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Abstract

We introduce multidimensional generalizations of quasi-cyclic codes and inves-
tigate their algebraic properties as well as their links to multidimensional convolu-
tional codes. We call these generalized codes n-dimensional quasi-cyclic (QnDC)
codes. We provide a concatenated structure for QnDC codes in the sense that
they can be decomposed into shorter codes over extensions of their base field.
This structure allows us to prove that these codes are asymptotically good.

Then, we extend the relation between quasi-cyclic and convolutional codes to
multidimensional case. Lally has shown that the free distance of a convolutional
code is lower bounded by the minimum distance of an associated quasi-cyclic code.
We show that a QnDC code can be associated to a given nD convolutional code.
Moreover, we prove that the relation between distances of convolutional and quasi-
cyclic codes extend to a class of 1-generator 2D convolutional codes and the asso-
ciated Q2DC codes. Along the way, an alternative new description of noncatas-
trophic polynomial encoders is given for 1-generator 1D convolutional codes and
a sufficient condition for noncatastrophic nD polynomial encoders is obtained for

1-generator nD convolutional codes.



(ok Boyutlu Sanki-Devirsel ve Konvolusyonel Kodlar

Buket (jzkaya
Matematik, Doktora Tezi, 2014

Tez Danigmani: Dog. Dr. Cem Giineri

Anahtar Kelimeler: Sanki-devirsel kodlar, ¢cok boyutlu sanki-devirsel kodlar,

konvolusyonel kodlar.

(")zet

Bu tez calismasinda, sanki-devirsel kodlarin ¢ok boyutlu genellemeleri sunulup
cebirsel ozellikleri ile cok boyutlu konvolusyonel kodlarla olan iligkileri ele alinmigtir.
Bu genellestirilmis kodlara n-boyutlu sanki-devirsel kodlar adi verilmistir. Cok
boyutlu sanki-devirsel kodlarin birlesik yapisi tanimlandiklar: cismin genislemeleri
tizerindeki daha kisa kodlar cinsinden verilmigtir. Bu birlesik yapi sayesinde n-
boyutlu sanki-devirsel kodlarin asimptotik iyi olduklari gosterilmigtir.

Daha sonra sanki-devirsel ve konvolusyonel kodlarin bilinen iligkisi cok boyuta
genellenmistir. Bir boyutlu durumda her konvolusyonel kodun serbest uzakliginin
iligkili sanki-devirsel kodun minimum uzaklhigi tarafindan alttan sinirh oldugu Lally
tarafindan ispatlanmigtir. Verilen her n-boyutlu konvolusyonel kodla iligkili bir n-
boyutlu sanki-devirsel kod oldugu gosterilmistir. Benzer bir sonucun ¢ok boyutlu
durumda da gecerli oldugu 6zel bir 2-boyutlu tek tiretecli konvolusyonel kod sinifi
icin gosterilmistir. Ayrica, 1-boyutlu tek tiretecli konvolusyonel kodlarin polinom
irete¢ matrislerinin katastrofik olmamasi icin yeni bir tarif bulunmus, n-boyutlu
tek tiretecli konvolusyonel kodlarin polinom iirete¢ matrislerinin katastrofik olma-

masi icin ise yeterli kogul elde edilmistir.
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Introduction

The main goal of coding and information theory is to provide a reliable commu-
nication over a noisy channel. Any information sent across a noisy channel may be
received with possible transmission errors. The communication system has to be
designed in such a way that these errors are first detected and then corrected. This
is obtained by redundancy, i.e. the messages are sent with some extra information
so that the receiver can recover the original message. That operation is done via
encoding which has to be done efficiently: the message is supposed to be encoded
with least possible amount of redundancy and be capable of a certain error correc-
tion level with a suitable decoding process. The design and the implementation of
such a system are the fundamental issues in the theory of error-correcting-codes.
From theoretical point of view, the research on efficient information transmission
is directed towards studying well-performing error-correcting codes with a nice al-
gebraic structure. This dissertation is aimed at developing algebraic coding theory
in this direction.

In this work, we focus on a specific class of linear block codes, namely quasi-
cyclic codes. They yield explicit codes with good parameters (see [3, 5, 10, 11]) and
they are asymptotically good ([6, 20, 24, 28]). For m, ¢ integers with ged(m, q) = 1,
a quasi-cyclic (QC) code of length m¢ and index ¢ over F is a linear code C' C FJ*
which is invariant under the shift of codewords by ¢ positions (where ¢ is the
minimal such number). It is well-known that such a QC code can be viewed
algebraically as an R-module of Rf, where R = F [z]/(z™ — 1). Alternatively, we
can let S = F,[z,y]/(z™ — 1,y* — 1) and view a QC code of length m¢ and index
¢ as an R-submodule of S.

One can decompose a QC code over [F, into its constituent codes, which are
shorter linear codes over certain extensions of F, ([23]). Also, a concatenated

decomposition can be described for QC codes where the inner codes in the de-



composition are minimal cyclic codes ([19]). It has been shown in [16] that the
constituents in the sense of Ling-Solé and the outer codes in the concatenated
structure given by Jensen are the same.

Convolutional codes are also an important class of codes which are extensively
studied. An (¢, k) convolutional code C over F, is defined as a k-dimensional
FF,(x)-subspace of F,(z)¢ in general (see [29]). In this sense, convolutional codes
are also linear codes, but they are not block codes since the symbol field is no more
the finite field I, but the rational function field F,(z), which produces codewords
of different lengths over F,. The reason for taking that field as the alphabet is
that convolutional codes are codes with memory. The message is not sent in a
fixed-length block but in a data stream where each codeword is loaded with the
information of some previous codewords. Given a sequence of information words
uo(x),u1(z), ... they are mapped to a sequence of codewords ¢o(z), c1(z),. .. such
that ¢;(x) = u;(x)-G for each i = 0, 1, ..., where G is the corresponding encoder for
C and given as a k x ¢ matrix over F (z). In particular, if we consider a so-called
basic encoder for a convolutional code, then all polynomial codewords are produced
from polynomial input sequences. Hence, such a convolutional code can be defined
as an F,[z]-submodule of F,[z]¢. The degrees of the entries of G' determine the
memory of the convolutional code. Hence, convolutional codes generalize block
codes in the sense that block codes are memoryless convolutional codes.

The first chapter of the thesis contains all the required background about quasi-
cyclic and convolutional codes for the next chapters. Quasi-cyclic codes are nat-
urally related to convolutional codes. It has been shown by Lally that the free
distance of a convolutional code can be lower bounded by the minimum distance
of an associated QC code (see [21]).

In the second chapter, we define multidimensional generalizations of QC codes
and investigate their properties. For n > 1, we consider the quotient ring R, =
F,lz1,29,...,2,) /(2] — 1,... 20" — 1) and define the nD quasi-cyclic (QnDC)
code of size my X --- X my 41 as an R,-submodule of R, 1. It is clear the for n =1,
we obtain QC codes (of length mymy and index my). QnDC codes are linear
codes of length m; ---my,41 over F, and they can also be viewed as QC codes of
index [ = my---my11. However, they have extra shift-invariance properties than

ordinary QC codes.



Being QC codes, we can talk about the decomposition of QnDC codes into con-
stituents (or the concatenated structure). We prove that the constituents (or the
outer codes in Jensen’s concatenated decomposition) of a length my - - - my, 1 QnDC
code are Q(n — 1)DC codes (over various extensions of F;) of length msg - - - my41.
We also prove that the family of QnDC codes are asymptotically good for any
n>1.

Multidimensional versions of convolutional codes have been studied by Weiner
in his PhD thesis ([33]), although they have not been as extensively investigated
as the 1D convolutional codes. In the last chapter, we show that one can natu-
rally associate a QnDC code to any nD convolutional code, which is defined as
an Fy[z1, o, . .., z,)-submodules of Fy[z1, 2o, . .., z,]°. Then we prove an analogue
of Lally’s result for a particular class of 1-generator 2D convolutional codes. In
addition, we give a new alternative description for a polynomial generating matrix
of a 1-generator 1D convolutional code to be noncatastrophic. For the 1-generator
nD case, we obtain a sufficient condition for the polynomial encoder to be non-
catastrophic.

Weiner mentions in the conclusion of his thesis that connections between mul-
tidimensional convolutional codes and algebraic geometry should be investigated.
Let us note that the number of rational points on Artin-Schreier type hypersur-
faces over finite fields helps us estimate the minimum distance of multidimensional
cyclic codes via the trace representation of this class of codes (see [13, 15], and also
[32] for another relation between algebraic geometry and multidimensional cyclic
codes). Multidimensional cyclic codes are closely related to multidimensional QC
codes, as we will explain in this thesis. Moreover, QnDC codes can be viewed as
QC codes and there is a trace representation for QC codes ([23, Thereom 5.1]).
So, an analysis similar to those in [13, 15] can be in principal applied to QnDC
codes and the relation with certain nD convolutional codes can be used to write
a lower bound on the free distance of nD convolutional codes in terms of rational
points on Artin-Schreier hypersurfaces. This remains as a work to be done in the

future.



