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New bounds and constructions for multiply
constant-weight codes

Xin Wang, Hengjia Wei, Chong Shangguan, and Gennian Ge

Abstract

Multiply constant-weight codes (MCWCs) were introduced recently to improve the reliability of certain physically unclonable
function response. In this paper, the bounds of MCWCs and theconstructions of optimal MCWCs are studied. Firstly, we
derive three different types of upper bounds which improve the Johnson-type bounds given by Cheeet al. in some parameters.
The asymptotic lower bound of MCWCs is also examined. Then weobtain the asymptotic existence of two classes of optimal
MCWCs, which shows that the Johnson-type bounds for MCWCs with distances2

∑
m

i=1
wi − 2 or 2mw−w are asymptotically

exact. Finally, we construct a class of optimal MCWCs with total weight four and distance six by establishing the connection
between such MCWCs and a new kind of combinatorial structures. As a consequence, the maximum sizes of MCWCs with total
weight less than or equal to four are determined almost completely.

Index Terms

Multiply constant weight codes, spherical codes, Plotkin bound, Johnson bound, linear programming bound, Gilbert-Varshamov
bound, concatenation, graph decompositions, skew almost-resolvable squares

I. I NTRODUCTION

Modern cryptographic practice rests on the use of one-way functions, which are easy to evaluate but difficult to invert.
Unfortunately, commonly used one-way functions are eitherbased on unproven conjectures or have known vulnerabilities.
Physically unclonable functions (PUFs), introduced by Pappu et al. [20], provide innovative low-cost authentication methods
and robust structures against physical attacks. Recently,PUFs have become a trend to provide security in low cost devices such
as Radio Frequency Identifications (RFIDs) and smart cards [8], [14], [20], [23]. Multiply constant-weight codes (MCWCs)
establish the connection between the design of the Loop PUFs[8] and coding theory, thus were put forward in [9]. In an
MCWC, each codeword is a binary word of lengthmn which is partitioned intom equal parts and has weight exactlyw in
each part [9]. The more general definition of MCWCs with different lengths and weights in different parts can be found in [5].
This definition generalizes the classic definitions of constant-weight codes (CWCs) (wherem = 1) and doubly constant-weight
codes (wherem = 2) [16], [19].

The theory of MCWCs is at a rudimentary stage. In [5] Cheeet al.extended techniques of Johnson [16] and established certain
preliminary upper and lower bounds for possible sizes of MCWCs. They also showed that these bounds are asymptotically tight
up to a constant factor. In [7], Cheeet al.gave some combinatorial constructions for MCWCs which yield several new infinite
families of optimal MCWCs. In particular, by establishing the connection between MCWCs and combinatorial designs and
using some existing results in design theory, they determined the maximum sizes of MCWCs with total weight less than or equal
to four, leaving an infinite class open. In the same paper, they also showed that the Johnson-type bounds are asymptotically tight
for fixed weights and distances by applying Kahn’s Theorem [17] on the size of the matching in hypergraphs. Furthermore,
in [6], they demonstrated that one of the Johnson-type bounds is asymptotically exact for the distance2mw − 2. This was
achieved by applying the theory of edge-colored digraph-decompositions [18].

In this paper, we continue the study on the bounds of MCWCs andthe constructions of optimal MCWCs. Our main
contributions are as follows:

• We extend the techniques of Agrellet al. [4] and improve the Johnson-type bounds derived in [5]. We also show that the
generalised Gilbert-Varshmov (GV) bound [15], [25] is better than the asymptotic lower bounds derived in [5], where the
concatenation techniques are employed.

• We obtain the asymptotic existence of two classes of optimalMCWCs. One of them generalizes the known result of [6]
for MCWCs with different weights in different parts. The other shows that another Johnson-type bound is asymptotically
exact for distance2mw − w.
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• We consider the open case of optimal MCWCs in [7], i.e., doubly constant-weight codes with weight two in each part
and distance six. We establish an equivalence relation between such MCWCs and certain kind of combinatorial structures,
which are called skew almost-resolvable squares. Accordingly, several new constructions are proposed. As a consequence,
the maximum sizes of MCWCs with total weight less than or equal to four are determined almost completely, leaving a
very small number of lengths open.

The rest of this article is organized as follows. Section 2 collects the necessary definitions and notations. Section 3 gives
three forms of upper bounds, which can improve the previous Johnson-type bounds. Section 4 studies the asymptotic lower
bounds of MCWCs. Section 5 presents the asymptotic existence of two classes of optimal MCWCs. Section 6 handles the
optimal MCWCs with total weight four. A conclusion is made inSection 7.

II. D EFINITIONS AND NOTATIONS

A. Multiply Constant-weight Codes

All sets considered in this paper are finite if not obviously infinite. We use[n] to denote the set{1, 2, . . . , n}. If X and
R are finite sets,RX denotes the set of vectors of length|X |. Each component of a vectoru ∈ RX takes value inR and is
indexed by an element ofX , that is,u = (ux)x∈X , andux ∈ R for eachx ∈ X . A q-ary code of length n is a setC ⊆ Z

X
q

for someX with sizen. The elements ofC are calledcodewords. The support of a vectoru ∈ ZX
q , denotedsupp(u), is the

set{x ∈ X : ux 6= 0}. The Hamming norm or theHamming weight of a vectoru ∈ ZX
q is defined as‖u‖ = |supp(u)|. The

distance induced by this norm is called theHamming distance, denoteddH , so thatdH(u,v) = ‖u− v‖, for u,v ∈ Z
X
q . A

codeC is said tohave distance d if the Hamming distance between any two distinct codewords of C is at leastd. A q-ary
code of lengthn and distanced is called an(n, d)q code. Whenq = 2, an (n, d)2 code is simply called an(n, d) code.

Let m, N be positive integers andX be a set of sizeN . Suppose thatX can be partitioned asX = X1 ∪ X2 ∪ · · · ∪
Xm with |Xi| = ni, i = 1, 2, . . . ,m. An (N, d) codeC ⊆ ZX

2 is said to be ofmultiply constant-weight and denoted by
MCWC(w1, n1;w2, n2; · · · ;wm, nm; d), if each codeword has the weightw1 in the coordinates indexed byX1, weightw2 in
the coordinates indexed byX2, and so on and so forth. Whenw1 = w2 = · · · = wm = w andn1 = n2 = · · · = nm = n, we
simply denote this multiply constant-weight code of lengthN = mn by MCWC(m,n, d, w).

The largest size of an(n, d)q code is denoted byAq(n, d). When q = 2, the size is simply denoted byA(n, d). The
largest size of an MCWC(w1, n1;w2, n2; . . . ;wm, nm; d) is denoted byT (w1, n1;w2, n2; . . . ;wm, nm; d); the largest size of
an MCWC(m,n, d, w) is denoted byM(m,n, d, w); and the largest size of a CWC(n, d, w) is denoted byA(n, d, w). The
code achieving the largest size is said to beoptimal.

Next, we will restate the known results about MCWCs without proof, more details can be found in [5]. The authors of [5]
first use the concatenation technique to construct MCWCs from the classicq-ary codes.

Proposition 2.1: ([5]) Let q 6 A(n, d1, w), we have

M(m,n, d1d2, w) ≥ Aq(m, d2).

Specially,M(m, qw, 2d, w) ≥ Aq(mw, d).
As MCWC is a generalization of CWC, the techniques of Johnsonfor CWC [16] can be naturally extended to give the

recursive bounds as follows:
Proposition 2.2: ([5])

T (w1, n1;w2, n2; . . . ;wm, nm; d) ≤ ⌊
ni

wi
T (w1, n1; . . . ;wi − 1, ni − 1; . . . ;wm, nm; d)⌋, (1)

T (w1, n1;w2, n2; . . . ;wm, nm; d) ≤ ⌊
ni

ni − wi
T (w1, n1; . . . ;wi, ni − 1; . . . ;wm, nm; d)⌋, (2)

T (w1, n1;w2, n2; . . . ;wm, nm; d) ≤ ⌊
u

w2
1/n1 + w2

2/n2 + · · ·+ w2
m/nm − λ

⌋, (3)

whered = 2u andλ = w1 + w2 + · · ·+ wm − u.
Proposition 2.3: ([5])

M(m,n, d, w) ≤ ⌊
nm

wm
M(m,n− 1, d, w − 1)⌋, (4)

M(m,n, d, w) ≤ ⌊
nm

(n− w)m
M(m,n− 1, d, w)⌋, (5)

M(m,n, d, w) ≤ ⌊
d/2

d/2 +mw2/n−mw
⌋. (6)
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B. Association Schemes

Let X be a finite set with at least two elements and, for any integern ≥ 1, let R = {R0, R1, . . . , Rn} be a family ofn+1
relationsRi on X . The pair(X,R) will be called anassociation scheme with n classes if the following three conditions are
satisfied:

1. The setR is a partition ofX2 andR0 is the diagonal relation, i.e.,R0 = {(x, x)|x ∈ X}.
2. For i = 0, 1, . . . , n, the inverseR−1

i = {(y, x)|(x, y) ∈ Ri} of the relationRi also belongs toR.
3. For any triple of integersi, j, k = 0, 1, . . . , n, there exists a numberp(k)i,j = p

(k)
j,i such that, for all(x, y) ∈ Rk:

|{z ∈ X |(x, z) ∈ Ri, (z, y) ∈ Rj}| = p
(k)
i,j . (7)

The p
(k)
i,j ’s are called theintersection numbers of the scheme(X,R).

Any relationRi can be described by itsadjacency matrix Di ∈ C(X,X), defined as follows:

Di(x, y) =

{

1, (x, y) ∈ Ri,
0, (x, y) 6∈ Ri.

We call the linear space

A = {

n
∑

i=0

αiDi|αi ∈ C}

the Bose-Mesner algebra of the association scheme(X,R). There is a set of pairwise orthogonal idempotent matrices
J0, J1, . . . , Jn, which forms another basis of this Bose-Mesner algebra.

Given two bases{Dk} and{Jk} of the Bose-Mesner algebra of a scheme, let us consider the linear transformations from
one into the other:

Dk =

n
∑

i=0

Pk(i)Ji, k = 0, 1, . . . , n.

From these we construct a square matrixP of ordern+ 1 whose(i, k)-entry isPk(i):

P = [Pk(i) : 0 ≤ i, k ≤ n].

SinceP is nonsingular, there exists a unique square matrixQ of ordern+ 1 overC such that

PQ = QP = |X |I.

The matricesP andQ are called theeigenmatrices of the association scheme.
Let R = {R0, R1, . . . , Rn} be a set ofn+ 1 relations onX of an association scheme. For a nonempty subsetY of X , let

us define theinner distribution of Y with respect toR to be the(n+ 1)-tupleα = (α0, α1, . . . , αn) of nonnegative rational
numbersαi given by

αi = |Y |−1|Ri ∩ Y 2|.

In [12], Delsarte gave a key observation about the inner distribution and the eigenmatrix Q.
Theorem 2.4: ([12]) The componentsαQk of the row vectorαQ are nonnegative.
Let w andn be integers, with1 ≤ w ≤ n. In the Hamming space of dimensionn overF = {0, 1}, we consider the subset

X of Fn as follows:
X = {x ∈ F

n|wH(x) = w},

and we define the distance relationsR0, R1, . . . , Rw:

Ri = {(x, y) ∈ X2|d(x, y) = 2i}.

For givenn andw, with 1 ≤ w ≤ n/2, we call (X,R) the Johnson scheme J(w, n), i.e., binary codes with lengthn and
constant weightw.

Given an integerk, with 0 ≤ k ≤ w, we defineEberlein polynomial Ek(u), in the indeterminateu, as follows:

Ek(u) =
k

∑

i=0

(−1)i
(

u

i

)(

w − u

k − i

)(

n− w − u

k − i

)

.

Theorem 2.5: ([12]) The eigenmatricesP andQ of the Johnson schemeJ(w, n) are given by

Pk(i) = Ek(i),

Qi(k) =
µiEk(i)
(

w
i

)(

n−w
i

) ,

whereµi =
n−2i+1
n−i+1

(

n
i

)

.
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C. Design Theory

To give our constructions of optimal MCWCs, we need the following notations and results in design theory.
Let K be a subset of positive integers andλ be a positive integer. Apairwise balanced design ((v,K, λ)-PBD or(K,λ)-PBD

of orderv) is a pair (X,B), whereX is a finite set (the point set) of cardinalityv andB is a family of subsets (blocks) of
X that satisfy (1) ifB ∈ B, then |B| ∈ K and (2) every pair of distinct elements ofX occurs in exactlyλ blocks ofB. The
integerλ is the index of the PBD. WhenK = {k}, a (v, {k}, λ)-PBD is also known as abalanced incomplete block design
(BIBD), which is denoted by BIBD(v, k, λ).

Theorem 2.6 ([10]): For any odd integerv ≥ 5, a (v, {5, 7, 9}, 1)-PBD exists with exceptionsv ∈ [11, 19]∪{23}∪ [27, 33]∪
{39}, and possible exceptionsv ∈ {43, 51, 59, 71, 75, 83, 87, 95, 99, 107, 111, 113, 115, 119, 139, 179}.

An α-parallel class of blocks in a BIBD(X,B) is a subsetB′ ⊂ B such that each pointx ∈ X is contained in exactlyα
blocks inB′. Whenα = 1, we simply call it aparallel class, as usual. If the block setB can be partitioned intoα-parallel
classes, then the BIBD is calledα-resolvable (or just resolvable if α = 1). We will useα-resolvable BIBDs to construct
optimal MCWCs.

A group divisible design (GDD) is a triple(X,G,B) whereX is a set of points,G is a partition ofX into groups, andB
is a collection of subsets ofX called blocks such that any pair of distinct points fromX occurs either in some group or in
exactly one block, but not both. AK-GDD of type gu1

1 gu2
2 . . . gus

s is a GDD in which every block has size from the setK
and in which there areui groups of sizegi, i = 1, 2, . . . , s. WhenK = {k}, we simply writek for K. A k-GDD of typemk

is also called atransversal design and denoted by TD(k,m).
Theorem 2.7 ([1], [10]): Let m be a positive integer. Then:
1) a TD(4,m) exists ifm 6∈ {2, 6};
2) a TD(5,m) exists ifm 6∈ {2, 3, 6, 10};
3) a TD(6,m) exists ifm 6∈ {2, 3, 4, 6, 10, 22};
4) a TD(m+ 1,m) exists ifm is a prime power.

D. Decomposition of Edge-colored Complete Digraphs

Denote the set of all ordered pairs of a finite setX with distinct components by
(

X
2

)

. An edge-colored digraph is a triple

G = (V,C,E), whereV is a finite set ofvertices, C is a finite set ofcolors andE is a subset of
(

X
2

)

×C. Members ofE are

called edges. The complete edge-colored digraph on n vertices withr colors, denoted byK(r)
n , is the edge-colored digraph

(V,C,E), where|V | = n, |C| = r andE =
(

X
2

)

× C.
A family F of edge-colored subgraphs of an edge-colored digraphK is a decomposition of K if every edge ofK belongs

to exactly one member ofF . Given a family of edge-colored digraphsG, a decompositionF of K is a G-decomposition of
K if each edge-colored digraph inF is isomorphic to someG ∈ G. In [18], Lamken and Wilson exhibited the asymptotic
existence of decompositions ofK(r)

n for a fixed family of digraphs. To state their result, we require more concepts.
Consider an edge-colored digraphG = (V,C,E) with |C| = r. Let ((u, v), c) ∈ E denote a directed edge fromu to v,

colored byc. For any vertexu and colorc, define theindegree and outdegree of u with respect toc, to be the number of
directed edges of colorc entering and leavingu, respectively. Then for vertexu, we define thedegree vector of u in G, denoted
by τ(u,G), to be the vector of length2r, τ(u,G) = (in1(u,G), out1(u,G), . . . , inr(u,G), outr(u,G)). Defineα(G) to be the
greatest common divisor of the integerst such that the2r-vector (t, t, . . . , t) is a nonnegative integral linear combination of
the degree vectorsτ(u,G) asu ranges over all vertices of all digraphsG ∈ G.

For eachG = (V,C,E) ∈ G, let µ(G) be theedge vector of lengthr given byµ(G) = (m1(G),m2(G), . . . ,mr(G)) where
mi(G) is the number of edges with colori in G. We denote byβ(G) the greatest common divisor of the integersm such that
(m,m, . . . ,m) is a nonnegative integral linear combination of the vectorsµ(G), G ∈ G. ThenG is said to beadmissible if
(1, 1, . . . , 1) can be expressed as a positive rational combination of the vectorsµ(G), G ∈ G.

Theorem 2.8 (Lamken and Wilson [18]): Let G be an admissible family of edge-colored digraphs withr colors. Then there
exists a constantn0 = n0(G) such that aG-decomposition ofK(r)

n exists for everyn ≥ n0 satisfyingn(n−1) ≡ 0 (mod β(G))
andn− 1 (mod α(G)).

In the same paper, the above theorem had also been extended tothe multiplicity case. Consider the problem of finding a
family F of subgraphs ofK(r)

n each of which is isomorphic to a member ofG, so that each edge ofK(r)
n of color i occurs in

exactlyλi of the members ofF . We can think of this as aG-decomposition ofK [λ1,λ2,...,λr ]
n , which denotes the digraph on

n vertices where there are exactlyλi edges of colori joining x to y for any ordered pair(x, y) of distinct vertices.
Let λ = (λ1, λ2, . . . , λr) be a vector of positive integers. Letα(G;λ) denote the least positive integert such that the constant

vectortλ is an integral linear combination ofτ(u,G) asu ranges over all vertices of all digraphsG ∈ G. Let β(G;λ) denote
the least positive integerm such that the constant vectormλ is an integral linear combination ofµ(G), G ∈ G. We sayG is
λ-admissible when the vectorλ is a positive rational linear combination ofµ(G), G ∈ G.

Theorem 2.9 (Lamken and Wilson [18]): LetG be aλ-admissible family of edge-r-colored digraphs, whereλ = (λ1, λ2, . . . ,

λr). Then there exists a constantn0 = n0(G,λ) such that aG-decomposition ofK [λ1,λ2,...,λr ]
n exists for everyn ≥ n0 satisfying:

n(n− 1) ≡ 0 (mod β(G;λ)) andn− 1 (mod α(G;λ)).
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III. U PPERBOUNDS

For the simplicity of illustration, when handling the general bounds of MCWCs, we only consider the special case of
MCWC(m,n, d, w). However, it is easy to see that our methods used can also be applied to the general case.

A. Bounds from Spherical Codes

We start with the definition of a spherical code. Different from the classic code, the spherical code is defined on the Euclidean
space. Aspherical code is a finite subset ofS(n), whereS(n) := {x ∈ Rn : ‖x‖ = 1}. Here‖ ∗ ‖ is the Euclidean norm. The
distance between two codewords is defined bydE(c1, c2) := ‖c1 − c2‖. However, to characterize the codeword separation in
a spherical code, theminimum angle φ or the maximum cosine s is often used instead of the Euclidean distance. The relation
between these three parameters is

s := cosφ = 1−
d2E
2
.

We will generally uses as the separation parameter. The largest size of ann-dimensional spherical code with maximum cosine
s is defined byAS(n, s).

Whens ≤ 0, the value ofAS(n, s) has been determined completely. [2], [11], [13], [21], [22]:

AS(n, s) = ⌊1− 1
s⌋, if s ≤ − 1

n ;
AS(n, s) = n+ 1, if − 1

n ≤ s < 0;
AS(n, 0) = 2n.

Before proceeding further, let us remark that, under a suitable mapping, a binary code can be viewed as a spherical code.
Thus an upper bound on the cardinality of the spherical code serves as an upper bound for the binary code. This observation
can improve previous upper bounds in some cases.

Define
H(n) = {0, 1}n,

M(m,n,w) = {x ∈ H(n) : x · ui = w},

whereui = ei ⊗ jn, ei is the standardm-dimensional unit vector andjn is then-dimensional all-one vector. Then any subset
of H(n) = {0, 1}n is a binary code of lengthn and any subset ofM(m,n,w) is an MCWC(m,n, d, w) for some distanced.

Let Ω(∗) denote the mapping0 → 1 and1 → −1 from binary Hamming space to Euclidean space. Then

Ω(M(m,n,w)) = {x ∈ Ω(H(n)) : x · ui = n− 2w for 1 ≤ i ≤ m}.

For any pointx ∈ M(m,n,w), x satisfies(Ω(x) − x0) · ui = 0 and‖Ω(x)− x0‖ = r, where

x0 = (1−
2w

n
)jmn,

and

r = 2

√

mw(n− w)

n
.

HenceΩ(M(m,n,w)) is a subset of the(nm−m)-dimensional hypersphere of radiusr centered atx0.
From the above analysis, we can get the following bound:
Theorem 3.1:

M(m,n, 2d, w) ≤ ⌊d
b ⌋, if b ≥ d

nm−m+1 ,

M(m,n, 2d, w) ≤ m(n− 1) + 1, if 0 < b < d
n ,

where

b = d−
mw(n− w)

n
.

Proof: Let C be an MCWC(m,n, 2d, w). TranslatingΩ(C) by x0 and scaling the radius by1/r, in accordance with the
above analysis, yields an(nm−m)-dimensional spherical code with the maximum cosines = 1− dn

mw(n−w) . Thus

M(m,n, 2d, w) ≤ AS(m(n− 1), s), if s ≥ −1;
M(m,n, 2d, w) = 1, if s < −1.

UsingAS(mn−m, s) as an upper bound for|Ω(C)| completes the proof.
Remark 3.2: The first bound in Theorem 3.1 is equivalent to the last Johnson-type bound (3) and the second bound improves

the Johnson-type bound of Proposition 2.2 when0 < b < d
n .
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B. Plotkin-type Bounds

The following proposition is well-known, while we provide asketch of the proof for the sake of completeness.
Proposition 3.3: ([4]) Let C be an(n, d) code, then

|C| ≤
d/2

d/2−
∑n

i=1 fi(1 − fi)

provided that the denominator is positive, wherefi denotes the proportion of codewords that have a1 in position i.
Proof: The proof follows from the technique of double counting. On one hand,

dav =
1

M(M − 1)

∑

c1,c2∈C

d(c1, c2) ≥ d,

whereM = |C|. On the other hand,

dav =
2M

M − 1

n
∑

i=1

fi(1 − fi).

By the double counting principle,
2M

M − 1

n
∑

i=1

fi(1− fi) ≥ d.

For MCWCs, we will have more restrictions concerningfi, so we expect to get a better bound.
Theorem 3.4:

M(m,n, 2d, w) ≤ max{
d

d−
∑mn

i=1 fi(1− fi)
} (8)

where the maximum is taken over allfi (1 ≤ i ≤ mn) that satisfy the constraints below:

f1 + f2 + · · ·+ fn = w (9)

fn+1 + fn+2 + · · ·+ f2n = w (10)
... (11)

f(m−1)n+1 + f(m−1)n+2 + · · ·+ fmn = w. (12)

Proof: The proof follows from the definition of MCWCs and Proposition 3.3.
Corollary 3.5:

M(m,n, 2d, w) ≤ ⌊
d

b
⌋, (13)

where

b = d−
mw(n− w)

n
.

Proof: To get an upper bound of MCWCs, we only need to determine the minimum value of
∑n

i=1 f
2
i , whenf1 + f2 +

· · ·+ fn = w. We use the method of Lagrange Multiplier. Letγ be an auxiliary variable. We consider the following function:

g(f1, f2, . . . , fn, γ) =
n
∑

i=1

f2
i + γ(f1 + f2 + · · ·+ fn − w).

Then
∂g

∂fi
= 2fi + γ = 0,

∂g

∂γ
=

n
∑

i=1

fi − w = 0.

Thus whenfi = w
n , the original function will achieve the minimum value. Substituting fi with w

n in the sum of (8), we obtain
(13).

Remark 3.6: The bound (13) is equivalent to the Johnson-type bound (6) ofProposition 2.3, however when we impose the
additional constraint thatfi must be multiples of1/M , the problem will be set in the discrete domain{0, 1/M, 2/M, . . . , 1}
instead of the continuous domain[0, 1]. Similar with the above discussion of Corollary 3.5, we willget an implicit expression
of the upper bound.

Corollary 3.7: If b > 0, then
M(m,n, 2d, w) ≤ ⌊d/b⌋,
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where
b = d− mw(n−w)

n + nm
M2 {Mw/n}{M(n− w)/n},

M = M(m,n, 2d, w),
{x} = x− ⌊x⌋.

C. Linear Programming Bounds

Let C be an MCWC(m,n, 2d, w). The distance distribution ofC can be defined as follows:

A2i1,2i2,...,2im :=
1

|C|

∑

c∈C

A2i1,2i2,...,2im(c),

whereA2i1,2i2,...,2im(c) := |{c1 ∈ C : (c1 ⊕ c) · uj = 2ij}|, uj := ej ⊗ jn, ej is the standardm-dimensional unit vector and
jn is then-dimensional all-one vector.

Corollary 3.8: Let C be an MCWC(m,n, 2d, w), then
w
∑

i1=0

w
∑

i2=0

· · ·

w
∑

im=0

Qk1(i1)Qk2(i2) · · ·Qkm
(im)A2i1,2i2,...,2im ≥ 0.

Proof: For v = 1, 2, . . . ,m, suppose(X(v);R
(v)
0 , · · · , R

(v)
w ) is an association scheme with intersection numbersp

(v)
ijk,

incidence matricesD(v)
i , idempotentsJ (v)

i , and eigenvaluesP (v)
k (i), Q

(v)
k (i). Then the Cartesian product(X(1) × X(2) ×

· · · × X(m);Ri1...im = R
(1)
i1

× · · · × R
(m)
im

, 0 ≤ ij ≤ m for 1 ≤ j ≤ m) is an association scheme with eigenmatrice

Q
(1)
k1

(i1)Q
(2)
k2

(i2) · · ·Q
(m)
km

(im). HenceC is a code in the product ofm Johnson schemes. The result follows from Theorem
2.4.

Theorem 3.9:

M(m,n, 2d, w) ≤ 1 + ⌊max

w
∑

i1=0

w
∑

i2=0

· · ·

w
∑

im=0

A2i1,...,2im⌋,

where

A2i1,...,2im ≥ 0,

A2i1,...,2im = 0, for

m
∑

j=1

ij < d;

and
w
∑

i1=0

w
∑

i2=0

· · ·

w
∑

im=0

Qk1(i1)Qk2(i2) · · ·Qkm
(im)A2i1,2i2,...,2im ≥ 0. (14)

IV. A SYMPTOTIC LOWER BOUNDS

In this section, we consider the asymptotic rate ofM(m,n, d, w) whenm is large,n is a function ofm, d = ⌊δmn⌋ and
w = ⌊ωn⌋ for 0 < δ, ω < 1. Define the valueµ(δ, ω) as follows:

µ(δ, ω) := lim sup
m→∞

log2 M(m,n, ⌊δmn⌋, ⌊ωn⌋)

mn
.

In [5], Cheeet al. used the concatenation technique to give the following asymptotic lower bound.
Proposition 4.1: ([5]) For δ ≤ 1/2, we have

µ(δ, 1/2) ≥ 1−H(δ),

whereH(x) denotes the binary entropy function defined by

H(x) := −x log2 x− (1− x) log2(1− x),

for all 0 ≤ x ≤ 1.
In this section, we will generalise Proposition 4.1 and givea general form of the asymptotic lower bound. After that, we

will give a generalised Gilbert-Varshamov bound for MCWCs and show that this classic method can provide a better bound.
The first bound follows from Proposition 2.1. We choose theq-ary code that can achieve the Gilbert-Varshamov bound as

outer codes. For convenience, we assume1
ω andδmn are integers.

Theorem 4.2: For ω ≤ 1/2 andδ ≤ max{1/2, 2ω}, we have

µc(δ, ω) ≥ ω log2(
1

ω
)(1 −H 1

ω
(
δ

2ω
)),
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whereHq(x) := x logq(q − 1)− x logq x− (1− x) logq(1 − x) for 0 < x ≤ q−1
q .

Proof: Applying Proposition 2.1, we getM(m,n, δmn, ωn) ≥ A 1
ω
(mwn, δmn

2 ). SinceAq(n, d) ≥ q(1−Hq(d/n))n, then

M(m,n, δmn, ωn) ≥ (
1

ω
)
(1−H 1

ω
( δ
2ω ))mwn

,

thus
µc(δ, ω) ≥ ω log2(

1

ω
)(1 −H 1

ω
(
δ

2ω
)).

Remark 4.3: Actually, there exist algebraic geometric codes leading toan asymptotic improvement upon Gilbert-Varshamov
bound when the alphabet sizeq ≥ 49 [24], [26]. Since the improvement is slight, we still use theGilbert-Varshamov bound
for the sake of simplicity.

The Gilbert-Varshamov bound is one of the most well-known and fundamental results in coding theory. In fact, it can be
easily applied to various kinds of codes. For MCWC(m,n, 2d, w), the volume of the Hamming ball of radius2d− 1 is

∑

i1+i2+...+im≤d−1

(

w

i1

)(

n− w

i1

)

· · ·

(

w

im

)(

n− w

im

)

.

Theorem 4.4: For ω ≤ 1/2 andδ ≤ max{1/2, 2ω}, we have

µGV (δ, ω) ≥ H2(ω)− ωH2(
δ

2ω
)− (1− ω)H2(

δ

2(1− ω)
).

Proof: Since

M(m,n, δmn, ωn) ≥

(

n
ωn

)m

∑

i1+i2+...+im≤ δmn
2 −1

(

ωn
i1

)(

(1−ω)n
i1

)

· · ·
(

ωn
im

)(

(1−ω)n
im

)

≥

(

n
ωn

)m

∑

0≤i≤ δmn
2

(

ωmn
i

)(

(1−ω)mn
i

) ,

we have

µGV (δ, ω) ≥
log2

2nmH2(ω)

2ωnmH2( δ
2ω

)2
(1−ω)mnH2( δ

2(1−ω)
)

mn

≥ H2(ω)− ωH2(
δ

2ω
)− (1− ω)H2(

δ

2(1− ω)
).

At the end of this section, we compare the two bounds given above and show that the generalised Gilbert-Varshamov bound
offers a better one.

Theorem 4.5:
µGV (δ, ω) ≥ µc(δ, ω),

equality holds only whenw = 1
2 or δ = 2(ω − ω2).

Proof: Let
f(δ, ω) = µGV (δ, ω)− µc(δ, ω)

= H2(ω)− (1− ω)H2(
δ

2(1− ω)
) +

δ

2
log2(

1

ω
− 1)− (1− ω) log2(1− ω).

For simplicity, lettingx = δ
2 , we get

f(x, ω) = −(2− 2ω − x) log2(1− ω) + x log2(
x

ω
) + (1− ω − x) log2(1 − ω − x).

We will derive the proof by considering two cases ofω ≤ 1
4 , x ≤ ω and 1

4 < ω ≤ 1
2 , x ≤ 1

4 separately.
(a) ω ≤ 1

4 , x ≤ ω.
Whenx = 0, f(0, ω) = −(1− ω) log2(1− ω) > 0.
Whenx = ω, f(ω, ω) = (3ω−2) log2(1−ω)− (2ω−1) log2(1−2ω). We want to showf(ω, ω) ≥ 0. Sincef(0, 0) = 0
andf(14 ,

1
4 ) = 2− 5

4 log2 3 > 0, we need to show thatg(ω) = f(ω, ω) is monotonely increasing.

g
′

(ω) = 3 log2(1− ω)− 2 log2(1 − 2ω) +
ω

ω − 1
,

g
′′

(ω) =
ω(3− 2ω)

(ω − 1)2(1− 2ω)
> 0.



9

Sinceg
′

(0) = 0 andg
′

(14 ) =
5
3 + 3 log2(

3
4 ) > 0, we getg

′

(ω) ≥ 0, thusf(ω, ω) ≥ 0.
Moreover ∂f(x,ω)

∂x = log2
x(1−ω)

ω(1−ω−x) = 0, we getx = ω − ω2. Sincef(ω − ω2, ω) = 0, with the above analysis, we get
f(δ, ω) ≥ 0.

(b) 1
4 < ω ≤ 1

2 , x ≤ 1
4 .

Whenx = 0, f(0, ω) = −(1− ω) log2(1− ω) > 0.
Whenx = 1

4 , f(14 , ω) = −(74 − 2ω) log2(1 − ω) + 1
4 log2(

1
4ω ) + (34 − ω) log2(

3
4 − ω). We want to showf(14 , ω) ≥ 0.

Sincef(14 ,
1
4 ) = − 5

4 log2(
3
4 )−

1
2 > 0 andf(14 ,

1
2 ) = 0, we show the functionf(14 , ω) is monotonely decreasing.

f
′

(
1

4
, ω) =

1

ln 2
(2 ln(1− ω)− ln(

3

4
− ω) + 1−

1

4(1− ω)
−

1

4ω
),

f
′′

(
1

4
, ω) =

1

ln 2
( +

1− 2ω

4ω2(1− ω)2
) ≥ 0.

Sincef
′

(14 ,
1
4 ) =

1
ln 2 (ln(

9
8 )−

1
3 ) < 0 andf

′

(14 ,
1
2 ) = 0, we getf

′

(14 , ω) ≤ 0, thusf(14 , ω) ≥ 0.
The remainder of the proof is the same as the first case. Then, we have already proven this theorem.

V. TWO INFINITE CLASSES OFOPTIMAL CODES

In [6], Cheeet al. demonstrated that certain Johnson-type bounds are asymptotically exact for constant-composition codes,
nonbinary constant-weight codes and MCWCs by constructingseveral infinite classes of optimal codes achieving these bounds.
Especially, for MCWCs they showed that the bound (1) is asymptotically exact for distance2mw − 2.

Theorem 5.1 (Chee et al. [6]): Fix m andw. There exits an integern0 such that

M(m,n, 2mw − 2, w) =
n(n− 1)

w2

for all n ≥ n0 satisfyingn− 1 ≡ 0 (mod w2).
In this section, we will generalize Theorem 5.1 to the case where the weightwi may not be equal. We determine the value

of T (w1, n;w2, n; . . . ;wm, n; 2
∑m

i=1 wi − 2) for some modulo classes ofn whenn is sufficiently large. We also establish
the connection betweenα-resolvable BIBDs and MCWCs and employ Theorem 2.9 to establish the asymptotic existence of a
class ofα-resolvable BIBDs. As a consequence, we prove that the bound(3) is asymptotically exact for distance2mw − w.

A. Optimal MCWCs with Distance 2
∑m

i=1 wi − 2

Let w1 ≥ w2 ≥ · · · ≥ wm be nonnegative integers. Letw =
∑m

i=1 wi. The Johnson-type bound (1) shows that

T (w1, n;w2, n; . . . ;wm, n; 2w − 2) ≤

{

n(n−1)
w1(w1−1) , if w1 > w2;
n(n−1)

w2
1

, if w1 = w2.

We will show that this bound is asymptotically tight. To apply Theorem 2.8, we first define the family of edge-colored digraphs
G. We use them2 ordered pairs from[m] as colors. Definew = [w1, w2 . . . , wm]. Let G(w) be the digraph with vertex set

V (G(w)) = W1 ∪W2 ∪ · · · ∪Wm (15)

whereWi’s are disjoint vertex sets with|Wi| = wi. Here, for all distinctx, y ∈ V (G(w)), there is an edge fromx to y of
color (i, j) wherei and j are such thatx ∈ Wi and y ∈ Wj . Then in the graphG(w), there arewiwj edges colored(i, j)
with i 6= j, andwi(wi − 1) edges colored(i, i). For i, j ∈ [m], let Gij be a digraph with two vertices and one directed edge
of color (i, j). To defineG(w), we consider the following two cases depending on whetherw1 = w2:

1) Whenw1 > w2, we havew1(w1 − 1) ≥ w1w2. Let r be the largest integer such thatw1 − 1 = w2 = · · · = wr . Then
setG(w) = {G(w)} ∪ {Gij : (i, j) ∈ ([m]× [m])\{(1, i), (i, 1) : 1 ≤ i ≤ r}}.

2) Whenw1 = w2, we havew1w2 > w1(w1 − 1). Let r be the largest integer such thatw1 = · · · = wr. Then set

G(w) = {G(w)} ∪ {Gij : (i, j) ∈ ([m]× [m])\
(

[r]
2

)

}.

Proposition 5.2: Suppose that aG(w)-decomposition ofK(m2)
n exists. Then

T (w1, n; . . . ;wm, n; 2w − 2) =

{

n(n−1)
w1(w1−1) , if w1 > w2;
n(n−1)

w2
1

, if w1 = w2.

Proof: Let V be the vertex set ofK(m2)
n andF be theG(w)-decomposition. LetX = {1, 2, . . . ,m} × V . The code is

constructed in2X . For eachF ∈ F isomorphic toG(w), there is a unique partition of the vertex setV (F ) = ∪m
i=1Si so that

the edge fromx to y in F has color(i, j) if x ∈ Si andy ∈ Sj . Construct a codewordu such thatu(i,x) = 1 if x ∈ Si, and
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u(i,x) = 0 otherwise. Since|Si| = wi, this code is an MCWC(w1, n; . . . ;wm, n; d) with some distanced. Noting that every
colored edge appears at most once in the member ofF isomorphic toG(w), we have|supp(u) ∩ supp(v)| ≤ 1 for any two
codewordsu andv. Thus this code has distance2w − 2.

Finally, let m be the number of digraphs inF isomorphic toG(w). It is easy to see thatm = n(n−1)
w1(w1−1) if w1 > w2 and

m = n(n−1)
w2

1
otherwise.

Noting thatm(i,j)(G(w)) = wiwj , i 6= j, m(i,i)(G(w)) = wi(wi − 1) andm(i,j)(Gij) = 1, we have

β(G(w)) =

{

w1(w1 − 1), if w1 > w2;

w2
1 , if w1 = w2.

Since in(i,j)(G(w)) = wj , out(i,j)(G(w)) = wi for any i 6= j, in(i,i)(G(w)) = out(i,i)(G(w)) = wi − 1, it is easy to check
that

α(G(w)) =

{

w1(w1 − 1), if w1 > w2;

w1, if w1 = w2.

Then applying Theorem 2.8, we can obtain the following result.
Theorem 5.3: Let w1 ≥ w2 ≥ · · · ≥ wm be nonnegative integers andw =

∑m
i=1 wi. There exits an integern0 such that

T (w1, n; . . . ;wm, n; 2w − 2) =

{

n(n−1)
w1(w1−1) , if w1 > w2;
n(n−1)

w2
1

, if w1 = w2.

for all n ≥ n0 satisfyingn− 1 ≡ 0 (mod w1(w1 − 1)) if w1 > w2, or n− 1 ≡ 0 (mod w2
1) otherwise.

B. Optimal MCWCs with Distance 2mw − w

We first establish a connection betweenα-resolvable BIBDs and optimal MCWCs.
Proposition 5.4: If there exits anα-resolvable BIBD(v, k, λ), then M(m,n, d, w) = v, wherem = λ(v−1)

α(k−1) , n = αv
k ,

d = 2(λ(v−1)
k−1 − λ), andw = α.

Proof: The Johnson-type bound (3) shows thatM(m,n, d, w) ≤ v wherem = λ(v−1)
α(k−1) , n = αv

k , d = 2(λ(v−1)
k−1 − λ), and

w = α.
Let (X,B) be anα-resolvable BIBD(v, k, λ). Since there areλ(v−1)

α(k−1) α-parallel classes inB, each of which consists of
αv
k blocks, we can arrange all the blocks in anm × n array withm = λ(v−1)

α(k−1) and n = αv
k , such that the blocks in each

row form anα-parallel class. Now, for each pointx ∈ X , construct a codewordu with u(i,j) = 1 if the block in the entry
(i, j) containsx, andu(i,j) = 0 otherwise. Since each point appears inα times in each row, the code constructed above is an
MCWC(m,n, d, α) of sizev for some distanced. Since any two distinct points ofX appear together in exactlyλ blocks, the
supports of any two codewords intersect in exactlyλ points. Thus the code has distanced = 2(mw− λ) = 2(λ(v−1)

k−1 − λ).
In the remaining of this subsection, we employ Theorem 2.9 toshow that whenα = λ and k | α, an α-resolvable

BIBD(v, k, λ) exists for all sufficientv with v ≡ 1 (mod k − 1).
We first define the family of edge-r-colored digraphsG with r = k2 − k. We use the(k − 1)2 ordered pairs from[k − 1]

and thek− 1 singletons(i), i = 1, 2, ..., k− 1 as colors. Letλ be a vector of lengthk2 − k with each entry beingλ. For each
(k − 1)-tuple t = (t1, t2 . . . , tk−1) of nonnegative integers summing tok, let G(t) be the digraph withk + 1 vertices

V (G(t)) = {w} ∪ T1 ∪ T2 ∪ · · · ∪ Tk−1 (16)

whereTi’s are disjoint vertex sets with|Ti| = ti andw is another vertex not in anyTi. Here, for all distinctx, y ∈ V (G(t)),
there is an edge fromx to y of color (i, j) wherei andj are such thatx ∈ Ti andy ∈ Tj, and an edge of color(i) from the
special vertexw to eachx in Ti. Let G be the collection of all suchG(t).

Proposition 5.5: If there exits aG-decomposition of the edge-r-coloredK [λ,λ,...,λ]
m with r = k2 − k andm = v−1

k−1 , then a
λ-resolvable BIBD(m(k − 1) + 1, k, λ) exists.

Proof: Let V be the vertex set ofK [λ,λ,...,λ]
m and letX = {∞}∪ (V × [k−1]). Let Bx = {∞}∪ ({x}×{1, 2, . . . , k−1}),

B = {Bx : x ∈ V }. The elementsV will be used to index theλ-parallel classes, which are denoted asPx, x ∈ V ; Bx will
be inPx. For eachF ∈ F , there will be a unique partition of thek + 1 verticesV (F ) ⊂ V as

V (F ) = {w} ∪ S1 ∪ S2 ∪ · · · ∪ Sk−1

as in (16). Let
AF = ∪k−1

i=1 Si × {i};

we takeλ copies of this block in the parallel classPw. Let A = {AF : F ∈ F} and letBλ be a multi-set containing each
member ofB λ times. It is easy to check that(X,A∪ Bλ) is a ((k − 1)m+ 1, k, λ)-BIBD, and that eachPw is a λ-parallel
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class. For example, theλ blocks inPw that contains a point(y, i), y 6= w areAF ’s whereF ’s are the graphs inF that contain
the edge of color(i) from w to y.

With the same argument as that in the proof of [18, Therem 10.1], one can show thatm(m− 1)(λ, λ, . . . , λ) is an integral
linear combination of the vectorsµ(G(t)), G(t) ∈ G, and(m− 1)(λ, λ, . . . , λ) is an integral linear combination of the vectors
τ(x,G(t)) as x ranges over all vertices of all digraphsG(t) ∈ G. Thus, the two conditions of Theorem 2.9 are satisfied.
Applying this theorem we can obtain the following result.

Theorem 5.6: Given positive integersk andλ with k | λ, there exits a constantm0 = m0(k, λ) such that aλ-resolvable
BIBD(m(k − 1) + 1, k, λ) exists for allm ≥ m0.

Combining Proposition 5.4 and Theorem 5.6, we can get the following result.
Theorem 5.7: Given positive integersk andw with k | w, there exits a constantm0 = m0(k, w) such that

M(m,n, 2(mw − w), w) = m(k − 1) + 1

with n = w(m(k − 1) + 1)/k for all m ≥ m0.

VI. OPTIMAL MCWCS WITH WEIGHT FOUR

In [7], the authors determined the maximum size of MCWCs for total weight less than or equal to four, except whenm = 2,
w1 = w2 = 2, d = 6 andn1 ≤ n2 ≤ 2n1 − 1, with bothn1 andn2 being odd. We consider this open class in this section.
The Johnson-type bound (1) yields that:

Lemma 6.1: Let n1, n2 be two odd integers with0 < n1 ≤ n2 ≤ 2n1 − 1. Then T(2, n1; 2, n2; 6) ≤ ⌊n2(n1−1)
4 ⌋.

We will show the above bound can be achieved for most cases. Firstly, we introduce a new combinatorial structure and
establish the connection between such a structure and the optimal MCWC(2, n1; 2, n2; 6).

A. Skew Almost-resolvable Squares

Let V be a set ofv points andS be a set ofs points. A skew almost-resolvable square, denoted SAS(s, v), is an s × s
array, where the rows and the columns are indexed by the elements of S, and each cell is either empty or contains a pair of
points fromV , such that:

1) for every two cells(i, j) and (j, i) with i 6= j at most one is filled;
2) the cells on the diagonal are all empty;
3) no pair of points fromV appears in more than one cell;
4) for eachi ∈ S, the pairs in rowi together with those in columni form a partition ofV \{x} for somex ∈ V .
Proposition 6.2: Let v ≡ 1 (mod 4) ands ≡ 1 (mod 2) with v ≤ s ≤ 2v− 1. There exists an MCWC(2, v; 2, s; 6) of size

s(v−1)
4 if and only if an SAS(s, v) exists.

Proof: Let A be an SAS(s, v) on V with rows and columns indexed byS. We may assume thatV andS are distinct.
Let X = V ∪ S. The code is constructed in2X . For each filled cell(i, j) of A with A(i, j) = {a, b}, construct a codewordu
whereux = 1 if x ∈ {a, b, i, j}, andux = 0 otherwise. Then we get an MCWC(2, v; 2, s; d) for some distanced. Note that
Properties 1), 3) and 4) guarantee that any pair of points ofX appear in at most one codeword’s support. The supports of any
two distinct codewordsu andv intersect in at most one point and then the code has distance6. According to Property 4), for
eachi ∈ S, there arev−1

2 cells filled in row i and columni. Thus we haves(v−1)
4 cells filled in total and the code has size

s(v−1)
4 .
Conversely, letX = X1∪X2 with |X1| = v and|X2| = s. Let C be an MCWC(2, v; 2, s; 6) of size s(v−1)

4 in 2X . Construct
an s× s array with rows and columns indexed by the elements ofS. For each codewordu ∈ C with supp(u) = {a, b, i, j},
a, b ∈ X1 and i, j ∈ X2, fill in the cell (i, j) with the pair{a, b}. It is easy to check that this array is an SAS(s, v).

