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Abstract

Multiply constant-weight codes (MCWCs) were introducederly to improve the reliability of certain physically uonable
function response. In this paper, the bounds of MCWCs andctestructions of optimal MCWCs are studied. Firstly, we
derive three different types of upper bounds which imprdwe dohnson-type bounds given by Cheteal. in some parameters.
The asymptotic lower bound of MCWCs is also examined. Therottin the asymptotic existence of two classes of optimal
MCWCs, which shows that the Johnson-type bounds for MCWG@ls distance® >, w; — 2 or 2mw — w are asymptotically
exact. Finally, we construct a class of optimal MCWCs wittataveight four and distance six by establishing the coriorct
between such MCWCs and a new kind of combinatorial strustuks a consequence, the maximum sizes of MCWCs with total
weight less than or equal to four are determined almost cetelyl
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Multiply constant weight codes, spherical codes, Plotkinrd, Johnson bound, linear programming bound, Gilbershamov
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I. INTRODUCTION

Modern cryptographic practice rests on the use of one-wagtfons, which are easy to evaluate but difficult to invert.
Unfortunately, commonly used one-way functions are eith@sed on unproven conjectures or have known vulnerabilitie
Physically unclonable functions (PUFs), introduced by Reet al. [20], provide innovative low-cost authentication methods
and robust structures against physical attacks. Recé&\iliys have become a trend to provide security in low cost devsach
as Radio Frequency ldentifications (RFIDs) and smart ca8Hg14], [20], [23]. Multiply constant-weight codes (MCWL
establish the connection between the design of the Loop H8JFand coding theory, thus were put forward [A [9]. In an
MCWC, each codeword is a binary word of lengttn which is partitioned intan equal parts and has weight exactlyin
each part([9]. The more general definition of MCWCs with diffiet lengths and weights in different parts can be foundjn [5
This definition generalizes the classic definitions of canstveight codes (CWCs) (where = 1) and doubly constant-weight
codes (wheren = 2) [16], [19].

The theory of MCWCs is at a rudimentary stage[In [5] Ckeel.extended techniques of Johnson|[16] and establishedmertai
preliminary upper and lower bounds for possible sizes of MG3NThey also showed that these bounds are asymptotiagtily ti
up to a constant factor. In][7], Chex al. gave some combinatorial constructions for MCWCs whichdysgveral new infinite
families of optimal MCWCs. In particular, by establishintgetconnection between MCWCs and combinatorial designs and
using some existing results in design theory, they detexchihe maximum sizes of MCWCs with total weight less than aiaéq
to four, leaving an infinite class open. In the same papey, dfeo showed that the Johnson-type bounds are asymplptigit
for fixed weights and distances by applying Kahn's Theoreid] [n the size of the matching in hypergraphs. Furthermore,
in [6], they demonstrated that one of the Johnson-type beimédsymptotically exact for the distan2eiw — 2. This was
achieved by applying the theory of edge-colored digraptedeositions[[18].

In this paper, we continue the study on the bounds of MCWCs thedconstructions of optimal MCWCs. Our main
contributions are as follows:

« We extend the techniques of Agrelt al. [4] and improve the Johnson-type bounds derivedin [5]. Vée ahow that the
generalised Gilbert-Varshmov (GV) bound[15], [25] is ketthan the asymptotic lower bounds derived[in [5], where the
concatenation techniques are employed.

« We obtain the asymptotic existence of two classes of optM@WCs. One of them generalizes the known result of [6]
for MCWCs with different weights in different parts. The ettshows that another Johnson-type bound is asymptotically
exact for distanc@mw — w.
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« We consider the open case of optimal MCWCslih [7], i.e., dpudunstant-weight codes with weight two in each part
and distance six. We establish an equivalence relationdsstvsuch MCWCs and certain kind of combinatorial structures
which are called skew almost-resolvable squares. Accglylineveral new constructions are proposed. As a consequen
the maximum sizes of MCWCs with total weight less than or ¢tudour are determined almost completely, leaving a
very small number of lengths open.

The rest of this article is organized as follows. Section Rects the necessary definitions and notations. Sectiorv&sgi
three forms of upper bounds, which can improve the previalsson-type bounds. Section 4 studies the asymptotic lower
bounds of MCWCs. Section 5 presents the asymptotic existefitwo classes of optimal MCWCs. Section 6 handles the
optimal MCWCs with total weight four. A conclusion is made $ction 7.

II. DEFINITIONS AND NOTATIONS
A. Multiply Constant-weight Codes

All sets considered in this paper are finite if not obviousifinite. We usen| to denote the sef1,2,...,n}. If X and
R are finite setsRX denotes the set of vectors of lengtki|. Each component of a vectar € RX takes value inR and is
indexed by an element oY, that is,u = (u;).cx, andu, € R for eachz € X. A g-ary code of length n is a setC C Zé‘
for some X with sizen. The elements of are calledcodewords. The support of a vectoru e Zé‘, denotedsupp(u), is the
set{z € X : u, # 0}. The Hamming norm or the Hamming weight of a vectoru € Z; is defined aglu|| = |supp(u)|. The
distance induced by this norm is called tHamming distance, denoteddy;, so thatdy (u,v) = [ju—v|, foru,v € ZX. A
code( is said tohave distance d if the Hamming distance between any two distinct codeword§ ¢ at leastd. A g-ary
code of lengthn and distancel is called an(n, d), code. Wheny = 2, an (n,d)2 code is simply called afin, d) code.

Let m, N be positive integers and be a set of sizeV. Suppose thaX can be partitioned a¥ = X; U Xo U --- U
Xy With | X;| = n;, i = 1,2,...,m. An (N,d) codeC C Zz is said to be ofmultiply constant-weight and denoted by
MCWC(w1,n1; we, no; - -+ ;wm, Nim; d), if each codeword has the weiglt in the coordinates indexed hy;, weightws in
the coordinates indexed h¥., and so on and so forth. Whemy, = ws = --- = w,, =w andny; =ns = -+ = n,, = n, we
simply denote this multiply constant-weight code of length= mn by MCWC(m, n, d, w).

The largest size of afin,d), code is denoted byl,(n,d). When ¢ = 2, the size is simply denoted by(n,d). The
largest size of an MCWQ@u1, n1;wa, no; . .. ; Wi, Nm; d) 1S denoted byT' (wy, n1; we, na; . . . s wm, nay,; d); the largest size of
an MCWQm,n,d,w) is denoted byM (m,n,d,w); and the largest size of a CW&, d, w) is denoted byA(n,d,w). The
code achieving the largest size is said todpamal.

Next, we will restate the known results about MCWCs withorgqgf, more details can be found inl [5]. The authors[df [5]
first use the concatenation technique to construct MCWQm fitee classig-ary codes.

Proposition 2.1: ([5]) Let ¢ < A(n,d;,w), we have

M(ma n, d1d27 U)) Z Aq(ma d2)

Specially, M (m, qu, 2d, w) > A, (mw, d).

As MCWC is a generalization of CWC, the techniques of JohrfeorCWC [16] can be naturally extended to give the
recursive bounds as follows:

Proposition 2.2: ([5])

T(w17n1§w25n2;---;wmvnm;d) < L_T(w17n1§---§wi —1,n; — 1;...;wm,nm;d)J, 1)
w;
T(wy, n1; W, M3 - 3 Wy Mo d) < | ——T (w1, 1015+ 53, M — L5 5 Wiy M ) ] 2
n; — W;
U
T ; e Wi, Ny d) < : 3
(wlanlaw27n27 ;W n ) Lw%/nl—l—w%/ng—f——i—w?n/nm—/\J ( )
whered = 2u and A = wy +wy + -+ - + w,, — u.
Proposition 2.3: ([5]) .
M(myn,d,w) < [~—M(m,n —1,d,w— 1), (4)
w
M(mvnadaw) < L(nibiw)mM(man_ ladaw)Jv (5)
d/2

M(m,n,d,w) < | 1. (6)

d/2 4+ mw?/n — mw



B. Association Schemes

Let X be a finite set with at least two elements and, for any integer1, let R = {Ry, R1, ..., R, } be a family ofn +1
relationsR; on X. The pair(X,R) will be called anassociation scheme with n classes if the following three conditions are
satisfied:

1. The setR is a partition of X2 and R, is the diagonal relation, i.eRy = {(z, )|z € X}.
2. Fori=0,1,...,n, the inverseR; ' = {(y,x)|(x,y) € R;} of the relationR; also belongs tdR.
3. For any triple of integers, j, k= 0,1, ..., n, there exists a numb@é? = p§{? such that, for all(z,y) € Ry:

{z € X|(z,2) € Ri, (2,y) € R;}| = p") @)

i, "
The p;kj) 's are called thentersection numbers of the schemé X, R).
Any relation R; can be described by i@djacency matrix D; € C(X, X), defined as follows:

|1, (x,y) € Ry,
Di(xay) - { O, (x7y) g Rz

We call the linear space

A= {Z aiDi|ai S (C}

=0
the Bose-Mesner algebra of the association schemgX, R). There is a set of pairwise orthogonal idempotent matrices
Jo, J1, ..., Jn, which forms another basis of this Bose-Mesner algebra.

Given two baseg D} and{J,} of the Bose-Mesner algebra of a scheme, let us considerrbarliransformations from
one into the other:

Dy =Y Pu(i)Ji, k=0,1,...,n.
=0

From these we construct a square mafPiof ordern + 1 whose(:, k)-entry is Py (7):
P =[Py(i):0<1i,k<mn]
Since P is nonsingular, there exists a unique square mdriaf ordern + 1 over C such that
PQ = QP = |X]|I.

The matricesP and ) are called thesigenmatrices of the association scheme.

Let R = {Ry, R1,..., R,} be a set ofn + 1 relations onX of an association scheme. For a nonempty subsef X, let
us define thenner distribution of ¥~ with respect toR to be the(n + 1)-tuple & = (a, a1, . . ., a,) Of NONnegative rational
numberso; given by

a; = Y|7HR; N Y2

In [12], Delsarte gave a key observation about the inneridigton and the eigenmatrix Q.

Theorem 2.4: ([12]) The componenta@);. of the row vectora@ are nonnegative.

Let w andn be integers, withl < w < n. In the Hamming space of dimensienoverF = {0, 1}, we consider the subset
X of F™ as follows:

and we define the distance relatioRs, Ry, ..., Ry:
R = {(x,y) € X?|d(x,y) = 2i}.

For givenn and w, with 1 < w < n/2, we call (X, R) the Johnson scheme J(w,n), i.e., binary codes with length and
constant weighto.

Given an integefk, with 0 < k < w, we defineEberlein polynomial Ej(u), in the indeterminate, as follows:

s S ()65

Theorem 2.5: ([12]) The eigenmatrice® and @ of the Johnson schem&w,n) are given by
Py (i) = Ex(i),
B (i
Qulk) = o)

(D)

—2i41
wherep; = 5=15 (7)-



C. Design Theory

To give our constructions of optimal MCWCs, we need the feitg notations and results in design theory.

Let K be a subset of positive integers aktbe a positive integer. Aairwise balanced design ((v, K, A)-PBD or (X, A)-PBD
of orderv) is a pair (X, B), where X is a finite set the point set) of cardinalityv and 3 is a family of subsetsb{ocks) of
X that satisfy (1) if B € B, then|B| € K and (2) every pair of distinct elements &f occurs in exactly\ blocks of 5. The
integer A is theindex of the PBD. WhenK = {k}, a (v, {k}, A\)-PBD is also known as &alanced incomplete block design
(BIBD), which is denoted by BIBDv, k, \).

Theorem 2.6 ([[10]): For any odd integes > 5, a (v, {5,7,9},1)-PBD exists with exceptions € [11, 19]U{23}U[27, 33]U
{39}, and possible exceptionse {43,51,59,71,75,83,87,95,99,107,111,113,115,119,139,179}.

An «-parallel class of blocks in a BIBD (X, B) is a subsef3’ C B such that each point € X is contained in exactly
blocks in8’. Whena = 1, we simply call it aparallel class, as usual. If the block sef can be partitioned inta-parallel
classes, then the BIBD is callegtresolvable (or just resolvable if o = 1). We will use a-resolvable BIBDs to construct
optimal MCWCs.

A group divisible design (GDD) is a triple(X, G, B) where X is a set of pointsg is a partition of X' into groups, and B
is a collection of subsets oX called blocks such that any pair of distinct points frol occurs either in some group or in
exactly one block, but not both. &A-GDD of type gj*¢5*... g% is a GDD in which every block has size from the gét
and in which there are, groups of sizey;,i = 1,2,...,s. WhenK = {k}, we simply writek for K. A k-GDD of typem*
is also called aransversal design and denoted by T, m).

Theorem 2.7 ([[], [[ZQ]): Let m be a positive integer. Then:

1) a TD(4,m) exists if m & {2,6};

2) a TD(5,m) exists if m & {2,3,6,10};

3) a TD(6,m) exists ifm & {2,3,4,6,10,22};

4) a TD(m + 1, m) exists if m is a prime power.

D. Decomposition of Edge-colored Complete Digraphs

Denote the set of all ordered pairs of a finite $etwith distinct components bf;) An edge-colored digraph is a triple
G = (V,C, E), whereV is a finite set ofvertices, C'is a finite set ofcolorsand E is a subset o(g‘) x C. Members ofE are
called edges. The complete edge-colored digraph on n vertices withr colors, denoted by{,(f), is the edge-colored digraph
(V,C,E), where|V| =n, |C| =7 andE = (3) x C.

A family F of edge-colored subgraphs of an edge-colored digigph a decomposition of K if every edge ofK belongs
to exactly one member oF. Given a family of edge-colored digraplis a decompositiorF of K is a G-decomposition of
K if each edge-colored digraph i# is isomorphic to somé& € G. In [18], Lamken and Wilson exhibited the asymptotic
existence of decompositions f" for a fixed family of digraphs. To state their result, we requinore concepts.

Consider an edge-colored digragh= (V,C, E) with |C| = r. Let ((u,v),c) € E denote a directed edge fromto v,
colored byc. For any vertexu and colore, define theindegree and outdegree of « with respect toc, to be the number of
directed edges of colarentering and leaving, respectively. Then for vertex, we define thelegree vector of v in GG, denoted
by 7(u, G), to be the vector of lengthr, 7(u, G) = (in1(u, G),out; (u, G),...,in.(u, G),out.(u, G)). Definea(G) to be the
greatest common divisor of the integersuch that ther-vector (¢,t,...,t) is a nonnegative integral linear combination of
the degree vectors(u, G) asu ranges over all vertices of all digraphise G.

For eachG = (V,C, E) € G, let u(G) be theedge vector of lengthr given by (G) = (m1(G), m2(G), ..., m,(G)) where
m;(QG) is the number of edges with coloiin G. We denote by3(G) the greatest common divisor of the integetrssuch that
(m,m,...,m) is a nonnegative integral linear combination of the vecjai§), G € G. Theng is said to beadmissible if
(1,1,...,1) can be expressed as a positive rational combination of thrsu(G), G € G.

Theorem 2.8 (Lamken and WiIson [18]): Let G be an admissible family of edge-colored digraphs wittolors. Then there
exists a constant, = ny(G) such that &-decomposition ofc"” exists for everyh > ng satisfyingn(n—1) = 0 (mod £(G))
andn — 1 (mod «(G)).

In the same paper, the above theorem had also been extentleel taultiplicity case. Consider the problem of finding a
family F of subgraphs oK,(f) each of which is isomorphic to a member®f so that each edge df,(f) of colori occurs in
exactly A; of the members ofF. We can think of this as §-decomposition ofit 21 "which denotes the digraph on
n vertices where there are exactly edges of color joining z to y for any ordered paifz, y) of distinct vertices.

Let X = (A1, A2,..., \,) be a vector of positive integers. Le{G; A) denote the least positive integesuch that the constant
vectort is an integral linear combination of(u, G) asu ranges over all vertices of all digraplisc G. Let 5(G; X) denote
the least positive integen such that the constant vectorX is an integral linear combination @f(G), G € G. We sayg is
A-admissible when the vectoi is a positive rational linear combination p{G), G € G.

Theorem 2.9 (Lamken and WIson [[18]): LetG be aX-admissible family of edge-colored digraphs, where = (A1, Aa, . . .,
Ar). Then there exists a constant = n¢(G, A) such that &-decomposition OKLAI’AQ"“’A*] exists for everyr > ng satisfying:
n(n—1)=0 (mod B(G;A)) andn — 1 (mod a(G; A)).



IIl. UPPERBOUNDS

For the simplicity of illustration, when handling the geakebounds of MCWCs, we only consider the special case of
MCWC(m,n,d,w). However, it is easy to see that our methods used can alsoflie@jo the general case.

A. Bounds from Spherical Codes

We start with the definition of a spherical code. Differemtrirthe classic code, the spherical code is defined on thedeacli
space. Aspherical codeis a finite subset o (n), whereS(n) := {x € R" : ||x|| = 1}. Here|| « || is the Euclidean norm. The
distance between two codewords is defined 8y (c1, c2) := ||c1 — c2||. However, to characterize the codeword separation in
a spherical code, theinimum angle ¢ or the maximum cosine s is often used instead of the Euclidean distance. The relatio
between these three parameters is ,

S::COS(b:l—d?E.

We will generally uses as the separation parameter. The largest size afdimensional spherical code with maximum cosine
s is defined byAgs(n, s).
Whens < 0, the value ofAg(n, s) has been determined completely. [2],1[11],1[18],1[21].1[22]
AS(R,S):Ll—%J, ZfSS_%v
Ag(n,s) =n—+1, if—%§s<0;
As(n,0) = 2n.
Before proceeding further, let us remark that, under a lsigitenapping, a binary code can be viewed as a spherical code.
Thus an upper bound on the cardinality of the spherical cedees as an upper bound for the binary code. This observation
can improve previous upper bounds in some cases.

Define
H(n) = {Oa 1}n7

M(m,n,w) ={x € H(n) : x-u; = w},

whereu; = e; ® j,, e; is the standardn-dimensional unit vector anj, is then-dimensional all-one vector. Then any subset
of H(n) = {0,1}™ is a binary code of length and any subset oM (m,n,w) is an MCWQm, n,d,w) for some distance.
Let Q(x) denote the mapping — 1 and1 — —1 from binary Hamming space to Euclidean space. Then

QM(m,n,w)) ={x € QH(n)):x-u; =n—-2w for 1<i<m}.

For any pointx € M(m,n,w), x satisfies(Q(x) — x¢) - u; = 0 and ||Q(x) — x¢|| = r, where

2w
=1-— -mna
X0 = (1 - —=);j

and

HenceQ(M(m,n,w)) is a subset of thénm — m)-dimensional hypersphere of radiusentered aky.
From the above analysis, we can get the following bound:

Theorem 3.1: J ' p
M(m,n,?d,w)g LEJ, 'Lsz nm—m¥1’
M(m,n,2d,w) <m(n—1)+1, if 0<b< %,
where
b d_ mw(n — w)
n
Proof: Let C be an MCWGQm, n, 2d, w). Translating®2(C) by x, and scaling the radius by/r, in accordance with the
above analysis, yields amm — m)-dimensional spherical code with the maximum cosine 1 — %. Thus
M(m,n,2d,w) < Ag(m(n—1),s), if s> —1;
M(m,n,2d,w) =1, if s < —1.
Using Ag(mn —m, s) as an upper bound fdf2(C)| completes the proof. [ |

Remark 3.2: The first bound in Theore 3.1 is equivalent to the last Jomtgpe bound[(8) and the second bound improves
the Johnson-type bound of Propositfon] 2.2 witen b < £.



B. Plotkin-type Bounds
The following proposition is well-known, while we providesketch of the proof for the sake of completeness.
Proposition 3.3: ([4]) Let C be an(n,d) code, then
d/2
Cl < m
S ST
provided that the denominator is positive, whetedenotes the proportion of codewords that havieia position.
Proof: The proof follows from the technique of double counting. Qredand,

1
E >
dav M(M —1) dler,2) 2 d,

Cl,Czec

where M = |C|. On the other hand,

n

2M
dau - m ;fl(l - fz)

By the double counting principle,

2M
(11— fi) >d.
RV ; fil = i)
[ |
For MCWCs, we will have more restrictions concernifig so we expect to get a better bound.
Theorem 3.4: d
M(m,n,2d,w) < max — (8)
( S )
where the maximum is taken over gl (1 < i < mn) that satisfy the constraints below:
i+t +f=w 9)
fn+1+fn+2+"'+f2n:w (10)
: (11)
f(mfl)nJrl + f(mfl)nJrQ + 4+ fmn = w. (12)
Proof: The proof follows from the definition of MCWCs and Proposit[3.3. |
Corollary 3.5: p
M(m,n,2d,w) < LEJ’ (13)
where
b d_ mw(n—w)'

n

Proof: To get an upper bound of MCWCs, we only need to determine tménmim value ofy_>" | f2, when f; + f2 +
-+ fn, = w. We use the method of Lagrange Multiplier. Letbe an auxiliary variable. We consider the following funatio

g(fl,fz,...,fm=fo+w(f1+fz+---+fn—w>.

=1
Then

Thus whenf; = £, the original function will achieve the minimum value. Stibging f; with £ in the sum of[(B), we obtain
13). n

Remark 3.6: The bound[(IB) is equivalent to the Johnson-type bolihd (Bropositiof 2.8, however when we impose the
additional constraint thaf; must be multiples ofl /M, the problem will be set in the discrete domdin 1/M,2/M, ... 1}
instead of the continuous domdiin 1]. Similar with the above discussion of Corolldry13.5, we wgi#it an implicit expression
of the upper bound.

Corollary 3.7: If b > 0, then

M (m,n,2d,w) < |d/b],



where
b=d— M) o in}{M(n — w)/n},
M = M(m,n,2d,w),
{z} =2z — |z].

C. Linear Programming Bounds
Let C be an MCWGQm, n, 2d, w). The distance distribution af can be defined as follows:

1
Azis 202,20 3= 17 > Anis 2ia.... 20 (€),
ceC

where Ay, 24,,..2i,, () :=1[{c1 € C: (c1 ®c) -u; =2i,}|, u; :=e; ®]j,, e is the standardn-dimensional unit vector and
jn 1s then-dimensional all-one vector.
Corollary 3.8: Let C be an MCWGQm, n, 2d, w), then

Z Z e Z Qe (1) Qrsy (32) - -+ Qi (1m) A2iy 20, 20,, > 0.
i1=042=0 4, =0
Proof: Forv = 1,2,...,m, suppose(X(”);Rf)”),--- ,RS,}J)) is an association scheme with intersection numl@éﬁ;
incidence matricesD”’, idempotents/*’, and eigenvalue®(” (i), Q\"(i). Then the Cartesian produ¢k ) x X2 x
% X(m>;Ri1___im = R§j> X oo X R(m),o <i; <mforl < j < m)is an association scheme with eigenmatrice

im

%})(il)Qi)(ig) e ;ﬂ?(z‘m). HenceC is a code in the product af: Johnson schemes. The result follows from Theorem
_ [ |
Theorem 3.9: w o w w
M(m,n,2d,w) <1+ |max Z Z Z Aziy,. 2im |,
i1=012=0 im=0
where
Aziy 26 > 0,
A211 ..... 20 — 07 fO’I’ ZZJ < d’
j=1
and wow w
Z Z Z Qk, (1) Qk, (i2) - - Q. (i) A2iy 2i5.... 24, > 0. (14)

11=012=0 i =0

IV. ASYMPTOTICLOWERBOUNDS

In this section, we consider the asymptotic ratelé{m, n, d,w) whenm is large,n is a function ofm, d = |dmn] and
w = |wn] for 0 < d,w < 1. Define the valug:(d, w) as follows:
log, M 4]
(6,00 i Tim sup 282 M, (9], Leon])
m—r00 mn
In [5], Cheeet al. used the concatenation technique to give the following asgtic lower bound.
Proposition 4.1: ([5]) For 6 < 1/2, we have

n(6,1/2) =1 = H(9),
where H (x) denotes the binary entropy function defined by
H(z) = —xzlogyx — (1 —x)logy(1 — x),

forall 0 <z <1.

In this section, we will generalise Propositionl4.1 and givgeneral form of the asymptotic lower bound. After that, we
will give a generalised Gilbert-Varshamov bound for MCWQsl ahow that this classic method can provide a better bound.

The first bound follows from Propositidn 2.1. We choose ¢hary code that can achieve the Gilbert-Varshamov bound as
outer codes. For convenience, we assujgnand omn are integers.

Theorem 4.2: Forw < 1/2 andd < max{1/2,2w}, we have

1 )
> —Hi1i(—
pel8,0) = wloga(2)(1 = Hy (5

w

);



where H,(z) := zlog, (¢ — 1) — zlog, x — (1 — z)log, (1 —z) for 0 <z < q;1
Proof: Applying Propositior 21, we get! (m, n, dmn,wn) > A1 (mwn, dmn ) SinceAq(n,d) > gt ~Hald/m)n then

(1— H1 ())mwn

3

M(m,n,dmn,wn) > (o.))

thus

peld, ) > wlogy(D)(1 — Hy (1))

[ |
Remark 4.3: Actually, there exist algebraic geometric codes leadingrt@symptotic improvement upon Gilbert-Varshamov
bound when the alphabet size> 49 [24], [26]. Since the improvement is slight, we still use Bébert-Varshamov bound
for the sake of simplicity.

The Gilbert-Varshamov bound is one of the most well-knowd &mdamental results in coding theory. In fact, it can be
easily applied to various kinds of codes. For MCWEC n, 2d, w), the volume of the Hamming ball of radi2gl — 1 is

R @) )

Theorem 4.4: Forw < 1/2 andd < max{1/2,2w}, we have

pav (6, w) > Ho(w) — ng(%) —(1- w)Hg(ﬁ .

Proof: Since .
(wnn)
Zi1+i2+...+img Smn 7 (fln) ((1—;)11) e (f:) ((1;:)11)
= (wu:lr?zn (1—w)mny’
Zogig‘s’g" ( i )( i )

2an2(w)

M(m,n,omn,wn) >

we have

log,

qumm Hy () (A=w)mntls (gl

mn

3) ~ (1= )z )

[ ]

At the end of this section, we compare the two bounds givenebad show that the generalised Gilbert-Varshamov bound
offers a better one.

Theorem 4.5:

MGV(éaw) Z MC(67w)7
equality holds only whem = 1 or § = 2(w — w?).
Proof: Let
f(&, W) = MGV(évw) - MC((S’ W)

0 0

= Ha(w) = (1 =) (s + 5 1okl = 1) = (1 — ) loga(1 — ).

For simplicity, lettingz = £, we get
Fz,w) = —(2 — 2w — 2) logy(1 — w) + zlogo () + (1 — w — ) logy(1 — w — ).
w

We will derive the proof by considering two caseswK I,z <w andi <w <1,z <
@) w < .z <w.
When:z:—O, f(0,w) = —(1 —w)logy(l —w) > 0.
Whenz = w, f(w,w) (3w —2)logy(1 —w) — (2w — 1) log,y (1 — 2w). We want to showf (w,w) > 0. Sincef(0,0) =0
and f(1,1) =2 - 2log, 3 > 0, we need to show thaf(w) = f(w,w) is monotonely increasing.

’

g (w) = 3logy(1 — w) — 2logy(1 — 2w) +

1 separately.

w—1
” N (AJ(3—2(AJ)
9 )= TR )

> 0.



Sinceg (0) = 0 andg’(l) =2 +3logy(2) >0, we getg (w) > 0, thus f(w,w) > 0.

Moreoveraf(m “) = log, % =0, we getz = w — w?. Since f(w — w? w) = 0, with the above analysis, we get
fO,w) =
(b) i<w§%,x§%.
Whenz =0, f(0,w) = —(1 — w)logy(1 —w) > 0.
Whenz = (1,w) = —(I —2w)logy(1 — w) + Tlogy (=) + (3 — w)logy(3 — w). We want to showf(1,w) > 0.
i ) —

L>0andf(1,3) = 0, we show the functiorf(§,w) is monotonely decreasing.
i1 1 3 1 1

Fe) =i =G -+l =qa=0 1)
01 1 1-2w
f (Zw):EHm)zo

Sincef (3, 1) = (@) - 1) <oandf(1, 1) =0, we getf' (3,w) <0, thus f(L,w) > 0.
The remainder of the proof is the same as the first case. Themawe already proven this theorem.

V. TwO INFINITE CLASSES OFOPTIMAL CODES

In [B], Cheeet al. demonstrated that certain Johnson-type bounds are asioafijoexact for constant-composition codes,
nonbinary constant-weight codes and MCWCs by construstavgral infinite classes of optimal codes achieving thesad®
Especially, for MCWCs they showed that the bouhH (1) is asptigally exact for distanc@mw — 2.

Theorem 5.1 (Chee et al.[6]): Fix m andw. There exits an integei, such that

M(m,n,2mw — 2, w) = %
for all n > ng satisfyingn — 1 =0 (mod w?).

In this section, we will generalize Theorém15.1 to the caseretthe weighto; may not be equal. We determine the value
of T'(wy,n;wa,n;...;wm,n;2> 1w w; — 2) for some modulo classes aof whenn is sufficiently large. We also establish
the connection between-resolvable BIBDs and MCWCs and employ Theofen 2.9 to eistalthe asymptotic existence of a
class ofa-resolvable BIBDs. As a consequence, we prove that the b@@nid asymptotically exact for distan@enw — w.

A. Optimal MCWCs with Distance 2 Y"1 | w; — 2
Let wy > wo > -+ > w,, be nonnegative integers. Let= """, w;. The Johnson-type boundl (1) shows that

1)

=D i g > we;
T(wl,n;wg,n;...;wm,n;2w—2)§{ 1757“”1 1 ! >

s if w1 = wa.

We will show that this bound is asymptotically tight. To apflheoreni 2.8, we first define the family of edge-colored dipsa
G. We use then? ordered pairs fronim] as colors. Defingv = [w,ws ..., w,,]. Let G(w) be the digraph with vertex set

V(Gw)) = Wi UWaU---UW,y, (15)

whereW,’s are disjoint vertex sets withV;| = w;. Here, for all distinctz,y € V(G(w)), there is an edge from to y of
color (4,7) wherei andj are such that: € W; andy € W;. Then in the graplG(w), there arew;w; edges coloreds, j)
with ¢ # j, andw;(w; — 1) edges coloredi, i). Fori,j € [m], let G;; be a digraph with two vertices and one directed edge
of color (4, 7). To defineG(w), we consider the following two cases depending on whether w,:

1) Whenw; > we, we havew; (w; — 1) > wjwe. Letr be the largest integer such that — 1 = we = --- = w,.. Then
setG(w) = {G(w)} U{Gy; = (i,7) € ([m] x [m])\{(1,7), (4,1) : 1 <i < r}}.
2) Whenw; = wq, we havewjws > wy(w; — 1). Let » be the largest integer such that = --- = w,. Then set

G(®) = {G@@)} U{Gyj : (i.) € ([m] x [mD\ ()}
Proposition 5.2: Suppose that & (w)-decomposition ofc(™") exists. Then
n(n—1)

T(wl,n;...;wm,n;zw_g)_{g(lnwll)n. 1 2

e if w1 = wa.
1
Proof: Let V' be the vertex set oKflm2) and F be theG(w)-decomposition. LetX = {1,2,...,m} x V. The code is
constructed ireX. For eachF € F isomorphic toG(w), there is a unique partition of the vertex 3&tF) = U™, S, so that
the edge frome to y in F' has color(i, j) if = € S; andy € S;. Construct a codeword such thatu(; ,y = 1 if € S;, and
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u(; ) = 0 otherwise. SinceS;| = w;, this code is an MCWG@u1,n; . ..; wn,,n; d) with some distance. Noting that every
colored edge appears at most once in the membéf omorphic toG(w), we have|supp(u) N supp(v)| < 1 for any two
codewordsu andv. Thus this code has distanee — 2.