Chapter 1

Preliminaries

In this first chapter, we will give a brief background on quasi-cyclic, 2D cyclic
and convolutional codes, along with the notation and some important results used

throughout this study.

1.1 QC and 2D cyclic codes

Let I, denote the finite field with ¢ elements, where ¢ is a prime power, and
let m and ¢ be positive integers with ged(m, q) = 1. A linear code C of length m¢
over F, is called a quasi-cyclic (QC) code of index ¢, if it is invariant under shift
of codewords by ¢ positions and ¢ is the minimal number with this property. In
particular if ¢ = 1, then C'is a cyclic code. If we view codewords of C' C IE‘Z"Z ~ IE“Z”XZ

as m x £ arrays as follows

Coo cee Co,0—1
c= : : , (1.1.1)

Cm—1,0 --- Cm—14-1

then invariance under shift by ¢ units amounts to being closed under row shift.
Now consider the principal ideal I = (z™ — 1) of F,[x] and let R := F,[z]/I. If
T denotes the shift-by-1 operator on IFZ”“@, let us denote its action on ¢ € IE'Z” by

T-c. Then IF;M has an [F,[z]-module structure given by the following multiplication

Fylz] x F** — F)

(a(x),c) — a(T) -c



For instance, if a(z) = ag + a1z + axx?, then
a(T*) - (ei3) = ao(cyy) + ar(T* - (ciy)) + az(T* - (ci5)).
Observe that the ideal / annihilates FZ” :
(2™ = 1) - (cig) = T™ - (ei5) — (ei5) = 0.

Therefore IFQ”E can also be viewed as an R-module and a QC code C' C IFQ”E of
index ¢ is an R-submodule of ]Fg”f .

To an element ¢ € F**“ as in (1.1.1), we associate an element of R

() = (co(x), c1(x), ..., co1(z)) € RY, (1.1.2)

=]

where for each 0 < 7 </ —1,
Cj (.CC) ‘= Co,j + C1,;T + CQ’jx2 + -+ Cm,Lj.meil € R. (113)

Then, the following map is an R-module isomorphism

o : IE'ZM — R
c ce o Coue
00 0,6—1 (1.1.4)
c= : : —  c(x).

Cm-10 --- Cm—14-1

Note that the case ¢ = 1 amounts to the classical polynomial representation
of cyclic codes where 1-shift on F;* corresponds to multiplication by z in R. Ob-
serve that ¢-shift on IF;”Z corresponds to componentwise multiplication by x in R’.

Namely, if ¢ € F7"* corresponds to é(z) € R’ (as in (1.1.2) and (1.1.3)), then

Cm—1,0 -+ Cm—140-1
Coo e Co,g,1 .
(T - (cij)) = ¢ . . = (z-co(x),..., v cra(z)) =2 - ().
Cm—20 .- Cm—2¢0-1

Thus, a QC code C C R’ is an R-submodule of R’.



Now, let J = (2™ —1,y*—1) be an ideal of F [z, y] and set S := F,[x,y]/J. The
ring S is clearly an R-module and the following map is an R-module isomorphism

(cf. (1.1.2) and (1.1.3)).

Yv:R'— S
/—1 l—1 m—1
) = (@) = Y@y =33 ay (1.15)
=0 j=0 i=0

Hence, IFZLZ, R’ and S are all isomorphic as R-modules and a g-ary QC code C' of
length m¢ and index ¢ can be considered as an R-submodule in any of these rings.

Let us now introduce 2D cyclic codes (see [13, 17, 18] for further information)
as a special case of QC codes. Again, let C' be a length m/ linear code over I,
whose codewords are written as in (1.1.1). Then, C is called 2D cyclic, if it is

closed under not only row shifts of codewords but also under column shifts:

Cm—-1,0 --- Cm—-14—2 Cm—-1-1
(€l cen Co,0—2 Co,0—1
= ) ) ) eC
€00 . Co,0—2 Co,t—1
Cm—-2,0 -+ Cm—24-2 Cm—2,0—1
eC
Cm—2,0 cee Cm—2,0—2 Cm—24—1
Cm—1,0 .-+ Cm—-14-2 Cm—-14-1 Co0—1 €00 o €0.1—2
= eC
Cm—24—1 Cm—20 Cm—2.0-2
Cm—-14—1 Cm—-10 --- Cm—-1/¢-2

Clearly, a length m¢ 2D cyclic code is also an index ¢ QC code. Hence, it is
also an R-submodule of S. The extra column-shift invariance property amounts

to being closed under multiplication by y. Thus, 2D cyclic codes are ideals of S.

Remark 1.1.1. Note that both QC and 2D cyclic codes are 2-dimensional codes,

where the former has one shift invariance and the latter has two shift invariances.

Remark 1.1.2. Let C; and C5 be length m¢ QC and 2D cyclic codes, respectively,
and assume that they have the same generator set in S (or in RY). Since Cj is
an S-submodule in S and C} is an R-submodule in S, 5 contains . Hence
d(C1) > (C3). In other words, given a QC code, the 2D cyclic code with the same

generating elements provide a lower bound for its minimum distance.



1.2 Encoding of QC Codes

After presenting QC codes in vectorial and polynomial terminologies, we now
move onto the two equivalent encoding schemes based on these descriptions. We
will illustrate the idea first on 1-generator QC codes.

Let C = (§(x)) = {(go(2), ..., g¢-1(x))) be a 1-generator QC code in R*, where
R =TF,[z]/{z™ — 1) as before. In vectorial presentation, C' is a length m/, index ¢

QC code. Let us write each g;(z) as

9;(%) = gjo+ gnr + -+ gjm_lxm‘l.

By (1.1.4), we have the following m x ¢ array (or, length m¢ vector) over F,

which corresponds to g(z)

dJoo gio0 <o G0
5 go1 g11 ce gr—11
g = . . .
goom—1 91m—-1 --- Gr—1,m-1

Being an R-module, the codewords of C are [F -linear combinations of the
polynomials {G(z), zg(z),...,2™ 1g(x)} in R. Recall that the multiplication of
G(z) by x in R* amounts to row shift of §. Hence, as a subspace in ]FZ”XE, C is
generated by F -linear combinations of {g,z - ¢,...,2™ ' - g}, where for 0 < j <

m — 1, we have

go,m—j J1m—j -+ Gi—1,m—j
i = goom—j+1 9im—j+1 -+ Gr—1,m—j+1
- q =
gom—j—1 91m—j-1 --- Gi—1m—j—1

Note that the indices are considered mod m so that gg,, should actually be
900, Jo.m+1 should be go1, and so on. Let us now write each m x £ array =7 - § as a

length m{ vector over I, by listing the entries in columns one after the other:

xj ' § = (QO,m—j7 <5 90m—3-1391,m—j55 -+ -y 91lm—5-15 " 3 Gl—1,m—j5- - - agéfl,mfjfl)
(1.2.1)



Remark 1.2.1. Note that when we say C'is closed under /-shift, we are expanding
m X £ codewords in C' into length m/¢ vectors by listing the entries in rows one after
the other. So, the vectors in (1.2.1) are in fact obtained from actual codewords in
C by a fixed permutation. In other words, the F-space generated by vectors in

(1.2.1) will be a code which is equivalent to C'.

Now let us write each vector in (1.2.1) as a row of an m x mf matrix. Since
the F,-span of these rows generate (a code equivalent to) C, this matrix will be

thought of as a generating matrix of C"

goo <o gom-1 gi0 e Jim—1| ge-1,0 e Gr—1m—1
a- gom-1 --- Gom—2|91,m-1 --- Grm—2| """ | Ge—1,m-1 --- Ge—1,m-1
go1 e goo Joo e g1 T ge—1,1 cee ge—1,0

Let each m x m block in G' be denoted by Gj:

gjo gj1 -+ Gjm-1
G = | Pt e i g ic (1.2.2)
g1 gj2 ... gjo

Note that the rows of GG; are obtained from the previous row by a cyclic shift.
Such a matrix is called an m x m circulant matrix. Hence, a scalar generator

matrix for the QC code

C = (g(x)) = {(90(), - ., ge-1(x)))

can be given as

G = < Go Gy - G, ), (1.2.3)

where each G is an m X m circulant matrix and these blocks are associated to the
polynomial entries g;(z)’s in g(x).

We will call the 1 x ¢ matrix



a polynomial generating matrix (PGM) of C, since

C ={b(z)(go(x),...,g90-1(x)) : b(x) € R}. (1.2.5)

So, we have introduced a scalar and polynomial generating matrix for a 1-

generator QC code.

