;|y'™) = vi(dy;|y"™") given by

’ -1 i i—1 i 5 i—1 g i1y
vi(dy;ly™") :/ ai(dy;ly'™", 2") @ pi(da;|2* "y 1)®(P0,i—1®50,i—1)(dx Ldy'™), i=0,1,...,n.
Xo

,%

(IV.13)
Part B. (i) For any S(-|-) € QO3 (YNo|xNo) and R(-|-) € QC4(AMNo|YNo) then
%
Ixn_yyn(Pon, 50,71) = ]D)(PO,nHﬁO,n)
%
d( SO,” ® ﬁoﬂ‘b) n o, n
= sup log( (", y ))
(<§0,n®§o,n)(dx",dy")e/\/l1(Xo7n><y07n): Xo,nXo,n dﬁo,n
So.0(dy 2 H)EME3 (Yo.0), Ro.n (da"y™) EMEH(Xo,0)
F a n n
(Pon® Qo) (da", dy") (IV.14)
- =
and the supremum is achieved at (.S ¢, ® ﬁom)(dx”, dy") = (Pon® 507n)(d:v”, dy™), given by the RND
%
d(Pon® Q.
Ao (2™ y") = (<_0’ 60’ )(x”,y”) =1—a.s., n € Np. (IV.15)
A(S 0 ® Fon)
Equivalently,
;o o dpi(ethy dg;(|y"", 2") .
)\i Z,Z: - - i) - - 121— Oy :O,]_,..., . V.16
D) = o) Y (e ) ST noo e

Moreover, if ¢;(-ly" ", 2") < si(-ly" " 2" Y)-a.a (', ') and pi(-[¢ 7y ) < |2t y)-aca (2 ),
1=0,1,...,n, then

n dai(ly'™ 2 (y;) = 117 dpilz” Ty
s (e T ()

-1
)(xz)) —a.s., n €Ny av.17)

or equivalently,

dai(ly”", o) dp( ey ) .
: . i) = - . i —a.s., 1=0,1,...,n. IV.18
ds,i(~’yl*1’ xzfl)( ) d?“l'('|£lj'7‘71, yz) (.’L' ) a.s.. 1 n ( )

(ii) For any arbitrary collection of stochastic kernels {r;(-|-,-) € Q(X;|Xoi—1 X Yoi-1), 1 =0,1,...,n},
and {s;(-|-,-) € Q(Vi|Vo.i-1 X Xp,i-1), 1 =0,1,...,n}, define

d?’i 'l’i_l, % dsi' i—17xi—1
log | by (o dslly o)
dp;(-|z=1, 1) dv(-|yi=1)

Do (pr(dzp|z* ™y D @g(dyely* ", 2%)).

L(pi, gi, siy 73 i:O,l,...,n)éZ/

i=0 Y X0,ixYo,i
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Then

(X" = Y") =Ixasyn(pi(] ), (-] ) s 1=0,1,...,n)
= sup L(pi, qiysiyri: 1=0,1,...,n) (AV.19)
{si(dyi|yi*1,mi*1)®ri(d$i|zi*1,yi)€M(XiXyi)},z’:O,l ..... n
{Si(dyi|yi717xi71)6M1(yi)7 T’i(dx”ziilvyi)EMI(Xi)}
and the supremum is achieved when (IV.16) or (IV.18) hold.

Proof: Part A. (i) From Theorem III.1, then

» <d60,n<-\xn>

= = =
D(Pon® Gl Pon® Vo) = [ ") (Po @ B, )da”.dy) V.20

XO,n ><3;0,77, d%vn()
da o (]z™) ya
_ / log <0’—(|(yn)> (Pow ® o) (@2, dy™) + D(von| Vo) (IvV.21)
XO,'VL ><J}O,n dVOvn()
= =
>D(Pon® 50,n! | Pon ® Vo). (IV.22)

Moreover, equality holds in (IV.22) when Vj,, = 14, given by (IV.11). Hence, ]D(Po’nHﬁo,n) in (II1.20)
can be expressed via variational equality (IV.10).

(ii) The derivation of (IV.12) is similar to (IV.9), (IV.10), but it is done with respect to each component
Vi(dy:|ly*™') € My()), starting at i = n and moving sequentially backward to i = 0.

Part B. (i) Consider the difference between (X" — Y") = D<?O,n ® 507n| |ﬁo,n) given by (I11.20) and
the LHS of (IV.14) (without the supremum). Then

%
]IX"—}Y"(PO’H7 50,71) - / log ( d(<<§07 ® ; ))
0,n & Von

(@",5") (Pon © Qo) (da”, dy")

XO,anO,n
%
d(P0n®60 n) =
_ log (S 20n) (i )} (B © ) (da™, dy™)
\/X"O,n ><yO,n <d(§0,n ® ﬁo,”) ) ’ "
%
A(Son® Kop), o .\ o w m
2/ (1 _d50n® Fon) (0, ))(PO,,L@aO,n)(dz dy") =0 (IV.23)
X0,nXVo,n d<P0,n®60,n)

where (IV.23) follows from the inequality logx > 1 — %, 2 > 0, which holds Wigl eq%ality if and only
. . . n n é d( 0,n® O,n) n ny __
ix = 1. Furthermore, equality holds in <(iV.23), when the RND A, (z <,_y ) = m(m Yt =1,
Son ® ﬁo,n — a.s. in (a:”,y").(_Since (Pon® QOJL)(XO,TL X Vo) = (Son® Ron)(Xon X Yon) =1,
this condition is equivalent to Py, ® (g, = Son ® Ro,. By conditioning (IV.15) on B(&p,-1) ®
B(Yo.n—1) one obtains (IV.16). Furthermore, (IV.17) is obtained from (IV.15), while (IV.18) is obtained
by conditioning.

(ii) The derivation of (IV.19) is similar to (IV.14) but it is done with respect to each component s; ®
r;, starting at ¢ = n and moving backward sequentially to ¢ = 0. O

Note that Theorem IV.1, Part A. (ii), Part B. (ii) are sequential versions of Part A. (i), Part B. (i),
respectively.

Next, we discuss the relation between the variational equality of directed information (IV.14) and the
variational equality of mutual information (IV.3). Clearly, (IV.3) is also equivalent to

d(Vnpyn (-[y") @ Pyn(+)) )
sup / log< 2" y") | Pynixn(dy™|z") @ Pxn(dx" (Iv.24)
v S “E T AP () x o) ) ) B (TR P ()
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since the RND in (IV.24) is another version of the one in (IV.3). Hence, (IV.14) is the analogue of
(IV.24). Further, to obtain the analogue of the maximizing measure in (IV.3), given by (IV.4), suppose
(v o) < syt 2 —aa (2t yh), i =0,1,. .., n, and {s;(-|[y"" 2" i=0,1,...,n} is
fixed, and generated by P, (-|y""!) € MY (Ay,) and Qo (-]z") € MC2(D.,.). Then from (IV.16) we
obtain
e daCly ) P
i—1 1\ __ v ) i—1 -1 _
ri(dei|2' 1 y') = <d8i(_‘yi_1’xi_1)(yi) pildeylz™",y'™), i=0,1,...,n (IV.25)
_ qi(dyily' ', 2")
in qi(dysly=', 2%) @ pi(da;|xi=1, yi=1

Obviously, for a fixed {s;(:|y""',2""1) : i =0,1,...,n}, (IV.25), (IV.26) are the sequential versions of
maximizing distribution satisfying (IV.15), given by

)pi(dxi|xi_1,yi_1), 1=0,1,...,n. (IV.26)

n qi(dy;ly' ", 2")

0 [y, aildyily' =t at) @ pi(da et gt
Clearly, (IV.27) is the analogue of the maximizing distribution Pxny~ in (IV.3).

Note that the optimization in (IV.14) can be done by keeping S, (-|x""!) fixed, generated by P(-|-) €

QCL(xMNo|YNoy and Q(:]-) € QC2(YMNo|xMNo), and maximizing only over Rg,(-|y") € M;(Xo,) as
demonstrated above.

ﬁo,n(dxﬂy") =® )pi(dxi\xi’l,yifl), n €Ny  (IV.27)

For extremum problems of directed information, such as, the channel capacity with memory with and
without feedback, it is desirable to invoke a sequential version of variational equalities, in order to derive
sequential algorithms. This point is illustrated in the next section.