In the above definition of SASs, if we replace the condition 4)by the following one, we get the definition of SAS∗(s, v)s.
4)’ there exits ani0 ∈ S such that for eachi ∈ S\{i0}, the pairs in rowi and columni form a partition ofV \{x} for some

x ∈ V ; the pairs in rowi0 and columni0 form a partition ofV \{x, y, z} for some distinctx, y, z ∈ V .
Similarly, we have the following result, the proof of which is exactly the same as that of Proposition 6.2 and we omit it

here.
Proposition 6.3: Let v ≡ 3 (mod 4) ands ≡ 1 (mod 2) with v ≤ s ≤ 2v− 1. There exists an MCWC(2, v; 2, s; 6) of size

⌊ s(v−1)
4 ⌋ if and only if an SAS∗(s, v) exists.

In the following, we will discuss a useful construction method, i.e., frame construction, which will allow us to construct
infinite families of SASs and SAS∗s.

Let V be a set ofv points andS be a set ofs points. Let{H1, H2, . . . , Hn} be a partition ofV with |Hi| = hi and
{S1, S2, . . . , Sn} be a partition ofS with |Si| = si. A skew frame-resolvable square (SFS) of type{(si, hi) : 1 ≤ i ≤ n} is
an s× s array, where the rows and the columns are indexed by the elements ofS, and each cell is either empty or contains a
pair of points fromV , such that:

1) for every two cells(i, j) and (j, i) with i 6= j at most one is filled;
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2) the subarray indexed bySi × Si is empty, and it is calledhole;
3) no pair of points fromV appears in more than one cell;
4) no pair of points fromHi appears in any cell;
5) for eachl ∈ Si, the pairs in rowl together with those in columnl form a partition ofV \Hi.

We will use an exponential notation(s1, g1)n1 · · · (sn, gn)
nt to indicate that there areni occurrences of(si, gi) in the partitions.

We can use GDDs to give the recursive construction of SFSs.
Construction 6.4: Let (X,G,B) be a GDD, and lets, v : X → Z+∪{0} be two weight functions onX . Suppose that for each

block B ∈ B, there exists an SFS of type{(s(x), v(x)) : x ∈ B}. Then there is an SFS of type{(
∑

x∈G s(x),
∑

x∈G v(x)) :
G ∈ G}.

Proof: For eachx ∈ X , let S(x) be an index set ofs(x) elements, whereS(x) andS(y) are disjoint for anyx 6= y ∈ X .
For eachB ∈ B, we construct an SFS of type{(s(x), v(x)) : x ∈ B} AB on ∪x∈B({x} × {1, 2, . . . , v(x)}) and index its
rows and columns using the elements of the set∪x∈BS(x).

DenoteS = ∪x∈XS(x) andV = ∪x∈X({x}×{1, 2, . . . , v(x)}). We construct the requisite SFSA on V and index its rows
and columns byS as follows: for each cell ofA indexed by(α, β), if α ∈ S(x), β ∈ S(y) with x 6= y and there exists a
blockB ∈ B containingx, y, then we place the entry fromAB indexed by(α, β) in the cell ofA; otherwise the cell is empty.

For eachGi ∈ G, denoteSi = ∪x∈Gi
S(x) andHi = ∪x∈Gi

({x} × {1, 2, . . . , v(x)}). It is easy to check that Properties
1) – 4) in the definition of SFSs are satisfied. Now, for eachα ∈ Si, we consider the pairs in rowα and columnα. Assume
that α ∈ S(x) for somex ∈ Gi. Since for eachy 6∈ Gi, there exits a unique block containing bothx and y, the set
{B\{x} : x ∈ B ∈ B} forms a partition ofX\Gi. Note that for eachAB with x ∈ B, the pairs in rowα and columnα of
AB form a partition of∪y∈B,y 6=x(y × {1, 2, . . . , v(y)}). Then the pairs in rowα and columnα in A form a partition of

⋃

x∈B,B∈B





⋃

y∈B,y 6=x

(y × {1, 2, . . . , v(y)})



 =
⋃

y∈X\Gi

(y × {1, 2, . . . , v(y)}) = V \Hi.

Thus we have proved thatA is an SFS of type{(
∑

x∈G s(x),
∑

x∈G v(x)) : G ∈ G}.
Let V be a set ofv points andS be a set ofs points. LetW be a subset ofV with |W | = w andT be a subset ofS with

|T | = t. A holey skew almost-resolvable square, denoted HSAS(s, v; t, w), is ans× s array, where the rows and the columns
are indexed by the elements ofS, and each cell is either empty or contains a pair of points from V , such that:

1) for every two cells(i, j) and (j, i) with i 6= j at most one is filled;
2) the subarray indexed byT × T is empty, and it is calledhole;
3) no pair of points fromV appears in more than one cell;
4) no pair of points fromW appears in any cell;
5) for eacht ∈ T , the pairs in rowt together with those in columnt form a partition ofV \W ;
6) for eachl ∈ S\T , the pairs in rowl and columnl form a partition ofV \{x} for somex ∈ V .

The following result is simple but useful in our constructions.
Proposition 6.5: Suppose that there exist both an HSAS(s, v; t, w) and an SAS(t, w). Then an SAS(s, v) exists.
In the following, we show how to construct SASs from SFSs.
Construction 6.6: [Basic Frame Construction] Suppose that there exists an SFSof type {(si, hi) : 1 ≤ i ≤ n}. Let

s =
∑n

i=1 si andv =
∑n

i=1 hi. If for each1 ≤ i ≤ n− 1 there exists an HSAS(si + e, hi + w; e, w), furthermore,

(1) if there exits an HSAS(sn + e, hn + w; e, w), then an HSAS(s+ e, v + w; e, w) exists;
(2) if there exits an SAS(sn + e, hn + w), then an SAS(s+ e, v + w) exists;
(3) if there exits an SAS∗(sn + e, hn + w), then an SAS∗(s+ e, v + w) exists.

Proof: Let A be an SFS of type{(si, hi) : 1 ≤ i ≤ n} on V = ∪s
i=1Hi with rows and columns indexed byS. Let W be a

set of sizew, disjoint fromV , and take our new point set to beV ∪W . Now, adde new rows and columns. For each1 ≤ i ≤ n−1,
fill the si× si subsquare together with thee new rows and columns with a copy of the HSAS(si+ e, hi+w; e, w) on Hi∪W ,
such that the intersection of the new rows and columns forms ahole. Then, fill thesn× sn subsquare together with thee new
rows and columns with a copy of the HSAS(sn + e, hn +w; e, w)

(

SAS(sn + e, hn +w; e, w), SAS∗(sn + e, hn +w; e, w)
)

.
It is routine to check that the resultant square is an HSAS(s+ e, v + w; e, w)

(

SAS(s+ e, v + w), SAS∗(s+ e, v + w)
)

.

B. Determining the Value of T(2, n1; 2, n2; 6)

Supposeu ∈ ZX
2 is a codeword of an MCWC(w1, n1;w2, n2; d). We can representu equivalently as a4-tuple〈a1, a2, a3, a4〉 ∈

X4, whereua1 = ua2 = ua3 = ua4 = 1. Throughout this section, we shall often represent codewords of MCWCs in this
form.

Lemma 6.7: Let n1 ∈ {3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 25, 29, 33, 37}, n1 ≤ n2 ≤ 2n1 − 1 andn2 be odd. Then

1) T(2, n1; 2, n2; 6) = ⌊n2(n1−1)
4 ⌋, except for(n1, n2) = (5, 7); furthermore

2) T(2, 5; 2, 7; 6) = 6.
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TABLE I
CODEWORDS OFSMALL MCWC(2, n1; 2, n2; 6) FOR3 ≤ n1 ≤ 9

(n1, n2) Codewords
(3, 3) 〈0, 1, 3, 4〉
(3, 5) 〈0, 1, 3, 4〉 〈1, 2, 5, 6〉
(5, 5) 〈0, 1, 5, 6〉 〈0, 2, 7, 8〉 〈1, 3, 7, 9〉 〈2, 4, 5, 9〉 〈3, 4, 6, 8〉
(5, 7) 〈0, 1, 5, 6〉 〈0, 2, 7, 8〉 〈0, 3, 9, 10〉 〈1, 2, 9, 11〉 〈1, 4, 7, 10〉 〈3, 4, 5, 8〉
(5, 9) 〈0, 3, 10, 9〉 〈2, 3, 5, 13〉 〈0, 2, 8, 7〉 〈0, 4, 11, 12〉 〈1, 2, 9, 11〉 〈1, 3, 7, 12〉 〈0, 1, 6, 5〉 〈1, 4, 8, 13〉 〈2, 4, 6, 10〉
(7, 7) 〈0, 1, 7, 8〉 〈0, 2, 9, 10〉 〈0, 3, 11, 12〉 〈1, 2, 11, 13〉 〈1, 4, 9, 12〉 〈2, 5, 7, 12〉 〈3, 4, 7, 10〉 〈3, 5, 8, 9〉 〈4, 6, 8, 11〉 〈5, 6, 10, 13〉

(7, 9)
〈0, 1, 7, 8〉 〈0, 2, 9, 10〉 〈0, 3, 11, 12〉 〈0, 4, 13, 14〉 〈1, 2, 11, 13〉 〈1, 3, 9, 14〉 〈1, 4, 10, 12〉 〈2, 3, 7, 15〉 〈2, 5, 8, 12〉
〈3, 5, 10, 13〉 〈4, 5, 7, 9〉 〈4, 6, 8, 11〉 〈5, 6, 14, 15〉

(7, 11)
〈0, 1, 7, 8〉 〈0, 2, 9, 10〉 〈1, 5, 11, 13〉 〈0, 4, 13, 14〉 〈0, 5, 15, 16〉 〈3, 6, 16, 13〉 〈1, 3, 9, 14〉 〈0, 3, 11, 17〉 〈1, 6, 15, 17〉
〈2, 3, 7, 15〉 〈2, 4, 8, 16〉 〈2, 5, 12, 14〉 〈3, 5, 8, 10〉 〈1, 4, 12, 10〉 〈4, 5, 7, 17〉 〈4, 6, 9, 11〉

(7, 13)
〈0, 1, 7, 8〉 〈0, 2, 9, 10〉 〈0, 3, 11, 12〉 〈1, 4, 12, 10〉 〈5, 4, 7, 9〉 〈0, 6, 17, 18〉 〈1, 2, 11, 13〉 〈1, 3, 9, 14〉 〈3, 5, 10, 8〉
〈1, 5, 17, 19〉 〈3, 4, 19, 18〉 〈2, 4, 8, 16〉 〈5, 0, 16, 15〉 〈0, 4, 14, 13〉 〈2, 3, 7, 17〉 〈3, 6, 13, 16〉 〈4, 6, 11, 15〉 〈2, 5, 12, 18〉
〈2, 6, 14, 19〉

(9, 9)
〈7, 3, 15, 12〉 〈2, 1, 16, 11〉 〈4, 8, 9, 15〉 〈0, 3, 11, 10〉 〈2, 8, 10, 13〉 〈2, 6, 9, 12〉 〈4, 5, 11, 12〉 〈1, 0, 12, 17〉 〈6, 7, 13, 17〉
〈6, 0, 14, 15〉 〈6, 4, 10, 16〉 〈1, 4, 14, 13〉 〈7, 1, 10, 9〉 〈7, 8, 14, 11〉 〈3, 8, 17, 16〉 〈5, 2, 15, 17〉 〈3, 5, 14, 9〉 〈0, 5, 13, 16〉

(9, 11)
〈4, 8, 13, 11〉 〈3, 0, 14, 10〉 〈6, 5, 11, 19〉 〈3, 1, 16, 11〉 〈0, 8, 16, 15〉 〈8, 2, 9, 17〉 〈6, 2, 14, 13〉 〈6, 8, 12, 10〉 〈4, 3, 17, 15〉
〈6, 3, 9, 18〉 〈4, 1, 12, 18〉 〈3, 5, 13, 12〉 〈8, 1, 19, 14〉 〈7, 0, 11, 12〉 〈1, 7, 9, 13〉 〈0, 5, 17, 18〉 〈6, 7, 17, 16〉 〈2, 7, 19, 18〉
〈7, 5, 14, 15〉 〈0, 4, 9, 19〉 〈1, 2, 10, 15〉 〈4, 5, 10, 16〉

(9, 13)
〈6, 4, 13, 17〉 〈3, 2, 17, 9〉 〈0, 1, 9, 10〉 〈6, 3, 18, 15〉 〈5, 0, 16, 17〉 〈2, 5, 18, 13〉 〈7, 1, 18, 20〉 〈2, 1, 12, 15〉 〈2, 4, 16, 14〉
〈1, 5, 19, 21〉 〈6, 7, 9, 12〉 〈8, 7, 13, 16〉 〈8, 2, 20, 19〉 〈0, 3, 19, 13〉 〈4, 5, 20, 9〉 〈8, 0, 18, 12〉 〈7, 3, 14, 21〉 〈7, 5, 15, 10〉
〈7, 4, 19, 11〉 〈1, 3, 16, 11〉 〈6, 8, 10, 11〉 〈6, 0, 20, 14〉 〈3, 4, 12, 10〉 〈1, 8, 14, 17〉 〈0, 2, 11, 21〉 〈4, 8, 15, 21〉

(9, 15)

〈0, 1, 9, 10〉 〈0, 2, 11, 12〉 〈1, 2, 15, 13〉 〈6, 2, 22, 23〉 〈0, 5, 17, 18〉 〈0, 6, 19, 20〉 〈0, 4, 16, 15〉 〈2, 3, 9, 21〉 〈8, 1, 17, 23〉
〈4, 7, 17, 13〉 〈3, 4, 23, 19〉 〈5, 8, 16, 22〉 〈2, 5, 14, 20〉 〈2, 7, 16, 19〉 〈2, 4, 10, 18〉 〈3, 6, 17, 15〉 〈4, 8, 20, 21〉 〈1, 3, 11, 22〉
〈0, 3, 14, 13〉 〈3, 5, 10, 12〉 〈1, 5, 19, 21〉 〈1, 4, 14, 12〉 〈4, 5, 9, 11〉 〈7, 8, 14, 11〉 〈7, 0, 21, 22〉 〈6, 7, 9, 12〉 〈6, 8, 10, 13〉
〈5, 7, 23, 15〉 〈3, 7, 18, 20〉 〈1, 6, 16, 18〉

(9, 17)

〈8, 7, 15, 17〉 〈2, 6, 18, 9〉 〈0, 5, 14, 17〉 〈4, 0, 16, 19〉 〈1, 8, 11, 25〉 〈1, 0, 18, 24〉 〈1, 5, 16, 9〉 〈2, 3, 16, 24〉 〈7, 0, 21, 10〉
〈4, 8, 14, 9〉 〈5, 6, 19, 10〉 〈8, 5, 12, 18〉 〈3, 4, 15, 13〉 〈3, 7, 19, 25〉 〈0, 6, 25, 15〉 〈3, 1, 17, 20〉 〈5, 7, 24, 13〉 〈8, 0, 13, 20〉
〈3, 6, 11, 14〉 〈2, 0, 11, 12〉 〈4, 6, 22, 17〉 〈8, 2, 10, 22〉 〈8, 6, 24, 23〉 〈1, 2, 15, 19〉 〈4, 1, 12, 10〉 〈7, 6, 12, 16〉 〈3, 0, 23, 9〉
〈7, 4, 18, 11〉 〈3, 5, 22, 21〉 〈4, 5, 20, 25〉 〈6, 1, 21, 13〉 〈2, 4, 23, 21〉 〈7, 1, 22, 23〉 〈2, 7, 14, 20〉

Proof: The upper bound T(2, 5; 2, 7; 6) ≤ 6 can be found in [3]. Codes achieving the upper bounds are constructed as
follows.

For 3 ≤ n1 ≤ 9, let X = {0, 1, 2, . . . , n1 + n2 − 1}. X can be partitioned asX = X1 ∪X2 with X1 = {0, 1, . . . , n1 − 1}
andX2 = {n1, n1 + 1, . . . , n1 + n2 − 1}. The desired codes are constructed onX and the codewords are listed in Table I.

For n1 ∈ {13, 17, 21, 25, 29, 33, 37}, the codes are constructed in the Appendix.
For n1 ∈ {11, 15, 19} andn1 ≤ n2 ≤ 2n1 − 3, take an HSAS(n2, n1; 3, 3) from the Appendix and fill in the hole with an

SAS∗(3, 3) (which is equivalent to an MCWC(2, 3; 2, 3; 6) and has been constructed above) to obtain an SAS∗(n2, n1). Ac-
cording to Proposition 6.3, that is equivalent to an MCWC(2, n1; 2, n2; 6) of size⌊n2(n1−1)

4 ⌋, as desired. Forn1 ∈ {11, 15, 19}
andn2 = 2n1−1, we proceed similarly; take an HSAS(n2, n1; 5, 3) from the Appendix and fill in the hole with an SAS∗(5, 3)
(which is equivalent to an MCWC(2, 5; 2, 3; 6) and has been constructed above).

Lemma 6.8: Let t be a positive integer with2t+ 1 ≥ 21 and2t+ 1 6∈ {23, 27, 29, 33, 39, 43, 51, 59, 75, 83, 87, 95, 99, 107,

139, 179}. Let n1 = 4t+ 1 or 4t+ 3, n1 ≤ n2 ≤ 2n1 − 1 andn2 be odd. Then T(2, n1; 2, n2; 6) = ⌊n2(n1−1)
4 ⌋.

Proof: According to Propositions 6.2 and 6.3, we only need to construct the corresponding SAS(n2, n1) whenn1 ≡ 1
(mod 4) or SAS∗(n2, n1) whenn1 ≡ 3 (mod 4).

For each givent and2t+1 6∈ {71, 111, 113, 115, 119}, take a(2t+1, {5, 7, 9}, 1)-PBD from Theorem 2.6, and remove one
point to obtain a{5, 7, 9}-GDD of type4i6j8k with 4i + 6j + 8k = 2t. Assign each point with weights(4, 2) or (2, 2) and
apply Construction 6.4; the input SFSs of type(4, 2)a(2, 2)b with a+ b ∈ {5, 7, 9} are constructed in the Appendix. Then we
can get an SFS of type

(8, 8)i8(10, 8)i10 · · · (16, 8)i16(12, 12)j12 · · · (24, 12)j24(16, 16)k16 · · · (32, 16)k32,

for any nonnegative integersi8, i10, . . . , i16, j12, . . . , k32 with

i8 + i10 + · · ·+ i16 = i

j12 + j14 + · · ·+ j24 = j

k16 + k18 + · · ·+ k32 = k.

Now, we can fill the holes of the SFS in three ways:

1) Add a new row and a new column and apply Construction 6.6 (2)with ‘e = 1’ and ‘w = 1’; the input HSAS(r, v; 1, 1)
(i.e. SAS(r, v)) with v ∈ {9, 13, 17} andv ≤ r ≤ 2v − 1 come from Lemma 6.7. Then we get an SAS(s, 4t+ 1; 1, 1)
with 4t+ 1 ≤ s ≤ 8t+ 1, as desired;
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2) Add three new rows and three new columns and apply Construction 6.6 (1) with ‘e = 3’ and ‘w = 3’; the input
HSAS(r, v; 3, 3) with v ∈ {11, 15, 19} andv ≤ r ≤ 2v − 3 are constructed in the Appendix. We get an HSAS(s, 4t+
3; 3, 3) with 4t+3 ≤ s ≤ 8t+3. Then fill in the hole with an SAS(3, 3) constructed in Lemma 6.7 to obtain the desired
SAS∗(s, 4t+ 3) with 4t+ 3 ≤ s ≤ 8t+ 3.

3) When the SFS has type(16, 8)i(24, 12)j(32, 16)k, add five new rows and five new columns and apply Construction 6.6 (1)
with ‘e = 5’ and ‘w = 3’; the input HSAS(r, v; 5, 3) with (r, v) ∈ {(21, 11), (29, 15), (37, 19)} are constructed in the
Appendix. We get an HSAS(8t+ 5, 4t+ 3; 5, 3). Then fill in the hole with an SAS∗(5, 3) constructed in Lemma 6.7 to
obtain the desired SAS∗(8t+ 5, 4t+ 3).

For 2t+1 = 71, take a TD(9, 8) from Theorem 2.7 and truncate one of its group to six points toobtain an{8, 9}-GDD of
type 8861, noting that8 × 8 + 6 = 70 = 2t. Then proceed similarly as above, we can obtain the desired SAS(s, 4t+ 1) and
SAS∗(s, 4t+ 3). Here the additional input SFSs of type(4, 2)a(2, 2)8−a with 0 ≤ a ≤ 8 are constructed in the Appendix.

For 2t+1 ∈ {111, 113, 115, 119}, take a{7, 9}-GDD of type815 from [10, Part 4, Corollary 2.44] and truncate the last two
groups to obtain{5, 6, 7, 8, 9}-GDDs of types81361, 814, 8136141 and81461, respectively. Then proceed similarly as above,
we can obtain the desired SASs and SAS∗s. Here the additional input SFSs of type(4, 2)a(2, 2)6−a with 0 ≤ a ≤ 6 are
constructed in the Appendix.

Remark 6.9: In the proof of Lemma 6.8, we have constructed HSAS(s, 4t + 3; 3, 3) with 4t + 3 ≤ s ≤ 8t + 3 and
HSAS(8t+ 5, 4t+ 3; 5, 3). These HSASs will be used in later constructions.

Lemma 6.10: Let t be a positive integer with2t+1 ∈ {39, 43, 51, 59, 75, 99}. Let n1 = 4t+1 or 4t+3, n1 ≤ n2 ≤ 2n1−1

andn2 be odd. Then T(2, n1; 2, n2; 6) = ⌊n2(n1−1)
4 ⌋.

Proof: For 2t + 1 = 39, take a{5, 7}-GDD of type6621 from [10, Part 4, Example 2.51], noting that6 × 6 + 2 = 2t.
Assign each point with weights(4, 2) or (2, 2) and apply Construction 6.4. Then we can get an SFS of type

(12, 12)i12(14, 12)i14 · · · (24, 12)i24(4, 4)j4(8, 4)j8 ,

for any nonnegative integersi12, i14, . . . , i24, j4, j8 with i12 + i14 + · · ·+ i24 = 6 andj4 + j8 = 1. Now, we can fill the holes
of the SFS in three ways:

1) Add a new row and a new column and apply Construction 6.6 (2)with ‘e = 1’ and ‘w = 1’; the input HSAS(r, 13; 1, 1)
(i.e. SAS(r, 13)) with 13 ≤ r ≤ 25, SAS(5, 5) and SAS(9, 5) come from Lemma 6.7. Then we get an SAS(s, 77) with
77 ≤ s ≤ 153, as desired.

2) Add three new rows and three new columns and apply Construction 6.6 (3) with ‘e = 3’ and ‘w = 3’; the input
HSAS(r, 15; 3, 3) with 15 ≤ r ≤ 27 are constructed in the Appendix and the input SAS∗(7, 7) and SAS∗(11, 7) come
from Lemma 6.7. Then we get an SAS∗(s, 79) with 79 ≤ s ≤ 155.

3) When the SFS has type(24, 12)6(8, 4)1, add five new rows and five new columns and apply Construction 6.6 (3) with
‘e = 5’ and ‘w = 3’; the input HSAS(29, 15; 5, 3) is constructed in the Appendix and the input SAS∗(13, 7) comes from
Lemma 6.7. Then we get an SAS∗(157, 79), as desired.

For 2t+1 ∈ {43, 51, 59, 75, 99}, we start with{5, 6, 7, 8, 9}-GDDs of types8521, 8621, 8721, 8921, and81221, respectively,
which will be constructed below. Proceed as above to obtain the desired SASs and SAS∗s; here we fill in the holes of the
SFS with SAS(r, 17) (see Lemma 6.7), HSAS(r, 19; 3, 3) (see the Appendix) and HSAS(37, 19; 5, 3) (see the Appendix). The
{5, 6, 7, 8, 9}-GDDs are constructed as follows. For the types8521, 8621 and 8721, take a TD(9, 8) from Theorem 2.7 and
truncate the last four groups. For the type8921, take a TD(9, 9) from Theorem 2.7 and remove one point to redefine the groups
to obtain a{9}-GDD of type810. Then truncate the last group. For the type81221, take a{9}-GDD of type815161 from [10,
Part 4, Corollary 2.44] and truncate the last four groups.

Lemma 6.11: Let t be a positive integer. If2t+ 1 ∈ {107, 139, 179}. Let n1 = 4t+ 1 or 4t+ 3, n1 ≤ n2 ≤ 2n1 − 1 and
n2 be odd. Then T(2, n1; 2, n2; 6) = ⌊n2(n1−1)

4 ⌋.
Proof: For 2t + 1 = 107, take a TD(6, 20) from Theorem 2.7 and truncate the last group to six points to obtain a

{5, 6}-GDD of type20561. Assign each point with weights(4, 2) or (2, 2) and apply Construction 6.4. Then we can get an
SFS of type

(40, 40)i40(42, 40)i42 · · · (80, 40)i80(12, 12)j12(14, 12)j14 · · · (24, 12)j24,

for any nonnegative integersi40, i42, . . . , i80, j12, . . . , j24 with i40 + i42 + · · ·+ i80 = 5 and j12 + j14 + . . .+ j24 = 1. Now,
we can fill the holes of the SFS in three ways:

1) Add a new row and a new column and apply Construction 6.6 (2)with ‘e = 1’ and ‘w = 1’; the input HSASs and SASs
come from Lemmas 6.7–6.8. Then we get an SAS(s, 213) with 213 ≤ s ≤ 425, as desired.

2) Add three new rows and three new columns and apply Construction 6.6 (3) with ‘e = 3’ and ‘w = 3’; the input
HSAS(r, 43; 3, 3) with 43 ≤ r ≤ 83 are constructed in the proof of Lemma 6.8 and the input SAS∗(r, 15) comes from
Lemma 6.7. Then we get an SAS∗(s, 215) with 215 ≤ s ≤ 427.

3) When the SFS has type(80, 40)5(24, 12)1, add five new rows and five new columns and apply Construction 6.6 (3)
with ‘e = 5’ and ‘w = 3’; the input HSAS(85, 43; 5, 3) and SAS∗(29, 15) come from Lemmas 6.7–6.8. Then we get an
SAS∗(429, 215), as desired.
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For 2t+1 = 139 or 179, take a TD(8, 24) from Theorem 2.7 and truncate the last three groups to obtain{5, 6, 7, 8, 9}-GDDs
of types24563 or 2476141. Then proceed similarly as above to obtain the desired SASs and SAS∗s; the input HSASs, SASs
and SAS∗s all come from Lemma 6.7.

Lemma 6.12: Let t be a positive integer with2t+ 1 ∈ {83, 87, 95}. Let n1 = 4t+ 1, n1 ≤ n2 ≤ 2n1 − 1 andn2 be odd.
Then T(2, n1; 2, n2; 6) =

n2(n1−1)
4 .

Proof: Take a TD(6, 16) from Theorem 2.7 and truncate the last group to obtain{5, 6}-GDDs of types16521, 16561 or
165141, respectively. Then proceed similarly as above to obtain the desired SASs; the input SAS(s, v) with s ∈ {5, 13, 29, 33}
all come from Lemma 6.7.

Combining the above lemmas, we get the following result.
Theorem 6.13: Let n1, n2 be two odd integers with0 < n1 ≤ n2 ≤ 2n1 − 1. Then T(2, n1; 2, n2; 6) = ⌊n2(n1−1)

4 ⌋, except
for (n1, n2) = (5, 7), and except possibly forn1 ∈ {23, 27, 31, 35, 39, 45, 47, 53, 55, 57, 59, 65, 67, 165, 175, 191}.

VII. C ONCLUSIONS

In this paper, we consider the bounds and constructions of MCWCs. For the upper bound, we use three different approaches
to improve the generalised Johnson bounds mentioned in [5].For the lower bound, we derive two asymptotic lower bounds,
the first is from the technique of concatenation and the second is from the Gilbert-Varshamov type bound. A comparison
between these two bounds is also given. For the constructions, by establishing the connections between some combinatorial
structures and MCWCs, several new combinatorial constructions for MCWCs are given. We obtain the asymptotic existence
result of two classes of optimal MCWCs and construct a class of optimal MWCWs which are open in [7]. As consequences,
the Johnson-type bounds are shown to be asymptotically exact for MCWCs with distances2

∑m
i=1 wi − 2 or 2mw − w. The

maximum sizes of MCWCs with total weight less than or equal tofour are determined almost completely.
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VIII. A PPENDIX

A. Small MCWC(2, n1; 2, n2; 6) for n1 ≡ 1 (mod 4) and 13 ≤ n1 ≤ 37

Lemma 8.1: T(2, 13; 2, n; 6) = 3n for each oddn and13 ≤ n ≤ 25.
Proof: Let X1 = (Z3 ×{0, 1, 2, 3})∪ {∞}. For 13 ≤ n ≤ 17, let X2 = (Z3 ×{4, 5, 6, 7})∪ ({a}× {1, . . . , n− 12}); for

19 ≤ n ≤ 23, letX2 = (Z3×{4, 5, . . . , 9})∪({a}×{1, . . . , n−18}); for n = 25, letX2 = (Z3×{4, 5, . . . , 11})∪({a}×{1}).
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DenoteX = X1 ∪X2. The desired codes of size3n are constructed onZX
2 . The codewords are obtained by developing the

following base codewords under the action of the cyclic group Z3, where the points∞ andai are fixed.
n = 13:

〈∞, 00, 05, 04〉 〈∞, 03, 26, 27〉 〈11, 10, 24, a1〉 〈22, 23, 25, a1〉 〈10, 22, 07, 26〉 〈11, 22, 15, 16〉 〈00, 21, 07, 24〉 〈00, 23, 06, 15〉
〈21, 22, 14, 05〉 〈12, 23, 24, 26〉 〈20, 01, 07, 16〉 〈12, 03, 07, 14〉 〈01, 13, 25, 27〉

n = 15:
〈∞, 21, 27, 26〉 〈∞, 03, 05, 24〉 〈23, 22, 05, a1〉 〈21, 20, 17, a1〉 〈22, 03, 07, a2〉 〈10, 21, 04, a2〉 〈00, 21, 05, a3〉 〈03, 12, 14, a3〉
〈01, 23, 26, 24〉 〈21, 02, 24, 07〉 〈10, 13, 06, 27〉 〈01, 03, 16, 25〉 〈12, 20, 24, 06〉 〈02, 00, 25, 06〉 〈00, 12, 15, 07〉

n = 17:
〈∞, 11, 17, 16〉 〈∞, 03, 14, 25〉 〈12, 13, 06, a1〉 〈00, 01, 14, a1〉 〈10, 01, 16, a2〉 〈13, 02, 25, a2〉 〈01, 20, 25, a3〉 〈23, 02, 17, a3〉
〈11, 03, 04, a4〉 〈00, 12, 26, a4〉 〈21, 03, 24, a5〉 〈02, 10, 27, a5〉 〈13, 00, 15, 27〉 〈12, 01, 15, 17〉 〈00, 03, 07, 16〉 〈11, 02, 15, 06〉
〈00, 02, 04, 24〉

n = 19:
〈∞, 00, 04, 05〉 〈∞, 01, 06, 07〉 〈∞, 02, 08, 09〉 〈00, 01, 14, a1〉 〈02, 03, 05, a1〉 〈00, 10, 25, 06〉 〈03, 13, 04, 08〉 〈00, 13, 27, 29〉
〈00, 02, 17, 18〉 〈01, 11, 05, 08〉 〈01, 02, 24, 15〉 〈01, 12, 16, 09〉 〈02, 12, 26, 14〉 〈02, 13, 25, 07〉 〈02, 23, 27, 19〉 〈00, 11, 07, 28〉
〈00, 21, 24, 09〉 〈00, 23, 16, 08〉 〈01, 23, 26, 29〉

n = 21:
〈∞, 11, 17, 16〉 〈∞, 02, 18, 09〉 〈∞, 10, 14, 15〉 〈21, 20, 07, a1〉 〈02, 03, 05, a1〉 〈13, 01, 14, a2〉 〈00, 02, 15, a2〉 〈20, 11, 14, a3〉
〈23, 12, 07, a3〉 〈02, 12, 26, 04〉 〈00, 12, 29, 27〉 〈10, 13, 17, 29〉 〈01, 03, 27, 18〉 〈00, 10, 26, 08〉 〈03, 23, 14, 28〉 〈11, 22, 15, 04〉
〈21, 13, 16, 06〉 〈00, 13, 09, 25〉 〈11, 12, 18, 08〉 〈11, 21, 09, 05〉 〈02, 23, 06, 29〉

n = 23:
〈∞, 00, 05, 04〉 〈∞, 12, 08, 09〉 〈∞, 11, 26, 07〉 〈03, 02, 05, a1〉 〈10, 11, 24, a1〉 〈21, 10, 25, a2〉 〈03, 22, 24, a2〉 〈20, 11, 27, a3〉
〈23, 02, 06, a3〉 〈00, 02, 25, a4〉 〈03, 01, 06, a4〉 〈11, 23, 04, a5〉 〈02, 20, 26, a5〉 〈00, 22, 08, 17〉 〈00, 20, 16, 18〉 〈00, 23, 09, 24〉
〈03, 13, 28, 25〉 〈01, 23, 29, 07〉 〈01, 11, 25, 18〉 〈01, 12, 26, 19〉 〈00, 03, 27, 29〉 〈12, 21, 18, 29〉 〈02, 12, 24, 17〉

n = 25:
〈∞, 03, 011, 07〉 〈∞, 20, 25, 19〉 〈∞, 02, 06, 18〉 〈∞, 01, 110, 14〉 〈00, 02, 07, a1〉 〈01, 13, 06, a1〉 〈22, 01, 05, 17〉 〈13, 10, 08, 25〉
〈20, 03, 08, 17〉 〈03, 12, 110, 010〉 〈00, 21, 16, 09〉 〈00, 12, 26, 06〉 〈20, 10, 04, 211〉 〈00, 01, 04, 210〉 〈02, 12, 19, 211〉 〈21, 02, 08, 011〉
〈12, 20, 09, 210〉 〈10, 03, 05, 27〉 〈01, 21, 27, 29〉 〈23, 03, 14, 19〉 〈22, 21, 14, 15〉 〈00, 11, 110, 08〉 〈13, 11, 26, 011〉 〈21, 13, 05, 211〉
〈02, 13, 14, 28〉

Lemma 8.2: T(2, 17; 2, n; 6) = 4n for each oddn and17 ≤ n ≤ 33.
Proof: Let X1 = (Z4 ×{0, 1, 2, 3})∪ {∞}. For 17 ≤ n ≤ 23, let X2 = (Z4 ×{4, 5, 6, 7})∪ ({a}× {1, . . . , n− 16}); for

25 ≤ n ≤ 31, letX2 = (Z4×{4, 5, . . . , 9})∪({a}×{1, . . . , n−24}); for n = 33, letX2 = (Z4×{4, 5, . . . , 11})∪({a}×{1}).
DenoteX = X1 ∪X2. The codes of size4n are constructed onZX

2 and the base codewords are listed as follows.
n = 17:

〈∞, 10, 14, 15〉 〈∞, 21, 17, 26〉 〈30, 31, 04, a1〉 〈32, 23, 35, a1〉 〈20, 23, 17, 15〉 〈02, 23, 06, 25〉 〈01, 11, 15, 04〉 〈02, 12, 24, 17〉
〈11, 13, 35, 06〉 〈11, 02, 36, 34〉 〈10, 31, 17, 06〉 〈03, 13, 16, 24〉 〈00, 10, 25, 34〉 〈20, 33, 07, 37〉 〈01, 22, 17, 35〉 〈00, 32, 06, 16〉
〈02, 03, 04, 27〉

n = 19:
〈∞, 30, 14, 25〉 〈∞, 31, 26, 07〉 〈10, 21, 17, a1〉 〈03, 12, 06, a1〉 〈20, 33, 35, a2〉 〈01, 12, 04, a2〉 〈02, 03, 14, a3〉 〈11, 20, 05, a3〉
〈00, 23, 05, 37〉 〈33, 22, 37, 25〉 〈00, 03, 16, 04〉 〈20, 32, 34, 16〉 〈32, 31, 14, 37〉 〈11, 02, 37, 35〉 〈01, 31, 06, 05〉 〈23, 33, 14, 16〉
〈21, 20, 06, 14〉 〈12, 02, 25, 16〉 〈00, 33, 17, 27〉

n = 21:
〈∞, 21, 26, 27〉 〈∞, 20, 05, 24〉 〈32, 33, 35, a1〉 〈00, 01, 16, a1〉 〈03, 32, 15, a2〉 〈31, 10, 34, a2〉 〈32, 13, 36, a3〉 〈00, 11, 34, a3〉
〈23, 32, 04, a4〉 〈10, 01, 25, a4〉 〈23, 01, 37, a5〉 〈10, 12, 05, a5〉 〈21, 13, 37, 35〉 〈02, 01, 36, 34〉 〈01, 13, 26, 05〉 〈12, 01, 27, 14〉
〈10, 32, 16, 37〉 〈30, 22, 35, 04〉 〈20, 32, 17, 06〉 〈13, 23, 16, 24〉 〈00, 13, 07, 17〉

n = 23:
〈∞, 30, 35, 34〉 〈∞, 31, 17, 06〉 〈12, 13, 26, a1〉 〈20, 21, 34, a1〉 〈21, 10, 04, a2〉 〈33, 22, 25, a2〉 〈00, 13, 25, a3〉 〈01, 22, 07, a3〉
〈10, 01, 25, a4〉 〈23, 32, 37, a4〉 〈23, 21, 14, a5〉 〈22, 10, 16, a5〉 〈01, 13, 35, a6〉 〈00, 22, 26, a6〉 〈30, 32, 25, a7〉 〈23, 01, 17, a7〉
〈02, 01, 37, 04〉 〈03, 33, 14, 26〉 〈30, 22, 06, 37〉 〈11, 01, 36, 15〉 〈13, 20, 37, 16〉 〈23, 00, 27, 24〉 〈02, 12, 34, 25〉

n = 25:
〈∞, 31, 37, 16〉 〈∞, 20, 24, 25〉 〈∞, 02, 09, 08〉 〈33, 02, 36, a1〉 〈00, 01, 14, a1〉 〈03, 13, 24, 29〉 〈22, 01, 06, 39〉 〈01, 11, 15, 04〉
〈12, 00, 28, 26〉 〈20, 10, 35, 04〉 〈03, 10, 17, 08〉 〈12, 13, 04, 38〉 〈21, 22, 04, 17〉 〈11, 03, 18, 05〉 〈31, 03, 15, 26〉 〈20, 02, 39, 07〉
〈20, 01, 16, 38〉 〈00, 31, 08, 39〉 〈21, 03, 09, 07〉 〈00, 13, 37, 09〉 〈00, 03, 35, 16〉 〈01, 32, 17, 28〉 〈22, 12, 24, 05〉 〈20, 22, 26, 09〉
〈02, 23, 05, 17〉

n = 27:
〈∞, 20, 24, 25〉 〈∞, 22, 08, 29〉 〈∞, 01, 16, 17〉 〈23, 22, 07, a1〉 〈21, 20, 34, a1〉 〈12, 23, 35, a2〉 〈21, 10, 06, a2〉 〈30, 11, 14, a3〉
〈23, 02, 15, a3〉 〈11, 32, 16, 29〉 〈11, 21, 28, 35〉 〈00, 02, 16, 07〉 〈30, 23, 25, 16〉 〈00, 22, 18, 17〉 〈10, 33, 16, 09〉 〈02, 33, 29, 24〉
〈02, 12, 06, 14〉 〈11, 20, 07, 39〉 〈01, 33, 36, 34〉 〈10, 00, 25, 08〉 〈03, 13, 08, 24〉 〈10, 13, 19, 07〉 〈21, 23, 08, 27〉 〈20, 32, 09, 08〉
〈11, 33, 19, 08〉 〈01, 12, 27, 05〉 〈01, 32, 24, 35〉
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n = 29:
〈∞, 00, 04, 05〉 〈∞, 01, 07, 06〉 〈∞, 22, 29, 28〉 〈23, 22, 25, a1〉 〈01, 00, 14, a1〉 〈21, 10, 04, a2〉 〈23, 12, 35, a2〉 〈23, 02, 26, a3〉
〈31, 10, 34, a3〉 〈33, 02, 34, a4〉 〈11, 20, 35, a4〉 〈02, 00, 35, a5〉 〈11, 13, 04, a5〉 〈00, 30, 28, 39〉 〈00, 23, 19, 37〉 〈03, 30, 37, 16〉
〈02, 01, 18, 36〉 〈31, 03, 27, 29〉 〈31, 23, 18, 05〉 〈31, 02, 16, 06〉 〈31, 13, 28, 17〉 〈13, 03, 19, 24〉 〈01, 31, 19, 35〉 〈02, 10, 27, 39〉
〈12, 31, 07, 38〉 〈20, 13, 38, 36〉 〈02, 32, 19, 14〉 〈30, 33, 26, 38〉 〈00, 12, 25, 27〉

n = 31:
〈∞, 23, 19, 15〉 〈∞, 20, 06, 17〉 〈∞, 32, 08, 34〉 〈33, 31, 04, a1〉 〈30, 02, 35, a1〉 〈31, 20, 24, a2〉 〈13, 32, 16, a2〉 〈31, 10, 34, a3〉
〈13, 02, 06, a3〉 〈10, 01, 26, a4〉 〈02, 03, 07, a4〉 〈30, 03, 04, a5〉 〈21, 02, 05, a5〉 〈12, 11, 25, a6〉 〈30, 23, 36, a6〉 〈11, 33, 15, a7〉
〈12, 30, 37, a7〉 〈30, 00, 08, 25〉 〈11, 01, 37, 38〉 〈33, 02, 39, 17〉 〈10, 12, 19, 06〉 〈01, 32, 09, 06〉 〈03, 00, 29, 15〉 〈20, 12, 07, 18〉
〈33, 23, 08, 14〉 〈23, 11, 06, 18〉 〈12, 22, 08, 04〉 〈03, 20, 08, 19〉 〈30, 31, 07, 09〉 〈22, 11, 34, 09〉 〈01, 33, 35, 07〉

n = 33:
〈∞, 20, 08, 09〉 〈∞, 21, 34, 36〉 〈∞, 33, 211, 35〉 〈∞, 32, 110, 37〉 〈22, 33, 05, a1〉 〈31, 10, 07, a1〉 〈21, 13, 111, 38〉 〈22, 12, 111, 15〉
〈31, 01, 39, 27〉 〈12, 11, 04, 210〉 〈01, 12, 24, 38〉 〈03, 00, 39, 17〉 〈13, 32, 26, 29〉 〈30, 00, 36, 111〉 〈22, 10, 04, 110〉 〈30, 12, 311, 08〉
〈10, 02, 19, 15〉 〈10, 11, 25, 36〉 〈10, 21, 08, 011〉 〈01, 22, 36, 210〉 〈02, 03, 29, 37〉 〈30, 13, 210, 06〉 〈20, 22, 28, 07〉 〈31, 33, 36, 011〉
〈03, 13, 18, 34〉 〈00, 31, 19, 210〉 〈00, 33, 110, 25〉 〈32, 01, 07, 08〉 〈22, 13, 311, 24〉 〈01, 13, 010, 19〉 〈00, 13, 14, 35〉 〈00, 20, 04, 24〉

s

〈01, 21, 05, 25〉
s 〈02, 22, 06, 26〉

s 〈03, 23, 07, 27〉
s

Note that each of the codewords markeds only generates two codewords.
Lemma 8.3: T(2, 21; 2, n; 6) = 5n for each oddn and21 ≤ n ≤ 41.