Finally, let m be the number of digraphs i isomorphic toG(w). It is easy to see thah = % if wy > wy and
m = % otherwise. ]

Noting1 thatm; ;) (G(W)) = wiwj, i # j, M) (G(W)) = wi(w; — 1) andm, ;) (Gi;) = 1, we have

SN wl(wl — 1), if w1 > Wa,
Since in; ;)(G(@)) = wj, out, ;)(G(W)) = w; for anyi # j, ing; ;) (G(W)) = out; ;(G(W)) = w; — 1, it is easy to check
that

a(g(m)) _ {wl(wl — 1), if w1 > Wo,

w1, if w1, = wa.
Then applying Theorein 2.8, we can obtain the following resul
Theorem 5.3: Let w; > wo > --- > w,, be nonnegative integers and= Z;’;l w;. There exits an integet, such that

n(n—1)

T(wl,n;...;wm,n;zw_z)_{g(lrgwll)n 1 2

w—%, if w1 = wWa.

for all n > ng satisfyingn — 1 =0 (mod wy(w; — 1)) if w; > we, orn —1 =0 (mod w?) otherwise.

B. Optimal MCWCs with Distance 2mw — w
We first establish a connection betweetesolvable BIBDs and optimal MCWCs.
Proposition 5.4: If there exits ana-resolvable BIBOw, k, A), then M (m,n,d,w) = v, wherem = ?f”jl) n = 4

d= 2(% — ), andw = a.

Proof: The Johnson-type bounfdl (3) shows thd{m, n,d, w) < v wherem = % n=9,d= 2(% — ), and
w = Q.
Let (X, B) be ana-resolvable BIBDwv, k, A). Since there aré’=Y _parallel classes i3, each of which consists of

a(k—1)

% blocks, we can arrange all the blocks in anx n array withm = QEZ:B andn = 97, such that the blocks in each
row form ana-parallel class. Now, for each pointe X, construct a codeword with u(; ;) = 1 if the block in the entry
(i,7) containsz, andu(; jy = 0 otherwise. Since each point appearsitimes in each row, the code constructed above is an
MCWC(m,n,d, «) of sizev for some distancd. Since any two distinct points of appear together in exactly blocks, the
supports of any two codewords intersect in exagtlgoints. Thus the code has distante- 2(mw — \) = 2(k§€”:11) —)). H

In the remaining of this subsection, we employ Theofem 2.%tow that wheno = X and & | «, an a-resolvable
BIBD (v, k, A) exists for all sufficienty with v =1 (mod k — 1).

We first define the family of edgecolored digraphg; with » = k? — k. We use the(k — 1)? ordered pairs fronjk — 1]
and thek — 1 singletons(i), i = 1,2,..., k— 1 as colors. Let\ be a vector of lengttk? — k with each entry being.. For each

(k —1)-tuplet = (t1,t2...,tx—1) Of nonnegative integers summing ko let G(t) be the digraph withk + 1 vertices

V(G(t)) = {’LU} UTiyUToU---UTr_4 (16)

whereT;’s are disjoint vertex sets withl;| = ¢; andw is another vertex not in any;. Here, for all distinctz, y € V(G(t)),
there is an edge from to y of color (7, ) wherei andj are such that € T; andy € T}, and an edge of coldf) from the
special vertexw to eachz in T;. Let G be the collection of all sucli(t).

Proposition 5.5: If there exits aG-decomposition of the edgzecoloredK,[;\’k"“’M with r = k2 — k andm = Z—j then a
A-resolvable BIBDm(k — 1) 4+ 1, k, \) exists.

Proof: Let V' be the vertex set ok and letX = {o0}U(V x [k—1]). Let B, = {oc}U({z} x{1,2,...,k—1}),

B ={B, :z € V}. The elementd” will be used to index the\-parallel classes, which are denotedRs = € V; B, will
be in P,. For eachF' € F, there will be a unique partition of the+ 1 verticesV(F) C V as

V(F):{w}US1USQU-~-USk,1

as in [16). Let
Ap = Uf;llSi X {l},

we take\ copies of this block in the parallel clagy,. Let A = {Ap : F € F} and letB3* be a multi-set containing each
member of3 \ times. It is easy to check tha, AU B*) is a ((k — 1)m + 1, k, \)-BIBD, and that eaclP,, is a \-parallel



11

class. For example, the blocks inP,, that contains a pointy, i),y # w are Ar's whereF's are the graphs itF that contain
the edge of colo(i) from w to y. [ |

With the same argument as that in the proof{of [18, Therem]16rie can show that(m — 1)(\, A, ..., \) is an integral
linear combination of the vectogs(G(t)), G(t) € G, and(m —1)()A, A, ..., \) is an integral linear combination of the vectors
7(xz,G(t)) asx ranges over all vertices of all digrapli&(t) € G. Thus, the two conditions of Theordm R.9 are satisfied.
Applying this theorem we can obtain the following result.

Theorem 5.6: Given positive integeré and A with k | A, there exits a constant, = mg(k, A) such that a\-resolvable
BIBD (m(k — 1) + 1, k, A) exists for allm > my.

Combining Propositioh 514 and Theoréml5.6, we can get tHevialg result.

Theorem 5.7: Given positive integeré andw with & | w, there exits a constamty = mq(k,w) such that

M(m,n,2(mw —w),w) =m(k—1)+1
with n = w(m(k — 1) + 1)/k for all m > my.

VI. OPTIMAL MCWCs WITH WEIGHT FOUR

In [[7], the authors determined the maximum size of MCWCs étaltweight less than or equal to four, except when= 2,
w; =we = 2,d=06andn; < ns < 2n; — 1, with bothn; andns being odd. We consider this open class in this section.
The Johnson-type bound] (1) yields that:

Lemma 6.1: Let ny,n2 be two odd integers with < n; < ny < 2ny — 1. Then T2, n1;2, n9;6) < LWJ

We will show the above bound can be achieved for most casestlyf-iwe introduce a new combinatorial structure and
establish the connection between such a structure and tieadMCWC(2, n1; 2, no; 6).

A. Skew Almost-resolvable Squares

Let V be a set ofv points andS be a set ofs points. A skew almost-resolvable square, denoted SA&,v), is ans x s
array, where the rows and the columns are indexed by the atenoé.S, and each cell is either empty or contains a pair of
points fromV, such that:

1) for every two cells(i, 7) and (j,¢) with i # j at most one is filled;

2) the cells on the diagonal are all empty;

3) no pair of points froml” appears in more than one cell;

4) for eachi € S, the pairs in rowi together with those in columinform a partition ofV\{z} for somex € V.

Proposition 6.2: Letv =1 (mod 4) ands =1 (mod 2) with v < s < 2v — 1. There exists an MCWQ, v; 2, s; 6) of size
% if and only if an SASs,v) exists.

Proof: Let A be an SA%s,v) on V with rows and columns indexed hby. We may assume that and.S are distinct.
Let X = V US. The code is constructed in*. For each filled celli, j) of A with A(4,j) = {a, b}, construct a codeword
whereu, = 1 if « € {a,b,i,5}, andu, = 0 otherwise. Then we get an MCWEZ v; 2, s; d) for some distancé. Note that
Properties 1), 3) and 4) guarantee that any pair of point& @fppear in at most one codeword’s support. The supports of any
two distinct codewords: andv intersect in at most one point and then the code has distangecording to Property 4), for
eachi € S, there areu cells filled in row: and columni. Thus we haves(”;l) cells filled in total and the code has size
s(u 1)

Conversely, letX = X; U X, with | X;| = v and|X,| = s. LetC be an MCWGQ2, v; 2, s; 6) of size S(”4 Y in 2X. Construct
ans x s array with rows and columns indexed by the elements$ oFor each codeword € C with supp(u) = {a,b,1,5},
a,b € Xy andi, j € X, fill in the cell (z, ) with the pair{a, b}. It is easy to check that this array is an SAS). [ ]

In the above definition of SASs, if we replace the conditiorbyt)the following one, we get the definition of SAS, v)s.

4)' there exits any € S such that for each € S\{io}, the pairs in rowi and column; form a partition ofV/\ {«} for some
x € V; the pairs in rowip and columniy form a partition ofV\{z,y, 2z} for some distinct,y,z € V.

Similarly, we have the following result, the proof of whick &€xactly the same as that of Proposition 6.2 and we omit it
here.

Proposition 6.3: Letv =3 (mod 4) ands =1 (mod 2) with v < s < 20— 1. There exists an MCWQ, v; 2, s; 6) of size
[%J if and only if an SAS(s,v) exists.

In the following, we will discuss a useful construction math i.e., frame construction, which will allow us to constru
infinite families of SASs and SAS.

Let V be a set ofv points andS be a set ofs points. Let{H;, Ho, ..., H,} be a partition oflVV with |H;| = h; and
{51,52,...,S5,} be a partition ofS with |S;| = s;. A skew frame-resolvable square (SFS) of type{(s;,h;) : 1 < i < n}is
ans x s array, where the rows and the columns are indexed by the atemésS, and each cell is either empty or contains a
pair of points fromV, such that:

1) for every two cells(i, j) and (j,¢) with ¢ # j at most one is filled;
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2) the subarray indexed hy; x S; is empty, and it is calledhole;

3) no pair of points froml” appears in more than one cell;

4) no pair of points fromH; appears in any cell;

5) for eachl € S;, the pairs in rowi together with those in columhform a partition ofV\ H;.

We will use an exponential notatidm,, g1)™* - - - (sn, g»)™" to indicate that there ang; occurrences ofs;, g;) in the partitions.

We can use GDDs to give the recursive construction of SFSs.

Construction 6.4: Let(X,G,B) be a GDD, and let,v : X — ZTU{0} be two weight functions ofX'. Suppose that for each
block B € B, there exists an SFS of tydés(z),v(x)) : x € B}. Then there is an SFS of tygé) . s(7), >, v(7)) :
G e G}.

Proof: For eachz € X, let S(x) be an index set of(x) elements, wheré'(x) and S(y) are disjoint for anyr # y € X.
For eachB € B, we construct an SFS of typs(z),v(z)) : © € B} Ag onUzep({z} x {1,2,...,v(x)}) and index its
rows and columns using the elements of thelsgtzS(x).

DenoteS = UyexS(x) andV = Uzex ({2} x {1,2,...,v(x)}). We construct the requisite SE&on V' and index its rows
and columns by as follows: for each cell ofd indexed by(«, 8), if « € S(z), 8 € S(y) with  # y and there exists a
block B € B containingz, y, then we place the entry frotd 5 indexed by(«, 3) in the cell of A; otherwise the cell is empty.

For eachG; € G, denoteS; = U,cq,S(z) and H; = Ugeq, ({2} x {1,2,...,v(x)}). It is easy to check that Properties
1) — 4) in the definition of SFSs are satisfied. Now, for each S;, we consider the pairs in row and columna. Assume
that « € S(z) for somez € G,. Since for eachy ¢ G;, there exits a unique block containing bathand y, the set
{B\{z} : x € B € B} forms a partition ofX\G,. Note that for eachdp with = € B, the pairs in rowa. and columna of
Ap form a partition ofUyep 4. (y x {1,2,...,v(y)}). Then the pairs in rowr and columna in A form a partition of

U U @x{L2...0whH ]| = U @x{l2.. . 0@} =V\H.

rEB,BeEB \yeB,y#x yeX\G;

Thus we have proved that is an SFS of type[ (>~ . s(2),> , cqv()) : G € G}. [ |
Let V' be a set ofv points andS be a set ofs points. LetiW be a subset of with |IW| = w andT be a subset of with
|T'| = t. A holey skew almost-resolvable square, denoted HSAS;, v; ¢, w), is ans x s array, where the rows and the columns

3 3

are indexed by the elements §f and each cell is either empty or contains a pair of pointmfio, such that:

1) for every two cells(i, j) and (j,¢) with i # j at most one is filled;

2) the subarray indexed B x T" is empty, and it is calledhole;

3) no pair of points from// appears in more than one cell;

4) no pair of points fromi// appears in any cell;

5) for eacht € T, the pairs in rowt together with those in columhform a partition of V\W;

6) for eachl € S\T, the pairs in rowi and column form a partition ofV\{x} for somez € V.

The following result is simple but useful in our construaso

Proposition 6.5: Suppose that there exist both an H3AS; ¢, w) and an SAE, w). Then an SA%, v) exists.

In the following, we show how to construct SASs from SFSs.

Construction 6.6: [Basic Frame Construction] Suppose that there exists an &R8pe {(s;,h;) : 1 < i < n}. Let
s=>" siandv=>" h;. If for eachl <i <n — 1 there exists an HSAS; + e, h; + w; e, w), furthermore,

(1) if there exits an HSAS,, + e, hy, + w; e, w), then an HSASs + e, v + w; e, w) exists;

(2) if there exits an SAS,, + ¢, h,, + w), then an SASEs + e, v + w) exists;

(3) if there exits an SASs,, + e, hy, + w), then an SAS(s + e, v + w) exists.

Proof: Let A be an SFS of typé(s;, h;) : 1 <i<n}onV =U;_, H; with rows and columns indexed . Let TV be a

set of sizaw, disjoint fromV/, and take our new point set to beJI¥. Now, adde new rows and columns. For eath< i < n—1,
fill the s; x s; subsquare together with tleenew rows and columns with a copy of the HSAS+ e, h; + w; e, w) on H; UW,
such that the intersection of the new rows and columns forimsl@ Then, fill thes,, x s,, subsquare together with thenew
rows and columns with a copy of the HSAS + e, h, + w; e, w) (SAS(s, + €, by, + w; e, w), SAS (sy, + €, hyy + w; €, w)).
It is routine to check that the resultant square is an HSASe, v + w;e, w) (SAS(s + e, v+ w), SAS (s +e,v +w)). W

B. Determining the Value of T(2,n1;2,n2;6)

Supposa € Z is a codeword of an MCW@u1, n1; we, n2; d). We can represent equivalently as d-tuple(a;, as, az, as) €
X4, whereu,, = u,, = u,, = u,, = 1. Throughout this section, we shall often represent codegsvof MCWCs in this
form.

Lemma 6.7: Letn; € {3,5,7,9,11,13,15,17,19,21,25,29,33,37}, n1 < ns < 2ny; — 1 andny be odd. Then
1) T(2,n1;2,n9;6) = LWJ, except for(ny, no) = (5,7); furthermore
2) T(2,5;2,7;6) = 6.
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TABLE |

CODEWORDS OFSMALL MCWC(2,n1;2,n2; 6)

1<9

FOR3 <n

Y {0,3,11,17) (1,6,15,17)

Codewords
Y (1,2,11,13) (1,3,9,14) (1,4,10,12) (2,3,7,15) (2,5,8,12)

(0,1,7,8) (0,2,9,10) (0,3,11,12) (1,2,11,13) (1,4,9,12) (2,5,7,12) (3,4,7,10) (3,5,8,9) (4,6,8,11) (5,6,10,13)

(0,3,10,9) (2,3,5,13) (0,2,8,7) (0,4,11,12) (1,2,9,11) (1,3,7,12) (0,1,6,5) (1,4,8,13) (2,4,6,10)

0,1,5,6) (0,2,7,8) (0,3,9,10) (1,2,9,11) {1,4,7,10) (3,4,5,8)

<07 1757 6> <07 27 77 8> <1737 77 9> <2747 57 9> <3747 67 8>

<07 17374> <1727576>

<07 17374>

(n1,n2)
(3,3)
(3,5)
(5,5)
(5,7
(5,9)
(7,7)

Proof: The upper bound [, 5;2,7;6) < 6 can be found in[[3]. Codes achieving the upper bounds aretremtsd as

follows.

., N —1}

X1 U Xy with Xy = {0,1,..

.,n1 +ng — 1}. The desired codes are constructedXrand the codewords are listed in Tafle I.

Forn, € {13,17,21,25,29,33,37}, the codes are constructed in the Appendix.

.,n1 +n2 —1}. X can be partitioned aX

o
-
=
R
I
<
=
[}
- +
NS
<_1,
gL
VI
™M
5 >
IL ©
C
©

|, as desired. Fom; € {11,15,19}

andns = 2ny — 1, we proceed similarly; take an HSA%, n1; 5, 3) from the Appendix and fill in the hole with an SAS, 3)

(which is equivalent to an MCWQ, 5; 2, 3;6) and has been constructed above).

4

ng(nlfl)

Forn, € {11,15,19} andn; < ny < 2n; — 3, take an HSA&2,n1; 3, 3) from the Appendix and fill in the hole with an

SAS"(3,3) (which is equivalent to an MCW, 3; 2, 3;6) and has been constructed above) to obtain an*&#&Sn;). Ac-

cording to Proposition €13, that is equivalent to an MCW@G.;; 2, no; 6) of size |

1

.

4

77,2(77,1—1)

!

Proof: According to Propositions 6.2 afid 6.3, we only need to coostihe corresponding SAS:,n1) whenn,

(mod 4) or SAS (ng,n1) whenn,

Lemma 6.8: Let ¢ be a positive integer witlt + 1 > 21 and 2t + 1 & {23,27, 29, 33, 39, 43,51, 59, 75, 83, 87,95, 99, 107,

139,179}, Letny =4t + 1 or 4t + 3, ny < ng < 2n; — 1 andny be odd. Then T2, n1;2, no; 6)

-(32,16)ks2,

J
k.

-(24,12)724(16,16)*1 .-

.+i16:i
“+ j2a
+ k32

Ji2 + j1a + -

.,k32 with
ki + Fig + -

-(16,8)" (12, 12)72 - -

3 (mod 4).
. 7i167j127 ..

(8,8)™(10,8)"° - .

For each given and2t +1 ¢ {71,111,113,115,119}, take a(2t + 1, {5,7,9}, 1)-PBD from Theoreni 216, and remove one

point to obtain a{5,7,9}-GDD of type4'678* with 4i + 6; + 8k = 2t. Assign each point with weightst, 2) or (2,2) and

apply Constructiofi 614; the input SFSs of ty@e2)?(2,2)" with a + b € {5,7,9} are constructed in the Appendix. Then we

can get an SFS of type
Now, we can fill the holes of the SFS in three ways:

for any nonnegative integers, i1, . .

1)
1)

)
)

1
1

a 617. Then we get an SASIt + 1;

<r < 2v-—1come from Lemm

(i.e. SASr,v)) with v € {9,13,17} andwv

1) Add a new row and a new column and apply Construdfioh 6.6v{®) ‘e = 1’ and ‘w = 1’; the input HSASr, v;
with 4t +1 < s < 8t + 1, as desired,;
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2) Add three new rows and three new columns and apply Conisini€.8 (1) with e = 3’ and ‘w = 3’; the input
HSAS(r, v;3,3) with v € {11,15,19} andv < r < 2v — 3 are constructed in the Appendix. We get an H$AS¢ +
3;3,3) with 4t +3 < s < 8¢+ 3. Then fill in the hole with an SAS, 3) constructed in Lemma@.7 to obtain the desired
SAS (s, 4t + 3) with 4t + 3 < s < 8¢ + 3.

3) When the SFS has tyg§e6, 8)*(24, 12)7(32, 16)*, add five new rows and five new columns and apply Constructié (g
with ‘e = 5" and ‘w = 3’; the input HSASr, v;5,3) with (r,v) € {(21,11), (29,15),(37,19)} are constructed in the
Appendix. We get an HSA@t + 5,4¢ + 3;5,3). Then fill in the hole with an SAS5, 3) constructed in Lemmia8.7 to
obtain the desired SA®8¢ + 5,4t + 3).

For2t+1 =71, take a TO9,8) from Theoreni2]7 and truncate one of its group to six pointshimin an{8,9}-GDD of
type 886!, noting that8 x 8 + 6 = 70 = 2t. Then proceed similarly as above, we can obtain the desife( 54t + 1) and
SAS‘(s,4t + 3). Here the additional input SFSs of typé 2)%(2,2)%~ with 0 < a < 8 are constructed in the Appendix.

For2t+1 € {111,113,115,119}, take a{7,9}-GDD of type8'® from [10, Part 4, Corollary 2.44] and truncate the last two
groups to obtain(5,6,7,8,9}-GDDs of typess!'36!, 814, 8136'4! and 8461, respectively. Then proceed similarly as above,
we can obtain the desired SASs and SASHere the additional input SFSs of typg 2)2(2,2)%~% with 0 < a < 6 are
constructed in the Appendix. |

Remark 6.9: In the proof of Lemmd 618, we have constructed HBAS: + 3:3,3) with 4t + 3 < s < 8t + 3 and
HSAS(8¢ + 5,4t + 3;5,3). These HSASs will be used in later constructions.

Lemma 6.10: Let¢ be a positive integer witht+ 1 € {39,43,51,59,75,99}. Letny =4t+1ordt+3,n1 <ng <2nj—1
andn, be odd. Then T2,n1;2,ny; 6) = | 220=1 |,

Proof: For 2t + 1 = 39, take a{5,7}-GDD of type 652! from [10, Part 4, Example 2.51], noting thétx 6 + 2 = 2¢.
Assign each point with weight&t, 2) or (2,2) and apply Construction 8.4. Then we can get an SFS of type

(12, 12)"2 (14, 12)" - (24, 12)7 (4, 4)74(8,4)%,

for any nonnegative integels,, i14, . . . , i24, ja, jg With 410 + 414 + - - + 424 = 6 and js + js = 1. Now, we can fill the holes
of the SFS in three ways:

1) Add a new row and a new column and apply Construdfioh 6.6v{®) ‘e = 1’ and ‘w = 1’; the input HSASr, 13;1,1)
(i.e. SASr, 13)) with 13 < r < 25, SAS5,5) and SAS9,5) come from Lemma6]7. Then we get an SAF7) with
77 < s <153, as desired.

2) Add three new rows and three new columns and apply Conigtni€.8 (3) with e = 3’ and ‘w = 3’; the input
HSAS(r, 15;3,3) with 15 < r < 27 are constructed in the Appendix and the input S&S7) and SAS(11,7) come
from Lemmal6.l. Then we get an SAS, 79) with 79 < s < 155.

3) When the SFS has tyge4, 12)%(8,4)!, add five new rows and five new columns and apply ConstruEian® with
‘e =5 and ‘w = 3’; the input HSAS29, 15; 5, 3) is constructed in the Appendix and the input SA, 7) comes from
Lemmal6.Y. Then we get an SA857,79), as desired.

For2t+1 € {43,51,59, 75,99}, we start with{5, 6, 7,8,9}-GDDs of typess®2!, 8621, 8721, 8921 and8'22!, respectively,
which will be constructed below. Proceed as above to obtandesired SASs and SAS here we fill in the holes of the
SFS with SA%r, 17) (see Lemma6l7), HSAS, 19; 3,3) (see the Appendix) and HSAS?, 19;5, 3) (see the Appendix). The
{5,6,7,8,9}-GDDs are constructed as follows. For the tygéa!, 862! and 872!, take a T¥9,8) from Theoren{2]7 and
truncate the last four groups. For the tygf@!, take a T0¥9, 9) from Theoreni2]7 and remove one point to redefine the groups
to obtain a{9}-GDD of types&!?. Then truncate the last group. For the tyJé2!, take a{9}-GDD of type8'°16' from [10,
Part 4, Corollary 2.44] and truncate the last four groups. [ |

Lemma 6.11: Let ¢ be a positive integer. 12t + 1 € {107,139,179}. Letn; =4t + 1 or 4t + 3, n; < n2 < 2ny — 1 and
ny be odd. Then T2, n4;2,n9;6) = LWJ

Proof: For 2t + 1 = 107, take a TO6,20) from Theoren2l7 and truncate the last group to six pointsh@io a
{5,6}-GDD of type 20°6*. Assign each point with weightst, 2) or (2,2) and apply Construction 8.4. Then we can get an
SFS of type

(40,40)% (42, 40)%2 - .- (80, 40)%0 (12, 12)712 (14, 12)714 . . . (24, 12)724

for any nonnegative integetisg, i42, - - -, is0, j12, - - - , joa With i49 4+ i40 + -+ - +ig0 = 5 and jio + j14 + - .. + jo2u = 1. Now,
we can fill the holes of the SFS in three ways:

1) Add a new row and a new column and apply Construdfioh 6.6v{®) ‘e = 1’ and ‘w = 1’; the input HSASs and SASs
come from LemmaE 6.7=6.8. Then we get an $AS13) with 213 < s < 425, as desired.

2) Add three new rows and three new columns and apply Conigtni6.6 (3) with e = 3’ and ‘w = 3’; the input
HSAS(r, 43; 3, 3) with 43 < r < 83 are constructed in the proof of Lemrhal6.8 and the input'3AS5) comes from
Lemmal6.y. Then we get an SAS, 215) with 215 < s < 427.

3) When the SFS has typ@0,40)°(24,12)*, add five new rows and five new columns and apply Constru€fian(®)
with ‘e = 5" and ‘w = 3'; the input HSAS85,43; 5, 3) and SAS(29, 15) come from Lemmak 8.F=6.8. Then we get an
SAS*(429,215), as desired.
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For2t+1 =139 or 179, take a TO8, 24) from Theoren 217 and truncate the last three groups to obfaif, 7, 8,9}-GDDs
of types24°6 or 247614, Then proceed similarly as above to obtain the desired SA8sSAS's; the input HSASs, SASs
and SASs all come from Lemma8.7. |

Lemma 6.12: Let ¢ be a positive integer witt + 1 € {83,87,95}. Letny = 4t + 1, ny < n2 < 2n; — 1 andny be odd.
Then T2, n1;2,n9;6) = w.

Proof: Take a TO/6, 16) from Theoreni2l7 and truncate the last group to ob{dir6 }-GDDs of types16°2', 1656' or
16°141, respectively. Then proceed similarly as above to obtandissired SASs; the input SASv) with s € {5,13,29, 33}
all come from Lemma=®6l7. [ |

Combining the above lemmas, we get the following result.
Theorem 6.13: Let n1,no be two odd integers withh < n; < ns < 2ny — 1. Then T2, n1;2,n92;6) = [WJ, except
for (n1,n2) = (5,7), and except possibly fot; € {23,27,31, 35,39,45,47,53,55,57, 59, 65,67, 165,175, 191}.

VII. CONCLUSIONS

In this paper, we consider the bounds and constructions oM@€. For the upper bound, we use three different approaches
to improve the generalised Johnson bounds mentioned irfFf&]the lower bound, we derive two asymptotic lower bounds,
the first is from the technique of concatenation and the skdésrfrom the Gilbert-Varshamov type bound. A comparison
between these two bounds is also given. For the constrigtipnestablishing the connections between some combialator
structures and MCWCs, several new combinatorial constmgtfor MCWCs are given. We obtain the asymptotic existence
result of two classes of optimal MCWCs and construct a cldsspomal MWCWs which are open i [7]. As consequences,
the Johnson-type bounds are shown to be asymptoticallyt éxa®CWCs with distance® Y"." | w; — 2 or 2mw — w. The
maximum sizes of MCWCs with total weight less than or equdbtar are determined almost completely.
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VIII. A PPENDIX
A. Small MCWC(2,n1;2,mn2;6) for ny =1 (mod 4) and 13 < n; < 37
Lemma 8.1: T(2,13;2,n;6) = 3n for each oddr and13 < n < 25.
Proof: Let Xy = (Z3 x {0,1,2,3})U{oo}. For13 <n <17, let Xo = (Z3 x {4,5,6,7})U ({a} x {1,...,n —12}); for
19 <n <23, letXy = (Zsx{4,5,...,9)U({a}x{1,...,n—18}); for n = 25, let X5 = (Z3 x {4,5,..., 11} )U({a} x {1}).
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DenoteX = X; U X,. The desired codes of siz are constructed ofis*. The codewords are obtained by developing the
following base codewords under the action of the cyclic gridy, where the pointsc anda; are fixed.

n=13:

(00,00, 05,04)
(21,22, 14,05)

n = 15:
(00, 21, 27, 26)

(01, 23, 26, 24)

n=17:

(0,03, 26, 27)
(12,23,24,26)

(0, 03,05, 24)
(21,02,24, 07)

(11,10,24,a1)
(20,01, 07, 16)

(23,22,05,a1)
(1o, 13, 06, 27)

(22,23,25,a1)
(12,03,07,14)

(21,20, 17,a1)
(01,03, 16, 25)

(1o, 22,07, 26)
(01, 13,25, 27)

(22, 03,07, a2)
(12,20, 24, O¢)

(11,22, 15, 16)

(10,21,04, az)
(02, 00, 25, 06)

(00,21, 07,24)

(00, 21,05, as)
(00,12, 15, 07)

(00, 23,06, 15)

(03,12, 14, a3)

(00, 11,17,16)  (00,03,14,25) (12,13,06,a1) (00,01,14,a1) (lo,01,16,a2) (13,02,25,a2) (01,20,25,a3) (23,02,17,a3)
(11,03,04,a4) (0o, 12,26,a1) (21,03,24,a5) (02,10,27,a5) (13,00,15,27) (12,01,15,17) (00,03,07,16) (11,02, 15,06)
(00, 02,04, 24)
n = 19:
(00,00,04,05) (0,01,06,07) (00,02,0s,09) (00,01,1a,a1) (02,03,05,a1) (0o, 10,25,06) (03,13,04,08) (0o, 1s,27,29)
(00,02,17,18)  (01,11,05,08)  (01,02,24,15) (01,12,16,09)  (02,12,26,14) (02,13,25,07) (02,23,27,19) (0o, 11,07,2s)
(00,21,24,09) (00,23,16,08) (01,23, 26,29)
n = 21:
(00, 11,17,16)  (00,02,18,09) (o0, 10,14,15) (21,20,07,a1) (02,03,05,a1) (13,01,14,a2) (00,02,15,a2) (20,11, 14,a3)
(23,12,07,a3) (02,12,26,04) (00,12,29,27) (lo,13,17,29) (01,03,27,18) (0o, 1l0,26,08) (03,23,14,28) (11,22,15,04)
(21,13,16,06)  (00,13,09,25) (11,12,18,08) (11,21,00,05) (02,23,06,29)
n = 23:
(00,00,05,04)  (00,12,0s,00) (0c0,11,26,07) (03,02,05,a1) (lo,11,24,a1) (21,10,25,a2) (03,22,24,a2) (20,11,27,a3)
(23,02,06,a3) (00,02,25,a4) (03,01,06,a4) (11,23,04,a5) (02,20,26,a5) (0o,22,0s,17) (0o, 20,16,1s) (0o,23,09,24)
(03,13,28,25) (01,23,29,07) (01,11,25,18) (01,12,26,19) (00,03,27,29) (l2,21,1s8,29) (02,12,24,17)
n = 25:
(00,03,011,07) (o0, 20,25, 19) (00,02,06,18) (00,01, 110,14) (00, 02,07, a1) (01, 13, 06, a1) (22,01,0s5,17) (13, 10, 0s, 25)
(20,03, 0s, 17) (03,12,110,010)  (00,21,16,09) (00, 12,26,06) (20,10,04,211)  (00,01,04,210) (02,12,19,211) (21,02,0s,011)
(12,20, 09,210) (lo,03,05,27) (01,21,27,29) (23,03, 14, 19) (22,21,14,15) (00, 11,110,0s8) (13,11,26,011) (21,13,05,211)
(02,13, 14, 28)

[

Lemma 8.2: T(2,17;2,n;6) = 4n for each oddr and17 < n < 33.
Proof: Let X1 = (Z4 x {0,1,2,3})U{oo}. For17 <n < 23, let Xo = (Z4 x {4,5,6,7})U ({a} x {1,...,n—16}); for
25 <n <31, let Xy = (Zy x{4,5,...,9)U({a} x{1,...,n—24}); for n = 33, let X = (Zy x {4,5,...,11})U({a} x {1}).