B. Applications of Sequential Variational Equalities to Feedback Capacity Computations
Consider the extremum problem of feedback capacity given by (I.5), without transmission cost con-
straint. Expressed in terms of channel distributions {q;(dy;|y"™!, 2%) € My(Y;) : i = 0,1,...,n}
and the channel input distributions {p;(dz;|z"1, 5" 1) € My(X) : i = 0,1,...,n}, then C* 2
liminf,,_ . RLHC({ > where
cft £ sup ST IXG YY), (IV.28)

{pi(dwi\xifl,yifl)e/vtl(xi): i=0,1,..., n} i=0
Given a specific channel, Theorem IV.1, Part B. (ii) can be used to develop a sequential alternating double

o . . o . . .o
maximization algorithm over appropriate sets of distributions, which computes C/* via (IV.28) (i.e., #”{),
for large enough n, starting at n and moving sequentially in time to n —1,n—2,...,0. This is illustrated
next, by considering a simple example.

Unit Memory Channel. Consider a channel defined by {¢;(dy;|yi—1, ;) € M1(YVi) : i =0,1,...,n},
called Unit Memory Channel Output (UMCO). Then, (IV.28) reduces to

A g dgi(-|Yi—1, X
cfnomoo & sup Z E{ log (%(YZ)) } (IV.29)

It is conjectured by Chen and Berger [8] (see also [51], [52]) that the optimal channel input distribution
in (IV.29) satisfies the conditional independence p;(dx;|x* 1, y*1) = m;(dw;|yi_1) — a.a. (271 yi71) €
Xon—1 X Yon—1, which then implies the corresponding joint process {(X;,Y;) : ¢ =0,1,...,n} is first
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order Markov, the output process {Y; : i =0,1,...,n} is first order Markov, and consequently, (IV.29)
reduces to the following expression®.

d (3 1— 1 (]
S sup > Y R C )

{m(dfbi\yi_ﬂe/\/h(x\’i): i=0,1,..., n} ~1,i XX Yi—1
¢(dyi|yi—1, x:) ® Wi(dﬂﬁi’yi 1) @ vl (dy;—1) (IV.30)
= sup ZI X Yi|Yiq) (IV.31)

{m(dfti\yi_ﬂGMl(A’i): i=0,1,..., n} i=0
where
vy (*yi-1) :/ @i (dyi|yi—1, z:) @ mi(dai|yit), i =0,1,...,n. (IV.32)
Xi

The conjecture by Chen and Berger [¢] (i.e., (IV.30)-(IV.32)) is recently shown in [53], by invoking the
variational equality (IV.12) in extremum problems of feedback capacity, to identify information structures
of the optimal channel input distribution for general channels with finite memory.

By Theorem IV.1, Part B. (ii), for a fixed {m;(dz;|y;i_1) € My(X;) : ¢ =0,1,...,n}, the expression
inside the maximization in (IV.30) or (IV.31) is expressed as

n

n dri (-|Yi—1,Y:)
I(X; Yi|Yi) = su 8 ()
Z ( Y1) p Z/yﬂ’ix& g( dmi(+|yi-1) ( )>

i=0 {ritdwilyir 9)emMi(X0): i=01,..m } =0
¢i(dys|yi-1, xi) @ mi(da;|yi—1) @ v] (dy;—1) (IV.33)
where the supremum in (IV.33) is achieved at
dqi("yi—lazi) .
T,Zr dZEZ i—15 Yi :<— i)ﬂ-i dlL‘Z i— ,z:O,l,...,n. (IV34)
(dilyi1, i) 7 (o) (yi) ) mi(diyi—1)

Next, we convert C’({ ZZ;UMCO into a sequential alternating maximization problem over appropriate sets of
distributions, by using dynamic programming.

Let C; : V41 — [0,00) represent the maximum expected total pay-off in (IV.30) on the future time
horizon {t,t+ 1,...,n}, given Y;_; = y;_; at time ¢ — 1, defined by

Ci(ye—1) = sup {Zlog (dqZ Clyics, Z>(Z/z‘))%(dyz’|yz'17f€i)

(“lyi-1)

® i (dx;|yi—1)

Yioi =y } (IV.35)

By standard arguments (see [33]), and in view of the Markov property of {Y; : i =0,1,...,n}, it follows
that (IV.35) satisfies the following dynamic programming recursions.

dQn'ynfvmn
Cal) = sp [ o (B ) s ) © )
XnXVn

T (dn |yn—1)EM1(Xn) dyg('wn—l)
(IV.36)
_ th("yt—h $t)
Ci(yp—1) = sup log dﬂ—(yt) @ (dye|ye—1, x¢) @ T (day|ye—1)
mt(dat|yr—1) EM1(X) X x Vi Vi <'|yt—1)
+ / Ct+1(yt)qt(dyt|’yt_1, 5Ut) & Wt(dfft|yt—1)}7 t=0,1,...,n—1. (IV.37)
XX Ve

*superscript 7 on various distributions indicates their dependence on {m;(dx:|y;—1) : i =0,1,...,n}.
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It is well-known that the computation of the optimal channel input distribution in (IV.36), (IV.37) suffers
from the so-called, curse of dimensionality (i.e., it is often computationally prohibitive, even for finite
alphabet spaces). However, by applying Theorem IV.1, Part B. (ii), to the dynamic programming recursions
(IV.36), (IV.37), we can show that these can be converted to equivalent alternating maximizations over
convex sets. Consequently, (IV.30) can be expressed via sequential alternating maximizations, of concave
functionals over convex sets, as stated in the next theorem.

Theorem IV.2. (Sequential double maximization of feedback capacity of UMCO)
Consider the UMCO defined by {q;(dy;|yi—1,x;) € My(Y;): i=0,1,...,n}, and C’({I;ZUMCO defined by

(IV.30), for a fixed Prob{Y_, € dy_,} 2 v_1(dy;—1).
Part A. The dynamic programming recursions (IV.36), (IV.37) are equivalent to the following sequential
double maximization dynamic programming recursions.

drn 1Yn—15 Yn
Calpnt) = swp sup JER G )
XnXVn

71'n(dmnlyn—l)e-/\/ll(-)(n) Tn(d$n|yn—lyyn)€M1(Xn) dﬂ-n(. ’yn—l)
Qn(dyn|yn—la xn) ® 7T-n(dxnkyn—l)} (IV38)
dre(-|ye—1,y
Cy(ye-1) = sSup sup {/ log (W(JIQ)%(dyA%—hxt)
me(dae|ys—1)EM1(AL) re(dae|ye—1,y:) EM1(X) X x Ve 7Tt('|yt—1)

& Wt(dl't‘yt—l) + /

Cora (y0)a(dyelye1,20) © muldly 1) b £ =0,1,..,n— 1. (IV.39)
Xe XV

and C({ I;;UMCO is given by

Cc{?iUMCO = Co(y-1)v-1(dy-1).
Y_1

Moreover, the following hold.
Maximizations in (IV.38).
(i) For a fixed 7, (dx,|y,—1) € M1(X,), the maximum in (IV.38) over r,(dx,|yn—1,yn) € M1(X,) occurs
at (-, ") = rp7 (|-, ) given by
*,70 _ d%z('kyn—l; xn)

P (Al ) = ( (o () ) Tl ). (IV.40)
(i) For a fixed r,,(dzp|yn_1,yn) € M1(X,), the maximum in (IV.38) over m,(dx,|yn_1) € M1(X,) occurs
at o (-|-) = 7" (+[-) given by

exp { 5, log (%(xn)>Qn(dyn’yn—b mn)}m(da:n!yn_l)

w3 (dalynar) = s (VA1)
an exp { fyn IOg (%(‘rn>>(bl(dyn|yn—h xn)}ﬂ-n(dl’n|yn—l)
Moreover, when (IV.41) is evaluated at r,(-|-,-) = r>™(:|-,-) given by (IV.40) then
. exp { Jy, log (%(yn))qn(dwlym, :vn)}wn(d:cn\ynfl)
T (AT |Yn—1) = . (Iv.42)

d n\"|Yn—1,4&'n
S, 50 { fy, 108 (8120 () g (A1, 20) (A1)

Maximizations in (IV.39).
(iii) For a fixed my(dx|y;—1) € My(X,), the maximum in (IV.39) over ri(dxi|ys_1,y:) € M1(X;) occurs
at ry(-|-,-) = ;" (|-, ) given by