Proof: Let X1 = (Z5 ×{0, 1, 2, 3})∪ {∞}. For 21 ≤ n ≤ 29, let X2 = (Z5 ×{4, 5, 6, 7})∪ ({a}× {1, . . . , n− 20}); for
31 ≤ n ≤ 39, letX2 = (Z5×{4, 5, . . . , 9})∪({a}×{1, . . . , n−30}); for n = 41, letX2 = (Z5×{4, 5, . . . , 11})∪({a}×{1}).
DenoteX = X1 ∪X2. The desired codes of size5n are constructed onZX

2 and the base codewords are listed as follows.
n = 21:

〈∞, 20, 45, 44〉 〈∞, 01, 07, 36〉 〈11, 20, 24, a1〉 〈22, 03, 36, a1〉 〈22, 23, 35, 37〉 〈41, 42, 14, 35〉 〈12, 42, 46, 15〉 〈12, 40, 45, 04〉
〈13, 43, 45, 36〉 〈12, 03, 06, 14〉 〈03, 42, 27, 16〉 〈20, 01, 37, 27〉 〈01, 41, 46, 44〉 〈03, 43, 24, 44〉 〈10, 20, 06, 26〉 〈10, 31, 45, 05〉
〈00, 43, 15, 37〉 〈30, 41, 24, 06〉 〈01, 31, 47, 35〉 〈20, 22, 04, 17〉 〈02, 23, 07, 27〉

n = 23:
〈∞, 30, 34, 35〉 〈∞, 21, 26, 27〉 〈20, 21, 34, a1〉 〈12, 33, 35, a1〉 〈20, 31, 04, a2〉 〈12, 23, 46, a2〉 〈02, 43, 35, a3〉 〈30, 01, 04, a3〉
〈12, 13, 16, 37〉 〈00, 41, 37, 27〉 〈01, 12, 17, 26〉 〈03, 13, 04, 07〉 〈12, 43, 05, 07〉 〈12, 02, 24, 15〉 〈01, 21, 35, 36〉 〈00, 40, 15, 35〉
〈01, 11, 05, 44〉 〈00, 20, 16, 06〉 〈02, 32, 34, 26〉 〈03, 23, 34, 36〉 〈00, 32, 47, 17〉 〈10, 33, 04, 17〉 〈01, 03, 25, 46〉

n = 25:
〈∞, 21, 27, 06〉 〈∞, 33, 25, 44〉 〈33, 22, 14, a1〉 〈31, 00, 47, a1〉 〈00, 01, 34, a2〉 〈32, 03, 05, a2〉 〈12, 10, 17, a3〉 〈33, 11, 24, a3〉
〈30, 21, 35, a4〉 〈33, 42, 04, a4〉 〈11, 43, 07, a5〉 〈12, 20, 16, a5〉 〈21, 32, 15, 14〉 〈33, 32, 26, 27〉 〈11, 32, 34, 45〉 〈10, 40, 05, 34〉
〈30, 33, 36, 34〉 〈42, 32, 16, 07〉 〈13, 11, 26, 35〉 〈40, 11, 06, 16〉 〈11, 00, 36, 14〉 〈12, 11, 15, 47〉 〈03, 22, 15, 36〉 〈20, 13, 45, 47〉
〈00, 13, 17, 37〉

n = 27:
〈∞, 02, 05, 04〉 〈∞, 01, 37, 06〉 〈33, 32, 46, a1〉 〈21, 20, 04, a1〉 〈03, 22, 37, a2〉 〈20, 01, 44, a2〉 〈31, 10, 45, a3〉 〈02, 23, 26, a3〉
〈40, 31, 26, a4〉 〈02, 43, 47, a4〉 〈43, 30, 24, a5〉 〈11, 32, 36, a5〉 〈13, 21, 27, a6〉 〈22, 00, 04, a6〉 〈10, 42, 25, a7〉 〈01, 03, 27, a7〉
〈13, 20, 25, 45〉 〈01, 13, 36, 14〉 〈41, 11, 15, 07〉 〈42, 03, 36, 47〉 〈30, 40, 07, 36〉 〈32, 02, 45, 24〉 〈00, 11, 26, 14〉 〈23, 13, 15, 34〉
〈22, 11, 34, 45〉 〈02, 40, 27, 37〉 〈00, 23, 45, 16〉

n = 29:
〈∞, 00, 25, 14〉 〈∞, 01, 47, 06〉 〈41, 02, 17, a1〉 〈30, 03, 04, a1〉 〈23, 22, 15, a2〉 〈40, 01, 34, a2〉 〈03, 42, 25, a3〉 〈41, 20, 06, a3〉
〈11, 30, 45, a4〉 〈13, 32, 04, a4〉 〈00, 41, 35, a5〉 〈13, 22, 06, a5〉 〈00, 02, 27, a6〉 〈41, 33, 44, a6〉 〈13, 41, 36, a7〉 〈12, 00, 07, a7〉
〈20, 03, 24, a8〉 〈32, 41, 45, a8〉 〈21, 23, 27, a9〉 〈20, 12, 15, a9〉 〈30, 00, 46, 47〉 〈23, 33, 47, 35〉 〈12, 11, 04, 35〉 〈03, 00, 34, 37〉
〈21, 03, 06, 35〉 〈33, 40, 46, 16〉 〈12, 42, 24, 06〉 〈21, 02, 37, 07〉 〈01, 22, 24, 26〉

n = 31:
〈∞, 31, 36, 37〉 〈∞, 00, 24, 45〉 〈∞, 12, 08, 19〉 〈40, 41, 04, a1〉 〈12, 03, 05, a1〉 〈10, 13, 48, 29〉 〈12, 23, 36, 35〉 〈00, 10, 49, 28〉
〈02, 33, 38, 39〉 〈01, 31, 25, 38〉 〈02, 22, 06, 34〉 〈00, 23, 05, 47〉 〈01, 41, 44, 36〉 〈11, 12, 09, 34〉 〈01, 32, 35, 09〉 〈20, 31, 35, 49〉
〈10, 01, 47, 18〉 〈02, 12, 04, 17〉 〈11, 23, 27, 38〉 〈11, 33, 26, 08〉 〈00, 42, 25, 27〉 〈03, 13, 36, 24〉 〈03, 33, 17, 29〉 〈12, 33, 25, 28〉
〈11, 13, 49, 44〉 〈10, 43, 44, 46〉 〈00, 22, 17, 48〉 〈00, 30, 06, 46〉 〈10, 23, 14, 45〉 〈01, 12, 37, 26〉 〈00, 31, 07, 09〉

n = 33:
〈∞, 42, 18, 49〉 〈∞, 30, 34, 35〉 〈∞, 11, 16, 37〉 〈31, 30, 44, a1〉 〈33, 32, 35, a1〉 〈13, 02, 25, a2〉 〈30, 41, 14, a2〉 〈32, 23, 15, a3〉
〈30, 01, 47, a3〉 〈13, 23, 37, 14〉 〈21, 43, 27, 36〉 〈00, 13, 09, 39〉 〈02, 22, 34, 24〉 〈10, 22, 17, 08〉 〈11, 31, 29, 08〉 〈03, 33, 48, 14〉
〈10, 42, 09, 35〉 〈21, 02, 06, 49〉 〈11, 23, 48, 45〉 〈11, 12, 28, 36〉 〈12, 33, 18, 46〉 〈41, 02, 07, 15〉 〈00, 22, 47, 37〉 〈20, 00, 16, 06〉
〈11, 03, 19, 06〉 〈10, 43, 25, 29〉 〈01, 41, 05, 34〉 〈00, 03, 26, 08〉 〈40, 32, 28, 17〉 〈22, 03, 09, 36〉 〈10, 00, 45, 28〉 〈00, 02, 29, 44〉
〈01, 33, 04, 37〉

n = 35:
〈∞, 03, 37, 29〉 〈∞, 00, 05, 14〉 〈∞, 02, 08, 46〉 〈41, 40, 07, a1〉 〈33, 02, 35, a1〉 〈20, 01, 24, a2〉 〈43, 32, 46, a2〉 〈23, 02, 47, a3〉
〈11, 20, 15, a3〉 〈03, 30, 46, a4〉 〈11, 12, 47, a4〉 〈31, 10, 07, a5〉 〈12, 03, 14, a5〉 〈32, 22, 49, 35〉 〈43, 42, 16, 29〉 〈13, 01, 19, 29〉
〈11, 43, 14, 44〉 〈01, 43, 07, 06〉 〈01, 22, 14, 45〉 〈20, 03, 49, 47〉 〈32, 20, 07, 39〉 〈13, 11, 04, 08〉 〈41, 22, 37, 48〉 〈20, 40, 29, 05〉
〈42, 20, 14, 04〉 〈41, 11, 06, 28〉 〈00, 11, 36, 46〉 〈22, 40, 38, 18〉 〈31, 41, 05, 39〉 〈22, 20, 19, 26〉 〈42, 00, 24, 26〉 〈00, 03, 07, 38〉
〈23, 43, 48, 35〉 〈00, 43, 25, 08〉 〈01, 42, 35, 28〉

n = 37:
〈∞, 30, 25, 24〉 〈∞, 33, 08, 39〉 〈∞, 02, 26, 17〉 〈31, 42, 47, a1〉 〈23, 20, 25, a1〉 〈21, 02, 44, a2〉 〈33, 40, 16, a2〉 〈02, 33, 24, a3〉
〈00, 31, 06, a3〉 〈10, 43, 44, a4〉 〈41, 42, 45, a4〉 〈13, 12, 06, a5〉 〈01, 00, 35, a5〉 〈02, 20, 34, a6〉 〈01, 03, 45, a6〉 〈32, 10, 07, a7〉
〈41, 33, 04, a7〉 〈31, 11, 09, 14〉 〈43, 32, 46, 17〉 〈02, 11, 04, 28〉 〈00, 42, 38, 46〉 〈23, 13, 07, 45〉 〈00, 20, 49, 07〉 〈20, 43, 39, 48〉
〈30, 43, 19, 07〉 〈31, 03, 16, 19〉 〈00, 41, 48, 15〉 〈10, 21, 27, 18〉 〈21, 42, 35, 08〉 〈01, 30, 16, 46〉 〈00, 12, 24, 18〉 〈11, 21, 07, 29〉
〈42, 33, 37, 19〉 〈21, 03, 48, 26〉 〈02, 00, 25, 09〉 〈33, 03, 14, 18〉 〈02, 22, 35, 39〉
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n = 39:
〈∞, 31, 49, 48〉 〈∞, 02, 14, 15〉 〈∞, 23, 36, 37〉 〈22, 13, 15, a1〉 〈20, 31, 17, a1〉 〈33, 20, 36, a2〉 〈31, 22, 14, a2〉 〈00, 21, 24, a3〉
〈22, 43, 05, a3〉 〈30, 31, 35, a4〉 〈23, 42, 14, a4〉 〈13, 40, 05, a5〉 〈22, 41, 36, a5〉 〈12, 20, 37, a6〉 〈43, 11, 04, a6〉 〈20, 13, 34, a7〉
〈21, 42, 37, a7〉 〈22, 40, 26, a8〉 〈43, 41, 25, a8〉 〈30, 02, 36, a9〉 〈21, 33, 27, a9〉 〈41, 21, 15, 48〉 〈01, 41, 06, 29〉 〈40, 00, 44, 09〉
〈43, 23, 48, 47〉 〈21, 13, 19, 47〉 〈13, 02, 09, 28〉 〈03, 20, 38, 04〉 〈00, 31, 45, 27〉 〈40, 43, 29, 15〉 〈32, 42, 48, 09〉 〈10, 30, 09, 18〉
〈00, 41, 26, 28〉 〈03, 13, 29, 36〉 〈11, 12, 08, 36〉 〈40, 42, 27, 47〉 〈20, 32, 05, 18〉 〈42, 31, 44, 39〉 〈02, 03, 34, 46〉

n = 41:
〈∞, 10, 310, 36〉 〈∞, 03, 111, 35〉 〈∞, 02, 34, 47〉 〈∞, 31, 08, 39〉 〈01, 30, 07, a1〉 〈32, 33, 36, a1〉 〈21, 40, 36, 45〉 〈01, 11, 48, 210〉
〈21, 32, 49, 19〉 〈11, 31, 07, 311〉 〈22, 03, 16, 18〉 〈02, 23, 08, 410〉 〈32, 31, 44, 48〉 〈40, 12, 411, 34〉 〈01, 13, 06, 39〉 〈13, 20, 37, 05〉
〈00, 11, 110, 25〉 〈23, 33, 19, 28〉 〈00, 33, 06, 49〉 〈21, 02, 44, 010〉 〈40, 13, 47, 27〉 〈20, 02, 110, 36〉 〈03, 21, 110, 05〉 〈00, 03, 09, 36〉
〈01, 23, 111, 44〉 〈20, 40, 48, 04〉 〈23, 21, 24, 011〉 〈00, 10, 311, 39〉 〈13, 22, 25, 311〉 〈31, 40, 14, 38〉 〈11, 02, 27, 15〉 〈20, 22, 111, 010〉
〈02, 12, 45, 09〉 〈01, 22, 46, 36〉 〈11, 10, 05, 29〉 〈02, 32, 011, 37〉 〈31, 23, 17, 211〉 〈02, 10, 28, 25〉 〈12, 23, 27, 48〉 〈23, 03, 34, 010〉
〈00, 13, 04, 010〉

Lemma 8.4: T(2, 25; 2, n; 6) = 6n for each oddn and25 ≤ n ≤ 49.
Proof: Let X1 = (Z6 ×{0, 1, 2, 3})∪ {∞}. For 25 ≤ n ≤ 35, let X2 = (Z6 ×{4, 5, 6, 7})∪ ({a}× {1, . . . , n− 24}); for

37 ≤ n ≤ 47, letX2 = (Z6×{4, 5, . . . , 9})∪({a}×{1, . . . , n−36}); for n = 49, letX2 = (Z6×{4, 5, . . . , 11})∪({a}×{1}).
DenoteX = X1 ∪X2. The desired codes of size6n are constructed onZX

2 and the base codewords are listed as follows.
n = 25:

〈∞, 50, 05, 54〉 〈∞, 51, 57, 56〉 〈12, 33, 15, a1〉 〈10, 11, 24, a1〉 〈50, 33, 46, 57〉 〈00, 50, 44, 24〉 〈03, 30, 35, 36〉 〈50, 42, 47, 25〉
〈02, 00, 27, 55〉 〈31, 42, 14, 06〉 〈40, 01, 56, 16〉 〈52, 53, 44, 05〉 〈40, 03, 05, 26〉 〈41, 53, 57, 34〉 〈40, 21, 25, 06〉 〈01, 10, 47, 27〉
〈21, 31, 05, 45〉 〈13, 02, 14, 16〉 〈33, 43, 54, 27〉 〈32, 52, 36, 54〉 〈03, 21, 46, 17〉 〈32, 51, 14, 27〉 〈43, 11, 14, 05〉 〈52, 33, 26, 07〉
〈02, 12, 35, 47〉

n = 27:
〈∞, 11, 17, 16〉 〈∞, 20, 24, 25〉 〈12, 13, 15, a1〉 〈20, 21, 34, a1〉 〈00, 11, 34, a2〉 〈22, 13, 05, a2〉 〈50, 11, 14, a3〉 〈12, 23, 26, a3〉
〈00, 23, 46, 35〉 〈00, 43, 26, 07〉 〈01, 51, 34, 55〉 〈00, 02, 27, 17〉 〈02, 43, 57, 15〉 〈03, 13, 04, 57〉 〈11, 12, 45, 04〉 〈10, 51, 06, 46〉
〈01, 21, 45, 47〉 〈03, 23, 44, 56〉 〈01, 22, 26, 57〉 〈10, 02, 47, 07〉 〈02, 22, 56, 46〉 〈02, 33, 44, 55〉 〈02, 52, 04, 24〉 〈00, 10, 25, 54〉
〈00, 13, 55, 47〉 〈00, 31, 06, 45〉 〈01, 33, 46, 37〉

n = 29:
〈∞, 41, 47, 06〉 〈∞, 10, 05, 14〉 〈41, 40, 54, a1〉 〈13, 02, 56, a1〉 〈33, 52, 24, a2〉 〈00, 21, 57, a2〉 〈41, 10, 04, a3〉 〈23, 32, 45, a3〉
〈21, 30, 36, a4〉 〈02, 33, 54, a4〉 〈43, 22, 47, a5〉 〈10, 51, 56, a5〉 〈30, 03, 04, 37〉 〈23, 33, 36, 35〉 〈41, 02, 07, 24〉 〈40, 32, 55, 15〉
〈23, 43, 37, 16〉 〈12, 22, 46, 15〉 〈40, 02, 57, 17〉 〈31, 02, 04, 06〉 〈21, 32, 17, 07〉 〈51, 23, 07, 15〉 〈21, 02, 35, 14〉 〈50, 53, 17, 16〉
〈51, 01, 55, 46〉 〈40, 00, 16, 05〉 〈22, 40, 04, 36〉 〈41, 33, 44, 15〉 〈00, 13, 44, 45〉

n = 31:
〈∞, 21, 27, 06〉 〈∞, 50, 54, 35〉 〈11, 10, 57, a1〉 〈12, 13, 26, a1〉 〈02, 53, 36, a2〉 〈51, 40, 14, a2〉 〈11, 50, 14, a3〉 〈02, 33, 15, a3〉
〈21, 50, 05, a4〉 〈53, 32, 56, a4〉 〈30, 11, 16, a5〉 〈43, 02, 04, a5〉 〈02, 13, 46, a6〉 〈30, 21, 14, a6〉 〈23, 41, 16, a7〉 〈50, 12, 47, a7〉
〈13, 11, 05, 15〉 〈02, 41, 55, 06〉 〈23, 13, 24, 35〉 〈31, 22, 47, 55〉 〈11, 03, 07, 47〉 〈12, 02, 54, 17〉 〈13, 20, 27, 37〉 〈31, 02, 57, 14〉
〈00, 32, 26, 35〉 〈23, 03, 54, 57〉 〈40, 22, 07, 05〉 〈30, 40, 35, 36〉 〈21, 32, 55, 54〉 〈01, 33, 14, 56〉 〈00, 20, 14, 36〉

n = 33:
〈∞, 11, 46, 17〉 〈∞, 40, 44, 45〉 〈21, 20, 34, a1〉 〈33, 32, 55, a1〉 〈03, 52, 35, a2〉 〈21, 10, 44, a2〉 〈52, 13, 05, a3〉 〈11, 50, 14, a3〉
〈21, 50, 05, a4〉 〈52, 23, 54, a4〉 〈01, 20, 46, a5〉 〈02, 43, 47, a5〉 〈52, 43, 25, a6〉 〈41, 50, 34, a6〉 〈10, 42, 45, a7〉 〈03, 11, 37, a7〉
〈40, 42, 35, a8〉 〈51, 13, 07, a8〉 〈11, 53, 05, a9〉 〈50, 42, 07, a9〉 〈03, 13, 54, 14〉 〈20, 02, 57, 17〉 〈01, 42, 56, 47〉 〈02, 42, 36, 34〉
〈30, 42, 46, 06〉 〈21, 53, 17, 55〉 〈03, 23, 56, 46〉 〈10, 50, 37, 35〉 〈20, 53, 14, 06〉 〈20, 13, 16, 27〉 〈31, 32, 07, 14〉 〈11, 01, 26, 15〉
〈01, 22, 34, 06〉

n = 35:
〈∞, 33, 36, 47〉 〈∞, 10, 55, 24〉 〈13, 02, 17, a1〉 〈31, 50, 55, a1〉 〈11, 00, 44, a2〉 〈53, 22, 25, a2〉 〈12, 33, 54, a3〉 〈40, 01, 16, a3〉
〈22, 11, 56, a4〉 〈53, 20, 27, a4〉 〈30, 01, 55, a5〉 〈13, 32, 56, a5〉 〈02, 53, 15, a6〉 〈40, 31, 06, a6〉 〈00, 02, 46, a7〉 〈21, 43, 25, a7〉
〈33, 31, 24, a8〉 〈32, 40, 07, a8〉 〈23, 51, 17, a9〉 〈32, 20, 15, a9〉 〈52, 10, 47, a10〉 〈23, 31, 36, a10〉 〈22, 23, 16, a11〉 〈50, 51, 07, a11〉
〈42, 20, 54, 14〉 〈22, 51, 14, 47〉 〈00, 20, 16, 24〉 〈32, 41, 17, 25〉 〈32, 11, 36, 54〉 〈13, 00, 57, 15〉 〈53, 43, 16, 54〉 〈42, 41, 44, 47〉
〈30, 53, 17, 05〉 〈51, 32, 46, 05〉 〈01, 43, 14, 35〉

n = 37:
〈∞, 02, 09, 18〉 〈∞, 31, 47, 36〉 〈∞, 40, 45, 24〉 〈01, 00, 14, a1〉 〈03, 42, 36, a1〉 〈32, 52, 45, 04〉 〈12, 41, 04, 09〉 〈00, 10, 04, 39〉
〈13, 01, 19, 35〉 〈01, 50, 57, 58〉 〈03, 40, 29, 18〉 〈52, 53, 58, 34〉 〈23, 31, 07, 17〉 〈11, 30, 56, 15〉 〈03, 43, 28, 34〉 〈02, 53, 16, 29〉
〈00, 31, 06, 56〉 〈21, 31, 08, 04〉 〈51, 33, 08, 54〉 〈01, 52, 09, 54〉 〈42, 32, 08, 16〉 〈51, 02, 17, 58〉 〈11, 43, 26, 38〉 〈43, 02, 47, 07〉
〈11, 50, 09, 59〉 〈53, 43, 39, 54〉 〈42, 10, 28, 37〉 〈23, 50, 25, 26〉 〈23, 10, 57, 05〉 〈03, 52, 56, 16〉 〈30, 10, 58, 47〉 〈30, 52, 29, 27〉
〈50, 52, 14, 15〉 〈01, 42, 07, 45〉 〈40, 31, 26, 55〉 〈43, 12, 55, 59〉 〈01, 23, 15, 55〉

n = 39:
〈∞, 10, 39, 08〉 〈∞, 11, 37, 36〉 〈∞, 33, 04, 45〉 〈02, 03, 04, a1〉 〈40, 11, 57, a1〉 〈42, 03, 56, a2〉 〈40, 01, 14, a2〉 〈10, 51, 34, a3〉
〈52, 33, 27, a3〉 〈53, 31, 48, 07〉 〈51, 01, 24, 28〉 〈43, 31, 49, 09〉 〈00, 32, 05, 45〉 〈01, 22, 25, 49〉 〈43, 40, 56, 06〉 〈11, 42, 08, 06〉
〈41, 52, 26, 34〉 〈10, 03, 45, 06〉 〈10, 23, 19, 14〉 〈51, 43, 07, 35〉 〈32, 03, 08, 47〉 〈03, 13, 28, 49〉 〈42, 40, 34, 54〉 〈33, 10, 07, 16〉
〈01, 41, 09, 15〉 〈50, 40, 26, 29〉 〈53, 21, 26, 25〉 〈42, 51, 26, 58〉 〈42, 52, 46, 29〉 〈00, 52, 15, 37〉 〈53, 02, 09, 55〉 〈11, 12, 17, 07〉
〈50, 12, 09, 37〉 〈10, 50, 17, 18〉 〈30, 31, 25, 18〉 〈22, 41, 44, 39〉 〈50, 32, 15, 28〉 〈30, 03, 14, 48〉 〈02, 13, 34, 48〉
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n = 41:
〈∞, 30, 55, 14〉 〈∞, 23, 59, 08〉 〈∞, 11, 06, 37〉 〈41, 50, 44, a1〉 〈52, 53, 25, a1〉 〈52, 03, 26, a2〉 〈41, 40, 54, a2〉 〈12, 33, 25, a3〉
〈31, 10, 17, a3〉 〈12, 43, 14, a4〉 〈21, 50, 35, a4〉 〈21, 40, 15, a5〉 〈42, 23, 04, a5〉 〈21, 31, 08, 55〉 〈10, 21, 44, 59〉 〈21, 13, 48, 27〉
〈22, 21, 14, 09〉 〈02, 12, 07, 06〉 〈02, 51, 27, 58〉 〈01, 03, 57, 59〉 〈42, 33, 57, 49〉 〈22, 00, 15, 58〉 〈11, 31, 46, 15〉 〈50, 53, 58, 26〉
〈42, 22, 28, 05〉 〈50, 42, 17, 27〉 〈23, 41, 57, 09〉 〈40, 23, 06, 26〉 〈33, 53, 54, 55〉 〈40, 42, 59, 45〉 〈40, 50, 28, 37〉 〈02, 50, 46, 14〉
〈13, 01, 26, 19〉 〈01, 32, 09, 46〉 〈13, 40, 57, 39〉 〈13, 00, 28, 55〉 〈13, 41, 24, 38〉 〈42, 51, 24, 08〉 〈50, 13, 06, 08〉 〈12, 30, 36, 39〉
〈00, 32, 04, 29〉

n = 43:
〈∞, 42, 34, 28〉 〈∞, 11, 49, 36〉 〈∞, 53, 05, 37〉 〈22, 33, 46, a1〉 〈20, 31, 55, a1〉 〈20, 53, 44, a2〉 〈41, 12, 25, a2〉 〈03, 50, 57, a3〉
〈41, 32, 15, a3〉 〈53, 52, 07, a4〉 〈20, 41, 26, a4〉 〈30, 42, 44, a5〉 〈31, 33, 06, a5〉 〈40, 11, 06, a6〉 〈43, 22, 07, a6〉 〈03, 10, 44, a7〉
〈21, 22, 17, a7〉 〈13, 31, 44, 29〉 〈31, 03, 08, 24〉 〈52, 00, 04, 56〉 〈32, 30, 09, 08〉 〈21, 30, 38, 24〉 〈31, 23, 25, 58〉 〈01, 51, 17, 19〉
〈53, 02, 25, 16〉 〈10, 00, 46, 27〉 〈32, 12, 54, 29〉 〈02, 33, 37, 34〉 〈20, 43, 36, 08〉 〈22, 40, 55, 49〉 〈32, 42, 16, 58〉 〈22, 03, 29, 18〉
〈01, 23, 15, 34〉 〈22, 50, 47, 09〉 〈01, 21, 08, 44〉 〈20, 01, 49, 07〉 〈00, 22, 25, 28〉 〈53, 41, 27, 56〉 〈13, 03, 49, 58〉 〈31, 30, 07, 28〉
〈40, 23, 29, 45〉 〈00, 03, 45, 59〉 〈01, 12, 05, 06〉

n = 45:
〈∞, 03, 37, 26〉 〈∞, 40, 54, 35〉 〈∞, 02, 09, 38〉 〈03, 02, 27, a1〉 〈50, 21, 16, a1〉 〈41, 30, 07, a2〉 〈32, 43, 46, a2〉 〈20, 11, 16, a3〉
〈33, 02, 54, a3〉 〈02, 53, 25, a4〉 〈01, 20, 44, a4〉 〈03, 42, 57, a5〉 〈40, 01, 25, a5〉 〈40, 23, 16, a6〉 〈52, 41, 54, a6〉 〈02, 30, 14, a7〉
〈31, 23, 15, a7〉 〈53, 11, 15, a8〉 〈00, 52, 57, a8〉 〈03, 31, 45, a9〉 〈32, 10, 04, a9〉 〈20, 43, 49, 55〉 〈41, 53, 18, 04〉 〈20, 53, 09, 37〉
〈22, 01, 55, 48〉 〈02, 43, 45, 47〉 〈11, 12, 07, 59〉 〈31, 21, 56, 39〉 〈30, 50, 17, 29〉 〈30, 33, 34, 08〉 〈01, 00, 18, 34〉 〈40, 52, 26, 48〉
〈02, 52, 19, 46〉 〈41, 32, 56, 38〉 〈01, 42, 46, 39〉 〈10, 03, 58, 17〉 〈43, 41, 34, 09〉 〈43, 23, 28, 56〉 〈00, 10, 16, 15〉 〈20, 33, 48, 29〉
〈52, 32, 14, 45〉 〈23, 01, 04, 59〉 〈20, 02, 18, 39〉 〈21, 41, 57, 48〉 〈01, 32, 35, 07〉

n = 47:
〈∞, 43, 55, 44〉 〈∞, 31, 47, 46〉 〈∞, 40, 39, 08〉 〈40, 41, 27, a1〉 〈02, 33, 05, a1〉 〈23, 12, 46, a2〉 〈20, 31, 34, a2〉 〈23, 02, 57, a3〉
〈40, 31, 56, a3〉 〈41, 02, 24, a4〉 〈53, 20, 57, a4〉 〈20, 41, 55, a5〉 〈52, 43, 07, a5〉 〈42, 30, 24, a6〉 〈51, 33, 55, a6〉 〈02, 40, 16, a7〉
〈33, 01, 24, a7〉 〈20, 23, 04, a8〉 〈11, 02, 07, a8〉 〈50, 43, 45, a9〉 〈51, 32, 17, a9〉 〈43, 31, 04, a10〉 〈42, 40, 25, a10〉 〈40, 32, 07, a11〉
〈13, 11, 24, a11〉 〈51, 01, 58, 36〉 〈00, 42, 09, 58〉 〈51, 52, 44, 18〉 〈02, 43, 58, 26〉 〈40, 12, 59, 14〉 〈41, 01, 19, 35〉 〈13, 21, 26, 29〉
〈12, 02, 06, 25〉 〈10, 41, 25, 58〉 〈11, 42, 59, 39〉 〈30, 13, 09, 59〉 〈51, 02, 46, 38〉 〈40, 03, 29, 06〉 〈23, 01, 59, 07〉 〈10, 51, 15, 27〉
〈22, 02, 55, 08〉 〈12, 13, 44, 19〉 〈30, 40, 26, 37〉 〈43, 30, 36, 38〉 〈10, 30, 34, 48〉 〈53, 33, 47, 38〉 〈03, 13, 55, 38〉

n = 49:
〈∞, 52, 16, 57〉 〈∞, 31, 410, 55〉 〈∞, 00, 311, 18〉 〈∞, 43, 29, 24〉 〈50, 41, 55, a1〉 〈12, 23, 24, a1〉 〈31, 13, 211, 58〉 〈20, 33, 510, 46〉
〈40, 11, 59, 07〉 〈00, 23, 14, 510〉 〈12, 22, 19, 35〉 〈10, 21, 26, 49〉 〈03, 23, 110, 59〉 〈21, 53, 07, 14〉 〈43, 31, 26, 08〉 〈32, 41, 49, 16〉
〈01, 22, 14, 211〉 〈11, 42, 17, 58〉 〈30, 23, 16, 55〉 〈31, 33, 48, 28〉 〈01, 51, 27, 510〉 〈40, 50, 34, 49〉 〈13, 40, 36, 48〉 〈01, 53, 59, 55〉
〈30, 02, 28, 27〉 〈30, 11, 510, 18〉 〈52, 30, 45, 58〉 〈50, 33, 57, 311〉 〈00, 02, 17, 38〉 〈20, 21, 311, 05〉 〈12, 00, 410, 211〉 〈02, 53, 24, 58〉
〈13, 03, 57, 29〉 〈22, 43, 111, 55〉 〈12, 13, 55, 511〉 〈00, 20, 55, 49〉 〈00, 03, 511, 010〉 〈01, 23, 411, 26〉 〈22, 03, 25, 36〉 〈22, 40, 411, 16〉
〈00, 52, 47, 37〉 〈10, 31, 34, 16〉 〈01, 21, 39, 44〉 〈51, 32, 210, 110〉 〈31, 32, 04, 011〉 〈02, 22, 210, 49〉 〈02, 33, 44, 110〉 〈00, 30, 04, 34〉

s

〈01, 31, 05, 35〉
s 〈02, 32, 06, 36〉

s 〈03, 33, 07, 37〉
s

Note that each of the codewords markeds only generates three codewords.
Lemma 8.5: T(2, 29; 2, n; 6) = 7n for each oddn and29 ≤ n ≤ 57.

Proof: Let X1 = (Z7 ×{0, 1, 2, 3})∪ {∞}. For 29 ≤ n ≤ 41, let X2 = (Z7 ×{4, 5, 6, 7})∪ ({a}× {1, . . . , n− 28}); for
43 ≤ n ≤ 55, letX2 = (Z7×{4, 5, . . . , 9})∪({a}×{1, . . . , n−42}); for n = 57, letX2 = (Z7×{4, 5, . . . , 11})∪({a}×{1}).
DenoteX = X1 ∪X2. The desired codes of size7n are constructed onZX

2 and the base codewords are listed as follows.
n = 29:

〈∞, 20, 25, 54〉 〈∞, 01, 07, 06〉 〈62, 53, 35, a1〉 〈01, 60, 14, a1〉 〈22, 53, 27, 16〉 〈22, 23, 25, 26〉 〈13, 21, 05, 04〉 〈10, 03, 67, 54〉
〈00, 61, 16, 46〉 〈12, 22, 14, 35〉 〈32, 13, 67, 25〉 〈10, 51, 27, 17〉 〈02, 42, 24, 56〉 〈01, 41, 67, 36〉 〈01, 51, 05, 65〉 〈10, 12, 57, 37〉
〈21, 22, 66, 64〉 〈10, 00, 25, 64〉 〈30, 11, 27, 67〉 〈22, 33, 55, 05〉 〈10, 13, 45, 36〉 〈13, 53, 26, 17〉 〈12, 32, 27, 44〉 〈11, 01, 34, 04〉
〈20, 41, 56, 05〉 〈00, 20, 06, 65〉 〈22, 63, 56, 07〉 〈13, 63, 24, 34〉 〈00, 13, 14, 66〉

n = 31:
〈∞, 50, 45, 54〉 〈∞, 31, 07, 26〉 〈13, 12, 17, a1〉 〈41, 20, 34, a1〉 〈20, 31, 54, a2〉 〈53, 42, 66, a2〉 〈63, 42, 37, a3〉 〈61, 20, 44, a3〉
〈50, 11, 67, 27〉 〈60, 41, 67, 26〉 〈52, 23, 05, 07〉 〈22, 20, 07, 57〉 〈42, 23, 57, 04〉 〈40, 10, 16, 26〉 〈41, 50, 65, 25〉 〈61, 33, 16, 35〉
〈60, 43, 54, 16〉 〈12, 32, 24, 34〉 〈31, 62, 37, 34〉 〈42, 03, 24, 45〉 〈23, 13, 14, 54〉 〈22, 62, 35, 56〉 〈60, 03, 65, 17〉 〈33, 03, 27, 66〉
〈31, 51, 65, 66〉 〈33, 53, 65, 56〉 〈30, 40, 14, 65〉 〈50, 02, 35, 46〉 〈12, 21, 26, 66〉 〈21, 51, 64, 17〉 〈01, 12, 05, 65〉

n = 33:
〈∞, 30, 34, 35〉 〈∞, 11, 66, 47〉 〈52, 43, 45, a1〉 〈30, 31, 44, a1〉 〈62, 03, 07, a2〉 〈60, 01, 24, a2〉 〈23, 02, 56, a3〉 〈50, 31, 37, a3〉
〈42, 03, 37, a4〉 〈40, 31, 64, a4〉 〈50, 11, 57, a5〉 〈42, 13, 44, a5〉 〈11, 23, 67, 05〉 〈11, 01, 25, 54〉 〈21, 01, 55, 16〉 〈03, 63, 14, 44〉
〈10, 13, 05, 55〉 〈11, 32, 55, 46〉 〈10, 03, 27, 25〉 〈40, 12, 25, 06〉 〈11, 43, 16, 56〉 〈21, 22, 14, 46〉 〈30, 62, 27, 67〉 〈32, 20, 14, 06〉
〈10, 20, 64, 45〉 〈02, 42, 06, 05〉 〈20, 22, 47, 67〉 〈12, 22, 54, 34〉 〈22, 61, 65, 07〉 〈00, 30, 46, 26〉 〈03, 43, 57, 66〉 〈13, 63, 25, 66〉
〈01, 03, 04, 67〉

n = 35:
〈∞, 12, 05, 14〉 〈∞, 11, 16, 17〉 〈63, 22, 67, a1〉 〈60, 61, 04, a1〉 〈52, 43, 65, a2〉 〈50, 61, 14, a2〉 〈51, 13, 54, a3〉 〈00, 02, 26, a3〉
〈33, 32, 24, a4〉 〈60, 21, 45, a4〉 〈52, 13, 47, a5〉 〈30, 51, 45, a5〉 〈50, 31, 24, a6〉 〈53, 42, 56, a6〉 〈10, 01, 37, a7〉 〈62, 43, 66, a7〉
〈12, 33, 66, 45〉 〈21, 51, 37, 35〉 〈33, 41, 05, 06〉 〈03, 20, 17, 65〉 〈30, 63, 37, 17〉 〈32, 52, 17, 64〉 〈01, 03, 67, 34〉 〈53, 11, 66, 37〉
〈43, 50, 45, 26〉 〈41, 31, 14, 56〉 〈02, 50, 05, 36〉 〈22, 60, 64, 65〉 〈23, 50, 16, 34〉 〈41, 62, 17, 45〉 〈23, 43, 05, 44〉 〈20, 30, 36, 67〉
〈51, 52, 26, 46〉 〈32, 20, 55, 37〉 〈00, 42, 24, 64〉

n = 37:
〈∞, 21, 27, 26〉 〈∞, 10, 15, 14〉 〈52, 53, 25, a1〉 〈50, 51, 64, a1〉 〈60, 01, 24, a2〉 〈42, 53, 55, a2〉 〈11, 60, 14, a3〉 〈52, 03, 15, a3〉
〈01, 40, 34, a4〉 〈42, 03, 35, a4〉 〈22, 63, 46, a5〉 〈20, 61, 35, a5〉 〈62, 43, 27, a6〉 〈21, 40, 14, a6〉 〈40, 31, 65, a7〉 〈52, 43, 24, a7〉
〈20, 42, 04, a8〉 〈21, 23, 45, a8〉 〈11, 43, 47, a9〉 〈30, 32, 36, a9〉 〈01, 42, 26, 17〉 〈10, 00, 45, 26〉 〈20, 32, 47, 15〉 〈02, 62, 04, 54〉
〈21, 42, 06, 64〉 〈13, 03, 65, 04〉 〈10, 50, 57, 67〉 〈02, 32, 46, 27〉 〈31, 43, 07, 14〉 〈11, 33, 56, 26〉 〈01, 21, 05, 15〉 〈01, 41, 67, 36〉
〈03, 23, 36, 34〉 〈00, 20, 66, 56〉 〈03, 43, 46, 17〉 〈20, 63, 17, 57〉 〈02, 22, 25, 07〉
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n = 39:
〈∞, 61, 67, 66〉 〈∞, 10, 15, 24〉 〈41, 40, 55, a1〉 〈42, 43, 16, a1〉 〈50, 61, 14, a2〉 〈32, 43, 05, a2〉 〈52, 43, 66, a3〉 〈10, 01, 35, a3〉
〈22, 53, 07, a4〉 〈41, 10, 04, a4〉 〈23, 52, 54, a5〉 〈41, 00, 56, a5〉 〈23, 42, 45, a6〉 〈10, 61, 54, a6〉 〈41, 42, 54, a7〉 〈00, 23, 35, a7〉
〈23, 21, 64, a8〉 〈60, 32, 16, a8〉 〈60, 02, 66, a9〉 〈61, 43, 44, a9〉 〈02, 20, 15, a10〉 〈61, 03, 57, a10〉 〈43, 11, 35, a11〉 〈22, 20, 04, a11〉
〈40, 20, 36, 27〉 〈20, 23, 57, 05〉 〈23, 43, 37, 26〉 〈23, 63, 65, 67〉 〈23, 10, 14, 56〉 〈30, 00, 47, 27〉 〈11, 01, 55, 05〉 〈21, 01, 46, 56〉
〈22, 11, 14, 37〉 〈11, 62, 57, 67〉 〈41, 32, 07, 36〉 〈12, 42, 65, 05〉 〈00, 43, 24, 36〉 〈12, 22, 44, 47〉 〈02, 23, 44, 36〉

n = 41:
〈∞, 21, 15, 14〉 〈∞, 42, 17, 46〉 〈21, 20, 64, a1〉 〈22, 23, 56, a1〉 〈12, 23, 66, a2〉 〈21, 10, 44, a2〉 〈03, 52, 45, a3〉 〈20, 41, 44, a3〉
〈03, 12, 14, a4〉 〈10, 41, 16, a4〉 〈42, 03, 07, a5〉 〈11, 40, 45, a5〉 〈33, 62, 15, a6〉 〈01, 20, 34, a6〉 〈60, 51, 64, a7〉 〈13, 32, 37, a7〉
〈01, 52, 55, a8〉 〈13, 30, 26, a8〉 〈43, 21, 04, a9〉 〈12, 40, 25, a9〉 〈23, 31, 46, a10〉 〈22, 20, 04, a10〉 〈03, 21, 17, a11〉 〈50, 42, 16, a11〉
〈53, 51, 05, a12〉 〈42, 20, 36, a12〉 〈62, 10, 04, a13〉 〈33, 21, 07, a13〉 〈30, 60, 57, 37〉 〈30, 50, 25, 17〉 〈23, 43, 14, 35〉 〈61, 31, 35, 66〉
〈61, 33, 67, 16〉 〈63, 33, 14, 65〉 〈00, 10, 56, 35〉 〈32, 52, 24, 47〉 〈33, 23, 17, 26〉 〈21, 01, 47, 37〉 〈52, 20, 35, 37〉 〈32, 61, 56, 46〉
〈02, 12, 34, 45〉

n = 43:
〈∞, 23, 58, 59〉 〈∞, 02, 36, 24〉 〈∞, 40, 25, 57〉 〈53, 42, 45, a1〉 〈50, 51, 46, a1〉 〈31, 51, 06, 55〉 〈20, 60, 49, 59〉 〈00, 43, 26, 48〉
〈42, 40, 56, 46〉 〈50, 32, 34, 47〉 〈22, 51, 28, 47〉 〈61, 63, 49, 37〉 〈23, 00, 34, 27〉 〈42, 11, 59, 24〉 〈13, 53, 59, 26〉 〈03, 40, 34, 44〉
〈32, 52, 45, 18〉 〈33, 02, 47, 49〉 〈23, 61, 26, 46〉 〈31, 01, 17, 69〉 〈32, 42, 69, 16〉 〈00, 11, 47, 18〉 〈50, 42, 37, 58〉 〈61, 03, 66, 05〉
〈60, 02, 34, 09〉 〈01, 43, 27, 28〉 〈60, 53, 65, 04〉 〈20, 01, 29, 65〉 〈30, 51, 25, 54〉 〈02, 43, 25, 44〉 〈11, 21, 04, 54〉 〈22, 23, 48, 14〉
〈20, 00, 58, 35〉 〈31, 42, 39, 54〉 〈00, 03, 36, 68〉 〈22, 21, 05, 55〉 〈50, 21, 08, 36〉 〈33, 20, 27, 57〉 〈61, 53, 28, 09〉 〈13, 30, 09, 55〉
〈62, 22, 16, 27〉 〈62, 41, 38, 58〉 〈02, 23, 45, 57〉

n = 45:
〈∞, 22, 29, 28〉 〈∞, 20, 24, 25〉 〈∞, 21, 46, 37〉 〈50, 51, 64, a1〉 〈12, 13, 15, a1〉 〈31, 20, 54, a2〉 〈42, 53, 26, a2〉 〈40, 61, 64, a3〉
〈32, 53, 45, a3〉 〈00, 50, 29, 35〉 〈01, 41, 59, 25〉 〈21, 52, 29, 25〉 〈31, 43, 07, 09〉 〈10, 22, 26, 58〉 〈12, 43, 54, 67〉 〈01, 33, 45, 68〉
〈10, 41, 36, 04〉 〈21, 63, 66, 68〉 〈10, 42, 35, 37〉 〈03, 53, 67, 16〉 〈10, 03, 29, 57〉 〈30, 52, 27, 38〉 〈20, 01, 56, 29〉 〈13, 43, 28, 36〉
〈21, 23, 27, 19〉 〈30, 32, 19, 67〉 〈01, 52, 57, 16〉 〈21, 11, 64, 48〉 〈12, 62, 45, 08〉 〈31, 02, 48, 27〉 〈10, 01, 27, 06〉 〈02, 62, 19, 14〉
〈00, 13, 69, 45〉 〈03, 63, 24, 54〉 〈02, 42, 16, 66〉 〈20, 23, 48, 06〉 〈11, 12, 49, 04〉 〈30, 01, 36, 37〉 〈12, 63, 38, 64〉 〈00, 60, 44, 58〉
〈42, 33, 39, 04〉 〈01, 51, 65, 58〉 〈32, 03, 55, 47〉 〈20, 43, 38, 59〉 〈00, 43, 15, 65〉

n = 47:
〈∞, 32, 38, 69〉 〈∞, 31, 57, 16〉 〈∞, 30, 35, 04〉 〈61, 20, 65, a1〉 〈12, 43, 37, a1〉 〈53, 02, 25, a2〉 〈51, 40, 04, a2〉 〈23, 02, 15, a3〉
〈51, 30, 67, a3〉 〈22, 33, 54, a4〉 〈61, 30, 06, a4〉 〈01, 20, 35, a5〉 〈03, 02, 16, a5〉 〈21, 01, 28, 65〉 〈12, 00, 67, 09〉 〈41, 43, 27, 19〉
〈60, 20, 06, 19〉 〈41, 22, 24, 34〉 〈40, 33, 57, 08〉 〈02, 12, 17, 19〉 〈33, 13, 69, 47〉 〈12, 30, 07, 48〉 〈40, 50, 34, 48〉 〈31, 32, 04, 67〉
〈42, 13, 66, 25〉 〈61, 31, 19, 48〉 〈03, 43, 66, 68〉 〈22, 50, 04, 69〉 〈12, 20, 15, 08〉 〈41, 52, 39, 16〉 〈23, 40, 66, 27〉 〈11, 53, 49, 58〉
〈13, 21, 54, 45〉 〈43, 61, 45, 69〉 〈51, 13, 57, 48〉 〈11, 20, 16, 48〉 〈13, 40, 19, 44〉 〈62, 22, 08, 55〉 〈20, 42, 68, 26〉 〈43, 52, 44, 28〉
〈11, 33, 36, 14〉 〈33, 10, 24, 49〉 〈51, 22, 16, 65〉 〈32, 41, 59, 54〉 〈13, 10, 35, 46〉 〈22, 01, 66, 67〉 〈00, 20, 55, 27〉