Remark 1.2.2. The scalar matrix G in (1.2.3) may have linearly independent
rows, since it is not expected that every index ¢, length m¢ QC code has dimension
m. So, the actual generating matrix, which has as many rows as the dimension of

C, can be obtained by removing the linearly dependent rows from G.

Equivalently, the R-module isomorphism (1.1.5) allows us to view C' C S as an

R-submodule generated by g(x,y) = ¥(g(x)) in S and (1.2.5) becomes
C ={c(z,y) = b(x)G : b(x) € R}, (1.2.6)

where G = (g(z,y)) is the corresponding PGM over S.
Now let us extend these notions to the r-generator case. Let C' C R’ be

generated by {gi(x),...,g.(x)}, then

= ((g10(2), - .. agl,efl(l’)), Sy (gro(iU), e >gr,671(x))>

= {E(x) = sz(ﬂﬂ) (gio(2), .., gie—1(2)) : bi(z) € R} . (1.2.7)
Hence,

C={cz) = (b(x),...,b.(2))G : b;(z) € R}, (1.2.8)

g1 () qio(x) - gre-a1(w)
G = g2fx) = gQOZ(x) 92’4‘:1(:6) (1.2.9)
§r<x) grO(x) e gr,éfl(x)

As in 1-generator case, we can write a scalar generator matrix for C' as

9



Gl() Gll Gl,Z—l

Gy G -+ Gap

G = : (1.2.10)

G’I’O Grl GT,E—l

where each G;; is the circulant matrix corresponding to g;;(z) as in (1.2.2).
If C is considered as an R-submodule in S, then to §;(z) € R’ we associate

gj(z,y) =1¥(g;(z)) € S for each 0 < j < ¢ —1 and then(1.2.9) becomes

gl('r?y)

o gg(ff,y)

9-(7,y)

1.3 Concatenated Structure of QC Codes

We now describe the decomposition of a g-ary QC code into shorter codes over
extensions of F,. We follow the brief presentation in [16] and refer to [23] for

details. Consider the factorization of 2™ — 1 into irreducibles in F,[z], say

2" = 1= (@) fola) .. fila). (1.3.1)

Since m is relatively prime to ¢, there are no repeating factors in (1.3.1). By

Chinese Remainder Theorem we have the following ring isomorphism.

R = @F,lal/(i(x). (1.3.2)

Since each f;(x) divides ™ — 1, their roots are powers of some fixed primitive m®"

root of unity &. For each 1 =1,2,...,s, let u; be the smallest nonnegative integer
such that f;(£") = 0. Since f;(x)’s are irreducible, direct summands in (1.3.2) are

field extensions of F,. If E; :=F [z]/(fi(x)) for 1 <i < s, then we have

R=E & - @K,
a(z) = (a(€"),...,a(&™)). (1.3.3)

10



This implies that

d(x) = (ao(x), .. aer(w)) — [(ao(€"), s ara(€™)), -+ (ao(€™), - ara (€%))]

Hence, a QC code C' C R can be viewed as an (E; @ - - - @ E,)-submodule of

Ef @ --- @ E! and decomposes as
C=0Cd -0, (1.3.5)

where C; is a linear code of length ¢ over E;, for each ¢. These length ¢ linear codes
over various extensions of I, are called the constituents of C.

For an r-generator QC code C' = (§,(2), ..., g.(x)) C R* we have

Ci = spang, {(g70(€"), ., gje-1(§")) € E{[1 < j <7}

by (1.3.4) and C; = 0 if and only if fij(x) | g;«(z) forall1 <j <r, 0<t</{—1.
Note that each field E; is isomorphic to a minimal cyclic code of length m

over F,. Namely, consider the cyclic code of length m whose check polynomial is

-1

fi(@)
idempotent for the minimal cyclic code ([22, Theorem 6.4.1 and Definition 6.4.2])

fi(z) (i.e. the code is generated by ). Let 6; denote the generating primitive

The isomorphism between (6;) and E; is given by the maps

(0:)

—
k
— aRx
k=0

pi: (03 ) , (1.3.6)

where
1

ap = ETrEi/Fq (5€7Rua),

If C; is a length ¢ linear code over E;, we will denote its concatenation with
(0;) by (6;)0C; and the concatenation will be carried out by the map ;. In other
words, each entry of the codewords of C; are mapped by 1; to length m codewords
in (6;) so that we obtain a length m¢ vector over [F,,. If we apply this concatenation
for each 2 = 1,...,s, we get the following concatenated description for QC codes,

which is given by Jensen.

11



Theorem 1.3.1. ([19]) (i) Let C' be an R-submodule of S (i.e. a QC code). Then
for some subset T of {1,...,s}, there exist linear codes C; of length € over E;
(which can be explicitly described) such that C' = @;c7(0;)0C;.

(ii) Conversely, let C; be a linear code over B; of length ¢ for each i € T C
{1,...,8}. Then, C = ®;c7(0,)3C; is a q-ary QC code of length ml and index (.

It is proved in [16] that for a given QC code C, the constituents C;’s in (1.3.5)
and the outer codes C;’s in the concatenated structure are equal to each other (see

[16, Theorem 4.1} ).

1.4 Convolutional Codes

QC codes are not only closely related to cyclic and 2D cyclic codes, but also
to another well-studied class of codes, namely convolutional codes. In this section
we will cover some basic facts on convolutional codes and then present their link
to QC codes.

An (¢, k) convolutional code C over F, is defined as a k-dimensional F,(x)-
subspace of F, (). The weight of an element c¢(z) € F,(x) is defined as the number
of terms in ¢(x) expressed as a Laurent series, since every rational function has a
unique causal Laurent series representation. Therefore, the weight of a codeword
cx) = (co(x),...,ci—1(x)) € C is the sum of the weights of its coordinates. The
free distance of the convolutional code ds(C') is the minimum weight among nonzero
codewords.

An encoder of C'is a k x ¢ matrix over [F,(z), which is called a generator matrix
of C' as usual. By clearing off the denominators of all the entries in any generating
matrix, we can obtain a polynomial generator matrix (PGM) for C' which is a k x ¢

matrix G of rank &k with entries from F,[z] such that

C = {(uo(x),...,up1(2)) G : (uo(x),...,up_1(x)) € Fy(x)*}. (1.4.1)

Moreover, it is usually assumed that G is noncatastrophic in the sense that
finite weight codewords of C' can only be produced from finite weight information

words. For instance, consider the following PGM

G = (:E2+1,:B+1),

12



which generates a (2, 1)-convolutional code C' over Fy. Let

1
r+1

wz)=1+z+2>+-- =

Then u(z)G = (x + 1,1) which is a codeword with weight 3 but wt(u(z)) = oc.

This may cause an infinite number of fails in the decoding, which is undesired.
Definition 1.4.1. ( [26, 29]) Let G be a PGM for an (¢, k) convolutional code.

i. G is noncatastrophic if and only if the greatest common divisor of all k£ x k

minors of G is 2° for some nonnegative integer b.

ii. G is basic if and only if the greatest common divisor of all £ x £ minors of

Gis 1.

In this sense, G = (x +1, 1) is a basic (hence, noncatastrophic) PGM for the
example above. Note that a basic PGM exists for any convolutional code (see [29,

Section 3]).

Remark 1.4.2. If C' is given with a basic PGM, then all finite weight codewords
with polynomial coordinates come from information words with polynomial coor-

dinates ([29]).

Viewing convolutional codes as linear codes over F (x) leads to codewords with
infinite weight, which can not occur in practice and there is no reason to use this
as the definition (see [8, 21]). Moreover, again due to practical purposes, finite
weight codewords which are causal are of interest ([21, 29]). These are exactly the
polynomial codewords. For this reason, we consider an (¢, k) convolutional code
C as a rank k F [z]-submodule of F,[z]*. Note that C' is necessarily a free module
since F,[z]| is a principal ideal domain. Such convolutional codes are also called

finite support convolutional codes ([4]) and in this case (1.4.1) turns out to be
C = {(up(@),...,us1(2)) G : (uo(x),..., up_1(x)) € Fylz]*}. (1.4.2)

Observe that if G is a basic PGM for C, then (1.4.2) describes all the polynomial

codewords (since polynomial output implies polynomial input for a basic PGM).
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We are ready to associate a QC code to a given convolutional code. Let R =

F,[z]/(x™ — 1) as before and consider the projection map

¢:Fz] — R
f(z) = f'(z):= f(z) mod (z™ —1). (1.4.3)

It is clear that for a given (¢, k) convolutional code C, there is a natural QC code
(" related to it (of length m¢ and index ¢, for any m > 1) as shown below. Note
that we denote the map from C' to C” also by .

d:C —

ax) = (co(x),...,comi(x) — dx) = (d)(x),...,c\ (x)). (1.4.4)

In fact, the minimum distance of the QC code C’ is a lower bound on the free
distance of the convolutional code C, as shown by Lally ([21]). We will formulate
several crucial findings of Lally in the following. Note that the last result below is

a consequence of the first two.