*,T0 dq; (- |y , L
P (dalye 1, ) = (%(yﬁ)m(dm%_l), t=n—1n=2...0. (V.43)
t —

Ssuperscript 7 indicates the dependence on the distribution {r;(dz;:|yi—1,:): i =0,1,...,n}.
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(iv) For a fixed ri(dx|yn—1,y:) € My(X,), the maximum in (IV.39) over m(dx|yi—1) € My(AXy), occurs
at m(-|") =7, (:]), t=n—1,n—2,...,0, given by

exp { fy, { 1og (4t () ) + Cusa () far(diplye1, 20) fldalye )
th exp { fyt { log (%(%)) + Ct+1(yt)}Qt(dyt|yt—1a $t)}ﬂt(d$t|?/t—1)

Moreover, when (1V.44) is evaluated at r4(-|-,-) = ;" (*|,), t =n—1,n—2,...,0, given by (IV.43) then

exp { fyt {log (%(Qt)) + CtJrl(yt)}Qt(dyt‘yt17$t)}77t<dwt|yt1)

[, exp { Jy, { 108 (420 ()} 4 Cra () bar el xt>}m<dxt|yt_1>
(IV.45)

7T:7r(dl’t’yt_1) = . (IV44)

Ty T*(dﬂft|yt—1) =

Part B. The extremum problem Cg, I;QUMCO defined by (1V.30) is equivalent to the following sequential
double maximization problem.

b,UM
C({ n’U €O — sup sup . sup sup
mo(dzoly—1)€EM1(Xo) r§ (dzoly—1 yo)6M1(Xo) T (dZn[Yn—1)EM1(Xn) 1] (dTn|yYn—1,yn) EM1 (Xn)

{ Z/ x d7r( (‘yfy 1,1?51)( i)>Qi(dyi|yi—17Ii) ® mi(dz;|yi—1) ® yf(dyi_l)} (IV.46)

and statements (1)-(1V) hold.

Proof: Part A. (i) (IV.38) and (IV.40) follow directly from (IV.36). (ii) (IV.41) is obtained as follows.
Fix r,(dz,|yn—1,yn) € M1(AX,), calculate the Giteaux differential inside the maximization in (IV.38) at

7" (dxy|yn—1) in the direction 7] (dx,|yn_1) — 72" (dxp|Yn_1), i.e., 75" (dxy|Yn— 1) 2 T (AT | Yn—1) —
e{ il (dawn |yn—1) — 75" (dy, |y 1)}, ¢ € [0,1], by incorporating the constraint [, 7 dxn]yn 1) =1viaa
Lagrange multiplier )\ (Yn—1). The Géteaux differential gives (IV.41). Then substltute (IV.40) into (IV.41)
to obtain (IV.42). (iii) For fixed m(dx;|y;—1) € My(A;), the second RHS term in (IV.37) is a function of
the channel distribution, hence (IV.39) and (IV.43) follow directly as in (i). (iv) To show (IV.44), (IV.45),
compute the Gateux differential as in (ii), by tracking the additional second RHS term in (IV.39).

Part B. Since v_;(dy_1) € M;(Y-1) is fixed, then (IV.46) follows directly from Part A., and the definition
of Ci(y;—1) evaluated at ¢ = 0. O
Theorem V.2, specifically (IV.42), (IV.45), are the equations, which should be used to derive a sequential
algorithm to compute numerically the optimal channel input distribution.

Below, we discuss applications of Theorem IV.2, and identify generalizations, and directions for future
research.

Remark IV.3. (Sequential algorithms for feedback capacity)

(1) For the UMCO, Theorem IV.2 provides all necessary ingredients to derive a sequential algorithm
at each time step, t = n,n — 1,...,0, similar to the BAA. It remains to show at each time step,
t=n,n—1,...,0, that (IV.42), (IV.44) have fixed points corresponding to the optimal channel input
distribution, and to derive upper and lower bounds on Cy(y;—1), t = n,n —1,...,0, to stop the
iterations at each time step of the algorithm. For finite alphabet spaces {(X;,Y;): i =0,1,...,n},
these additional steps can be carried out using Theorem IV.2 and the procedure in [39].

(2) For the UMCO, if the alphabet spaces X; = X, V; = YV, i« = 0,1,..., and the joint process
{(X;,Y;): i=0,1,...} is stationary ergodic or directed information stable, then the per unit time
limiting version of dynamic programming recursive equations (IV.36), (IV.37) can be derived [54],
and these involve only a single stage maximization over w(dx;|y;_1) € M;(X), Vi. Hence, a theorem
similar to Theorem IV.2 can be derived.
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(3) For general channels, it is possible to derive the analogue of Theorem IV.2, provided the set of
optimal channel input distributions, which maximize » . I(X";Y;|Y"™1) is identified, as in the case
of UMCO (see [53]).

V. CONCLUSION

In this paper we derive functional and topological properties of directed information, for abstract
alphabet spaces (i.e., complete separable metric spaces). These include, convexity of the set of consistent
family of distributions, which uniquely define causally conditioned compound distributions, convexity and
concavity of directed information with respect to consistent family of distributions, and a general theorem
on weak compactness of causally conditioned distributions, their joint distributions, and marginals, which
are utilized to define directed information. Further, we use this main theorems to show lower semicontinuity
of directed information as a functional of two causally conditioned distributions, and under additional
conditions continuity of directed information. In addition, we derive sequential variational equalities for
directed information. Throughout the paper, we discuss application examples in the context of extremum
problems of directed information, such as, in feedback capacity, nonanticipative RDF, and in developing
sequential computational algorithms, similar to the Blahut-Arimoto algorithm [39].

APPENDIX A
BACKGROUND MATERIAL

In this section, we introduce some of the basic analytical concepts which are used throughout the paper.

Weak Convergence and Compactness.

The main notions discussed are weak convergence of probability measures, the relation to convergence
with respect to Prohorov metric, tightness of a family of probability measures and relative compactness
[31].

Let (X,d) be a metric space, B(X) the c—algebra of Borel subsets of X, and M;(X") the family of
probability measures on X. Let BC(X) denote the set of bounded, continuous real-valued function f
on (X,d), endowed with the supremum norm ||f|| = sup,cy |f(z)|. A sequence of probability measures
{P,:n=1,2,...} C My(X) is said to converge weakly to a probability measure P € M (X) if

lim [ f(x)dP,(x) :/ f(z)dP(z), Vf € BC(X).
Weak convergence of {P,, : n =1,2,...} to P is denoted by P, 5 P. The space of probability measures
M (X) is metrizable with respect to the Prohorov metric (see [30]).

A crucial result for the characterization of compact subsets of M (X) is the next theorem due to Prohorov,
which relates compactness and tightness of a family of measures.

Definition A.1. (Tightness and Relative Compactness) [30, p. 308]
Let M C My(X) be a family of probability measures on a metric space (X ,d). M is said to be

1) tight or uniformly tight if for every € > 0 there exists a compact set K9 C X such that inf pcp; P(K (E)) >
1 —e¢

2) relatively compact or weakly compact if every sequence in M contains a weakly convergent subsequence,
that is, for every sequence {P, :n =1,2,...} in M there is a subsequence {P,, :i € {1,2,...}} and a
P € My(X) such that P,, — P. Here, the limit P is not required to belong to M, but all is required
is to belong to M1(X).

Prohorov states that for (X', d) a metric space and X’ compact, then any sequence {P, :n =1,2,...} of
probability measures on X possess a convergent subsequence. The following theorem due to Prohorov,
relates weak compactness and tightness of a family of probability measures.



34

Theorem A.2. (Prohorov’s Theorem) [30, Theorem A.3.15, p. 309]
Let M C My(X) be a family of probability measures on a metric space (X, d).
1) If M is tight, then it is relative compact.
2) Suppose X is separable and complete. If M is relatively compact, then it is tight.

Thus, a family of probability measures M C M;(X) on a complete separable metric space (X, d)
is weakly compact or relatively compact with respect to weak convergence if and only if it is tight.
Moreover, if P, — P, then the family {P, : n = 1,2,...} is tight.

Finally, we give another version due to Prohorov for a family of measures M C M;(X) to be compact.

Theorem A.3. (Corollary of Prohorov’s Theorem)

Let (X,d) be a separable metric and M C My(X) a set of measures. The following hold.
(a) If M is closed and tight, then M is compact.
(b) Suppose X is complete. If M is compact then M is closed and tight.