DenoteX = X; U X,. The codes of sizdn are constructed o’ and the base codewords are listed as follows.

n=17:

(00,10, 14, 15)
(11,13, 35, 06)
(02, 03,04, 27)

(00,21, 17, 26)
(11,02, 36, 34)

(30,31,04,0a1)
(10,31, 17, 06)

(32,23,35,a1)
(03,13, 16, 24)

(20,23, 17, 15)
(00, 10, 25, 34)

(02,23, 06, 25)
(20, 33,07, 37)

(01,11,15,04)
(01,22,17,3s5)

(02, 12,24, 17)
(00, 32, 06, 16)

n = 19:
(00,30,14,25) (00,31,26,07) (lo,21,17,a1) (03,12,06,a1) (20,33,35,a2) (01,12,04,a2) (02,03,14,a3) (11,20,0s5,a3)
(00,23,05,37)  (33,22,37,25) (00,03,16,04) (20,32,34,16) (32,31,14,37) (11,02,37,35) (01,31,06,05) (23,33,14,16)
(21,20,06,14)  (12,02,25,16) (0o, 33, 17,27)

n = 21:
(00,21,26,27) (00,20,05,24) (32,33,35,a1) (00,01,16,a1) (03,32,15,a2) (31,10,34,a2) (32,13,36,a3) (0o, 11,34,a3)
(23,32,04,a4) (lo,01,25,a1) (23,01,37,a5) (lo,12,05,a5) (21,13,37,35) (02,01,36,34) (01,13,26,05) (1l2,01,27,14)
(10,32,16,37)  (30,22,35,04) (20,32,17,06) (13,23,16,24) (0o, 13,07,17)

n = 23:
(00,30,35,34) (00,31,17,06) (12,13,26,a1) (20,21,34,a1) (21,10,04,a2) (33,22,25,a2) (0o, 13,25,a3) (01,22,07,a3)
(10,01,25,a4) (23,32,37,a4) (23,21,14,a5) (22,10,16,a5) (01,13,35,a6) (00,22,26,a6) (30,32,25,a7) (23,01,17,a7)
(02,01,37,04)  (03,33,14,26) (30,22,06,37) (11,01,36,15) (13,20,37,16) (23,00,27,24) (02,12,34,25)

n = 25:
(00,31,37,16)  (00,20,24,25) (00,02,09,08) (33,02,36,a1) (00,01,14,a1) (03,13,24,29) (22,01,06,39) (O1,11,15,04)
(12,00,2s,26) (20,10,35,04) (03,10,17,08) (1l2,13,04,38) (21,22,04,17) (11,03,1s8,05) (31,03,15,26) (20,02,39,07)
(20,01,16,3s)  (00,31,08,39) (21,03,00,07) (00, 13,37,09) (00,03,35,16) (01,32,17,28) (22,12,24,05) (20, 22,26,00)
(02, 23,05, 17)

n = 27.
(00,20,24,25) (00,22,08,29) (00,01,16,17) (23,22,07,a1) (21,20,34,a1) (12,23,35,a2) (21,10,06,a2) (30,11,14,a3)
(23,02,15,a3) (11,32,16,29) (11,21,28,35) (00,02,16,07) (30,23,25,16) (00,22,1s,17) (lo,33,16,00) (02,33,29,24)
(02,12,06,14)  (11,20,07,30) (01,33,36,32) (lo,00,25,08) (03,13,08,24) (lo,13,19,07) (21,23,0s,27) (20,32,00,0s)
(11,33,19,08)  (01,12,27,05) (01,32,24,35)



n = 29:

(0,00, 04, 05
(31,10, 34, a3
(02,01, 18, 36
(12,31,07,3s

I

e~~~
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w
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o
[
IS}
w
~—

(01,21,05,25)°

Note that each of the codewords markednly generates two codewords.

00,01, 07, 06
33,02,34, a4

N~~~
w
[t
o
w
N
N
N
©
~ o~~~

20,13, 3s, 36

(02, 22, 06, 26)°

(o0, 22,29, 25)
(11,20, 35, a4)
(31,23, 1s, 05)
(02,32, 19, 14)

(00, 32, 08, 34)
(02, 03,07, as)
(11,01, 37,3s)
(12,22, 08,04)

(03,23,07,27)°

(23,22,25,a1)
(02,00, 35, as)
(31,02, 16, Og)
(30,33, 26, 3s)

(33,31,04,a1)
(30,03,04, as)
(33,02,39, 17)
(03,20, 0s, 19)

(01,00, 14, a1
(11,13,04, a5
(31,13,28,17
(00, 12,25, 27

~—

(22, 33,05, a1)
(13,32, 26,29)
(02,03, 29, 37)
(22, 13,311, 24)

Lemma 8.3: T(2,21;2,n;6) = 5n for each oddn and21 < n < 41.
Proof: Let X1 = (Z5 x {0,1,2,3})U{oo}. For21 <n <29, let Xo = (Z5 x {4,5,6,7})U ({a} x {1,...,n—20}); for

31 <n <39, let Xy = (Zsx{4,5,...,9)U({a} x{1,...,n—30}); for n = 41, let X = (Zs x {4,5,...,11})U({a} x {1}).
DenoteX = X; U X,. The desired codes of siZze: are constructed ofis° and the base codewords are listed as follows.

n = 21:

(00,20, 45,44)
(13,43,45,36)
(00,43, 15, 37)

23:

(o0, 30,34, 35)
(12,13, 16, 37)
(01,11, 05,44)

n =

25:

n =

(0,21,27,06
(30,21, 35, a4
(30,33, 36,34
(00,13, 17,37

—_—

(00,31, 36,37)
(02, 33, 3s,39)
(1o,01,47,1s)
(11,13,49,44)

11,03, 19,06)

(00, 01,07, 36)
(12,03, 06, 14)
(30,41,24,06)

(0,21, 26,27)
(00,41, 37,27)
(00,20, 16, 06)

(00,33, 25,44)
(33,42,04, aa)
(42,32, 16, 07)

(00, 00,24, 45)
(01,31, 25, 3s)
(02,12,04,17)
(lo,43,44,46)

(00, 30,34, 35)
(13,23,37,14)
(21,02, 06,49)
(10,43, 25, 29)

(11,20,24,a1)
(03,42,27,16)
(01,31,47,35)

(20,21, 34, a1)
(01,12, 17, 26)
(02, 32, 34, 26)

(33,22, 14, a1)
(11,43,07,as)
(13,11, 26, 35)

(00,12, 08, 19)
(02, 22,06, 34)
(11, 23,27, 3s)
(00, 22,17, 4s)

<oo, 11,16, 37>
(21,43,27,36)
(11,23,4s,45)
(01,41,05,34)

(22,03, 36, a1)
(20,01, 37,27)
(20,22,04,17)

(12,33,35,a1)
(03,13, 04, 07)
(03,23, 34, 36)

(31,00,47,a1)
(12,20, 16, as)
(40,11, 06, 16)

(21, 20,04, a1)
(11,32, 36, as)
(42,03, 36, 47)

30,03,04,a1)
13,22, 06, a5)
20,12, 15, ag)

(
(
(
(21,02,37,07)

(40,41,04,a1)
(00, 23,05, 47)
(11,33, 26, 08)
(00, 30, 06, 46)

(31,30,44,a1)
(00, 13,09, 39)
(11,12, 2s,36)
(00, 03, 26, 08)

(41, 40,07, a1)
(31, 10,07, as)
(20,03,49,47)
(22,40, 38, 1)

(31,42,47,a1)
(13, 12,06, as)
(02,11,04,28)
(1o,21,27,1g)
(33,03, 14, 1s)

(22,23,35,37)
(01,41,46,44)
(02, 23,07,27)

(20,31,04, a2)
(12,43,05,07)
(00,32,47,17)

(00,01, 34, az)
(21,32, 15, 14)
(11,00, 36, 1a)

(03, 22,37, a2)
(13,21,27, a6)
(30,40, 07, 36)

(12,03,05,a1)
(01,41,44,36)
(00,42, 25,27)
(10,23, 14,45)

(33,32,35,a1)
(02,22,34,24)
(12,33, 18, 46)
(40, 32,28, 17)

(21,10,04, az)
(00,30, 28, 39)
(13,03, 19, 24)

(31, 20,24, a2)
(12,11,25, a6)
(01, 32,09, 06)
(22,11, 34, 09)

(31,10,07, a1)
(30,00, 36, 111)
(30, 13,210, 06)
(01,13, 010, 19)

(41,42, 14, 35)
(03,43, 24,44)

(12,23,46,az2)
(12,02,24,15)
(10,33,04,17)

(32,03, 05, az)
(33,32, 26, 27)
(12,11, 15,47)

(20,01,44, az)
(22,00, 04, as)
(32,02, 45,24)

(40,01, 34, az)
(41,33,44, as)
(23, 33,47, 35)

(1o, 13,4s,29)
(11,12,09,34)
(03, 13,36, 24)
(01,12,37,26)

(13, 02,25, az)
(lo,22,17,08)
(41,02,07,15)
(22,03, 09, 36)

20,01, 24, az)
32, 22,49, 35)
13,11, 04,08)
22,20, 19, 26)

e~~~

(21,02,44, az)
(02,20, 34, as)
(23,13, 07,45)
(01, 30, 16, 46)

(23, 12,35, az)
(00,23, 19, 37)
(01,31, 19, 35)

(21,13, 111, 3s)
(22, 10,04, 110)
(
(

0o, 13,14, 35)

(12,42,46,15)
(10,20, 06, 26)

(02,43,35, a3)
(01,21, 35, 36)
(01,03, 25, 46)

(12,10, 17, a3)
(11, 32,34, 45)
(03, 22, 15, 36)

(31, 10,45, a3)
(1o, 42,25, a7)
(00, 11, 26, 1a)

(03, 42,25, a3)
(13, 41,36, a7)
(12,11, 04, 35)

(12,23, 36, 35
(01, 32,35, 09
(03,33, 17,29
(00,31, 07,09

R A

( )
( )
(00, 22,47, 37)
(10,00, 45, 2s)

(43, 32,46, a2)
(43,42, 16,29)
(41,22,37,4s)
(42, 00,24, 26)

(33,40, 16, a2)
(01, 03,45, as)
(00, 20,49, 07)
(00, 12,24, 1s)

(23,02, 26, a3)
(03, 30,37, 16)
(02, 10, 27, 39)

(31, 10,34, a3)
(11,33, 15,a7)
(20, 12,07, 13)

(22,12, 111, 15)
(30, 12,311, 08)
(31,33, 36, 011)
(00,20, 04,24)°

(12,40,45,04)
(10, 31,45, 05)

(30,01, 04, asz)
(00,40, 15, 35)

(33, 11,24, a3)
(1o, 40,05, 34)
(20, 13,45, 47)

(02,23, 26, as)
(01, 03,27, ar)
(23,13, 15, 34)

(41,20, 06, az)
(12,00, 07, a7)
(03,00, 34, 37)

(00, 10,49, 2s)
(20,31,35,49)
(12, 33,25, 28)

(32,23,15, a3)
(03, 33,4s, 14)
(20,00, 16, 06)
(00,02, 29, 44)

(23,02,47, a3)
(13,01, 19,29)
(20, 40,29, 05)
(00, 03,07, 3g)
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n = 39:

(00, 31,49,4s)
(22,43,05, a3)
(21,42,37,ar7)
(43,23, 4s,47)
(00,41, 26, 28)

n = 41:

<OO,10,310,33> (
(21,32, 49, 19) (
(00,11, 110,25)
(01,23, 111,44)
(02, 12,45, 09) (
(00, 13, 04, 010)

(00, 02,14, 15)
(30, 31,35, as)
(22,40, 26, as)
(21,13, 19, 47)
(03, 13,29, 36)

00,03, 111, 35)
11,31,07,311)
23,33, 19, 28)
20,40,4s,04)
01,22, 46, 36)

<OO,23,36,37>
(23,42, 14, a4)
(43,41,25,as)
(13,02, 09, 2s)
(11,12, 0s, 36)

(22,13, 15,a1)
(13,40,0s5,as)
(30,02, 36, ag)
(03,20, 3s,04)
(40,42,27,47)

00, 31, 08, 39)

00,10, 311,39

(
( )
221702>44>010;
(02, 32,011, 37)

(20,31, 17,a1)
(22,41, 36, as5)
(21, 33,27, a9)
(00,31,45,27)
(20,32, 05, 1s)

(01, 30,07, a1)
(32,31, 44,48)
(40,13,47,27)
(13,22,25,311)
(31,23,17,211)

Lemma 8.4: T(2,25;2,n;6) = 6n for each oddn and25 < n < 49.
Proof: Let Xy = (Z¢ x {0,1,2,3})U{oo}. For25 <n < 35, let Xo = (Zg x {4,5,6,7})U ({a} x {1,...,n —24}); for

37 <n <47, let Xo = (Z x{4,5,...,9)U({a} x{1,...,n—36}); forn = 49, let Xo = (Zg x{4,5,..., 11} U({a} x{1}).
DenoteX = X; U X,. The desired codes of siz are constructed ofis° and the base codewords are listed as follows.

n = 25:

(o0, 21,27, 06)
(21,50, 05, a4)
(13,11,05,15)
(00, 32, 26, 35)

33:

00, 11,46, 17
21,50,05, as

n =

PN

N

S
IS

©
w

o
Q

o

)
)
)
)
)

(o0, 51, 57, 56)
(31,42, 14, 06)
(13,02, 14, 16)

)
)
<03>2374475G;

(00, 10,05, 14)
(02,33, 54, aa)
(12,22,46, 15)
(40,00, 16, 05)

(00, 50, 54, 35)
(53,32, 56, aa)
(02,41, 55, 06)
(23,03, 54, 57)

(00,40, 44,45)
(52,23,54, aq)
(51, 13,07, ag)
(21, 53,17, 55)

(12,33,15,a1)
(40,01, 56, 16)
(33,43, 54,27)

(11,10,57,a1)
(30,11, 16, as)
(23, 13,24, 35)
(40,22,07,05)

(21,20, 34, a1)
(01,20, 46, as)
(11, 53,05, ag)
(03, 23, 56, 46)

13,02, 17, a1)

00, 20, 16, 24)

(
(
(23,51, 17, ag)
(
(01,43,14,35)

(Lo, 11,24, a1)
(52,53,44,05)
(32,52, 36, 54)

(20,21, 34,0a1)
(00, 02,27,17)
(1o0,02,47,07)

(13,02, 56, a1
(10,51, 56, as
(
(

41,33,44, 15

(12,13, 26, a1)
(43,02, 04, as)
(31,22,47,55)
(30,40, 35, 36)

(33,32, 55, a1)
(02,43,47, as)
(50,42, 07, a9)
(10, 50,37, 35)

02, 03,04, a1)
43,31,49,09)
51,43,07,35)
42,51, 26, 58)
22,41,44,39)

e~~~

(50, 33,46, 57)
(40, 03,05, 26)
(03, 21,46, 17)

(00, 11,34, az)
(02,43, 57,15)
(02,22, 56, 46)

(02, 53, 36, az)
(02, 13,46, as)
(11,03,07,47)
(21,32, 55, 54)

(03, 52,35, az)
(52,43, 25, a6)
(03,13,54,14)
(20, 53, 14, 06)

11, 00,44, a2)
02, 53, 15, as)
52, 10,47, a1o0)

(
(
(
(32,11, 36, 54)

03,42, 36, a1

( )
( )
(42, 32,08, 1)
( )
( )

01,23,15,55

(40,11, 57, a1
(00, 32,05, 45
(32,03, 08,47
(42, 52,46, 29
(50,32, 15,28

RS

(33,20, 36, a2)
(12,20, 37, as)
(41,21, 15,4s)
(40,43,29, 15)
(42,31,44,39)

(32,33, 36,a1)
(40,12,411,34)
(20,02, 110, 36)
(31,40, 14, 3s)
(02, 10, 25, 25)

(00, 50,44, 24)
(41, 53,57, 34)
(32,51, 14,27)

(22,13, 05, a2)
(03,13, 04, 57)
(02, 33,44, 55)

(00,21, 57, az)
(23,33, 36, 35)
(51,23, 07, 15)

21, 10,44, a2
41,50,34, a6
20,02,57,17
20,13, 16, 27

o~~~
~—

(53,22, 25, az)
(40,31, 06, as)
(23,31, 36, a10)
(13,00, 57,15)

32,52,45,04

( )
( )
(51,02, 17, 58)
(03, 52, 56, 16)

(42,03, 56, az)
(01,22, 25,49)
(03, 13, 2s,49)
(00, 52, 15, 37)
(30,03, 14,4s)

(31,22, 14, a2)
(43,11,04, a6)
(01,41, 06,29)
(32,42, 4z, 09)
(02, 03,34, 46)

21,40, 36,45)
01, 13,06, 39)

11,02,27,15)
12,23,27,43)

(
(
203>21>110705>
(

(03,30, 35, 36)
(40,21,25,06)
(43,11,14,05)

(50,11, 14, a3)
(11, 12,45,04)
(02, 52,04, 24)

(41,10,04, a3)
(41,02,07,24)
(21,02, 35, 14)

(11,50, 14, a3)
(23,41, 16, a7)
(13, 20,27,37)
(00,20, 14, 36)

(52, 13,05, a3)
(Lo, 42,45, a7)
(01,42, 56, 47)
(31, 32,07, 14)

( )
( )
(11,43, 26, 3s)
( )

40,01, 14, a2)
43,40, 56, 06)
42,40, 34, 54)
53,02, 09, 55)
02, 13,34, 4s)

e~~~

(00,21,24,a3)
(20, 13,34, a7)
(40,00,44,09)
(10,30, 09, 18)

01, 11,48, 210)

(

(13,20, 37,05)
(00, 03,09, 36)
(
(

20,22, 111, 010)
23,03, 34, 010)

(50,42,47,25)
(01,10,47,27)
(52,33, 26, 07)

(12,23, 26, a3)
(10,51, 06, 46)
(00, 10,25, 54)

(23,32,45,a3)
(40, 32,55, 15)
(50,53, 17, 16)

(02,33, 15, a3)
(50,12,47, a7)
(31,02,57,14)

(11,50, 14, a3)
(03,11,37,a7)
(02,42, 36, 34)
(11,01, 26, 15)

( )
(02,53, 16, 29)
( )
( )

1lo,51,34,a3)
11,42,08,06)
33, 10,07, 16)
11,12,17,07)

e~~~
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(00,30,55,14)  (00,23,59,08) (00,11,06,37) (41,50,44,a1) (52,53,25,a1) (52,03,26,a2) (41,40,54,a2) (12,33,25,a3)
(31,10,17,a3) (l2,43,14,a4) (21,50,35,a4) (21,40,15,a5) (42,23,04,a5) (21,31,08,55) (lo,21,44,50) (21,13,4s,27)
(22,21,14,09)  (02,12,07,06) (02,51,27,58) (01,03,57,59) (42,33,57,49) (22,00,15,58) (11,31,46,15) (50,53, 58, 26)
(42,22,28,05)  (50,42,17,27) (23,41,57,00) (40,23,06,26) (33,53,54,55) (40,42,59,45) (40,50,28,37) (02,50,46,14)
(13,01,26,19)  (01,32,09,46) (13,40,57,39) (13,00,28,55) (13,41,24,3s) (42,51,24,08) (50,13,06,0s8) (12,30,36,39)
<00,32,04,29>
n = 43:
(00,42,34,28) (00,11,49,36) (00,53,05,37) (22,33,4¢,a1) (20,31,55,a1) (20,53,44,a2) (41,12,25,a2) (03,50,57,as)
(41,32,15,a3)  (53,52,07,a4) (20,41,26,a4) (30,42,44,a5) (31,33,06,a5) (40,11,06,a6) (43,22,07,a6) (03,10,44,a7)
(21,22,17,a7) (13,31,44,29) (31,03,0s,24) (52,00,04,56) (32,30,00,0s) (21,30,3s8,24) (31,23,25,58) (01,51,17,19)
<53,02,25,13> (10,00,43,27> <32,12,54,29> (02,33,37,34> <2O>4'§>36»08> <22,40,55,49> (32,42,13,5g> <22,03,29,18>
(01,23,15,34)  (22,50,47,00) (01,21,08,44) (20,01,40,07) (00,22,25,28) (53,41,27,56) (13,03,49,58) (31,30,07,28)
(40,23,29,45) (00,03,45,59) (01, 12,05, 06)
n = 45:
(00,03,37,26) (00,40,54,35) (00,02,09,3s) (03,02,27,a1) (50,21,16,a1) (41,30,07,a2) (32,43,46,a2) (20,11,16,a3)
(33,02,54,a3) (02,53,25,a4) (01,20,44,a4) (03,42,57,a5) (40,01,25,a5) (40,23,16,a6) (52,41,54,a6) (02,30,14,a7)
(31,23,15,a7) (53,11,15,as) (0o,52,57,as) (03,31,45,a9) (32,10,04,a0) (20,43,49,55) (41,53,18,04) (20, 53,00, 37)
(22,01,55,48)  (02,43,45,47)  (11,12,07,59)  (31,21,56,39) (30,50,17,29) (30,33,34,08) (01,00,15,34) (4o, 52,26, 4s)
(02,52,19,46)  (41,32,56,3s8) (01,42,46,39) (l0,03,58,17) (43,41,34,00) (43,23,2s8,5) (00,1l0,16,15) (20,33,4s,29)
<52,32,14,45> (23,01,04,59) <20,02,1g,39> (21,41,57,4g> (01,32,35,07)
n = A47:
(00,43,55,44)  (00,31,47,46) (00,40,390,0s8) (4o,41,27,a1) (02,35,05,a1) (23,12,46,a2)  (20,31,34,a2)  (23,02,57,a3
(40,31, 56, as) (41,02,24,a4)  (53,20,57,a4) (20,41,55,a5) (52,43,07,a5) (42,30,24,a6) (51,33, 55, as) (02,40, 16, a7
(33,01,24,ar7) (20,23,04,as) (11,02,07,a8) (50,43,45,a9) (51,32,17,a9) (43,31,04,a10) (42,40,25,a10) (4o,32,07,a1
(13,11,24,a11) (51,01,58,36) (0o0,42,00,58) (51,52,44,1s) (02,43,58,26) (40, 12,59, 14) (41,01, 19, 35) (13,21,26,29
<12>02-,06-,25> (10 41,25,5g> <11,42,59,39> <30,13,09,59> (51,02,43,38> <40,03,29,03> (23,01,59,07> <10,51,15,27
(22,02,55,08)  (l2,13,44,19) (30,40,26,37) (43,30,36,3s) (lo,30,34,4s) (53,33,47,3s) (03, 13,55,3s)
n = 49:
(o0, 52, 16, 57) (00,31,410,55)  (00,00,311,1s)  (o0,43,29,24) (50,41, 55,a1) (12,23,24,a1)  (31,13,211,58)  (20,33,510,46)
(40,11, 59, 07) (00,23,14,510) (12,22, 19,35) (10,21, 26,49) (03,23, 110, 59) (21, 53,07, 14) (43,31, 26, 08) (32,41,49, 1)
(01,22,14,211)  (11,42,17,58) (30,23, 16, 55) (31,33,4s,28) (01, 51,27, 510) (40, 50,34, 49) (13,40, 36, 4s) (01, 53, 59, 55)
(30,02, 28, 27) (30, 11,510, 18)  (52,30,4s5, 58) (50,33, 57, 311) (00,02, 17, 38) (20,21,311,05)  (12,00,410,211) (02,53, 24, 58)
(13,03, 57,29) (22,43, 111,55)  (12,13,55,511) (0o, 20, 55, 49) (00,03,511,010)  (01,23,411,26) (22,03,25,36) (22,40,411, 16)
(00, 52,47, 37) (1o,31,34, 1) (01,21,39,44) (51, 32,210, 110) (31,32, 04,011) (02,22,210,49) (02, 33,44, 110) (00,30, 04,34)°
(01,31,05,35)%  (02,32,06,36)° (03, 33,07,37)°

Note that each of the codewords markednly generates three codewords. ]
Lemma 8.5: T(2,29;2,n;6) = 7n for each oddr and29 < n < 57.
Proof: Let X1 = (Z7 x {0,1,2,3})U{oo}. For29 <n < 41, let Xo = (Z7 x {4,5,6,7})U ({a} x {1,...,n —28}); for
43 <n <55, let Xy = (Z7 x{4,5,...,9))U({a} x{1,...,n—42}); forn =57, let X5 = (Zr x{4,5,...,11}H)U({a} x {1}).
DenoteX = X; U X5. The deswed codes of siZen are constructed oﬁX and the base codewords are listed as follows.

n = 29:
(00,20,25,54) (00,01,07,06) (62,53,35,a1) (01,60,1a,a1) (22,53,27,16) (22,23,25,26) (13,21,05,04) (lo,03,67,54)
(00,61,16,46) (12,22,14,35) (32,13,67,25) (lo,51,27,17) (02,42,24,56) (01,41,67,36) (01,51,05,65) (lo,12,57,37)
(21,22,66,64) (l0,00,25,64) (30,11,27,67) (22,33,55,05) (lo,13,45,36) (l3,53,26,17) (1l2,32,27,44) (11,01,34,04)
(20,41,56,05) (00,20,06,65) (22,63,56,07) (13,63,24,34) (0o, 13, 14, 66)

n = 31:
(00,50,45,51) (00,31,07,26) (ls,1l2,17,a1) (41,20,34,a1) (20,31,51,a2) (53,42,66,a2) (63,42,37,a3) (61,20,44,0a3)
(50,11,67,27) (60,41,67,26) (52,23,05,07) (22,20,07,57) (42,23,57,0a) <(4o,1l0,16,26) (41,50,65,25) (61,33, 16,35)
(60,43,51,16) (12,32,24,34) (31,62,37,34) (42,03,24,45) (23,13,14,51) (22,62,35,56) (60,03,65,17) (33,03,27,66)
(31,51,65,66) (33,53,65,5) (30,40,14,65) (50,02,35,46) (12,21,26,66) (21,51,64,17) (01,12,05,65)

n = 33:
(00,30,34,35) (00,11,66,47) (52,43,45,a1) (30,31,44,a1) (62,03,07,a2) (60,01,24,a2) (23,02,56,a3) (50,31,37,as)
(42,03,37,a4)  (40,31,64,a1) (50,11,57,a5) (42,13,44,0a5) (11,23,67,05) (11,01,25,54) (21,01,55,16) (03,63, 14,44)
(lo,15,05,55) (11,32,55,46) (lo,03,27,25) (4o,12,25,06) (l1,43,16,56) (21,22,1a,46) (30,62,27,67) (32,20, 14,06)
(10,20,64,45) (02,42,06,05) (20,22,47,67) (l2,22,54,31) (22,61,65,07) (00,30,46,26) (03,43,57,66) (13,63,25,66)
(01,03, 04, 67)

n = 35:
(00,12,05,14)  (00,11,16,17) (63,22,67,a1) (60,61,04,a1) (52,43,65,a2) (50,61,14,a2) (51,13,54,a3) (0o,02,26,as)
(33,32,24,a4) (60,21,45,a4) (52,13,47,a5) (30,51,45,a5) (50,31,24,a6) (53,42,56,a6) (lo,01,37,a7) (62,43,66,a7)
(12,33,66,45) (21,51,37,35) (33,41,05,06) (03,20,17,65) (30,63,37,17) (32,52,17,64) (01,03,67,34) (53,11,66,37)
(43,50,45,26)  (41,31,14,56) (02,50,05,36) (22,60,64,65) (23,50,16,34) (41,62,17,45) (23,43,05,44) (20,30,3s,67)
(51,52,26,46)  (32,20,55,37) (0o0,42,24,64)

n = 37:
(00,21,27,26) (00, 1lo,15,14) (52,53,25,a1) (50,51,64,a1) (60,01,24,a2) (42,53,55,a2) (1l1,60,14,a3) (52,03,15,a3)
(01,40,34,a4) (42,03,35,a4) (22,63,46,a5) (20,61,35,a5) (62,43,27,a6) (21,40,1a,a6) (40,31,65,a7) (52,43,24,a7)
(20,42,04,a8) (21,23,45,as) (l1,43,47,a9) (30,32,36,a9) (01,42,26,17) (10,00,45,26) (20,32,47,15) (02,62,04,54)
(21,42,06,64) (13,03,65,04) (lo,50,57,67) (02,32,46,27) (31,43,07,14) (11,33,56,26) (01,21,05,15) (01,41,67,36)
(03,23,36,34)  (00,20,66,56) (03,43,46,17) (20,63,17,57) (02,22,25,07)



n = 39:

(o0, 61, 67, 66)
(22, 53,07, a4)
(23,21,64,as)
(40,20, 36, 27)
(22,11, 14, 37)

n = 41:

(00,21, 15,14)
(03,12, 14, aq)
(01, 52, 55, as)
(53,51, 05, a12)
(61,33,67,16)
(02,12,34,45)

n = 43:

(00, 22,29, 28)
(32, 53,45, a3)
(lo,41,36,04)
(21, 23,27, 19)
(00, 13, 69, 45)
(42,33, 39, 04)

n = 47:

(o0, 32, 3s, 69)
(51,30, 67, a3)
(60, 20,06, 19)
(42,13, 66,25)
(13,21,54,45)
(11, 33, 36, 1a)

40,00, 34, 57)
0o0,43,25,4s)

12,63,39,44)
10,01, 24, 00)
31,11, 2s,67)

n = 53:

(00, 11, 17, 46)
(41,50, 55, a3)
(03, 12,27, ar)
(61,63,57,a11)
(63,33, 37,36)
(42,62, 59,04)
(11,60, 55, 67)

n = 55:

(o0, 13, 09, 26)
(43,20, 36, a3)
(00, 33,64, a7)
(13,11,04, a11)
(02,61, 55, 59)
(1o, 12,29, 36)
(53,42, 08, 26)

(
(
(
(
(

(
(
(
(
(
(
(

(00, 10, 15,24)
(41,10,04, as)
(60,32, 16, as)
(20,23, 57,05)
(11,62, 57,67)

00, 42,17, 46)
1o, 41,16, a4)
13,30, 26, as)
42,20, 36, a12)
63,33, 14, 65)

00, 20, 66, 64)

(51,32, 55, 69

(00,03, 19, Og)
(41,10, 54, aa)
(12, 10,64, as)
(00, 63, 39, 0s))
(01,11, 06, 49)
(51,22, 3s,44)
(21,01, 19, 68)

00,02, 15,47)
42,03, 56, a4)
33,01,07, ag)
21, 62, 66, a12)
52,12, 28, 0s)
30, 60,37, 1)
21,61,34,28)

(41,40, 55, a1
(23, 52,54, a5
(60,02, 66, ag
(23,43, 37,26
(41, 32,07, 36

I —

<OO,21,46,37>
(01,41, 59, 25)
(1o, 42,35,37)
(01, 52,57, 16)
(02,42, 16, 66)
(32,03, 55, 47)

(00,30, 35, 04)
(61,30, 06, as)
(40,33, 57,08)
(03,43, 66, 63)
(51,13, 57,4s)
(51,22, 16, 65)

(00, 33,26, 49)
(03,02, 46, as)
(50, 42,27,29)
(03, 10, 65, 63)
(22, 02,24, 58)
(31,32, 09, 2s)

(o0, 30, 35, 04)
(00,21, 37, a4)
(30, 22,25, as)
(50,43, 35, a12)
(62, 53,29, 55)
(00, 60, 59, 39)
(11, 53,35, 59)

(42,43, 16,a1)
(41,00, 56, as)
(61,43,44, ag)
(23, 63,65, 67)
(12,42, 65, 05)

(22,23, 56,a1)
(11,40,45,a5)
(12,40, 25, ag)
(33,21,07,a13)
(32,52,24,47)

(50,51, 64, a1
(21, 52,29, 25
(03, 53,67, 16
(21,11,64,45
(20,23,4s,06
(20,43, 3s, 59

NSNS

50,51,47,a1)
02,61, 16, as)
23, 11,57, a9)
32, 02,54, 17)
10,30, 16, 39)
30, 13,05, 38)

P

41,63,27,a1)
13,12, 14, a5)
23,42, 27, ag)
13,40, 36, a13)
22,43, 27, 69)
11,31, 34, 69)
30, 12,54, 39)

P e D

(50,61, 14, az)
(23,42,45, as)
(02, 20, 15, a1o)
(23,10, 14, 56)
(00,43, 24,36)

(12,23, 66, a2)
(33,62, 15, ag)

(23,31,46,a10)

(30,60, 57,37)
(33,23, 17,26)

(50,51, 46,a1)
(23,00, 34,27)
(32,42, 69, 1)
)
)

(
(50,21, 0s, 36

(12,13, 15,a1)
(31,43, 07, 09)
(10, 03,29, 57)
(12,62,45,08)
(11,12,49,04)
(00,43, 15, 65)

12,43,37,a1
03,02, 16, as

( )
( )
( )
(12,20, 15, 08)
( )
( )

13,10, 35,46

(23,02,45,a1)
(20,23,44,as5)
(40,12, 56, ag)
(33,61, 36,35)
(13,61,45, 56)
(11,441, 26, 4s)

(21,40,06,a1)
(00,41, 16, as)
(30, 12,47, ag)
(20,60, 17,09)
(23, 33,24, 68)
(03,40, 39, 55)
(01, 13,34,27)