Theorem 1.4.3. ([21, Theorem 2 and its proof]) Let C be an (¢, k) convolutional
code over F, with a basic PGM and C" be the related QC code in R, Let C be a
codeword in C and set ¢ = () € C".

i. If é(x) # 0, then wt(é) > wt(c).

ii. If &(x) = 0, let v > 1 be the mazimal positive integer such that (z™ — 1)7
divides each coordinate of ¢. Write ¢ = (2™ —1)7 (vo(x), ..., ve_1(x)) and set
U = (vo(x),...,v_1(x)). Then, ¥ is a codeword of C. Moreover, by using
the weight preserving property proven in [25], we have wt(¢) > wt(v') for
v e ¢\ {0}

ii. By (i) and (ii), dg(C) > d(C").

An important fact to emphasize is that the assumption of a basic PGM for the
given convolutional code is crucial in this theorem since a catastrophic PGM may

violate the second result, as the following example shows.
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Example 1.4.4. Let C be a (2, 1) convolutional code over [Fy with the PGM below

G=<x2+x+1 x2+x+1>

and suppose that C” is the related QC code in (Fo[z]/(z® 4+ 1))%. Then c(z) =
(23 + 1,23 + 1) is a codeword in C' and ¢(z) = 0. But @ = (23 +1) - (1,1) and
U = (1,1) is not a codeword of C', which is considered as an Fy[z]-submodule in

Fy[z]?. Therefore we have to take the PGM G = (1, 1), which is basic.

Remark 1.4.5. Let us note that Lally uses an alternative module description of
convolutional and QC codes in [21]. Namely, a basis {1,a,...,a’"'} of F over
F, is fixed and the Fy[z]-modules Fy[z]* and F[z] are identified via the following

map:

With this identification, a length ¢ convolutional code is viewed as an F,[z]-module
in Fefz] and a length mf, index ¢ QC code is viewed as an Fy[z]-module in
F,elx]/(z™ — 1). However, all of Lally’s findings can be translated to the mod-
ule descriptions that we have been using for convolutional and QC codes and this

is how they are presented in Theorem 1.4.3.
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Chapter 2

Multidimensional Quasi-Cyclic

Codes

In this chapter, multidimensional generalization of quasi-cyclic codes will be
introduced. Due to the ease in visualization of the idea, we first focus on 3D codes
in the following section. Generalization to arbitrary dimension as well as the study

of their algebraic structure are given in later sections.

2.1 Quasi 2D Cyclic and 3D Cyclic Codes

Let C' be a g-ary length m/k linear code and view its codewords as m x £ x k

cubes as follows:

€0,0,k—1 Co,0—1,k—1
€0,0, Co,t-1,5
€0,0,0 C0,6—1,0
Cm—1,0,k—1 : Cm—1,0—1,k—1
Cm—1,0,5 Cm—1,0—1,5
Cm—1,0,0 Cm—1,4—1,0

(2.1.1)
A 3D code C' is called a 3D cyclic if it is closed under bottom-to-top, right-
to-left and back-to-front face shifts of its codewords (see the figures below). Let
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us note that multidimensional cyclic codes have been studied in the literature (see

13, 15, 17, 18, 32]).

g (2.1.2)

Moreover, the codewords of a 3D cyclic code can be put into a 2D form. For

this, let us write the cube (2.1.1) as a m x ¢k array in F;<‘:

€000 b C0L—1,0 | e €0,0,k—1

1
1
C100 cee 61757170 : ...... CLLk,l
. . ! . X . .

! :
_____________ ! R
rCm=1,00 T T TCmI14-1,0

(2.1.3)
So, a length m{k linear code C' C IF;"““ is called 3D cyclic if its codewords
viewed as m x (k arrays are not only closed under row shift and column shifts in

each m x £ subarrays, but also under shift of m x ¢ subarrays.

Remark 2.1.1. It is easy to see that the arrows in (2.1.3) correspond to face shifts
in the 3D picture. Namely, the bottom-to-top, right-to-left and back-to-front face
shifts in the 3D representation (2.1.2) correspond to row shift, column shift in each
m X £ subarrays and m x £ block shift, respectively. Hence, the codewords of a 3D

cyclic code are closed under shift by ¢k, mk and m¢ positions.

Observe that for £ = 1 we get a 2D cyclic code. Recall from Chapter 1 that a
QC code is a 2D linear code which misses one of the shift invariances that a 2D

cyclic code has. We proceed similarly to define quasi 2D cyclic codes.

Definition 2.1.2. A length m/k linear code C' C FZ”M is called a quasi 2D cyclic
(Q2DC) code if its codewords viewed as m x (k arrays are closed under row shift

and column shifts in each m x ¢ subarrays.
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€000 P C0—10 | e €0,0,k—1 1 Coe-1 k=1 ;
1 1
€100 P CLe-1,0 e e C1,1,k—1 : Clo—1k—1 1
1
! I | !
X 1 ! |
S 0 O e e e e =
TCmI100 T TTCRIiESro [ ST Crn1,0k—1 <77 CmI1pt1ko1 ]

TR T TR T T —

(2.1.4)
In other words, the codewords of a Q2DC code C' C F Z‘% are closed under shift
by ¢k and mk positions. Therefore, C' can be viewed as an index ¢k QC code.

Remark 2.1.3. The codewords of a Q2DC cyclic code C' viewed as m x ¢ X k
cubes as in (2.1.1) are closed under bottom-to-top, right-to-left shifts (see 2.1.2).
Therefore, just like the case in QC and 2D cyclic codes, 3D cyclic codes can also

be viewed as a special case of Q2DC codes with one more shift invariance.

In order to realize the algebraic description of Q2DC cyclic codes, let J =
(z™ — 1,y* — 1) be an ideal of F [z,y] and set S := F,[z,y]/J as before. For an
m x £ x k cube ¢ € F™% as in (2.1.1), assign an element of S* via the following

analogue of the map ¢ in (1.1.4):

¢/ . ]F;nxka Sk

(ciji) — cz,y) = (colz,y), ..., c1(x,Y)), (2.1.5)

where for each 0 <t <k —1,

—
~

-1
c(x,y) = iy’ €8S (2.1.6)

i

3

Il
=)
Il
)

J

Now, let U = (z™ — 1,y* — 1,2¥ — 1) be an ideal of F,[x,y, 2] and define the
quotient ring P := F,[x,y, z]/U. Then we define the following analogue of the map

¢ in (1.1.5):

S — P
dz,y) — clz,y,2), (2.1.7)
where
k-1 k=1 m—1 -1
C(xa Y, Z) = Z Ct ci,j,tx"yjzt. (218)
t=0 t=0 i=0 j=0
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Note that under these identifications, bottom-to-top and right-to-left face shifts
of (¢ij1) € IF‘Z”XZX’c correspond, respectively, to multiplication by x and y (compo-
nentwise) in S*¥ and in P. The back-to-front shift of (¢; ;) corresponds to cyclic
shift of ¢(x,y) in S* and to multiplication by z in P.

The following is immediate after the preparation provided above.

Proposition 2.1.4. A Q2DC code as in Definition 2.1.2 is an S-submodule in S*

and in P. Moreover, a 3D cyclic code is an ideal in P.

Remark 2.1.5. It has been noted by Ling and Solé in [23] that a QC code C
of length m¢ and index ¢ can be characterized algebraically by the automorphism
group Perm(C) of the code, which is a subgroup of the symmetric group S
Namely, C' is QC of length m¢ and index ¢ if and only if there exists a fixed point
free permutation in Perm(C') that consists of ¢ disjoint cycles of length m. With
our notation so far, a 3D linear code C of length m x ¢ x k is a Q2DC code if and
only if there exists a fixed point free permutation in Perm(C') which consists of ¢k
disjoint cycles of length m and there exists another fixed point free permutation

in Perm(C') which consists of mk disjoint cycles of length ¢.

2.2 QnDC Codes

We have extended the definition of QC codes to Q2DC codes, which are 3D
codes with 2 shift invariances, and described their algebraic structure in the pre-
vious section. We now move onto the higher dimensional generalizations of QC

codes. For this, let us first define certain rings:

Ry = Fola]/ (21" — 1)
Ry =F [zy, z0)/(z1"™ — 1,252 — 1)

(2.2.1)
R, =F xy,...,x,) /(a7 = 1,...,ap™ — 1)

Ryi1 =F lz1, ..o 2] /(2™ — 1, ... ,a:nmjfl - 1)

Here, m;’s are positive integers and m; will be assumed to be relatively prime to

q. Note that the rings R, S and P in Section 2.1 are the first three rings above.
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Keeping the analogy with QC and Q2DC codes, a quasi nD cyclic code will
be an (n + 1)D linear code with n shift invariances. Algebraically, the natural

definition that corresponds to this is as follows.