n = 49:
〈∞, 11, 04, 17〉 〈∞, 30, 25, 58〉 〈∞, 33, 26, 49〉 〈00, 42, 04, a1〉 〈41, 53, 55, a1〉 〈13, 42, 07, a2〉 〈30, 51, 46, a2〉 〈42, 60, 17, a3〉
〈31, 03, 54, a3〉 〈41, 30, 35, a4〉 〈03, 02, 46, a4〉 〈40, 23, 54, a5〉 〈11, 62, 67, a5〉 〈53, 50, 57, a6〉 〈01, 12, 35, a6〉 〈13, 62, 34, a7〉
〈01, 20, 55, a7〉 〈52, 33, 55, 59〉 〈50, 42, 27, 29〉 〈60, 02, 56, 28〉 〈50, 63, 16, 47〉 〈12, 43, 06, 46〉 〈21, 23, 48, 59〉 〈61, 21, 17, 68〉
〈01, 32, 47, 05〉 〈30, 62, 38, 16〉 〈03, 10, 65, 68〉 〈51, 33, 05, 67〉 〈11, 21, 64, 09〉 〈22, 33, 39, 04〉 〈40, 03, 15, 64〉 〈52, 50, 19, 65〉
〈22, 52, 49, 15〉 〈10, 60, 09, 08〉 〈22, 02, 24, 58〉 〈13, 33, 57, 68〉 〈51, 10, 36, 64〉 〈21, 53, 29, 36〉 〈11, 02, 14, 55〉 〈51, 43, 56, 18〉
〈40, 00, 34, 57〉 〈23, 32, 24, 38〉 〈31, 32, 09, 28〉 〈62, 41, 66, 06〉 〈23, 01, 34, 19〉 〈51, 22, 38, 17〉 〈50, 51, 26, 09〉 〈63, 40, 49, 07〉
〈00, 43, 25, 48〉

n = 51:
〈∞, 52, 65, 08〉 〈∞, 20, 66, 64〉 〈∞, 23, 47, 19〉 〈50, 51, 47, a1〉 〈23, 02, 45, a1〉 〈20, 53, 24, a2〉 〈12, 61, 66, a2〉 〈20, 32, 07, a3〉
〈41, 43, 06, a3〉 〈31, 60, 44, a4〉 〈32, 63, 67, a4〉 〈02, 61, 16, a5〉 〈20, 23, 44, a5〉 〈50, 42, 06, a6〉 〈31, 63, 45, a6〉 〈23, 00, 65, a7〉
〈01, 42, 34, a7〉 〈51, 00, 07, a8〉 〈63, 22, 05, a8〉 〈23, 11, 57, a9〉 〈40, 12, 56, a9〉 〈20, 41, 09, 47〉 〈22, 23, 17, 39〉 〈13, 23, 67, 49〉
〈12, 11, 69, 45〉 〈42, 32, 28, 35〉 〈00, 13, 19, 36〉 〈32, 02, 54, 17〉 〈33, 61, 36, 35〉 〈02, 00, 66, 38〉 〈00, 40, 68, 25〉 〈32, 10, 44, 04〉
〈12, 63, 39, 44〉 〈53, 03, 58, 18〉 〈62, 12, 59, 16〉 〈10, 30, 16, 39〉 〈13, 61, 45, 56〉 〈10, 20, 25, 59〉 〈01, 63, 49, 04〉 〈42, 53, 48, 67〉
〈10, 01, 24, 09〉 〈03, 33, 34, 16〉 〈50, 61, 38, 15〉 〈30, 13, 05, 38〉 〈11, 41, 26, 48〉 〈33, 51, 24, 08〉 〈40, 01, 58, 17〉 〈10, 42, 47, 58〉
〈31, 11, 28, 67〉 〈51, 32, 55, 69〉 〈01, 62, 64, 69〉

n = 53:
〈∞, 11, 17, 46〉 〈∞, 03, 19, 08〉 〈∞, 00, 04, 35〉 〈32, 33, 35, a1〉 〈21, 40, 06, a1〉 〈62, 03, 35, a2〉 〈51, 40, 04, a2〉 〈62, 13, 26, a3〉
〈41, 50, 55, a3〉 〈41, 10, 54, a4〉 〈63, 12, 16, a4〉 〈13, 52, 54, a5〉 〈00, 41, 16, a5〉 〈30, 22, 07, a6〉 〈21, 03, 15, a6〉 〈50, 51, 05, a7〉
〈03, 12, 27, a7〉 〈12, 10, 64, a8〉 〈43, 11, 27, a8〉 〈53, 61, 16, a9〉 〈30, 12, 47, a9〉 〈22, 10, 67, a10〉 〈53, 31, 34, a10〉 〈10, 42, 36, a11〉
〈61, 63, 57, a11〉 〈00, 63, 39, 08〉 〈23, 51, 09, 34〉 〈00, 22, 64, 06〉 〈20, 60, 17, 09〉 〈11, 62, 19, 54〉 〈32, 11, 15, 57〉 〈10, 13, 08, 66〉
〈63, 33, 37, 36〉 〈01, 11, 06, 49〉 〈42, 11, 28, 38〉 〈23, 03, 65, 29〉 〈23, 33, 24, 68〉 〈32, 60, 27, 45〉 〈03, 20, 66, 69〉 〈12, 52, 19, 26〉
〈42, 62, 59, 04〉 〈51, 22, 38, 44〉 〈02, 12, 35, 48〉 〈43, 02, 28, 07〉 〈03, 40, 39, 55〉 〈10, 60, 19, 48〉 〈42, 51, 66, 35〉 〈00, 10, 24, 28〉
〈11, 60, 55, 67〉 〈21, 01, 19, 68〉 〈11, 12, 18, 69〉 〈63, 40, 15, 18〉 〈01, 13, 34, 27〉

n = 55:
〈∞, 13, 09, 26〉 〈∞, 02, 15, 47〉 〈∞, 30, 38, 04〉 〈41, 63, 27, a1〉 〈30, 02, 66, a1〉 〈10, 22, 14, a2〉 〈41, 53, 25, a2〉 〈51, 12, 34, a3〉
〈43, 20, 36, a3〉 〈42, 03, 56, a4〉 〈00, 21, 37, a4〉 〈13, 12, 14, a5〉 〈00, 31, 45, a5〉 〈23, 10, 45, a6〉 〈12, 21, 56, a6〉 〈31, 32, 57, a7〉
〈00, 33, 64, a7〉 〈33, 01, 07, a8〉 〈30, 22, 25, a8〉 〈23, 42, 27, a9〉 〈31, 50, 64, a9〉 〈21, 02, 25, a10〉 〈10, 13, 37, a10〉 〈62, 40, 26, a11〉
〈13, 11, 04, a11〉 〈21, 62, 66, a12〉 〈50, 43, 35, a12〉 〈13, 40, 36, a13〉 〈01, 22, 37, a13〉 〈20, 11, 38, 07〉 〈10, 63, 07, 48〉 〈42, 13, 07, 24〉
〈02, 61, 55, 59〉 〈52, 12, 28, 08〉 〈62, 53, 29, 55〉 〈22, 43, 27, 69〉 〈23, 63, 38, 09〉 〈21, 03, 06, 38〉 〈13, 21, 46, 18〉 〈61, 50, 48, 56〉
〈10, 12, 29, 36〉 〈30, 60, 37, 18〉 〈00, 60, 59, 39〉 〈11, 31, 34, 69〉 〈12, 02, 09, 45〉 〈01, 61, 06, 09〉 〈11, 10, 39, 58〉 〈00, 20, 25, 54〉
〈53, 42, 08, 26〉 〈21, 61, 34, 28〉 〈11, 53, 35, 59〉 〈30, 12, 54, 39〉 〈21, 50, 65, 67〉 〈02, 22, 34, 08〉 〈03, 23, 44, 35〉
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n = 57:
〈∞, 20, 611, 25〉 〈∞, 02, 27, 14〉 〈∞, 51, 210, 09〉 〈∞, 43, 56, 28〉 〈13, 62, 34, a1〉 〈01, 20, 67, a1〉 〈02, 42, 66, 311〉 〈01, 62, 15, 59〉
〈30, 40, 210, 59〉 〈01, 33, 35, 69〉 〈12, 13, 29, 17〉 〈01, 22, 05, 25〉 〈22, 42, 57, 010〉 〈23, 12, 210, 49〉 〈03, 13, 65, 35〉 〈13, 42, 38, 19〉
〈10, 01, 44, 210〉 〈40, 61, 14, 39〉 〈42, 50, 18, 35〉 〈60, 10, 69, 46〉 〈10, 33, 38, 06〉 〈60, 23, 04, 110〉 〈12, 63, 010, 511〉 〈03, 31, 011, 44〉
〈11, 22, 17, 49〉 〈20, 31, 08, 15〉 〈53, 01, 68, 37〉 〈42, 03, 56, 49〉 〈42, 32, 05, 511〉 〈21, 23, 67, 65〉 〈31, 02, 34, 511〉 〈40, 01, 65, 16〉
〈60, 63, 310, 58〉 〈33, 20, 510, 511〉 〈23, 53, 46, 17〉 〈01, 61, 610, 17〉 〈03, 23, 311, 34〉 〈12, 31, 38, 64〉 〈41, 61, 36, 210〉 〈30, 02, 08, 56〉
〈22, 20, 210, 24〉 〈01, 23, 26, 56〉 〈00, 22, 08, 35〉 〈20, 32, 36, 311〉 〈30, 00, 45, 24〉 〈10, 53, 07, 311〉 〈21, 13, 58, 04〉 〈30, 62, 47, 14〉
〈62, 53, 110, 310〉 〈31, 32, 48, 24〉 〈30, 23, 37, 09〉 〈01, 31, 611, 58〉 〈01, 32, 06, 19〉 〈51, 63, 59, 311〉 〈40, 11, 46, 211〉 〈00, 01, 57, 011〉
〈00, 52, 27, 18〉

Lemma 8.6: T(2, 33; 2, n; 6) = 8n for each oddn and33 ≤ n ≤ 65.
Proof: Let X1 = (Z8 ×{0, 1, 2, 3})∪ {∞}. For 33 ≤ n ≤ 47, let X2 = (Z8 ×{4, 5, 6, 7})∪ ({a}× {1, . . . , n− 32}); for

49 ≤ n ≤ 63, letX2 = (Z8×{4, 5, . . . , 9})∪({a}×{1, . . . , n−48}); for n = 65, letX2 = (Z8×{4, 5, . . . , 11})∪({a}×{1}).
DenoteX = X1 ∪X2. The desired codes of size8n are constructed onZX

2 and the base codewords are listed as follows.
n = 33:

〈∞, 71, 26, 47〉 〈∞, 00, 55, 04〉 〈10, 61, 35, a1〉 〈42, 63, 34, a1〉 〈33, 10, 24, 17〉 〈42, 00, 74, 05〉 〈33, 63, 46, 37〉 〈71, 62, 66, 56〉
〈12, 70, 47, 24〉 〈00, 60, 46, 47〉 〈13, 51, 45, 57〉 〈42, 52, 67, 25〉 〈53, 33, 25, 64〉 〈31, 21, 35, 44〉 〈70, 22, 66, 17〉 〈71, 11, 57, 74〉
〈33, 02, 75, 26〉 〈20, 31, 46, 57〉 〈42, 23, 26, 45〉 〈61, 11, 66, 45〉 〈62, 61, 24, 05〉 〈40, 70, 35, 55〉 〈43, 21, 66, 37〉 〈22, 71, 67, 35〉
〈70, 61, 54, 06〉 〈70, 23, 76, 25〉 〈30, 32, 04, 06〉 〈03, 32, 37, 65〉 〈33, 72, 47, 74〉 〈03, 10, 27, 46〉 〈72, 73, 26, 14〉 〈00, 43, 24, 44〉
〈01, 52, 34, 37〉

n = 35:
〈∞, 41, 46, 47〉 〈∞, 70, 74, 75〉 〈43, 22, 75, a1〉 〈71, 10, 04, a1〉 〈62, 43, 15, a2〉 〈40, 51, 74, a2〉 〈52, 53, 07, a3〉 〈21, 50, 24, a3〉
〈30, 73, 26, 76〉 〈62, 53, 47, 55〉 〈41, 32, 76, 56〉 〈51, 73, 55, 17〉 〈13, 03, 67, 04〉 〈41, 73, 37, 16〉 〈70, 73, 46, 56〉 〈42, 03, 25, 16〉
〈33, 63, 74, 26〉 〈50, 02, 57, 76〉 〈51, 63, 67, 34〉 〈12, 02, 15, 16〉 〈21, 13, 55, 74〉 〈10, 70, 35, 05〉 〈22, 02, 14, 24〉 〈21, 31, 05, 64〉
〈70, 11, 37, 67〉 〈12, 42, 76, 07〉 〈32, 63, 55, 14〉 〈40, 12, 17, 27〉 〈43, 71, 64, 57〉 〈40, 71, 15, 56〉 〈30, 42, 74, 14〉 〈51, 01, 15, 76〉
〈40, 50, 77, 64〉 〈10, 01, 75, 46〉 〈00, 72, 35, 17〉

n = 37:
〈∞, 33, 26, 77〉 〈∞, 00, 04, 55〉 〈20, 71, 36, a1〉 〈32, 13, 55, a1〉 〈62, 13, 25, a2〉 〈11, 30, 26, a2〉 〈71, 70, 46, a3〉 〈63, 22, 57, a3〉
〈12, 23, 05, a4〉 〈00, 21, 54, a4〉 〈73, 52, 34, a5〉 〈21, 60, 75, a5〉 〈01, 51, 06, 76〉 〈23, 71, 47, 74〉 〈72, 30, 24, 25〉 〈73, 23, 75, 54〉
〈70, 10, 55, 17〉 〈63, 30, 54, 74〉 〈32, 52, 74, 06〉 〈53, 33, 66, 36〉 〈63, 00, 26, 67〉 〈22, 10, 46, 47〉 〈71, 60, 14, 77〉 〈41, 62, 35, 37〉
〈42, 61, 25, 45〉 〈01, 13, 05, 66〉 〈00, 32, 77, 47〉 〈73, 11, 47, 57〉 〈32, 60, 44, 26〉 〈53, 60, 05, 74〉 〈22, 30, 35, 07〉 〈51, 62, 64, 67〉
〈03, 11, 37, 25〉 〈12, 70, 56, 76〉 〈63, 72, 64, 06〉 〈51, 42, 14, 37〉 〈01, 11, 74, 35〉

n = 39:
〈∞, 11, 17, 16〉 〈∞, 00, 05, 04〉 〈20, 21, 34, a1〉 〈22, 23, 66, a1〉 〈20, 31, 54, a2〉 〈32, 43, 56, a2〉 〈02, 23, 76, a3〉 〈30, 51, 54, a3〉
〈30, 61, 14, a4〉 〈12, 43, 45, a4〉 〈10, 51, 25, a5〉 〈42, 03, 44, a5〉 〈22, 73, 35, a6〉 〈30, 01, 77, a6〉 〈02, 63, 14, a7〉 〈40, 21, 65, a7〉
〈10, 32, 77, 27〉 〈10, 12, 37, 47〉 〈00, 10, 65, 45〉 〈03, 33, 67, 15〉 〈00, 50, 16, 76〉 〈11, 72, 46, 57〉 〈20, 03, 27, 76〉 〈02, 73, 74, 07〉
〈10, 13, 07, 67〉 〈03, 73, 14, 64〉 〈01, 42, 76, 57〉 〈01, 02, 75, 64〉 〈01, 52, 27, 66〉 〈01, 51, 35, 26〉 〈20, 11, 56, 15〉 〈02, 22, 65, 06〉
〈01, 23, 67, 74〉 〈10, 30, 04, 16〉 〈03, 23, 55, 06〉 〈01, 73, 15, 16〉 〈01, 33, 25, 37〉 〈02, 32, 54, 05〉 〈01, 12, 44, 54〉

n = 41:
〈∞, 61, 66, 77〉 〈∞, 40, 75, 44〉 〈71, 50, 27, a1〉 〈63, 62, 26, a1〉 〈31, 20, 54, a2〉 〈53, 42, 66, a2〉 〈02, 23, 65, a3〉 〈00, 01, 14, a3〉
〈21, 70, 54, a4〉 〈63, 32, 37, a4〉 〈73, 32, 54, a5〉 〈21, 60, 75, a5〉 〈41, 70, 07, a6〉 〈22, 73, 55, a6〉 〈43, 62, 66, a7〉 〈51, 70, 15, a7〉
〈00, 71, 54, a8〉 〈53, 62, 65, a8〉 〈62, 40, 27, a9〉 〈33, 01, 16, a9〉 〈60, 43, 45, 67〉 〈43, 23, 76, 37〉 〈41, 13, 47, 65〉 〈20, 50, 66, 46〉
〈11, 42, 77, 56〉 〈51, 72, 47, 45〉 〈21, 62, 46, 16〉 〈70, 32, 34, 26〉 〈61, 43, 64, 54〉 〈10, 20, 76, 65〉 〈60, 33, 55, 17〉 〈61, 63, 15, 24〉
〈53, 63, 54, 56〉 〈22, 02, 15, 45〉 〈12, 30, 77, 27〉 〈61, 62, 34, 07〉 〈31, 01, 66, 15〉 〈61, 73, 37, 65〉 〈33, 10, 37, 04〉 〈12, 60, 04, 66〉
〈02, 32, 44, 64〉

n = 43:
〈∞, 12, 05, 54〉 〈∞, 01, 07, 76〉 〈71, 60, 25, a1〉 〈43, 12, 04, a1〉 〈42, 53, 47, a2〉 〈60, 61, 24, a2〉 〈62, 03, 76, a3〉 〈71, 30, 45, a3〉
〈42, 43, 46, a4〉 〈61, 70, 64, a4〉 〈51, 30, 27, a5〉 〈62, 23, 25, a5〉 〈42, 23, 65, a6〉 〈50, 21, 04, a6〉 〈72, 43, 16, a7〉 〈31, 50, 75, a7〉
〈00, 03, 64, a8〉 〈71, 32, 16, a8〉 〈52, 50, 24, a9〉 〈33, 21, 17, a9〉 〈52, 40, 64, a10〉 〈01, 63, 67, a10〉 〈53, 11, 05, a11〉 〈10, 62, 36, a11〉
〈20, 00, 05, 75〉 〈33, 13, 05, 44〉 〈33, 50, 16, 67〉 〈41, 43, 56, 06〉 〈42, 10, 06, 76〉 〈42, 20, 36, 67〉 〈12, 72, 14, 47〉 〈01, 33, 54, 34〉
〈31, 02, 77, 55〉 〈03, 31, 36, 57〉 〈30, 60, 37, 36〉 〈01, 23, 74, 05〉 〈40, 63, 75, 77〉 〈42, 60, 74, 07〉 〈12, 11, 75, 25〉 〈03, 70, 74, 26〉
〈51, 41, 26, 64〉 〈03, 11, 47, 27〉 〈02, 32, 35, 17〉

n = 45:
〈∞, 00, 35, 44〉 〈∞, 61, 17, 56〉 〈61, 52, 26, a1〉 〈60, 33, 64, a1〉 〈23, 02, 15, a2〉 〈01, 20, 57, a2〉 〈70, 71, 77, a3〉 〈43, 02, 76, a3〉
〈20, 51, 04, a4〉 〈53, 42, 37, a4〉 〈33, 02, 45, a5〉 〈01, 30, 44, a5〉 〈73, 02, 47, a6〉 〈71, 00, 06, a6〉 〈33, 32, 44, a7〉 〈20, 31, 75, a7〉
〈32, 13, 76, a8〉 〈20, 61, 54, a8〉 〈53, 51, 05, a9〉 〈72, 60, 16, a9〉 〈01, 13, 27, a10〉 〈02, 40, 05, a10〉 〈43, 01, 56, a11〉 〈00, 22, 24, a11〉
〈61, 03, 44, a12〉 〈62, 70, 37, a12〉 〈51, 33, 56, a13〉 〈32, 60, 37, a13〉 〈23, 71, 05, 44〉 〈33, 13, 57, 35〉 〈30, 51, 25, 17〉 〈02, 31, 55, 35〉
〈00, 23, 65, 26〉 〈70, 00, 46, 17〉 〈41, 02, 64, 54〉 〈00, 03, 54, 76〉 〈43, 30, 24, 16〉 〈62, 00, 05, 16〉 〈11, 12, 76, 27〉 〈41, 62, 76, 66〉
〈43, 00, 77, 15〉 〈73, 63, 67, 64〉 〈61, 51, 47, 45〉 〈32, 62, 17, 54〉 〈02, 12, 44, 75〉

n = 47:
〈∞, 51, 36, 37〉 〈∞, 53, 55, 14〉 〈70, 71, 44, a1〉 〈33, 52, 75, a1〉 〈63, 60, 45, a2〉 〈32, 61, 37, a2〉 〈43, 32, 27, a3〉 〈00, 31, 14, a3〉
〈63, 12, 67, a4〉 〈71, 50, 34, a4〉 〈23, 62, 16, a5〉 〈71, 10, 45, a5〉 〈02, 33, 67, a6〉 〈70, 61, 76, a6〉 〈33, 12, 54, a7〉 〈40, 11, 27, a7〉
〈10, 21, 17, a8〉 〈32, 23, 35, a8〉 〈42, 10, 46, a9〉 〈61, 63, 55, a9〉 〈62, 50, 74, a10〉 〈53, 31, 77, a10〉 〈42, 00, 34, a11〉 〈61, 53, 05, a11〉
〈60, 32, 54, a12〉 〈41, 73, 16, a12〉 〈70, 62, 07, a13〉 〈73, 21, 46, a13〉 〈31, 43, 44, a14〉 〈10, 12, 76, a14〉 〈60, 42, 35, a15〉 〈13, 51, 46, a15〉
〈50, 00, 16, 76〉 〈00, 73, 04, 37〉 〈62, 12, 56, 44〉 〈43, 23, 37, 14〉 〈70, 00, 47, 05〉 〈62, 52, 76, 25〉 〈03, 33, 16, 64〉 〈10, 33, 55, 07〉
〈01, 51, 15, 06〉 〈61, 01, 07, 65〉 〈72, 12, 27, 25〉 〈72, 51, 44, 74〉 〈50, 23, 26, 75〉 〈32, 41, 06, 77〉 〈00, 41, 44, 75〉
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n = 49:
〈∞, 70, 35, 14〉 〈∞, 31, 47, 06〉 〈∞, 62, 18, 69〉 〈63, 42, 77, a1〉 〈30, 61, 24, a1〉 〈00, 02, 55, 25〉 〈02, 73, 77, 54〉 〈13, 10, 58, 57〉
〈50, 13, 16, 65〉 〈43, 01, 45, 09〉 〈22, 23, 66, 59〉 〈60, 13, 66, 44〉 〈00, 52, 26, 36〉 〈10, 20, 79, 59〉 〈20, 13, 07, 39〉 〈20, 62, 27, 55〉
〈53, 40, 68, 77〉 〈51, 21, 16, 35〉 〈23, 33, 28, 24〉 〈63, 51, 38, 17〉 〈31, 13, 55, 35〉 〈02, 72, 19, 57〉 〈60, 01, 36, 48〉 〈30, 10, 08, 15〉
〈71, 10, 48, 28〉 〈41, 22, 54, 38〉 〈53, 22, 37, 36〉 〈00, 72, 76, 16〉 〈41, 33, 19, 09〉 〈20, 21, 06, 19〉 〈31, 53, 38, 27〉 〈31, 03, 54, 19〉
〈40, 10, 14, 67〉 〈71, 61, 54, 47〉 〈50, 02, 04, 59〉 〈00, 41, 77, 75〉 〈31, 72, 34, 64〉 〈42, 13, 54, 09〉 〈02, 13, 24, 36〉 〈43, 63, 76, 55〉
〈60, 42, 68, 24〉 〈31, 42, 25, 48〉 〈50, 41, 67, 79〉 〈12, 32, 37, 45〉 〈12, 53, 78, 08〉 〈72, 53, 59, 35〉 〈41, 12, 15, 68〉 〈01, 33, 54, 26〉
〈01, 22, 16, 19〉

n = 51:
〈∞, 12, 19, 18〉 〈∞, 41, 46, 27〉 〈∞, 40, 34, 35〉 〈32, 33, 57, a1〉 〈60, 61, 36, a1〉 〈53, 42, 65, a2〉 〈70, 01, 24, a2〉 〈70, 21, 04, a3〉
〈03, 62, 75, a3〉 〈10, 13, 46, 74〉 〈62, 13, 44, 35〉 〈30, 21, 16, 45〉 〈32, 03, 37, 78〉 〈11, 32, 68, 04〉 〈60, 52, 27, 06〉 〈70, 33, 06, 75〉
〈11, 01, 15, 75〉 〈20, 33, 38, 16〉 〈21, 33, 18, 36〉 〈51, 33, 76, 29〉 〈41, 72, 06, 58〉 〈50, 73, 25, 09〉 〈12, 72, 34, 24〉 〈20, 10, 08, 64〉
〈31, 33, 07, 68〉 〈60, 01, 04, 37〉 〈10, 60, 69, 45〉 〈20, 00, 69, 48〉 〈41, 73, 75, 57〉 〈31, 42, 05, 66〉 〈32, 02, 28, 76〉 〈42, 23, 37, 59〉
〈71, 42, 35, 18〉 〈41, 71, 59, 04〉 〈30, 13, 59, 17〉 〈42, 03, 09, 16〉 〈40, 62, 65, 59〉 〈22, 32, 24, 09〉 〈30, 32, 36, 67〉 〈41, 02, 39, 47〉
〈60, 31, 38, 64〉 〈23, 53, 24, 46〉 〈51, 32, 47, 59〉 〈10, 71, 37, 17〉 〈52, 43, 68, 37〉 〈13, 73, 04, 34〉 〈41, 21, 69, 08〉 〈40, 13, 57, 39〉
〈10, 03, 18, 48〉 〈00, 62, 45, 46〉 〈03, 13, 65, 69〉

n = 53:
〈∞, 50, 35, 44〉 〈∞, 23, 38, 29〉 〈∞, 51, 76, 37〉 〈71, 70, 04, a1〉 〈33, 42, 16, a1〉 〈10, 21, 44, a2〉 〈23, 62, 25, a2〉 〈23, 52, 27, a3〉
〈00, 21, 45, a3〉 〈71, 40, 24, a4〉 〈33, 12, 57, a4〉 〈21, 60, 75, a5〉 〈02, 33, 54, a5〉 〈70, 33, 47, 69〉 〈02, 11, 64, 67〉 〈22, 50, 75, 29〉
〈70, 73, 25, 36〉 〈11, 31, 58, 75〉 〈03, 02, 58, 69〉 〈02, 63, 24, 06〉 〈70, 03, 37, 19〉 〈20, 30, 38, 74〉 〈02, 10, 07, 68〉 〈31, 62, 39, 77〉
〈40, 52, 49, 77〉 〈30, 00, 69, 06〉 〈12, 62, 56, 28〉 〈12, 50, 48, 54〉 〈01, 33, 59, 05〉 〈50, 73, 57, 69〉 〈41, 03, 04, 59〉 〈22, 42, 69, 56〉
〈41, 11, 78, 37〉 〈41, 63, 76, 29〉 〈42, 71, 54, 77〉 〈70, 22, 28, 06〉 〈11, 22, 39, 25〉 〈32, 42, 55, 25〉 〈21, 73, 18, 55〉 〈70, 41, 39, 16〉
〈71, 32, 65, 56〉 〈61, 62, 19, 54〉 〈10, 03, 77, 15〉 〈01, 10, 46, 37〉 〈41, 62, 57, 58〉 〈60, 41, 46, 56〉 〈13, 33, 44, 66〉 〈10, 73, 78, 65〉
〈51, 43, 28, 46〉 〈13, 23, 74, 58〉 〈50, 23, 67, 45〉 〈00, 22, 24, 48〉 〈01, 13, 04, 08〉

n = 55:
〈∞, 40, 55, 14〉 〈∞, 33, 09, 38〉 〈∞, 01, 36, 77〉 〈63, 62, 05, a1〉 〈11, 10, 34, a1〉 〈01, 50, 57, a2〉 〈33, 22, 25, a2〉 〈51, 00, 36, a3〉
〈52, 73, 35, a3〉 〈73, 22, 17, a4〉 〈01, 40, 34, a4〉 〈62, 23, 04, a5〉 〈70, 01, 75, a5〉 〈41, 03, 47, a6〉 〈32, 50, 25, a6〉 〈03, 20, 16, a7〉
〈31, 12, 74, a7〉 〈60, 53, 55, 25〉 〈23, 20, 64, 57〉 〈13, 43, 75, 14〉 〈10, 02, 49, 35〉 〈40, 21, 08, 07〉 〈10, 33, 26, 24〉 〈71, 61, 38, 08〉
〈52, 00, 06, 38〉 〈31, 63, 19, 14〉 〈30, 72, 57, 29〉 〈10, 32, 38, 36〉 〈03, 50, 79, 19〉 〈20, 50, 37, 54〉 〈10, 23, 68, 08〉 〈20, 73, 79, 77〉
〈61, 73, 76, 68〉 〈71, 02, 74, 28〉 〈01, 61, 45, 17〉 〈02, 33, 54, 45〉 〈02, 61, 27, 19〉 〈00, 21, 19, 35〉 〈10, 20, 66, 28〉 〈70, 61, 79, 56〉
〈11, 33, 19, 08〉 〈23, 32, 37, 34〉 〈11, 62, 24, 69〉 〈61, 11, 15, 35〉 〈31, 03, 57, 36〉 〈71, 72, 19, 46〉 〈72, 40, 37, 28〉 〈01, 42, 54, 74〉
〈60, 72, 45, 49〉 〈02, 22, 37, 46〉 〈42, 32, 29, 08〉 〈02, 63, 78, 57〉 〈41, 72, 06, 66〉 〈03, 73, 28, 56〉 〈03, 23, 46, 49〉

n = 57:
〈∞, 31, 47, 46〉 〈∞, 20, 45, 28〉 〈∞, 43, 44, 29〉 〈41, 60, 34, a1〉 〈73, 02, 36, a1〉 〈50, 73, 77, a2〉 〈22, 51, 14, a2〉 〈32, 53, 46, a3〉
〈21, 10, 24, a3〉 〈01, 03, 65, a4〉 〈22, 40, 64, a4〉 〈03, 42, 15, a5〉 〈60, 61, 46, a5〉 〈62, 13, 36, a6〉 〈01, 50, 54, a6〉 〈51, 52, 46, a7〉
〈13, 50, 67, a7〉 〈11, 43, 46, a8〉 〈22, 60, 54, a8〉 〈12, 60, 24, a9〉 〈11, 33, 35, a9〉 〈21, 12, 75, 39〉 〈72, 53, 08, 36〉 〈21, 33, 54, 28〉
〈22, 52, 18, 78〉 〈72, 50, 65, 15〉 〈10, 20, 78, 67〉 〈00, 21, 35, 48〉 〈20, 12, 09, 15〉 〈52, 00, 65, 76〉 〈70, 23, 39, 36〉 〈13, 43, 74, 69〉
〈13, 51, 45, 38〉 〈63, 01, 05, 59〉 〈23, 31, 08, 17〉 〈01, 53, 37, 18〉 〈51, 60, 19, 17〉 〈01, 51, 64, 26〉 〈03, 23, 14, 37〉 〈40, 10, 38, 15〉
〈30, 10, 09, 46〉 〈12, 32, 16, 27〉 〈30, 42, 48, 59〉 〈31, 62, 19, 07〉 〈63, 73, 78, 35〉 〈11, 01, 07, 48〉 〈22, 23, 67, 29〉 〈50, 11, 37, 56〉
〈23, 50, 69, 47〉 〈62, 52, 37, 34〉 〈62, 51, 48, 15〉 〈62, 41, 64, 39〉 〈02, 41, 69, 49〉 〈30, 01, 39, 06〉 〈00, 02, 07, 38〉 〈63, 70, 16, 24〉
〈02, 53, 24, 45〉

n = 59:
〈∞, 30, 77, 56〉 〈∞, 21, 49, 64〉 〈∞, 33, 65, 18〉 〈32, 33, 46, a1〉 〈40, 31, 44, a1〉 〈32, 30, 24, a2〉 〈61, 13, 66, a2〉 〈63, 11, 17, a3〉
〈22, 70, 76, a3〉 〈23, 32, 67, a4〉 〈20, 71, 66, a4〉 〈41, 23, 77, a5〉 〈02, 70, 24, a5〉 〈63, 20, 56, a6〉 〈71, 02, 25, a6〉 〈11, 72, 25, a7〉
〈33, 50, 66, a7〉 〈13, 71, 54, a8〉 〈60, 42, 67, a8〉 〈42, 50, 14, a9〉 〈21, 63, 45, a9〉 〈30, 23, 27, a10〉 〈21, 12, 14, a10〉 〈63, 32, 07, a11〉
〈21, 70, 46, a11〉 〈00, 70, 38, 55〉 〈30, 43, 45, 38〉 〈11, 42, 55, 18〉 〈41, 30, 59, 25〉 〈60, 01, 77, 78〉 〈10, 70, 15, 79〉 〈10, 62, 24, 49〉
〈52, 72, 58, 49〉 〈02, 53, 67, 47〉 〈10, 51, 77, 45〉 〈62, 52, 09, 56〉 〈11, 23, 49, 48〉 〈23, 53, 69, 45〉 〈40, 21, 09, 67〉 〈12, 70, 27, 48〉
〈43, 40, 24, 39〉 〈41, 61, 14, 28〉 〈03, 30, 26, 18〉 〈01, 03, 55, 46〉 〈22, 01, 18, 56〉 〈22, 43, 05, 34〉 〈22, 61, 65, 04〉 〈12, 53, 36, 58〉
〈12, 73, 28, 76〉 〈13, 23, 24, 68〉 〈42, 53, 37, 74〉 〈50, 03, 69, 15〉 〈02, 52, 19, 55〉 〈13, 33, 69, 64〉 〈10, 60, 08, 34〉 〈71, 41, 39, 57〉
〈71, 72, 18, 79〉 〈00, 01, 59, 66〉 〈01, 52, 16, 57〉

n = 61:
〈∞, 70, 34, 05〉 〈∞, 02, 06, 67〉 〈∞, 53, 59, 18〉 〈13, 10, 74, a1〉 〈01, 32, 55, a1〉 〈01, 23, 14, a2〉 〈42, 00, 16, a2〉 〈31, 22, 74, a3〉
〈10, 73, 75, a3〉 〈21, 22, 17, a4〉 〈30, 63, 34, a4〉 〈71, 33, 77, a5〉 〈10, 72, 36, a5〉 〈33, 31, 25, a6〉 〈50, 22, 27, a6〉 〈51, 32, 07, a7〉
〈33, 70, 75, a7〉 〈33, 12, 57, a8〉 〈21, 10, 16, a8〉 〈70, 43, 17, a9〉 〈62, 41, 74, a9〉 〈51, 50, 74, a10〉 〈12, 13, 27, a10〉 〈33, 41, 16, a11〉
〈42, 10, 55, a11〉 〈60, 51, 15, a12〉 〈33, 42, 56, a12〉 〈30, 23, 27, a13〉 〈62, 11, 64, a13〉 〈33, 01, 18, 68〉 〈12, 32, 15, 28〉 〈70, 31, 07, 29〉
〈43, 71, 74, 37〉 〈20, 01, 16, 74〉 〈32, 73, 08, 57〉 〈41, 52, 69, 38〉 〈03, 63, 24, 15〉 〈20, 32, 66, 14〉 〈52, 22, 15, 09〉 〈51, 61, 28, 05〉
〈42, 53, 69, 39〉 〈21, 03, 58, 37〉 〈61, 31, 45, 69〉 〈40, 60, 18, 27〉 〈60, 30, 55, 59〉 〈31, 00, 66, 49〉 〈02, 12, 59, 44〉 〈11, 52, 74, 76〉
〈50, 71, 59, 57〉 〈03, 53, 79, 06〉 〈01, 13, 06, 59〉 〈60, 31, 79, 35〉 〈21, 01, 28, 46〉 〈50, 73, 04, 29〉 〈30, 40, 48, 28〉 〈60, 73, 49, 74〉
〈02, 63, 76, 08〉 〈50, 42, 78, 26〉 〈40, 42, 77, 08〉 〈33, 02, 55, 28〉 〈03, 13, 65, 56〉

n = 63:
〈∞, 00, 15, 04〉 〈∞, 12, 38, 26〉 〈∞, 43, 07, 09〉 〈62, 10, 56, a1〉 〈71, 43, 64, a1〉 〈60, 71, 65, a2〉 〈12, 23, 36, a2〉 〈00, 23, 75, a3〉
〈01, 02, 67, a3〉 〈12, 60, 56, a4〉 〈31, 33, 74, a4〉 〈11, 60, 46, a5〉 〈42, 13, 45, a5〉 〈60, 61, 34, a6〉 〈12, 73, 57, a6〉 〈61, 03, 07, a7〉
〈32, 70, 34, a7〉 〈30, 03, 14, a8〉 〈61, 72, 27, a8〉 〈31, 12, 27, a9〉 〈50, 63, 44, a9〉 〈72, 21, 76, a10〉 〈50, 33, 47, a10〉 〈42, 03, 74, a11〉
〈21, 40, 46, a11〉 〈10, 72, 55, a12〉 〈51, 03, 34, a12〉 〈41, 70, 77, a13〉 〈53, 32, 16, a13〉 〈11, 73, 26, a14〉 〈20, 12, 37, a14〉 〈71, 50, 35, a15〉
〈73, 02, 56, a15〉 〈21, 63, 08, 55〉 〈43, 23, 65, 58〉 〈10, 12, 45, 79〉 〈30, 71, 07, 78〉 〈02, 03, 59, 54〉 〈01, 72, 48, 14〉 〈10, 43, 37, 44〉
〈62, 72, 67, 78〉 〈03, 73, 05, 58〉 〈20, 11, 19, 75〉 〈10, 32, 66, 28〉 〈41, 53, 09, 58〉 〈72, 22, 04, 19〉 〈61, 22, 39, 14〉 〈01, 22, 58, 15〉
〈00, 12, 25, 19〉 〈12, 72, 35, 58〉 〈60, 40, 09, 27〉 〈40, 30, 54, 28〉 〈30, 00, 58, 38〉 〈10, 53, 46, 49〉 〈42, 73, 17, 09〉 〈61, 31, 37, 58〉
〈10, 13, 19, 47〉 〈21, 13, 75, 39〉 〈30, 23, 09, 46〉 〈03, 53, 48, 56〉 〈12, 61, 49, 65〉 〈01, 71, 76, 29〉 〈01, 21, 24, 66〉
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n = 65:
〈∞, 13, 610, 16〉 〈∞, 50, 68, 27〉 〈∞, 31, 05, 411〉 〈∞, 32, 09, 34〉 〈42, 71, 15, a1〉 〈30, 43, 26, a1〉 〈20, 11, 210, 46〉 〈21, 51, 19, 54〉
〈02, 12, 15, 211〉 〈73, 72, 59, 35〉 〈11, 32, 48, 74〉 〈31, 63, 210, 45〉 〈23, 33, 28, 44〉 〈30, 11, 47, 410〉 〈51, 33, 26, 18〉 〈00, 72, 610, 47〉
〈22, 42, 16, 210〉 〈50, 30, 511, 65〉 〈42, 70, 411, 211〉 〈01, 61, 06, 411〉 〈11, 60, 411, 57〉 〈01, 13, 511, 211〉 〈31, 53, 07, 710〉 〈41, 72, 19, 25〉
〈30, 00, 05, 210〉 〈10, 32, 18, 08〉 〈52, 33, 24, 58〉 〈40, 11, 76, 18〉 〈30, 40, 59, 68〉 〈42, 72, 54, 010〉 〈33, 12, 47, 611〉 〈22, 13, 111, 39〉
〈40, 02, 26, 16〉 〈00, 41, 27, 59〉 〈01, 42, 610, 07〉 〈21, 23, 38, 210〉 〈22, 31, 27, 19〉 〈41, 20, 34, 54〉 〈20, 32, 57, 27〉 〈02, 43, 310, 75〉
〈31, 41, 311, 28〉 〈01, 73, 75, 210〉 〈01, 62, 16, 29〉 〈03, 10, 56, 58〉 〈61, 72, 38, 24〉 〈21, 63, 55, 29〉 〈60, 13, 210, 49〉 〈20, 03, 611, 15〉
〈00, 62, 310, 45〉 〈31, 32, 47, 58〉 〈33, 10, 09, 74〉 〈03, 33, 34, 27〉 〈10, 42, 78, 49〉 〈10, 21, 16, 59〉 〈52, 63, 44, 011〉 〈30, 73, 15, 411〉
〈02, 53, 411, 25〉 〈00, 02, 67, 24〉 〈30, 31, 04, 010〉 〈13, 41, 64, 67〉 〈13, 33, 29, 56〉 〈00, 03, 16, 09〉 〈02, 33, 66, 78〉 〈00, 40, 04, 44〉

s

〈01, 41, 05, 45〉
s 〈02, 42, 06, 46〉

s 〈03, 43, 07, 47〉
s

Note that each of the codewords markeds only generates four codewords.
Lemma 8.7: T(2, 37; 2, n; 6) = 9n for each oddn and37 ≤ n ≤ 73.