In what follows, we give the definition of weak continuity of conditional distributions, which is often
associated with proving results using weak convergence of probability distributions, and we distinguish it
from strong continuity.

Definition A.4. (Strong and weak continuity)

Let (X,d), (V,d) be metric spaces, Q(:|-) € Q(V|X) a conditional distribution, and define by BM ())
the set of bounded measurable functions on Y. Then Q(-|-) € Q(Y|X) is said to be

1) strongly continuous if the function mapping

z—s / FW)Q(dylx) € BOY)
%

whenever f(-) € BM()),
2) weakly continuous if the function mapping

whenever f(-) € BC(Y).

It can be shown that strong continuity is equivalent to Q(B|-) is continuous on ) for every set B € B())
(i.e., its conditional distribution is continuous), and this is much stronger than weak continuity of Q(-|-)
QV|),

Uniform Integrability.

In this paper we shall also need stronger sufficient conditions to verify convergence of a sequence of
integrals using the concept of uniform integrability. We state this next.

Definition A.5. (Uniform Integrability of RV’s) [45, Definition 4, p. 188]
Let (Q, F,P) be a probability space. A sequence of RV’s {X,, :n € N1}, Ny = {1,2,...}, is said to be
uniformly P-integrable if

lim sup/ | X, (w)|dP(w) = 0.
{w:Xn(w)[=c}

€0 neN;

Note that if {X,, : n € Ny} satisfy | X, | <Y and E{Y} < oo, then the sequence {X, : n € N;} is
uniformly integrable.
The following theorem gives some properties for a family of uniformly integrable RV’s.

Theorem A.6. (Uniform Integrability of RV’s) [45, Theorem 4, pp. 188-189]
Let (2, F,P) be a probability space and {X,, : n € N1} a uniformly P-integrable family of RV’s. Then
(a) Eliminf, X,, <liminf, EX, <limsup, EX, <Elimsup, X,.
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) If X =5 X, then E|X| < 00, limy o0 E|X,| = E|X| and lim,, .. ]E{\Xn - X\} ~0.

The next definition of uniform integrability is with respect to a family of probability measures for a fixed
integrand.

Definition A.7. (Uniform Integrability for a family of probability measures)
Let M C M;(X) be a family of probability measures on (X,B(X)). A measurable function f on X is
said to be uniformly integrable over M if

lim sup / F(2)[dP(x) = 0.
70 PeM J{zeX:|f(z)|>c}

A sufficient condition for the convergence of a sequence of integrals of a function with respect to a weakly

convergent sequence of measures is the following.

Theorem A.8. [29, Appendix, Theorem A.2, p. 3084]

Let M C M, (X) be a closed family of probability measures on (X,B(X)), and let {P, :n € N;} C M
be a weakly convergent sequence in M. If f is a continuous function on X and uniformly integrable over
{P,:n €Ny} then lim, ., [ f(x)dP,(x) = [ f(z)dP(x).

Absolute Continuity of Probability Measures.

Let (€2, F) be a measurable space. Given two probability measures P, on (2, F), @ is said to be
absolutely continuous with respect to P (denoted P < @) if for every A € F such that P(A) = 0
then Q(A) = 0. If Q < P, by Radon-Nikodym Derivative theorem, there exists a P—integrable and
F—measurable function f such that for every A € F, Q(A) = [, f(w)dP(w). Let (Q, F,P) be a
probability space and G be a sub-o-algebra of F. A regular conditional probability distribution P(-|G)
on (2, F) exist, when G is generated by a countable partition of 2. Moreover, if (£2,d) is a metric space
which is complete and separable (Polish space), and F is a Borel o—algebra, then for any probability
measure P on (2, F) and any sub-o-algebra G C F, a regular conditional probability measure of P given
G always exists.

The next lemma summarizes certain relationships between the absolute continuity of probability measures.

Lemma A.9. (Absolute Continuity of Probability Measures) [55, Lemma 4.4.7, pp. 149-150]
a) Suppose Qg < Po. If Q(19)(w) < P(G)(w), Qg — a.s., then Q < P.
b) Conversely, if Q < P, then Q(-|G)(w) < P(-|G)(w), P(-|G)(w) — a.s.

IfY:(QF)— (), A)is aRV on (€, F) into a measurable space (),.A) and ) is a Polish space, then
a regular conditional distribution for Y given the sub-o-algebra G of F denoted by P(dy|G)(w), always
exists. Additionally, if X : (2, F) — (X, B) is a RV on (2, F) into a measurable space (X, B), and G
is the sub-c-algebra of F generated by X, then P(dy|X)(w) is called the regular conditional distribution
of Y given X. One can go one step further to define an equivalent definition of a regular conditional
distribution for Y given X = x as a quantity P(dy|X = x) called stochastic kernel.

APPENDIX B
PROOF OF THEOREM II1.3

— 1 2
1) Fix Po,(-ly") € MY X,,) and let 507n(-|x”), aOn(Wl) € MS2()y,). Then, the joint
1 2
distributions corresponding to 60,71(-]:1:”), 6%(\35”) are
— 1 — 2
(Pow® Qo,)(da"dy") and (Po, © Gy, (da” dy),

and the marginals are

— 1 = 2
e (dy") = (Pon ® Go)(Xomdy™), V2 (dy™) = (Pon @ Qo) (Ko, dy™).
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Since the set MS2(),) is convex, given A € (0,1) there exists a probability measure P on (AN x
Yo B(XNo) @ B(YMNo)) whose regular conditional measure Q(-|x) € M (YMN0) satisfies

1 2 _
Gonllam) = A, (2™ + (1= N T2, Plyy, ) —ae. 2"
and C1 holds. Define
Von(dy™) = Avg, (dy™) + (1 = Mg, (dy™).
; d T d : |z . dvi (-
Introduce the RNDs Agn( JY") = 60” (l) )( ", \Ilgn( noyn) = %(y") Ké,n(y”) — 0’”(_) (y™)
and Ag (2", y") = Ao, (12") (y”)7 i =1,2. Then,

Tdvon()
déOn |‘T daon |$

w0 WAL W)

A0 yl1e) A)B ()

d(/\V07n< ) +(1-=2X) Von )

and
v, (+) dvg, (+) d(Avg, () + (1= X)1g,()
Kl n 1— Kz ny _ 0,n n . 0,n n 0,n 0,n ny -1
Applying the log-sum formula [56, Theorem 2.7.1, p. 31] yields
)\\Ij(l),n(xn7 yn) IOg A(l],n(‘rn7 yn) + (1 - )\>\Ilg,n($n7 yn) log A%,n('xn? yn)
1 2
d ™ d ™
o () o ()
= AV, (¢", y") log TR0, + (1 = ), (2", y") log 2.0,
dyoyn()(yn) m( ")
d T d x™)
Bl (et Bl (N )
e ECRES v e =N Wles 43,00
Om d,,(m()( ) 0,n (1_/\)dl/o ()( )

<d50n 1) @Bl >> Og( A <y”>+<1A)—diig,i‘:i")(yn))

dvon(-) W dvon() AZn0) (4 ny 4 (1 — \) 2800 ()

dvo,n(+)
Aol o AC0t)
dVO’n(') dl/(]m(') .

dvo,n(-)

F
Integrating the above with respect to vy, (dy™) ® P, (dz"|y™™!) yields:

daOn |37 d50n ’;(j . — I
/‘XO,an() ( dl/(]n(> (y )> dVOn() ( )(Vo,n(dy )® PO,n(dl' |y ))

_ /X . (dad()o"n('f ¥") (@ ® Po)(da", dy")
Sy (dajofn i >)<60n®?o,n><dx”,dy">

(
sa-x [ o o 5; ) L)) @i Pon)(da™ g™
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Hence,

— 1 2 — 1 = 2
vy (Pon AGon + (1= N Gon) < Mxnyn (Pons Gon) + (1= Nxnsys (Po, Go).
This completes the derivation of 1). ) )
— =
2) Fix 50n(|x") e M2 (Vy,) and let Poén(-\y"‘l), Py, (ly"') € MSF(Apn). Then, the joint

1
distributions corresponding to P, (-[y" "), P, (-]y" ") are

1 =2
(Po, @ Go)(da™,dy) and (P, @ Go,)(da", dy").