(30,02, 66, a1)
(00, 31,45, as)
(31,50, 64, ag)

(01,22,37,a13)

(23,63, 3s,09)
(12,02,009,45)
(21, 50, 65, 67)

(
(
(
(
(

(
(
(
(
(
(

32,43, 05, az)
1o, 61,54, ae)
61,03, 57, aio)
30, 00,47, 27)
12,22,44,47)

(21,10, 44, a2)
(01, 20, 34, ag)
(22,20, 04, a1o)
(30, 50, 25, 17)
(21,01,47,37)

(31,51, 06,55)
(42,11, 59, 24)
(00, 11,47, 1g)
(02,43,25,44)
(33,20,27,57)

(31,20, 54, az2)
(1o, 22, 26, 58)
(30, 52,27, 3s8)
(31,02,4s,27)
(30,01, 36,37)

(53,02,25, az)
(21,01, 28, 65)
(12,30, 07,4s)
(41, 52,39, 16)
(62,22, 0s, 55)
(22,01, 66, 67)

(13,42,07, a2)
(53, 50,57, as)
(12,43, 06,46)
(22,33, 39,04)
(21, 53,29, 36)
(51,22,3s,17)

(20, 53,24, az)
(50,42, 06, as)
(20,41, 09,47)
(02, 00, 66, 33)
(Lo, 20,25, 59)
(33,51,24,08)

62,03, 35, az)
30, 22,07, as)
22, 10, 67, a1o)
11,62, 19,54)
32,60, 27,45)
1o, 60, 19,4s)

(10,22, 14, az2)
(23,10, 45, as)
(21,02, 25, ai0)
(20,11, 38, 07)
(21,03, 06, 38)
(01,61, 06, 09)
(02,22, 34, 08)

(52,43, 66, a3)
(41,42,54,a7)
(43, 11,35, a11)
(11,01, 55, 05)
(02, 23,44, 36)

03,52,45, a3)
60, 51,64, ar7)

23,43, 14,35)
52,20, 35, 37)

(
(
203,21,17,a11>
(

(20, 60,49, 59)
(13,53, 59, 26)
(50,42,37,58)
)
)

(
(61, 53, 28, 09

(42,53, 26, az)
(12,43,54,67)
(20,01, 56, 29)
(10,01,27,06)
(12,63, 3s,64)

(51, 40,04, a2)
(21,03, 15, as)
(53,31, 34, a10)
(32,11,15,57)
(03, 20, 66, 69)
(42, 51,66, 35)

12,21, 56, as)

(
(
(
(1o, 63,07, 4z)
(
(
(

(
(
(
(

10,01, 35, a3)
0o, 23,35, ar)
22,20, 04, a11)
21,01, 46, 56)

(20, 41,44, a3)
(13, 32,37, a7)
(50,42, 16, a11)
(61, 31,35, 66)
(32,61, 56,46)

(00,43, 26,4s)
(03,40, 34,44)
(61,03, 66,05)
(22,23,48,14)
(13,30, 09, 55)

(40,61,64,a3)
(01, 33,45, 6s)
(13,43,2s,36)
(02,62, 19, 14)
(00, 60,44, 58)

(23,02, 15, a3)
(41,43,27,19)
(31,32, 04, 67)
(11, 53,49, 58)
(43, 52,44, 28)

(42, 60,17, a3)
(13, 62,34, a7)
(61,21, 17,68)
(52, 50, 19, 65)
(51,43, 56, 13)
(63,40, 49,07)

(20, 32,07, a3)
(23,00, 65, ar7)
(13,23,67,49)
(32,10,44,04)
(42,53, 48, 67)
(1o, 42,47, 58)

50, 51,05, a7)

1o, 13,08, 66)

(51, 12,34, a3)
(31,32, 57, a7)
(62,40, 26, a11)
(42,13,07,24)
(61,50, 4s, 56)
(00, 20, 25, 54)



n = 57.
(00,20,611,25)  (00,02,27,14)
30,40,210,59) (01,33, 35,60)
10,01, 44, 210) (40,61, 14,39)

(

(

(11,22, 17,49)
(60, 63,310, 5s)
(22,20, 210, 24)
(62,53, 110, 310)
(00, 52,27, 1)

(20,31, 08, 15)
(33,20, 510, 511)
(01, 23, 26, 56)
(31,32,4s,24)

(o0, 51,210, 09)
(12,13,29,17)
(42,50, 18, 35)
(53,01, 68, 37)
(23, 53,46, 17)
(00, 22, 0s, 35)
(30,23, 37,09)

01,61, 610, 17)
20, 32,36, 311)

(
(
(
242703>56>49>
(
(01,31,611,58)

(13, 62,34, a1)

(22,42, 57,010)
(1o, 33, 3s,06)

(42, 32,05, 511)
(03,23, 311, 34)
(30,00,45,24)
(01, 32, 06, 19)

Lemma 8.6: T(2,33;2,n;6) = 8n for each oddr and33 < n < 65.

Proof: Let X1 = (Zs x {0,1,2,3})U{oo}. For33 <n <47, let Xo = (Zg x {4,5,6,7})U
49 < n < 63, let Xy = (Zg x {4, 5,.

n = 33:
(00, 71,26,47) (00,00, 55,04)
(12,70,47,24) (0o, 60,46,47)
(33,02,75,26)  (20,31,46,57)
(70,61,54,06) (70,23,76,25)
(01, 52,34, 37)
n = 35:
(00, 41,46,47) (00, 70,74, 75)
(30,73,26,76) (62,53,47,55)
(33,63,74,26) (50,02, 57, 76)
(70,11,37,67) (l2,42,76,07)
(40,50, 77,64) (lo,01,7s5,46)
n = 37.
(00, 33,26, 77) (00,00, 04, 55)
(12,23,05,a4)  (00,21,54,a4)
(70,10,55,17) (63,30, 54, 74)
(42,61,25,45) (01, 13,05, 66)
(03,11,37,25) (12,70, 56, 76)
n = 39:
(00,11,17,16) (00,00, 05, 04)
(30,61, 1a,a4) (l2,43,45,a4)
(L0,32,77,27)  (lo,12,37,47)
(lo,13,07,67) (03,73, 14,64)
(01,25,67,74) (Lo, 30,04, L6)
n = 41:
(00,61,66,77) (00,40, 75,44)
(21,70,54,a4) (63,32,37, as)
(00, 71,54,a8) (53,62,65,as)
(11,42,77,56)  (51,72,47,45)
(53,63,54,56) (22,02, 15,45)
(02,32, 44,64)
n = 43:
(00,12,05,54) (00, 01,07, 76)
(42,43,46,a4) (61,70,64,a4)
(00,03,64,a8) (71,32, 16,as)
(20,00,05,75)  (33,13,05,44)
(31,02,77,55) (03,31, 36, 57)
(51,41,26,64) (03, 11,47,27)
n = 45:
(00,00, 35, 44) (00,61, 17,56)
(20,51,04,a4)  (53,42,37,a4)
(32,13, 76, as) (20,61, 54, as)
(61,03,44,a12) (62,70,37,a12)
(00,23, 65, 26) (70,00,46,17)
(43,00, 77, 15) (73,63,67,64)
=47
(o0, 51, 36, 37) (00, 53,55, 14)
(63, 12,67, a4) (71,50, 34, a4)
(lo,21,17,as)  (32,23,35,as)
(60,32,54,a12) (41,73,16,a12)
(50,00, 16, 76) (00, 73,04, 37)
(01,51,15,06)  (61,01,07,65)

(1o, 61,35,a1)
(13, 51,45,57)
(42,23, 26,45)
(30,32, 04, 06)

(20,21,34,a1)
(1o, 51,25, as)
(00, 10, 65, 45)
(01,42, 76,57)
(03, 23, 55, 06)

(71,50,27,a1)
(73,32,54, as5)
(62,40, 27, a9)
(21, 62,46, 16)
(12,30, 77,27)

( )
( )
(52, 50,24, ag)
( )
( )
( )

02, 32,35, 17

(70,71,44,01)
(23,62, 16, as)
(42, 10,46, a9)
3
)
)

;9DU{a}>x {1,

(42, 63,34, a1)
(42,52,67,25)
(61,11, 66,45)
(03, 32, 37, 65)

(71,10, 04, a1)
(51,73,55,17)
(12,02, 15, 1¢)
( )

40,12,17,27

(22,23, 66,a1)
(42,03,44, a5)
(03, 33,67, 15)
(01,02, 75,64)
(01,73,15, 16)

(63, 62,26, a1)
(21,60, 75, as)
(33,01, 16, a9)
(70,32,34,26)
(61,62,34,07)

(43,12,04, a1)
(62,23,25,a5)
(33,21, 17, a9)
(41,43, 56, 06)
(01,23,74,05)

60, 33,64, a1)
01, 30,44, as)
72,60, 16, ag)
32,60, 37, a13)
00,03, 54, 76)
32, 62,17,54)

P N N N

33,52, 75, a1)
71,10,45, as)
61,63, 55, ag)
73,21,46,a13)
43,23,37,14)
T2,51,44,74)

N~~~

(33, 10,24, 17)
(53,33, 25,64)
(62,61,24,05)
(33, 72,47, 74)

(62,43, 15, a2)
(13,03,67,04)
(21,13, 55, 74)
(43,71,64,57)

23,02, 15, az)
73,02,47, ag)
01, 13,27, ao)
23,71,05,44)
43, 30,24, 16)
02,12,44,75)

P Y

(63, 60,45, az2)
(02,33, 67, ag)
(62,50, 74, a10)
(31,43,44,a14)
(70,00,47,05)
(50,23, 26, 75)

(42,00, 74,05)
(31,21, 35,44)
(40,70, 35,55)
(03, 10, 27, 46)

32,43, 56, az)
30,01, 77, as)
11,72,46,57)
01,51, 35, 26)
02, 32,54, 05)

e~~~

(53,42, 66, az)
(22,73,55,a6)
(43,23, 76,37)
(10,20, 76,65)
(61, 73,37,65)

(60,61,24,az2)
(50,21, 04, as)
(01,63, 67,a10)
(
(

42,60, 74,07)

01,20, 57, az)
71,00, 06, ac)

33,13, 57,35)
62,00, 05, 16)

(
(
202,40,05,010)
(

(32,61, 37, a2)
(70,61, 76, a6)

(53,31, 77, a10)
(Lo, 12,76, a14)

(62,52, 76, 25)
(32,41, 06, 77)

,n—48}); forn = 65, let Xy = (Zg x {4,5,.
DenoteX = X; U X5. The deswed codes of sis are constructed ofiz’ and the base codewords are listed as follows.

(02,42, 66, 311)
(03,13, 65, 35)
(12,63,010, 511)
(31,02, 34, 511)
(41,61, 36, 210)
(21,13, 58, 04)
(40,11,46,211)

({a} x {1,

21

(01, 62, 15, 59)
(13,42, 38, 19)
(03,31, 011,44)
(40,01, 65, 16)
(30,02, 0s, 56)
(30, 62,47, 14)
(00,01, 57,011)

...,n—32}); for
1P U({a} x {1}).

(33,63,46,37) (71,62,66,56)
(70,22,66,17) (71,11,57,74)
(43,21,66,37)  (22,71,67,35)
(72,73,26,14) (00,43,24,44)
(52, 53,07,a3) (21,50,24,a3)
(70,73,46,56) (42,03,25,16)
(22,02,14,24)  (21,31,05,64)
(30,42,74,14)  (51,01,15,76)
(71,70,46,a3) (63,22,57,a3)
(72,30,24,25) (73,23,75,54)
(71,60,14,77)  (41,62,35,37)
(22,30,35,07) (51, 62,64,67)
(02,23,76,a3)  (30,51,54, as)
(02,63, 14,a7)  (40,21,65,a7)
(20,03,27,76) (02,73,74,07)
(20,11, 56,15)  (02,22,65,06)
(01,12,44,54)
(02,23,65,a3) (00,01, 14,a3)
(43, 62,66,a7) (51,70,15,a7)
(41,13,47,65) (20,50, 66,46)
(60,33, 55,17)  (61,63,15,24)
(33,10,37,04)  (l2,60,04,66)
(62,03,76,a3)  (71,30,45, as)
(72,43,16,a7) (31,50, 75,a7)
(53,11,05,a11) (lo,62,36,a11)
(12,72,14,47)  (01,33,54,34)
(12,11,75,25) (03,70, 74,26)
<70,71,77,a3> (43,02,73,(13)
<33,32,44,a7> (20,31,75,0.7)
(43,01,56,a11) (00,22,24,a11)
(30,51,25,17) (02,31, 55,35)
(11,12, 76,27) (41,62, 76, 66)
(43,32,27,(13) (00,31,14,a3)
<33,12,54,a7> (40,11,27,0.7)
(42,00,34,a11) (61,53,05,a11)
(60,42,35,a15) (13,51,46,a15)
(03,33, 16, 64) (1o, 33, 55, 07)
(00,41,44,75)



(00, 31,47, 46)
(21,10,24,a3)
(13,50, 67, a7)
(22,52, 18, 7s)
(13,51,45,3s)
(30, 10, 09, 46)
(23, 50, 69, 47)
(02, 53,24, 45)

n = 59:

(

00, 30, 77, 56

)
(22,70, 76,0a3)
(33, 50, 66, ar)
(21,70,46,a11)
(52,72, 58, 49)
(43,40, 24, 39)
(12,73,2s,76)
(71,72, 18, 79)

n = 61:

(00,70, 34, 05)
(1o, 73,75,a3)
(33,70, 75, ar)
(42,10, 55, a11)
(43,71,74,37)
(42, 53,69, 39)
(50,71, 59, 57)
(02, 63,76, 0s)

n = 63:

(o0, 00, 15, 04)
(01, 02,67, a3)
(32, 70,34, ar7)
(21,40,46,a11)
(73,02, 56, a15)
(62, 72,67, 7Ts)
(00, 12,25, 19)
(1o, 13,19, 47)

<Oo,31,47,06
(43,01,45,09
(51,21, 16,35
(41,22,54,38
(71,61, 54,47
(31,42, 25,48

o~
—
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LW

Y]
[
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62,52,37, 34

(oo, 21,49, 64>
(23, 32,67, a4)
(13,71,54,as)
(00, 70, 38, 55)
(02, 53, 67,47)
(41,61,14,28)
(13, 23,24, 68)
(00,01, 59, 66)

(00, 02, 06, 67)
(21,22, 17, a4)
(33,12,57, as)
(60,51, 15, a12)
(20,01, 16, 74)
(21,03, 58, 37)
(03,53, 79, 06)
(50,42, 7s,26)

o0, 12, 38, 26)
12,60, 56, a4)
30,03, 14, as)
lo, 72,55, a12)
21, 63, 0s, 55)
03, 73,05, 5s)
12, 72,35, 58)
21, 13,75, 39)

P

e

(oo, 62, 1g, 69
(22,23, 66, 59
(23, 33,28, 24
(53,22,37,36
(50, 02,04, 59
(50,41, 67,79

N A A

00, 33, 65, 1s)
20, 71, 66, a4)
60,42, 67, as)
30,43,45,3s)
lo,51,77,45)
03,30, 26, 1)
42,53,37,74)
01, 52, 16, 57)

P N

(o0, 53, 59, 18)
(30, 63,34, a4)
(21,10, 16, asg)
(33,42, 56, a12)
(32, 73,08, 57)
(61,31,45,69)
(01, 13, 0, 59)
(40,42,77,08)

(oo, 43,07, 09)
(31,33,74,04)
(61, 72,27, as)
(51,03,34,a12)
(43, 23,65, 58)
(20,11, 19, 75)
(60,40, 09, 27)
(30,23, 00, 46)

63,42, 77,a1
60, 13, 66,44
63,51,3s, 17
00,72, 76, 16
00,41,77,75
12,32,37,45

P S T S
NN

(31,62, 19,07
(62,41,64,39

—~
o
fin
ot
w
S
3
—_
[
R N

(32,33,46,a1)
(41,23,77,as5)
(42,50, 14, ag)
(11,42, 55, 1s)
(62, 52, 09, 56)
(01,03, 55, 46)
(50,03, 69, 15)

(13,10, 74,a1)
(71,33,77,as5)
(T0,43,17, ag)
(30, 23,27, a13)
(41,52, 69, 3s)
(40, 60, 15, 27)
(60,31, 79,35)
(33,02, 55, 28)

62,10, 56, a1)
11,60, 46, as)
31, 12,27, ag)
41,70, 77,a13)
lo, 12,45, 79)
10, 32,66, 28)
40,30, 54, 2s)
03, 53,4s, 56)

P A

(30,61,24,a1)
(00, 52, 26, 36)
(31, 13,55, 35)
(41,33, 19, 00)
(31,72,34,64)
(12,53, 7s,0s)

(60,61, 36, a1

)
)
)
<41, 73, 75, 57;
)

(52,43, 68,37

11,10,34,a1)
70,01, 75, a5)
10,02, 49, 35)
03,50, 79, 19)
02, 61,27, 19)
31,03, 57, 36)
41,72, 06, 66)

P

63,73, 75,35
02,41, 69,49

o~

(40,31,44,0a1)
(02, 70,24, as5)
(21, 63,45, a9)
(41,30, 59,25)
(11,235,409, 4s)
(22,01, 18, 56)
(02, 52, 19, 55)

(01,32, 55,a1)
(1o, 72,36, as5)
(62,41,74,a9)
(62,11,64,a13)
(03, 63,24, 15)
(60,30, 55, 59)
(21,01, 28, 46)
(03, 13, 65, 56)

(71,43,64,01)
(42,13,45, a5)
(50, 63,44, a9)
(53,32, 16, a13)
(30,71,07,7s)
(41,53, 09, 58)
(30,00, 58, 3s)
(12,61,49,65)

(00,02, 55, 25)
(10,20, 79,59)
(02,72, 19, 57)
(20,21,06,19)
(42,13, 54, 00)
(72,53, 59,35)

53,42,05, a2

22,32,24,09

( )
( )
( )
(31,42, 05, 66)
( )
(13,73,04,34)

(10,21,44,a2)
(70,33,47,69)
(20,30, 38, 74)
( )
( )
( )

60,41,46, 56

11,01,07,4s)

32,30, 24, az2)

(60,71, 65, az2)
(60, 61,34, as)
(72,21, 76, a10)
(11,73,26,a14)
(02,03, 59, 54)
(72,22,04, 19)
(10,53, 46,49)
(01,71, 76,29)

(02,73, 77,54)
(20, 13,07,39)
(60,01, 36,4s)
(31,53, 3s,27)
(02, 13,24, 36)
(41,12, 15, 6s)

(70,01,24, a2)
(60, 52,27, 06)
(12,72,34,24)
(32,02, 28, 76)
(30, 32, 36, 67)
(41,21, 69, 08)

23, 62,25, az)
02, 11,64, 67)
02, 10, 07, 6g)
41, 03,04, 59)
21, 73,18, 55)
13, 33,44, 66)

33,22, 25, a2)

03, 23,46, 49

(22,51, 14, a2)
(01, 50, 54, ac
(72, 53,08, 36

(61, 13,66, a2)

(71, 02,25, as)
(21,12, 14, a10)
(1o, 70,15, 79)
(40,21, 09, 67)
(22,61, 65,04)
(1o, 60, 0s, 34)

(42,00, 16, az)
(50,22, 27, as)
(12, 13,27, a10)
(12,32, 15, 28)
(
(
(

12,23,36,a2)
12, 73,57, a6)
50, 33,47, a1o)
20, 12,37, a14)
01, 72,48, 14)
61,22, 39, 14)
42,73,17,09)
01,21, 24, 66)

P N N

(13, 10, 58, 57)
(20, 62,27,55)
(30, 10,08, 15)
(31,03, 54, 19)
(43,63, 76,55)
(01, 33,54, 26)

70,21,04,a3

( )
( )
( )
(42,23,37,59)
( )
( )

23, 52,27, a3)
22,50, 75, 29)
31,62, 39, 77)
23,42, 69, 56)
70,41, 39, 16)
1o, 73, 7s,65)

P N e e P Pt

50,11, 37, 56)

(31,22, 74, a3)
(51, 32,07, ar7)
(33,41, 16, a11)
(70,31,07,29)
(51,61,2s,05)
(11,52,74,76)
(60, 73,49, 74)

(00,23, 75,a3)
(61, 03,07, a7)
(42,03, 74, a11)
(71,50, 35, a1s)
(Lo, 43,37,44)
(01,22, 58, 15)
(61,31, 37, 58)

22



23

n = 65:
(OO 13,610,1(3) (OO,50,68,27> <00,31,05,411> (OO,32,09,34> (42,71,15,(11) (30,43,23,&1) <20,11,210,43> <21,51,19,54>
(02,12,15,211) (73,72, 59,35) (11, 32,48, 74) (31,63,210,45) (23,33, 2s,44) (30, 11,47, 410) (51,33, 26, 1s) (00,72, 610,47)
(22,42, 16,210)  (50,30,511,65) (42,70,411,211) (01,61,06,411) (11,60,411,57) (O1,13,511,211) (31,53,07,710) (41,72, 19,25)
(30,00,05,210)  (lo,32,1s,08) (52, 33,24, 58) (40,11, 76, 18) (30,40, 59, 68) (42,72,54,010) (33,12,47,611) (22,13, 111,30)
(40,02,26,16)  (00,41,27,59)  (01,42,610,07)  (21,23,38,210) (22,31,27,10)  (41,20,34,54) (20,32,57,27) (02,45, 310, 75)
(31,41,311,28) (01,73,75,210) (01,62, 16,29) (03, 10, 56, 58) (61, 72,38,24) (21,63, 55,29) (60,13,210,49) (20,03,611,15)
(00, 62,310,45)  (31,32,47,58) (33, 10,09, 74) (03, 33,34, 27) (lo,42,7s,49) (10,21, 16, 59) (52,63,44,011) (30,73, 15,411)
(02,53,411,25) (00, 02,67,24) (30,31,04,010)  (13,41,64,67)  (13,33,29,5) (00,03, 16,09) (02,33,66,7s) (00,40, 04,44)
(01,41,05,45)°  (02,42,06,46)" (03,43,07,47)

Note that each of the codewords markednly generates four codewords. [ |

Lemma 8.7: T(2,37;2,n;6) = 9n for each oddn and37 < n < 73.
Proof: Let X1 = (Zg x {0,1,2,3})U{oo}. For37 < n < 53, let Xo = (Zg x {4,5,6,7})U ({a} x {1,...,n—36}); for
55 <n <71, letXo = (Zgx{4,5,...,9)U({a} x{1,...,n—>54}); forn = 73, let Xo = (Zg x{4,5,..., 11} U({a} x {1}).

Den%t7eX X1 UXs. The deswed codes of sif are constructed o2’ and the base codewords are listed as follows.
n =

(00,40,44,45) (00,01,07,06) (42,43,45,a1) (50,81,64,a1) (lo,71,56,67) (12,03,47,64) (03,33,27,55) (lo,81,37,07)
(01,81,84,24)  (02,72,07,14) (20,41,05,56) (23,63,35,36) (32,43,85,04) (22,63,37,77) (21,22,45,64) (11,31,15,75)
(12,02,04,45) (10,30,04,25) (20,71,16,57) (03,13,06,84) (lo,21,55,84) (32,63,26,05) (0o, 50,56,66) (20,23,06,46)
(02,32,15,06)  (11,42,37,76) (12,52,36,34) (22,43,07,76) (20,50,75,85) (20,22,67,87) (01,33,15,54) (01, 72,26,86)
(00,80,44,24) (00,41,17,07)  (03,73,14,77) (41,43,77,35) (01, 13,14, 56)
n = 39:
(00,00,04,05) (00,01,06,07) (l2,13,15,a1) (30,31,44,a1) (30,41,64,a2) (22,33,37,a2) (l2,63,25,a3) (30,51,54,0a3)
(00,10, 74,54) (00,53,47,77) (03,43,77,35) (03,83,84,65) (lo,71,27,17) (12,73,47,76) (01,31,86,66) (00,60, 66,35)
(03,33,66,14) (01,71,75,65) (03,23,76,54) (02,43,07,56) (l2,43,64,87) (00,43,84,55) (02,22,26,75) (02,52,74,86)
(12,83,07,54)  (11,12,04,55) (lo,33,56,26) (00,50,76,86) (02,32,46,64) (lo,81,67,47) (lo,12,37,77) (0o, 70,25,85)
(01,11,74,44) (02,82,04,25) (00,41,56,75) (01,51,76,67) (01,42,15,87) (11,72,65,37) (01,03, 25,46)
n = 41:
(00,00,04,05) (00,01,06,07) (02,03,55,a1) (lo,11,24,a1) (0o,11,34,a2) (02,13,25,a2) (02,23,15,a3) (0o,71,17,a3)
(00,31,64,a1) (02,53,17,a4) (02,73,16,a5) (40,81,34,a5) (01,21,86,35) (00,81,37,74) (00,30,06,16) (02,33,37,05)
(01,12,87,36)  (01,82,77,17) (02,42,36,35) (lo,12,66,57) (03,43,16,27) (lo,22,77,87) (01,11,64,05) (l1,13,56,77)
(01,02,65,74)  (03,23,06,64) (01,73,25,27) (01,31,56,75) (00,61,27,46) (02,12,04,24) (O0,40,07,36) (02,32,06,76)
(02,72,34,44) (02,63,45,07) (03,13,04,34) (03,33,26,14) (00,20,65,55) (00,63,85,26) (0o, 73,75,87) (00,51, 54,15)
(00, 83,44, 25)
n = 43:
(00,31,17,86)  (00,20,54,35) (30,31,44,a1) (l3,12,15,a1) (03,82,26,a2) (60,71,47,a2) (42,63,55,a3) (01,70,44,a3)
(52,33,87,a4)  (60,01,54,a4) (80,41,85,a5) (22,63,17,a5) (42,03,75,a6) (50,31,46,a6) (80,51,47,a7) (42,13,44,a7)
(11,45,86,46) (13,53,34,24) (11,21,15,37) (11,52,57,17) (13,83,26,35) (l0,30,05,84) (22,70,04,07) (31,53,04,87)
(13,31,76,64)  (20,50,36,26) (00,22,87,67) (12,72,86,24) (l0,00,35,55) (42,11,34,04) (I3,23,14,87) (l2,02,34,65)
(11,12,36,85) (11,23,75,16) (00,73,36,07) (21,32,55,57) (30,62,34,5) (l2,62,16,55) (lo,53,57,47) (01,83,55,25)
(30,03,76,15) (50,52, 16,67)  (01,21,04,86)
n = 45:
(00,60,45,54)  (00,61,67,56) (40,51,04,a1) (I3,12,77,a1) (12,23,67,a2) (11,80,85,a2) (80,81,04,a3) (73,52,75,a3)
(00,31,57,a4) (32,63,85,a4) (42,83,67,a5) (40,21,44,a5) (12,63,76,a6) (30,71,64,a6) (63,02,34,a7) (30,01,45,a7)
(00,32,35,as) (01,63,46,as) (32,23,44,a9) (l1,20,67,a9) (71,62,17,67) (42,72,86,55) (50,00,27,37) (l2,32,47,74)
(73,61,85,25) (81,42,46,37) (71,22,85,44) (80,62,64,06) (31,81,66,06) (70,72,66,65) (81,21,24,85) (81,13,67,07)
(41,03,46,17)  (23,80,15,54) (12,00,36,87) (02,01,74,54) (33,63,24,14) (60,73,46,77) (12,60,66,86) (53,73, 16,35)
(63,53,64,56)  (20,40,86,64) (60,82,25,35) (61,63,86,05) (0o, 73,45,07)
n = 47.
(00,50, 75,54) (00,41,77,36) (40,41,54,a1) (83,42,26,a1) (52,063,755, a2) (51,40, 16, a2) (13, 82,65, a3) (80, 11,46, a3)
(51,20,84,a4) (33,02,55,a4) (02,03,05,a5) (4o,81,74,a5) (71,20, 56,as) (63, 12,45, as) (33, 62,07, a7) (20, 81,35, a7)
(02,73,27,as)  (21,40,04,a8) (13,22,67,a9) (81,00,85,a9) (42,60,17,a10) (41,23,55,a10) (32,60,45,a11) (03,71,44,a11)
(52,21,67,45)  (30,60,37,14) (23,83,07,04) (30,50,85,05) (40,00,37,27) (41,73,25,86) (22,32, 64,44) (41,21, 75,44)
(11,21,37,36) (33,13,76,36) (33,83,54,27) (61,73,14,36) (42,22,66,04) (51,02, 56, 45) (43,33, 34, 26) (11, 63, 87, 67)
(40,82,56,26) (51,53,25,14) (50,42,56,46) (12,50,17,06) (60,02, 77,65) (42,20, 14, 44) (01, 12,07, 67)
n = 49:
(00,30,15,14)  (00,31,76,07)  (42,43,85,0a1) 41,40,54,a1)  (43,32,55,a2)  (31,20,54,a2)  (01,70,04,a3)  (62,83,75,a3)
(13,72,35,a4)  (11,70,06,a4)  (33,82,65,a5) 80,31,57,a5)  (60,21,14,a6)  (13,52,67,a6)  (43,72,74,a7)  (81,20,3s,ar)
(33,52,17,a8)  (11,30,84,a8) (81,00, 25, a9) 23,32,44,a9)  (51,53,35,a10) (12,20, 77,a10) (03,41,37,a11) (l2,10,76,a11)
(40,72,27,a12) (61,53,24,a12) (60,82,06,a13) (61,03,27,a13) (22,52,25,56) (41,53, 55, 26) (10,70, 86, 66) (41, 62,46, 87)
(21,32,86,54) (10,80, 55,45) (13,23, 75, 1a) 40,52, 57, 46) (02,82,44,74) (23,71, 17, 16) (Lo, 83,07, 37) (51,32, 04, 76)
(23,53, 76,64) (31,11,17,05) (11,61, 26, 65) 33, 53, 66, 36) (30,43, 04, 24) (60, 63, 16, 67) (81,22, 07, 54) (80,00, 85, 37)
(02, 42,35, 37)
n = 51:
(o0, 11, 16, 17) (00, 10,34, 05) (32,33,35,a1) lo,11,24,a1) (00, 11,34, az) (12,23, 35, a2) (12,33,25,a3) (20,41,77,a3)
(22, 53, 56, aa) (20,51, 84,a4) (30, 71,24, a5) 22, 63,05, a5) (22,73, 55, a6) (50,11, 04, ag) (40,11, 55, a7) (12,73,07,a7)
(32,13,75, as) (30, 11,84, as) (12, 03,24, ag) 10,01, 35, ag) (21,23,87,a10) (20,22,04,a10) (01,83,54,a11) (lo,22,85,a11)
(21,63,24,a12) (lo,32,16,a12) (l1,43,65,a13) lo,42,36,0a13) (21,43,16,a14) (lo,52,45,a14) (01,53,64,a15) (20, 72,36, a15)
(00,13,86,65)  (03,13,04,56)  (03,63,17,86) 02,22,24,54)  (00,72,47,87)  (00,82,56,37)  (01,62,25,66)  (03,23,07,36)
(02,42,84,27) (03,43, 37,74) (20, 82,06, 47) 11,62, 86,07) (11, 22, 66, 27) (01,11,05,7s5) (00, 30, 17, 07) (00, 10,46, 55)
(01,31,77,57) (01,71, 26, 16) (00, 53,04, 05)



n = 53:

(00, 31,36,37) 00, 40, 44,45) (01,00, 14, a1) 32,33,45,a1) (52,63, 16, az) (01, 80, 24, a2) 41,20,44,a3) (52,73, 75,a3)
(80,21, 54, a4) 72,13, 65, aa) (40, 81,34, a5) 52,03, 27, as) (11,50, 04, ag) (52,13, 85, ap) 21, 50, 65, ar) (42, 13,44, a7)
(62,43, 66, as) 61, 80,44, as) (81,00, 25, ag) 72,63, 14, a9) (81,83, 55, a10) (60, 52,05, a11)

(70,02,87,a14)
(12,42,04,54)

(13,81, 06, a14)
(02,52, 37, 24)

(61,23,34, a15)
(13,03,04,74)

50, 12,27, a1s)

(12,40, 76, a16) 41,13, 67, a1e) 1o, 20, 65, 66)