Proof: Let X1 = (Z9 ×{0, 1, 2, 3})∪ {∞}. For 37 ≤ n ≤ 53, let X2 = (Z9 ×{4, 5, 6, 7})∪ ({a}× {1, . . . , n− 36}); for
55 ≤ n ≤ 71, letX2 = (Z9×{4, 5, . . . , 9})∪({a}×{1, . . . , n−54}); for n = 73, letX2 = (Z9×{4, 5, . . . , 11})∪({a}×{1}).
DenoteX = X1 ∪X2. The desired codes of size9n are constructed onZX

2 and the base codewords are listed as follows.
n = 37:

〈∞, 40, 44, 45〉 〈∞, 01, 07, 06〉 〈42, 43, 45, a1〉 〈50, 81, 64, a1〉 〈10, 71, 56, 67〉 〈12, 03, 47, 64〉 〈03, 33, 27, 55〉 〈10, 81, 37, 07〉
〈01, 81, 84, 24〉 〈02, 72, 07, 14〉 〈20, 41, 05, 56〉 〈23, 63, 35, 36〉 〈32, 43, 85, 04〉 〈22, 63, 37, 77〉 〈21, 22, 45, 64〉 〈11, 31, 15, 75〉
〈12, 02, 04, 45〉 〈10, 30, 04, 25〉 〈20, 71, 16, 57〉 〈03, 13, 06, 84〉 〈10, 21, 55, 84〉 〈32, 63, 26, 05〉 〈00, 50, 56, 66〉 〈20, 23, 06, 46〉
〈02, 32, 15, 06〉 〈11, 42, 37, 76〉 〈12, 52, 36, 34〉 〈22, 43, 07, 76〉 〈20, 50, 75, 85〉 〈20, 22, 67, 87〉 〈01, 33, 15, 54〉 〈01, 72, 26, 86〉
〈00, 80, 44, 24〉 〈00, 41, 17, 07〉 〈03, 73, 14, 77〉 〈41, 43, 77, 35〉 〈01, 13, 14, 56〉

n = 39:
〈∞, 00, 04, 05〉 〈∞, 01, 06, 07〉 〈12, 13, 15, a1〉 〈30, 31, 44, a1〉 〈30, 41, 64, a2〉 〈22, 33, 37, a2〉 〈12, 63, 25, a3〉 〈30, 51, 54, a3〉
〈00, 10, 74, 54〉 〈00, 53, 47, 77〉 〈03, 43, 77, 35〉 〈03, 83, 84, 65〉 〈10, 71, 27, 17〉 〈12, 73, 47, 76〉 〈01, 31, 86, 66〉 〈00, 60, 66, 35〉
〈03, 33, 66, 14〉 〈01, 71, 75, 65〉 〈03, 23, 76, 54〉 〈02, 43, 07, 56〉 〈12, 43, 64, 87〉 〈00, 43, 84, 55〉 〈02, 22, 26, 75〉 〈02, 52, 74, 86〉
〈12, 83, 07, 54〉 〈11, 12, 04, 55〉 〈10, 33, 56, 26〉 〈00, 50, 76, 86〉 〈02, 32, 46, 64〉 〈10, 81, 67, 47〉 〈10, 12, 37, 77〉 〈00, 70, 25, 85〉
〈01, 11, 74, 44〉 〈02, 82, 04, 25〉 〈00, 41, 56, 75〉 〈01, 51, 76, 67〉 〈01, 42, 15, 87〉 〈11, 72, 65, 37〉 〈01, 03, 25, 46〉

n = 41:
〈∞, 00, 04, 05〉 〈∞, 01, 06, 07〉 〈02, 03, 55, a1〉 〈10, 11, 24, a1〉 〈00, 11, 34, a2〉 〈02, 13, 25, a2〉 〈02, 23, 15, a3〉 〈00, 71, 17, a3〉
〈00, 31, 64, a4〉 〈02, 53, 17, a4〉 〈02, 73, 16, a5〉 〈40, 81, 34, a5〉 〈01, 21, 86, 35〉 〈00, 81, 37, 74〉 〈00, 30, 06, 16〉 〈02, 33, 37, 05〉
〈01, 12, 87, 36〉 〈01, 82, 77, 17〉 〈02, 42, 36, 35〉 〈10, 12, 66, 57〉 〈03, 43, 16, 27〉 〈10, 22, 77, 87〉 〈01, 11, 64, 05〉 〈11, 13, 56, 77〉
〈01, 02, 65, 74〉 〈03, 23, 06, 64〉 〈01, 73, 25, 27〉 〈01, 31, 56, 75〉 〈00, 61, 27, 46〉 〈02, 12, 04, 24〉 〈00, 40, 07, 36〉 〈02, 32, 06, 76〉
〈02, 72, 34, 44〉 〈02, 63, 45, 07〉 〈03, 13, 04, 34〉 〈03, 33, 26, 14〉 〈00, 20, 65, 55〉 〈00, 63, 85, 26〉 〈00, 73, 75, 87〉 〈00, 51, 54, 15〉
〈00, 83, 44, 25〉

n = 43:
〈∞, 31, 17, 86〉 〈∞, 20, 54, 35〉 〈30, 31, 44, a1〉 〈13, 12, 15, a1〉 〈03, 82, 26, a2〉 〈60, 71, 47, a2〉 〈42, 63, 55, a3〉 〈01, 70, 44, a3〉
〈52, 33, 87, a4〉 〈60, 01, 54, a4〉 〈80, 41, 85, a5〉 〈22, 63, 17, a5〉 〈42, 03, 75, a6〉 〈50, 31, 46, a6〉 〈80, 51, 47, a7〉 〈42, 13, 44, a7〉
〈11, 43, 86, 46〉 〈13, 53, 34, 24〉 〈11, 21, 15, 37〉 〈11, 52, 57, 17〉 〈13, 83, 26, 35〉 〈10, 30, 05, 84〉 〈22, 70, 04, 07〉 〈31, 53, 04, 87〉
〈13, 31, 76, 64〉 〈20, 50, 36, 26〉 〈00, 22, 87, 67〉 〈12, 72, 86, 24〉 〈10, 00, 35, 55〉 〈42, 11, 34, 04〉 〈13, 23, 14, 87〉 〈12, 02, 34, 65〉
〈11, 12, 36, 85〉 〈11, 23, 75, 16〉 〈00, 73, 36, 07〉 〈21, 32, 55, 57〉 〈30, 62, 34, 56〉 〈12, 62, 16, 55〉 〈10, 53, 57, 47〉 〈01, 83, 55, 25〉
〈30, 03, 76, 15〉 〈50, 52, 16, 67〉 〈01, 21, 04, 86〉

n = 45:
〈∞, 60, 45, 54〉 〈∞, 61, 67, 56〉 〈40, 51, 04, a1〉 〈13, 12, 77, a1〉 〈12, 23, 67, a2〉 〈11, 80, 85, a2〉 〈80, 81, 04, a3〉 〈73, 52, 75, a3〉
〈00, 31, 57, a4〉 〈32, 63, 85, a4〉 〈42, 83, 67, a5〉 〈40, 21, 44, a5〉 〈12, 63, 76, a6〉 〈30, 71, 64, a6〉 〈63, 02, 34, a7〉 〈30, 01, 45, a7〉
〈00, 32, 35, a8〉 〈01, 63, 46, a8〉 〈32, 23, 44, a9〉 〈11, 20, 67, a9〉 〈71, 62, 17, 67〉 〈42, 72, 86, 55〉 〈50, 00, 27, 37〉 〈12, 32, 47, 74〉
〈73, 61, 85, 25〉 〈81, 42, 46, 37〉 〈71, 22, 85, 44〉 〈80, 62, 64, 06〉 〈31, 81, 66, 06〉 〈70, 72, 66, 65〉 〈81, 21, 24, 85〉 〈81, 13, 67, 07〉
〈41, 03, 46, 17〉 〈23, 80, 15, 54〉 〈12, 00, 36, 87〉 〈02, 01, 74, 54〉 〈33, 63, 24, 14〉 〈60, 73, 46, 77〉 〈12, 60, 66, 86〉 〈53, 73, 16, 35〉
〈63, 53, 64, 56〉 〈20, 40, 86, 64〉 〈60, 82, 25, 35〉 〈61, 63, 86, 05〉 〈00, 73, 45, 07〉

n = 47:
〈∞, 50, 75, 54〉 〈∞, 41, 77, 36〉 〈40, 41, 54, a1〉 〈83, 42, 26, a1〉 〈52, 63, 75, a2〉 〈51, 40, 16, a2〉 〈13, 82, 65, a3〉 〈80, 11, 46, a3〉
〈51, 20, 84, a4〉 〈33, 02, 55, a4〉 〈02, 03, 05, a5〉 〈40, 81, 74, a5〉 〈71, 20, 56, a6〉 〈63, 12, 45, a6〉 〈33, 62, 07, a7〉 〈20, 81, 35, a7〉
〈02, 73, 27, a8〉 〈21, 40, 04, a8〉 〈13, 22, 67, a9〉 〈81, 00, 85, a9〉 〈42, 60, 17, a10〉 〈41, 23, 55, a10〉 〈32, 60, 45, a11〉 〈03, 71, 44, a11〉
〈52, 21, 67, 45〉 〈30, 60, 37, 14〉 〈23, 83, 07, 04〉 〈30, 50, 85, 05〉 〈40, 00, 37, 27〉 〈41, 73, 25, 86〉 〈22, 32, 64, 44〉 〈41, 21, 75, 44〉
〈11, 21, 37, 36〉 〈33, 13, 76, 36〉 〈33, 83, 54, 27〉 〈61, 73, 14, 36〉 〈42, 22, 66, 04〉 〈51, 02, 56, 45〉 〈43, 33, 34, 26〉 〈11, 63, 87, 67〉
〈40, 82, 56, 26〉 〈51, 53, 25, 14〉 〈50, 42, 56, 46〉 〈12, 50, 17, 06〉 〈60, 02, 77, 65〉 〈42, 20, 14, 44〉 〈01, 12, 07, 67〉

n = 49:
〈∞, 30, 15, 14〉 〈∞, 31, 76, 07〉 〈42, 43, 85, a1〉 〈41, 40, 54, a1〉 〈43, 32, 55, a2〉 〈31, 20, 54, a2〉 〈01, 70, 04, a3〉 〈62, 83, 75, a3〉
〈13, 72, 35, a4〉 〈11, 70, 06, a4〉 〈33, 82, 65, a5〉 〈80, 31, 57, a5〉 〈60, 21, 14, a6〉 〈13, 52, 67, a6〉 〈43, 72, 74, a7〉 〈81, 20, 35, a7〉
〈33, 52, 17, a8〉 〈11, 30, 84, a8〉 〈81, 00, 25, a9〉 〈23, 32, 44, a9〉 〈51, 53, 35, a10〉 〈12, 20, 77, a10〉 〈03, 41, 37, a11〉 〈12, 10, 76, a11〉
〈40, 72, 27, a12〉 〈61, 53, 24, a12〉 〈60, 82, 06, a13〉 〈61, 03, 27, a13〉 〈22, 52, 25, 56〉 〈41, 53, 55, 26〉 〈10, 70, 86, 66〉 〈41, 62, 46, 87〉
〈21, 32, 86, 54〉 〈10, 80, 55, 45〉 〈13, 23, 75, 14〉 〈40, 52, 57, 46〉 〈02, 82, 44, 74〉 〈23, 71, 17, 16〉 〈10, 83, 07, 37〉 〈51, 32, 04, 76〉
〈23, 53, 76, 64〉 〈31, 11, 17, 05〉 〈11, 61, 26, 65〉 〈33, 53, 66, 36〉 〈30, 43, 04, 24〉 〈60, 63, 16, 67〉 〈81, 22, 07, 54〉 〈80, 00, 85, 37〉
〈02, 42, 35, 37〉

n = 51:
〈∞, 11, 16, 17〉 〈∞, 10, 34, 05〉 〈32, 33, 35, a1〉 〈10, 11, 24, a1〉 〈00, 11, 34, a2〉 〈12, 23, 35, a2〉 〈12, 33, 25, a3〉 〈20, 41, 77, a3〉
〈22, 53, 56, a4〉 〈20, 51, 84, a4〉 〈30, 71, 24, a5〉 〈22, 63, 05, a5〉 〈22, 73, 55, a6〉 〈50, 11, 04, a6〉 〈40, 11, 55, a7〉 〈12, 73, 07, a7〉
〈32, 13, 75, a8〉 〈30, 11, 84, a8〉 〈12, 03, 24, a9〉 〈10, 01, 35, a9〉 〈21, 23, 87, a10〉 〈20, 22, 04, a10〉 〈01, 83, 54, a11〉 〈10, 22, 85, a11〉
〈21, 63, 24, a12〉 〈10, 32, 16, a12〉 〈11, 43, 65, a13〉 〈10, 42, 36, a13〉 〈21, 43, 16, a14〉 〈10, 52, 45, a14〉 〈01, 53, 64, a15〉 〈20, 72, 36, a15〉
〈00, 13, 86, 65〉 〈03, 13, 04, 56〉 〈03, 63, 17, 86〉 〈02, 22, 24, 54〉 〈00, 72, 47, 87〉 〈00, 82, 56, 37〉 〈01, 62, 25, 66〉 〈03, 23, 07, 36〉
〈02, 42, 84, 27〉 〈03, 43, 37, 74〉 〈20, 82, 06, 47〉 〈11, 62, 86, 07〉 〈11, 22, 66, 27〉 〈01, 11, 05, 75〉 〈00, 30, 17, 07〉 〈00, 10, 46, 55〉
〈01, 31, 77, 57〉 〈01, 71, 26, 16〉 〈00, 53, 04, 05〉
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n = 53:
〈∞, 31, 36, 37〉 〈∞, 40, 44, 45〉 〈01, 00, 14, a1〉 〈32, 33, 45, a1〉 〈52, 63, 16, a2〉 〈01, 80, 24, a2〉 〈41, 20, 44, a3〉 〈52, 73, 75, a3〉
〈80, 21, 54, a4〉 〈72, 13, 65, a4〉 〈40, 81, 34, a5〉 〈52, 03, 27, a5〉 〈11, 50, 04, a6〉 〈52, 13, 85, a6〉 〈21, 50, 65, a7〉 〈42, 13, 44, a7〉
〈62, 43, 66, a8〉 〈61, 80, 44, a8〉 〈81, 00, 25, a9〉 〈72, 63, 14, a9〉 〈81, 83, 55, a10〉 〈42, 40, 24, a10〉 〈81, 03, 67, a11〉 〈60, 52, 05, a11〉
〈22, 80, 77, a12〉 〈61, 03, 24, a12〉 〈61, 43, 77, a13〉 〈12, 60, 86, a13〉 〈70, 02, 87, a14〉 〈13, 81, 06, a14〉 〈50, 12, 27, a15〉 〈61, 23, 34, a15〉
〈12, 40, 76, a16〉 〈41, 13, 67, a16〉 〈40, 22, 36, a17〉 〈31, 73, 77, a17〉 〈12, 42, 04, 54〉 〈02, 52, 37, 24〉 〈10, 20, 65, 66〉 〈13, 03, 04, 74〉
〈00, 50, 77, 07〉 〈20, 73, 86, 36〉 〈12, 32, 56, 85〉 〈31, 62, 87, 06〉 〈41, 21, 66, 76〉 〈11, 21, 15, 06〉 〈60, 72, 66, 45〉 〈00, 70, 65, 37〉
〈21, 61, 57, 75〉 〈13, 53, 07, 45〉 〈31, 52, 07, 55〉 〈03, 63, 77, 36〉 〈03, 23, 45, 06〉

n = 55:
〈∞, 42, 18, 49〉 〈∞, 31, 37, 66〉 〈∞, 10, 14, 05〉 〈41, 70, 37, a1〉 〈43, 42, 36, a1〉 〈31, 81, 56, 08〉 〈60, 41, 87, 57〉 〈40, 53, 89, 79〉
〈50, 73, 75, 06〉 〈21, 81, 74, 68〉 〈32, 03, 68, 67〉 〈50, 53, 59, 36〉 〈30, 52, 38, 17〉 〈01, 10, 45, 09〉 〈22, 70, 59, 55〉 〈40, 32, 15, 45〉
〈03, 12, 54, 38〉 〈40, 81, 88, 47〉 〈20, 30, 36, 86〉 〈23, 33, 86, 24〉 〈71, 62, 47, 49〉 〈61, 13, 58, 47〉 〈30, 10, 04, 68〉 〈23, 83, 15, 39〉
〈40, 61, 74, 28〉 〈51, 62, 16, 15〉 〈52, 22, 45, 86〉 〈11, 31, 25, 59〉 〈60, 53, 24, 78〉 〈51, 53, 49, 06〉 〈60, 33, 89, 14〉 〈21, 82, 64, 85〉
〈32, 22, 36, 24〉 〈62, 23, 89, 26〉 〈32, 63, 78, 47〉 〈52, 63, 68, 49〉 〈11, 01, 34, 35〉 〈60, 43, 56, 07〉 〈10, 63, 57, 25〉 〈51, 63, 35, 87〉
〈23, 03, 44, 34〉 〈60, 71, 44, 74〉 〈80, 82, 57, 45〉 〈50, 81, 69, 76〉 〈80, 23, 18, 35〉 〈31, 13, 46, 68〉 〈52, 33, 18, 47〉 〈81, 22, 85, 18〉
〈62, 61, 29, 87〉 〈51, 72, 34, 89〉 〈40, 01, 19, 76〉 〈23, 73, 55, 27〉 〈22, 42, 89, 54〉 〈22, 72, 44, 06〉 〈00, 62, 17, 68〉

n = 57:
〈∞, 20, 25, 24〉 〈∞, 31, 57, 66〉 〈∞, 22, 39, 08〉 〈52, 53, 36, a1〉 〈61, 60, 74, a1〉 〈01, 10, 44, a2〉 〈73, 62, 06, a2〉 〈82, 33, 25, a3〉
〈21, 60, 16, a3〉 〈20, 83, 45, 48〉 〈50, 53, 58, 46〉 〈50, 72, 48, 87〉 〈32, 30, 88, 86〉 〈43, 63, 74, 78〉 〈20, 61, 58, 64〉 〈50, 31, 89, 27〉
〈12, 22, 15, 79〉 〈30, 22, 47, 77〉 〈31, 61, 77, 68〉 〈42, 00, 16, 79〉 〈20, 33, 47, 89〉 〈01, 41, 58, 16〉 〈30, 53, 75, 87〉 〈40, 73, 76, 64〉
〈51, 63, 75, 89〉 〈62, 53, 74, 14〉 〈12, 62, 19, 64〉 〈20, 60, 69, 46〉 〈11, 81, 86, 89〉 〈13, 73, 46, 59〉 〈52, 13, 56, 07〉 〈41, 32, 05, 59〉
〈20, 72, 88, 17〉 〈61, 02, 67, 89〉 〈40, 33, 05, 28〉 〈13, 63, 79, 67〉 〈41, 33, 74, 18〉 〈20, 80, 55, 86〉 〈20, 40, 35, 39〉 〈11, 63, 64, 45〉
〈01, 62, 57, 49〉 〈71, 53, 08, 85〉 〈41, 42, 34, 66〉 〈71, 13, 55, 49〉 〈20, 10, 04, 74〉 〈61, 22, 48, 16〉 〈40, 11, 47, 58〉 〈82, 63, 65, 38〉
〈31, 42, 05, 14〉 〈71, 40, 69, 25〉 〈42, 01, 24, 64〉 〈22, 82, 36, 28〉 〈23, 52, 84, 48〉 〈32, 63, 37, 17〉 〈31, 12, 35, 25〉 〈31, 33, 86, 17〉
〈00, 53, 77, 59〉

n = 59:
〈∞, 71, 07, 26〉 〈∞, 03, 69, 48〉 〈∞, 70, 75, 14〉 〈51, 20, 15, a1〉 〈83, 82, 16, a1〉 〈01, 40, 64, a2〉 〈13, 52, 66, a2〉 〈42, 63, 45, a3〉
〈30, 41, 76, a3〉 〈43, 52, 15, a4〉 〈61, 40, 46, a4〉 〈70, 61, 64, a5〉 〈83, 42, 27, a5〉 〈31, 52, 75, 77〉 〈03, 63, 89, 17〉 〈83, 71, 04, 85〉
〈33, 73, 76, 68〉 〈50, 63, 79, 76〉 〈80, 62, 18, 77〉 〈40, 00, 48, 76〉 〈40, 72, 25, 38〉 〈01, 03, 08, 57〉 〈50, 40, 28, 17〉 〈83, 80, 05, 89〉
〈30, 63, 85, 88〉 〈20, 72, 69, 65〉 〈72, 11, 24, 08〉 〈23, 13, 44, 84〉 〈11, 21, 49, 26〉 〈61, 31, 47, 18〉 〈50, 33, 16, 88〉 〈11, 02, 36, 84〉
〈12, 72, 56, 88〉 〈21, 61, 14, 79〉 〈40, 33, 57, 19〉 〈50, 03, 68, 54〉 〈31, 11, 06, 19〉 〈72, 82, 59, 14〉 〈22, 53, 04, 27〉 〈62, 33, 17, 66〉
〈12, 83, 77, 49〉 〈21, 32, 38, 45〉 〈43, 61, 05, 28〉 〈82, 42, 78, 54〉 〈10, 71, 47, 75〉 〈60, 00, 14, 47〉 〈62, 20, 36, 45〉 〈23, 01, 65, 38〉
〈21, 62, 69, 27〉 〈52, 30, 14, 19〉 〈63, 71, 55, 36〉 〈00, 62, 89, 64〉 〈80, 02, 56, 49〉 〈01, 53, 54, 85〉 〈51, 52, 47, 28〉 〈41, 83, 39, 74〉
〈73, 41, 19, 77〉 〈22, 20, 16, 55〉 〈00, 20, 27, 39〉

n = 61:
〈∞, 83, 09, 48〉 〈∞, 50, 24, 65〉 〈∞, 61, 17, 26〉 〈41, 30, 44, a1〉 〈62, 13, 56, a1〉 〈61, 70, 87, a2〉 〈42, 53, 45, a2〉 〈00, 42, 76, a3〉
〈11, 63, 74, a3〉 〈42, 60, 04, a4〉 〈21, 33, 26, a4〉 〈10, 81, 64, a5〉 〈63, 12, 05, a5〉 〈62, 33, 45, a6〉 〈00, 51, 36, a6〉 〈51, 43, 76, a7〉
〈60, 22, 87, a7〉 〈30, 70, 09, 88〉 〈71, 70, 64, 26〉 〈11, 22, 38, 07〉 〈62, 40, 44, 15〉 〈03, 02, 08, 16〉 〈31, 73, 29, 09〉 〈31, 51, 88, 26〉
〈62, 03, 77, 07〉 〈22, 61, 76, 09〉 〈71, 52, 15, 48〉 〈01, 32, 24, 36〉 〈80, 02, 34, 64〉 〈21, 70, 29, 37〉 〈53, 83, 15, 89〉 〈20, 81, 44, 68〉
〈82, 61, 55, 29〉 〈63, 01, 44, 34〉 〈50, 43, 88, 87〉 〈43, 21, 57, 34〉 〈00, 53, 47, 87〉 〈63, 82, 04, 37〉 〈02, 42, 28, 19〉 〈00, 23, 09, 85〉
〈30, 10, 06, 17〉 〈63, 13, 64, 08〉 〈71, 13, 78, 37〉 〈01, 51, 75, 15〉 〈53, 51, 55, 05〉 〈01, 11, 77, 29〉 〈43, 63, 84, 39〉 〈43, 00, 68, 26〉
〈32, 12, 45, 34〉 〈70, 80, 78, 25〉 〈10, 70, 35, 89〉 〈01, 31, 48, 79〉 〈43, 10, 09, 16〉 〈12, 72, 07, 39〉 〈10, 23, 77, 38〉 〈12, 61, 35, 67〉
〈10, 13, 88, 85〉 〈72, 80, 29, 46〉 〈20, 82, 79, 36〉 〈02, 82, 38, 58〉 〈02, 23, 26, 76〉

n = 63:
〈∞, 83, 67, 86〉 〈∞, 10, 54, 55〉 〈∞, 72, 29, 58〉 〈21, 73, 34, a1〉 〈50, 02, 07, a1〉 〈52, 33, 67, a2〉 〈31, 70, 34, a2〉 〈20, 21, 45, a3〉
〈03, 72, 26, a3〉 〈22, 83, 26, a4〉 〈30, 71, 24, a4〉 〈80, 82, 76, a5〉 〈63, 61, 34, a5〉 〈10, 03, 76, a6〉 〈81, 62, 57, a6〉 〈03, 51, 17, a7〉
〈20, 02, 26, a7〉 〈53, 52, 85, a8〉 〈00, 21, 04, a8〉 〈20, 51, 85, a9〉 〈62, 03, 24, a9〉 〈13, 63, 28, 75〉 〈71, 82, 27, 38〉 〈21, 71, 16, 46〉
〈80, 42, 25, 38〉 〈60, 00, 16, 59〉 〈50, 23, 76, 24〉 〈41, 42, 34, 67〉 〈72, 51, 65, 84〉 〈10, 20, 08, 37〉 〈11, 23, 28, 27〉 〈60, 40, 79, 26〉
〈63, 01, 54, 45〉 〈51, 42, 39, 74〉 〈01, 42, 55, 05〉 〈12, 80, 77, 57〉 〈42, 50, 84, 09〉 〈51, 80, 19, 45〉 〈70, 42, 65, 85〉 〈42, 02, 79, 16〉
〈21, 31, 05, 58〉 〈51, 81, 38, 66〉 〈10, 53, 47, 34〉 〈21, 13, 26, 19〉 〈33, 30, 44, 68〉 〈21, 82, 89, 66〉 〈03, 71, 19, 57〉 〈43, 10, 79, 84〉
〈70, 83, 75, 78〉 〈72, 12, 48, 75〉 〈03, 13, 78, 89〉 〈12, 23, 68, 66〉 〈21, 72, 88, 57〉 〈60, 20, 78, 27〉 〈41, 23, 69, 48〉 〈03, 52, 86, 29〉
〈50, 31, 86, 28〉 〈42, 22, 48, 44〉 〈40, 63, 29, 25〉 〈43, 11, 17, 19〉 〈02, 82, 19, 64〉 〈70, 61, 57, 79〉 〈03, 23, 25, 47〉

n = 65:
〈∞, 03, 89, 36〉 〈∞, 42, 64, 87〉 〈∞, 01, 35, 58〉 〈63, 62, 77, a1〉 〈80, 01, 54, a1〉 〈12, 60, 07, a2〉 〈11, 23, 04, a2〉 〈21, 72, 56, a3〉
〈50, 63, 84, a3〉 〈73, 71, 06, a4〉 〈60, 72, 84, a4〉 〈63, 52, 76, a5〉 〈40, 21, 84, a5〉 〈21, 30, 34, a6〉 〈72, 23, 75, a6〉 〈42, 33, 74, a7〉
〈21, 70, 36, a7〉 〈72, 51, 37, a8〉 〈70, 33, 45, a8〉 〈23, 01, 45, a9〉 〈00, 52, 26, a9〉 〈82, 01, 05, a10〉 〈03, 50, 57, a10〉 〈30, 22, 66, a11〉
〈11, 63, 17, a11〉 〈21, 02, 29, 85〉 〈20, 02, 25, 78〉 〈32, 02, 37, 36〉 〈01, 81, 08, 86〉 〈41, 21, 69, 87〉 〈42, 01, 59, 19〉 〈00, 32, 48, 74〉
〈40, 61, 18, 57〉 〈50, 70, 09, 05〉 〈61, 03, 14, 87〉 〈60, 83, 87, 09〉 〈12, 01, 66, 89〉 〈23, 13, 47, 58〉 〈42, 23, 78, 38〉 〈73, 22, 74, 29〉
〈10, 83, 76, 29〉 〈40, 11, 25, 05〉 〈11, 72, 78, 47〉 〈13, 70, 56, 69〉 〈02, 72, 86, 55〉 〈61, 13, 77, 85〉 〈00, 31, 16, 09〉 〈22, 32, 79, 14〉
〈83, 13, 86, 89〉 〈60, 82, 29, 55〉 〈70, 73, 64, 49〉 〈61, 60, 27, 49〉 〈70, 20, 34, 66〉 〈70, 42, 08, 85〉 〈32, 72, 57, 08〉 〈40, 50, 37, 58〉
〈13, 63, 05, 88〉 〈00, 83, 78, 35〉 〈80, 41, 86, 78〉 〈20, 83, 67, 58〉 〈83, 22, 55, 19〉 〈13, 21, 76, 18〉 〈71, 31, 58, 54〉 〈41, 23, 25, 74〉
〈02, 33, 04, 64〉

n = 67:
〈∞, 12, 69, 08〉 〈∞, 71, 36, 47〉 〈∞, 23, 14, 05〉 〈83, 40, 56, a1〉 〈22, 61, 77, a1〉 〈13, 70, 46, a2〉 〈82, 11, 44, a2〉 〈52, 63, 04, a3〉
〈30, 71, 77, a3〉 〈11, 72, 55, a4〉 〈83, 80, 47, a4〉 〈80, 21, 57, a5〉 〈73, 32, 65, a5〉 〈73, 61, 85, a6〉 〈50, 12, 44, a6〉 〈33, 20, 54, a7〉
〈12, 21, 55, a7〉 〈00, 81, 74, a8〉 〈52, 83, 45, a8〉 〈23, 50, 24, a9〉 〈11, 12, 07, a9〉 〈13, 41, 86, a10〉 〈52, 80, 07, a10〉 〈30, 42, 17, a11〉
〈73, 21, 75, a11〉 〈61, 83, 17, a12〉 〈70, 12, 75, a12〉 〈31, 13, 87, a13〉 〈82, 10, 86, a13〉 〈30, 70, 74, 85〉 〈33, 73, 36, 79〉 〈41, 01, 36, 28〉
〈12, 01, 66, 74〉 〈42, 00, 86, 29〉 〈43, 01, 58, 04〉 〈12, 22, 06, 38〉 〈30, 81, 29, 65〉 〈13, 11, 29, 24〉 〈20, 12, 58, 76〉 〈80, 51, 88, 55〉
〈12, 13, 09, 36〉 〈60, 71, 09, 57〉 〈10, 12, 24, 19〉 〈13, 52, 77, 38〉 〈41, 31, 04, 48〉 〈53, 70, 06, 58〉 〈62, 22, 25, 07〉 〈00, 21, 46, 88〉
〈23, 60, 88, 85〉 〈20, 30, 88, 15〉 〈22, 03, 35, 39〉 〈23, 43, 65, 78〉 〈30, 60, 49, 66〉 〈33, 62, 77, 28〉 〈30, 53, 67, 79〉 〈43, 73, 28, 24〉
〈62, 40, 67, 09〉 〈61, 01, 76, 69〉 〈40, 21, 85, 47〉 〈62, 83, 06, 76〉 〈01, 22, 88, 49〉 〈30, 31, 78, 54〉 〈61, 41, 55, 29〉 〈63, 73, 67, 39〉
〈53, 60, 39, 24〉 〈32, 52, 34, 09〉 〈02, 32, 24, 38〉
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n = 69:
〈∞, 02, 58, 34〉 〈∞, 70, 17, 55〉 〈∞, 23, 59, 56〉 〈52, 01, 55, a1〉 〈10, 33, 87, a1〉 〈52, 80, 66, a2〉 〈43, 81, 04, a2〉 〈62, 51, 27, a3〉
〈03, 30, 64, a3〉 〈32, 00, 55, a4〉 〈43, 01, 16, a4〉 〈82, 60, 57, a5〉 〈53, 81, 46, a5〉 〈30, 31, 66, a6〉 〈83, 42, 57, a6〉 〈03, 02, 04, a7〉
〈01, 40, 87, a7〉 〈01, 60, 75, a8〉 〈82, 73, 14, a8〉 〈50, 33, 85, a9〉 〈11, 82, 86, a9〉 〈53, 51, 55, a10〉 〈52, 60, 14, a10〉 〈81, 23, 36, a11〉
〈00, 42, 14, a11〉 〈11, 32, 25, a12〉 〈40, 33, 56, a12〉 〈81, 20, 86, a13〉 〈32, 43, 65, a13〉 〈30, 82, 26, a14〉 〈03, 21, 44, a14〉 〈13, 00, 57, a15〉
〈61, 12, 24, a15〉 〈22, 53, 67, 48〉 〈71, 03, 06, 77〉 〈02, 11, 27, 39〉 〈43, 80, 64, 28〉 〈32, 82, 05, 09〉 〈50, 31, 25, 89〉 〈00, 41, 19, 84〉
〈70, 13, 07, 79〉 〈61, 53, 78, 08〉 〈11, 61, 87, 49〉 〈01, 02, 66, 84〉 〈30, 41, 75, 18〉 〈30, 12, 86, 78〉 〈50, 03, 74, 68〉 〈50, 40, 48, 57〉
〈60, 80, 85, 86〉 〈11, 31, 88, 75〉 〈00, 02, 59, 46〉 〈02, 63, 49, 78〉 〈03, 13, 45, 56〉 〈80, 30, 59, 58〉 〈63, 13, 69, 59〉 〈60, 51, 24, 59〉
〈51, 22, 17, 49〉 〈83, 32, 19, 17〉 〈53, 72, 18, 69〉 〈21, 51, 54, 69〉 〈12, 02, 55, 18〉 〈31, 21, 28, 67〉 〈40, 70, 44, 29〉 〈23, 43, 34, 15〉
〈31, 43, 26, 78〉 〈30, 42, 88, 25〉 〈03, 63, 75, 07〉 〈02, 32, 86, 37〉 〈01, 32, 74, 28〉

n = 71:
〈∞, 71, 09, 18〉 〈∞, 13, 65, 64〉 〈∞, 20, 47, 26〉 〈43, 31, 75, a1〉 〈60, 62, 06, a1〉 〈30, 61, 86, a2〉 〈22, 43, 47, a2〉 〈00, 61, 76, a3〉
〈13, 12, 15, a3〉 〈62, 43, 36, a4〉 〈51, 00, 34, a4〉 〈71, 82, 36, a5〉 〈23, 70, 45, a5〉 〈70, 13, 66, a6〉 〈42, 51, 84, a6〉 〈40, 62, 85, a7〉
〈21, 43, 84, a7〉 〈43, 12, 25, a8〉 〈10, 51, 36, a8〉 〈21, 30, 37, a9〉 〈33, 62, 56, a9〉 〈53, 11, 25, a10〉 〈62, 50, 04, a10〉 〈52, 00, 35, a11〉
〈33, 31, 06, a11〉 〈41, 73, 17, a12〉 〈10, 72, 64, a12〉 〈41, 12, 86, a13〉 〈53, 70, 67, a13〉 〈00, 01, 05, a14〉 〈33, 22, 07, a14〉 〈50, 43, 34, a15〉
〈01, 72, 77, a15〉 〈71, 33, 16, a16〉 〈52, 70, 05, a16〉 〈63, 01, 57, a17〉 〈10, 52, 34, a17〉 〈01, 51, 87, 48〉 〈10, 23, 79, 29〉 〈00, 11, 85, 57〉
〈12, 52, 47, 68〉 〈10, 73, 89, 65〉 〈51, 02, 57, 04〉 〈12, 51, 69, 77〉 〈42, 03, 88, 46〉 〈01, 73, 59, 14〉 〈10, 50, 68, 87〉 〈11, 32, 59, 28〉
〈30, 11, 89, 06〉 〈61, 01, 09, 84〉 〈63, 03, 06, 15〉 〈20, 50, 67, 35〉 〈61, 53, 24, 66〉 〈00, 20, 14, 68〉 〈41, 31, 65, 08〉 〈03, 23, 49, 28〉
〈32, 73, 49, 19〉 〈20, 30, 29, 18〉 〈51, 30, 38, 58〉 〈02, 12, 24, 64〉 〈83, 43, 64, 67〉 〈70, 62, 86, 19〉 〈81, 61, 55, 59〉 〈00, 03, 38, 04〉
〈52, 51, 78, 15〉 〈10, 63, 74, 59〉 〈22, 42, 28, 15〉 〈23, 32, 68, 08〉 〈12, 72, 27, 79〉 〈10, 42, 39, 56〉 〈03, 13, 57, 68〉

n = 73:
〈∞, 13, 55, 66〉 〈∞, 41, 110, 59〉 〈∞, 30, 67, 011〉 〈∞, 02, 18, 14〉 〈31, 50, 86, a1〉 〈42, 73, 87, a1〉 〈21, 80, 25, 19〉 〈42, 23, 89, 210〉
〈01, 53, 74, 85〉 〈12, 20, 34, 06〉 〈31, 33, 38, 510〉 〈13, 70, 08, 67〉 〈10, 03, 111, 85〉 〈10, 33, 06, 77〉 〈42, 02, 48, 04〉 〈60, 31, 59, 68〉
〈13, 83, 38, 36〉 〈11, 23, 58, 59〉 〈70, 31, 810, 77〉 〈10, 82, 59, 78〉 〈21, 02, 17, 89〉 〈31, 23, 710, 64〉 〈32, 33, 410, 17〉 〈00, 52, 38, 15〉
〈00, 11, 410, 74〉 〈32, 02, 39, 46〉 〈50, 52, 44, 19〉 〈11, 10, 88, 76〉 〈13, 03, 14, 86〉 〈52, 23, 69, 17〉 〈20, 80, 410, 46〉 〈22, 73, 88, 48〉
〈12, 40, 110, 310〉 〈22, 70, 35, 111〉 〈52, 81, 35, 47〉 〈22, 12, 55, 811〉 〈23, 41, 711, 04〉 〈20, 33, 18, 84〉 〈32, 11, 19, 06〉 〈11, 62, 28, 86〉
〈40, 72, 56, 211〉 〈31, 22, 311, 511〉 〈43, 21, 711, 46〉 〈13, 53, 65, 311〉 〈60, 33, 15, 211〉 〈53, 21, 011, 44〉 〈42, 63, 76, 611〉 〈31, 42, 46, 011〉
〈11, 81, 45, 04〉 〈72, 71, 45, 77〉 〈32, 20, 67, 68〉 〈20, 00, 44, 411〉 〈10, 60, 16, 410〉 〈00, 22, 04, 54〉 〈22, 63, 87, 510〉 〈11, 42, 69, 14〉
〈10, 13, 35, 68〉 〈10, 31, 110, 211〉 〈21, 61, 45, 09〉 〈01, 43, 15, 111〉 〈00, 43, 69, 77〉 〈42, 22, 810, 45〉 〈30, 13, 69, 19〉 〈42, 01, 06, 411〉
〈40, 31, 57, 74〉 〈41, 13, 510, 410〉 〈40, 50, 45, 59〉 〈23, 53, 39, 27〉 〈51, 21, 48, 87〉 〈12, 03, 05, 610〉 〈02, 13, 810, 44〉 〈10, 51, 67, 37〉
〈01, 11, 46, 68〉

B. SFSs of type (4, 2)a(2, 4)b with a+ b ∈ {5, 6, 7, 8, 9}

To save space, we only list the non-empty cells of the SFSs. Weuse(a, b; i, j) to denote a cell which is indexed by(i, j)
and contains a pair{a, b}. We useIn to denote the set{0, 1, 2, . . . , n− 1}.

Lemma 8.8: There exists an SFS of type(4, 2)a(2, 2)5−a for eacha ∈ {0, 1, 2, 3, 4, 5}.
Proof: Let V = I10 and S = I10+2a. V can be partitioned asV = ∪4

i=0{2i, 2i + 1} and S can be partitioned as
S = (∪a−1

i=0 {4i, 4i+ 1, 4i+ 2, 4i+ 3}) ∪ (∪4
i=a{2i, 2i+ 1}). The required SFSs are presented as follows.

a = 0:
(1, 6; 9, 3) (1, 8; 7, 2) (5, 3; 9, 6) (5, 9; 3, 0) (0, 8; 3, 5) (2, 4; 0, 7) (6, 9; 4, 2) (9, 3; 1, 7) (2, 7; 9, 5) (6, 3; 0, 5)
(0, 4; 2, 9) (5, 0; 8, 7) (2, 6; 8, 1) (0, 2; 4, 6) (7, 8; 4, 0) (9, 1; 6, 5) (7, 4; 3, 8) (1, 3; 4, 8) (4, 8; 1, 6) (5, 7; 1, 2)

a = 1:
(7, 0; 7, 11) (6, 3; 10, 1) (0, 4; 8, 10) (6, 9; 6, 3) (4, 2; 1, 11) (0, 8; 5, 6) (6, 1; 7, 4) (8, 2; 8, 3) (3, 8; 7, 0)
(8, 5; 4, 1) (4, 8; 2, 9) (6, 4; 5, 0) (7, 9; 1, 5) (4, 7; 4, 3) (5, 3; 9, 3) (0, 9; 4, 9) (9, 5; 8, 0) (5, 1; 10, 5)
(1, 3; 11, 8) (9, 2; 7, 2) (7, 2; 10, 0) (1, 2; 6, 9) (3, 7; 2, 6) (5, 6; 2, 11)

a = 2:
(2, 5; 2, 10) (6, 9; 4, 2) (8, 7; 6, 2) (4, 2; 0, 13) (6, 3; 9, 3) (8, 2; 11, 9) (5, 6; 6, 0) (7, 1; 8, 4) (0, 7; 7, 9)
(2, 6; 1, 12) (0, 9; 6, 11) (8, 6; 8, 7) (9, 7; 5, 0) (9, 1; 9, 10) (0, 4; 5, 10) (0, 5; 4, 13) (9, 2; 8, 3) (4, 8; 4, 3)
(4, 1; 6, 12) (3, 7; 13, 1) (5, 7; 12, 3) (8, 3; 10, 0) (3, 4; 2, 11) (3, 0; 8, 12) (4, 9; 1, 7) (1, 5; 7, 11) (1, 6; 5, 13)
(5, 8; 1, 5)

a = 3:
(4, 0; 7, 15) (9, 3; 3, 10) (3, 7; 15, 11) (7, 8; 7, 3) (9, 0; 8, 6) (5, 2; 15, 3) (7, 5; 14, 6) (8, 3; 12, 9) (4, 3; 14, 0)
(1, 7; 8, 4) (8, 2; 0, 8) (6, 3; 8, 1) (6, 4; 4, 3) (6, 1; 9, 15) (5, 6; 7, 0) (5, 9; 4, 1) (4, 1; 6, 12) (7, 2; 1, 10)
(2, 9; 2, 12) (4, 7; 5, 2) (0, 8; 4, 11) (7, 9; 0, 9) (8, 6; 2, 6) (6, 0; 14, 10) (5, 3; 13, 2) (9, 6; 5, 11) (2, 1; 11, 14)
(0, 5; 12, 5) (8, 4; 1, 13) (0, 2; 9, 13) (1, 8; 5, 10) (1, 9; 7, 13)

a = 4:
(4, 0; 13, 6) (6, 1; 7, 11) (7, 5; 6, 3) (9, 2; 13, 10) (8, 2; 11, 3) (2, 1; 14, 17) (4, 7; 16, 7) (9, 1; 9, 6) (8, 6; 6, 1)
(3, 1; 13, 8) (6, 9; 5, 0) (8, 0; 7, 14) (3, 6; 10, 2) (0, 9; 15, 8) (4, 1; 5, 15) (1, 8; 10, 12) (2, 4; 0, 12) (5, 3; 0, 14)
(9, 4; 1, 14) (5, 2; 1, 15) (7, 0; 5, 10) (8, 7; 0, 8) (5, 1; 4, 16) (6, 2; 8, 16) (3, 0; 16, 11) (9, 7; 11, 4) (0, 5; 12, 17)
(6, 0; 9, 4) (8, 5; 5, 13) (9, 5; 2, 7) (6, 4; 17, 3) (9, 3; 12, 3) (4, 8; 2, 4) (7, 3; 1, 17) (2, 7; 2, 9) (3, 8; 9, 15)

a = 5:
(0, 7; 17, 7) (4, 3; 1, 17) (3, 5; 3, 12) (5, 8; 0, 14) (8, 7; 4, 2) (5, 7; 5, 16) (0, 3; 9, 16) (2, 6; 17, 11) (8, 4; 3, 7)
(0, 4; 19, 13) (3, 8; 10, 15) (1, 6; 6, 18) (1, 2; 15, 16) (1, 4; 14, 5) (6, 0; 4, 8) (5, 0; 15, 18) (6, 4; 2, 16) (6, 5; 1, 7)
(6, 9; 10, 3) (9, 2; 0, 8) (1, 3; 11, 13) (9, 3; 14, 2) (8, 6; 5, 9) (7, 1; 10, 19) (2, 5; 19, 2) (0, 9; 12, 5) (2, 8; 13, 1)
(2, 7; 9, 3) (0, 8; 6, 11) (5, 9; 13, 6) (9, 1; 9, 7) (9, 4; 15, 4) (2, 0; 14, 10) (4, 2; 18, 12) (7, 9; 11, 1) (1, 8; 12, 8)
(5, 1; 4, 17) (3, 7; 8, 18) (3, 6; 0, 19) (4, 7; 0, 6)

Lemma 8.9: There exists an SFS of type(4, 2)a(2, 2)6−a for eacha ∈ {0, 1, . . . , 6}.
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Proof: Let V = I12 and S = I12+2a. V can be partitioned asV = ∪5
i=0{2i, 2i + 1} and S can be partitioned as

S = (∪a−1
i=0 {4i, 4i+ 1, 4i+ 2, 4i+ 3}) ∪ (∪5

i=a{2i, 2i+ 1}). The required SFSs are presented as follows.
a = 0:

(4, 7; 10, 1) (5, 0; 11, 7) (3, 1; 5, 11) (8, 4; 11, 6) (9, 5; 3, 10) (6, 3; 10, 0) (10, 8; 0, 5) (11, 9; 6, 5) (3, 0; 6, 9)
(10, 7; 3, 4) (2, 1; 7, 10) (11, 5; 9, 1) (7, 2; 5, 9) (0, 8; 10, 4) (5, 7; 0, 8) (1, 5; 2, 6) (0, 6; 5, 3) (6, 8; 1, 2)
(2, 9; 4, 0) (3, 11; 8, 4) (2, 10; 6, 1) (3, 9; 1, 7) (9, 7; 2, 11) (1, 6; 4, 9) (4, 1; 8, 3) (6, 2; 11, 8) (8, 11; 3, 7)
(4, 10; 9, 7) (0, 10; 2, 8) (4, 11; 0, 2)

a = 1:
(1, 10; 5, 6) (1, 7; 11, 4) (0, 6; 11, 7) (1, 3; 13, 10) (5, 6; 0, 5) (11, 3; 9, 7) (2, 10; 1, 7) (5, 10; 2, 10) (7, 4; 13, 1)
(2, 0; 9, 13) (4, 3; 12, 0) (0, 8; 12, 4) (11, 9; 2, 5) (4, 2; 11, 2) (7, 9; 12, 3) (9, 10; 0, 9) (10, 3; 11, 3) (4, 0; 5, 10)
(9, 1; 7, 8) (8, 7; 7, 5) (8, 4; 9, 3) (9, 5; 13, 4) (6, 8; 2, 13) (2, 5; 8, 3) (5, 11; 11, 1) (6, 2; 12, 10) (7, 3; 2, 6)
(11, 6; 4, 3) (9, 6; 6, 1) (8, 3; 8, 1) (4, 10; 8, 4) (7, 11; 0, 10) (0, 11; 6, 8) (1, 5; 9, 12) (2, 8; 0, 6)

a = 2:
(4, 8; 14, 1) (9, 3; 1, 9) (7, 4; 5, 12) (2, 9; 11, 3) (8, 2; 2, 8) (11, 8; 6, 0) (3, 10; 11, 2) (0, 7; 13, 6) (1, 8; 9, 5)
(11, 1; 4, 8) (6, 0; 9, 4) (4, 11; 7, 11) (0, 8; 11, 15) (6, 11; 1, 5) (3, 11; 12, 3) (3, 4; 0, 10) (1, 5; 6, 11) (2, 11; 10, 13)
(2, 7; 1, 15) (0, 5; 7, 10) (8, 6; 3, 7) (9, 5; 5, 2) (6, 5; 0, 14) (3, 5; 15, 13) (7, 9; 7, 0) (2, 0; 14, 12) (8, 10; 4, 10)
(10, 5; 12, 1) (6, 9; 8, 6) (2, 10; 0, 9) (3, 7; 8, 14) (1, 6; 12, 15) (4, 9; 15, 4) (5, 7; 4, 3) (1, 9; 10, 14) (7, 11; 9, 2)
(4, 10; 6, 3) (0, 10; 5, 8) (1, 10; 7, 13) (4, 6; 2, 13)

a = 3:
(6, 10; 10, 4) (4, 10; 1, 5) (6, 2; 9, 0) (9, 6; 16, 1) (9, 2; 8, 17) (11, 5; 0, 4) (8, 11; 11, 12) (7, 2; 11, 1) (3, 11; 1, 8)
(9, 0; 12, 9) (10, 0; 11, 14) (8, 2; 10, 2) (1, 3; 16, 12) (0, 3; 10, 13) (8, 5; 1, 7) (11, 2; 13, 3) (8, 0; 16, 4) (6, 3; 15, 2)
(1, 10; 15, 8) (5, 2; 16, 14) (11, 6; 7, 14) (8, 1; 6, 9) (7, 3; 17, 14) (10, 9; 13, 7) (5, 10; 12, 2) (0, 6; 8, 6) (11, 9; 10, 5)
(6, 1; 11, 5) (4, 2; 15, 12) (8, 6; 17, 3) (9, 3; 11, 0) (4, 11; 2, 6) (7, 1; 7, 10) (4, 0; 7, 17) (7, 10; 0, 6) (4, 1; 4, 14)
(4, 8; 0, 13) (10, 3; 3, 9) (11, 7; 15, 9) (8, 7; 8, 5) (5, 1; 13, 17) (0, 5; 15, 5) (4, 7; 3, 16) (5, 9; 3, 6) (7, 9; 2, 4)

a = 4:
(8, 11; 2, 12) (3, 8; 10, 19) (5, 1; 14, 6) (4, 11; 14, 5) (11, 2; 1, 11) (4, 10; 12, 1) (10, 7; 7, 11) (9, 3; 11, 15) (9, 7; 1, 10)
(0, 8; 18, 11) (5, 7; 2, 19) (9, 5; 12, 5) (2, 7; 3, 8) (1, 10; 17, 13) (3, 6; 0, 18) (0, 2; 16, 15) (6, 2; 9, 2) (11, 9; 3, 6)
(4, 7; 4, 18) (5, 2; 18, 17) (0, 10; 5, 10) (10, 5; 0, 16) (8, 2; 0, 14) (11, 3; 16, 8) (6, 0; 19, 7) (6, 8; 1, 5) (7, 11; 0, 9)
(1, 6; 11, 4) (11, 6; 17, 10) (4, 3; 2, 17) (1, 7; 16, 5) (4, 6; 16, 3) (1, 8; 7, 8) (9, 0; 14, 8) (8, 5; 3, 4) (9, 4; 7, 0)
(2, 1; 12, 10) (11, 5; 15, 7) (9, 2; 13, 19) (10, 8; 15, 9) (8, 4; 6, 13) (10, 6; 8, 6) (4, 1; 15, 19) (3, 10; 14, 3) (1, 9; 9, 18)
(9, 10; 2, 4) (7, 0; 6, 17) (0, 11; 4, 13) (0, 3; 9, 12) (3, 5; 1, 13)

a = 5:
(5, 9; 1, 13) (10, 0; 16, 8) (9, 0; 5, 21) (4, 10; 1, 7) (5, 3; 20, 3) (1, 3; 16, 15) (6, 2; 21, 1) (9, 4; 3, 6) (7, 10; 10, 6)
(2, 9; 8, 0) (0, 4; 17, 15) (11, 8; 10, 7) (1, 8; 13, 6) (8, 5; 15, 0) (7, 5; 2, 19) (10, 6; 18, 2) (5, 11; 17, 6) (4, 11; 2, 13)
(6, 3; 17, 10) (1, 5; 18, 21) (2, 8; 20, 2) (4, 1; 14, 20) (9, 10; 11, 15) (1, 2; 9, 19) (2, 0; 14, 10) (6, 0; 6, 20) (2, 11; 15, 18)
(11, 0; 19, 11) (4, 2; 16, 12) (7, 8; 1, 5) (9, 11; 4, 14) (5, 6; 4, 16) (7, 11; 3, 16) (1, 9; 10, 12) (1, 10; 17, 4) (10, 5; 5, 14)
(4, 6; 5, 19) (7, 0; 4, 9) (3, 8; 14, 11) (3, 10; 0, 19) (8, 4; 21, 4) (9, 3; 9, 2) (8, 6; 8, 3) (0, 5; 7, 12) (7, 2; 11, 17)
(6, 11; 0, 9) (10, 2; 13, 3) (1, 6; 7, 11) (9, 7; 20, 7) (11, 1; 8, 5) (10, 8; 12, 9) (3, 7; 8, 21) (0, 3; 13, 18) (3, 11; 1, 12)
(4, 7; 0, 18)

a = 6:
(8, 5; 3, 7) (10, 2; 17, 0) (9, 10; 3, 8) (5, 0; 4, 18) (0, 8; 12, 11) (1, 11; 4, 11) (6, 3; 0, 18) (7, 9; 1, 9) (8, 10; 9, 5)
(6, 9; 2, 21) (4, 7; 18, 5) (4, 8; 21, 0) (7, 8; 22, 10) (1, 6; 8, 17) (4, 6; 20, 3) (7, 2; 19, 8) (7, 11; 0, 16) (2, 11; 18, 3)
(8, 6; 23, 4) (3, 7; 3, 11) (10, 6; 7, 11) (1, 4; 23, 14) (6, 5; 6, 1) (7, 10; 4, 2) (1, 3; 19, 9) (8, 11; 6, 8) (11, 3; 17, 14)
(5, 3; 21, 13) (4, 2; 13, 2) (2, 9; 11, 23) (4, 10; 6, 12) (1, 7; 21, 7) (0, 4; 7, 17) (3, 0; 23, 8) (8, 1; 13, 20) (9, 4; 15, 4)
(2, 1; 12, 22) (10, 1; 18, 15) (0, 10; 16, 13) (5, 7; 23, 17) (9, 0; 5, 14) (6, 2; 9, 16) (1, 5; 16, 5) (8, 2; 1, 14) (5, 11; 12, 2)
(7, 0; 6, 20) (5, 9; 0, 22) (0, 11; 9, 15) (11, 4; 1, 19) (4, 3; 22, 16) (5, 10; 19, 14) (9, 3; 12, 20) (5, 2; 20, 15) (11, 9; 7, 13)
(9, 1; 6, 10) (10, 3; 10, 1) (8, 3; 15, 2) (0, 6; 19, 22) (0, 2; 10, 21) (6, 11; 5, 10)