1 2
The marginals corresponding to P, (-[y" '), P, (-|y"~") are

1 =2
Waldy") = (P @ Qo) (Bosdy™), 18, (dy") = (P, @ Qo) (Ko, dy”).

Since the set MS1(X,,,) is convex, given A € (0,1) there exists a probability measure P on (X0 x
Yo B(&xMNo) @ B(YM0)) whose regular conditional measure P(-y) € M (X0) satisfies

< — <t n— 52 n— D n—
PO,”('|yn 1) = )\PO,n(|y 1) + (1 - )\)P07n(|y 1)’ P|B(370,n_1 —a.e.y !

)
, —

and C2 holds. Then, corresponding to P, (-|y" ') and 5071(|x”) we have

aldy) = [ Py (day ) + (1= ) P doly ) © Do)

Xo

sn

—1 =2
= APy, ® 50,71)(%,71, dy") + (1 = A) (P, ® 5o,n)(?€o,n, dy") = A, (dy"™) + (1 = Nvg , (dy").

Pick any measure Uy ,,(dy") € M1(Vo,) with D(v,]|Uorn) < 00, e.g., such that vy, (-)<<Uy,(-). Since
6('|I")<<Vo,n('), for almost all 2" € Ay, and vy, (1) <KUpy(-), then (g, (-|2") KUy (), for almost all
" € Xpyp. Consider

HXTL_>Y7L (?O,na ao,n) = / log <M

XO,anO,n dyoyn()

= d(aO,n("xn)XUO,n(')) n A= no oM
- /Xo,nxyo," 10g< d(von(-) x Upn(+)) (y >>(60n ® Poy)(dx™, dy™)

= / log (M(y")> (5o,n ® Pon)(da”, dy")
Xo,nXVo,n

(") (@ ® Po)(da", dy")

dUOm(')

dl/on(-) .
_ 10g : yn 5 n ® P n dl‘n7 dyn
/Xo’nx%,n <dU0,n ( ))( 0, o) )

dQ,.,(-|z"
) /Xo,nx%,n o <%(yn>> (Gon® Pon)(da” dy")

= /X o log (—dao’"('m(y"))@o,n®<ﬁo,n)(da:”,dy”)— /y 1og<d”0’"('.) (v") ) Yo (dy").
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Hence,

—1 da()n (+]z™)
Ixn n)\Pn—i—l—)\Pn, n:/
XnY ( 0, ( ) 0 0, ) oY ( dUon() (y ))

< Doaldy") © (WP (sl + (1= NPy daly) = [ g (jUi)) <y”>) vou(dy™).

Moreover, relative entropy is convex in both arguments (e.g., D(-||Up ) is convex for fixed U, ), hence

da()n |Z’

L (WP + (0= NP Go) 20 [ tom (T2 ) @, P la” )
[ o ()b

ra-n [ (dzj);};n('f 1) (Do © Po) " dy)

-3 [ (;l[’j;jf()))vmdy“)'

Finally, since v, (-)<Uopn(-) and 11§,,(-)<Upx(-) by substituting the following versions

d(ao’n(.‘xn)%yé’n(.))( "), i = 1,2, of the RND for @g"—(égﬁ;)(y") in the first and third RHS expression in
d(Uon ()0, () o

the preceding equations yields

1 2
vy (APg, + (1= N Po Gon) = Mxnosyn (P Gon) + (1= Nxnsyn (Po, Go).

0,n>»

This completes the derivation of 2).
2 1 2
3) Here, it will be shown that for 6% (+|z™) 60n(|x") € MFE2().,) such that 60n(|x") #+ 60n(\x")
— 1 —
and \ € (O ].) then ]IX"—>Y”<POn7>\60n 1 )\)50771) < )\HX"L—)Y”(POJ’L?507n)+(1_)\)HXn—>Yn(PO7n’
2
5 ), for a fixed POn( ly") € MPHX,).
%

It is already known that Ixn_yn(Poy, ¢o,) is a convex functional on 501@ (-]lz") € MS2(Vy,) for
a fixed P on( 1) € MSYH(X,,). All is required to show in order to have strict convex1ty is that
HXH_)Yn(POn, o) < oo. This can be easily obtained from part 1) since P0n ® 5% < POn ®

Vo, if and only if Q. (-]7") < vu(:), for po,—almost all 2™ € AXp,. Hence, from the strict con-
vexity of the function slogs, s € [0,00), and the expression of directed information as a functional

of {Pou(-ly™ 1), Gonlla")} € MEUXy,) x M2 (), with Gonllz") = AGS,([a") + (1 —
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2
)@ (-|2") it follows that

%
Tenoyn(Poss Gon) = /

XO,n ><y0,n

- /Xo,nxyo,n log (dadzon—W(ynD (60,n & <Fo7n)(dx", dy™)

1
4Gy, (1a") L e
< R L P n "
_/Xowo"mg< T 0y 0) (@, Poa)(dat g

.
g (M0 33“(" D5,y @an ® Poa)lda dy?

dai,n(’ajn) n 2 < " .
* /XOanMG — A)log (Tn()(i/ ))(5% ® Po.,)(dz", dy™)

= Aﬂxn_)yn (?0’7}, 5(1]7'“) + (1 - )\)HX”—>Y" ($O,H7 ao,n) < 0.

This completes the derivation of 3).

APPENDIX C
PROOF OF THEOREM II1.5

Part A. Let 58n(|) € 9°%(VonlXon), a = 1,2,..., be a sequence of forward channels and
Q( (@) Y” (@), @ =1,2,... asequence of the basic joint process corres O?nding to the backward channel
Pon(-]") € QY Xon|Von_1) and the sequence of forward channels 5071(‘) € 9% (VonlXon), a =
1,2,. The important steps for the derivation of Al) are outlined in [32] for stochastic control problems
with randornized controls. Since we shall use Al) and parts of its derivation to show A2)-A4), we give
the details of the derivation.

A1) First, it is shown that the joint distribution of the basic Jomt process {(Xi(a), Y;(a)) : i € Np} converges
as @« — oo to the joint distribution of a joint process {(X; x© Yi( N e Ny} and secondly, that this
limiting Lomt process {(X(,V“)) :i e No} is eﬁo a basic joint process corregonding to the backward
channel P, (-|") € QY (Xyn|Vonor), that is, (Po, ® Gy, )(dam, dy™) = (Po, @ G3,)(da", dy") €
My (Xon X Vo) and that (?On ® Qf,)(dz", dy™) has backward channel $0n(|) € QY Xyl Von-1)s
but Qg (-|z") € M1(Vo,) is not necessarily an element of M$2(Vy,).

For any ¢(-) € BC(X,,), by condition CA, the function

[ Xon-1 X Yopn-1 — R, fl@" oy é/ g(x)pn(da, |zt y" )

is continuous, and hence for any compact sets K; € X;, ¢ = 0,1,...,n — 1, and by the compactness
of Yon-1, the image of f(-,-) under Ko,—1 X Von-1 2 Kox Ky x ... x Knp1 X Yon-1, f(Kon-1 X
Yon-1) = R C R, and R is compact (since the image of any real-valued continuous function on a
compact set is compact). Thus, by condition CA and the compactness of {); : i € N”} for any
compact sets Ky € Xy, Ky € Xy,...,K,1 € X,_; the family of distributions {p,(-|z"~*, y"1) :

20€Ky, 11EKY, ..., 2y 1€K, 1,y" ! € Von_1} is compact. Indeed, given any sequence {xé e ,:ci?)l,
ys oy, by selecting a subsequence «; such that the subsequence {z*, .. 2@ yles) 40
converges to {mo b ,ng)l, y(()o), o ,yéo_)l}, a weakly convergent subsequence of measures

P2l a4y g obtained. Utilizing Prohorov’s theorem (see Theorem A.2), we
verify that for any sequence of compact sets Ky C Xy, K1 C Xy,...,K,1 C X,—1, and ¢ > 0 a

compact set K,, C X, can be constructed such that p, (K, |z"" ! y"™') > 1 — ¢, for any y" ' € Vo1
To this end, pick 61 > 0 and construct the compact sets as follows. Choose compact set Ky, C Xy such

that po(Ko) > 1 — &, compact set K; C X such that p,(Ki|zo,y0) > 1 — &, for any zy € Ko,y € o,



40

compact set Ky C Xj such that po(Ks|zo, 71, Yo, y1) > 1— 5, for any zg € Ko, 21 € Ky1,90 € Yo, 1 € D1,
and compact set K, such that

n—1 _n—1 €1
pn(Kn|w Y ) Z 11— 2n+1' (Cl)