Definition 2.2.1. A quasi nD cyclic code (QnDC) C over F, of length m; x
- X Myyq is an R,-submodule of R, ;. Alternatively, C' can be defined as an
R,-module in R+ (this was done for n = 2 case (Proposition 2.1.4) via the

identification given in (2.1.7)).

Let us note that an (n + 1)D cyclic code of length m; X - -+ X m,,4; is an ideal

in R,41 ([15, 32]). In particular, it is also a QnDC code.

Remark 2.2.2. We can characterize QnDC codes via their automorphism groups
as we did for n = 2 case in Remark 2.1.5. Namely, an (n + 1)D linear code C' of
length my x -+ X myyq is QnDC if and only if Perm(C) contains n fixed point
free automorphisms o4, ..., 0,, where each o; consists of my -« m;_ 1M1+ Mpiq

disjoint cycles of length m;.

Remark 2.2.3. We can extend the distance relation given in Remark 1.1.2 to nD
case as well. If (' and Cy are QnDC and (n + 1)D cyclic codes given with the
same generator set in R,1, respectively, then C; C Cy and hence d(Cy) > d(Cy).

Now let us generalize the encoding of the QC codes given in Section 1.2 to
QnDC codes. We begin with 1-generator Q2DC codes: let C' = (g(z,y)) =
((90(z,9),...,gk-1(2,y))) be an S-submodule in S* where S = F[z,y]/(z™ —
1,y — 1) as in Section 2.1. Then

C = {&z,y) = (b(z,y)90(z,y), ..., bz, y)gr-1(z,y)) : b(z,y) € S}

and G = (go(x, v), 1 (z,y), ..., gx_1(x, y)) is the corresponding PGM for C' in S*.
Equivalently, C = {(g(z,y,2)) C P, where P ~ S* = F [z, y, z]/{(z™ — 1,y —
1,2 — 1) as before and g(x,vy, 2) = ¥'(g(x,y)). From this point of view,

C = {c(z,y,2) = b(z,y)g(x,y,2) : b(x,y) € S}

and (g(ac, Y, z)) is the PGM of C in P.
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If C = {Gi(x,y),...,3.(x,y)) is an r-generator Q2DC code in S*, where

§1(x,y) = (910(x7y>7 cee 7gl,k—1<x7y))

g}(l’, y) = (gTO(xv y)7 s 7gr,k71(x7 y))?

then
c= {ax,y) _ (Z e Do), ibxx,y)gt,“(x,y)) wy) € s} .
=1 t=1
In this case, the PGM for C over S is given by
g(@,y) gulz,y) - grea(z,y)
oo gzo(fv,y) gzl(f,y) gz,k_l'(x,y) . (2.22)
gr()(:ra y) grl(.xvy) gr,k—l'(xvy)

Clearly, by setting g;(z,y, 2) = ¢¥'(gi(x,y)), we get the following PGM in T"

gl(xay7z)
G — .

gr(z,y,2)

Now we describe the encoders for QnDC codes. Let C' be a 1-generator QnDC
code with C' = (g(z1, ..., 2pn41)) C Ryui1. Then, as we did for n = 2 case in (1.2.6),

C={c(z1,....;xpni1) =b(x1, ..., )G : b1, ..., ) € Ry} (2.2.3)

and G = (g(xl, ...,xn+1)) is the corresponding PGM for C'in R, ;.
There exists a uniquely determined element ¢(z1,...,z,) € R+, which is

obtained by the following analogue of the maps (1.1.5) and (2.1.7)

\I/ . RZL”JA — Rn+1

g(xl)"wmn) = g(xl)"‘amn—i-l): gi(xla"'7'rn>xf@+1’ (224)
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Obviously, W is an isomorphism and therefore we have the following PGM for

C over R,,, which generalizes (1.2.4):

G = < gO(xlu"'yxn) gl(l‘l,...,l‘n) ganrl,l(le,...,{L’n) > (225)

Now let C' = (g1(21, .., Tpy1)s -+ Gr(T1, ooy Tps1)) € Rypp1 be an r-generator

QnDC code. In this case (2.2.3) turns out to be

C = {c(wl, iy Tpg1) = th(arl, ey X)) G (X1 oy Tpg1) b1,y ) € Rn}
=1

where
g1(x1, oy Trga)
G =
gr<x17'“7xn+1)
and
G10(T1, o 2n) G111, ®0) Grmp—1(T1, s Tp)
G = 920(1'17...,xn) g21($1>"'7xn) g27mn+1,1(..1'1,---7$n) (226)
9r0(£€1,~-~7$n) grl(xlw"axn) grvanrl_l(xh.”’In)

are the corresponding PGM’s for C' in R,,.; and R, respectively. We have C' =
(Gi(z1y ey Tn)y ooy Gi(T1, ooy ) € R where ge(21, ooy Tng1) = Y(Ge(x1, .0y 20))
for all 1 <t < n. By using (1.2.1) for each z; and g;(z1,...,x,) with 1 < j < n

and 1 <¢ <r, we can also get a generator matrix for C' over F,.

2.3 Concatenated Structure and Asymptotics

Being a QC code, both QnDC and (n 4 1)D cyclic codes have concatenated
structures. It was proved in [16, Theorem 4.3] that outer codes (or constituents)
of an (n 4+ 1)D cyclic code are nD cyclic codes. We now prove the analogue of
that statement for QnDC codes. We assume that ™! — 1 factors into irreducibles
over I [z] as in (1.3.1) (setting m = m;) and use the notations in (1.3.2), (1.3.3),
(1.3.4) and (1.3.5). We let £ be a primitive m{" root of unity over F,,.
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Theorem 2.3.1. Let n > 2 and (my,q) = 1. For each 1 <i < s, let (6;) be the
minimal cyclic code of length my over F,, whose parity check polynomial is f;(x)

and which is generated by the primitive idempotent 6;.

i. If C is a QnDC code of length my X -+ X mpq1 over Fy, then it can be

decomposed as
c =)o
i=1

where each C; is a Q(n-1)DC code of length my X -+« X myyq over E;.

ii. Conversely, if C; is a Q(n-1)DC code of length mg X - -+ X my,41 over E; (for
each i), then

czéwm

is a QnDC code of length my X - -+ X my41 over Fy.

Proof. View C' as a QC code of index my - - -m, 1 and note by [16, Theorem 4.3]

that its constituents lie in

BP0 o Bl ] ey = L.l — 1),

Each constituent C; (for 1 < ¢ < s) is of the form

ma—1  Mpp1—1 [my—1
C; = { Z Z [Z cka2_._an+1§k"i] S (ck@_“anﬂ) € C} )
az=0  an41=0 L k=0

Since C is an R,-submodule in R,,;, it is closed under multiplication by
Zg, ...,y and by elements of F,. Hence, C; is closed under multiplication by
Zg, ...,y and by elements of F,. It remains to show that Ci is also closed under
multiplication by £% to conclude that it is a E;[za, ..., x,]/(x5? — 1,... 2 — 1)-
submodule in E;[zo, ..., zp1]/(5? — 1,..., 2,07 — 1) (i.e. Ciis a Q(n - 1)DC
code over E;). If we take an arbitrary codeword from C; and multiply it with £":,

it takes the form

mo—1 Mpy1—1 /mi—1
§ : 2 : 2 : (k+1)u; a Gn41
Ckas.. an+1§ ' Ty -

as=0 Ap 1= =0
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This polynomial is obtained from the polynomial xic(xy, ..., ,41), where

ma—1 Mp+1—1 m1—1

- k az An41

c(x1, .. Tpy1) = E e E g Ckag..ant1T1| Lo " Tpyy -
k=0

as=0 an4+1=0

Note that we have not used the fact that C' is closed under multiplication by x

so far. Using this fact, zic(xq,...,z,41) € C and part i is proved.
For the converse recall that C; is a E;[zo, ..., z,]/(z5? — 1,..., 2" — 1)- sub-
module in E;[2, ..., zny1]/{xh? — 1,..., 271" — 1) for each i. Moreover, the con-

catenation is of the form (cf. (1.3.6))

mo—1 Mp+1—1
<02>DCZ N { Z o Z ¢i(ca2...an+1)xg2 e le-'il : (Ca27"'7an+1) 6 CZ} ‘
a2=0 an+1=0

Since (#;) is a cyclic code of length my over Fy, ¥i(cq,. a,,,) lies in Fylz]/ {2z —
1) and hence (0,)0C; C Ejx, ..., ]/ (2" — 1,..., 277" — 1) which is closed
under multiplication by xs,...,z,41 and by constants in E; due to the fact that
C; is Q(n — 1)DC. Moreover, it is also closed under multiplication by x; since
Vi(Cag..ansr) € (0i) and (0;) is an ideal of Fy[zq]/(27" — 1). This finishes the
proof. O

It is known that QC codes and various special families of QC codes are asymp-
totically good ([6, 20, 24, 28]). Our goal in this section is to show that for any
n > 2, QnDC codes are also asymptotically good. For this, we will utilize the

concatenated structure of these codes.