Lemma 8.10: There exists an SFS of type(4, 2)a(2, 2)7−a for eacha ∈ {0, 1, . . . , 7}.
Proof: Let V = I14 and S = I14+2a. V can be partitioned asV = ∪6

i=0{2i, 2i + 1} and S can be partitioned as
S = (∪a−1

i=0 {4i, 4i+ 1, 4i+ 2, 4i+ 3}) ∪ (∪6
i=a{2i, 2i+ 1}). The required SFSs are presented as follows.

a = 0:
(3, 7; 12, 0) (11, 1; 4, 6) (7, 11; 8, 2) (13, 2; 9, 0) (9, 5; 11, 3) (9, 10; 2, 6) (3, 6; 11, 9) (5, 10; 7, 12) (6, 5; 10, 0)
(8, 3; 6, 10) (0, 12; 3, 6) (2, 7; 11, 1) (12, 8; 0, 11) (9, 1; 10, 12) (2, 0; 8, 10) (0, 3; 7, 13) (13, 7; 4, 10) (4, 12; 7, 10)
(3, 9; 1, 4) (8, 1; 2, 7) (2, 4; 13, 6) (13, 0; 2, 11) (6, 1; 13, 3) (4, 1; 11, 8) (4, 10; 3, 0) (2, 9; 5, 7) (12, 5; 2, 1)
(13, 5; 8, 6) (11, 0; 12, 5) (1, 12; 9, 5) (4, 6; 2, 12) (12, 6; 4, 8) (11, 13; 3, 7) (3, 10; 8, 5) (4, 11; 1, 9) (9, 11; 0, 13)
(8, 7; 3, 5) (6, 13; 1, 5) (5, 7; 9, 13) (10, 0; 4, 9) (2, 8; 4, 12) (8, 10; 1, 13)

a = 1:
(11, 5; 2, 11) (2, 12; 1, 12) (11, 6; 6, 1) (1, 11; 14, 7) (12, 9; 0, 4) (10, 5; 14, 10) (1, 10; 15, 8) (1, 5; 13, 4) (11, 13; 4, 8)
(9, 1; 12, 5) (0, 6; 12, 11) (8, 4; 13, 3) (12, 7; 7, 13) (5, 2; 3, 15) (2, 9; 6, 14) (13, 2; 9, 13) (6, 4; 15, 4) (11, 8; 5, 15)
(8, 12; 6, 2) (13, 7; 12, 2) (5, 8; 9, 12) (2, 11; 0, 10) (11, 9; 9, 3) (0, 12; 10, 5) (12, 3; 3, 8) (4, 3; 12, 0) (9, 5; 8, 1)
(13, 10; 0, 6) (13, 4; 11, 5) (0, 9; 13, 15) (8, 10; 1, 4) (13, 6; 10, 3) (6, 9; 7, 2) (8, 0; 8, 7) (3, 6; 14, 13) (0, 4; 14, 9)
(10, 3; 9, 2) (13, 3; 1, 7) (4, 2; 2, 8) (3, 1; 10, 6) (7, 3; 15, 11) (7, 4; 10, 1) (7, 0; 6, 4) (12, 1; 9, 11) (2, 10; 7, 11)
(7, 8; 0, 14) (5, 6; 0, 5) (7, 10; 3, 5)

a = 2:
(11, 4; 3, 7) (7, 12; 12, 3) (6, 9; 4, 3) (12, 6; 2, 6) (8, 10; 6, 1) (2, 1; 10, 8) (7, 1; 7, 13) (2, 7; 17, 15) (5, 13; 5, 2)
(8, 5; 7, 17) (0, 12; 4, 11) (10, 12; 8, 7) (12, 5; 0, 15) (0, 6; 7, 14) (10, 6; 12, 16) (8, 7; 0, 5) (8, 2; 11, 3) (0, 11; 16, 10)
(5, 9; 1, 10) (9, 13; 7, 15) (4, 10; 10, 5) (5, 2; 14, 12) (2, 10; 9, 2) (4, 1; 15, 16) (13, 10; 4, 0) (2, 6; 13, 1) (11, 3; 2, 17)
(10, 9; 11, 17) (2, 9; 0, 16) (6, 11; 0, 8) (4, 3; 11, 0) (8, 13; 10, 14) (9, 7; 2, 8) (11, 13; 13, 11) (11, 12; 1, 5) (0, 4; 13, 17)
(8, 4; 4, 2) (5, 7; 16, 4) (1, 11; 12, 4) (8, 6; 15, 9) (7, 3; 1, 14) (3, 12; 10, 13) (11, 7; 6, 9) (3, 0; 15, 12) (13, 4; 12, 1)
(0, 9; 5, 9) (6, 1; 5, 17) (1, 5; 6, 11) (10, 5; 13, 3) (1, 12; 9, 14) (4, 9; 6, 14) (13, 3; 3, 9) (0, 13; 6, 8) (3, 8; 8, 16)
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a = 3:
(6, 3; 18, 15) (4, 3; 16, 12) (11, 0; 11, 5) (4, 12; 13, 1) (11, 2; 2, 18) (10, 6; 0, 6) (3, 8; 0, 11) (5, 8; 5, 18) (4, 11; 15, 6)
(7, 8; 8, 17) (12, 8; 2, 16) (8, 1; 6, 19) (8, 13; 13, 3) (12, 11; 4, 8) (5, 11; 12, 0) (2, 0; 13, 19) (4, 0; 18, 14) (1, 10; 4, 18)
(13, 9; 4, 0) (7, 2; 3, 9) (6, 4; 3, 5) (3, 7; 14, 2) (12, 0; 6, 9) (9, 3; 1, 8) (10, 12; 11, 12) (10, 3; 13, 10) (11, 9; 3, 10)
(12, 7; 5, 0) (7, 9; 18, 16) (1, 6; 10, 17) (10, 5; 3, 19) (0, 9; 12, 17) (0, 13; 7, 15) (1, 7; 11, 7) (1, 5; 15, 16) (4, 9; 2, 7)
(13, 7; 10, 6) (5, 9; 6, 13) (3, 12; 3, 17) (0, 8; 10, 4) (10, 8; 7, 9) (6, 9; 19, 11) (7, 10; 1, 15) (10, 2; 8, 14) (7, 4; 4, 19)
(3, 11; 9, 19) (13, 1; 8, 12) (6, 11; 1, 7) (4, 2; 17, 0) (13, 6; 9, 14) (10, 13; 5, 2) (0, 6; 8, 16) (12, 2; 15, 10) (1, 9; 9, 5)
(6, 5; 2, 4) (5, 12; 14, 7) (1, 11; 14, 13) (13, 2; 11, 16) (2, 8; 1, 12) (5, 13; 1, 17)

a = 4:
(2, 5; 1, 18) (12, 6; 1, 17) (4, 9; 19, 2) (10, 3; 10, 0) (6, 5; 2, 20) (10, 0; 12, 8) (1, 7; 11, 20) (9, 0; 9, 20) (6, 4; 18, 21)
(2, 1; 9, 14) (8, 10; 6, 15) (10, 12; 11, 5) (0, 5; 15, 19) (3, 13; 15, 18) (10, 9; 1, 14) (2, 9; 21, 11) (1, 6; 10, 6) (13, 4; 1, 7)
(13, 2; 17, 8) (4, 0; 14, 4) (5, 7; 17, 7) (5, 3; 21, 16) (10, 1; 17, 21) (8, 1; 4, 13) (8, 6; 0, 9) (10, 7; 4, 16) (4, 12; 6, 16)
(0, 8; 7, 18) (13, 0; 6, 13) (7, 8; 2, 8) (11, 6; 4, 8) (12, 1; 18, 8) (9, 5; 13, 5) (0, 11; 11, 17) (4, 11; 3, 20) (1, 9; 12, 7)
(4, 2; 0, 12) (9, 3; 8, 3) (13, 9; 4, 10) (4, 1; 15, 5) (3, 8; 20, 1) (4, 3; 13, 17) (9, 11; 0, 15) (3, 11; 2, 14) (8, 13; 12, 11)
(5, 13; 0, 14) (12, 5; 3, 4) (2, 12; 15, 2) (7, 13; 3, 5) (3, 6; 19, 11) (8, 11; 21, 5) (11, 5; 6, 12) (12, 8; 10, 14) (2, 10; 20, 13)
(3, 12; 9, 12) (10, 6; 7, 3) (8, 2; 3, 19) (6, 0; 5, 16) (12, 11; 7, 13) (1, 13; 16, 19) (7, 9; 6, 18) (7, 12; 19, 0) (13, 10; 2, 9)
(11, 2; 10, 16) (0, 7; 10, 21) (7, 11; 1, 9)

a = 5:
(2, 6; 18, 21) (6, 1; 7, 9) (10, 13; 9, 17) (12, 8; 5, 13) (13, 8; 14, 8) (3, 4; 22, 17) (2, 9; 13, 10) (6, 4; 5, 1) (2, 8; 23, 2)
(7, 11; 3, 5) (5, 11; 19, 1) (4, 0; 19, 6) (5, 0; 13, 18) (3, 12; 21, 16) (12, 0; 15, 8) (13, 0; 5, 16) (13, 2; 19, 3) (1, 13; 6, 12)
(10, 9; 5, 14) (10, 0; 7, 22) (0, 11; 9, 14) (7, 0; 10, 20) (13, 3; 1, 10) (12, 7; 18, 7) (7, 1; 4, 17) (6, 12; 19, 10) (13, 5; 7, 15)
(2, 11; 8, 17) (0, 6; 23, 17) (5, 12; 17, 20) (12, 4; 0, 4) (2, 4; 20, 14) (8, 7; 9, 6) (7, 5; 2, 16) (8, 5; 12, 22) (3, 1; 20, 19)
(9, 5; 21, 6) (9, 13; 20, 4) (5, 10; 3, 4) (3, 6; 8, 3) (5, 3; 14, 0) (10, 8; 1, 11) (12, 11; 6, 2) (12, 9; 3, 12) (4, 1; 13, 21)
(5, 1; 23, 5) (1, 10; 18, 10) (8, 0; 21, 4) (7, 13; 0, 21) (2, 7; 11, 22) (1, 9; 8, 22) (0, 3; 12, 11) (10, 7; 19, 8) (4, 10; 23, 15)
(1, 12; 14, 11) (11, 8; 10, 15) (6, 9; 11, 2) (10, 2; 0, 12) (13, 11; 13, 11) (8, 6; 0, 20) (9, 3; 9, 15) (7, 9; 23, 1) (4, 8; 7, 3)
(11, 3; 23, 18) (4, 13; 2, 18) (9, 11; 7, 0) (10, 6; 6, 16) (1, 2; 15, 16) (2, 12; 1, 9) (3, 10; 2, 13) (4, 11; 12, 16) (6, 11; 4, 22)

a = 6:
(2, 12; 0, 23) (1, 3; 12, 11) (10, 9; 14, 2) (1, 5; 14, 21) (7, 3; 18, 8) (2, 11; 13, 2) (0, 10; 6, 10) (4, 8; 21, 13) (10, 12; 15, 11)
(13, 11; 17, 15) (12, 7; 9, 1) (7, 4; 23, 25) (12, 9; 12, 5) (4, 12; 18, 22) (9, 5; 22, 25) (1, 6; 25, 17) (2, 0; 22, 15) (7, 13; 21, 2)
(13, 10; 5, 18) (6, 10; 4, 9) (6, 3; 24, 10) (1, 11; 18, 24) (3, 0; 25, 9) (4, 1; 15, 16) (13, 0; 16, 12) (8, 0; 14, 4) (1, 13; 6, 23)
(5, 3; 20, 0) (12, 1; 8, 7) (4, 9; 0, 6) (9, 3; 23, 15) (8, 1; 9, 5) (13, 6; 11, 22) (6, 0; 21, 7) (0, 9; 11, 24) (5, 2; 12, 17)
(8, 11; 25, 11) (2, 13; 3, 9) (12, 8; 20, 3) (6, 11; 16, 0) (5, 12; 2, 4) (12, 3; 21, 16) (9, 2; 21, 1) (10, 3; 1, 13) (7, 8; 10, 7)
(7, 11; 3, 6) (7, 10; 17, 0) (0, 7; 20, 19) (11, 4; 12, 4) (9, 11; 7, 9) (1, 2; 19, 10) (3, 8; 22, 2) (10, 5; 3, 16) (13, 4; 20, 1)
(4, 2; 24, 14) (5, 13; 13, 7) (8, 5; 6, 15) (9, 13; 10, 4) (6, 4; 5, 2) (6, 12; 19, 6) (8, 6; 1, 23) (9, 1; 13, 20) (0, 5; 23, 18)
(8, 10; 24, 12) (11, 0; 5, 8) (13, 3; 14, 19) (7, 5; 24, 5) (11, 12; 10, 14) (7, 1; 22, 4) (11, 5; 1, 19) (12, 0; 13, 17) (3, 4; 17, 3)
(13, 8; 8, 0) (10, 4; 7, 19) (2, 7; 11, 16) (2, 6; 20, 18) (2, 10; 8, 25) (6, 9; 3, 8)

a = 7:
(9, 6; 0, 9) (5, 12; 4, 2) (3, 12; 8, 14) (6, 1; 20, 7) (0, 11; 26, 18) (2, 6; 3, 11) (8, 13; 1, 12) (4, 11; 13, 17) (3, 8; 22, 24)
(5, 1; 26, 12) (7, 4; 27, 18) (4, 1; 19, 23) (7, 12; 23, 1) (4, 8; 15, 26) (10, 0; 9, 6) (9, 11; 12, 2) (1, 12; 17, 21) (12, 2; 22, 19)
(6, 0; 17, 25) (13, 6; 22, 2) (3, 13; 0, 18) (0, 13; 8, 20) (7, 3; 16, 2) (5, 6; 19, 1) (3, 0; 10, 13) (13, 10; 19, 4) (12, 9; 7, 10)
(6, 4; 4, 24) (8, 7; 8, 6) (9, 4; 6, 25) (6, 11; 27, 8) (2, 1; 18, 15) (1, 11; 16, 4) (4, 3; 20, 1) (5, 0; 27, 15) (7, 9; 26, 4)
(5, 3; 21, 25) (1, 7; 11, 22) (8, 6; 5, 21) (7, 5; 20, 17) (5, 8; 3, 23) (13, 2; 17, 14) (0, 7; 19, 24) (6, 10; 16, 10) (13, 7; 21, 9)
(5, 13; 7, 16) (11, 3; 19, 11) (5, 9; 22, 5) (9, 2; 27, 20) (0, 2; 16, 23) (6, 3; 23, 26) (6, 12; 6, 18) (8, 12; 13, 20) (2, 5; 13, 0)
(1, 13; 6, 13) (12, 10; 11, 15) (10, 3; 17, 12) (2, 7; 10, 25) (11, 5; 14, 6) (12, 11; 3, 9) (11, 8; 25, 7) (2, 10; 26, 8) (1, 10; 5, 25)
(0, 8; 11, 4) (8, 2; 9, 2) (2, 11; 24, 1) (3, 9; 15, 3) (8, 10; 0, 27) (9, 0; 14, 21) (0, 4; 7, 22) (8, 1; 14, 10) (10, 7; 3, 7)
(12, 0; 12, 5) (9, 13; 11, 23) (13, 11; 15, 10) (2, 4; 21, 12) (4, 13; 5, 3) (1, 3; 27, 9) (12, 4; 16, 0) (4, 10; 2, 14) (7, 11; 0, 5)
(10, 5; 18, 24) (1, 9; 8, 24) (9, 10; 1, 13)

Lemma 8.11: There exists an SFS of type(4, 2)a(2, 2)8−a for eacha ∈ {0, 1, . . . , 8}.
Proof: Let V = I16 and S = I16+2a. V can be partitioned asV = ∪7

i=0{2i, 2i + 1} and S can be partitioned as
S = (∪a−1

i=0 {4i, 4i+ 1, 4i+ 2, 4i+ 3}) ∪ (∪7
i=a{2i, 2i+ 1}). The required SFSs are presented as follows.

a = 0:
(1, 9; 3, 14) (14, 7; 9, 1) (13, 11; 5, 14) (8, 7; 13, 14) (13, 5; 8, 7) (1, 3; 5, 15) (1, 12; 4, 2) (7, 11; 15, 12) (7, 15; 10, 8)
(6, 8; 12, 4) (0, 5; 13, 3) (14, 6; 5, 8) (8, 2; 5, 7) (10, 15; 0, 7) (6, 12; 10, 0) (11, 3; 13, 1) (5, 8; 11, 15) (6, 11; 2, 9)
(3, 15; 4, 6) (8, 13; 1, 6) (9, 10; 5, 2) (8, 0; 10, 2) (15, 12; 5, 1) (14, 9; 13, 0) (9, 11; 4, 7) (3, 13; 0, 9) (13, 9; 15, 10)
(1, 14; 12, 7) (3, 4; 10, 12) (13, 7; 4, 3) (4, 8; 3, 0) (12, 5; 14, 6) (0, 4; 7, 14) (9, 0; 6, 12) (5, 10; 1, 12) (12, 3; 7, 11)
(4, 1; 6, 8) (15, 4; 13, 2) (12, 11; 8, 3) (15, 2; 12, 9) (7, 5; 0, 2) (1, 5; 9, 10) (13, 14; 2, 11) (9, 4; 11, 1) (4, 12; 15, 9)
(10, 14; 3, 6) (10, 6; 15, 13) (14, 2; 10, 4) (2, 6; 1, 14) (0, 10; 4, 9) (10, 3; 8, 14) (6, 15; 11, 3) (2, 11; 0, 6) (0, 2; 8, 15)
(0, 7; 5, 11) (1, 2; 11, 13)

a = 1:
(4, 14; 1, 5) (14, 0; 6, 11) (13, 2; 2, 6) (6, 9; 0, 15) (1, 13; 5, 13) (7, 5; 17, 0) (12, 4; 4, 2) (5, 1; 14, 10) (14, 7; 13, 10)
(8, 6; 2, 13) (4, 3; 12, 14) (8, 3; 16, 6) (7, 13; 3, 11) (6, 4; 3, 10) (6, 11; 5, 11) (2, 8; 7, 0) (8, 1; 8, 4) (1, 3; 9, 7)
(12, 15; 13, 0) (6, 12; 12, 7) (12, 11; 6, 3) (10, 14; 15, 4) (9, 4; 13, 8) (3, 5; 11, 1) (0, 2; 10, 9) (1, 4; 17, 11) (13, 6; 1, 16)
(13, 10; 8, 7) (5, 9; 5, 2) (2, 12; 11, 8) (15, 6; 4, 6) (3, 13; 10, 0) (10, 12; 10, 5) (6, 10; 17, 14) (11, 14; 9, 0) (1, 9; 6, 12)
(15, 5; 8, 3) (0, 8; 5, 14) (8, 12; 17, 1) (10, 8; 3, 9) (2, 11; 15, 17) (11, 0; 16, 8) (13, 0; 17, 12) (5, 13; 4, 9) (3, 14; 8, 2)
(11, 7; 14, 2) (10, 4; 0, 16) (9, 14; 7, 14) (9, 11; 1, 4) (4, 15; 9, 15) (10, 7; 6, 1) (10, 15; 2, 11) (9, 3; 17, 3) (12, 9; 9, 16)
(0, 7; 7, 4) (15, 11; 10, 7) (2, 15; 1, 14) (3, 0; 13, 15) (14, 2; 12, 3) (5, 2; 13, 16) (7, 15; 5, 12) (1, 7; 15, 16) (5, 8; 12, 15)
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a = 2:
(14, 1; 8, 7) (1, 8; 11, 14) (12, 9; 8, 14) (3, 15; 3, 12) (0, 10; 10, 5) (4, 13; 10, 19) (3, 9; 19, 11) (14, 13; 3, 6) (6, 13; 7, 2)
(4, 10; 16, 1) (11, 1; 9, 16) (4, 8; 4, 3) (13, 11; 1, 5) (0, 4; 13, 6) (0, 8; 19, 15) (1, 4; 15, 17) (0, 5; 7, 11) (11, 6; 3, 13)
(13, 9; 9, 15) (7, 10; 3, 9) (7, 4; 14, 0) (13, 3; 8, 0) (2, 12; 18, 3) (15, 10; 4, 2) (7, 11; 19, 8) (14, 3; 17, 13) (9, 6; 1, 4)
(11, 14; 4, 10) (15, 12; 15, 10) (11, 15; 6, 17) (11, 2; 0, 11) (9, 15; 0, 5) (13, 5; 14, 12) (14, 10; 11, 12) (2, 15; 14, 9) (12, 3; 9, 1)
(6, 10; 17, 19) (14, 5; 15, 1) (4, 11; 7, 12) (7, 2; 1, 13) (8, 14; 0, 9) (14, 6; 16, 14) (4, 6; 5, 18) (12, 1; 5, 13) (7, 3; 15, 16)
(6, 0; 9, 12) (9, 2; 2, 17) (9, 7; 18, 7) (2, 8; 16, 10) (15, 13; 11, 13) (0, 15; 8, 16) (10, 12; 0, 7) (10, 5; 13, 18) (14, 7; 5, 2)
(11, 8; 2, 18) (5, 6; 6, 0) (7, 0; 4, 17) (5, 9; 16, 3) (1, 9; 10, 6) (8, 10; 6, 8) (6, 2; 8, 15) (7, 12; 6, 12) (1, 13; 4, 18)
(15, 8; 1, 7) (1, 2; 19, 12) (0, 3; 18, 14) (8, 5; 17, 5) (12, 5; 4, 19) (3, 5; 2, 10) (4, 12; 2, 11)

a = 3:
(15, 13; 12, 9) (11, 14; 7, 11) (5, 10; 13, 6) (7, 14; 0, 4) (9, 0; 9, 19) (10, 1; 8, 21) (7, 11; 18, 9) (12, 3; 1, 9) (12, 9; 20, 0)
(9, 10; 1, 12) (15, 0; 15, 17) (2, 8; 3, 9) (4, 6; 14, 16) (5, 8; 12, 2) (3, 7; 2, 10) (1, 9; 4, 13) (6, 15; 19, 11) (15, 12; 13, 16)
(7, 5; 1, 21) (8, 12; 5, 21) (8, 13; 13, 17) (13, 11; 1, 5) (3, 10; 11, 20) (5, 13; 20, 4) (12, 2; 11, 2) (0, 12; 10, 4) (10, 0; 5, 18)
(6, 0; 7, 21) (6, 13; 6, 0) (6, 1; 9, 5) (13, 2; 21, 16) (15, 11; 2, 4) (2, 4; 13, 18) (9, 13; 3, 11) (6, 9; 8, 17) (8, 10; 7, 19)
(1, 7; 15, 11) (15, 8; 8, 0) (5, 14; 5, 17) (2, 11; 12, 14) (0, 3; 16, 12) (14, 6; 18, 2) (12, 7; 3, 8) (1, 14; 6, 12) (10, 13; 15, 2)
(8, 0; 11, 6) (3, 5; 15, 0) (5, 1; 19, 16) (1, 13; 7, 10) (3, 14; 3, 13) (15, 5; 18, 3) (4, 10; 4, 3) (3, 1; 14, 17) (9, 7; 7, 16)
(4, 14; 19, 15) (8, 14; 16, 10) (0, 13; 8, 14) (7, 15; 5, 14) (11, 3; 8, 19) (11, 4; 21, 0) (4, 15; 1, 7) (7, 4; 6, 20) (4, 9; 2, 5)
(4, 12; 17, 12) (9, 3; 18, 21) (8, 6; 1, 4) (12, 5; 14, 7) (10, 2; 10, 0) (14, 2; 8, 1) (15, 9; 10, 6) (7, 2; 19, 17) (8, 1; 20, 18)
(11, 12; 6, 15) (14, 10; 14, 9) (11, 0; 13, 20) (2, 6; 15, 20) (6, 11; 3, 10)

a = 4:
(0, 8; 14, 7) (7, 1; 6, 10) (2, 14; 17, 0) (12, 11; 14, 22) (2, 4; 12, 21) (6, 9; 3, 23) (13, 9; 8, 1) (5, 3; 20, 3) (15, 6; 20, 6)
(8, 2; 2, 15) (11, 5; 2, 23) (3, 7; 8, 19) (2, 9; 9, 18) (7, 2; 3, 22) (9, 4; 5, 0) (8, 1; 22, 9) (6, 1; 4, 19) (13, 6; 7, 18)
(15, 8; 3, 10) (10, 9; 11, 15) (8, 13; 23, 11) (12, 3; 15, 1) (15, 12; 2, 9) (11, 4; 20, 15) (5, 10; 1, 16) (1, 12; 18, 23) (8, 11; 0, 8)
(4, 14; 16, 2) (12, 5; 12, 6) (4, 7; 18, 1) (5, 9; 19, 22) (2, 15; 1, 19) (1, 15; 15, 16) (10, 3; 0, 22) (15, 13; 14, 0) (12, 6; 10, 0)
(3, 14; 18, 11) (11, 6; 21, 9) (13, 10; 2, 13) (4, 8; 6, 19) (4, 13; 4, 22) (13, 1; 12, 5) (0, 12; 8, 4) (9, 11; 7, 13) (12, 10; 5, 17)
(0, 11; 10, 16) (8, 3; 13, 21) (5, 15; 17, 13) (0, 5; 5, 15) (15, 10; 7, 8) (4, 3; 23, 14) (4, 1; 17, 7) (7, 5; 0, 7) (10, 2; 10, 14)
(0, 10; 21, 6) (6, 0; 11, 22) (11, 14; 1, 12) (8, 10; 20, 12) (8, 6; 5, 1) (14, 1; 13, 8) (0, 13; 19, 17) (0, 14; 9, 20) (13, 11; 6, 3)
(9, 7; 20, 2) (15, 0; 12, 18) (4, 12; 3, 13) (2, 1; 11, 20) (1, 5; 21, 14) (13, 14; 10, 15) (11, 7; 4, 17) (14, 12; 7, 19) (6, 2; 8, 16)
(3, 9; 10, 12) (10, 14; 4, 3) (6, 3; 17, 2) (15, 11; 11, 5) (0, 2; 23, 13) (14, 7; 21, 5) (5, 8; 4, 18) (9, 15; 21, 4) (9, 14; 6, 14)
(3, 13; 9, 16) (7, 10; 9, 23) (7, 12; 11, 16)

a = 5:
(14, 9; 22, 15) (1, 3; 10, 19) (4, 2; 16, 1) (7, 13; 5, 9) (7, 0; 16, 7) (14, 10; 12, 2) (1, 11; 5, 15) (12, 10; 1, 5) (5, 1; 7, 23)
(10, 8; 7, 14) (8, 13; 11, 20) (5, 8; 3, 6) (14, 8; 9, 0) (3, 11; 25, 3) (10, 9; 8, 3) (15, 12; 0, 10) (4, 0; 23, 19) (13, 10; 13, 25)
(5, 3; 22, 16) (4, 12; 7, 25) (2, 7; 8, 19) (10, 7; 6, 23) (1, 10; 9, 16) (3, 6; 18, 11) (14, 2; 11, 14) (12, 9; 12, 11) (3, 9; 13, 23)
(8, 11; 22, 2) (0, 3; 9, 14) (12, 5; 15, 2) (2, 10; 10, 18) (6, 2; 20, 9) (3, 13; 0, 17) (4, 1; 12, 6) (10, 3; 24, 15) (9, 7; 4, 25)
(5, 15; 4, 19) (14, 11; 23, 18) (14, 4; 13, 5) (1, 13; 8, 18) (5, 6; 21, 25) (9, 2; 2, 21) (1, 15; 11, 13) (1, 14; 17, 21) (6, 15; 22, 5)
(4, 13; 3, 15) (15, 13; 21, 7) (8, 1; 4, 24) (13, 0; 10, 24) (8, 0; 25, 5) (7, 14; 10, 20) (0, 6; 8, 4) (9, 15; 9, 6) (8, 15; 1, 15)
(4, 3; 20, 2) (6, 10; 0, 19) (11, 6; 1, 6) (10, 4; 4, 17) (4, 15; 18, 14) (12, 14; 16, 4) (5, 7; 1, 24) (5, 2; 0, 12) (12, 6; 17, 24)
(1, 2; 25, 22) (0, 15; 20, 12) (15, 7; 2, 17) (11, 13; 4, 12) (12, 1; 14, 20) (3, 14; 1, 8) (15, 2; 23, 3) (11, 15; 8, 16) (4, 9; 0, 24)
(14, 6; 3, 7) (7, 11; 11, 0) (2, 0; 17, 15) (6, 13; 2, 16) (11, 2; 13, 24) (11, 12; 19, 9) (9, 11; 10, 7) (12, 7; 3, 18) (5, 0; 13, 18)
(5, 9; 5, 20) (5, 11; 17, 14) (7, 4; 22, 21) (13, 9; 14, 1) (6, 8; 23, 10) (14, 13; 19, 6) (12, 0; 6, 21) (0, 10; 11, 22) (3, 8; 12, 21)
(8, 12; 8, 13)

a = 6:
(10, 2; 10, 13) (14, 12; 18, 9) (9, 14; 10, 6) (3, 11; 10, 1) (14, 5; 16, 21) (12, 8; 8, 13) (4, 2; 15, 0) (10, 7; 3, 16) (3, 1; 17, 21)
(9, 6; 11, 21) (14, 7; 0, 20) (7, 9; 7, 8) (2, 14; 14, 23) (8, 13; 11, 5) (15, 0; 8, 22) (5, 2; 24, 3) (2, 9; 22, 25) (13, 14; 15, 2)
(12, 15; 14, 21) (3, 14; 8, 19) (13, 4; 19, 21) (11, 15; 9, 2) (5, 7; 25, 27) (13, 10; 4, 8) (1, 5; 20, 13) (4, 14; 25, 4) (4, 12; 7, 20)
(5, 0; 6, 15) (12, 3; 16, 0) (2, 15; 18, 11) (15, 8; 3, 6) (13, 11; 6, 13) (3, 13; 27, 12) (7, 2; 9, 21) (1, 11; 26, 25) (5, 10; 5, 0)
(6, 0; 25, 18) (7, 1; 11, 23) (1, 14; 12, 24) (6, 10; 6, 24) (13, 1; 16, 14) (11, 9; 12, 0) (9, 4; 5, 26) (15, 9; 24, 4) (9, 10; 27, 2)
(2, 8; 20, 2) (6, 11; 16, 8) (8, 7; 10, 26) (0, 8; 21, 27) (12, 6; 27, 3) (0, 7; 4, 19) (0, 11; 7, 14) (1, 15; 10, 15) (14, 8; 22, 7)
(13, 15; 0, 7) (6, 1; 9, 5) (5, 11; 18, 4) (4, 0; 23, 24) (14, 11; 5, 3) (3, 7; 2, 24) (12, 1; 22, 4) (12, 7; 6, 1) (9, 3; 13, 9)
(2, 13; 1, 17) (3, 4; 3, 14) (12, 0; 5, 10) (8, 11; 15, 24) (6, 13; 23, 10) (8, 4; 12, 1) (4, 6; 22, 2) (0, 2; 12, 16) (13, 9; 3, 20)
(12, 10; 26, 17) (10, 14; 11, 1) (14, 0; 13, 17) (6, 5; 7, 17) (15, 7; 5, 17) (3, 0; 11, 20) (11, 4; 27, 17) (0, 13; 9, 26) (12, 11; 19, 11)
(9, 5; 14, 1) (5, 12; 2, 12) (6, 15; 20, 1) (13, 7; 22, 18) (10, 3; 15, 18) (8, 10; 14, 9) (4, 1; 6, 18) (3, 8; 25, 23) (6, 2; 19, 26)
(8, 6; 0, 4) (15, 4; 13, 16) (9, 12; 15, 23) (2, 1; 27, 8) (3, 5; 26, 22) (10, 15; 25, 12) (1, 10; 7, 19) (5, 15; 19, 23)

a = 7:
(3, 12; 16, 8) (15, 8; 15, 3) (11, 5; 13, 2) (7, 13; 6, 9) (5, 8; 0, 6) (9, 7; 29, 2) (4, 1; 7, 28) (10, 9; 11, 4) (4, 14; 27, 3)
(1, 15; 18, 6) (8, 13; 11, 23) (4, 12; 6, 15) (2, 14; 2, 18) (15, 7; 23, 8) (3, 11; 15, 28) (2, 5; 14, 29) (4, 6; 19, 24) (10, 14; 24, 14)
(1, 10; 17, 26) (11, 8; 12, 9) (0, 8; 14, 26) (0, 9; 8, 21) (4, 10; 5, 13) (10, 6; 8, 0) (0, 6; 11, 22) (9, 2; 26, 28) (12, 8; 2, 4)
(0, 15; 16, 10) (3, 7; 17, 25) (10, 8; 7, 1) (5, 0; 28, 24) (3, 13; 29, 1) (15, 4; 26, 4) (14, 1; 21, 11) (9, 15; 7, 24) (12, 10; 28, 18)
(2, 7; 24, 11) (4, 3; 0, 21) (4, 7; 16, 1) (14, 8; 25, 8) (0, 7; 27, 7) (9, 3; 10, 13) (2, 0; 15, 20) (9, 1; 9, 15) (7, 12; 3, 21)
(1, 8; 29, 13) (13, 1; 12, 8) (13, 0; 13, 19) (11, 7; 26, 0) (15, 13; 22, 14) (0, 11; 5, 25) (9, 6; 6, 23) (3, 10; 9, 2) (1, 7; 4, 19)
(4, 2; 12, 22) (15, 2; 0, 13) (11, 14; 6, 19) (10, 13; 15, 10) (8, 3; 24, 22) (4, 11; 17, 29) (5, 1; 20, 5) (5, 10; 25, 3) (7, 14; 10, 5)
(14, 0; 4, 9) (2, 6; 17, 9) (2, 11; 8, 3) (15, 10; 19, 12) (5, 7; 22, 18) (12, 14; 23, 13) (12, 9; 20, 0) (11, 1; 16, 24) (10, 0; 6, 29)
(12, 11; 14, 11) (6, 8; 27, 5) (9, 13; 5, 3) (14, 6; 20, 16) (1, 3; 27, 14) (9, 4; 25, 14) (5, 6; 1, 26) (3, 6; 18, 3) (3, 15; 11, 20)
(1, 12; 22, 10) (15, 6; 25, 2) (15, 5; 21, 17) (13, 4; 2, 20) (13, 11; 7, 18) (12, 2; 19, 1) (7, 8; 20, 28) (6, 12; 7, 29) (3, 5; 23, 19)
(2, 8; 10, 21) (12, 0; 12, 17) (13, 14; 0, 17) (6, 13; 21, 28) (4, 0; 18, 23) (2, 1; 23, 25) (14, 9; 22, 1) (13, 5; 4, 16) (12, 15; 9, 5)
(10, 2; 27, 16) (11, 15; 27, 1) (11, 6; 10, 4) (5, 14; 15, 7) (3, 14; 12, 26) (5, 9; 12, 27)
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a = 8:
(15, 7; 25, 22) (2, 7; 26, 30) (2, 0; 21, 25) (7, 10; 31, 9) (3, 13; 8, 19) (5, 7; 20, 3) (6, 5; 2, 7) (12, 5; 21, 16) (6, 10; 25, 19)
(1, 4; 4, 25) (13, 7; 17, 0) (5, 2; 1, 14) (7, 12; 4, 29) (4, 11; 19, 28) (14, 4; 6, 22) (5, 10; 30, 17) (10, 13; 18, 1) (1, 8; 9, 6)
(5, 14; 4, 26) (4, 6; 31, 18) (7, 9; 6, 1) (14, 0; 9, 12) (6, 3; 1, 9) (0, 8; 13, 22) (6, 2; 27, 10) (11, 13; 9, 3) (12, 3; 13, 23)
(15, 3; 12, 18) (8, 12; 30, 0) (15, 1; 21, 27) (14, 10; 8, 5) (4, 2; 15, 29) (12, 11; 2, 18) (9, 12; 9, 5) (11, 15; 24, 5) (15, 4; 0, 26)
(9, 3; 22, 24) (5, 8; 25, 28) (8, 2; 2, 11) (14, 12; 7, 17) (3, 11; 31, 25) (2, 11; 13, 17) (0, 6; 29, 24) (3, 0; 30, 10) (8, 15; 1, 7)
(15, 0; 17, 4) (9, 11; 0, 11) (10, 8; 10, 29) (10, 2; 24, 0) (9, 6; 23, 26) (11, 7; 7, 10) (12, 10; 6, 14) (15, 13; 23, 2) (0, 7; 18, 28)
(15, 9; 14, 10) (12, 1; 10, 12) (8, 3; 26, 20) (13, 9; 21, 29) (2, 12; 22, 3) (3, 10; 3, 28) (6, 12; 11, 28) (8, 4; 14, 23) (10, 1; 15, 26)
(13, 14; 10, 15) (13, 8; 31, 12) (13, 4; 13, 7) (9, 4; 30, 3) (1, 11; 8, 30) (9, 5; 27, 31) (0, 12; 31, 8) (6, 14; 0, 20) (0, 9; 20, 15)
(4, 3; 17, 27) (0, 5; 19, 23) (6, 15; 3, 8) (6, 13; 30, 4) (11, 8; 4, 15) (14, 8; 24, 3) (9, 10; 13, 4) (10, 15; 16, 11) (2, 13; 28, 16)
(4, 0; 5, 16) (2, 15; 20, 9) (1, 2; 31, 19) (7, 8; 8, 27) (5, 13; 22, 5) (7, 1; 5, 23) (6, 11; 16, 6) (7, 14; 19, 11) (15, 12; 19, 15)
(11, 14; 27, 1) (10, 0; 7, 27) (14, 2; 23, 18) (11, 5; 29, 12) (7, 3; 16, 2) (1, 6; 22, 17) (5, 3; 0, 15) (3, 1; 29, 11) (3, 14; 21, 14)
(4, 10; 12, 2) (4, 12; 20, 1) (4, 7; 21, 24) (0, 13; 11, 6) (9, 14; 25, 2) (9, 2; 12, 8) (11, 0; 14, 26) (8, 6; 21, 5) (13, 1; 20, 14)
(1, 5; 18, 24) (1, 9; 7, 28) (1, 14; 13, 16) (5, 15; 6, 13)

Lemma 8.12: There exists an SFS of type(4, 2)a(2, 2)9−a for eacha ∈ {0, 1, . . . , 9}.
Proof: Let V = I18 and S = I18+2a. V can be partitioned asV = ∪8

i=0{2i, 2i + 1} and S can be partitioned as
S = (∪a−1

i=0 {4i, 4i+ 1, 4i+ 2, 4i+ 3}) ∪ (∪8
i=a{2i, 2i+ 1}). The required SFSs are presented as follows.