Utilizing (C.1) then
P{X( € Ko, X € Ko} =P{XIV € Ko, XD € Ko Y™ € D, Y € D}

n—

_ / / IP{X,SO‘) € Ko X =a0,..., X = 01, YO =g, ..., Y = yn_l}
X7 oK S Von—1

) “in—1

P{Xé“> € drg, ..., XY, € du,_1, Y € dy,,..., V) ¢ dyn_l}

>(1- L / ]P’{Xéa) e drg,..., X\ € dxn_l}
2 Xn:olK'
—[1- 221 P{Xéa’ € Ko,..., X9, ¢ Kn_l}
€1 €1 o o
= 1- gn+1 (1_2_71)]?{)((5 ) eKO""7X£LJQ S Kn72}

2
= (1- 55 —2—n+22n+1>1[»{x0 € Koy, X\ € Koy

61 61 o o
= \1- gn+1 o 2_n>]P){Xé : € K07 B 7X’V(L—)2 € Kn72}

€1 €1 €1 « [}
R 27) (1 - 2n_1>IP>{X§ '€ Ko, X\ € Ko
— (1 €1 €1 €1 6% 6% P X(a) K X(a) K
- _2n+1_2_n_2n—1+27n+22n—1 0o €8o.os Ap 3 € Mg
€1 €1 €1 a a
> 1—W—2—H—F>P{Xé)eKo,...,Xfl)geKn_g}. (C.2)
Iterating the RHS of (C.2) we obtain
(@) (@) _a _a_a _a_y g |
P{X(Y € Koo XD €Ka} 21— s - - o - - D =1-a) o
i=1
>1—e, for all « =1,2,..., and any n € N. (C.3)

By (C.3), the family of marginal distributions of the joint process {(XZ»(O‘),Y(O‘)) 1 €N}, a=1,2,...

on X, is uniformly tight, and by Prohorov’s theorem [57] it has a weakly convergent subsequence. On
the other hand, since {)); : ¢ € Nj} are compact metric spaces, the family of marginal distributions of the
joint sequence {(X (O‘), Y(O‘)) 1 € No} on )y, is uniformly tight. Utilizing the uniform tightness of the

marginal distribution of the joint process {(X\*,Y;®)) : i € Ny}, then the family of joint distributions of
the joint process {(X (@) Y-(a)) .1 € Ny} is uniformly tight. By Prohorov’s theorem [57], the sequence of

(2 ? T

joint distribution of the joint process {(Xi(a), Yi(a)) i € Ng} possess a weakly convergent subsequence
to a joint process {(Xi(o),lfi(o)) : 1 € No}. A restatement of Prohorov’s theorem states that, if Z is a



41

separable metric space then every uniformly tight sequence of measures {y*: a =1,2,...} on Z has a
subsubsequence which is weakly convergent. Moreover, by [57], if each subsequence {y* : i =1,2,...}
of {7*: a=1,2,.. } contains a further subsequence {y®m : m = 1,2,...} such that y%m —5 4° as
m — oo, then v* —%+ ~° as @ — oo. Utilizing these facts, then the joint distribution of the joint process
(X, vy i e N} converges weakly to a joint process {(X\”,Y;)) : i € Ny}. Next, we show that
the limiting joint process {(X; X Y(o)) .1 € Np} is a basic joint process with the same backward channel
P(|) € QY Xon|Von-1)- For any n € Ny, consider bounded and continuous real-valued functions

gn() € BC(AX,) and V¢ ,,_1(+, ) € BC(Xy -1 X Yon—1)- By the weak convergence of the joint measures
correspondln to {(X (a), Y;(a)) . i € Ny} to the joint measures corresponding to {(X(”, V) : i € Ny}
denoted by (P, ® Qf,)(dz",dy") — Fg,(dz",dy™), the continuity of g,,(-) and the continuity of the
function mapping ("', 4" ") € Xpn1 X Vom1 + [y gn(2)pn(dzlz"',y"~1) € R, given e > 0 there
exists V € Ny such that for all « > N

<e.

_/ </ gn( )pn(datlx” 1’ n1)> ‘I’Q,n71(l’nil,ynil)POOjn_l(dl'nil,dynil)
Xo,n—1XVo,n—1 n

Since € > 0 is arbitrary, then

lim E{gn(X,SO‘))\IJ(Xg“), Xy ,Y,ff)l)} = E{gn(Xff))\If(Xéo), X

n—
a— 00

Moreover, for all a = 1,2, ..., then

E{gn<X,S">>\If(Xé> Xﬁ“’l,Y<“>,...,Y7§f>1>}
:E{\I!(Xé“),...,X,(fi)l,YO(a),...,Y(Q)I)E{gn(Xfﬁ))|X(§“),. Xy ,Y,fﬂ)}}

:E{(/ G (2P (d| X2, X Y Y,fi“{))@()(é’ Xfla)l,Y(“),...,Yéf)l)}.

Hence, (C.4) is equivalent to

limE{/ gn(@)pn(dz) XS, X @Yy e(x®, L Xy @ Y(C“)l)}

a—00
:E{/ Gn(@)pa(da| X7, . .. Xff%,Y(”%...,Y£_1>W<Xé°%...,X,SZ,%"),...,Y,Si%)}'

From the previous equality, the following identity is obtained.

E{gn(xgomxg"),...,ij”l,y(f"),...,Yn(")l)}:/ gn(@)pa(dz| X7, X2 VDY) —as.
! (C.5)

Since for any indicator function I, E € B(X,,) there exists a sequence {g,;: j=1,2,...} C BC(X,)
which is nondecreasing such that g, ; T Iz, by utilizing such a sequence in (C.5), and by invoking
Lebesgue’s monotone convergence theorem then

n—1» n—1»

P{X}ﬂemxg"),... XL v, ,Yﬁl}:pn(mxg“),.. XOLv, ).
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This shows that thg_hmltmg joint process {(X;° (©) Y(O) ) :i € Ny} is a basic process corresponding to the
backward channel P, (-|y" ') € MY (Xy,) and a forward channel Qf,(-|2") € My(Vy,). Moreover,
the marginal distributions of the basic joint process {(X; ),Y;(O‘)) : 1 € Np} converge to the marginal

dlstrlbutlons of the basic joint process {(X; (©) Y(O)) : i € Ny} corresponding to the backward channel

P on(-ly" ") € MFH(Xp,) and a forward channel QF ,,(+|z") € M1 (). This completes the derivation
of Al).

F
A2) By consistency condition C1, any P, (-|-) € Q°*(Xy..|Vo.n—1) uniquely defines a family {pz( [, )
Q(X;| Xpi—1 X Yoi—1),1 € Nij} via (IL.1). Hence, (II.1) can be used t(o_relate tightness of p;(-|z*~1 ¢y~ 1)
M (X)), (71 yY) € Xyt x Vo1, @ € N, to tightness of P, (-|y" ') € MP( X)), y !
Von—-1-
By recalling the derivation Al), condition (C.1), for Ky, = XK, K; € B(X;) compact sets, i € Nj,
then

P, ly) 2 /K Opo<dxo> | mtaza). [ puldfa )

K
( 2n+1 / dmo pl(dx1|a70, y°) ... / Pro1(dz,_1]|z" 2, y"?)
Kn—l

( 2n+1)< ) PO(d%)/ Pl(d$1|$oyy0)~--/ Pr-a(dy 2|z, y" )
Kl Kn—?
=11- a__a + i / po(da:o)/ pl(dx1|x0 yo).../ Pn—o(dx ,2]1’"’3 y" )
2n 2" 2%+l Ko K, ’ Kn_2 ’

€ € 3 e
> 11— an — —; / po(dxo)/ p1(doi]2®,5°) .. / Pr—z(dz,_o|z™ 3,y ).
2 2 K() K1 Kn72

By repeating the above procedure the following bound is obtained.

€1 €1 €1 €1 1
P(Ko,n|Y) > 1__2n+1 T on el —...—521—6122#&
i=1

>1—€, for any n € Ny and for every y € Yo,

€
e
€

Smce {K;:1=0,1,...,n} are compact, from the last inequality it follows that the family of measures
P on(-]y" 1Y) € MEY(A), vt € Vo is uniformly tight. This completes the derivation of A2).
A3) Weak compactness of the family of measures 607n(~]:c”) € M2V, for fixed 2" € X, follows
from the fact that )}, is a compact Polish space.