(
(
(42,40,24,a10) (81,03,67,a11)
(
(40,22, 36, a17) 31,73, 77,a17) (
(

( (
2 2
(22,80, 77, a12) 261>03>2471112> (61,43, 77,a13) 212>60>867a13>
( (
( (

(00, 50, 77,07) 20,73,86,36)  (l2,32,56,85) 31,62,87,06)  (41,21,66,76) (11,21, 15,06) 60,72,66,45) (0o, 7o, 65,37)
(21,61,57,7s5) 13,53, 07,45) (31,52,07,55) 03, 63,77, 36) (03,23, 45,06)
n = 55:
(00,42, 18,49)  (00,31,37,66) (00,10,14,05) (41,70,37,a1) (43,42,36,a1) (31,81,56,08) (60,41,87,57) (4o, 53,890, 79)
(50,73,75,06) (21,81,74,68) (32,03,65,67) (50,53,59,36) (30,52,3s,17) (01,10,45,00) (22,70,59,55) (4o,32,15,45)
(03,12,54,38)  (40,81,8s,47) (20,30,36,86) (23,33,86,24) (71,62,47,49) (61,13,58,47) (30,10,04,68) (23,83,15,39)
(40,61,74,28) (51,62,16,15) (52,22,45,86) (11,31,25,59) (60,53,24,78) (51,53,49,06) (60,33,80,14) (21,82,64,85)
(32,22,36,24) (62,23,89,26) (32,63,7s,47) (52,63,68,49) (11,01,34,35) (60,43,56,07) (lo,63,57,25) (51,63,35,87)
(23,03,44,34) (60,71,44,74) (80,82,57,45) (50,81,60,76) (80,23,1s,35) (31,13,46,68) (52,33,1s,47) (81,22,85,1s)
n = 57:
(00,20,25,24) (00,31,57,66) (00,22,39,08) (52,53,36,a1) (61,60,74,a1) (01,10,44,a2) (73,62,06,a2) (82,33,25,a3)
(21,60, 16,a3) (20,83,45,48) (50,53,58,46) (50,72,4s8,87) (32,30,8s8,86) (43,63,74,7s) (20,61,5s,64) (50,31,89,27)
(12,22,15,79)  (30,22,47,77) (31,61,77,68) (42,00,16,79) (20,33,47,89) (01,41,58,16) (30,53,75,87) (40, 73,76,64)
(51,63, 75,80)  (62,53,74,14) (l2,62,19,64) (20,60,60,46) (11,81,86,80) (ls,73,46,50) (52,13,56,07) (41,32,05,59)
(20,72,8s8,17)  (61,02,67,89) (40,33,05,28) (13,63,79,67) (41,33,74,18) (20,80,55,86) (20,40,35,39) (1l1,63,64,45)
(01,62,57,49)  (71,53,08,85) (41,42,34,66) (71,13,55,49) (20,10,04,74) (61,22,48,16) (40,11,47,58) (82,63,65,3s)
(31,42,05,14)  (71,40,69,25) (42,01,24,64) (22,82,36,28) (23,52,84,48) (32,63,37,17) (31,12,35,25) (31,33,86,17)
(00, 53, 77, 59)
n = 59:
(00, 71,07,26)  (00,03,69,48) (00,70,75,1a) (51,20,15,a1) (83,82,16,a1) (01,40,64,a2) (13,52,66,a2) (42,63,45,a3)
(30,41,76,a3) (43,52,15,a4) (61,40,46,a4) (70,61,64,a5) (83,42,27,a5) (31,52,75,77) (03,63,890,17) (83,71,04,85)
(33,73,76,68)  (50,63,79,76) (80,62,18,77) (40,00,4s,76) (40,72,25,3s) (01,03,0s,57) (50,40,2s8,17) (83,80,05,89)
(30,63,85,8s8)  (20,72,60,65) (72,11,24,08) (23,13,44,84) (11,21,40,26) (61,31,47,1s) (50,33,16,8s) (l1,02,36,84)
(12,72,56,8s) (21,61,14,79) (40,33,57,10) (50,03,68,51) (31,11,06,19) (72,82,50,14) (22,53,04,27) (62,33,17,66)
(12,83,77,49)  (21,32,3s8,45) (43,61,05,28) (82,42,7s,51) (lo,71,47,75) (60,00,1a,47) (62,20,36,45) (23,01,65,3s)
(21,62,69,27)  (52,30,14,19) (63,71,55,36) (00,62,80,61) (80,02,56,49) (01,53,54,85) (51,52,47,28) (41,83,39,74)
(73,41,19,77) (22,20, 16,55) (00,20, 27, 39)
n =61:
(00,85,00,45) (00,50,24,65) (00,61,17,26) (41,30,44,a1) (62,13,56,a1) (61,70,87,a2) (42,53,45,a2) (0o,42,76,a3)
(11,63,74,a3) (42,60,04,a4) (21,33,26,a4) (lo,81,64,a5) (63,12,05,a5) (62,33,45,a6) (00,51,36,a6) (51,43,76,a7)
(60,22,87,a7)  (30,70,00,8s8) (71,70,64,26) (l1,22,3s,07) (62,40,44,15) (03,02,0s,16) (31,73,29,00) (31,51,8s,26)
(62,03,77,07)  (22,61,76,00) (71,52,15,45) (01,32,24,36) (80,02,34,64) (21,70,20,37) (53,83,15,80) (20,81,44,6s)
(30:10,06,17)  (63,13,64,0s) (71,13,78,37) (01,51,75,15) (53,51,55,05) (01,11,77,29) (43,63,84,39) (43,00, 6s,2¢)
(32,12,45,34)  (70,80,7s,25) (lo,70,35,80) (01,31,4s8,79) (43,10,00,16) (12,72,07,39) (lo,23,77,3s) (l2,61,35,67)
(Lo, 13,88,85) (72,80,29,46) (20,82,79,36) (02,82,3s8,58) (02,23,26,76)
n = 63:
<OO,83,67,85> (OO,10,54,55> <OO,72,29,58> (21,73,34,0.1) (50,02,07,(11) <52,33,67,a2> (31,70,34,a2) <20,21,45,a3>
(03,72,26,a3) (22,83,26,a4) (30,71,24,a4) (80,82,76,a5) (63,61,34,a5) (lo,03,76,a6) (81,62,57,a6) (03,51,17,ar)
(20,02,26,a7) (53,52,85,as) (00,21,04,a8) (20,51,85,a9) (62,03,24,a9) (13,63,2s8,75) (71,82,27,3s5) (21,71, 16,46)
(80,42,25,3s) (60,00, 16,50) (50,23,76,24) (41,42,34,67) (72,51,65,84) (lo,20,0s,37) (11,23,2s,27) (60,40, 79,26)
(63,01,54,45) (51,42,39,74) (01,42,55,05) (12,80,77,57) (42,50,84,09) (51,80,10,45) (70,42,65,85) (42,02,79,1s)
(21,31,05,58)  (51,81,38,66) (lo,53,47,34) (21,13,26,19) (33,30,44,68) (21,82,890,66) (03,71,19,57) (43,10,79,84)
(70,83,75,7s) (72,12,45,75) (03,13,7s,80) (12,23,6s,66) (21,72,8s,57) (60,20,7s,27) (41,23,60,4s) (03,52,86,29)
(50,31,86,28) (42,22,48,44) (40,63,29,25) (43,11,17,19) (02,82,19,64) (70,61,57,79) (03,23,25,47)
n = 65:
(00,03,89,36)  (00,42,64,87) (00,01,35,58) (63,62,77,a1) (80,01,54,a1) (12,60,07,a2)  (l1,23,04,a2)  (21,72,56,as)
<50,63,84,a3> (73,71,05,0.4) <60,72,84,a4> <63,52,76,a5> (40,21,84,(15) <21,30,34,a6> (72,23,75,0,5) <42,33,74,a7>
(21,70, 36, ar7) (72,51,37,as8) (70,33,45,a8) (23,01,45,a9) (00,52,26,a9) (82,01,05,a10) (03,50,57,a10) (30, 22,66, a11)
(11,63,17,a11)  (21,02,29,85) (20,02,25,78) (32,02,37,36) (01,81,0s8,8s) (41,21,69,87) (42,01, 59, 19) (00, 32,48, 74)
(40,61,1s8,57)  (50,70,09,05) (61,03,14,87) (60,83,87,00) (12,01,66,80) (23,13,47,5s)  (42,23,78,3s)  (73,22,74,20)
<10,83,76,29> (40,11,25,05> <11,72,7g,47> <13,7o,56,69> <02,72,85,55> <61,13,77,85> <00,31,15,09> <22,32,79,14>
(83,13, 86,89) (60,82,29,55) (70,73,64,49) (61,60,27,49) (70,20,34,66) (70,42,0s,85) (32,72, 57, 0s) (40, 50, 37, 5s)
(13, 63,05, 8s) (00,83, 7s,35) (80,41,86,78) (20,83,67,58) (83,22,55,19) (13,21,76,1s) (71,31, 5s, 54) (41,23, 25, 74)
(02, 33,04, 64)
n = 67:
(00,12,69,08)  (00,71,36,47)  (00,23,14,05)  (83,40,56,a1)  (22,61,77,a1)  (l3,70,46,a2)  (82,11,44,a2)  (52,63,04,as3)
(30,71,77,a3)  (11,72,55,a4)  (83,80,47,a4)  (80,21,57,a5)  (73,32,65,a5)  (73,61,85,a6)  (50,12,44,a6)  (33,20,54,ar)
(12,21,55,a7)  (00,81,74,as)  (52,83,45,as)  (23,50,24,a0)  (11,12,07,a9)  (13,41,86,a10) (52,80,07,a10) (30,42,17,a11)
(73,21,75,a11) (61,83,17,a12) (70,12,75,a12) (31,13,87,a13) (82,10,86,a13) (30,70, 74,85) (33, 73,36, 79) (41,01, 36, 28)
(12,01,66,74)  (42,00,86,29)  (43,01,58,04)  (12,22,06,3s)  (30,81,20,65)  (l3,11,20,24 (20,12,5s8,76)  (80,51,8s,55
(12,13,090,36)  (60,71,00,57)  (lo,12,24,10)  (13,52,77,3s)  (41,31,04,45) (53, 70,06, 5s (62,22,25,07)  (0o,21,46,8s
(23,60, 8s,85) (20,30, 8s,15) (22,03, 35, 39) (23,43, 65,7s) (30, 60,49, 66) (33,62, 77,28 (30, 53,67, 79) (43,73, 28,24
(62,40, 67,09) (61,01, 76,69) (40,21, 85,47) (62, 83,06, 76) (01,22, 85, 49) (30,31, 7s, 5a (61,41, 55, 29) (63,73, 67,39
(53,60,39,24)  (32,52,34,09)  (02,32,24,3s)



n = 69:
(OO 02,5&34) <00 70,17,55> (OO,23,59,53> <52,01,55,a1> (10,33,87,&1) (52,80,63,0.2) <43,81,04,a2> (62,51,27,0.3)
(03,30,64,a3)  (32,00,55,a4)  (43,01,16,a4)  (82,60,57,a5)  (53,81,46,a5)  (30,31,66,a6)  (8s,42,57,a6)  (0s3,02,04,a7)
(01, 40,87, a7) (01,60, 75, as) (82,73, 14, as) (50,33, 85, ag) (11, 82,86, ag) (53,51, 55,a10) (52,60, 14,a10) (81,23, 36, a11)
(00,42, 14,a11) (11,32,25,a12) (4o,33,56,a12) (81,20,86,0a13) (32,43,65,a13) (30,82,26,a14) (03,21,44,a14) (13,00,57,a15)
(61,12,24,a15) (22, 53,67,4s) (71,03,06,77) (02, 11,27, 39) (43,80,64,28) (32, 82,05, 00) (50, 31,25, 89) (00,41, 19,84)
(70,13,07,79) (61,53, 7s,08) (11,61,87,49) (01,02, 66,84) (30,41,75,1g) (30,12, 86, 78) (50,03, 74, 68) (50,40, 4s,57)
(60,80,85,86)  (11,31,8s,75)  (00,02,59,46)  (02,63,49,7s) (03, 13,45,56)  (80,30,50,58)  (63,1s,69,50)  (60,51,24,50)
(51,22,17,49)  (83,32,19,17) (53,72,18,69)  (21,51,54,69) (12,02, 55, 1s) (31,21,2s,67)  (40,70,44,29) (23,43, 34, 15)
(31,43,26,7s8) (30,42, 8s,25) (03,63, 75,07) (02, 32, 86, 37) (01,32, 74,28)

n="71:
(00, 71,09, 18) (o0, 15, 65,64) (00, 20,47, 26) (43,31, 75,a1) (60, 62,06, a1) (30,61, 86, az) (22,43,47, a2) (00, 61,76, a3)
(13,12,15,a3)  (62,43,36,a4)  (51,00,34,a4)  (71,82,36,a5)  (23,70,45,a5)  (70,13,66,a6)  (42,51,84,a6)  (40,62,85,ar)
(21,43,84,a7) (43,12, 25, as) (1o, 51,36, as) (21,30, 37, ag) (33,62, 56, ag) (53,11,25,a10) (62,50,04,a10) (52,00,3s5,a11)
(33,31,06,a11)  (41,73,17,a12) (lo,72,64,a12) (41,12,86,a13) (53,70,67,a13) (00,01,05,a14) (33,22,07,a14) (50,43,34,a15)
(01,72,77,a15) (71,33,16,a16) (52,70,05,a16) (63,01,57,a17) (lo,52,34,a17) (01,51,87,48)  (lo,23,79,20) (0o, 11,85,57)
(12,52,47,68)  (lo,73,89,65)  (51,02,57,04)  (l2,51,69,77)  (42,03,8s,46)  (01,73,59,14)  (lo,50,6s,87)  (l1,32,50,2s)
(30,11,89,06) (61,01,09,84) (63,03, 06, 15) (20, 50,67, 35) (61, 53,24, 66) (00, 20, 14, 68) (41,31,65,08) (03, 23,49, 28)
(32,73,49,19) (20, 30,29, 1) (51,30, 38, 58) (02, 12,24, 64) (83,43,64,67) (70, 62,86, 19) (81,61, 55,59) (00,03, 38, 04)
(52,51, 7s,15) (1o, 63,74, 59) (22, 42,28, 15) (23, 32, 65, 08) (12,72,27,79) (1o, 42, 39, 56) (03, 13, 57, 68)

n = "73:
<OO,13,55,63> (OO,41,110,59> (OO,30,67,011> <OO 02>18>14> (31,50,86,a1> (42,73,87,(11) <21,80,25,19> (42,23,89,210>
(01,53, 74, 85) (12,20, 34, 06) (31,33,3s,510) (13,70,0s8,67)  (l0,03,111,85) (l0,33,06,77)  (42,02,48,04) (60,31, 59,6s)
(15, 83, 35, 36) (11,23, 5s, 59) (70,31,810,77)  (l0,82,59,7s)  (21,02,17,89)  (31,23,710,64) (32,33,410,17) (00, 52,3s,15)
(00, 11,410, 74) (32,02, 39, 46) (50, 52,44, 19) (11,10, 8s,76) (13,03, 14, 86) (52, 23,69, 17) (20,80,410,46) (22,73,8s,4s)
(12,40, 110,310) (22,70,35,111) (52, 81,35, 47) (22,12,55,811)  (23,41,711,04) (20,33, 1s,84) (32,11, 19, 06) (11, 62, 28, 86)
(40,72, 56, 211) (31,22,311,511) (43,21,711,46) (13,53,65,311) (60,33,15,211) (53,21,011,44) (42,63,76,611) (31,42,46,011)
(11,81,45,04) (72,71,45,77) (32,20,67,6s)  (20,00,44,411) (lo,60,16,410) (00,22,04,54)  (22,63,87,510) (l1,42,69,14)
(Lo, 13, 35, 6s) (lo,31,110,211) (21,61,45,09)  (01,43,15,111) (00,43,69,77)  (42,22,810,45) (30,13,69,19)  (42,01,06,411)
240-,31-,57,745 (41,13,510,410) (40,50,45,59) (23,53, 39, 27) (51,21,4s,87) (12,03,05,610) (02,13,810,44) (lo,51,67,37)
01,11,46, 65
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B. SFSsof type (4,2)%(2,4)" with a +b € {5,6,7,8,9}
To save space, we only list the non-empty cells of the SFSsus¥éa, b;, j) to denote a cell which is indexed Hy, ;)
and contains a paifa,b}. We usel,, to denote the sef0,1,2,...,n — 1}.

Lemma 8.8: There exists an SFS of tyfd, 2)*(2,2)°~¢ for eacha € {0, 1,2,3,4,5}.
Proof Let V = I1p and S = I1p12,.- V can be partitioned a¥y = U 0{2z 2i+ 1} and S can be partitioned as

S = (U8 {di, 4i + 1,40 + 2,40 + 3}) U (UL, {24,2i + 1}). The required SFSs are presented as follows.
a=0:
(1,6;9,3)  (1,8;7,2) (5,3;9,6) (5,9;3,0) (0,8;3,5) (2,4;0,7) (6,9;4,2) (9,3;1,7) (2,7;9,5) (6,3;0,5)
0,4;2,9)  (5,0:8,7) (2,6;8,1) (0,2;4,6) (7,84,0) (9,1;6,5) (7,4;3,8) (1,3;4,8) (4,8;1,6) (5,7;1,2)
a=1
(7,0;7,11)  (6,3;10,1) (0,4;8,10) (6,9;6,3) (4,2;1,11) (0,8;5,6)  (6,1;7,4) (8,2;8,3) (3,8;7,0)
(8,5;4,1)  (4,82,9)  (6,4;5,0)  (7,9;1,5) (4,7;4,3)  (5,3;9,3)  (0,9;4,9) (9,5:8,0) (5,1;10,5)
(1,3;11,8)  (9,2;7,2)  (7,2;10,0) (1,2;6,9) (3,7;2,6)  (5,6;2,11)
a=2:
(2,5;2,10)  (6,9;4,2)  (8,7;6,2)  (4,2;0,13) (6,3;9,3)  (8,211,9) (5,6;6,0) (7,1;8,4)  (0,7;7,9)
(2,6;1,12)  (0,9;6,11) (8,6:8,7)  (9,7;5,0)  (9,1;9,10) (0,4;5,10) (0,5;4,13) (9,2:8,3)  (4,8;4,3)
(4,1;6,12)  (3,7;13,1) (5,7;12,3) (8,3;10,0) (3,4;2,11) (3,0;8,12) (4,9;1,7)  (1,5:7,11) (1,6;5,13)
(5,8;1,5)
a=3:
(4,0;7,15)  (9,3;3,10) (3,7;15,11) (7,87,3)  (9,0;8,6)  (5,2;15,3)  (7,5;14,6) (8,3;12,9) (4,3;14,0)
(1,7;8,4)  (8,2;0,8)  (6,3;8,1) (6,4;4,3)  (6,1;,9,15) (5,6;7,0) (5,9;4,1)  (4,1;6,12)  (7,2;1,10)
(2,9;2,12)  (4,7;5,2)  (0,8;4,11)  (7,9;0,9)  (8,6;2,6)  (6,0;14,10) (5,3;13,2) (9,6;5,11) (2,1;11,14)
(0,5;12,5) (8,4;1,13) (0,2;9,13)  (1,8;5,10) (1,9;7,13)
a=4:
(4,0;13,6) (6,1;7,11) (7,5;6,3)  (9,2;13,10) (8,2;11,3) (2,1;14,17) (4,7;16,7)  (9,1;9,6)  (8,6;6,1)
(3,1;13,8)  (6,9;5,0)  (8,0;7,14) (3,6:10,2)  (0,9;15,8) (4,1;5,15)  (1,8;10,12) (2,4;0,12) (5,3;0, 14)
(9.4;1,14)  (5,2;1,15)  (7,0;5,10) (8,7:0,8)  (5,1;4,16) (6,2;8,16)  (3,0;16,11) (9,7;11,4) (0,5;12,17)
(6,0;9,4)  (8,55,13) (9,5:2,7)  (6,4;17,3)  (9,3;12,3) (4,8;2,4) (7,3,1,17)  (2,7;2,9)  (3,8;9,15)
a=2>
(0,7:17,7)  (4,3;1,17)  (3,5;3,12)  (5,8;0,14)  (8,7;4,2)  (5,7;5,16)  (0,3;9,16)  (2,6;17,11) (8,4;3,7)
(0,4;19,13)  (3,8;10,15) (1,6;6,18)  (1,2;15,16) (1,4;14,5) (6,0;4,8)  (5,0;15,18) (6,4;2,16) (6,5 1,7)
(6,9:10,3)  (9,2:0,8)  (1,3;11,13) (9.3;14,2)  (8,6;5,9)  (7,1;10,19) (2,5;19,2)  (0,9:12,5) (2,8 13,1)
(2,7:9,3)  (0,8:6,11)  (5,9;13,6)  (9.1;9,7)  (9,4;15,4) (2,0;14,10) (4,2;18,12) (7,9;11,1) (1,8 12,8)
(5,1;4,17)  (3,7;8,18)  (3,6;0,19)  (4,7;0,6)
[
Lemma 8.9: There exists an SFS of tyfd, 2)*(2,2)5~¢ for eacha € {0, 1,...,6}.
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Proof: Let V. = I12 and S = I1212,. V can be partitioned a¥ = U? _0{2¢,2i + 1} and S can be partitioned as

S = (U9Z ) {di, 4i + 1,40 + 2,40 + 3}) U (U3, {24,2i + 1}). The required SFSs are presented as follows.
a=0:
(4,7;10,1)  (5,0;11,7) (3,1;5,11) (8,4;11,6) (9,5;3,10) (6,3;10,0) (10,8;0,5) (11,9;6,5) (3,0;6,9)
(10,7;3,4) (2,1;7,10) (11,5;9,1) (7,2;5,9)  (0,8;10,4) (5,7;0,8)  (1,5;2,6)  (0,6;5,3)  (6,8;1,2)
(2,9;4,0)  (3,11;8,4) (2,10;6,1) (3,9;1,7)  (9,7;2,11) (1,6;4,9)  (4,1;8,3)  (6,2;11,8) (8,11; ,7)
(4,10;9,7) (0,10;2,8) (4,11;0,2
a=1:
(1,10;5,6) (1,7;11,4) (0,6;11,7) (1,3;13,10) (5,6;0,5) (11,3;9,7)  (2,10;1,7)  (5,10;2,10)  (7,4;13,1)
(2,0;9,13) (4,3;12,0) (0,8;12,4) (11,9;2,5)  (4,2;11,2)  (7,9;12,3) (9,10;0,9)  (10,3;11,3) (4,0;5,10)
(9,1;7,8)  (8,7:7,5)  (8,4;9,3)  (9,5;13,4)  (6,8;2,13)  (2,58,3)  (5,11;11,1) (6,2;12,10) (7,3;2,6)
(11,6;4,3) (9,6;6,1)  (8,3;8,1)  (4,10;8,4)  (7,11;0,10) (0,11;6,8) (1,59,12)  (2,8;0,6)
a=2:
(4,8;14,1)  (9,3;1,9)  (7,4;5,12)  (2,9;11,3)  (8,2;2,8) (11,8;6,0)  (3,10;11,2) (0,7;13,6)  (1,8;9,5)
(11,1;4,8) (6,0;9,4) (4,11;7,11)  (0,8;11,15) (6,11;1,5) (3,11;12,3)  (3,4;0,10) (1,5;6,11) (2,11;10,13)
(2,7;1,15)  (0,5;7,10) (8,6;3,7) (9,5;5,2) (6,5;0,14)  (3,5;15,13) (7,9;7,0) (2,0;14,12)  (8,10;4,10)
(10,5;12,1)  (6,9;8,6)  (2,10;0,9)  (3,7;8,14)  (1,6;12,15) (4,9;15,4)  (5,7;4,3) (1,9;10,14) (7,11;9,2)
(4,10;6,3)  (0,10;5,8) (1,10;7,13) (4,6;2,13)
a=3:
(6,10;10,4) (4,10;1,5) (6,2;9,0) (9,6;16,1)  (9,2;8,17)  (11,5;0,4)  (8,11;11,12) (7,2;11,1) (3,11;1,8)
(9,0;12,9)  (10,0;11,14) (8,2;10,2)  (1,3;16,12) (0,3;10,13) (8,5;1,7) (11,2;13,3)  (8,0;16,4) (6,3;15,2)
(1,10;15,8) (5,2;16,14)  (11,6;7,14) (8,1;6,9) (7,3;17,14)  (10,9;13,7) (5,10;12,2)  (0,6;8,6)  (11,9;10,5)
(6,1;11,5)  (4,2;15,12)  (8,6;17,3)  (9,3;11,0)  (4,11;2,6)  (7,1;7,10)  (4,0;7,17) (7,10;0,6)  (4,1;4,14)
(4,8;0,13)  (10,3;3,9)  (11,7:15,9) (8,7;8,5)  (5,1;13,17) (0,5;15,5)  (4,7;3,16)  (5,9;3,6)  (7,9;2,4)
a=4:
(8,11;2,12)  (3,8;10,19)  (5,1;14,6)  (4,11;14,5) (11,2;1,11)  (4,10;12,1) (10,7;7,11) (9,3;11,15) (9,7;1, 10)
(0,8;18,11)  (5,7;2,19) (9,5;12,5)  (2,7:3,8) (1,10;17,13) (3,6;0,18)  (0,2;16,15) (6,2;9,2) (11,9; 3, 6)
(4,7;4,18)  (5,2;18,17)  (0,10;5,10) (10,5;0,16) (8,2;0,14) (11,3;16,8) (6,0;19,7)  (6,8;1,5) (7,11;0,9)
(1,6;11,4)  (11,6;17,10) (4,32,17)  (1,7;16,5)  (4,6;16,3)  (1,8,7,8)  (9,0;14,8)  (8,5:;3,4)  (9,4;7,0)
(2,1;12,10)  (11,5;15,7)  (9,2;13,19) (10,8;15,9) (8,4;6,13) (10,6;8,6)  (4,1;15,19) (3,10;14,3) (1,9;9, 18)
(9,10;2,4)  (7,0;6,17) (0,11;4,13)  (0,3;9,12)  (3,5;1,13)
a=25:
(5,9;1,13) (10,0;16,8) (9,0;5,21)  (4,10;1,7)  (5,3;20,3) (1,3;16,15) (6,2;21,1)  (9,4;3,6) (7,10; 10, 6)
(2,9;8,0) (0,4;17,15) (11,8;10,7) (1,8;13,6)  (8,5;15,0) (7,5;2,19)  (10,6;18,2) (5,11;17,6) (4,11;2,13)
(6,3;17,10)  (1,5;18,21)  (2,8;20,2)  (4,1;14,20) (9,10;11,15) (1,2;9,19)  (2,0;14,10) (6,0;6,20)  (2,11;15,18)
(11,0;19,11)  (4,2;16,12) (7,8;1,5) (9,11;4,14) (5,654, 16) (7,11;3,16)  (1,9;10,12) (1,10;17,4) (10,5;5, 14)
(4,6;5,19) (7,0;4,9) (3,8;14,11)  (3,10;0,19) (8,4;21,4) (9,3;9,2) (8,6;8,3) (0,5;7,12)  (7,2;11,17)
(6,11;0,9) (10,2;13,3) (1,6;7,11)  (9,7;20,7)  (11,1;8,5) (10,8;12,9) (3,7;8,21)  (0,3;13,18) (3,11;1,12)
(4,7;0,18)
a = 6:
(8,5;3,7) (10,2;17,0)  (9,10;3,8) (5,0;4,18)  (0,8;12,11) (1,11;4,11)  (6,3;0,18)  (7,9;1,9) (8,10;9,5)
(6,9;2,21)  (4,7; 18, 5) (4,8;21,0) (7,8;22,10) (1,6;8,17)  (4,6;20,3) (7,2;19,8)  (7,11;0,16) (2,11;18,3)
(8,6;23,4)  (3,7;3, 11) (10,6;7,11)  (1,4;23,14) (6,5;6,1) (7,105 4, 2) (1,3;19,9)  (8,11;6,8)  (11,3;17,14)
(5,3;21,13)  (4,2;13,2) (2,9;11,23)  (4,10;6,12) (1,7;21,7)  (0,4;7,17) (3,0;23,8)  (8,1;13,20) (9,4;15,4)
(2,1;12,22)  (10,1;18,15) (0,10;16,13) (5,7;23,17) (9,0;5,14)  (6,2;9,16) (1,5;16,5)  (8,2;1,14)  (5,11;12,2)
(7,0;6,20)  (5,9; 0, 22) (0,11;9,15)  (11,4;1,19)  (4,3;22,16) (5,10;19,14) (9,3;12,20) (5,2;20,15) (11,9;7,13)
(9,1;6,10)  (10,3;10,1)  (8,3;15,2) (0,6;19,22) (0,2;10,21) (6,11;5,10)
|
Lemma 8.10: There exists an SFS of typd, 2)(2,2)"~¢ for eacha € {0,1,...,7}.
Proof: Let V = I;4 and S = I14.0,. V can be partitioned a¥y = U?:0{2i,2i + 1} and S can be partitioned as
S = (U {4d,4i + 1,4i + 2,40 + 3}) U (US_,{24,2i + 1}). The required SFSs are presented as follows.
a=0:
(3,7;12,0) (11,1;4,6)  (7,11;8,2) (13,2;9,0)  (9,5;11,3)  (9,10;2,6)  (3,6;11,9) (5,10;7,12) (6, 5;10,0)
(8,3;6,10) (0,12;3,6)  (2,7;11,1) (12,8;0,11) (9,1;10,12) (2,0;8,10)  (0,3;7,13) (13,7;4,10) (4,12;7,10)
(3,91,4)  (8,1;2,7) (2,4;13,6) (13,0;2,11) (6,1;13,3)  (4,1;11,8)  (4,10;3,0) (2,9;5,7) (12,5;2,1)
(13,5;8,6) (11,0;12,5) (1,12;9,5) (4,6;2,12)  (12,6;4,8)  (11,13;3,7) (3,10;8,5) (4,11;1,9)  (9,11;0,13)
(8,7;3,5)  (6,13;1,5)  (5,7:9,13) (10,0;4,9)  (2,8;4,12)  (8,10;1,13)
a=1
(11,5;2,11)  (2,12;1,12) (11,6;6,1)  (1,11;14,7) (12,9;0,4)  (10,5;14,10) (1,10;15,8) (1,5;13,4)  (11,13;4,8)
(9,1;12,5)  (0,6;12,11) (8,4;13,3)  (12,7;7,13) (5,2;3,15)  (2,9;6,14) (13,2;9,13)  (6,4;15,4)  (11,8;5,15)
(8,12;6,2)  (13,7;12,2) (5,8;9,12)  (2,11;0,10) (11,9;9,3)  (0,12;10,5)  (12,3;3,8)  (4,3;12,0)  (9,5;8,1)
(13,10;0,6) (13,4;11,5) (0,9;13,15) (8,10;1,4)  (13,6;10,3) (6,9;7,2) (8,0;8,7) (3,6;14,13)  (0,4;14,9)
(10,3;9,2)  (13,3;1,7)  (4,2;2,8) (3,1;10,6)  (7,3;15,11) (7,4;10,1) (7,0;6,4) (12,1;9,11)  (2,10;7,11)
(7,8;0,14)  (5,6;0,5)  (7,10;3,5)
a=2:
(11,4;3,7) (7,12;12,3)  (6,9;4,3) (12,6;2,6)  (8,10;6,1) (2,1;10,8) (7,1;7,13) (2,7;17,15)  (5,13;5,2)
(8,5;7,17) (0,12;4,11)  (10,12;8,7) (12,5;0,15) (0, 6;7,14) (10,6;12,16)  (8,7;0,5) (8,2;11,3)  (0,11;16,10)
(5,9;1,10) (9,13;7,15)  (4,10;10,5) (5,2;14,12) (2,10;9,2) (4,1; 15,16) (13,10; 4,0) (2,6;13,1)  (11,3;2,17)
(10,9;11,17)  (2,9;0,16)  (6,11;0,8)  (4,3;11,0)  (8,13;10,14) (9,7;2,8) (11,13;13,11)  (11,12;1,5)  (0,4;13,17)
(8,4;4,2) (5,7;16,4)  (1,11;12,4) (8,6;15,9)  (7,3;1,14) (3,12;10,13)  (11,7;6,9) (3,0;15,12)  (13,4;12,1)
(0,9;5,9) (6,1;5,17)  (1,5;6,11)  (10,5;13,3) (1,12;9,14)  (4,9;6,14) (13,3;3,9) (0,13;6,8)  (3,8;8,16)