a = 0:
(7, 4; 13, 1) (9, 6; 1, 14) (10, 12; 3, 9) (9, 17; 0, 3) (9, 0; 4, 15) (10, 17; 5, 7) (0, 3; 5, 10) (0, 17; 11, 13) (13, 5; 11, 9)
(12, 15; 1, 7) (15, 5; 3, 12) (14, 16; 3, 4) (17, 15; 9, 2) (5, 0; 17, 14) (12, 3; 16, 14) (11, 4; 3, 14) (16, 1; 12, 14) (3, 1; 7, 17)
(10, 7; 2, 14) (9, 14; 12, 5) (5, 10; 0, 15) (1, 12; 8, 4) (14, 2; 6, 1) (15, 4; 16, 8) (8, 6; 16, 12) (2, 12; 15, 5) (8, 13; 4, 14)
(7, 13; 8, 10) (16, 15; 0, 5) (14, 10; 17, 8) (15, 2; 4, 11) (13, 2; 0, 7) (8, 0; 3, 6) (1, 4; 11, 15) (13, 6; 3, 17) (4, 3; 0, 6)
(9, 12; 11, 17) (11, 8; 0, 2) (13, 10; 16, 6) (0, 4; 9, 7) (10, 6; 4, 13) (14, 1; 9, 13) (14, 0; 16, 2) (2, 5; 16, 13) (10, 3; 1, 12)
(16, 8; 11, 1) (2, 4; 17, 12) (7, 1; 16, 3) (5, 12; 6, 2) (8, 7; 17, 5) (7, 14; 11, 0) (13, 1; 2, 5) (11, 17; 6, 4) (17, 5; 1, 10)
(16, 6; 15, 2) (8, 14; 7, 10) (6, 12; 0, 10) (17, 2; 8, 14) (7, 17; 12, 15) (4, 9; 2, 10) (15, 11; 13, 17) (8, 3; 13, 15) (11, 13; 1, 15)
(6, 11; 5, 9) (6, 3; 8, 11) (16, 2; 9, 10) (3, 7; 4, 9) (9, 16; 13, 6) (15, 1; 10, 6) (5, 16; 7, 8) (0, 11; 8, 12) (9, 11; 7, 16)

a = 1:
(4, 11; 5, 1) (7, 4; 10, 15) (14, 4; 9, 18) (9, 3; 13, 0) (2, 1; 17, 14) (11, 8; 0, 7) (4, 0; 19, 14) (6, 12; 16, 5) (8, 10; 14, 5)
(11, 16; 6, 15) (15, 17; 4, 9) (6, 13; 17, 7) (7, 17; 16, 7) (11, 1; 10, 4) (12, 11; 17, 3) (4, 2; 16, 0) (16, 3; 17, 2) (5, 15; 8, 0)
(2, 14; 3, 6) (14, 11; 11, 2) (15, 7; 1, 12) (0, 8; 6, 16) (1, 7; 18, 13) (1, 5; 9, 5) (14, 3; 19, 10) (0, 14; 12, 4) (13, 11; 9, 19)
(17, 3; 1, 15) (12, 8; 9, 2) (14, 5; 1, 14) (11, 3; 18, 8) (1, 15; 19, 6) (16, 10; 1, 9) (13, 8; 1, 8) (9, 12; 1, 19) (5, 0; 15, 17)
(14, 16; 8, 13) (6, 16; 10, 0) (4, 17; 17, 11) (3, 6; 12, 6) (0, 15; 5, 13) (10, 9; 6, 17) (9, 11; 16, 14) (16, 13; 5, 11) (16, 7; 14, 3)
(6, 4; 4, 2) (3, 10; 3, 16) (6, 10; 15, 19) (5, 8; 12, 19) (0, 13; 10, 18) (7, 13; 6, 2) (6, 15; 3, 11) (13, 9; 3, 12) (2, 12; 13, 10)
(12, 17; 0, 6) (8, 15; 18, 15) (0, 2; 7, 8) (10, 15; 10, 2) (15, 3; 14, 7) (17, 9; 5, 8) (14, 1; 7, 15) (4, 8; 13, 3) (14, 7; 5, 0)
(7, 2; 19, 11) (9, 16; 4, 7) (9, 2; 15, 9) (2, 6; 18, 1) (8, 7; 4, 17) (12, 10; 18, 7) (3, 0; 9, 11) (9, 5; 2, 18) (6, 17; 13, 14)
(17, 5; 3, 10) (2, 17; 12, 2) (5, 13; 13, 16) (10, 13; 0, 4) (1, 16; 16, 12) (12, 4; 8, 12) (1, 10; 8, 11) (5, 12; 4, 11)

a = 2:
(12, 4; 21, 15) (8, 1; 8, 17) (10, 3; 1, 13) (1, 7; 7, 21) (4, 2; 16, 18) (12, 16; 7, 2) (9, 15; 8, 4) (12, 7; 14, 1) (12, 10; 6, 3)
(12, 1; 10, 4) (14, 8; 11, 16) (2, 7; 3, 19) (17, 0; 9, 7) (0, 7; 5, 8) (16, 13; 11, 3) (15, 17; 3, 14) (14, 12; 5, 9) (1, 14; 6, 20)
(1, 13; 5, 14) (6, 15; 15, 12) (10, 4; 19, 7) (0, 13; 18, 12) (5, 6; 3, 18) (4, 8; 20, 3) (11, 6; 20, 5) (11, 16; 4, 19) (5, 12; 19, 13)
(4, 3; 14, 12) (16, 9; 17, 14) (14, 3; 21, 3) (6, 3; 17, 0) (8, 0; 4, 14) (11, 9; 7, 3) (2, 8; 9, 2) (17, 9; 5, 2) (0, 10; 17, 11)
(17, 6; 16, 4) (3, 12; 8, 18) (8, 5; 5, 21) (8, 15; 7, 10) (16, 1; 16, 13) (17, 14; 15, 17) (10, 5; 20, 4) (15, 4; 1, 5) (9, 7; 9, 18)
(11, 15; 16, 9) (2, 13; 20, 0) (5, 2; 12, 11) (17, 12; 12, 0) (16, 7; 6, 12) (16, 14; 8, 0) (0, 2; 13, 15) (2, 15; 17, 21) (6, 4; 2, 6)
(17, 2; 10, 1) (12, 9; 20, 11) (17, 8; 6, 19) (7, 15; 13, 20) (11, 14; 2, 12) (0, 3; 16, 20) (5, 11; 10, 17) (13, 11; 6, 21) (9, 10; 21, 0)
(4, 7; 4, 17) (10, 1; 12, 9) (0, 6; 19, 21) (13, 6; 7, 13) (9, 5; 1, 16) (11, 17; 13, 8) (0, 9; 10, 6) (7, 10; 2, 16) (9, 1; 19, 15)
(10, 13; 8, 10) (16, 10; 5, 18) (3, 16; 10, 15) (5, 14; 14, 7) (1, 17; 11, 18) (2, 6; 14, 8) (3, 13; 19, 9) (15, 5; 6, 0) (4, 14; 13, 10)
(15, 3; 11, 2) (6, 16; 9, 1) (5, 13; 2, 15) (13, 14; 1, 4) (8, 11; 1, 18) (4, 11; 0, 11) (7, 8; 0, 15)

a = 3:
(8, 12; 2, 9) (0, 14; 15, 8) (17, 10; 8, 2) (12, 1; 16, 15) (3, 16; 17, 9) (11, 1; 10, 12) (8, 1; 7, 19) (7, 9; 1, 10) (17, 11; 15, 11)
(3, 5; 22, 1) (10, 13; 13, 11) (11, 9; 4, 2) (15, 3; 0, 15) (14, 9; 22, 7) (0, 8; 18, 11) (17, 8; 17, 3) (11, 6; 22, 14) (13, 16; 7, 15)
(16, 15; 11, 19) (13, 14; 2, 10) (3, 10; 12, 20) (4, 15; 2, 14) (12, 2; 0, 22) (2, 10; 9, 15) (15, 0; 6, 13) (12, 16; 1, 6) (16, 7; 2, 21)
(13, 0; 17, 22) (3, 1; 13, 18) (3, 6; 2, 11) (15, 8; 8, 22) (5, 1; 20, 14) (4, 6; 20, 15) (0, 11; 9, 20) (17, 13; 20, 1) (5, 17; 19, 13)
(14, 6; 16, 9) (5, 2; 2, 12) (3, 8; 10, 16) (8, 11; 1, 5) (0, 17; 7, 12) (6, 13; 5, 0) (12, 3; 21, 8) (14, 12; 11, 4) (11, 7; 19, 8)
(0, 10; 5, 14) (9, 12; 20, 13) (2, 16; 20, 8) (13, 1; 4, 8) (14, 16; 14, 12) (16, 4; 13, 3) (6, 9; 6, 8) (13, 3; 14, 23) (7, 17; 0, 4)
(6, 15; 10, 17) (7, 13; 9, 3) (0, 7; 16, 23) (4, 17; 16, 21) (7, 5; 5, 15) (17, 12; 10, 14) (15, 10; 7, 23) (7, 2; 18, 14) (4, 8; 23, 4)
(14, 4; 18, 1) (5, 15; 3, 4) (1, 17; 9, 6) (6, 0; 21, 4) (6, 10; 19, 1) (5, 12; 17, 23) (15, 17; 18, 5) (12, 11; 3, 7) (5, 6; 7, 18)
(9, 16; 5, 16) (14, 11; 6, 23) (2, 11; 21, 13) (2, 15; 16, 1) (14, 8; 13, 0) (10, 5; 21, 0) (6, 2; 3, 23) (12, 4; 12, 5) (0, 2; 19, 10)
(9, 1; 21, 23) (9, 10; 3, 18) (7, 1; 11, 22) (15, 9; 9, 12) (11, 16; 0, 18) (14, 3; 3, 19) (4, 9; 19, 0) (10, 16; 10, 4) (1, 14; 5, 17)
(8, 13; 12, 21) (5, 13; 16, 6) (2, 9; 11, 17) (4, 7; 17, 7) (4, 10; 6, 22) (7, 8; 6, 20)

a = 4:
(13, 6; 11, 23) (5, 10; 4, 23) (17, 13; 22, 17) (15, 12; 9, 18) (9, 14; 10, 25) (17, 0; 21, 5) (13, 1; 13, 24) (8, 13; 9, 25) (4, 13; 2, 4)
(11, 16; 6, 14) (4, 15; 12, 6) (5, 7; 5, 25) (7, 4; 24, 0) (6, 10; 16, 10) (1, 15; 8, 4) (16, 0; 22, 4) (3, 16; 11, 17) (8, 0; 8, 13)
(14, 3; 20, 1) (9, 10; 11, 5) (14, 1; 5, 19) (7, 15; 7, 19) (17, 2; 20, 8) (15, 10; 1, 25) (17, 8; 23, 7) (10, 12; 6, 13) (4, 17; 1, 15)
(9, 7; 6, 2) (2, 11; 25, 3) (6, 9; 9, 4) (1, 5; 6, 18) (17, 9; 12, 18) (6, 16; 18, 7) (15, 5; 16, 21) (17, 3; 9, 2) (8, 7; 20, 10)
(3, 10; 14, 22) (14, 16; 2, 21) (6, 4; 22, 5) (14, 13; 8, 14) (9, 3; 15, 21) (2, 16; 23, 0) (14, 7; 17, 18) (9, 0; 24, 20) (6, 1; 17, 25)
(0, 4; 16, 18) (11, 12; 2, 11) (11, 6; 1, 24) (14, 11; 13, 4) (13, 11; 5, 16) (2, 14; 16, 11) (11, 7; 22, 21) (4, 9; 3, 14) (0, 15; 11, 14)
(12, 4; 17, 19) (16, 12; 8, 5) (14, 8; 6, 15) (15, 2; 24, 17) (6, 8; 21, 3) (9, 5; 22, 1) (15, 17; 3, 13) (11, 5; 17, 12) (16, 13; 12, 1)
(7, 10; 3, 8) (12, 3; 10, 24) (12, 0; 23, 25) (10, 8; 2, 24) (5, 2; 2, 13) (10, 0; 17, 7) (1, 2; 14, 10) (10, 1; 20, 15) (6, 3; 8, 0)
(11, 17; 0, 10) (8, 2; 18, 22) (5, 14; 7, 24) (12, 17; 14, 16) (14, 10; 0, 9) (5, 16; 3, 20) (1, 16; 9, 16) (7, 3; 23, 16) (6, 15; 20, 2)
(17, 7; 11, 4) (15, 16; 15, 10) (12, 8; 1, 4) (10, 2; 21, 12) (2, 7; 1, 9) (3, 13; 3, 18) (8, 15; 5, 0) (9, 13; 7, 0) (5, 12; 0, 15)
(2, 13; 15, 19) (8, 5; 19, 14) (9, 16; 19, 13) (4, 3; 25, 13) (11, 0; 15, 9) (0, 13; 6, 10) (4, 1; 23, 21) (9, 11; 8, 23) (17, 6; 6, 19)
(0, 3; 19, 12) (4, 11; 7, 20) (12, 1; 7, 22) (1, 8; 11, 12) (12, 14; 3, 12)
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a = 5:
(16, 11; 22, 14) (0, 2; 15, 16) (6, 1; 10, 27) (17, 10; 2, 25) (2, 4; 27, 24) (16, 12; 19, 20) (16, 10; 9, 15) (5, 14; 0, 23) (10, 8; 13, 10)
(12, 10; 0, 16) (7, 11; 26, 11) (14, 10; 1, 5) (7, 2; 2, 17) (13, 3; 21, 24) (10, 2; 14, 18) (6, 12; 9, 5) (15, 1; 14, 9) (15, 10; 12, 23)
(0, 10; 17, 26) (12, 4; 21, 14) (6, 3; 25, 3) (8, 6; 1, 11) (6, 9; 24, 26) (9, 5; 20, 22) (12, 5; 15, 3) (9, 7; 10, 6) (17, 6; 18, 7)
(9, 12; 25, 12) (11, 14; 4, 13) (1, 8; 6, 12) (13, 2; 12, 3) (15, 11; 27, 16) (4, 7; 7, 0) (9, 16; 21, 8) (15, 3; 20, 8) (3, 17; 14, 11)
(13, 9; 0, 27) (8, 16; 24, 5) (4, 0; 25, 5) (14, 4; 18, 3) (14, 9; 14, 7) (12, 7; 18, 8) (15, 9; 11, 2) (3, 4; 19, 12) (2, 1; 26, 20)
(11, 3; 17, 1) (14, 3; 16, 9) (13, 4; 26, 13) (0, 14; 19, 6) (0, 8; 7, 27) (6, 5; 16, 21) (4, 11; 6, 15) (16, 0; 11, 23) (1, 13; 5, 19)
(2, 17; 23, 9) (0, 9; 13, 9) (10, 6; 22, 6) (15, 16; 3, 4) (11, 1; 23, 7) (11, 12; 2, 24) (0, 3; 22, 18) (2, 14; 22, 11) (7, 17; 20, 24)
(15, 12; 7, 26) (8, 11; 3, 9) (14, 6; 2, 8) (0, 6; 20, 4) (12, 2; 1, 10) (10, 7; 19, 3) (2, 11; 8, 0) (15, 5; 6, 18) (0, 17; 12, 8)
(13, 10; 11, 7) (17, 9; 5, 3) (4, 9; 4, 1) (15, 6; 19, 0) (9, 3; 23, 15) (16, 3; 0, 10) (17, 11; 10, 19) (2, 8; 25, 21) (7, 14; 21, 27)
(1, 4; 16, 22) (17, 13; 16, 4) (12, 1; 11, 4) (5, 1; 17, 25) (15, 7; 22, 5) (14, 16; 17, 12) (13, 16; 2, 6) (12, 3; 27, 13) (11, 5; 12, 5)
(3, 5; 2, 26) (5, 0; 24, 14) (13, 14; 10, 20) (8, 17; 0, 22) (17, 1; 21, 15) (8, 7; 23, 4) (5, 2; 19, 13) (16, 1; 13, 18) (13, 15; 15, 17)
(17, 15; 13, 1) (12, 17; 17, 6) (14, 8; 26, 15) (4, 8; 20, 2) (15, 0; 10, 21) (1, 10; 24, 8) (5, 10; 4, 27) (13, 8; 14, 8) (6, 4; 17, 23)
(11, 13; 18, 25) (7, 16; 25, 16) (5, 16; 1, 7) (7, 13; 1, 9)

a = 6:
(6, 1; 24, 7) (4, 15; 29, 12) (0, 10; 27, 13) (14, 17; 22, 25) (12, 6; 3, 19) (16, 4; 6, 21) (15, 0; 14, 8) (3, 14; 28, 8) (3, 10; 12, 3)
(16, 10; 24, 16) (5, 2; 19, 26) (10, 12; 5, 26) (0, 6; 5, 10) (9, 6; 4, 8) (15, 11; 4, 10) (7, 11; 1, 8) (1, 17; 15, 26) (10, 5; 15, 2)
(7, 16; 4, 26) (1, 10; 11, 28) (13, 15; 16, 6) (16, 14; 19, 15) (6, 4; 1, 28) (13, 6; 11, 21) (8, 1; 6, 8) (0, 16; 11, 22) (17, 2; 8, 24)
(2, 7; 25, 20) (3, 4; 19, 23) (10, 9; 29, 6) (1, 5; 4, 16) (14, 11; 3, 5) (5, 9; 22, 1) (2, 13; 1, 29) (6, 14; 18, 23) (9, 1; 5, 20)
(12, 9; 9, 15) (7, 10; 7, 18) (4, 14; 24, 13) (12, 2; 21, 13) (12, 16; 2, 8) (8, 12; 4, 27) (14, 0; 16, 7) (5, 15; 18, 28) (5, 14; 12, 20)
(13, 11; 2, 19) (13, 16; 5, 0) (6, 8; 9, 0) (13, 0; 15, 4) (3, 5; 24, 0) (1, 13; 12, 22) (12, 0; 28, 23) (14, 10; 4, 9) (1, 14; 29, 14)
(13, 10; 17, 8) (2, 9; 27, 23) (1, 4; 27, 25) (12, 15; 7, 22) (12, 11; 18, 29) (11, 16; 14, 25) (4, 17; 4, 3) (3, 9; 13, 26) (7, 4; 5, 22)
(15, 10; 0, 25) (13, 7; 23, 9) (2, 11; 28, 0) (15, 1; 19, 21) (12, 5; 14, 6) (12, 17; 12, 11) (0, 3; 9, 21) (5, 11; 17, 13) (7, 17; 27, 0)
(8, 13; 10, 28) (16, 2; 12, 10) (15, 6; 2, 20) (3, 12; 20, 10) (16, 15; 3, 9) (8, 14; 21, 2) (9, 17; 2, 7) (9, 15; 24, 11) (11, 8; 24, 12)
(13, 4; 18, 26) (8, 16; 7, 20) (6, 2; 22, 16) (8, 15; 5, 13) (3, 7; 16, 2) (12, 14; 17, 1) (4, 0; 20, 17) (4, 11; 15, 7) (15, 2; 15, 17)
(5, 7; 29, 3) (7, 9; 21, 28) (14, 9; 10, 0) (17, 15; 1, 23) (1, 2; 9, 18) (7, 1; 10, 17) (0, 7; 24, 19) (10, 17; 10, 19) (0, 9; 25, 12)
(16, 1; 13, 23) (11, 3; 27, 11) (16, 6; 17, 27) (13, 5; 27, 7) (17, 5; 21, 5) (17, 13; 20, 13) (2, 4; 14, 2) (14, 7; 11, 6) (11, 17; 9, 16)
(2, 8; 3, 11) (4, 12; 0, 16) (9, 13; 3, 14) (0, 8; 26, 29) (6, 3; 29, 25) (3, 17; 14, 17) (0, 17; 6, 18) (6, 11; 6, 26) (3, 8; 15, 22)
(3, 16; 1, 18) (5, 8; 23, 25) (8, 10; 1, 14)

a = 7:
(10, 17; 13, 28) (5, 7; 5, 17) (2, 8; 29, 10) (15, 6; 9, 27) (1, 3; 24, 20) (7, 9; 9, 31) (6, 10; 25, 18) (10, 2; 30, 17) (14, 2; 25, 16)
(6, 11; 1, 31) (13, 2; 9, 15) (11, 16; 12, 4) (17, 1; 29, 26) (1, 9; 25, 30) (9, 11; 3, 28) (12, 17; 17, 7) (8, 15; 1, 24) (12, 1; 6, 16)
(8, 4; 13, 30) (7, 12; 3, 29) (3, 9; 21, 12) (2, 7; 0, 26) (16, 6; 21, 3) (11, 13; 5, 8) (2, 1; 11, 14) (15, 5; 16, 23) (6, 8; 28, 5)
(12, 4; 5, 0) (2, 17; 1, 23) (9, 2; 24, 13) (6, 2; 2, 8) (14, 13; 2, 12) (9, 14; 0, 11) (14, 6; 30, 7) (17, 14; 24, 19) (7, 3; 30, 27)
(3, 4; 1, 15) (13, 15; 4, 20) (15, 2; 22, 3) (10, 13; 19, 29) (10, 3; 3, 8) (12, 3; 22, 28) (9, 6; 26, 22) (14, 4; 31, 23) (14, 7; 22, 6)
(3, 8; 2, 23) (4, 6; 6, 20) (4, 0; 22, 19) (15, 17; 10, 2) (15, 1; 5, 18) (8, 14; 4, 27) (3, 16; 29, 17) (9, 16; 10, 6) (1, 6; 23, 17)
(1, 4; 7, 27) (3, 5; 13, 25) (11, 12; 30, 15) (10, 1; 12, 10) (17, 9; 5, 27) (8, 10; 9, 6) (7, 15; 11, 21) (16, 4; 24, 18) (12, 6; 10, 19)
(15, 10; 14, 0) (0, 5; 21, 27) (5, 2; 31, 12) (15, 16; 7, 13) (8, 16; 0, 25) (14, 3; 14, 10) (11, 2; 19, 27) (16, 14; 5, 20) (5, 13; 30, 1)
(13, 17; 0, 22) (0, 13; 17, 6) (0, 15; 30, 12) (7, 4; 4, 25) (7, 1; 8, 19) (11, 7; 2, 24) (3, 15; 19, 31) (8, 5; 14, 22) (16, 10; 27, 11)
(17, 5; 6, 15) (9, 10; 1, 7) (15, 11; 25, 6) (12, 0; 11, 13) (4, 10; 2, 16) (6, 17; 4, 11) (6, 3; 0, 16) (3, 13; 11, 18) (0, 9; 4, 29)
(14, 12; 1, 8) (0, 11; 16, 10) (11, 8; 26, 11) (4, 13; 28, 21) (5, 11; 7, 0) (9, 5; 2, 20) (12, 9; 14, 23) (11, 17; 9, 18) (0, 17; 25, 14)
(0, 3; 26, 9) (4, 17; 3, 12) (16, 5; 26, 19) (16, 12; 2, 9) (11, 4; 14, 29) (13, 16; 14, 16) (10, 12; 4, 31) (14, 1; 9, 21) (12, 2; 18, 21)
(5, 1; 4, 28) (4, 15; 26, 17) (8, 0; 31, 15) (17, 7; 16, 20) (8, 12; 12, 20) (14, 10; 15, 26) (16, 1; 15, 22) (1, 13; 31, 13) (7, 0; 7, 18)
(6, 5; 29, 24) (7, 13; 23, 10) (13, 8; 3, 7) (8, 17; 8, 21) (14, 11; 13, 17) (9, 15; 8, 15) (0, 10; 24, 5) (14, 5; 3, 18) (16, 7; 1, 28)
(0, 2; 20, 28) (0, 16; 8, 23)

a = 8:
(7, 9; 28, 6) (0, 16; 10, 21) (2, 7; 31, 10) (17, 1; 21, 6) (11, 0; 4, 18) (1, 2; 19, 23) (13, 0; 19, 6) (4, 16; 24, 1) (3, 13; 16, 30)
(16, 1; 27, 22) (10, 6; 10, 30) (4, 0; 17, 30) (4, 3; 13, 23) (17, 3; 10, 18) (3, 16; 3, 20) (6, 3; 25, 28) (17, 13; 4, 8) (1, 14; 10, 7)
(8, 3; 22, 24) (5, 7; 30, 4) (1, 7; 16, 26) (13, 8; 29, 21) (14, 8; 20, 11) (15, 8; 14, 0) (7, 10; 1, 8) (9, 10; 5, 26) (12, 14; 30, 6)
(15, 11; 26, 10) (8, 12; 10, 15) (15, 10; 13, 16) (8, 7; 23, 3) (16, 2; 8, 16) (5, 17; 7, 27) (10, 16; 15, 6) (14, 17; 22, 17) (4, 8; 12, 6)
(2, 13; 9, 20) (9, 1; 13, 20) (3, 9; 0, 15) (5, 13; 13, 1) (13, 16; 23, 14) (12, 10; 28, 9) (12, 2; 22, 13) (2, 14; 27, 3) (4, 7; 5, 22)
(5, 2; 2, 29) (9, 15; 21, 27) (1, 4; 31, 29) (17, 7; 24, 2) (11, 7; 29, 9) (1, 11; 11, 17) (2, 17; 12, 0) (17, 8; 1, 5) (4, 12; 16, 0)
(15, 12; 4, 3) (0, 9; 14, 7) (8, 6; 27, 31) (12, 3; 11, 29) (0, 15; 15, 24) (8, 10; 7, 2) (3, 14; 26, 1) (13, 15; 5, 31) (9, 11; 3, 30)
(6, 9; 2, 9) (17, 6; 29, 16) (10, 4; 18, 14) (12, 5; 23, 18) (10, 14; 12, 4) (16, 5; 0, 28) (6, 12; 8, 19) (2, 11; 1, 14) (5, 10; 31, 3)
(3, 15; 2, 12) (10, 3; 19, 27) (9, 17; 25, 11) (13, 9; 22, 10) (13, 14; 2, 15) (0, 7; 27, 20) (1, 13; 18, 12) (16, 14; 5, 13) (13, 10; 0, 11)
(6, 1; 24, 5) (5, 9; 12, 24) (8, 16; 26, 9) (2, 6; 26, 21) (8, 2; 25, 30) (7, 12; 21, 7) (0, 3; 31, 8) (0, 6; 11, 23) (6, 16; 7, 18)
(0, 17; 13, 28) (11, 14; 31, 24) (14, 9; 8, 23) (14, 5; 19, 14) (8, 11; 13, 8) (9, 16; 29, 4) (5, 1; 15, 25) (17, 15; 23, 9) (14, 4; 21, 25)
(12, 17; 14, 20) (12, 0; 5, 12) (4, 6; 4, 20) (1, 8; 28, 4) (14, 7; 0, 18) (0, 10; 25, 29) (6, 13; 3, 17) (9, 12; 1, 31) (11, 6; 6, 0)
(16, 12; 17, 2) (17, 11; 19, 15) (11, 5; 5, 16) (5, 3; 17, 21) (1, 15; 30, 8) (15, 6; 1, 22) (3, 1; 9, 14) (7, 16; 11, 19) (15, 5; 6, 20)
(0, 5; 26, 22) (0, 14; 16, 9) (11, 16; 12, 25) (2, 10; 17, 24) (7, 15; 25, 17) (15, 4; 7, 19) (17, 4; 26, 3) (2, 15; 11, 18) (11, 4; 27, 2)
(2, 4; 15, 28) (11, 13; 7, 28)

a = 9:
(17, 2; 9, 0) (3, 0; 10, 12) (6, 10; 2, 4) (15, 6; 34, 3) (4, 9; 34, 20) (8, 12; 13, 2) (3, 6; 33, 23) (7, 0; 30, 6) (16, 10; 3, 29)
(3, 5; 26, 19) (8, 1; 26, 33) (11, 17; 11, 30) (11, 4; 29, 33) (16, 7; 19, 28) (1, 2; 35, 12) (12, 15; 19, 32) (16, 3; 24, 16) (0, 10; 14, 26)
(1, 7; 31, 25) (15, 8; 0, 10) (9, 6; 26, 30) (0, 2; 34, 11) (11, 0; 25, 16) (5, 12; 18, 5) (15, 5; 24, 6) (15, 4; 25, 15) (12, 1; 9, 23)
(13, 1; 30, 21) (13, 15; 16, 12) (2, 9; 29, 10) (4, 3; 30, 2) (16, 5; 30, 14) (17, 3; 20, 25) (4, 6; 35, 16) (1, 6; 24, 29) (6, 5; 22, 32)
(12, 2; 20, 1) (8, 16; 12, 5) (11, 12; 4, 8) (14, 3; 11, 21) (6, 11; 31, 0) (13, 16; 31, 11) (2, 5; 31, 27) (4, 13; 0, 18) (17, 0; 5, 17)
(13, 17; 19, 2) (0, 4; 24, 28) (5, 11; 3, 12) (0, 5; 4, 29) (5, 9; 1, 23) (0, 16; 23, 18) (15, 2; 21, 26) (4, 1; 5, 32) (9, 17; 12, 24)
(11, 14; 1, 15) (13, 10; 35, 17) (6, 0; 19, 27) (9, 12; 33, 28) (9, 10; 27, 11) (11, 15; 17, 27) (10, 7; 5, 24) (6, 12; 7, 17) (8, 0; 15, 20)
(3, 1; 28, 17) (1, 17; 16, 27) (15, 10; 13, 8) (1, 10; 34, 18) (17, 10; 6, 10) (17, 15; 23, 4) (7, 15; 20, 18) (17, 12; 3, 31) (13, 9; 4, 14)
(3, 12; 0, 29) (15, 3; 35, 1) (14, 12; 14, 34) (9, 14; 35, 8) (9, 3; 3, 13) (13, 8; 7, 29) (2, 4; 14, 3) (14, 5; 16, 2) (11, 9; 32, 6)
(8, 5; 35, 25) (7, 5; 17, 34) (11, 1; 10, 13) (1, 15; 14, 11) (4, 14; 17, 12) (8, 10; 1, 32) (13, 11; 5, 28) (7, 3; 32, 9) (7, 17; 29, 22)
(9, 1; 15, 22) (8, 3; 8, 27) (5, 17; 15, 21) (6, 14; 5, 10) (16, 9; 25, 0) (2, 13; 15, 23) (4, 12; 22, 6) (2, 16; 13, 17) (3, 13; 34, 22)
(6, 17; 18, 8) (10, 3; 15, 31) (7, 14; 0, 33) (7, 8; 3, 4) (16, 14; 27, 20) (6, 2; 25, 28) (10, 12; 12, 30) (16, 15; 9, 22) (10, 2; 16, 33)
(16, 11; 2, 7) (4, 17; 13, 1) (12, 0; 21, 35) (14, 13; 3, 6) (4, 8; 31, 21) (17, 8; 28, 14) (1, 14; 4, 19) (2, 7; 8, 2) (12, 7; 16, 11)
(6, 13; 9, 20) (11, 3; 14, 18) (12, 16; 10, 15) (2, 8; 30, 22) (10, 14; 25, 9) (16, 1; 8, 6) (5, 10; 28, 0) (5, 1; 20, 7) (6, 8; 6, 11)
(7, 4; 23, 27) (14, 0; 13, 22) (4, 10; 19, 7) (0, 9; 9, 31) (4, 16; 26, 4) (8, 14; 23, 24) (2, 11; 24, 19) (7, 11; 26, 35) (9, 15; 2, 5)
(14, 2; 32, 18) (14, 17; 7, 26) (9, 7; 7, 21) (13, 7; 10, 1) (11, 8; 9, 34) (16, 6; 21, 1) (13, 0; 32, 8) (0, 15; 7, 33) (5, 13; 13, 33)
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C. HSAS(s, v; 3, 3) and HSAS(s, v; 5, 3) with v ∈ {11, 15, 19}

Lemma 8.13: There exists an HSAS(s, 11; 3, 3) for eachs ∈ {11, 13, 15, 17, 19}.
Proof: Let V = I11 andS = Is. Let W = {8, 9, 10} andT = {s− 3, s− 2, s− 1}. The desired HSASs filled with pairs

of points fromV and indexed byS are presented as follows.
s = 11:

(3, 5; 2, 10) (6, 2; 4, 3) (4, 8; 1, 2) (8, 7; 6, 5) (2, 9; 1, 0) (6, 3; 0, 8) (4, 7; 8, 3) (3, 7; 9, 1) (5, 10; 3, 7) (2, 1; 6, 9)
(8, 3; 4, 7) (5, 6; 5, 9) (0, 6; 6, 10) (3, 9; 5, 3) (1, 8; 3, 0) (4, 10; 6, 0) (0, 2; 8, 2) (1, 10; 2, 4) (4, 2; 5, 10) (0, 4; 7, 9)
(1, 7; 7, 10) (10, 0; 1, 5) (6, 9; 7, 2) (5, 1; 8, 1) (0, 7; 0, 4) (5, 9; 4, 6)

s = 13:
(10, 5; 2, 3) (9, 0; 9, 0) (10, 4; 5, 7) (2, 4; 4, 12) (0, 6; 7, 3) (0, 7; 12, 2) (7, 6; 9, 5) (3, 10; 8, 4) (8, 1; 1, 4) (2, 1; 2, 11)
(5, 1; 9, 7) (9, 3; 1, 7) (1, 6; 12, 8) (5, 0; 4, 10) (10, 1; 6, 0) (4, 0; 6, 11) (7, 3; 0, 11) (9, 2; 5, 3) (8, 3; 9, 3) (8, 6; 6, 2)
(3, 5; 12, 6) (6, 5; 11, 1) (4, 7; 1, 3) (2, 5; 8, 0) (1, 3; 10, 5) (9, 4; 8, 2) (4, 6; 0, 10) (10, 2; 9, 1) (9, 7; 6, 4) (8, 0; 5, 8)
(2, 7; 7, 10)

s = 15:
(7, 4; 8, 7) (5, 6; 4, 9) (3, 4; 3, 5) (4, 5; 0, 14) (7, 0; 14, 10) (4, 6; 12, 11) (0, 3; 11, 1) (2, 8; 6, 1) (1, 8; 11, 5) (9, 7; 6, 2)
(0, 9; 8, 9) (8, 7; 0, 9) (8, 3; 7, 10) (2, 7; 5, 12) (9, 2; 7, 11) (3, 9; 4, 0) (0, 6; 6, 0) (4, 10; 9, 1) (10, 6; 7, 5) (3, 6; 14, 8)
(5, 8; 3, 8) (1, 3; 12, 6) (9, 6; 10, 3) (1, 10; 8, 4) (10, 2; 2, 0) (5, 3; 13, 2) (4, 8; 4, 2) (7, 10; 3, 11) (5, 9; 1, 5) (2, 1; 9, 14)
(10, 5; 6, 10) (1, 4; 13, 10) (6, 7; 13, 1) (0, 1; 3, 2) (0, 2; 4, 13) (0, 5; 7, 12)

s = 17:
(2, 10; 1, 7) (2, 7; 16, 9) (2, 6; 14, 11) (5, 3; 3, 16) (2, 5; 10, 0) (1, 3; 4, 5) (0, 5; 12, 2) (10, 1; 13, 2) (4, 2; 4, 6) (8, 6; 10, 4)
(10, 0; 8, 5) (5, 4; 14, 5) (7, 6; 12, 0) (8, 3; 2, 11) (8, 2; 5, 3) (10, 7; 11, 10) (4, 0; 11, 0) (9, 1; 11, 12) (10, 6; 3, 6) (4, 6; 16, 2)
(7, 3; 15, 6) (5, 10; 4, 9) (4, 8; 12, 7) (7, 9; 5, 2) (4, 9; 8, 10) (6, 1; 8, 1) (8, 1; 0, 6) (6, 9; 13, 9) (9, 5; 1, 6) (0, 8; 1, 9)
(0, 2; 15, 13) (1, 0; 7, 16) (4, 1; 9, 15) (8, 7; 13, 8) (4, 3; 13, 1) (3, 9; 0, 7) (0, 3; 10, 14) (5, 6; 15, 7) (3, 2; 12, 8) (7, 1; 3, 14)
(0, 9; 3, 4)

s = 19:
(6, 5; 13, 2) (2, 9; 6, 1) (6, 3; 1, 16) (3, 0; 7, 5) (5, 9; 12, 3) (4, 6; 12, 18) (0, 9; 0, 15) (6, 7; 17, 4) (6, 9; 7, 10) (7, 2; 12, 14)
(1, 0; 17, 1) (8, 0; 13, 12) (4, 9; 11, 5) (0, 6; 3, 14) (10, 6; 0, 6) (4, 2; 0, 13) (4, 5; 16, 15) (3, 2; 18, 8) (5, 8; 0, 11) (9, 1; 8, 13)
(1, 4; 4, 6) (4, 0; 10, 2) (5, 2; 17, 5) (0, 7; 11, 18) (8, 3; 10, 6) (1, 5; 18, 10) (8, 1; 14, 2) (3, 4; 17, 14) (4, 10; 9, 7) (9, 7; 9, 2)
(1, 10; 12, 5) (2, 8; 15, 4) (6, 1; 15, 11) (3, 10; 2, 15) (5, 3; 9, 4) (2, 10; 11, 10) (2, 1; 3, 7) (5, 10; 1, 14) (1, 7; 16, 0) (10, 7; 13, 3)
(0, 2; 16, 9) (8, 6; 9, 5) (10, 0; 4, 8) (8, 4; 3, 8) (7, 8; 1, 7) (5, 7; 6, 8)

Lemma 8.14: There exists an HSAS(s, 15; 3, 3) for eachs ∈ {15, 17, . . . , 27}.
Proof: Let V = I15 andS = Is. Let W = {12, 13, 14} andT = {s − 3, s − 2, s − 1}. The desired HSASs filled with

pairs of points fromV and indexed byS are presented as follows.
s = 15:
(12, 9; 1, 0) (7, 8; 5, 13) (10, 12; 6, 9) (6, 14; 3, 9) (5, 1; 10, 1) (4, 13; 6, 10) (11, 2; 14, 1) (11, 9; 13, 6) (9, 6; 11, 5) (0, 5; 0, 9)
(0, 8; 8, 14) (2, 0; 13, 3) (10, 1; 0, 13) (11, 4; 11, 2) (2, 1; 6, 12) (10, 4; 14, 3) (12, 2; 7, 2) (3, 5; 12, 11) (4, 5; 8, 13) (7, 5; 7, 4)
(8, 6; 0, 6) (2, 14; 0, 10) (1, 8; 3, 2) (0, 10; 11, 7) (11, 12; 4, 8) (12, 8; 10, 11) (7, 1; 9, 14) (2, 3; 9, 8) (10, 7; 2, 12) (12, 5; 5, 3)
(14, 1; 4, 11) (11, 6; 7, 12) (9, 13; 3, 4) (2, 4; 4, 5) (8, 10; 1, 4) (13, 7; 11, 0) (0, 14; 6, 5) (4, 8; 12, 9) (11, 13; 5, 9) (9, 3; 14, 7)
(14, 9; 8, 2) (6, 3; 13, 4) (0, 13; 2, 1) (13, 1; 8, 7) (3, 11; 0, 3) (0, 9; 10, 12) (3, 7; 1, 6) (6, 5; 2, 14) (7, 6; 8, 10) (3, 10; 5, 10)
(4, 14; 1, 7)

s = 17:
(12, 10; 1, 0) (3, 5; 14, 1) (11, 13; 10, 0) (7, 0; 1, 5) (0, 6; 7, 6) (13, 8; 1, 4) (9, 5; 9, 15) (2, 10; 5, 14) (5, 4; 12, 16) (8, 14; 10, 13)
(3, 2; 2, 12) (11, 0; 8, 16) (10, 7; 11, 16) (1, 11; 15, 7) (4, 3; 11, 15) (5, 1; 0, 3) (4, 13; 5, 9) (2, 8; 16, 7) (5, 12; 5, 10) (9, 0; 4, 12)
(11, 9; 1, 11) (2, 6; 0, 15) (3, 13; 7, 8) (5, 7; 4, 6) (9, 2; 10, 8) (11, 8; 14, 6) (10, 5; 8, 2) (10, 8; 3, 12) (1, 3; 13, 9) (6, 1; 2, 16)
(7, 14; 12, 8) (2, 11; 4, 9) (8, 1; 8, 11) (3, 8; 0, 5) (12, 11; 12, 13) (13, 1; 12, 6) (12, 4; 2, 6) (13, 9; 2, 13) (10, 6; 9, 10) (2, 14; 1, 6)
(5, 14; 11, 7) (12, 6; 4, 11) (6, 7; 13, 14) (13, 0; 3, 11) (9, 4; 0, 14) (9, 3; 16, 6) (7, 8; 15, 2) (1, 14; 5, 4) (7, 3; 10, 3) (12, 7; 7, 9)
(1, 0; 10, 14) (10, 4; 4, 7) (4, 6; 8, 1) (6, 9; 5, 3) (4, 2; 3, 13) (0, 14; 9, 0) (0, 10; 13, 15) (11, 14; 2, 3)

s = 19:
(7, 12; 7, 6) (2, 12; 8, 2) (0, 9; 4, 2) (10, 2; 12, 15) (3, 5; 10, 6) (6, 13; 10, 4) (5, 12; 1, 9) (7, 13; 8, 12) (7, 14; 15, 4)
(6, 0; 16, 0) (10, 12; 14, 4) (11, 7; 0, 2) (5, 8; 16, 8) (13, 10; 13, 2) (7, 0; 9, 14) (14, 9; 0, 12) (4, 13; 0, 1) (10, 3; 1, 5)
(8, 14; 10, 14) (9, 10; 8, 9) (11, 6; 18, 7) (3, 4; 3, 18) (3, 12; 13, 11) (11, 3; 9, 12) (3, 13; 14, 7) (4, 8; 2, 11) (1, 0; 11, 6)
(0, 11; 15, 1) (10, 6; 17, 11) (4, 1; 17, 14) (5, 1; 7, 4) (6, 5; 2, 12) (2, 8; 4, 6) (10, 7; 18, 10) (11, 9; 17, 10) (4, 12; 10, 12)
(13, 5; 5, 11) (8, 7; 13, 1) (1, 3; 16, 15) (9, 6; 14, 15) (0, 10; 3, 7) (14, 11; 3, 13) (8, 6; 5, 9) (1, 6; 8, 3) (9, 7; 11, 16)
(14, 6; 1, 6) (9, 1; 18, 13) (8, 3; 0, 17) (0, 14; 8, 5) (4, 2; 16, 9) (5, 4; 13, 15) (1, 2; 10, 1) (5, 7; 17, 3) (12, 1; 5, 0)
(8, 12; 15, 3) (0, 8; 18, 12) (1, 14; 9, 2) (4, 11; 8, 4) (10, 11; 16, 6) (9, 13; 3, 6) (5, 2; 0, 18) (2, 0; 17, 13) (4, 9; 5, 7)
(2, 11; 14, 5) (2, 14; 7, 11)

s = 21:
(8, 14; 13, 6) (12, 6; 15, 1) (0, 7; 17, 20) (6, 11; 8, 13) (7, 11; 4, 18) (7, 1; 14, 10) (0, 13; 8, 0) (8, 7; 19, 2) (5, 2; 18, 15)
(6, 8; 18, 10) (8, 0; 15, 4) (12, 5; 12, 6) (13, 10; 10, 16) (4, 1; 4, 20) (3, 11; 5, 15) (6, 3; 9, 19) (1, 13; 15, 6) (7, 2; 16, 11)
(4, 9; 8, 17) (9, 8; 9, 16) (4, 11; 19, 3) (3, 14; 8, 12) (6, 2; 6, 4) (3, 10; 3, 14) (5, 8; 8, 3) (4, 6; 2, 5) (4, 5; 1, 0)
(8, 11; 12, 17) (11, 12; 14, 16) (10, 4; 6, 18) (0, 4; 12, 13) (0, 10; 1, 19) (1, 6; 16, 12) (13, 11; 1, 7) (9, 5; 4, 5) (9, 11; 11, 6)
(2, 14; 17, 3) (1, 10; 8, 7) (3, 13; 17, 4) (12, 0; 5, 11) (11, 10; 9, 20) (7, 14; 7, 5) (2, 11; 0, 10) (8, 13; 14, 5) (4, 2; 9, 14)
(0, 3; 2, 6) (4, 14; 16, 15) (9, 6; 20, 7) (2, 10; 12, 5) (0, 1; 9, 18) (9, 2; 19, 13) (5, 14; 10, 9) (7, 12; 3, 0) (10, 14; 11, 4)
(14, 1; 0, 2) (13, 5; 2, 13) (2, 8; 20, 1) (0, 5; 14, 7) (5, 1; 19, 11) (12, 2; 2, 8) (3, 9; 0, 18) (14, 9; 14, 1) (6, 13; 3, 11)
(8, 3; 7, 11) (3, 5; 20, 16) (9, 10; 2, 15) (7, 13; 9, 12) (9, 0; 10, 3) (6, 10; 17, 0) (12, 4; 7, 10) (1, 12; 13, 17) (3, 7; 1, 13)
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s = 23:
(9, 4; 18, 4) (13, 6; 8, 12) (4, 1; 15, 12) (7, 6; 15, 13) (10, 7; 17, 11) (10, 2; 15, 20) (14, 9; 19, 0) (0, 2; 21, 17) (13, 9; 2, 9)
(9, 1; 6, 8) (11, 12; 5, 8) (7, 13; 0, 14) (12, 7; 6, 12) (8, 0; 8, 20) (6, 3; 6, 21) (14, 0; 5, 16) (7, 5; 4, 1) (1, 7; 20, 7)
(3, 0; 2, 19) (8, 14; 9, 17) (14, 5; 11, 6) (8, 5; 2, 18) (10, 4; 5, 22) (13, 11; 13, 16) (14, 2; 12, 18) (1, 12; 0, 3) (3, 8; 13, 7)
(3, 14; 4, 8) (7, 9; 3, 21) (12, 9; 17, 13) (4, 3; 3, 20) (4, 11; 21, 19) (2, 1; 14, 13) (8, 13; 11, 3) (5, 13; 5, 17) (6, 5; 20, 19)
(6, 1; 16, 17) (0, 13; 18, 15) (5, 3; 10, 14) (2, 7; 19, 16) (7, 8; 10, 5) (6, 8; 0, 1) (10, 1; 19, 18) (10, 11; 14, 2) (5, 12; 16, 15)
(4, 8; 16, 6) (11, 5; 12, 9) (11, 1; 1, 22) (0, 9; 12, 14) (14, 4; 14, 1) (9, 6; 11, 5) (0, 10; 6, 1) (12, 6; 18, 10) (12, 4; 7, 2)
(6, 2; 3, 2) (1, 14; 10, 2) (3, 10; 12, 16) (4, 7; 8, 9) (2, 9; 7, 1) (9, 11; 20, 10) (5, 2; 8, 22) (6, 0; 9, 22) (9, 8; 22, 15)
(4, 2; 11, 0) (1, 3; 5, 9) (5, 0; 3, 7) (6, 10; 7, 4) (0, 4; 10, 13) (3, 11; 17, 0) (11, 14; 15, 7) (10, 5; 0, 21) (8, 12; 19, 14)
(3, 7; 18, 22) (12, 3; 11, 1) (1, 8; 21, 4) (10, 14; 3, 13) (11, 0; 4, 11) (2, 13; 6, 10) (2, 12; 4, 9)

s = 25:
(3, 7; 3, 17) (9, 8; 11, 1) (5, 10; 8, 1) (9, 1; 16, 22) (8, 11; 21, 24) (4, 3; 5, 24) (4, 5; 17, 23) (8, 14; 5, 8) (12, 0; 1, 20)
(14, 10; 6, 10) (0, 13; 13, 4) (14, 0; 21, 19) (11, 4; 11, 10) (4, 10; 19, 20) (1, 7; 1, 24) (8, 10; 2, 7) (12, 10; 13, 0) (13, 4; 2, 8)
(0, 8; 22, 15) (5, 8; 16, 14) (11, 13; 9, 1) (12, 5; 6, 12) (2, 14; 3, 13) (2, 13; 16, 0) (6, 13; 10, 7) (6, 11; 13, 23) (7, 11; 7, 22)
(8, 12; 19, 3) (1, 8; 9, 13) (3, 10; 22, 9) (2, 4; 22, 1) (9, 0; 17, 8) (7, 10; 14, 15) (9, 3; 7, 18) (6, 0; 24, 11) (14, 6; 2, 18)
(7, 0; 2, 10) (2, 8; 20, 4) (1, 13; 15, 11) (7, 14; 0, 4) (1, 14; 17, 20) (12, 11; 5, 17) (5, 3; 15, 4) (6, 5; 22, 21) (11, 14; 14, 12)
(11, 0; 16, 18) (12, 7; 11, 9) (9, 2; 12, 21) (6, 10; 16, 12) (9, 4; 14, 0) (14, 4; 15, 9) (10, 13; 17, 21) (3, 14; 1, 16) (7, 13; 12, 19)
(3, 13; 14, 20) (2, 6; 15, 8) (4, 0; 12, 3) (2, 5; 5, 10) (6, 8; 17, 0) (1, 4; 7, 21) (2, 1; 14, 2) (6, 7; 5, 20) (7, 4; 13, 16)
(2, 10; 18, 24) (4, 8; 18, 6) (0, 2; 9, 7) (7, 2; 6, 23) (1, 11; 3, 4) (11, 3; 6, 8) (12, 6; 14, 4) (9, 12; 10, 15) (1, 6; 19, 6)
(9, 13; 6, 5) (10, 9; 23, 4) (5, 13; 18, 3) (1, 0; 23, 5) (8, 3; 12, 23) (5, 9; 24, 13) (9, 6; 9, 3) (12, 1; 18, 8) (5, 14; 11, 7)
(2, 3; 19, 11) (3, 12; 2, 21) (11, 9; 2, 19) (1, 3; 0, 10) (5, 11; 0, 20)

s = 27:
(3, 12; 0, 23) (1, 7; 0, 22) (6, 13; 6, 17) (7, 2; 17, 23) (11, 8; 0, 11) (1, 11; 24, 10) (14, 2; 3, 11) (3, 14; 12, 15) (6, 8; 12, 14)
(14, 8; 9, 20) (8, 5; 18, 26) (13, 1; 2, 11) (6, 7; 24, 1) (1, 14; 13, 18) (6, 0; 8, 22) (7, 9; 16, 5) (12, 5; 11, 12) (5, 2; 21, 15)
(5, 3; 2, 8) (8, 1; 16, 3) (13, 10; 23, 5) (0, 8; 23, 4) (3, 1; 7, 26) (5, 1; 9, 1) (5, 7; 6, 13) (14, 11; 16, 1) (2, 13; 0, 10)
(3, 7; 4, 11) (10, 5; 10, 16) (7, 14; 8, 14) (11, 6; 15, 23) (12, 6; 18, 16) (7, 10; 26, 15) (6, 9; 26, 11) (8, 13; 21, 1) (1, 4; 5, 14)
(5, 13; 4, 22) (14, 9; 10, 2) (0, 9; 15, 24) (9, 12; 6, 14) (10, 1; 12, 19) (12, 4; 13, 10) (10, 9; 17, 1) (3, 2; 14, 1) (5, 6; 25, 3)
(9, 1; 23, 8) (9, 8; 22, 19) (13, 3; 20, 19) (11, 4; 18, 2) (4, 14; 22, 23) (8, 7; 7, 25) (8, 10; 2, 13) (0, 3; 13, 25) (8, 12; 15, 8)
(11, 7; 19, 21) (1, 2; 20, 25) (10, 3; 21, 24) (12, 11; 3, 20) (9, 4; 21, 4) (0, 5; 0, 14) (4, 5; 24, 17) (4, 13; 7, 15) (11, 0; 5, 7)
(0, 1; 21, 6) (0, 2; 2, 16) (2, 12; 19, 5) (10, 0; 9, 3) (8, 2; 6, 24) (1, 12; 4, 17) (10, 2; 18, 22) (13, 0; 18, 12) (0, 7; 10, 20)
(10, 6; 4, 20) (6, 2; 7, 13) (4, 3; 16, 6) (4, 0; 26, 1) (3, 8; 5, 10) (9, 5; 20, 7) (7, 12; 9, 2) (10, 11; 8, 6) (6, 14; 5, 21)
(4, 6; 19, 0) (13, 11; 9, 14) (9, 3; 18, 9) (10, 4; 11, 25) (14, 0; 17, 19) (3, 11; 22, 17) (2, 11; 4, 26) (9, 13; 3, 13) (9, 11; 25, 12)
(4, 2; 8, 9) (4, 7; 3, 12) (10, 14; 0, 7)