A4) Utilizing the weak convergence v§,, — 1§, (shown in A2)), we shall show weak convergence of the

— w =
convolution of measures ﬁgn dz", dy™) = P, (dz"|y" ) @uvg,(dy™) — Pon(dz"|y" v, (dy") =
e ) k)

Ho,n(dx ,dy™), when P, (-ly" ') € MEFL(X,,,) is fixed. We show weak convergence by considering

integrals with respect to go ,(x")hon,(y"), where go,(-) € BC(&Xp,) and ho (1) € BC(Von). Let € > 0
be given. Condition CA implies that the function mapping

n—1

F
" € Vo1 —> g(m")Pom(da:”]y”’l) cR (C.6)

XO,n
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is continuous. Hence, by the weak convergence vy, - V5., and the continuity of the function mapping
(C.6) then there exists N € Ny such that for all « > N

/y&n ( /X . 9($")<ﬁo,n(d$”|y”‘1))h(y")VS,n(dy”) - /y . ( /X . g(x")ﬁ,n(dx”ly”‘loh(y”)Van(dy")

< e.

Since € > 0 is arbitrary, then the derivation of AS5) is complete.

Part B. The methodology is similar to that of Part A., hence it is omitted.

APPENDIX D
PROOF OF LEMMA II1.6
By Theorem II1.5, Part A., A2), the family of measures <1'?0771(-|y”’1) € MSH Xon),y" ' € Von
are tight, and by Appendix C, (C.1), {p;(:]z*" 1, y""1) € MECL(X,)) : i =0,1,...,n} are tight. Since
pi(-|2*~1, y*~1) are probability measures on ME1(X;), i = 0,1,...,n, for any sequence ?8‘,,1(-\1/”_1) €
MEY (X ,), o =1,2,..., there is a collection {p&(-|z"~1,y" ') : i =0,1,...,n}, a =1,2,..., such
that

pECl Ty ) S PGl Ty, i =01,
e
Hence, to show closedness of Pg,(-ly"" ') € MEY(Xy.), y" ! € Vo1 it suffices to show that

O opd (g ) = @i (|2 Yy

whenever p&(-|zi~!, 1) 5 po(-|xi~t, 47 Y), for each (271, y"1), i = 0,1,...,n. This will be shown
by induction.

Consider n = 0. For any hy(-) € BC(A}), by definition of weak convergence we have

im [ ho(z)pl (dzo) = / o ()8 (dzo).

a—r00 XO XO

Consider n = 1. For any ho(-) € BC(Ap), hi(-) € BC(AX;), we need to show Ve > 0, there exists an
N e Ny 2 {1,2,...} such that for « > N

<e. (D.1)
X

‘/Xo ho(o)pg (do) /X1 hy(21)pS (day| 2o, o) — /Xo ho(xo)pg(dxo)/ ha (1) pS (dz1 | o, o)

From the left hand side (LHS) of (D.1), by adding and subtracting terms, we have the following upper
bound.

A
Aoy =

/ ho(%)h(%)pﬁd%l |1‘07 ?Jo)Pg(d%) - / ho(%)h(%)p‘f(d% |1‘07 yo)pS(da:o)
X0><X1

XQXXl

<

/ o (6 ()5 (s [, o ) (o) — / o (6 ()92 (|0, 90 (o)
Xo XX Xox Xy

J/

~
Term—1

/ o (6 (1)p5 (A [, 4o ) (o) — / ho (o) ()05 (s [0, o) (do)| . (D.2)
Xox X1 Xox Xy

(. S/

~
Term—2

+
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Term-1: Let ¢y > 0 be given, and consider Term-1. By the continuity of the function mapping (o, yo) €
Xy X Yy — le h(x1)p1(day |70, y0) and the weak convergence pS$(-|zo, yo) — pS(-|zo, %), for each
(x0,Y0) € X X Vo, then there exists an N; € N, such that for all & > N,

‘/Xo ho(l‘o)(/X1 hl(x1>pi’(dw1|xo,yo))(pg(dxo) — p3(dzo))| < €. (D.3)

Term-2: Consider Term-2. By the weak convergence, p§ (dzo) — pd(dxo), p§(dzy|xo, yo) — po(dzy| 7o, yo),
for each (xg,yo) € Xy x V. According to Prohorov’s theorem there exist compact subset Ky C A} such
that p§ (K§) < €, a=1,2,..., and compact subset K1 C X; such that p{'(K{|zo, yo) < €2, a =1,2,...,
for each (zq,y0) € Xy X V.

Hence, Term-2 is written as follows.

o e [ mwt o w)saz) — [ o) ([ maGepiianieo. ) )

/KC ho(xo)(/)(1 ha(21)p7 (dy |, yo)>p8(dx0) _

ho(l’o)</X1 hl(fﬁl)pi)(dl‘ﬂxo,yo))}?é“(d:ro)

e
(D.4)
[ talao) ([ oo, )pi ) < [ hoGao) ([ baeptidelan, ) s d)
Ko Xy Ko X1
< /KC||h0(')||oo||h1(')||oopg(d$0)+/Kc||h0(')||oo||h1(')||ooP8“(de0)
| [ holan) ([ maComsnleo, )~ [ hptidean, ) dro)
KO X1 Xl
< 2{|ho () [oo P2 (+)[|oop (KG)
| [ hotan) ([ mepttanton ) — [ st ) (o)
KO Xl Xl
< 2{|ho()[loo P2 ()[loo-€1 + [[Ro ()] sup / hl(ﬂfl)p?(di'«“lﬁo,yo)—/ hl(ifl)p(f(dffl|xo,yo)|-
o€ Ko X1 X1
(D.5)
By utilizing condition (II1.26), Ve, > 0 there exists Ny € Nj such that for all o > Ny
sup / hi(z1)pT (dz1]xo, yo) —/ hi(21)p] (dzi|zo, yo)| < €2, Yo € Vo (D.6)
ToEKQ X1 X1

Hence, by (D.3), (D.5), (D.6), there exists an N € N; large enough such that for all & > N5, expression
(D.2) 1s further bounded by

Ao < €0+ 2[R0 ()l [oo 1 ()f]oo-€1 + [1ho(-)]oo €.

Since €, €1, €5 > 0 are arbitrary, the claim holds for n = 1, as well.
Suppose that for n = k, and for each h;(-) € BC(X;), i =0,1,...,k, and V € > 0, there exists N* € N,
such that for each o > N*

/ ®f:ohi($i)p?(dfﬂi\$i1ayi1)—/ ®F_ohi(z:)pf (da;|a™ y' )| < e. (D.7)
X0,k X0,k
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We need to show that (D.7) holds for n = k£ + 1, i.e.,

QP (e Yy == @y (e

w

WheneVerPZ( |2ty ) =5 po(at yiY), i = 0,1,..., k+1, and provided that ®¥_p¢(-|z71, yi7t) —
@F_po(-|z*~1 4" 1). The derlvatlon is similar to showing (D 1), hence it is omitted.

This shows (I11.27), hence the set P()n( [y 1) € MEYAy,), ¥yt € Von_1 is closed. By Theorem II1.5,
Part A. A2), this set is also tight, hence by Prohorov’s theorem (Appendix A, Theorem A.3) it is compact.
This completes the derivation. ]