)
,14)
(3,12;9,12)
(11,2510, 16)

a=>5:

(2,6;18,21)
(7,11;3, 5)
(10,9;5,14)
(2,11;8,17)
(9,5;21,6)
(5,1;23,5)
(1,12; 14, 11)
(11, 3;23, 18)

a = 6:

(2,12;0,23)
(13,11;17, 15)
(13,10; 5, 18)
(5,3;20,0)
(8,11;25,11)
(7,11;3,6)
(4,2;24,14)
(8,10; 24, 12)
(13,8;8,0)

Lemma 8.11: There exists an SFS of typd, 2)%(2,2)%-¢ for eacha € {0, 1, ...
Proof' Let V = I;s and S = I16424. V can be partitioned a¥ = U!_,
o {4i, 4i + 1,40+ 2,40 + 3}) U (U]

a0

a =

a=1:

(4,14;1,5)
(8,6;2,13)
(12,15;13,0)
(13,10;8,7)
(15,5;8,3)
(11,714, 2)
0,7;7,4)

wv
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(1,3;12,11)
(12,7;9,1)
(6,10;4,9)
(12,1;8,7)
(2,13;3,9)
(7,10;17,0
(5,13;13,7
(11,0:5,8)
(10,4;7,19

)
)
)

(5,12;4,2)
(7,4;27,18)
(13,65 22,2)
(8,7;8,6)
(1,7;11,22)
(11,3;19,11)
(12, 10; 11, 15)
(8,2;9,2)
(9,135 11, 23)
(1,9;8,24)

4,0;6,11)
,3;12,14)
,12;12,7)

0,4;0, 16)
5

(11,0;11,5)
(8,1;6,19)
(6,4;3,5)
(1,6;10,17)
(3,12;3,17)
(6,11;1,7)
(1,11;14,13)

(4,9;19,2)
(10,12;11, 5)
(5,7,17,7)
(7,8;2,8)
(13,9; 4, 10)
(2,12;15,2)
(8,2:;3,19)
(7,11;1,9)

(10,13;9,17)
(4,0;19, 6)
(0,11;9,14)
(5,12;17, 20)
(5,10;3,4)
(8,021, 4)
(6,9;11,2)
(9,11;7,0)

; 14, 19)

(3,12;8,14)
(4,1;19,23)
(3,13;0,18)
(9,4;6,25)
(8,6;5,21)
(5,9;22,5)
(10,3;17,12)
(2,11;24,1)

(13,11;15, 10)

(9,105 1,13)

(13,11;5, 14)
(14,6;5,8)
(9,10;5,2)
(13,7;4,3)
(12,11;8,3)
(14, 2; 10, 4)

(13,2;2,6)

(8,3;16,6)

(12,11;6,3)
(2,12;11,8)
(8,12;17,1)
(9,14;7,14)
(2,15;1,14)

;15,19)

(12, 8;5,13)
(5,0;13,18)
(7,05 10, 20)
(12, 4;0, 4)
(3,658,3)

(7,13;0,21)
(10,2;0,12)
(10, 66, 16)

(1,514, 21)
(12,9512, 5)
(1,11; 18, 24)
(9,3;23,15)
(6,11; 16, 0)
(11,4512, 4)
(9,135 10, 4)
(7.5: 24, 5)
(2.6: 20, 18)

(11,2;2,18)
(12,11;4,8)
(12,0:6,9)
(0,9;12,17)
(10,8;7,9)
(13,69, 14)
(2,8;1,12)

(6, 5;2,20)

(3,13;15, 18)
(10,1517, 21)
(12,1;18,8)
(3,8;20,1)

(3,6;19,11)
(12,11;7,13)

(13,8;14, 8)
(3,12;21, 16)
(13,3;1,10)
(2,4;20,14)
(5,3;14,0)
(2,7;11,22)
(13,11;13,11)
(1,2;15,16)

1;26,18)
;15,26)
.16, 2)
1118, 15)
.83, 23)
12:16, 23)
1,5;14,6)
,10;0,27)
,13;5,3)

(0,1
(4,8
(7,3
(2,1;
(5,8;
(0,2;
(1
(8
(4

(13,5:8,7)
(10, 15;0,7)
(15,12;5,1)
(12,5; 14, 6)
(7,5;0,2)

(0,10;4,9)

(1,13;5,13)
(6,4;3,10)

(9,4;13,8)

(3,135 10, 0)
(2,11;15, 17)
(4,15;9,15)
(14,2;12,3)

(10,6;0,6)  (3,8;0,11)
(5,11;12,0)  (2,0;13,19)
(9,3;1,8) (10,12; 11, 12)
(0.13;7,15)  (1,7;11,7)
(6,9;19,11)  (7,10;1,15)
(10,13:5,2) (0. 6:8, 16)
(5,13;1,17)
(10,0;12,8)  (1,7;11,20)
(10,9;1,14)  (2,9;21,11)
(8,1;4,13) (8,6;0,9)
(9,5;13,5) (0,11;11,17)
(4,3;13,17)  (9,11;0,15)
(8,11;21,5)  (11,5;6,12)
(1,13;16,19)  (7,9;6,18)
(3,4;22,17)  (2,9;13,10)
(12,0;15,8)  (13,0;5,16)
(12,7;18,7)  (7,1;4,17)
(8,7;9,6) (7,5;2,16)
(10,8;1,11)  (12,11;6,2)
(1,9:;8,22)  (0,3;12,11)
(8,6;0,20)  (9,3;9,15)
(2,12;1,9)  (3,10;2,13)
(2,11;13,2) (0, 10;6,10)
(9,5;22,25)  (1,6525,17)
(4,1;15,16)  (13,0;16,12)
(13,6;11,22)  (6,0;21,7)
(12,3;21,16)  (9,2;21,1)
(1,2:19,10)  (3.8:22,2)
(6,12;19,6)  (8,6;1,23)
(7.1;22, 4) (11,5;1,19)
(6.9:3, 8)
(2,6;3,11) (8,13;1,12)
(10,0;9, 6) (9,11;12,2)
(5,6;19,1) (3,0;10,13)
(1,11;16,4)  (4,3;20,1)
(13,2;17,14)  (0,7; 19, 24)
(6,3;23,26)  (6,12;6,18)
(12,11;3,9)  (11,8;25,7)
(9,0;14,21)  (0,4;7,22)
(1,3;27,9) (12,45 16, 0)
,8}.

(1,3;5,15)
(6,12;10,0)
(14,9;13,0)
(0,4;7,14)
(1,5;9,10)
(10,3;8,14)

(1,124, 2)
(11,3;13,1)
(9,11;4,7)
(9,0;6,12)
(13,14;2,11)
(6,15;11,3)

(12,4;4,2)
(2,8;7,0)
(0,2:10,9)
(6,10;17, 14)
(13,0;17,12)
(10,15;2,11)
(7,15;5,12)

8;10, 14)

,4;5,1)

3,2;19,3)
12;19,10)
15,12, 22)
2,9;3,12)
0,7:19,8)
,9;23,1)

11;12,16)

R
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(4,11;13,17)
(1,12;17,21)
(13,10; 19, 4)
(5,0;27,15)

(6,10; 16, 10)
(8,12;13,20)
(2,10; 26, 8)

(
(

(7,115 15, 12)
(5,8;11,15)
(3,13;0,9)
(5,10;1,12)
(9,4;11,1)
(2,11;0,6)

27

(4,11;15,6)
(1,10; 4, 18)
(11,9;3, 10)
(4,9;2,7)
(7,4;4,19)
(1,9;9,5)

(6,4;18,21)
(13,4;1,7)

(4,12;6,16)
(1,9;12,7)

(8,13;12,11)
(2,10; 20, 13)
(13,1052, 9)

(2,8;23,2)

(1,13;6,12)
(13,5;7,15)
(3,1;20,19)
(4,1;13,21)
(4,10; 23, 15)
(4,8;7,3)

(6,11; 4, 22)

(10, 12;15,11)
(7,13;21,2)
(1,131 6,23)
(5,2;12,17)
(7,8;10,7)
(13, 4;20, 1)
(0,5;23,18)
(3,4;17,3)

(3,8;22,24)
(12,2;22,19)
(12,9;7,10)
(7,95 26, 4)
(13,7;21,9)
(2,5;13,0)
(1,10;5,25)
( $3,7)
(7,11;0,5)

s
s
)
)

{2i,2¢ + 1} and S can be partitioned as
_a12i,2i 4 1}). The required SFSs are presented as follows.

(14, 7,13, 10)
(1,3;9,7)
(13,6: 1, 16)
(1,9:6,12)
(3,14; 8, 2)
(12,9;9,16)
(5,8;12,15)
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a=2:
(14,1;8,7) (1,8;11,14) (12,9;8,14)  (3,15;3,12) (0, 10; 10, 5) (4,13;10,19)  (3,9;19,11) (14,13;3,6)  (6,13;7,2)
(4,10;16,1)  (11,1;9,16) (4,8;4,3) (13,11;1,5)  (0,4;13,6) (0,8;19,15)  (1,4;15,17) (0,5;7,11) (11,6;3,13)
(13,9;9,15)  (7,10;3,9) (7,4;14,0) (13,3;8,0)  (2,12;18,3) (15,10;4,2)  (7,11;19,8) (14,3;17,13)  (9,6;1,4)
(11,14;4,10)  (15,12;15,10) (11,15;6,17) (11,2;0,11)  (9,15;0,5) (13,5;14,12)  (14,10;11,12)  (2,15;14,9)  (12,3;9,1)
(6,10;17,19) (14,5;15, 1) (4,11;7,12)  (7,2;1,13)  (8,14;0,9) (14,6;16,14)  (4,6;5,18) (12,1;5,13)  (7,3;15,16)
(6,0;9,12) (9,2;2,17) (9,7;18,7) (2,8;16,10)  (15,13;11,13)  (0,15;8,16)  (10,12;0,7) (10,5;13,18)  (14,7;5,2)
(11,8;2,18)  (5,6;6,0) (7,0;4,17) (5,9;16,3)  (1,9;10,6) (8,10;6,8) (6,2;8,15) (7,12;6,12)  (1,13;4, 18)
(15,8;1,7) (1,2;19,12) (0,3;18,14)  (8,5;17,5)  (12,5;4,19) (3,5;2,10) (4,12;2,11)
a =
(15,13;12,9)  (11,14;7,11)  (5,10;13,6)  (7,14;0,4) (9,0;9,19) (10,1;8,21)  (7,11;18,9) (12,3;1,9) (12,95 20, 0)
(9,10;1,12)  (15,0;15,17) (2.8;3,9) (4,6;14,16)  (5,8;12,2) (3,7;2,10)  (1,9;4,13)  (6,15;19,11) (15,12;13,16)
(7.5:1,21) (8,12;5,21)  (8,13;13,17) (13,11;1,5)  (3,10;11,20) (5,13;20,4) (12,2;11,2) (0,12;10,4)  (10,0;5, 18)
(6,0;7,21) (6,13;6,0) (6,1;9,5) (13,2;21,16)  (15,11;2,4)  (2,4;13,18) (9,13;3,11) (6,9;8,17) (8,10;7,19)
(1,7;15,11)  (15,8;8,0) (5.14;5,17)  (2,11:12,14) (0,3;16,12)  (14,6;18,2) (12,7:3.8) (L 14;6,12)  (10,13;15,2)
(8,0;11,6) (3,5;15,0) (5,1;19,16)  (1,13;7,10)  (3,14;3,13)  (15,5;18,3) (4,10;4,3)  (3,1;14,17)  (9,7;7,16)
(4,14;19,15)  (8,14;16,10) (0,13;8,14)  (7,15;5,14)  (11,3;8,19)  (11,4;21,0) (4,15;1,7)  (7,4;6,20) (4,9;2,5)
(4,12;17,12)  (9,3;18,21)  (8,6;1,4) (12,5;14,7)  (10,2;10,0)  (14,2;8,1)  (15,9;10,6) (7,2;19,17) (8, 1;20, 18)
(11,12;6,15) (14,10;14,9) (11,0;13,20) (2,6;15,20)  (6,11:3,10)
a=4:
(0,8;14,7) (7,1;6,10) (2,14;17,0)  (12,11;14,22) (2,4;12,21) (6,9;3,23) (13,9;8,1) (5, 3;20, 3) (15, 6; 20, 6)
(8,2;2,15) (11,5;2,23)  (3,7;8,19) (2,9;9,18) (7,2;3,22)  (9,4;5,0) (8,1;22,9) (6,1;4,19) (13,6;7,18)
(15,8;3,10)  (10,9;11,15)  (8,13;23,11) (12,3;15,1) (15,12;2,9) (11,4;20,15)  (5,10;1,16)  (1,12;18,23) (8,11;0,8)
(4,14;16,2)  (12,5;12,6)  (4,7;18,1) (5,9; 19, 22) (2,15;1,19) (1,15;15,16)  (10,3;0,22)  (15,13;14,0) (12,6;10,0)
(3.14:18,11) (11,6:21,9)  (13,10;2,13) (4.8:6,19) (4,13;4,22) (13,1;12,5) (0,12; 8, 4) (9,11;7,13)  (12,10;5,17)
(0,11;10,16)  (8,3;13,21)  (5,15;17,13)  (0,5;5,15) (15,10;7,8)  (4,3;23, 14) (4,1;17,7) (7,5;0,7) (10,2;10, 14)
(0,10;21,6)  (6,0;11,22)  (11,14;1,12) (8,10;20,12)  (8,6;5,1) (14,1;13,8) (0,13;19,17)  (0,14;9,20)  (13,11;6,3)
(9,7;20,2) (15,0;12,18)  (4,12;3,13)  (2,1;11,20) (1,5;21,14)  (13,14;10,15) (11,7;4,17)  (14,12;7,19)  (6,2;8,16)
(3,9;10,12)  (10,14;4,3)  (6,3;17,2) (15,11;11,5)  (0,2;23,13)  (14,7;21,5) (5,8;4,18) (9,15;21,4)  (9,14;6,14)
(3,13;9,16)  (7,10;9,23)  (7,12;11,16)
a=05:
(14,9;22,15)  (1,3;10,19) (4,2;16,1)  (7,13;5,9) (7,0;16,7) (14,10;12,2)  (1,11;5,15)  (12,10;1,5)  (5,1;7,23)
(10,8;7,14)  (8,13;11,20)  (5,8;3,6) (14,8;9,0) (3,11;25,3) (10, 9;8,3) (15,12;0,10) (4,0;23,19)  (13,10:13,25)
(5,3;22,16)  (4,12;7,25) (2.7:8,10)  (10,7:6,23)  (1,10;9,16)  (3,6;18,11)  (14,2;11,14) (12,9;12,11) (3,9;13, 23)
(8,11;22,2)  (0,3;9,14) (12,5;15,2)  (2,10;10,18)  (6,2;20,9) (3.13;0.17)  (4,1;12,6) (10,3;24,15)  (9,7;4,25)
(5,15;4,19)  (14,11;23,18) (14,4;13,5) (1,13;8,18)  (5,6;21,25)  (9,2;2,21) (1,15;11,13)  (1,14;17,21)  (6,15;22,5)
(4,13;3,15)  (15,13;21,7)  (8,1;4,24)  (13,0;10,24) (8,0;25,5) (7.14;10,20) (0, 6;8,4) (9,15;9, 6) (8,15;1,15)
(4,3;20,2) (6,10;0,19) (11,6;1,6)  (10,4;4,17)  (4,15;18,14) (12,14;16,4) (5,7;1,24) (5,2;0,12) (12,6517, 24)
(1,2;25,22)  (0,15;20,12)  (15,7;2,17) (11,13;4,12) (12,1;14,20) (3,14;1,8) (15,2;23,3)  (11,15:8,16) (4,9;0,24)
(14,6;3,7) (7,11;11,0) (2,0;17,15)  (6,13;2,16)  (11,2;13,24) (11,12;19,9) (9,11;10,7)  (12,7;3,18)  (5,0;13,18)
(5,9;5,20) (5.11:17,14)  (7.4:22,21) (13,9:14,1)  (6,8;23,10)  (14,13:19,6) (12,0:6,21)  (0,10:11,22) (3.8 12,21)
(8,12;8,13)
a=6:
(10,2;10,13)  (14,12;18,9) (9,14;10,6)  (3,11;10,1)  (14,5;16,21) (12,8;8,13) (4,2;15,0) (10,7;3,16)  (3,1;17,21)
(9,6;11,21) (14,7;0,20)  (7,9;7,8) (2,14;14,23)  (8,13;11,5)  (15,0;8,22) (5,2;24,3) (2,9;22,25)  (13,14;15,2)
(12,15;14,21)  (3,14;8,19)  (13,4;19,21) (11,15;9,2)  (5,7;25,27)  (13,10;4,8) (1,5:20,13)  (4,14;25,4)  (4,12;7,20)
(5,0;6,15) (12,3;16,0)  (2,15;18,11) (15,8;3,6) (13,11;6,13)  (3,13;27,12)  (7,2;9,21) (1,11;26,25)  (5,10;5,0)
(6,0;25, 18) (7.1;11,23)  (1,14:12,24) (6,10:6,24)  (13,1;16,14) (11,9:12,0) (9,4;5,26) (15,9;24,4)  (9,10;27,2)
(2,8;20,2) (6,11:16,8)  (8.7:10,26)  (0.8;21.27)  (12.6:27.3)  (0,7:4,19) (0,11;7,14)  (1,15;10,15)  (14,8;22,7)
(13,15;0,7) (6,1;9,5) (5,11;18,4)  (4,0;23,24)  (14,11;5,3)  (3,7;2,24) (12,1;22,4)  (12,7;6,1) (9,3;13,9)
(2,13;1,17) (3,4;3,14) (12,0;5,10)  (8,11;15,24) (6,13;23,10) (8,4;12,1) (4,6;22,2) (0,2;12,16)  (13,9;3,20)
(12,10;26,17)  (10,14;11,1)  (14,0;13,17)  (6,5;7,17) (15,7;5,17) (3,05 11,20) (11,4;27,17)  (0,13;9,26)  (12,11;19,11)
(9,5;14,1) (5,12:2,12)  (6,15:20,1)  (13,7;22,18) (10,3:15,18) (8, 10;14,9) (4,1;6,18) (3,8;25,23)  (6,2;19,26)
(8,6;0,4) (15,4;13,16)  (9,12;15,23) (2,1;27,8) (3,5;26,22)  (10,15;25,12) (1,10;7,19)  (5,15;19, 23)
a="1.
(3,12;16,8) (15,8;15,3)  (11,5;13,2)  (7,13;6,9) (5,8;0,6) (9,7;29,2) (4,1;7,28) (10,9;11,4) (4, 14;27,3)
(1,15;18,6) (8,13;11,23) (4,12;6,15)  (2,14;2,18) (15,7; 23, 8) (3,11;15,28)  (2,5;14,29)  (4,6;19,24) (10, 14;24, 14)
(1,10;17,26)  (11,8;12,9)  (0,8;14,26)  (0,9;8,21) (4,10;5,13) (10, 6; 8, 0) (0,6;11,22)  (9,2;26,28)  (12,8;2,4)
(0,15:16,10)  (3,7:17,25) (10,87, 1) (5,0; 28, 24) (3,13;29,1) (15, 4; 26, 4) (14,1;21,11)  (9,15;7,24)  (12,10;28,18)
(2,7;24,11) (4,3:0,21) (4,7;16,1) (14, 8; 25, 8) (0,7,27,7) (9,3;10,13) (2,0;15,20) (9, 1;9,15) (7,12;3,21)
(1,8;29,13) (13,1;12,8)  (13,0;13,19) (11,7;26,0) (15,13;22,14)  (0,11;5,25) (9, 6;6,23) (3,10;9,2) (1,7;4,19)
(4,2;12,22) (15,2:0,13)  (11,14;6,19) (10,13;15,10) (8, 3;24, 22) (4,11;17,29)  (5,1;20,5) (5,10;25,3)  (7,14;10,5)
(14,0;4,9) (2,6;17,9) (2,11;8,3) (15,10;19,12)  (5,7;22, 18) (12,14;23,13)  (12,9;20,0)  (11,1:16,24) (10,06, 29)
(12,11;14,11) (6, 8;27,5) (9,13;5,3) (14,6;20,16)  (1,3;27, 14) (9,4;25,14) (5,6;1,26) (3,6;18,3) (3,155 11, 20)
(1,12;22,10)  (15,6;25,2)  (15,5;21,17)  (13,4;2,20) (13,11;7,18)  (12,2;19,1) (7,8;20,28)  (6,12;7,29)  (3,5;23,19)
(2,8;10,21) (12,0:12,17) (13.14:0,17) (6,13:21,28) (4,018, 23) (2,1;23,25) (14,9;22,1)  (13,5;4,16)  (12,15;9,5)
(10,2;27,16)  (11,15;27,1) (11,6;10,4)  (5,14;15,7) (3,14;12,26)  (5,9;12,27)



1,4;4, 25)

13, 7 17, 0)

8,
5,

9,

12,

13,8: 31, 12)
0,5; 19, 23)

2, 15; 20, 9)

10,0;7, 27)

4,12;20,1)

1,9;7, 28)

(2,0;21,25)
(5, 14)
(7, 1)
(15,1; 21, 27)
(8,2:2,11)
(10, 8; 10, 29)
(8, 3; 26, 20)
(13,4513, 7)
(6,15;3,8)
(1,2;31,19)
(14,2; 23, 18)
(4,7;21,24)
(1,145 13, 16)

0;2
2;1,
9;6,

,13;11,6)
1

(3,13;8,19)
(4,11; 19, 28)
(6,3;1,9)
(4,2;15,29)
(3,11;31, 25)
(9, 6; 23, 26)
(2,12;22,3)
(1,118, 30)
(11,8:4,15)
(5,13:22,5)
(7,3;16,2)
(9,14;25,2)

(5,7; 20, 3)
(14, 4; 6, 22)
(0,8;13,22)
(12,11;2, 18)
(2,11;13,17)
(11,7;7,10)
(3,10; 3,28)
(9,5;27,31)
(14,8;24, 3)
(7,1;5,23)
(1,6;22,17)
(9,2;12,8)

Lemma 8.12: There exists an SFS of typé, 2)%(2,2)°~¢ for eacha € {0, 1,.
Proof: Let V = 15 and S = I1s42,. V can be partitioned a¥ = U8 0{2z 2i 4+ 1} and S can be partitioned as

S = (U9 {4i,4i + 1,43 + 2,40 + 3}) U (US_,{24,2i + 1}). The required SFSs are presented as follows.
a=0:
(7,4;13,1) (9,6;1,14)  (10,12;3,9)  (9,17;0,3)  (9,0:4,15) (10,17;5,7)  (0,3;5, 10)
(12 15;1,7)  (15,5;3,12)  (14,16;3,4)  (17,15;9,2) (5,0;17,14)  (12,3;16,14) (11,4;3,14)
(10,7;2, 14) (9,14;12,5) (5,10;0,15)  (1,12;8,4)  (14,2;6,1) (15,4;16,8) (8,6;16,12)
(7,13;8,10)  (16,15;0,5) (14,10;17,8) (15,2;4,11) (13,2;0,7) (8,0;3,6) (1,4;11,15)
(9,12;11,17)  (11,8;0,2)  (13,10;16,6) (0,4;9,7) (10,6;4,13)  (14,1;9,13)  (14,0;16,2)
(16,8;11,1)  (2,4;17,12) (7,1;16,3) (5,12;6,2)  (8,7;17,5) (7,14;11,0)  (13,1;2,5)
(16,6;15,2)  (8,14;7,10) (6,12;0,10)  (17,2;8,14) (7,17;12,15)  (4,9;2,10) (15,11;13,17)
(6,11;5, 9) (6,3;8,11)  (16,2;9,10)  (3,7;4, 9) (9,16;13,6)  (15,1;10,6)  (5,16;7,8)
a=1
(4,11;5,1) (7,4;10,15)  (14,4;9,18)  (9,3;13,0) (2,1;17,14)  (11,8;0,7) (4,0;19,14)
(11,16;6,15)  (15,17;4,9)  (6,13;17,7)  (7,17;16,7)  (11,1;10,4)  (12,11;17,3) (4,2;16,0)
(2,14;3,6) (14,11;11,2)  (15,7;1,12) (0, 8;6,16) (1,7;18,13)  (1,5;9,5) (14, 3;19,10)
(17,3;1,15)  (12,8;9,2) (14,5;1,14)  (11,3;18,8)  (1,15;19,6)  (16,10;1,9)  (13,8;1,8)
(14 16 8,13) (6,16;10,0)  (4,17;17,11) (3,6;12,6) (0,15;5,13)  (10,9;6,17)  (9,11;16, 14)
(6,4 ) (3,10;3,16)  (6,10;15,19) (5,8;12,19)  (0,13;10,18) (7,13;6,2) (6,15;3,11)
(12, 17 0,6) (8,15;18,15) (0,2;7,8) (10,15;10,2)  (15,3;14,7)  (17,9;5,8) (14,1;7,15)
(7,2;19,11) (9, 16;4,7) (9,2;15,9) (2,6;18,1) (8,7;4,17) (12,10;18,7)  (3,0;9,11)
(17,5;3,10)  (2,17;12,2)  (5,13;13,16) (10,13;0,4)  (1,16;16,12) (12,4;8,12)  (1,10;8,11)
a =
(12,4;21,15)  (8,1;8,17) (10,3;1,13)  (1,7;7,21) (4,2;16,18)  (12,16;7,2) (9,158, 4)
(12,1;10,4)  (14,8;11,16) (2,7;3,19) (17,0;9,7) (0,7;5,8) (16,13;11,3)  (15,17; 3, 14)
(1,13;5,14)  (6,15;15,12) (10,4;19,7)  (0,13;18,12) (5,6;3, 18) (4,8;20,3) (11,6; 20, 5)
(4,3;14,12)  (16,9;17,14) (14,3;21,3)  (6,3;17, 0) (8,0;4,14) (11,9;7,3) (2,8;9,2)
(17,6;16,4)  (3,12;8,18)  (8,5;5,21) (8,15;7,10)  (16,1;16,13) (17,14;15,17) (10,5; 20, 4)
(11,15;16,9)  (2,13;20,0)  (5,2;12,11)  (17,12;12,0) (16,7;6,12) (16, 14;8,0) (0,2;13,15)
(17,2;10,1)  (12,9;20,11) (17,8;6,19)  (7,15;13, 20) (11,14;2,12) (0, 3; 16, 20) (5,11;10,17)
(4,7;4,17) (10,1;12,9) (0,6;19,21)  (13,6;7, 13) (9,5;1,16) (11,17;13,8)  (0,9;10,6)
(10,13;8,10) (16,10;5,18) (3,16;10,15) (5,14;14,7)  (1,17;11,18) (2,6;14,8) (3,13;19,9)
(15,3;11,2)  (6,16;9,1) (5,13;2,15) (13, 14;1 ,4)  (8,11;1,18)  (4,11;0,11) (7,8;0,15)
a=3:
(8,12;2,9) (0,14;15,8) (17,10;8,2)  (12,1;16,15) (3,16;17,9) (11,1;10,12)  (8,1;7,19)
(3,5;22,1) (10,13;13,11) (11, 9;4,2) (15,3;0,15)  (14,9;22,7) (0,8;18,11) (17,8;17,3)
(16,15;11,19)  (13,14;2,10)  (3,10;12,20) (4,15;2,14)  (12,2;0,22) (2,10;9, 15) (15, 0;6,13)
(13,0;17,22)  (3,1;13,18) (3,6;2,11) (15,8;8,22)  (5,1;20, 14) (4, 620, 15) (0,11;9, 20)
(14, 6;16,9) (5,2;2,12) (3,8;10,16)  (8,11;1,5) (0,17;7,12) (6,13;5,0) (12,3;21,8)
(0,10;5,14) (9,12;20,13)  (2,16;20,8)  (13,1;4,8) (14,16;14,12)  (16,4;13,3) (6,9;6,8)
(6,15;10,17)  (7,13;9,3) (0,7;16,23)  (4,17;16,21) (7,5;5,15) (17,12;10,14) (15, 10;7, 23)
(14,4;18,1) (5,15;3,4) (1,17;9, 6) (6,0;21, 4) (6,10;19,1) (5,12;17,23)  (15,17;18,5)
(9,16;5,16) (14,11;6,23)  (2,11;21,13)  (2,15;16,1)  (14,8;13,0) (10, 5; 21, 0) (6,2;3,23)
(9,1;21,23) (9, 10; 3, 18) (7,1;11,22)  (15,9;9,12)  (11,16;0,18)  (14,3;3,19) (4,9;19,0)
(8,13;12,21)  (5,13;16,6) (2,9;11,17)  (4,7;17,7) (4,10;6,22) (7,8;6,20)
a=4:
(13,6;11,23) (5, 10;4, 23) (17,13;22,17)  (15,12;9,18)  (9,14;10,25) (17,0;21,5)  (13,1;13,24)
(11,16;6,14)  (4,15;12,6) (5,7;5,25) (7,4;24,0) (6,10;16,10)  (1,15;8,4) (16, 0; 22, 4)
(14,3;20,1)  (9,10;11,5) (14,1;5,19) (7,15;7,19) (17,2;20,8) (15,10;1,25) (17,8;23,7)
(9,7;6, 2) (2,11;25,3) (6,9;9,4) (1,5;6,18) (17,9;12,18)  (6,16;18,7)  (15,5;16,21)
(3,10;14,22)  (14,16;2,21)  (6,4;22,5) (14,13;8,14)  (9,3;15,21)  (2,16;23,0)  (14,7;17,18)
(0.4;16,18)  (11,12:2,11)  (11,6;1,24) (14,11;13,4)  (13,11;5,16)  (2,14;16,11)  (11,7;22,21)
(12,4;17,19)  (16,12;8, 5) (14,8;6,15) (15,2;24,17)  (6,8;21,3) (9,5;22,1) (15,17; 3, 13)
(7,10; 3, 8) (12,3;10,24)  (12,0;23,25)  (10,8;2,24) (5,2;2,13) (10,0;17,7)  (1,2;14,10)
(11,17;0,10)  (8,2;18,22) (5,14;7,24) (12,17;14,16)  (14,10;0,9)  (5,16;3,20)  (1,16;9,16)
(17,7;11,4)  (15,16;15,10)  (12,8;1,4) (10,2;21,12)  (2,7;1,9) (3,13;3,18)  (8,15;5,0)
(2,13;15,19)  (8,5;19,14) (9,16;19,13) (4, 3;25,13) (11,0;15,9)  (0,13;6,10)  (4,1;23,21)
(0,3;19,12)  (4,11;7, 20) (12,1;7,22) (1,8;11,12) (12,1453, 12)

6,5;2,7)
5,10; 30, 17)
6,2;27,10)
9,12;9,5)

0, 6529, 24)
12, 10; 6, 14)
6,12; 11, 28)
0,12;31,8)
9,10;13,4)
6,11; 16, 6)
5,3;0, 15)
11, 0; 14, 26)

NN AN S S S S S S S S

9},

(12, 5; 21, 16)
(10, 13;18, 1)
(11,13;9, 3)
(11,15; 24, 5)
(3,030, 10)
(15, 13; 23, 2)
(8,45 14, 23)
(6,145 0, 20)
(10,15; 16, 11)
(7,14;19,11)
(3,1;29,11)
(8,6;21,5)

(0,17; 11, 13)
(16,1512, 14)
(2,12;15,5)
(13,6;3,17)
(2,5;16,13)
(11,17;6,4)
(8,3;13,15)
(0,11;8,12)

(6,12;16,5)
(16,3;17,2)
(0,14; 12, 4)
(9,12;1,19)
(16,13;5,11)
(13,9;3,12)
(4,8;13,3)
(9,52, 18)
(5,12;4,11)

(7,9;1,10)

(11,6522, 14)
(12,1651, 6)
(17,13;20,1)
(14,12; 11, 4)
(13, 3;14, 23)
(7,2;18,14)
(12,11;3,7)
(12,4;12,5)
(10, 16; 10, 4)

(8,13;9,25)
(3,165 11, 17)
(10,12; 6, 13)
(17,3;9,2)
(9, 0; 24, 20)
(4,9;3,14)
(11,5;17,12)
(10, 1; 20, 15)
(7,3;23,16)
(9,13;7,0)
(9,11; 8,23)

e e et

29

(6,10;25, 19)
(1,8;9,6)
(12, 3; 13, 23)
(15,450, 26)
(8,15;1,7)
(0,7;18,28)
(10,1; 15, 26)
(0,9;20,15)
(2,13; 28, 16)
(15,12;19, 15)
(3,14; 21, 14)
(13,1520, 14)

13,5;11,9)
3,1;7,17)
8,13;4,14)
4.3;0,6)
10,3;1,12)
17,511, 10)
11,13;1, 15)
9,11;7, 16)

5,15;8,0)

(12,10;6, 3)
(1,14;6, 20)
(5,12;19, 13)
(0,10; 17, 11)
(9,79, 18)
(6,4;2,6)
(9,10; 21, 0)
(9,1;19,15)
(4,14; 13, 10)

(17,11;15,11)
(13,16;7, 15)
(16, 7;2,21)
(5,17;19,13)
(11,7;19,8)
(7,17;0,4)
(4,8;23,4)
(5,6;7,18)
(0,2;19,10)
(1,14;5,17)



a=>5:

(16,11;22, 14)
(12, 10; 0, 16)
(0,10;17, 26)
(9,12;25,12)
(13,9;0,27)
(11,3;17,1)
(2,17;23,9)
(15,12; 7, 26)
(13,10;11,7)
(1,4;16,22)
(3,5;2, 26)
(17,15;13, 1)
(11, 13; 18, 25)

a = 6:

(6,1;24,7)
(16,10; 24, 16)
(7,165 4, 26)
(2,7;25,20)
(12,9;9,15)
(13,11;2,19)
(13,10;17, 8)
(15,10;0, 25)
(8,13;10, 28)
(13,4; 18, 26)
(5,7;29,3)
(16,1513, 23)
(2,8;3,11)
(3,16;1,18)

a="1.