Theorem 2.3.2. For every n > 2 and any finite field IF,, there exists an asymp-
totically good sequence of QnDC' codes over F,. When these codes are viewed as

QC codes, their index is N/(q + 1) where N denotes the length of the codes.

Proof. Note that for any prime power r, the polynomial f(x) = 2"' — 1 has
exactly one linear factor (z — 1) and all other irreducible factors of f over F,[z]
are quadratic with roots 3 and 87 = S~!. In particular, F,2 is the splitting field of
f over FF,.

Let fo(z) = 297 —1 € F [z] and fix a root 1 # g which is a root of one of the
quadratic irreducible factors f;(z) of fo(x). Then, Fp2 = Fy(ap). Now, consider

fi(r) = 2+ —1 € Fpelr] and fix a root 1 # a; which is a root of one of the
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quadratic irreducible factors fy(z) of fi(z). Then, F . = Fp(a1) = Fy(ag, ar).
More generally for 0 < j < n —1, let m; = ¢* 4+ 1 and note that each m; is

relatively prime to ¢q. Consider the polynomials
fi(@) =a™ —1€F uz] =Fny_1[a]

and fix a root a; of each f;(x) as one of the roots of a chosen quadratic irreducible

factor f;(x) of fj(x). Then, a sequence of field extensions is obtained:
Fy CFp2 =Fy(ap) CFp2 =Fylao, 1) C - CFpr =Fylao, ..., an1).

Let (07) be the minimal cyclic code over F ,;, which is generated by the prim-
itive idempotent 67 and whose parity check polynomial is f7(x). Note that (¢7)
has dimension 2 and length m; (for each 0 < j <n —1). We denote the minimum
distance of (07) by d;.

Now start with an asymptotically good sequence of linear codes (C;) over Fon =
F,(ag,...,a,—1) and assume that N;,d; and k; denote respectively the length,
minimum distance and dimension of Cj, for all 7. Let

0= lilmdﬁi and o := lilm%
denote the limit distance and the limit rate of the sequence (C;) and note that
both quantities are positive, since (C;) is asymptotically good.

Consider the sequence of codes ((¢7%_,)0C;). By Theorem 1.3.1, this sequence
consists of QC codes over F on-1 = F,(ag,...,a,_2), where for each i the length
and the dimension of (6% ,)0C; are, respectively, m,_1N; and 2k;. Moreover,
the minimum distance of (0 YOC; is at least d_,d;. Now, take the members
of this sequence of QC codes as outer codes and concatenate each with the code
(07 _,) to obtain a sequence of Q2DC codes ((#;_,)0 ((6;_,)0C;)) over Fon-2 =
F (g, ..., an_3) (Theorem 2.3.1). Note that the i*" code in this new sequence has

length m,,_om,_1N; and its dimension is 22k;. The minimum distance of this *

code is at least d_,d;,_,d;. Continue this way to form the sequence of codes

((65)B ((01)B (--- O ((0;,-1)0C)))) - (2.3.1)
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By Theorem 2.3.1, the sequence (2.3.1) consists of QnDC codes over F,. The

length and the dimension of the i*" code in this last sequence are respectively,
mo -+ Mp_1N; and 2"k;.

The minimum distance of the 7" code is at least dj---d* ,d;. If we denote the

limit parameters of the sequence of QnDC codes in (2.3.1) as 0* and a*, we have
ds- - on

%

-1
———=6%>0 and ¥ = ——a > 0.
mo---Mp—1 mo---Mp_

5 >

It is clear that the i** code in this sequence can be viewed as a QC code of index

ml---mn_lNi. ]

Remark 2.3.3. Whether cyclic codes are asymptotically good or not is an impor-
tant open problem in coding theory ([27]). As in Theorem 2.3.2, a sequence of nD
cyclic codes can be obtained by starting with a sequence of cyclic codes and con-
tinuing with consecutive concatenations. Hence, if cyclic codes are asymptotically
good, so are nD cyclic codes for any n > 2. We are not aware of any result on the

asymptotic performance of nD cyclic codes.
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Chapter 3

Multidimensional Convolutional
Codes and Their Relation to
QnDC Codes

We have shown in the first chapter that QC codes are naturally related to con-
volutional codes and they yield a lower bound on the free distance of convolutional
codes. Our aim in this chapter is to provide an analogous relation between mul-
tidimensional quasi-cyclic and multidimensional convolutional codes. For this, we

will first recall some basic facts on multidimensional convolutional codes.

3.1 Multidimensional Convolutional Codes

Suppose that G is a k£ x ¢ full rank polynomial matrix G with entries from
F,[z1,...,2,]. An n-dimensional (nD) convolutional code over F, of length ¢ is
defined in general as an F,[[xy,...,z,]]-module in F,[[x1,...,7,]]* generated by

the rows of G ([7, 33)):

C={(uo,...,ux—1) G : w; € Fyllxy,...,x,]] Vi}.

Here, F,[[z1, ..., z,]] denotes the ring of formal power series.

Analogous to the 1D case, we define the weight of a power series ¢(x1, ..., z,) as
the number of its terms and the weight of a codeword ¢(z1, ..., x,) = (co(x1, ..., zy),
coosco—1(x1, ..., xy,)) as the sum of the weights of its coordinates. The free distance

of code ds(C) is the minimum nonzero weight in C'.
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Furthermore, as in the 1D case, it is generally assumed that C' is encoded
by a noncatastrophic PGM G, again in the sense that finite weight outputs can
only come from finite weight inputs. Noncatastrophicity for G means that if a
polynomial in F,[zy,...,z,| divides all (k x k) minors of G, then this polynomial
is a constant polynomial or a polynomial with zero constant term ([33, Proposition
5.1.7]). Finite weight power series are clearly polynomials. Again for the purpose
of weight analysis infinite weight codewords are not of interest and hence we will

focus on codes with polynomial representations. Therefore, we will consider
C={(uo,...,up-1)G: w; € Fylay,... ,x,] Vi} (3.1.1)

and such a code will be referred to as (¢, k) nD convolutional code. In other words,
an nD convolutional code will be an F [z, ..., z,]-module in F [z, ..., z,]* This
is also the point of view taken in [4, 9, 33]. Unlike the classical case (n = 1), not
every such module is necessarily free when n > 2 (see [9, Example 8.3]), although
only free nD convolutional codes are studied in some articles (e.g. [4]).

Recall that a QnDC code of size my x - - - xm,, 1 can be viewed as an R,,-module

in R+, Set ¢ = m,, and define the analogue of the projection in (1.4.3) as:

D Fq[l'l,xg,...,l'n] — Rn

f— ff=f mod (z{™ —1,....,20"™ —1) (3.1.2)

n

Then, for an nD convolutional code C' of length ¢, we can associate a size m; X
o x my, x £ QnDC code C’, which is viewed as an R,-module in R, as was done

for n =1 case in (1.4.4):

o:C —

E=(co,--rceo1) = &= (chyevyCfy). (3.1.3)

3.2 Background on Grobner Bases

Before proceeding further on the relation of multidimensional QC and convolu-
tional codes, let us go over some facts about Grobner bases. For details and proofs

of the following statements, we refer to [1].
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Let K be a field and fix a term order on Klzi,...,x,]. A power product
7t .. 2% will be denoted by X®. Any element f € K[X]\{0} can be written as

f=a X+ ... +a,X%,

where a; € K* and X* > ... > X%,

We will use the following the notation:

Ip(f) = X : the leading power product of f
le(f) = ay : the leading coefficient of f
t(f) = a1 X : the leading term of f

Definition 3.2.1. Let f,g € K[X] with g # 0. We say that f reduces to h modulo
g in one step (f & h) if £p(g) divides a nonzero term X that appears in f and

X

Definition 3.2.2. Let f h, f1,...,fs € K[X] and let F' = {f1,..., fs}. We say
that f reduces to h mod F' (f LN h) if there exists a sequence of indices i1, ...,7; €

{1,...,s} (not necessarily distinct) and a sequence of polynomials hq, ..., h_1 €

K[X] such that

fi fi fi Jiy_ i
N L Ny AL N N L

Definition 3.2.3. A polynomial r € K[X] is called reduced with respect to F' =
{f1,.-., fs} if r = 0 or no power product that appears in r is divisible by one of
the Ip(fi)’s (i=1,...,s), i.e. r cannot be reduced mod F.

Definition 3.2.4. If f Ly 7 and 7 is reduced with respect to F', then r is called a

remainder for f with respect to F'.

Definition 3.2.5. A set of nonzero polynomials G = {gi, ..., ¢} contained in an
ideal I is called a Grobner basis for I, if for any nonzero element f € I there exists

i€ {l,...,s} such that ¢p(g;)|¢p(f).