APPENDIX E
PROOF OF LEMMA II1.8
(1) Since every probability measure on a compact metric space is weakly compact, then the set
om(-]2") € MEP2(Von), 2" € Xy, is weakly compact. This means that any sequence { Q§,,(|z") : a =
1,2,...}, possesses a weakly convergent subsequence 5071 (dy"|z™) — Qf,.(dy"|z"), for each z" €
Xo s and hence tight (by Prohorov’s theorem, see Appendix A, Theorem A.2), but Qf  (dy"|z") may
not be an element of MS2()),,) (i.e., it may fail to satisfy consistency condition C2). By Prohorov’s

theorem, to show compactness of o,n( [2") € MF2(Von), 2" € Xon, we need to show QF,,(-|z") =
68’n(-|x”) R q? (dy;|y' 1, o), whenever ¢&(dy;|y'~', o) — ¢2(dy;|ly*~', 2%), i = 0,1,...,n (since
Vi, © = 0,1,...,n are compact Polish spaces). The method is precisely the same as in Lemma III.6,
hence it is omitted. Therefore, the set Q. (-|z") € ME2(Vo,), 2" € Xy, is closed, and since it is also
tight, it is compact.
(2) Next, we discuss how the fidelity set Qp (D) is a closed subset of the compact set M2()),,), hence
compact itself, that is, for each sequence {Q§ ,(-|z") : o =1,2,...} € Qo (D) there is a subsequence
such that 50,1 ]x ) 501@ |x ) € Q()n( ). We outline the derivation. Let {53n(|m") o=
.} € Qon(D) C MC2(Y Slnce ME2(Yp.,) is closed and uniformly tight, and hence compact,
there exists a subsequenc {5% cio=1,2,...} € M*(D,) and a measure 58n(|x”) €
ME2(Yp.,) such that 6 (| 60,1(@”) for each 2™ € A} ,. Recall that dy,, : Xp,, X Vo —
[0, 0¢] is a Borel measurable, non- negative and continuous function on y" € ) ,. Consider the sequence

{don k) 2 =don Nk :keNy}t, Ny = {1 2,...}, which is bounded, and continuous function in the second
argument y" € o,n- By Lebesgue’s monotone convergence theorem and Fatou’s lemma it can be shown
that Qy, (D) is closed with respect to the topology of weak convergence. Since a closed subset of a
compact set is compact, then Qy, (D) is compact. This completes the derivation. 0

APPENDIX F
PROOF OF THEOREM II1.10

1) We need to show that for any sequence {6% (-]lz") € MF2(Dyn) : @ = 1,2,...}, such that
5071( lzm) 5% (]z™) for each ™ € A}, then

. T —
HXW%YW(PO,naag,n) < haﬂl)glf HXn—}Yn(Po,mao,n)

%
Define the sequence of joint dlstrlbutlon P, (dx", dy") 2 (Pon® agvn)(dx”, dy™), o« =1,2,.... Weak

convergence Py, (dz",dy") — (POn ® Om)(dx”,dy") = Fg,(dx",dy") is shown by considering
integrals with respect to a test function ¢ (-, -)€BC(Xy, X Vo) via

n n [0 n n n n % @ n n
/ Gon (™, y") P (da™, dy") = / bon(@™ ™) (Pon ® Be)(da™, dy").
Xo.nXYon Xo,nxXVo,n
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w .. . «a =
By Theorem IIL5, Part A., Al), Fg, (dz",dy") — Fg,(dz",dy"). Similarly, consider ﬁo,n 2 Pon®
Vg, @ = 1,2,..., where {13, : @ = 1,2,...} are the marginals of {F§, : a = 1,2,...}. Then by
Theorem III.5, Part A., A4) we have

— w —
ﬁg,n = PO,n ® V(()X,n ﬁg,n = POJL ® V[()),n‘

Recall the definition of directed information via relative entropy given by

— — —
D(Pol o) = D(Pos ® ol Pos ® v0.) = Lxnsyn(Pous G ). (E1)
It is well known that relative entropy is lower semicontinuous, hence
D(PgITT5,) = D(Pon @ G315, < liminf DS, |[TF3,) (F2)

By (F.1) it follows that (F.2) is also equivalent to
— o — N
]IXnﬁYn(Po,njag,n) < hofgg.}f ]IXn—>Yn(Po,n,607n)

Hence, directed information is lower semicontinuous as a functional of 50,1(]:10”) € MS2(Y,,) for a

fixed Po,(-]y" 1) € MEPL(X,,,). This completes the derivation of 1).
2) The derivation is similar to 1). [

APPENDIX G
PROOF OF THEOREM III1.13

To show Contmulty of Txn_yn(- 60,1 we need to show that for every sequence {P SOy

..} such that P . — P¢ . we have

0,n°

— —
HXn%Yn(Pg,mao,n) — ]IXH—>YR(P8,n760,n)~

The derivation is based on the procedure utilized in [29] to show continuity for single letter mutual
information. First, decompose directed information into two terms as follows.

HX”—>Y”($o,n,6o,n) :/ (daon ")

L=

") (Pon © Qo) d™ dy”)

N ()
- /Xy (dadof n(k; ") (Pon® Qo). dy™)
- /y tog (%(y”))m(dw

5 — — n
— [ (g0 o, (") Poaldsly™ ) @ o)
XO anO n

- /y (é}mnfﬁm (y")log&, (y”)) Von(dy"), (G.1)

v . . he= _ .
where £, & (y™) = ZVE"E g( ") emphasizes the fact that this RND depends on P, (-|y"!) via u(-).

For now “assume that both terms in on the RHS of the above formula are finite; the validity of this
assumption will be established at the end. Thus, we only need to show that both terms are bounded and
continuous in the weak sense over M Cl(XO n)

Continuity of the first term. Since P§,, (-[y"™) — Pgn( ly"~1), by [30, Theorem A.5.8, p. 320], utilizing
<_

Lebesgue’s dominated convergence theorem, we have P§, ® Doy — P3§.,, ® Uy, Since &y, (2", y")

is continuous, then so is &g, (2", y")log&s, . (", y"). By hypothesis, &y, (2", y")log &y, (27, y") is
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— —
uniformly integrable over {Doyn ® Pon: Pon(-ly"™) € /\/llcl’d(/\fo,n)}. Therefore, using Theorem A.8,
Appendix A, we conclude that

. n n n n <_a n n— = n
lim & (@™, ") L0g &gy, (2", y™) P (d2" [y 1) @ Dy (dy™)

a00 XO,anO,n
- / b (@ ™) og & (™ PO (A2l ) @ Ton(dy™).  (G2)
XO anO n

This proves the continuity of the first term. The finiteness of the first term is obtained from uniform
integrability as follows. For a given € > 0 and sufficiently large ¢ > 0

< Sup { / |60 (2", 4™ 108 & (27, 47™) Ll @) o8 0, 7 ) 2}
Pon(ly1)eME Xy ,) Y XonxVon

S — — n
x P& (dz"[y" 1) @ vy (dy™)

n n n n eCM n n— = n
+ /); y }gﬂo,n (:U ? y ) log éDO,TL (x ) y ) ‘I{|Ez707n ($"7y") log 6170_’.,,‘ (;Enyyn)|<c} PO,TL(d:U ‘y 1) ® Voyn(dy )}
0,n XJ0,n

e
Pon(lyn=1)eMC (X ) I HIEwg , (27y™) log €, (a7 y™)| >}

%
x P, (da"y"") @ po(dy”) }

&0, (2™, y™) log &y, (27, ™) |

+ sup /
Pom(lym=1)eMC (g ) /(2797 log &g, (@7 y™) | <c}

%
x Pg(da"|y") @ Do,n(dy")} <ete

|£l70,n (xn7 yn) log gﬂo,n (:Cn7 yn> ‘

Continuity of the second term. For a fixed y" € Yy, since &, (x ”,y") is uniformly integrable over

MY X,,), by Theorem A.6, Appendix A, we obtain that P$, — PJ, . implies pointwise con-

0,n 0,n°
vergence of £ ;a (y") — &, B (y"). By continuity of the logarlthm we obtain the pointwise
convergence of 5 . (y )10g§ . Pa. (y”) — fyo o (y )logf o (y™). It only remains to show
0,n 0,n
convergence under the 1ntegral w1th respect to 7y . By (I11.34), then VQ
1 < 2 "1 "
S By, WI08E, 50 (V)| < 5 +&, 5 W)10gE, 5 (4")
2 n n <_a n|, n—1
"~ ¢eln?2 /Xong”o’”ﬁg,n(y )loggﬂoﬁn?&n(y ) Pndz"ly"™) (G.3)

2 n o, n n .n (—a i on—
< eln?2 +/Xo,n (590,n($ Y )logfpoyn(x Y )) PO,n(dZU |y 1).

F
where (G.3) follows from (G.1) and the nonnegativity of Ixn_,yn(Pg,, 6%). By (G.2), the integration
of the RHS over 7y, converges. Thus, by the generalized Lebesgue’s dominated convergence theorem
, p- 59], we conclude that

0 n 0,n

This implies the continuity of the second term. Furthermore, its finiteness follows as before. Since both
terms are ﬁnlte and continuous we deduce continuity of the directed information Ixn_,y« (-, Q¢,) With
respect to POn( |y"~1), for fixed 6( |z™). This completes the derivation.
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