(10, 17; 13, 28)
(6,11;1,31)
(8, 4513, 30)
(12,4;5,0)
(3,4;1,15)
(3.8:2,23)
(1,4;7,27)
(15,10; 14, 0)
(13,17: 0, 22)
(17, 5;6, 15)
(14,12;1,8)
(0,3:26,9)
(5,1; 4, 28)
(6, 5;29, 24)
(0, 2; 20, 28)

a=8:

(7,9;28,6)
(16, 1; 27, 22)
(8,3;22,24)
(15, 11526, 10)
(2,13;9,20)
(5,2;2,29)
(15,12; 4, 3)
(6,9;2,9)
(3,15;2,12)
(6,1;24, 5)
(0,17; 13, 28)
(12, 17; 14, 20)
(16,12;17,2)
(0, 5; 26, 22)
(2,4;15,28)

a=29:

(17,2;9,0)

(3,5;26,19)
(1,7;31,25)
(13,1; 30, 21)
(12,2520, 1)
(13,17; 19, 2)
(11,14;1,15)
(3,1;28,17)
(3,12;0,29)
(8,5;35,25)
(9,1;15,22)
(6,17;18,8)
(16,11;2,7)
(6,13;9,20)
(7,4;23,27)
(14,2; 32, 18)

,2;15,16)
,11;26,11)
2,4;21,14)
1,14;4,13)
,16; 24, 5)
4,3:16,9)
,9:13,9)

,11;3,9)

7,9:5,3)

7,13;16, 4)
,0;24,14)
2,17;17,6)
7,16; 25, 16)

(0
(7
(1
(1
(8
(1
(0
(8
(1
(1
(5
(1
(

4,15;29,12)
5,2;19, 26)
1,10; 11, 28)
3,4;19, 23)
7.10; 7, 18)
13, 16;5,0)
2,9;27,23)
13,7;23,9)
16,2; 12, 10)
8, 16: 7, 20)
9;21, 28)
1,3;27,11)
0,16)

23, 25)

(
(
(
(
(
(
(
(
(
(
(7,
(1
(4,12;
(5, 8;

16510, 21)
6; 10, 30)
7: 30, 4)

12; 10, 15)

0,
7, 6 20, 16)
0,

9:12, 24)
1,14;31,24)
12,0;5,12)
17,11; 19, 15)
0,14; 16, 9)

(0,
(
(5,
(8,
(9,
(9,
(0,
(
(
(5,
(
(
E
(11,13; 7, 28)

(3,0;10,12)
(8,1;26,33)
(15, 8;0,10)
(13,15;16,12)
(8,165 12, 5)
(0, 4; 24, 28)
(13,10; 35, 17)
(1,17; 16, 27)
(15,3;35,1)
(7,5;17,34)
(8,3;8,27)
(10, 3; 15, 31)
(4,17;13,1)
(11,3; 14, 18)
(14,0; 13, 22)
(14,17;7, 26)

(6,15 10, 27)
(14,10;1,5)
(6,3;25,3)
(1,8;6,12)
(4,0;25,5)
(13,4; 26, 13)
(10, 6; 22, 6)
(14,6; 2, 8)
(4,9;4,1)
(12,1;11, 4)
(13,14; 10, 20)
(14, 8; 26, 15)
(5,16;1,7)

(0,10; 27, 13)
(10,12; 5, 26)
(13,15; 16, 6)
(10, 9; 29, 6)
(4,14; 24, 13)
(6,8;9,0)
(1,4;27,25)
(2,115 28,0)
(15, 6; 2, 20)
(6,2;22,16)
(14,9; 10, 0)
(16,65 17, 27)
(9,13;3,14)
(8,10;1,14)

(2,8;29,10)
(11,16;12, 4)
(3,9;21,12)
(9,2;24,13)
(15,2522, 3)
(4,0;22,19)
(11, 12; 30, 15)
(5,2;31,12)
(0, 15; 30, 12)
(15,11; 25, 6)
(11,8;26,11)
(16, 5; 26, 19)
(8,0;31,15)
(13,8;3,7)

(6,10;2,4)
(11,17; 11, 30)
(9, 6; 26, 30)
(2,9;29,10)
(11,12;4,8)
(5,11;3,12)
(6,0;19,27)
(15,10; 13, 8)
(14,12; 14, 34)
(11,1; 10, 13)
(5,17; 15, 21)
(7,145 0, 33)
(12,0; 21, 35)
(12,16; 10, 15)
(4,10;19,7)
(9,7;7,21)

(17,10; 2, 25)
(7,2;2,17)
(8,6;1,11)
(13,2512, 3)
(14,4518, 3)
(0,145 19, 6)
(15,16; 3, 4)
(0, 6; 20, 4)
(15,65 19, 0)
(5,1;17,25)
(8,17;0,22)
(4,8;20,2)
(7,13;1,9)

2

0; 15, 4)
15;7,22)
,1;19,21)
.12 20, 10)
.15;5,13)
7,15;1,23)
3,5:27,7)

(14
(
(
(
(
(
(
(
(
(
(
(
(0, 8526, 29)

(15,65 9,27)
(17,1; 29, 26)
(2,70, 26)
(6,2;2,8)
(10, 13; 19, 29)
(15,17; 10, 2)
(10,1; 12, 10)
(15,16; 7, 13)
(7,4; 4, 25)
(12,0;11, 13)
(4,13;28,21)
(16,12;2,9)
(17,7; 16, 20)
(8,17;8,21)

17,1;21, 6)
4,3;13,23)
13,8;29,21)
8,7;23,3)

,13;13,1)
7,7;24,2)
2,3;11,29)
2,5;23,18)
3,9:22,10)
,6:26,21)
4,5;19,14)
,8; 28, 4)

13,17, 21)
,10;17, 24)

NN AN AN S N AN S S S S S S

5
1
1
1
1
2
1
1
5
2

(15, 65 34, 3)
(11,45 29, 33)
(0,2;34,11)
(4,3;30,2)
(14,3; 11, 21)
(0, 54, 29)
(9,12; 33, 28)
(1, 10; 34, 18)
(9, 14; 35, 8)
(1,15; 14, 11)
(6,145 5,10)
(7,8;3,4)
(14,13;3,6)
(2, 8;30,22)
(0,9;9,31)
(13,7;10,1)

2,4;27, 24)
13,3;21, 24)
6,9; 24, 26)
15,11;27, 16)
14,9;14,7)
,8;7,27)
1,1;23,7)
2,2;1,10)
3:23,15)
7,22, 5)
T1:21,15)
0; 10, 21)

D i T e T S e e e

0
1
1
9,
15,
17
15

s

7,521, 5)

(7,1;8,19)
(4,102, 16)
(5,11;7,0)
(11, 4; 14, 29)
(8,12; 12, 20)
(14,11;13,17)

(11,0;4,18)
(17,3;10, 18)
(14,8;20, 11)
(16,2;8,16)
(13,16; 23, 14)
(11,7;29,9)
(0, 15; 15, 24)
(10,14;12, 4)
(13,14;2, 15)
(8,2; 25, 30)
(8,11;13, 8)
(14,7;0,18)
(1,15; 30, 8)
(7,15;25, 17)

4,9;34, 20)
16, 7; 19, 28)
11,0;25, 16)
16, 5; 30, 14)
6,11;31,0)
5,9;1,23)
9,10;27, 11)
17,105 6, 10)
9,3;3,13)
4,14;17,12)
16, 9; 25, 0)
16, 14; 27, 20)
4,8;31,21)
10, 14; 25, 9)
4,16;26,4)
11,8;9, 34)

P e e e T e T e e T T e

4,16;17,12)
,7;23,4)
,10;24, 8)

6,4;6,21)
5,11; 4, 10)
3,6;11,21)
,9;22,1)

Ul = =

12,17;12,11)
8,14;21,2)
12,14;17, 1)
7,1;10,17)
17,13; 20, 13)

(

(

(

(

E
(11, 16; 14, 25)
(

(

(

(

(
(3,17;14,17)

(7,9;9,31)
(9,11; 3, 28)
(11,13;5,8)
(9,14;0,11)
(12, 3; 22, 28)
(8,144, 27)
(8,10;9, 6)
(14, 3; 14, 10)
(11,7;2,24)
(6,17;4,11)
(9,5;2, 20)
(13,16; 14, 16)
(14,10; 15, 26)
(9,15;8,15)

(1,2;19,23)
(3,165 3, 20)
(15,8; 14, 0)
(5,17;7,27)
(12,10; 28, 9)
(1,115 11, 17)
(8,10;7,2)
(16, 5; 0, 28)
(0,7;27,20)
(7,12;21,7)
(9,165 29, 4)
(0, 10; 25, 29)
(15,651, 22)
(15,4;7,19)

(8,12;13,2)
(1,2; 35, 12)
(5,12;18,5)
(17, 3; 20, 25)
(13,16;31, 11)
(0,16; 23, 18)
(11, 15; 17, 27)
(17,15; 23, 4)
(13,8;7,29)
(8,10;1,32)
(2,13;15,23)
(6.2; 25, 28)
(17, 8;28, 14)
(16, 1.8, 6)
(8,14;23, 24)
(16, 6;21, 1)

)
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6,12;9,5)

(6,10;25, 18)
(12,17;17,7)
(2,1;11,14)
(14,6530, 7)
(9, 6;26,22)
(3,16;29,17)
(7,15; 11, 21)
(11,2; 19, 27)
(3,15;19, 31)
(6,3;0, 16)
(12,9; 14, 23)
(10,12; 4, 31)
(16,1; 15, 22)
(0,105 24, 5)

6;33,23)
15;19, 32)
5; 24,6)

,6;35,16)
5:31,27)

2,
5,

2;21, 26)
7:5,24)
15: 20, 18)
,4;14,3)
3,11; 5, 28)
,12;22,6)
10, 12; 12, 30)
. 14:4,19)

3
1
1
4
2,
15

10,

7,
2
1
4

1
5
2,11; 24, 19)
13,0; 32, 8)

(3,14;28,8)
(1,17; 15, 26)
(0,165 11, 22)
(6,14; 18, 23)
(5,15;18, 28)
(14,10; 4, 9)
(3,9;13,26)
(5,11;17,13)
(9,15;24,11)
(4,11;15,7)
(10, 17; 10, 19)
(14,7;11,6)
(6,115 6,26)

0,2;30,17)
L 15:1,24)
5,5; 16, 23)
7,14;24,19)
4,4;31,23)
,16; 10, 6)
6,4;24,18)
6,14;5,20)
)55 14, 22)
,13;11, 18)
1,17;9, 18)
4,1;9,21)
,13;31,13)

1
8
1
1
1
9
1
1
8
3
1
1
1
14, 5;3,18)

NN AN AN S N AN N S S S S S

(4,16524,1)
(17,13;4,8)
(9,10;5,26)
(14,17;22,17)
(2,14;27,3)
(17,8;1,5)
(13,15;5, 31)
(2,11;1,14)
(16,14;5,13)
(0,6;11,23)
(17,15;23,9)
(9,12;1,31)
(7,16;11,19)
(2,15;11,18)

0; 30, 6)
6,3;24,16)
5,4;25,15)
6; 24, 29)
13;0, 18)
1;5,32)
12;7,17)
7,12;3,31)
45,16, 2)
3;32,9)
16;13,17)
159, 22)
,78,2)
1;20,7)
111526, 35)
1

(7,
(1
(1
(1,
(4,
(4,
(6,
(1
(14,
(7,
(2,
(16,
(2
(5,
(7
(0,15;7,33)

30

10, 8;13,10)
15,10; 12, 23)
17,6518, 7)
3,17;14,11)
2, 1; 26, 20)
1,13;5,19)
7,17; 20, 24)
0,17;12,8)
7,145 21, 27)
11,5;12,5)
13,15;15,17)
6,4;17,23)

e T e L e T e L L e

4,2;25,16)
2,1;6,16)
28, 5)

.8
3:30, 27)

1

1

6,8;

7,35
14,7;22,6)
1,6;23,17)
12, 6; 10, 19)
5,13;30,1)
16,10;27,11)
0,9;4,29)
0,17;25,14)
12,2;18,21)
7,0;7,18)
16,7;1,28)

P e T T e Lo e e T

3,13; 16, 30)
1,14;10,7)
12, 14; 30, 6)
4,8;12,6)

4,7:5,22)

4,12;16,0)
9,11:3, 30)
5,10;31,3)
13,10;0,11)
6,16;7, 18)
14, 4; 21, 25)
11,6:6,0)

15 5 6,20)
11

(
(1,
(
(
(
(
(
(
(
(
(
(
(
(11, 4;27,2)

6,10; 3,29)
,10; 14, 26)
2,1;9,23)
5;22, 32)
7,0;5,17)
17,12, 24)
0; 15, 20)
3,0:4,14)
9:32, 6)
17; 29, 22)
13;34, 22)
2:16, 33)
7,16,11)
8:6,11)
15:2,5)
13;13,33)

a
(0
(1
(6
(1
(9
(8
(1
(11
(7,
(3,
(10,
(12,
(6,
(9,
(5,



C. HSAS(s, v; 3,3) and HSAS(s, v; 5,

3) with v € {11,15,19}

Lemma 8.13: There exists an HSAS, 11; 3, 3) for eachs € {11,13,15,17,19}.

Proof: Let V =1;; andS = I,. Let W = {8,9,10} andT = {s —

of points fromV and indexed bys are presented as follows.

s=11:
(3,5;2,10)  (6,2;4,3) (4,8;1,2) (8,7;6,
(8,3;4,7)  (5,6;5,9)  (0,656,10) (3,9;5,
(1,7;7,10)  (10,0;1,5) (6,9;7,2) (5,18,
s=13:
(10,5;2,3)  (9,0;9,0) (10,4;5,7)  (2,4;4,12)
(5,1;9,7) (9,3;1,7) (1,6512,8) (5,054,
(3,5;12,6)  (6,5;11,1) (4,7;1,3)  (2,5;8,0)
(2,7;7,10)
s=15
(7,4;8,7) (5,6;4,9) (3,4;3,5)  (4,5;0,14)
(0,9;8,9) (8,7;0,9) (8,3;7,10) (2,7;5,12)
(5,8;3,8) (1,3;12,6)  (9,6;10,3) (1,10;8,4)
(10,5;6,10) (1,4;13,10) (6,7;13,1) (0,1;3,2)
s=1T7:
(2,10;1,7)  (2,7:;16,9) (2,6;14,11) (5,3;3,16)
(10,0;8,5) (5,4;14,5) (7,6;12,0) (8,3;2,11)
(7,3;15,6)  (5,10;4,9) (4,8;12,7)  (7,9;5,2)
(0,2;15,13)  (1,0;7,16) (4,1;9,15)  (8,7;13,8)
(0,9;3,4)
s =19:
(6,5;13,2)  (2,9;6,1) (6,3;1,16)  (3,0;7,5)
(1,0;17,1)  (8,0;13,12) (4,9;11,5)  (0,6;3,14)
(1,4;4,6) (4,0;10,2)  (5,2;17,5)  (0,7;11,18)
(1,10;12,5) (2,8;15,4)  (6,1;15,11) (3,10;2,15)
(0,2;16,9)  (8,6;9,5) (10,0;4,8)  (8,4;3,8)

Lemma 8.14: There exists an HSAS, 15; 3, 3) for eachs € {15,17, ...,
Proof: Let V =I5 andS = I,. Let W = {12,13,14} andT = {s —
pa|rsi50f points fromV and indexed bys are presented as follows.

s =

(12,9:1,0)
(0,8;8,14)
(8,6;0,6)
(14,1;4,11)
(14,9:8,2)
(4,14;1,7)

s=1T7:

(12,10;1,0)
(3,2;2,12) (
(11,9;1,11) ¢
(7,14;12,8) (
(5,14;11,7) (
(1,0;10,14) (

s =19:

7,12;7,6)
16,0)
10, 14)
15,1)
5,11)
1,6)
12;15,3)
11;14,5)

0;
14;
11;
5;
6;

(

(6,

(8,
(0,
(13,
(14,
(8,
(2,

s = 21:

(8,14; 13, 6)
(6,8;18,10)
(4,9;8,17)
(8,11;12,17)
(2,14;17,3)
(0,3;2,6)

(14,1;0,2)
(8,3;7,11)
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(2,9;1,0) (6,3;0,8) (4,7:8,3)  (3,7;9,1) (5,10;3,7)  (2,1;6,9)

(1,8;3,0) (4,10;6,0) (0,2;8,2) (1,10;2,4) (4,2;5,10) (0,4;7,9)

(0,7;0,4) (5,9:4,6)

(0,6;7,3) (0,7;12,2)  (7,659,5) (3,10;8,4) (8,1;1,4) (2,1;2,11)

(10,1;6,0)  (4,056,11) (7,3;0,11)  (9,2;5,3) (8,3;9,3) (8,6;6,2)

(1,3;10,5) (9,4;8,2)  (4,6;0,10) (10,29,1) (9,7;6,4) (8,0;5,8)
(7,0;14,10)  (4,6;12,11) (0,3;11,1) (2,8;6,1) (1,8;11,5) (9,7;6,2)
(9,2;7,11)  (3,9;4,0) (0,6;6,0)  (4,10;9,1)  (10,6;7,5) (3,6;14,8)
(10,2;2,0) (5,3;13,2) (4,8;4,2) (7,10;3,11)  (5,9;1,5) (2,1;9,14)
(0,2;4,13) (0,5;7,12)
(2,5;10,0) (1,3;4,5) (0,5;12,2)  (10,1;13,2) (4,2:;4,6)  (8,6;10,4)
(8.2:5,3)  (10,7;11,10) (4.0;11,0)  (9,1;11,12) (10,6;3,6) (4, 6;16,2)
(4,9;8,10) (6,1;8,1) (8,1;0,6) (6, 9;1379) (9,5;1,6)  (0,8;1,9)
(4,3;13,1)  (3,9;0,7) (0,3;10,14)  (5,6;15,7)  (3,2;12,8) (7,1;3,14)
(5,9;12,3) (4,6;12,18)  (0,9;0,15)  (6,7;17,4)  (6,9;7,10) (7,2;12,14)
(10,6;0,6)  (4,2;0,13) (4,5;16,15) (3,2;18,8)  (5,8;0,11) (9,1;8,13)
(8,3;10,6) (1,5;18,10)  (8,1;14,2)  (3,4;17,14) (4,10;9,7) (9,7;9,2)
(5,3;9,4)  (2,10;11,10) (2,1;3,7) (5,10;1,14)  (1,7;16,0) (10,7;13,3)
(7.81,7)  (5.7:6,8)

[ |
27},

,8:5,13)  (10,12;6,9) (6,14;3,9)  (5,1;10,1)  (4,13;6,10)  (11,2;14,1) (11,9;13,6) (9,6;11,5)  (0,5;0,9)
,0;13,3)  (10,1;0,13)  (11,4;11,2) (2,1;6,12)  (10,4;14,3)  (12,2;7,2)  (3,5;12,11) (4,5;8,13)  (7,5;7,4)
14;0,10)  (1,8;3,2) (0,10;11,7) (11,12:;4,8) (12,8;10,11) (7,1;9,14)  (2,3;9,8) (10,7;2,12)  (12,5;5,3)
1,6;7,12)  (9,13;3,4)  (2,4;4,5) (8,10;1,4)  (13,7;11,0)  (0,14;6,5)  (4,8;12,9)  (11,13;5,9) (9,3;14,7)
,3;13,4) (0,13;2,1)  (13,1;8,7)  (3,11;0,3)  (0,9;10,12)  (3,7;1,6) (6,5:2,14)  (7,6;8,10)  (3,10;5,10)
,5;14,1)  (11,13;10,0) (7,0;1,5) (0,637,6) (13,8;1,4)  (9,5;9,15) (2,10;5,14)  (5,4;12,16)  (8,14;10
1,0:8,16) (10,7;11,16) (1.11;15,7) (4.3:11,15) (5,1;0,3) (4,13;5,9) (2,8;16,7)  (5,12;5,10) (9,0;4, 12
,6;0,15)  (3,13:7,8) (5,7;4,6) (9,2; 10, 8) (11,8;14,6) (10,5;8,2) (10,8;3,12) (1,3;13,9)  (6,1;2,16
,11;4,9) (8,138, 11) (3,8;0,5) (12,11;12,13)  (13,1;12,6)  (12,4;2,6) (13,9;2,13)  (10,6;9,10) (2,14;1,6
2,6;4,11) (6,7 13 14)  (13,0;3,11)  (9,4;0,14) (9,3;16,6)  (7,8;15,2) (1,14;5,4)  (7,3;10,3)  (12,7;7,9
0,4;4,7)  (4,6;8,1) (6,9;5,3) (4,2;3,13) (0,14;9,0)  (0,10;13,15) (11,14;2,3)
(2,12;8,2) (0,9;4,2) (10,2;12,15) (3, 5;10,6) (6,13;10,4)  (5,12;1,9) (7,13;8,12)  (7,14;15,4)
(10,12;14,4) (11,7;0,2)  (5,8;16,8) (13,10;13,2) (7,09, 14) (14,9;0,12)  (4,13;0,1) (10,3:1,5)
(9,10;8,9) (11,6;18,7)  (3,4;3,18) (3,12;13,11)  (11,3;9,12)  (3,13;14,7)  (4,8;2,11) (1,0;11, 6)
(10,6;17,11)  (4,1;17,14)  (5,1;7,4) (6,5;2,12) (2,8:4,6) (10,7:18,10)  (11,9;17,10) (4. 12; 10, 12)
(8,7;13,1) (1,3;16,15)  (9,6;14,15)  (0,10;3,7) (14,11;3,13)  (8,6;5,9) (1,6;8,3) (9.7: 11, 16)
(9,1;18,13)  (8,3;0,17)  (0,14;8,5) (4,2;16,9) (5,4;13,15)  (1,2;10,1) (5,7;17,3) (12, 1; 5 0)
(0,8;18,12)  (1,14;9,2)  (4,11;8,4) (10,11;16,6) (9, 13;3,6) (5,2;0,18) (2,0;17,13)  (4,9;5,7)
(2,14;7,11)
(12,6515, 1) (0,7;17,20)  (6,11;8,13) (7,11;4,18)  (7,1;14,10) (0,13;8,0)  (8,7;19,2) (5,2; 18, 15)
(8,0;15,4) (12,5;12,6)  (13,10;10,16)  (4,1;4,20) (3,11;5,15)  (6,3;9,19)  (1,13;15,6)  (7,2;16,11)
(9,8;9,16) (4,11;19,3)  (3,14;8,12) (6,2:6,4) (3,10;3,14)  (5,8;8,3) (4,62,5) (4,5;1,0)
(11,12:14,16)  (10,4:6,18)  (0.4;12,13) (0,10;1,19)  (1,6;16,12) (13,11;1,7) (9,5;4,5) (9,115 11, 6)
(1,10:8,7) (3,13:17,4)  (12,0:5,11) (11,10;9,20) (7,14;7,5)  (2,11;0,10) (8,13;14,5)  (4,2;9,14)
(4,14;16,15)  (9,6;20,7)  (2,10;12,5) (0,1;9,18) (9,2:19,13)  (5,14;10,9) (7,12;3,0) (10,14; 11, 4)
(13,5;2,13) (2,8;20,1)  (0,5;14,7) (5.1:19,11)  (12,2;2.8)  (3.9:0,18)  (14,9:14,1)  (6,13;3,11)
(3,5;20,16) (9,10;2,15)  (7,13;9,12) (9,0;10,3) (6,10:17,0) (12,4;7,10) (1,12:13,17) (3.7:1,13)

3,s —2,s—1}. The desired HSASs filled with pairs

3,8 — 2,8 —1}. The desired HSASs filled with
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s =23:
(9,4;18,4)  (13,6;8,12)  (4,1;15,12)  (7,6;15,13)  (10,7;17,11) (10,2;15,20)  (14,9;19,0)  (0,2;21,17)  (13,9;2,9)
(9,1;6,8) (11,12;5,8)  (7,13;0,14)  (12,7;6,12)  (8,0;8,20) (6,3;6,21) (14,0;5,16)  (7,5;4,1) (1,7;20,7)
(3,0;2,19)  (8,14;9,17)  (14,5;11,6)  (8,5;2, 18) (10,4;5,22)  (13,11;13,16) (14,2;12,18) (1,12;0,3) (3,8;13,7)
(3,14;4,8)  (7,9;3,21) (12,9;17,13) (4, 3;3, 20) (4,11;21,19)  (2,1;14,13) (8,13;11,3)  (5,13;5,17)  (6,5;20, 19)
(6,1;16,17) (0,13;18,15) (5,3;10,14)  (2,7;19,16)  (7,8;10,5) (6,8;0,1) (10,1;19,18)  (10,11;14,2) (5,12;16, 15)
(4,8;16,6)  (11,5;12,9)  (11,1;1,22)  (0,9;12,14)  (14,4;14,1)  (9,6;11,5) (0,10;6,1) (12,6;18,10)  (12,4;7,2)
(6,2;3,2) (1,14;10,2)  (3,10;12,16) (4,7;8,9) (2,9;7,1) (9,11;20,10)  (5,2;8,22) (6,059, 22) (9,8;22,15)
(4,2;11,0)  (1,3;5,9) (5,0;3,7) (6,10;7,4) (0,4;10,13)  (3,11;17,0) (11,14;15,7)  (10,5;0,21)  (8,12;19, 14)
(3,7;18,22)  (12,3;11,1)  (1,8;21,4) (10,14;3,13)  (11,0;4,11)  (2,13;6, 10) (2,12;4,9)

s =25
(3,7:3,17) (9,8;11,1)  (5,10;8,1) (9,1;16,22)  (8,11;21,24) (4,3;5,24) (4,5;17,23) (8,145, 8) (12,05 1, 20)
(14,10;6,10)  (0,13;13,4) (14,0;21,19) (11,4;11,10) (4,10;19,20) (1,7;1,24) (8,10;2,7) (12,10;13,0)  (13,4;2,8)
(0,8;22,15)  (5,8;16,14) (11,13;9,1)  (12,5;6,12)  (2,14;3,13)  (2,13;16,0)  (6,13;10,7) (6,11;13,23)  (7,11;7,22)
(8,12;19,3)  (1,8;9,13)  (3,10;22,9)  (2,4;22,1) (9,0;17,8) (7,10;14,15)  (9,3;7,18) (6,0;24,11) (14,652, 18)
(7,0;2,10) (2,8;20,4)  (1,13;15,11) (7,14;0,4) (1,14;17,20)  (12,11;5,17)  (5,3;15,4) (6,5;22,21)  (11,14;14,12)
(11,0;16,18)  (12,7;11,9) (9.2:12,21)  (6.10:16,12) (9. 4; 14, 0) (14,4;15,9)  (10,13;17,21) (3,14;1,16)  (7,13;12,19)
(3,13;14,20) (2,6;15,8)  (4,0; 12 3) (2,5;5,10) (6,8;17,0) (1,4;7,21) (2,1; 14, 2) (6,7;5,20) (7,413, 16)
(2,10;18,24)  (4,8;18,6)  (0,2;9,7) (7,2:6,23) (1,11;3,4) (11, 3;6, 8) (12,6314, 4) (9,12;10,15)  (1,6;19,6)
(9,13;6,5) (10, 9; 23, 4) (5,13 18,3)  (1,0:23,5) (8,3;12,23)  (5,9;24,13)  (9,6;9,3) (12,1;18,8) (5,14;11,7)
(2,3;19,11)  (3,122,21) (11,9;2,19)  (1,3;0,10) (5,115 0, 20)

s = 27.
(3,12;0,23)  (1,7;0,22) (6,13;6,17)  (7,2;17,23)  (11,8;0,11)  (1,11;24,10) (14,2;3,11)  (3,14;12,15) (6, 8;12,14)
(14,8;9,20)  (8,5;18,26)  (13,1;2,11)  (6,7;24,1) (1,14;13,18)  (6,0;8,22) (7,916, 5) (12,5;11,12)  (5,2;21,15)
(5,3;2,8) (8,116, 3) (13,10;23,5) (0, 8;23,4) (3,1;7, 26) (5,1;9,1) (5,7:6,13) (14,11;16,1)  (2,13;0,10)
(3,7;4,11) (10,5;10,16)  (7,14;8,14)  (11,6;15,23) (12,6;18,16) (7,10;26,15) (6,9;26,11)  (8,13;21,1) (1,45, 14)
(5,13;4,22)  (14,9;10,2)  (0,9;15,24)  (9,12;6,14)  (10,1;12,19) (12,4;13,10) (10,9;17,1)  (3,2;14,1) (5, 6525, 3)
(9,1;23,8) (9,8;22,19)  (13,3;20,19) (11,4;18,2)  (4,14;22,23) (8,7;7,25) (8,10;2,13)  (0,3;13,25)  (8,12;15,8)
(11,7;19,21)  (1,2;20,25)  (10,3;21,24) (12,11;3,20) (9,4;21,4) (0,5;0,14) (4,5:24,17)  (4,13;7,15)  (11,0;5,7)
(0,1;21, 6) (0,2;2,16) (2,12;19,5)  (10,0;9,3) (8,2:6,24) (1,12;4,17)  (10,2;18,22) (13,0;18,12) (0,7; 10, 20)
(10, 6;4,20)  (6,2;7,13) (4,3; 16, 6) (4,0;26,1) (3,8;5,10) (9,520, 7) (7,12;9,2) (10,11;8,6) (6, 14;5,21)
(4,6;19,0) (13,11;9,14) (9, 3;18,9) (10,4;11,25)  (14,0;17,19)  (3,11;22,17) (2,11;4,26)  (9,13;3,13)  (9,11;25,12)
(4,2;8,9) (4,7:3,12) (10,14;0,7)

[ |
Lemma 8.15: There exists an HSAS, 19; 3, 3) for eachs € {19,21,...,35}.
Proof: Let V = I1g andS = I,. Let W = {16,17,18} andT = {s — 3,s — 2,s — 1}. The desired HSASs filled with
palrslé)f points fromV and indexed byS are presented as follows.