Lemma 8.15: There exists an HSAS(s, 19; 3, 3) for eachs ∈ {19, 21, . . . , 35}.
Proof: Let V = I19 andS = Is. Let W = {16, 17, 18} andT = {s − 3, s − 2, s − 1}. The desired HSASs filled with

pairs of points fromV and indexed byS are presented as follows.
s = 19:

(2, 13; 3, 17) (3, 7; 0, 16) (14, 8; 10, 14) (13, 16; 11, 9) (9, 1; 17, 7) (14, 7; 12, 17) (0, 15; 0, 2) (15, 6; 4, 1) (9, 6; 14, 18)
(13, 0; 18, 5) (4, 12; 5, 2) (14, 16; 15, 3) (8, 3; 9, 13) (5, 1; 2, 8) (16, 10; 13, 10) (15, 12; 11, 3) (9, 11; 16, 3) (15, 11; 8, 17)
(17, 7; 2, 10) (17, 13; 8, 6) (12, 5; 7, 18) (8, 7; 3, 18) (7, 10; 11, 7) (13, 14; 0, 1) (8, 6; 5, 16) (4, 1; 3, 4) (11, 12; 0, 9)
(5, 13; 10, 16) (18, 1; 12, 15) (18, 5; 3, 0) (0, 2; 4, 14) (2, 6; 2, 13) (6, 18; 10, 11) (11, 1; 5, 10) (3, 5; 14, 11) (14, 18; 13, 6)
(13, 10; 14, 15) (6, 4; 17, 0) (14, 2; 9, 8) (10, 8; 0, 8) (4, 11; 7, 6) (17, 4; 1, 9) (12, 2; 1, 10) (14, 12; 16, 4) (0, 4; 13, 8)
(10, 2; 6, 16) (10, 3; 3, 5) (7, 5; 9, 4) (9, 8; 1, 11) (18, 8; 7, 4) (14, 3; 18, 2) (7, 1; 13, 1) (0, 9; 6, 9) (1, 0; 16, 11)
(17, 12; 14, 13) (15, 1; 9, 18) (5, 9; 13, 12) (10, 18; 2, 9) (14, 17; 5, 11) (3, 12; 17, 6) (8, 15; 12, 6) (15, 4; 14, 16) (5, 10; 17, 1)
(9, 18; 5, 8) (13, 15; 13, 7) (3, 0; 10, 12) (17, 3; 15, 4) (12, 16; 8, 12) (4, 2; 12, 18) (1, 16; 6, 0) (17, 6; 12, 3) (11, 18; 1, 14)
(16, 0; 7, 1) (9, 4; 15, 10) (10, 11; 18, 4) (8, 0; 17, 15) (5, 15; 5, 15) (16, 7; 5, 14) (2, 11; 15, 11) (16, 9; 2, 4) (17, 2; 0, 7)
(13, 11; 2, 12) (7, 6; 15, 6) (3, 6; 7, 8)

s = 21:
(3, 16; 12, 5) (16, 8; 17, 0) (7, 17; 9, 0) (2, 3; 15, 17) (11, 3; 4, 19) (13, 0; 8, 20) (13, 6; 17, 12) (12, 8; 6, 19) (14, 12; 20, 17)
(13, 11; 9, 5) (16, 14; 8, 9) (8, 7; 16, 4) (18, 2; 0, 16) (15, 5; 16, 19) (9, 4; 1, 3) (15, 16; 7, 4) (3, 17; 7, 8) (10, 5; 18, 3)
(2, 1; 7, 20) (1, 15; 3, 15) (4, 16; 16, 14) (6, 2; 3, 6) (10, 14; 0, 15) (5, 11; 11, 20) (18, 13; 15, 4) (4, 10; 13, 20) (16, 2; 1, 2)
(6, 10; 16, 7) (4, 0; 7, 18) (15, 11; 2, 6) (6, 3; 14, 10) (16, 7; 3, 10) (15, 6; 20, 1) (11, 4; 10, 15) (14, 8; 7, 3) (11, 17; 16, 1)
(1, 16; 11, 13) (5, 2; 10, 8) (7, 4; 17, 11) (2, 4; 19, 12) (17, 9; 6, 12) (14, 6; 5, 19) (3, 8; 20, 2) (18, 9; 14, 2) (10, 11; 8, 17)
(15, 2; 11, 9) (8, 18; 11, 8) (7, 14; 14, 6) (3, 0; 16, 3) (3, 9; 11, 0) (4, 15; 5, 8) (13, 17; 3, 11) (12, 4; 2, 9) (18, 10; 5, 10)
(12, 6; 4, 11) (17, 8; 10, 13) (2, 12; 13, 18) (3, 13; 6, 13) (7, 1; 19, 8) (5, 18; 17, 6) (1, 0; 0, 14) (12, 5; 5, 7) (13, 12; 1, 0)
(12, 9; 8, 15) (18, 1; 9, 12) (7, 9; 20, 5) (11, 12; 3, 14) (11, 8; 18, 12) (0, 17; 17, 2) (12, 1; 16, 10) (1, 10; 1, 6) (6, 1; 2, 18)
(0, 16; 6, 15) (5, 17; 14, 15) (0, 15; 12, 13) (7, 10; 12, 2) (9, 13; 7, 19) (0, 8; 5, 1) (0, 10; 9, 19) (5, 4; 4, 0) (1, 17; 4, 5)
(2, 10; 4, 14) (18, 7; 7, 13) (9, 15; 10, 17) (6, 11; 13, 0) (13, 15; 18, 14) (6, 8; 15, 9) (3, 7; 1, 18) (9, 14; 4, 18) (14, 0; 10, 11)
(14, 13; 2, 16) (5, 9; 9, 13) (5, 14; 1, 12)

s = 23:
(6, 7; 15, 7) (2, 5; 12, 20) (13, 1; 14, 4) (2, 18; 14, 15) (14, 9; 12, 21) (8, 10; 15, 5) (1, 17; 7, 12) (4, 13; 11, 10) (4, 10; 9, 19)
(16, 9; 4, 17) (7, 9; 11, 2) (3, 4; 4, 20) (6, 18; 8, 13) (0, 16; 12, 9) (17, 2; 6, 16) (0, 3; 19, 2) (15, 0; 5, 16) (5, 15; 0, 3)
(5, 17; 14, 17) (5, 3; 21, 16) (1, 12; 13, 22) (13, 14; 15, 22) (10, 15; 10, 8) (11, 15; 21, 7) (6, 1; 10, 0) (14, 4; 16, 18) (3, 2; 8, 17)
(15, 1; 6, 1) (12, 0; 11, 18) (12, 17; 9, 10) (8, 12; 21, 2) (9, 17; 5, 18) (14, 10; 7, 20) (10, 11; 1, 17) (18, 13; 9, 2) (16, 12; 0, 15)
(9, 8; 20, 16) (6, 8; 9, 11) (3, 14; 9, 5) (10, 0; 22, 14) (3, 13; 12, 18) (1, 4; 21, 5) (16, 5; 2, 1) (0, 9; 13, 15) (5, 11; 9, 15)
(2, 0; 4, 21) (14, 11; 13, 4) (7, 4; 22, 3) (7, 1; 8, 19) (15, 17; 19, 13) (2, 15; 11, 22) (2, 6; 2, 5) (8, 13; 19, 1) (15, 4; 15, 2)
(14, 16; 6, 3) (0, 1; 17, 20) (6, 13; 17, 21) (6, 9; 19, 3) (11, 16; 10, 14) (10, 3; 13, 11) (12, 9; 6, 7) (15, 7; 17, 9) (16, 2; 18, 19)
(7, 13; 6, 20) (10, 17; 0, 2) (18, 0; 10, 3) (13, 11; 3, 16) (17, 7; 1, 4) (5, 6; 6, 4) (15, 6; 20, 14) (14, 7; 14, 0) (9, 5; 10, 22)
(2, 9; 0, 9) (16, 1; 11, 16) (13, 16; 5, 8) (12, 10; 3, 4) (0, 4; 8, 6) (13, 0; 7, 0) (7, 8; 10, 12) (14, 2; 1, 10) (5, 8; 18, 8)
(4, 16; 13, 7) (5, 7; 5, 13) (17, 14; 8, 11) (12, 14; 19, 17) (7, 10; 18, 21) (8, 3; 22, 7) (15, 18; 4, 18) (17, 3; 15, 3) (11, 6; 22, 12)
(5, 18; 19, 7) (9, 3; 1, 14) (1, 11; 18, 2) (3, 11; 6, 0) (4, 12; 12, 14) (11, 18; 11, 5) (2, 8; 3, 13) (12, 11; 8, 20) (12, 6; 16, 1)
(18, 10; 16, 12) (18, 8; 6, 17) (4, 18; 0, 1)
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s = 25:
(8, 16; 17, 18) (0, 3; 0, 22) (10, 11; 4, 14) (12, 13; 23, 20) (5, 6; 2, 23) (9, 10; 13, 16) (1, 17; 5, 18) (15, 4; 17, 12) (5, 0; 15, 20)
(7, 8; 12, 0) (16, 3; 15, 13) (18, 1; 13, 12) (18, 13; 15, 17) (9, 0; 12, 1) (6, 7; 4, 16) (14, 11; 23, 13) (6, 16; 8, 5) (17, 11; 8, 21)
(12, 2; 13, 11) (5, 18; 10, 18) (12, 14; 4, 17) (15, 6; 22, 13) (14, 10; 15, 1) (11, 1; 17, 0) (10, 0; 5, 9) (7, 4; 5, 20) (2, 10; 2, 22)
(11, 6; 20, 7) (17, 15; 0, 15) (1, 0; 3, 21) (5, 9; 4, 3) (12, 1; 2, 19) (15, 13; 3, 18) (4, 2; 15, 21) (8, 17; 10, 16) (7, 14; 21, 22)
(14, 9; 5, 10) (14, 0; 18, 8) (7, 1; 23, 14) (11, 12; 15, 5) (13, 4; 8, 13) (3, 7; 8, 2) (3, 5; 5, 17) (0, 13; 4, 24) (3, 13; 16, 1)
(5, 2; 8, 0) (11, 3; 9, 19) (17, 13; 2, 6) (15, 1; 20, 1) (6, 2; 24, 18) (18, 12; 6, 0) (9, 16; 20, 0) (16, 15; 21, 16) (17, 2; 7, 17)
(15, 9; 19, 23) (16, 1; 4, 7) (18, 3; 3, 11) (8, 0; 19, 13) (17, 5; 1, 13) (12, 10; 24, 8) (15, 18; 5, 14) (9, 8; 2, 24) (5, 4; 9, 14)
(18, 8; 21, 20) (16, 7; 6, 19) (14, 8; 7, 9) (2, 14; 3, 20) (7, 11; 24, 1) (11, 0; 10, 2) (9, 3; 21, 6) (2, 11; 6, 12) (8, 15; 8, 4)
(16, 13; 9, 12) (11, 5; 16, 11) (14, 4; 19, 24) (4, 18; 7, 1) (12, 6; 21, 12) (15, 12; 10, 9) (13, 5; 19, 22) (6, 4; 11, 0) (10, 8; 23, 11)
(0, 6; 6, 17) (1, 4; 10, 22) (2, 3; 23, 10) (14, 15; 11, 6) (0, 4; 16, 23) (17, 0; 11, 14) (3, 14; 12, 14) (13, 7; 10, 11) (18, 14; 2, 16)
(12, 8; 3, 22) (10, 4; 6, 18) (9, 13; 14, 7) (9, 11; 18, 22) (6, 10; 10, 19) (10, 13; 21, 0) (17, 3; 4, 20) (9, 1; 11, 15) (17, 6; 9, 3)
(7, 10; 3, 17) (8, 6; 14, 15) (9, 18; 9, 8) (16, 4; 3, 2) (15, 3; 7, 24) (12, 7; 18, 7) (1, 2; 9, 16) (5, 10; 7, 12) (18, 2; 4, 19)
(5, 1; 24, 6) (8, 2; 1, 5) (12, 16; 1, 14)

s = 27:
(8, 5; 17, 23) (16, 9; 11, 7) (6, 15; 0, 10) (1, 3; 11, 25) (1, 10; 1, 22) (16, 14; 13, 22) (2, 10; 5, 0) (4, 11; 18, 2) (4, 10; 9, 23)
(8, 6; 9, 2) (11, 0; 24, 15) (0, 8; 26, 18) (5, 16; 20, 12) (3, 13; 26, 12) (5, 11; 8, 7) (10, 17; 14, 19) (7, 15; 16, 18) (3, 8; 20, 21)
(15, 0; 12, 8) (6, 9; 12, 13) (13, 12; 4, 16) (8, 10; 10, 24) (2, 16; 17, 2) (18, 3; 0, 23) (10, 3; 6, 7) (15, 2; 6, 21) (14, 17; 10, 2)
(4, 16; 16, 10) (17, 7; 1, 12) (17, 13; 17, 18) (2, 6; 22, 26) (9, 13; 21, 1) (6, 5; 6, 1) (16, 10; 18, 15) (12, 0; 9, 1) (17, 2; 4, 23)
(18, 4; 14, 3) (7, 18; 13, 5) (11, 15; 25, 19) (18, 10; 4, 2) (5, 14; 16, 0) (13, 6; 5, 3) (17, 0; 21, 16) (3, 16; 14, 4) (17, 4; 8, 6)
(1, 8; 12, 19) (5, 7; 10, 11) (16, 7; 0, 9) (15, 3; 5, 9) (5, 9; 14, 5) (18, 0; 17, 19) (15, 8; 1, 14) (8, 13; 6, 13) (4, 9; 22, 25)
(15, 12; 2, 22) (5, 13; 19, 9) (12, 11; 14, 21) (4, 6; 4, 11) (0, 14; 14, 6) (13, 2; 15, 25) (12, 14; 20, 23) (1, 2; 16, 7) (9, 11; 3, 0)
(2, 4; 24, 19) (15, 10; 17, 13) (7, 12; 7, 24) (6, 18; 21, 7) (7, 13; 14, 2) (9, 2; 18, 10) (4, 7; 26, 20) (7, 14; 8, 19) (7, 3; 15, 3)
(2, 14; 12, 3) (11, 1; 20, 4) (18, 8; 11, 16) (16, 8; 3, 8) (14, 15; 4, 7) (13, 0; 7, 0) (6, 14; 25, 18) (11, 2; 11, 1) (11, 16; 6, 5)
(11, 18; 12, 10) (9, 3; 16, 2) (17, 1; 0, 13) (15, 9; 23, 24) (1, 13; 8, 23) (1, 12; 10, 17) (5, 10; 26, 3) (9, 8; 4, 15) (5, 17; 15, 22)
(17, 15; 11, 3) (12, 4; 5, 15) (18, 13; 20, 22) (1, 15; 26, 15) (5, 3; 24, 18) (12, 10; 12, 11) (6, 10; 20, 8) (17, 8; 7, 5) (13, 14; 24, 11)
(14, 11; 26, 9) (16, 6; 19, 23) (17, 9; 20, 9) (0, 3; 10, 22) (18, 12; 18, 6) (11, 7; 22, 23) (1, 0; 3, 2) (12, 3; 8, 13) (18, 2; 8, 9)
(14, 1; 21, 5) (12, 8; 0, 25) (1, 6; 14, 24) (0, 5; 25, 4) (2, 0; 20, 13) (11, 6; 17, 16) (9, 12; 19, 26) (4, 5; 13, 21) (9, 7; 17, 6)
(7, 10; 21, 25) (14, 18; 1, 15) (3, 4; 1, 17)

s = 29:
(14, 3; 12, 3) (2, 4; 23, 20) (17, 12; 18, 16) (12, 4; 28, 11) (1, 11; 14, 24) (3, 10; 8, 26) (14, 10; 21, 22) (18, 8; 3, 20) (5, 15; 26, 11)
(2, 6; 2, 4) (8, 1; 5, 17) (12, 11; 4, 8) (8, 5; 4, 14) (4, 9; 19, 26) (11, 4; 21, 18) (9, 15; 6, 18) (8, 11; 23, 27) (7, 14; 10, 6)
(8, 15; 21, 7) (9, 16; 10, 17) (16, 15; 9, 15) (1, 6; 10, 27) (15, 2; 12, 0) (5, 6; 19, 22) (7, 0; 16, 0) (15, 10; 23, 1) (0, 17; 21, 12)
(16, 14; 4, 18) (13, 7; 24, 26) (15, 1; 16, 28) (12, 6; 3, 17) (9, 13; 21, 14) (6, 17; 24, 0) (15, 7; 27, 5) (11, 2; 3, 10) (10, 11; 25, 20)
(7, 12; 2, 14) (16, 7; 19, 23) (18, 14; 17, 9) (4, 8; 22, 12) (7, 9; 13, 11) (6, 11; 16, 26) (12, 18; 21, 19) (3, 9; 27, 24) (7, 1; 21, 1)
(17, 11; 9, 22) (3, 4; 2, 7) (4, 18; 1, 4) (6, 3; 5, 21) (2, 8; 26, 13) (15, 18; 8, 2) (17, 4; 8, 6) (16, 10; 7, 6) (10, 17; 14, 5)
(14, 0; 27, 14) (18, 5; 7, 24) (0, 18; 11, 10) (0, 10; 24, 18) (0, 13; 20, 8) (13, 8; 19, 18) (15, 3; 14, 20) (7, 18; 18, 22) (6, 7; 12, 28)
(8, 9; 8, 16) (16, 12; 13, 20) (3, 11; 15, 1) (0, 15; 4, 3) (9, 12; 15, 0) (3, 5; 9, 18) (9, 5; 28, 25) (5, 12; 1, 10) (6, 18; 15, 25)
(1, 13; 11, 12) (3, 2; 17, 28) (10, 4; 16, 10) (9, 17; 23, 3) (14, 1; 26, 23) (5, 2; 27, 21) (13, 2; 7, 9) (13, 10; 28, 0) (3, 18; 6, 23)
(8, 3; 11, 0) (6, 0; 7, 1) (0, 16; 5, 25) (13, 17; 1, 17) (6, 16; 14, 11) (12, 2; 24, 25) (16, 8; 24, 1) (10, 8; 15, 2) (14, 2; 8, 1)
(0, 11; 17, 19) (13, 15; 10, 22) (8, 0; 28, 6) (13, 6; 13, 6) (1, 4; 3, 25) (14, 11; 28, 7) (17, 14; 2, 11) (13, 12; 5, 23) (16, 5; 12, 16)
(9, 1; 4, 7) (10, 12; 27, 12) (5, 7; 8, 3) (10, 1; 9, 13) (9, 2; 22, 5) (16, 13; 2, 3) (13, 3; 25, 16) (9, 11; 2, 12) (3, 17; 4, 10)
(11, 18; 0, 13) (2, 10; 11, 19) (17, 7; 7, 15) (18, 2; 16, 14) (17, 1; 20, 19) (17, 15; 13, 25) (12, 0; 26, 9) (7, 10; 4, 17) (5, 14; 15, 20)
(13, 4; 27, 15) (5, 11; 5, 6) (1, 2; 18, 15) (8, 7; 9, 25) (9, 6; 9, 20) (4, 5; 13, 17) (3, 0; 22, 13) (15, 14; 24, 19) (4, 14; 0, 5)
(5, 0; 2, 23) (12, 1; 6, 22) (1, 16; 0, 8)

s = 31:
(0, 6; 25, 1) (3, 9; 3, 15) (0, 9; 12, 5) (8, 18; 26, 22) (11, 8; 19, 1) (11, 7; 10, 30) (18, 12; 21, 27) (3, 12; 11, 17) (13, 3; 1, 12)
(4, 3; 21, 6) (10, 1; 26, 13) (10, 18; 11, 15) (14, 15; 21, 5) (11, 3; 20, 28) (18, 4; 2, 16) (17, 8; 27, 23) (5, 0; 21, 20) (12, 10; 9, 10)
(7, 5; 26, 6) (0, 10; 14, 18) (0, 12; 24, 7) (16, 15; 4, 16) (3, 5; 16, 27) (15, 10; 8, 1) (17, 13; 15, 0) (3, 10; 30, 0) (9, 8; 16, 13)
(18, 11; 5, 8) (9, 14; 25, 9) (9, 12; 29, 0) (6, 2; 12, 15) (16, 12; 3, 8) (2, 16; 7, 23) (13, 7; 29, 25) (6, 12; 14, 6) (15, 2; 29, 17)
(6, 5; 24, 28) (8, 7; 24, 5) (18, 13; 4, 23) (5, 16; 0, 25) (0, 15; 0, 6) (2, 4; 11, 27) (0, 1; 28, 8) (10, 16; 6, 24) (6, 16; 11, 26)
(16, 4; 5, 9) (6, 17; 18, 21) (3, 14; 8, 23) (11, 5; 4, 12) (11, 15; 22, 9) (14, 2; 2, 24) (5, 4; 13, 1) (8, 1; 21, 0) (17, 12; 1, 16)
(1, 4; 4, 29) (15, 9; 24, 11) (4, 8; 25, 18) (14, 13; 28, 22) (1, 11; 17, 7) (3, 6; 5, 13) (14, 6; 4, 27) (9, 5; 23, 18) (17, 10; 4, 20)
(14, 5; 15, 29) (18, 1; 12, 6) (17, 14; 11, 6) (1, 2; 22, 25) (13, 15; 27, 10) (2, 11; 16, 0) (16, 14; 13, 17) (2, 18; 10, 14) (3, 7; 18, 9)
(1, 17; 9, 14) (11, 17; 2, 25) (18, 15; 3, 18) (16, 11; 15, 18) (14, 0; 19, 16) (17, 0; 22, 10) (15, 1; 23, 15) (7, 2; 21, 8) (13, 10; 16, 17)
(2, 9; 28, 6) (3, 1; 24, 19) (9, 1; 20, 30) (17, 9; 26, 7) (8, 16; 20, 12) (0, 4; 17, 23) (9, 18; 17, 1) (6, 1; 16, 10) (16, 3; 22, 2)
(9, 16; 19, 10) (0, 11; 29, 27) (15, 12; 25, 12) (14, 8; 30, 3) (7, 14; 7, 20) (7, 1; 11, 3) (16, 13; 14, 21) (8, 15; 28, 2) (6, 13; 30, 7)
(10, 7; 2, 12) (7, 9; 14, 4) (5, 13; 9, 11) (4, 7; 19, 0) (12, 5; 19, 22) (0, 2; 30, 9) (6, 8; 17, 9) (12, 2; 20, 13) (6, 4; 3, 22)
(12, 13; 26, 5) (7, 12; 28, 23) (10, 2; 3, 5) (7, 0; 13, 15) (12, 4; 30, 15) (8, 13; 8, 6) (10, 9; 22, 27) (17, 4; 24, 8) (3, 2; 4, 26)
(13, 11; 24, 13) (10, 11; 23, 21) (9, 6; 8, 2) (14, 11; 26, 14) (18, 6; 20, 0) (2, 13; 19, 18) (8, 0; 11, 4) (3, 18; 25, 7) (17, 5; 3, 17)
(4, 14; 10, 12) (4, 10; 28, 7) (7, 16; 1, 27) (1, 5; 5, 2) (14, 1; 18, 1) (0, 13; 3, 2) (15, 5; 14, 30) (15, 17; 19, 13) (6, 10; 19, 29)
(3, 8; 14, 29) (4, 15; 20, 26) (5, 8; 7, 10)

s = 33:
(2, 4; 22, 0) (17, 11; 23, 7) (5, 15; 9, 28) (6, 14; 10, 23) (9, 15; 22, 8) (12, 5; 26, 29) (17, 2; 1, 13) (2, 13; 16, 31) (13, 6; 0, 28)
(4, 16; 27, 5) (10, 2; 14, 7) (9, 11; 26, 21) (16, 1; 22, 10) (11, 1; 0, 17) (14, 12; 18, 1) (17, 13; 3, 19) (2, 7; 25, 24) (7, 17; 11, 22)
(5, 1; 11, 25) (6, 1; 29, 13) (17, 1; 21, 14) (6, 12; 32, 3) (14, 16; 15, 8) (9, 3; 18, 24) (1, 14; 19, 5) (13, 15; 18, 21) (0, 3; 21, 3)
(12, 7; 0, 12) (5, 8; 32, 0) (11, 0; 16, 18) (16, 13; 20, 17) (1, 2; 28, 6) (9, 4; 1, 10) (2, 5; 20, 27) (1, 13; 32, 8) (11, 18; 27, 3)
(5, 4; 31, 15) (17, 6; 16, 5) (12, 1; 24, 4) (9, 16; 23, 0) (8, 13; 6, 27) (1, 4; 3, 23) (15, 4; 6, 30) (4, 11; 19, 2) (10, 6; 25, 21)
(16, 11; 13, 6) (0, 10; 0, 6) (3, 8; 13, 5) (6, 3; 31, 6) (10, 15; 1, 27) (18, 2; 18, 5) (3, 18; 12, 25) (18, 7; 15, 1) (12, 13; 5, 7)
(5, 10; 3, 30) (10, 11; 20, 10) (5, 16; 21, 4) (14, 13; 2, 14) (11, 3; 32, 1) (10, 14; 32, 12) (0, 16; 24, 1) (10, 9; 28, 5) (18, 8; 21, 10)
(7, 4; 28, 32) (6, 0; 11, 9) (15, 0; 32, 2) (8, 7; 19, 29) (3, 13; 10, 11) (10, 13; 24, 9) (14, 5; 24, 7) (6, 7; 2, 30) (7, 9; 9, 3)
(0, 18; 17, 23) (0, 2; 10, 19) (11, 14; 28, 30) (18, 4; 29, 24) (14, 8; 31, 3) (15, 6; 7, 12) (14, 18; 9, 26) (5, 13; 1, 22) (17, 0; 8, 28)
(7, 13; 4, 26) (15, 17; 20, 24) (5, 3; 23, 8) (9, 2; 11, 32) (6, 2; 17, 26) (9, 1; 12, 30) (6, 18; 4, 19) (4, 6; 8, 20) (15, 7; 10, 13)
(13, 4; 25, 13) (11, 8; 25, 15) (10, 3; 17, 4) (15, 2; 29, 15) (0, 5; 5, 12) (7, 11; 14, 8) (7, 1; 27, 31) (0, 9; 31, 29) (18, 5; 16, 2)
(16, 8; 28, 14) (12, 9; 13, 16) (17, 9; 25, 4) (18, 15; 11, 14) (5, 6; 18, 14) (9, 5; 6, 19) (14, 4; 11, 16) (7, 14; 21, 6) (0, 8; 7, 22)
(10, 1; 18, 2) (17, 5; 10, 17) (1, 3; 15, 9) (7, 10; 16, 23) (1, 0; 26, 20) (3, 12; 14, 30) (13, 11; 29, 12) (12, 4; 21, 17) (12, 8; 11, 20)
(17, 12; 15, 6) (10, 16; 11, 29) (18, 10; 8, 13) (15, 14; 25, 17) (0, 4; 4, 14) (9, 18; 7, 20) (17, 4; 18, 9) (16, 7; 7, 18) (3, 17; 2, 27)
(12, 10; 31, 19) (3, 4; 26, 7) (11, 6; 22, 24) (12, 18; 22, 28) (8, 15; 4, 23) (11, 15; 31, 5) (3, 15; 19, 0) (9, 8; 2, 17) (1, 8; 16, 1)
(16, 2; 12, 3) (16, 15; 26, 16) (2, 11; 9, 4) (9, 6; 27, 15) (14, 17; 0, 29) (14, 3; 20, 22) (2, 8; 30, 8) (13, 0; 15, 30) (0, 14; 13, 27)
(17, 8; 26, 12) (12, 16; 25, 9) (2, 12; 2, 23)
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s = 35:
(9, 4; 22, 15) (0, 2; 14, 34) (13, 18; 25, 8) (11, 16; 4, 30) (6, 18; 3, 17) (13, 15; 16, 26) (2, 6; 27, 23) (3, 1; 19, 15) (3, 13; 22, 7)
(6, 1; 6, 31) (5, 17; 16, 5) (14, 1; 26, 32) (9, 6; 12, 34) (1, 17; 3, 22) (5, 3; 9, 31) (11, 3; 20, 1) (11, 15; 23, 12) (17, 12; 0, 20)
(4, 6; 16, 9) (16, 1; 9, 29) (12, 14; 15, 27) (6, 8; 30, 15) (3, 7; 6, 34) (11, 4; 7, 10) (15, 17; 27, 9) (10, 8; 5, 27) (7, 8; 8, 22)
(16, 15; 8, 15) (9, 12; 31, 16) (9, 13; 2, 14) (12, 18; 21, 12) (8, 2; 31, 32) (12, 6; 8, 10) (1, 13; 5, 34) (12, 5; 28, 34) (13, 5; 6, 13)
(5, 10; 17, 15) (12, 2; 4, 26) (10, 2; 22, 18) (6, 11; 28, 32) (4, 17; 4, 12) (16, 0; 16, 2) (6, 7; 1, 26) (7, 2; 10, 2) (18, 9; 28, 0)
(13, 11; 18, 17) (10, 15; 34, 2) (16, 3; 26, 27) (2, 1; 12, 17) (9, 11; 27, 8) (6, 14; 25, 18) (9, 17; 21, 17) (18, 11; 9, 26) (10, 17; 1, 30)
(8, 0; 6, 12) (14, 4; 34, 21) (7, 15; 24, 32) (14, 9; 33, 19) (17, 14; 28, 8) (12, 11; 11, 13) (10, 4; 13, 0) (4, 2; 25, 33) (2, 3; 21, 0)
(18, 0; 18, 15) (10, 13; 12, 33) (16, 2; 20, 24) (14, 11; 2, 31) (3, 12; 25, 17) (1, 15; 11, 25) (1, 12; 2, 30) (12, 4; 19, 6) (9, 7; 25, 7)
(3, 9; 3, 29) (2, 13; 1, 28) (18, 15; 6, 30) (15, 4; 31, 5) (16, 13; 19, 0) (12, 8; 33, 18) (4, 18; 1, 24) (3, 17; 10, 18) (6, 10; 21, 24)
(5, 2; 30, 8) (10, 14; 16, 23) (9, 8; 9, 20) (2, 17; 7, 19) (2, 18; 11, 16) (15, 8; 1, 19) (11, 2; 5, 15) (3, 8; 23, 28) (5, 6; 0, 11)
(15, 14; 10, 0) (0, 3; 30, 33) (5, 11; 19, 3) (6, 17; 2, 13) (14, 16; 22, 11) (1, 18; 23, 20) (0, 4; 3, 26) (9, 1; 13, 1) (12, 15; 29, 7)
(3, 10; 8, 32) (0, 5; 10, 1) (11, 0; 21, 22) (0, 10; 19, 4) (13, 12; 32, 3) (13, 14; 9, 30) (17, 13; 31, 15) (16, 10; 25, 28) (11, 8; 34, 0)
(7, 18; 19, 5) (17, 8; 14, 11) (5, 18; 22, 27) (8, 14; 4, 17) (18, 8; 2, 29) (14, 7; 3, 20) (12, 16; 1, 14) (5, 1; 33, 21) (15, 2; 13, 3)
(11, 17; 6, 24) (7, 10; 11, 9) (0, 9; 11, 32) (13, 7; 21, 23) (3, 14; 12, 24) (0, 12; 9, 23) (7, 1; 4, 28) (14, 2; 6, 29) (9, 5; 24, 23)
(5, 4; 2, 32) (8, 16; 21, 3) (1, 0; 24, 8) (18, 10; 10, 31) (15, 9; 4, 18) (17, 0; 29, 25) (10, 9; 6, 26) (15, 6; 22, 33) (0, 14; 13, 5)
(7, 0; 27, 0) (9, 16; 5, 10) (13, 4; 20, 11) (3, 18; 4, 13) (14, 18; 7, 14) (4, 16; 23, 17) (5, 15; 14, 20) (7, 4; 18, 30) (10, 11; 29, 14)
(6, 0; 7, 20) (0, 15; 28, 17) (13, 6; 29, 4) (11, 7; 33, 16) (6, 3; 14, 5) (5, 16; 7, 18) (13, 8; 24, 10) (1, 4; 27, 14) (8, 1; 16, 7)
(16, 7; 31, 13) (5, 7; 12, 29) (5, 8; 25, 26)

Lemma 8.16: There exists an HSAS(s, v; 5, 3) for each(s, v) ∈ {(21, 11), (29, 15), (37, 19)}.
Proof: Let V = Iv andS = Is. Let W = {v − 3, v − 2, v − 1} andT = {s− 5, s− 4, s− 3, s− 2, s− 1}. The desired

HSASs filled with pairs of points fromV and indexed byS are presented as follows.
(s, v) = (21, 11):

(1, 10; 4, 12) (3, 6; 20, 6) (4, 8; 12, 3) (2, 0; 1, 18) (7, 5; 5, 17) (8, 7; 13, 8) (3, 1; 19, 0) (6, 1; 11, 5) (9, 7; 11, 1) (0, 6; 17, 0)
(2, 6; 3, 9) (2, 3; 17, 15) (10, 7; 6, 9) (7, 1; 15, 18) (0, 10; 13, 2) (1, 5; 7, 9) (6, 10; 1, 10) (4, 7; 0, 20) (10, 4; 14, 11) (5, 0; 8, 12)
(5, 8; 11, 10) (0, 3; 16, 11) (4, 2; 10, 19) (2, 9; 4, 7) (4, 5; 6, 16) (7, 6; 16, 7) (0, 7; 3, 19) (3, 5; 18, 14) (4, 9; 2, 9) (4, 0; 7, 5)
(2, 8; 6, 0) (3, 10; 7, 3) (2, 1; 13, 16) (9, 3; 5, 13) (4, 6; 13, 18) (3, 4; 4, 8) (8, 0; 15, 4) (1, 4; 17, 1) (8, 6; 2, 14) (10, 2; 5, 8)
(0, 9; 6, 10) (1, 0; 14, 20) (5, 2; 2, 20) (7, 3; 2, 10) (5, 6; 19, 4) (3, 8; 1, 9) (5, 10; 15, 0) (7, 2; 14, 12) (9, 6; 12, 15) (1, 9; 3, 8)

(s, v) = (29, 15):

(3, 0; 16, 25) (8, 4; 28, 23) (4, 9; 24, 8) (13, 8; 0, 15) (12, 5; 8, 2) (11, 5; 4, 28) (10, 5; 14, 21) (2, 7; 22, 11) (4, 12; 3, 15)
(6, 7; 5, 19) (12, 10; 18, 6) (3, 1; 6, 24) (3, 11; 27, 5) (6, 1; 28, 2) (9, 13; 16, 5) (14, 7; 18, 4) (11, 0; 24, 22) (12, 6; 22, 7)
(12, 7; 16, 14) (10, 4; 13, 2) (10, 6; 23, 17) (10, 9; 28, 3) (10, 0; 27, 19) (14, 10; 22, 8) (3, 6; 21, 13) (3, 12; 20, 0) (7, 0; 28, 0)
(13, 6; 1, 8) (5, 8; 22, 6) (4, 1; 1, 11) (7, 11; 17, 3) (12, 1; 21, 4) (2, 14; 3, 21) (13, 4; 14, 4) (11, 9; 26, 14) (13, 2; 23, 2)
(14, 0; 15, 2) (14, 9; 19, 1) (10, 7; 20, 26) (8, 1; 10, 26) (2, 0; 10, 6) (1, 7; 9, 15) (6, 0; 11, 26) (1, 14; 17, 5) (14, 8; 20, 12)
(2, 12; 9, 12) (13, 3; 10, 18) (11, 1; 0, 16) (0, 1; 20, 3) (10, 3; 4, 12) (3, 8; 11, 3) (13, 7; 6, 21) (6, 14; 9, 0) (5, 6; 24, 12)
(0, 8; 7, 8) (1, 9; 27, 7) (4, 7; 25, 7) (9, 2; 25, 20) (2, 1; 14, 8) (12, 11; 10, 1) (9, 12; 13, 11) (10, 11; 25, 9) (6, 8; 14, 25)
(3, 7; 8, 23) (11, 2; 19, 15) (2, 4; 26, 0) (4, 14; 16, 6) (3, 2; 1, 28) (6, 9; 15, 4) (5, 7; 1, 27) (8, 2; 4, 27) (9, 7; 12, 10)
(5, 1; 25, 19) (2, 6; 18, 16) (14, 3; 7, 14) (9, 8; 9, 18) (14, 11; 23, 13) (5, 3; 15, 26) (13, 1; 22, 13) (4, 3; 22, 19) (13, 5; 3, 9)
(0, 4; 21, 9) (7, 8; 24, 13) (0, 12; 5, 23) (13, 11; 11, 7) (5, 0; 18, 13) (0, 13; 12, 17) (14, 5; 11, 10) (10, 2; 24, 5) (12, 8; 19, 17)
(6, 11; 20, 6) (4, 6; 10, 27) (11, 4; 12, 18) (5, 9; 0, 23) (10, 8; 16, 1) (8, 11; 21, 2) (3, 9; 2, 17) (5, 4; 20, 5) (2, 5; 7, 17)

(s, v) = (37, 19):

(5, 11; 24, 2) (0, 7; 32, 21) (15, 17; 1, 26) (0, 17; 24, 4) (5, 16; 12, 30) (5, 1; 26, 13) (11, 16; 1, 13) (5, 2; 1, 22)
(11, 4; 12, 0) (11, 7; 36, 6) (13, 2; 8, 29) (0, 6; 23, 25) (6, 17; 20, 15) (18, 9; 0, 13) (8, 2; 16, 0) (8, 6; 21, 31)
(15, 8; 24, 23) (9, 15; 29, 15) (15, 16; 11, 7) (1, 4; 4, 25) (11, 3; 26, 22) (13, 1; 11, 34) (1, 15; 9, 18) (0, 3; 33, 0)
(7, 8; 15, 2) (14, 12; 6, 27) (10, 18; 15, 31) (12, 2; 36, 3) (6, 7; 35, 22) (9, 12; 17, 22) (6, 13; 10, 32) (17, 3; 13, 2)
(8, 1; 36, 19) (0, 5; 17, 6) (14, 8; 35, 7) (5, 3; 15, 21) (4, 3; 7, 36) (13, 0; 22, 36) (12, 11; 28, 25) (0, 4; 27, 8)
(13, 16; 17, 4) (0, 12; 26, 11) (16, 10; 16, 22) (11, 2; 14, 9) (7, 3; 12, 1) (18, 8; 17, 5) (7, 18; 8, 19) (9, 7; 28, 20)
(15, 13; 19, 27) (0, 10; 7, 19) (6, 12; 24, 33) (12, 13; 12, 9) (18, 0; 16, 1) (6, 16; 29, 6) (9, 10; 11, 27) (17, 10; 9, 17)
(6, 15; 4, 28) (17, 1; 22, 3) (2, 10; 4, 23) (16, 1; 24, 14) (4, 15; 2, 30) (8, 11; 27, 32) (6, 5; 7, 27) (14, 5; 19, 9)
(5, 12; 31, 23) (11, 10; 34, 29) (14, 0; 13, 29) (13, 7; 25, 30) (17, 4; 14, 5) (17, 2; 21, 27) (14, 10; 8, 18) (1, 12; 15, 32)
(7, 14; 4, 14) (15, 0; 14, 3) (13, 5; 16, 14) (7, 1; 29, 0) (6, 14; 26, 0) (12, 15; 35, 0) (16, 3; 18, 27) (5, 8; 18, 4)
(3, 9; 16, 5) (2, 18; 11, 28) (1, 2; 6, 30) (0, 16; 5, 15) (1, 18; 27, 20) (14, 18; 25, 22) (11, 13; 7, 15) (15, 5; 34, 10)
(6, 4; 17, 1) (3, 1; 28, 23) (1, 0; 10, 31) (8, 4; 11, 22) (0, 8; 12, 34) (9, 5; 3, 32) (14, 11; 30, 17) (3, 13; 6, 35)
(11, 9; 4, 33) (18, 4; 9, 29) (9, 14; 34, 31) (3, 6; 34, 30) (4, 12; 34, 13) (9, 4; 19, 24) (16, 2; 31, 19) (15, 11; 16, 20)
(1, 6; 16, 8) (14, 15; 36, 5) (17, 14; 12, 23) (15, 18; 21, 6) (14, 3; 32, 11) (5, 10; 0, 36) (10, 4; 6, 32) (9, 16; 25, 2)
(9, 6; 14, 36) (13, 17; 28, 0) (12, 16; 21, 8) (14, 1; 2, 33) (4, 5; 28, 35) (13, 9; 21, 23) (17, 9; 6, 18) (15, 10; 33, 25)
(10, 12; 20, 30) (13, 10; 5, 24) (7, 2; 34, 18) (3, 2; 17, 25) (5, 17; 25, 29) (16, 4; 10, 20) (9, 1; 12, 7) (18, 12; 7, 18)
(2, 0; 20, 2) (3, 12; 29, 4) (8, 9; 26, 8) (15, 7; 13, 17) (13, 14; 20, 1) (6, 11; 3, 19) (16, 14; 28, 3) (12, 7; 10, 5)
(1, 10; 1, 35) (4, 14; 21, 16) (3, 8; 20, 9) (0, 9; 30, 9) (6, 10; 2, 12) (4, 13; 18, 31) (6, 2; 5, 13) (12, 8; 1, 14)
(11, 1; 21, 5) (4, 2; 26, 33) (11, 0; 35, 18) (8, 17; 10, 30) (18, 11; 23, 10) (17, 7; 7, 31) (15, 3; 8, 31) (2, 14; 15, 24)
(7, 16; 23, 9) (7, 5; 11, 33) (10, 3; 14, 10) (11, 17; 8, 11) (7, 10; 3, 26) (2, 9; 35, 10) (2, 15; 32, 12) (17, 12; 19, 16)
(18, 3; 3, 24) (13, 18; 2, 26) (10, 8; 13, 28) (8, 13; 3, 33)
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