Theorem 3.2.6. i. G is a Grobner basis for the ideal I if and only if

fe[@fio.
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ii. If G is a Grobner basis for I then I = (g1,...,q:)-
iii. Every nonzero ideal in K[X| has a Grébner basis.

Definition 3.2.7. We say that G = {g1, ..., ¢;} is a Grobner basis if it is a Grébner
basis for the ideal (G) that it generates.

Theorem 3.2.8. G is a Grobner basis if and only if for all f € K[X] the remainder

of the division of f with respect to G is unique.

Definition 3.2.9. Let f,g € K[X] be nonzero and let L = lem(¢p(f),¢p(g)). The

polynomial
L

t(g)”

SU9) = gy -

t(f)
is called the S-polynomial of f and g.

Theorem 3.2.10. Let G = {¢1,...,q:} be a set of nonzero polynomials in K[X].
Then G is a Grobner basis if and only if for each i # j we have S(gi, g;) %o.

The following observations are immediate from the facts stated so far.

Proposition 3.2.11. Foranyn € Nandm; > 1 (i=1,...,n), {«{"=1,... 2l —

n

1} is a Grébner basis.

Proposition 3.2.12. Let G = {¢1,...,9n}, where g; =z =1 foralli =1,...,n.
Let f € K[X] be nonzero and reduce f by g1 as much as possible, then by go as

much as possible and so on. Then, f can be written as
f=aig1+ - +angn+r,

where
i. 1 1s the unique remainder of f with respect to G,

ii. Fori > 1, a; is reduced with respect to {gi,...,g9;-1}. In particular, a; is not

divisible by g, for anyt € {1,...,i—1}.
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3.3 On Noncatastrophicity for 1-Generator Con-
volutional Codes

Let C' C F,[xy,...,7,]¢ be a 1-generator nD convolutional code with the PGM

G = (g’(xl, . ,wn)) = (gl(xl, ey Ty e Go(@y, - ,xn)) (3.3.1)
Consider the set

Iy, = {u(T1, ..o, 20) € Fylan, .o xp];ug; € (27 —1, .. apm—1),Vi=1,...,(}

n

m,, 1s an ideal of F [z, ..., z,]. Moreover,

,,,,,

<x§nn_177wmn_1>g<]m1 ..... Mn

holds in general.
We will study 1-generator nD convolutional codes given with a PGM G =
(gl(xl, ey Tp)y e Ge(T, L ,:vn)) which satisfies

Ty, = (7™ =1, . 2 — 1), (3.3.2)

-----

for all m; > 1 relatively prime to ¢q. For 1D convolutional codes, condition (3.3.2)

is equivalent to noncatastrophicity.

Proposition 3.3.1. Let ¢1(z), ..., gi(x) be nonzero polynomials in F,[z]. Let
Jm = {h(x) € F lz] : h(x)g;(z) € (™ — 1), Vi=1,...,(}.

Then, the encoder G = (gi(z), ..., ge(x)) is noncatastrophic for the convolutional
code C' that it generates if and only if J, = (x™ — 1) for all m > 1, relatively

prime to q.

Proof. (<) Suppose a(x) € F,[z] is a common divisor of each g;(x). If a(x) is not
a constant polynomial or not of the form cz? for ¢ € [F; and d > 1, then it
has aroot € Fou C Fq in some extension of F,. Let m be the multiplicative

order of a in . and note that being a divisor of ¢" — 1, m is relatively prime
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to q. Let f,(x) € F,[z] denote the minimal polynomial of o over F,. Then
fa(x)]a(z) in F,[z]. Moreover, being an m’th root of unity, « is also a root

of 2 — 1. Hence f,(x)|(z™ — 1) also holds. Therefore,

™ =1 ™ =1
e F,lz] and ———g; € (z™ — 1) Vi.
Julwy € P end gy e @
m_q
However, xf @ ¢ (™ —1) by Definition 3.2.5 and Proposition 3.2.11. This
oz

contradicts the assumption and hence a(x) is constant or a monomial.

(=) Since J,, is an ideal in the PID F,[z], J,, = (f(z)) for some f(x) € F,[z].
Moreover, (z™ — 1) C J,, = (f(z)) implies f(z)[(z™ — 1). Say 2™ — 1 =
f(z)k(z) for some k(z) € F,z]. Then for all i we have

f(@)gi(x) = (™ = Dui(x) = f(2)k(z)ui(z)

for some u;(z) € F,[z]. Hence, k(x) is a common divisor for each g;(x). This
means by assumption that k(x) is a constant polynomial or a monomial of the
form cx?. Since k(x)|(z™ — 1), we conclude that k(x) is constant. Therefore,
Jm = (f(2)) = (z™ = 1).

[l

We would like to see the relation between Condition (3.3.2) and noncatas-
trophicity for 1-generator nD convolutional codes. The 2D case will be studied in

detail first and for this, we need some preparation.

Lemma 3.3.2. Let a(x,y) € F [z,y] be a nonconstant polynomial with a nonzero

constant term. Then a(z,y) has a root (u,v) € Fy, x F, with u # 0 # v.

Proof. 1f a is a single-variable polynomial (say in z) with a nonzero constant term,
then it has a nonzero root u € F, and then for any v € FZ, (u,v) can be thought
of as a root of a(z) = a(x,y).

So, assume that a is bivariate and write
n

a(z,y) =Y filx)y
i=0

where f;(x) € Fy[z] for all i and fy(x) has a nonzero constant term.
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Let u € FZ be such that

fo(u) # 0 and f;(u) # 0

for at least one i € {1,...,n}. Consider a(u,y), which has coefficients in some

extension F,s of F, and by the choice of u,
i. it has a nonzero constant term (since fo(u) # 0)
ii. it is not a constant polynomial (since f;(u) # 0 for some 1 < i < n).
Then, a(u,y) € F,:[y] has a nonzero root in Fq, say v, and the proof is finished. []

Definition 3.3.3. Let I C Ky, ...,x,] be an ideal, where K is a field. I is called

zero-dimensional if
Ve (I) o= {(ug, .. un) € K2 flug, ..., u,) = 0,Yf € I}

is a finite set.

Lemma 3.3.4 (Seidenberg’s Lemma 92). ([2, Proposition 8.14],[31]) Let K be a
perfect field and I C K|y, ..., x,] be a zero-dimensional ideal. Then, I is a radical
tdeal if and only if it contains a univariate, square-free polynomaial in each variable

Example 3.3.5. If (m;,q) = 1 forall1 <i <mn, then I, = (z{"" —1,..., 2" —1) C
F,[z1,...,2,] is a radical ideal. Moreover, any ideal J of F [xy,...,z,] which

contains I,, is also radical.

Let mq, msy be positive integers relatively prime to g and let oy, as be primitive

mq’th, ms’th roots of unity over F,, respectively. Define the set
Q={(},a});0<i<mi —1,0<j<my—1}

in F, x F,. Note that ) = Vg, (@™ = 1,y™ = 1)).

For an element (o}, o) € Q, define its F,-conjugacy class as

[(ai,aj)] = {(O‘i?a%%(a({ivagj)v""(atll i’ag j)}a
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where m is the least common multiple of [F,(ad) : F,] and [Fy(ad) : F,]. Tt is easy
to see that (2 is a disjoint union of such F,-conjugacy classes. Also, if .J is an ideal
of Fy[z,y] that contains (2™ —1,y™2 — 1), then its zero set V5 (J) is a union of
conjugacy classes of €.

Convention: By a subset U of ), we mean a single [F -conjugacy class or a union

of IF,-conjugacy classes in €2.

Definition 3.3.6. For a subset U of €2, define the corresponding ideal
Z(U) :={f € F,lz,y]; f(u,v) =0 V(u,v) € U}.

Note that Z(U) 2 (z™ — 1,y — 1).

Hilbert’s Nullstellensatz ([1, Theorem 2.2.5]) implies that for any ideal I of
Fqlz, 4],

I(V, (1) = VT,

where v/I denotes the radical of I. By Lemma 3.3.4, Z(U) is a radical ideal and

hence
z(Vs,(Z(V)) = T(V),
for any subset U of 2.

Proposition 3.3.7. With the notation so far, let U be a subset of 2. Then,
VFq(I(U)) =U.

Proof. [14, Proposition 2.11]. O

Corollary 3.3.8. If Uy C U,y are subsets of ), then
Z(Uy) 2 Z(U2) 2 (™ = 1,y™ —1).

Proof. 1t is clear that Z(Uy) D Z(Us) 2 (™ —1,y™ —1). If Z(U;) = Z(U,), then

using Proposition 3.3.7 we have
Vg, (Z(Uh)) = Uy = U = Vg, (Z(U2)),

which is a contradiction. O
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We are ready to prove a generalization of one implication in Proposition 3.3.1

to the 2D case.