S =
(2,13;3,17) (3,7;0,16) (14,8;10,14)  (13,16;11,9) (9,1;17,7) (14,7;12,17)  (0,15;0,2) (15,6;4,1) (9,6;14,18)
(13,0;18,5) (4,12;5,2) (14,16;15,3)  (8,3;9,13) (5,1;2,8) (16,10;13,10)  (15,12;11,3) (9,11;16,3)  (15,11;8,17)
(17,7;2,10) (17,13;8,6)  (12,5;7,18)  (8,7:3,18) (7,10;11,7)  (13,14;0,1) (8,6;5,16) (4,1;3,4) (11,12;0,9)
(5,13;10,16)  (18,1;12,15) (18,5;3,0) (0,2;4,14) (2,6;2,13) (6,18;10,11)  (11,1;5,10)  (3,5;14,11)  (14,18;13,6)
(13,10;14,15)  (6,4;17,0) (14,2;9,8) (10, 8;0, 8) (4,11;7,6) (17, 4; 1,9) (12,2;1,10)  (14,12;16,4) (0, 4;13,8)
(10,2;6,16) (10, 3;3, 5) (7,5;9,4) (9,8;1,11) (18,8;7,4) (14, 3;18,2) (7,1;13,1) (0,9;6,9) (1,0;16,11)
(17,12;14,13)  (15,1;9,18)  (5,9;13,12)  (10,18;2,9)  (14,17;5,11) (3,12;17,6) (8,15;12,6)  (15,4;14,16) (5,10;17,1)
(9,18;5,8) (13,15;13,7)  (3,0;10,12)  (17,3;15,4)  (12,16;8,12) (4,2;12,18) (1,16;6,0) (17,6;12,3)  (11,18;1,14)
(16,0;7,1) (9,4;15,10)  (10,11;18,4) (8,0;17,15)  (5,15;5,15)  (16,7;5,14) (2,11;15,11)  (16,9;2,4) (17,2;0,7)
(13,11;2,12)  (7,6;15,6) (3,6;7,8)

s = 21:
(3,16;12,5)  (16,8;17,0)  (7,17;9,0) (2,3;15,17) (11, 3;4, 19) (13,0;8,20)  (13,6;17,12) (12,8;6,19)  (14,12;20,17)
(13,11;9,5)  (16,14;8,9)  (8,7;16,4) (18,2;0,16)  (15,5;16,19)  (9,4;1,3) (15,16;7,4) (3,17;7,8) (10, 5; 18, 3)
(2,1;7,20) (1,15;3,15)  (4,16;16,14) (6,2;3,6) (10,14;0,15)  (5,11;11,20) (18,13;15,4) (4,10;13,20) (16,2;1,2)
(6,10;16,7)  (4,0;7,18) (15,11;2,6)  (6,3;14,10)  (16,7;3,10) (15,6;20,1)  (11,4;10,15) (14,8;7,3) (11,17;16, 1)
(1,16;11,13)  (5,2;10,8) (7,4;17,11)  (2,4;19,12)  (17,9;6,12) (14,6;5,19)  (3,8;20,2) (18,9;14,2)  (10,11;8,17)
(15,2;11,9) (8,18;11,8)  (7,14;14,6)  (3,0;16,3) (3,9;11,0) (4,15;5,8) (13,17;3,11)  (12,4;2,9) (18, 10; 5, 10)
(12,6;4,11)  (17,8;10,13) (2,12;13,18) (3,13;6,13)  (7,1;19,8) (5,18;17,6)  (1,0;0,14) (12,5;5,7) (13,12;1,0)
(12,9;8,15)  (18,1;9,12)  (7,9;20,5) (11,12;3,14)  (11,8;18,12)  (0,17;17,2)  (12,1;16,10) (1,10;1,6) (6,1;2,18)
(0,16;6,15)  (5,17;14,15) (0,15;12,13) (7,10;12,2)  (9,13;7,19) (0,8;5,1) (0,10;9,19)  (5,4;4,0) (1,17;4,5)
(2,10;4,14)  (18,7;7,13)  (9,15;10,17) (6,11;13,0)  (13,15;18,14) (6,8;15,9) (3,7;1,18) (9,14;4,18) (14,0510, 11)
(14,13;2,16)  (5,9;9,13) (5,14;1,12)

s =23:
(6,7;15,7) (2,5;12,20)  (13,1;14,4)  (2,18;14,15)  (14,9;12,21)  (8,10;15,5)  (1,17;7,12)  (4,13;11,10) (4,10;9,19)
(16,9;4,17) (7,9; 11, 2) (3,454, 20) (6,18;8,13) (0,16;12, 9) (17,2;6,16)  (0,3;19,2) (15,0;5,16) (5,15;0,3)
(5,17;14,17)  (5,3;21,16)  (1,12;13,22) (13,14;15,22) (10,15;10,8)  (11,15;21,7) (6,1;10,0) (14,4;16,18)  (3,2;8,17)
(15,1;6, 1) (12,0;11,18)  (12,17;9,10) (8,12;21,2) (9,17;5,18) (14,10:7,20)  (10,11;1,17) (18.13;9.2)  (16,12:0, 15)
(9, 8; 20, 16) (6,8;9,11) (3,14;9,5) (10,0;22,14)  (3,13;12,18)  (1,4;21,5) (16, 5; 2, 1) (0,9;13,15)  (5,11;9, 15)
(2,0;4,21) (14,11;13,4)  (7,4;22,3) (7,1;8,19) (15,17;19,13)  (2,15;11,22) (2,6;2, 5) (8,13;19,1)  (15,4;15,2)
(14,1656, 3) (0,1;17,20) (6,13;17,21)  (6,9;19,3) (11,16;10,14)  (10,3;13,11)  (12,9;6,7) (15,7;17,9)  (16,2;18,19)
(7,13;6,20) (10,17;0,2)  (18,0;10,3)  (13,11;3,16)  (17,7;1,4) (5,6;6,4 (15,6;20,14)  (14,7;14,0)  (9,5;10,22)
(2,9;0,9) (16,1;11,16) (13,16;5,8)  (12,10;3,4) (0,458, 6) (13,0;7,0) (7,8;10,12)  (14,2;1,10)  (5,8;18,8)
(4,16;13,7) (5,7;5,13) (17,14;8,11)  (12,14;19,17)  (7,10;18,21)  (8,3;22,7) (15, 184, 18) (17,3;15,3)  (11,6;22,12)
(5,18;19,7) (9,351, 14) (1,11;18,2) (3,11;6,0) (4,12;12,14)  (11,18;11,5) (2,8;3,13) (12,11;8,20) (12,6;16,1)
(18,10;16,12) (18,8;6,17)  (4,18;0,1)



s = 25:

(8,16;17, 18)
7.8;12,0)

12,2;13,11)
11,6;20,7)
4,9:5,10)
2;8,0)

5,9; 19, 23)
8, 8; 21, 20)
6,13;9,12)

s = 27.

(8,5;17,23)
(8,659,2)
(15,0; 12, 8)
(4, 16; 16, 10)
(18,4514, 3)
(1,8;12,19)
(15,12; 2, 22)
(2,4;24,19)
(2,14;12,3)
(11,18;12,10)
(17,155 11, 3)
(14,115 26,9)
(14,1;21,5)
(7,10;21, 25)

s =29:

(14,3;12,3)
(2,6;2,4)
(8,15;21,7)
(16,14; 4, 18)
(7,12;2,14)
(17,11;9, 22)
(14,0; 27, 14)
(8,9;8, 16)
(1,13;11,12)
(8,3;11,0)
(0,11;17, 19)
(9,1;4,7)
(11,18;0,13)
(13,4;27,15)
(5,02, 23)

s =31

(0,6;25,1)
(4,3;21,6)
(7,5;26,6)
(18,11;5,8)
(6, 5;24, 28)
(16,4;5,9)
(1,4;4,29)
(14,5; 15, 29)
(1,17;9,14)
(2,9;28,6)

(9, 16; 19, 10)
(10,7;2,12)
(12,13;26, 5)
(13,11;24, 13)
(4,145 10, 12)
(3,8;14,29)

s =33:
(2,4;22,0)
(4,16;27,5)
(5,1;11,25)
(12,7;0,12)
(5,4;31,15)
(16,11; 13, 6)
(5,10; 3, 30)
(7,4;28,32)
(0,18;17, 23)
(7,13;4,26)
(13,4;25,13)
(16, 8; 28, 14)
(10,1518, 2)
(17,12; 15, 6)
(12, 10; 31, 19)
(16,2;12, 3)
(17, 8;26,12)

(0,3;0,22)
(16, 3: 15, 13)
(5,18: 10, 18)
(17,15;0, 15)
(14,0, 18, 8)
(11,3:9, 19)
(16,1;4,7)
(16,7:6,19)
(11,5;16,11)
(1,4;10,22)
(10, 4: 6, 18)
(8,6;14, 15)
(8,2;1,5)

:0,25)

NITRSNSE
BXoeT
e
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(2,4; 23, 20)
(8,1:5,17)
(9,16; 10, 17)
(13,7: 24, 26)
(16, 7; 19, 23)
(3,4;2,7)
(18,57, 24)
(16, 12; 13, 20)
(3,2;17, 28)
(6,0;7,1)
(13, 15; 10, 22)
(10, 12; 27, 12)
(2,10; 11, 19)
(5,11: 5,6)
(12, 1;6,22)

3,9;3,15)
10, 1; 26, 13)
0,10; 14, 18)
9, 14; 25,9)
8,7;24,5)
6,17;18,21)
15,9;24,11)
18,1;12,6)
11,17; 2, 25)
3,1;24, 19)
0,11;29, 27)
9:14, 4)
7,12; 28, 23)
10, 11;23,21)
4,10;28,7)
4,

(
(
(
(
(
(
(
(
(
(
(
(7,
(
(
(
(4,15;20,26)

,2;10,19)

1,8;25,15)

1;4,14)
13,12)
4,17)
21)
3,14)
2,6)
)

0,1
8, 1;
214
,0:3,
152
7,13;2,6
8,33, 11
4,8;7,9)
4,4;19,24)
23, 10)

7)

3,
7,
19,
,3;23,
13;14,7
18:9, 8)

(1
(1
(1
(1
(7
(1
(1
(1
(1
(2
(9,
(9,
(12,1651, 14)

6,15;0,10)
0,8;26,18)
13,124, 16)
17,13;17, 18)
11, 15; 25, 19)
16,7;0,9)
12,11; 14, 21)
7,12;7,24)
18, 8;11,16)
17,1;0, 13)
18, 13; 20, 22)
17, 9; 20, 9)
1,6;14,24)
3,4;1,17)

NN AN AN AN SN N AN S S S S S S

(17,12; 18, 16)
(12,11;4,8)
(16,15;9, 15)
(15,1; 16, 28)
(18,14;17,9)
(4,18;1,4)
(0,18; 11, 10)
(3,115 15, 1)
(10, 4; 16, 10)
(0,16;5,25)
(8,0; 28, 6)
(5,7:8,3)
(17,7;7,15)
(1,2;18,15)
(1,16;0,8)

0,9;12,5)
10, 18; 11, 15)
0,12;24,7)
9,12;29,0)
18,13;4,23)
3,14;8,23)
4,8;25,18)
17,14; 11, 6)
18,15;3, 18)
9,1; 20, 30)
15,12;25,12)
5,13;9,11)
10,2;3,5)
9,6;8,2)
7,165 1,27)
5,8;7,10)

NN AN AN AN N N N S S S S S S

5,15;9,28)
9,11; 26, 21)
17,1; 21, 14)
11,0; 16, 18)
2,1;24,4)
,8;13,5)

116521, 4)
15, 0; 32, 2)

1
3
5

(12, 13; 23, 20)
(18,13;15,17)
(15,6; 22, 13)
(5,9;4,3)
(11,12;15,5)
(15,1;20,1)
(8,0;19,13)
(2,145 3,20)
(4,18;7,1)
(14,15; 11, 6)
(9,11; 18, 22)
(16,4;3,2)

,3;11,25)
,16; 20, 12)
,10; 10, 24)
L6522, 26)
8,10; 4, 2)
5,3;5,9)

(12,4; 28, 11)
(8,54, 14)
(1,6;10,27)
(12,65 3,17)
(4,8;22,12)
(6,3;5,21)
(0, 10; 24, 18)
(0,15; 4, 3)
(9,17; 23, 3)
(13,17;1,17)
(13,6;13,6)
(10,1;9,13)
(18,2; 16, 14)
(8,79, 25)

8,18; 26, 22)
14,15; 21, 5)
16,15; 4, 16)

16,11; 15, 18)
17,9;26,7)
14, 8; 30, 3)
9,0)
3,15)
26,14)
12)

71
0i1
4 11;
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s 93

(

(

(

(

(

(
(14,
(1,2;22,25)
(

(

(
(4,

(

(

(

i W

6,14; 10, 23)
16, 1; 22, 10)
6,12;32,3)
16, 13; 20, 17)
9,16; 23, 0)
6,3;31,6)
14,13; 2, 14)
8,7;19,29)
18, 4; 29, 24)
9,2;11,32)
15,2; 29, 15)
18,15; 11, 14)
7,10; 16, 23)
15,14; 25,17)
12,18;22, 28)
9,6;27,15)

NN AN AN AN AN N AN S S S S S S

(5,652, 23)

(9,0;12,1)

(14,10;15, 1)
(12,1;2,19)
(13,4;8,13)
(6,2;24,18)
(17,5;1,13)
(7,11;24,1)
(12,6521, 12)
(0,4;16,23)
(6,10;10, 19)
(15,3;7,24)

(1,101, 22)
(3,13;26, 12)
(2,16517,2)
(9,13;21, 1)
(5,145 16, 0)
(5,9; 14, 5)
(0. 14; 14, 6)
(7,135 14, 2)
(14,15;4,7)
(1,13;8, 23)
(5,3;24,18)
(18,12; 18, 6)
(2,0;20,13)

(1,11; 14, 24)
(4,9;19, 26)
(15,2;12,0)
(9,13;21, 14)
(7,9;13,11)
(2,8;26,13)
(0,13;20, 8)
(9,12;15,0)
(14,1; 26, 23)
(6,16;14, 11)
(1,4;3,25)

(9,2;22,5)

(17,1; 20, 19)
(9, 6;9,20)

7,14;7,20)

,5:19,22)
4;30,15)

,6320,0)
1;18,1)

— N
[
&
(=2}
=

,13;6,27)
0,15;1,27)
1

(9,10;13,16)  (1,17;5,18) (15,4;17,12)  (
(6,7;4,16) (14,11;23,13)  (6,16;8, 5) (
(11,1;17,0)  (10,0;5,9) (7,455, 20) (
(15,13;3,18)  (4,2;15,21) (8,17;10,16)  (
(3.7:8,2) (3,55, 17) (0,13;4,24)  (
(18,12;6,0) (9, 16;20,0) (16,15;21,16)  (
(12,10;24,8) (15,18;5,14)  (9,8;2,24) (
(11,0;10,2)  (9,3;21,6) (2,11;6,12) (
(15,12;10,9)  (13,5;19,22)  (6,4;11,0) (
(17,0;11,14)  (3,14;12,14)  (13,7;10,11)  (
(10,13;21,0) (17, 3;4, 20) (9,1;11, 15) (
(12,7;18,7)  (1,2;9,16) (5,10;7,12) (
(16,14;13,22) (2,10;5,0) (4,11;18,2)
(5,11;8,7) (10,17;14,19)  (7,15;16, 18)
(18, 3;0,23) (10,3;6,7) (15,26, 21)
(6,5:6,1) (16,10;18,15)  (12,0;9,1)
(13,6;5, 3) (17,0;21,16)  (3,16;14,4)
(18,0;17,19)  (15,8;1,14) (8.13:6, 13)
(13,2;15,25)  (12,14;20,23) (1,2;16,7)
(9,2;18,10) (4, 7; 26, 20) (7,145 8,19)
(13,0;7,0) (6,14;25,18)  (11,2;11,1)
(1,12;10,17)  (5,10;26,3) (9, 8; 4, 15)
(12,10;12,11)  (6,10;20, 8) (17,8;7,5)
(11,7;22,23)  (1,0;3,2) (12,3:8.13)
(11,6:17,16)  (9,12;10,26) (4, 5;13,21)
(3,10;8, 26) (14,10;21,22) (18, 8;3,20)
(11,4;21,18)  (9,15;6, 18) (8,11;23,27)
(5,6;19,22) (7,0;16,0) (15,10;23, 1)
(6,17;24,0) (15,7;27,5) (11,2;3,10)
(6,11;16,26)  (12,18;21,19) (3,9;27,24)
(15,18;8,2) (17, 4;8, 6) (16,10; 7, 6)
(13,8;19,18)  (15,3;14,20)  (7,18;18,22)
(3,59, 18) (9, 5; 28, 25) (5,12;1,10)
(5,2;27,21) (13,2;7,9) (13,10;28,0)
(12,2;24,25)  (16,8;24,1) (10, 8;15,2)
(14,11;28,7)  (17,14;2,11)  (13,12;5,23)
(16,13;2, 3) (13,3;25,16)  (9,11;2,12)
(17,15;13,25)  (12,0;26,9) (7,105 4,17)
(4,5;13,17) (3,0;22,13) (15,14;24,19)
11,7;10,30) (18,12;21,27) (3,12;11,17)
18,4;2,16)  (17,8;27,23)  (5,0;21,20)
15,10;8,1)  (17,13;15,0)  (3,10;30,0)
2,16;7,23)  (13,7;29,25)  (6,12;14,6)
2,4;11,27) (0, 1;28,8) (10,16; 6, 24)
14,2;2,24)  (5,4;13,1) (8,1;21,0)
3,65, 13) (14, 6;4,27) (9,5;23,18)
2,11;16,0)  (16,14;13,17) (2,18;10,14)
17,0;22,10)  (15,1;23,15)  (7,2;21,8)
0,4;17,23)  (9,18;17,1) (6,1;16,10)
7,1;11,3) (16,13;14,21) (8, 15;28,2)
0,2; 30, 9) (6,8;17,9) (12,2; 20, 13)
8,13;8, 6) (10,9;22,27)  (17,4;24,8)
2,13;19,18) (8,0;11,4) (3,18;25,7)
0,13;3,2) (15,5;14,30)  (15,17;19, 13)
(12,5;26,29)  (17,2;1,13) (2,13;16, 31)
(14,12;18,1)  (17,13;3,19)  (2,7;25,24)
(9,3;18,24) (1,145 19, 5) (13,15;18, 21)
(9,4;1,10) (2, 5;20,27) (1,13;32,8)
(1,4;3,23) (15, 4; 6, 30) (4,11;19,2)
(18,2;18, 5) (3,18;12,25)  (18,7;15,1)
(10,14;32,12) (0, 16;24,1) (10, 9; 28, 5)
(10,13;24,9)  (14,5;24,7) (6,7;2,30)
(15,6;7,12) (14,18;9,26)  (5,13;1,22)
(9,1;12, 30) (6,18;4,19) (4,658, 20)
(7,11; 14, 8) (7,1;27,31) (0,9; 31, 29)
(9,5;6,19) (14,4;11,16)  (7,14;21,6)
(3,12;14,30)  (13,11;29,12) (12,4;21,17)
(9, 18; 7, 20) (17,4518, 9) (16,7;7,18)
(11,15;31,5)  (3,15;19,0) (9,8;2,17)
(14,3;20,22)  (2,8;30,8) (13, 0; 15, 30)

7
3
1
5
8,1
1
1
1
1

33

5,0; 15, 20)
17,11;8,21)
2,10;2,22)

,14;21, 22)
,13;16, 1)
7,2;7,17)
,4;9,14)
,15;8, 4)
0,8;23,11)
8,14; 2, 16)
7.6:9, 3)
8,2;4, 19)

P

5,15;26,11)
7,14;10,6)
0,17;21,12)
10, 11; 25, 20)
7,1;21,1)
10,17; 14, 5)
7;12, 28)
,18;15, 25)
,18;6,23)
4,2;8,1)
6,5;12,16)

(13,3;1,12)
(12,10;9, 10)
(9,8;16,13)
(15,2;29,17)
(6,165 11, 26)
(17,12;1, 16)
(17,10; 4, 20)
(3,7;18,9)
(13,10; 16, 17)
(16, 3; 22, 2)
(6,13;30,7)
(6,4;3,22)
(3,2;4,26)
(17,5;3,17)
(6,10; 19, 29)

(13,650, 28)
(7,17;11, 22)
(0,3;21,3)

(11, 18;27,3)
(10, 625, 21)
(12,13;5,7)
(18,8;21, 10)
(7,9;9,3)

(17,0;8, 28)
(15,7;10,13)
(18,5;16,2)
(0,8;7,22)

(12, 8;11, 20)
(3,17;2,27)
(1,8;16,1)

(0,14; 13, 27)



s = 35:

(9,422, 15) (0,214, 34)
(6,1;6,31) (5,17;16,5)
(4,6516,9) (16, 1;9,29)
(16,15;8,15)  (9,12;31,16)
(5,10;17,15)  (12,2;4,26)
(13,11;18,17) (10, 15; 34, 2)
(8,0;6,12) (14, 4; 34, 21)
(18,0;18,15)  (10,13;12,33)
(3,9;3,29) (2,13;1,28)
(5,2;30, 8) (10, 14; 16, 23)
(15,14;10,0) (0, 3; 30, 33)
(3,10;8,32) (0,5;10,1)
(7,18;19,5) (17,8;14,11)
(11,17;6,24)  (7,10;11,9)
(5,4;2,32) (8,16;21,3)
(7,0527,0) (9,16;5,10)
(6,057, 20) (0,15;28,17)
(16,7;31,13)  (5,7;12,29)

Proof: LetV =1, andS =1,. LetW ={v—-3,v—2,v—1} andT ={s—5,s —4,s — 3,5 — 2,s — 1}. The desired
HSAS:s filled with pairs of points fron¥ and indexed bys are presented as follows.
(s,v) = (21,11):
(1,10;4,12)  (3,6;20,6)  (4,8;12,3)  (2,0;1,18)  (7,5;5,17)  (8,7;13,8) (3,1;19,0)  (6,1;11,5)  (9,7;11,1) (0,6;17,0)
(2,6;3,9) (2,3;17,15) (10,7;6,9)  (7,1;15,18) (0,10;13,2) (1,5;7,9)  (6,10;1,10) (4,7;0,20)  (10,4;14,11) (5,0;8,12)
(5,8;11,10) (0,3;16,11) (4,2;10,19) (2,9;4,7) (4,5;6,16)  (7,6;16,7) (0,7;3,19)  (3,5;18,14) (4,9;2,9) (4,0;7,5)
(2,8;6,0) (3,10;7,3)  (2,1;13,16)  (9,3;5,13)  (4,6;13,18) (3,4;4,8)  (8,0;15,4)  (1,4;17,1)  (8,6;2,14) (10,2;5,8)
(0,9;6,10)  (1,0;14,20) (5,2;2,20)  (7,3;2,10)  (5,6;19,4)  (3,8;1,9)  (5,10;15,0) (7,2;14,12) (9,6;12,15)  (1,9;3,8)
(s,v) = (29,15)
(3,0;16,25)  (8,4;28,23)  (4,9;24,8) (13,8;0,15)  (12,5;8,2) (11,5;4,28)  (10,5;14,21) (2,7;22,11)  (4,12;3,15)
(6,7;5,19) (12,10;18,6) (3,1;6,24) (3,11;27,5)  (6,1;28,2) (9,13;16,5)  (14,7;18,4)  (11,0;24,22) (12,6;22,7)
(12,7;16,14)  (10,4;13,2)  (10,6;23,17) (10,9;28,3)  (10,0;27,19)  (14,10;22,8) (3,6;21,13)  (3,12;20,0)  (7,0;28,0)
(13,6;1,8) (5,8;22,6) (4,1;1,11) (7,11;17,3)  (12,1;21,4) (2,14;3,21)  (13,4;14,4)  (11,9;26,14) (13,2;23,2)
(14,0;15,2)  (14,9;19,1)  (10,7;20,26) (8,1;10,26)  (2,0;10,6) (1,7;9,15) (6,0;11,26)  (1,14;17,5)  (14,8;20,12)
(2,12;9,12) (13,3;10,18)  (11,1;0,16) (0,1;20,3) (10, 3;4,12) (3,8;11,3) (13,7;6,21) (6,14;9,0) (5,6;24,12)
(0,8;7,8) (1,9;27,7) (4,7;25,7) (9,2;25,20)  (2,1;14,8) (12,11;10,1)  (9,12;13,11) (10,11;25,9) (6,8;14,25)
(3,7;8,23) (11,2;19,15)  (2,4;26,0) (4,14;16,6)  (3,2;1,28) (6,9;15,4) (5,7;1,27) (8,2;4,27) (9,7;12,10)
(5,1;25,19)  (2,6;18,16)  (14,3;7,14)  (9,8;9,18) (14,11;23,13)  (5,3;15,26)  (13,1;22,13)  (4,3;22,19)  (13,5;3,9)
(0,4;21,9) (7,8;24,13)  (0,12;5,23)  (13,11;11,7) (5,0;18,13) (0,13;12,17)  (14,5;11,10) (10,2;24,5)  (12,8;19,17)
(6,11;20,6)  (4,6;10,27)  (11,4;12,18) (5,9;0,23) (10,8;16,1) (8,11;21,2)  (3,9;2,17) (5,420, 5) (2,5;7,17)
(s,v) = (37,19):
(5,11; 24, 2) (0,7;32,21) (15,17; 1, 26) (0,17;24,4) (5,16; 12, 30) (5,1;26,13) (11,16;1,13) (5,2;1,22)
(11,4;12,0) (11,7; 36,6) (13,2;8,29) (0,6;23,25)  (6,17;20,15) (18, 9 0,13) (8,2;16,0) (8,6;21,31)
(15,8;24,23)  (9,15;29,15)  (15,16;11,7)  (1,4;4,25) (11,3;26,22)  (13,1;11,34)  (1,15;9,18) (0,3;33,0)
(7,8;15,2) (14,12;6,27)  (10,18;15,31) (12,2;36,3) (6, 7;35,22) (9,12;17,22)  (6,13;10,32)  (17,3;13,2)
(8,1;36,19) (0,5;17,6) (14,8;35,7) (5,3;15,21)  (4,3;7, 36) (13,0;22,36)  (12,11;28,25) (0, 4;27,8)
(13,16;17,4)  (0,12;26,11)  (16,10;16,22) (11,2;14,9)  (7,3;12,1) (18,8;17,5) (7,18;8,19) (9,7;28,20)
(15,13;19,27) (0, 10;7,19) (6,12;24,33)  (12,13;12,9) (18 0; 16, 1) (6,16;29,6) (9,10;11,27)  (17,10;9,17)
(6,15; 4, 28) (17,1;22,3) (2,105 4, 23) (16,1;24,14)  (4,15;2,30) (8,11;27,32)  (6,5;7,27) (14,5;19,9)
(5,12;31,23)  (11,10;34,29) (14,0;13,29)  (13,7;25,30) (17,4; 14 5) (17,2;21,27)  (14,10;8,18)  (1,12;15,32)
(7,14; 4,14) (15,0; 14, 3) (18,5;16,14)  (7,1;29,0) (6,14;26,0) (12,15;35,0)  (16,3;18,27)  (5,8;18,4)
(3,9;16,5) (2,18;11,28)  (1,2;6,30) (0,16; 5, 15) (1,18;27,20) (14,18;25,22) (11,13;7,15) (15, 5; 34, 10)
(6,4;17,1) (3,1;28,23) (1,05 10, 31) (8,4;11,22)  (0,8;12,34) (9,5;3,32) (14,11;30,17)  (3,13;6,35)
(11,9;4,33) (18,4;9,29) (9,14;34,31)  (3,6;34,30)  (4,12; 34 13)  (9,4;19,24) (16,2;31,19)  (15,11;16,20)
(1,6;16,8) (14,15;36,5)  (17,14;12,23) (15,18;21,6) (14,3;32,11) (5,10 0, 36) (10, 4; 6, 32) (9,16;25,2)
(9, 6; 14, 36) (13,17;28,0)  (12,16;21,8)  (14,1;2,33)  (4,5;28, 35) (13,9;21,23)  (17,9;6,18) (15,105 33, 25)
(10,12;20,30) (13,10;5,24)  (7,2;34,18) (3,2;17,25) (5,17; 25, 29) (16,4; 10, 20) (9,1;12,7) (18,12;7,18)
(2,0;20,2) (3,12;29,4) (8,9;26,8) (15,7;13,17)  (13,14;20,1) (6,11;3,19) (16, 14; 28, 3) (12,7;10,5)
(1,10; 1, 35) (4,14;21,16)  (3,8;20,9) (0,95 30,9) (6,10;2,12) (4,13;18,31)  (6,2;5,13) (12,8;1,14)
(11,1;21,5) (4,2;26,33) (11,0;35,18)  (8,17;10,30) (18,11;23,10) (17,7;7, 31) (15, 3;8,31) (2,14;15,24)
(7,16523,9) (7,5;11, 33) (10,3;14,10)  (11,17;8,11) (7,10;3, 26) (2,9;35,10) (2,15;32,12)  (17,12;19,16)
(18, 3;3,24) (13,18;2,26)  (10,8;13,28)  (8,13;3,33)

(13,18;25,8)  (11,16;4,30)  (6,18;3,17)
(14,1;26,32)  (9,6;12,34) (1,17;3,22)
(12,14;15,27)  (6,8;30, 15) (3.7;6,34)
(9,132, 14) (12,18;21,12)  (8,2;31,32)
(10,2:22,18)  (6,11;28,32)  (4,17;4,12)
(16,3;26,27)  (2,1;12,17) (9, 11; 27, 8)
(7,15:24,32)  (14,9;33,19) (17, 14;28,8)
(16,2:20,24)  (14,11;2,31)  (3,12;25,17)
(18,15;6,30)  (15,4;31,5) (16, 13; 19,0)
(9,8;9,20) (2,17;7,19) (2,18;11, 16)
(5,11;19,3) (6,17;2,13) (14,16; 22, 11)
(11,0;21,22)  (0,10;19,4) (13,12; 32, 3)
(5,18;22,27)  (8,14;4,17) (18,8; 2, 29)
(0,9; 11, 32) (13,7;21,23)  (3,14;12,24)
(1,0;24,8) (18,10, 10,31) (15, 9: 4, 18)
(13,4;20,11) (3, 18;4,13) (14,18; 7, 14)
(13, 6;29,4) (11,7:33,16)  (6,3;14,5)
(5,8; 25, 26)

15;16,26) (2,
,3;9,31) (
1,4;7,10) (
2,6;8, 10) (1,
6,0; 16, 2) (6,

14;25,18) (9,
2,11;11,13) (

15,11,25) (1,
2,8;33,18) (4,
5,8;1,19) (
,18;23,20) (0,
3,14;9,30)  (
4,7;3,20) (
9,23) (7,
29,25) (10
23,17) (5,

7, (

(13,
(5,3
(1
(1
(1
(6,
(1
(1,
(1
(1
(1
(1
(1
(0,
(17
(4
5 18)

1
7
12;
,0;
,16;

16;

)

34

627, 23) (3,1;19,15) (3,13;22,7)
1,3;20,1) (11,15:23,12)  (17,12;0,20)
5,17;27,9) (10, 8;5,27) (7,8;8,22)

13;5, 34) (12,5;28,34)  (13,5;6,13)

7:1,26) (7,2;10,2) (18,9; 28, 0)

17;21,17)  (18,11;9,26) (10, 17; 1, 30)
0,4:13,0) (4,2;25,33) (2,3;21,0)

1212, 30) (12,4;19,6) (9,7;25,7)

18;1,24) (3,17;10,18) (6, 10;21,24)
1,2:5, 15) (3,8;23,28) (5,6;0,11)

4;3,26) (9,1;13,1) (12, 15;29,7)
7,13:31,15) (16,10;25,28) (11,8;34,0)
2.16:1,14) (5, 1;33,21) (15,2;13,3)

14, 28) (14, 2;6,29) (9,5; 24, 23)

,9:6,26) (15,6;22,33)  (0,14;13,5)
15:14,20) (7, 4;18, 30) (10, 11; 29, 14)
3,8;24,10)  (1,4;27,14) (8,1;16,7)

]

Lemma 8.16: There exists an HSAS, v; 5, 3) for each(s,v) € {(21,11), (29, 15), (37,19)}.
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