Theorem 3.3.9. Let G = (g1(z,y),...,9(x,y)) be a PGM for the 2D convolu-
tional code C. Assume that Ju, m, = (™ — 1,y — 1) for all positive integers

my and me, which are relatively prime to q. Then G is noncatastrophic.

Proof. Assume that there exists a nonconstant polynomial a(x,y) € F/[z, y], whose
constant term is nonzero, which divides g;(z,y) for all 1 < i < {. Let g;(z,y) =
a(z,y)gi(z,y) for some g;(z,y) € Fylx,y], for all i. By Lemma 3.3.2, a(z,y) has a
root (u,v) € Fy xF, with u # 0 # v. Assume that m; and msy denote, respectively,
the multiplicative orders of u and v. Note that since each m; is a divisor of ¢° — 1,
for some s > 1, they are relatively prime to q.

If a(z,y) vanishes on Q, then a(x,y) belongs to Z(Q2) = (2™ —1,y™ —1). This
would imply that g;(z,y) € (z™ — 1,y™ — 1) for each 7, and hence

Jml,mg - Fq[xhy] 2 <xml - 17ym2 - 1>7

which contradicts the assumption. Hence, there is a proper subset (i.e. a union of
[F,-conjugacy classes) U C € such that a(z,y) € Z(U)\ (™ — 1,y — 1).

Let U := Q\U be the complementary subset. By Corollary 3.3.8, Z(U’) 2
(x™ —1,y"™ —1). Let f(z,y) be a polynomial from Z(U’)\(z™ —1,y™> —1). Then
the product fa € F,[z,y] vanishes on U U’ = Q and hence belongs to Z(2) =
(z™ — 1,y™ — 1). Therefore, for each 1 <i </, fg; = fag; € (z™ — 1,y™ — 1)
although f ¢ (2™ — 1,y™ — 1). Hence, f belongs to Jp,, m, \(z™ — 1,y — 1),

which is a contradiction. O

Remark 3.3.10. For 2D convolutional codes, there are noncatastrophic encoders
which do not satisfy condition (3.3.2). Namely, consider the 2D convolutional code

of length 2 over [y, which is generated by the following PGM:
G=(@+ao+ 1Ly +y’ +y’ +y+1).

Then, G is clearly noncatastrophic but J35 # (2 +1,3°+ 1), since (z+1)(y +1)G
has its coordinates in the ideal (2 + 1,9° + 1) (hence (z 4+ 1)(y + 1) € J35) but
(z4+1)(y+1) & (@®*+ 1,45 +1).
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Remark 3.3.11. The proof of Theorem 3.3.9 is based on Corollary 3.3.8, which
relies on Proposition 3.3.7. Moreover, the proof of Proposition 3.3.7 uses Seiden-
berg’s Lemma 92 (Lemma 3.3.4) and some basic facts on Commutative Algebra
(see its proof in [14]). Both Seidenberg’s Lemma and the facts from Commutative
Algebra hold for ideals of F[zy,...,z,| for any n > 2. Hence, Theorem 3.3.9’s
proof can be extended to n-variable case and one can write the same statement for
1-generator nD convolutional codes (i.e. a sufficient condition for noncatastrophic-

ity of such nD convolutional codes).

3.4 A Distance Relation for 1-Generator 2D Con-

volutional Codes

We are ready to prove a generalization of Lally’s result (Theorem 1.4.3 iii) to

the multivariable case for a particular class of 1-generator 2D convolutional codes.

Theorem 3.4.1. Let C be a 1-generator (¢, k) 2D convolutional code given with a
PGM G = (g1(x,y), ..., ge(z,y)) satisfying (3.3.2) for some mi, ms and let C" be
the associated Q2DC code in (Fylz,y]/(z™ — 1,y — 1))". Then ds(C) > d(C").

Proof. For any a > 0, let

Cy = {E(x,y) = (cr(z,y), ..., co(x,y)) € C: max(deg,(c;)) < a} :

1<i<e

Note that
O() cCicCycC--- (341)

and

c=|]Jc.

a>0
We define a map, which will be called the unfolding map, that produces vectors

over F,[z] out of vectors in F,[x, y]":

P - IE‘q [xa y]g — U Fq [x](dJrl)E
d>0
(icu(m)yi, A i%(w)yi> — (clo(:v), oo cq(x); . ep(x), .. ced(x)),

where d = g?ge(degy ci(z,y)).
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Clearly, one can define an analogous unfolding map ¢, for y. The inverse of ¢,

is called the folding map. Note that the unfolding map preserves weights; i.e.

wt &z, y)) = wt(pa(c(z,y)))-

Consider the unfolded version of each Cl:

D, = p.(C,) = {5(:5) = (clo(x), o c1a(); (), . ,cm(m)) :

dx) = @ (c(z,y)) for some c(x,y) € C,}.

It is clear that D, is closed under addition. Let h(x) € F,[z] and &(z) = ¢, (¢(z,y)) €
D, for some ¢(x,y) € C,. Consider the product

h(z)d(z) = (h(z)cio(), . .., M(z)cw(x))

= Pa (h(x) (Z ey’ Z%’(aﬁ)y’)) = ¢a (h(z)e(z,y)).

Multiplication of ¢(x,y) by h(z) does not change the y-degrees of its coordinates.
Hence, h(z)c(x,y) € C, again. Therefore, h(x)c(z) lies in D,. This shows that
D, C F,[z]@@Df is an F,[z]-module. So, via unfolding, we obtain a family D,
(a > 0) of length (a+1)¢ 1D convolutional codes out of the 2D convolutional code
C of length ¢ that we started with. For a < b, the length of D, is less than the
length of D,. However, we can insert 0’s at suitable positions of codewords of D,

and view it as a code of the same length as Dy. Then by (3.4.1) we have
DocDiCDyC--- (342)

For a > 0, let D! denote the associated QC code in (F,[z]/(z™ — 1))@ tbe,
Namely,

-

D, = {c(z) = (co(x), ..., chu(x)) : &x) € D,}.

View elements of D/, as vectors in F,[z]@*¢ and fold them back into F,[z,y]":

D;, - Fq[a:, y]é



Write the coordinates of folded vectors as polynomials in x

F(y) = B y) = ( S i)t Y czxy)xi) ,

i=0 i=0
and then unfold them by the map ¢,:

-

. ®
c(x,y) = y) = (W) - 1 W)s - 50 ¥), -y oy -1 (W)

Let us denote this operation by 7 and call it twisting, i.e. ¢(y) = T(¢(z)). Note
that twisting does not change weights of vectors:

— —
/

wt(¢(z)) = wi(c'(y)).

E,={c(y) =T(d(z)): d(z) € D,}.

Note that E, lies in F,[y]™* for all @ > 0. On the other hand, coordinate

degrees of elements in E, are upper bounded by a, hence depend on a. Finally, let

E = U E, C F,[y™"
a>0
We claim that E is an F,[y]-module, hence a 1D convolutional code of length
mql. Let e_’;(y) € E, and ﬁ(y) € Ej be elements of E and suppose a < b. Then
el(y) = T(¢(x)) for some é(z) € D! and &(z) € D,. Similarly, fi(y) = T(f'(z))
for some f'(z) € D} and f(z) € D,. Since a < b, both é(x) and f(z) can be viewed

as elements of Dj, by (3.4.2). Since D is a 1D convolutional code, €(x)+ f(x) € D,
and hence ¢ (z) + f/(z) € D;. Note that twisting respects addition. Hence,

T (7@) + 7)) = T (¢@) + T (F2)) = o) + Fitw).

Therefore, €l(y) + fi(y) € E, C E and hence E is closed under addition.
Now we show that £ is closed under scalar multiplication. Let e7(y) € E, be as
above and k € F,. Then, ket(y) = T(keé'(x)). Note that reduction mod (z™ — 1)

respects scalar multiplication and hence ke'(z) = (ké)'(z) for é(z) € D,. Since
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D, is a 1D convolutional code, k& € D, and hence ké/(z) € D.. Therefore ket(y),
being the twist of ke’(x), lies in E, C E.
Finally, we will show that E is closed under multiplication by y and this will

prove our claim that E is an F,[y]-module. Let €f(y) = T(é/(z)) € E, be as above
and fold back yet(y):

e (v(w)) = ( (i) S (wel) ) .

=0 =0

For any 1 < j </, we know that

mi—1 a
D eyt =) ey
1=0 =0
Therefore ,
mi— a
(yeli(y) ' = e(x)y™!
i=0 =0
and
yet(y) = T (0,€,9(x), ... e (x);...;0,ep(x), ... e (x)). (3.4.3)

Let é(z) € D, be the vector whose reduction is ¢/(z) € D! and let its folded
version @ ! (e(x)) be e(z,y) € C,. Note that ye(x,y) lies in Cyyy C C. Then
(y_é)(x) = ¢, (ye(x,y)) is in Dyy1 and the argument of 7 in (3.4.3) is an element
of D} ,,. Therefore yet(y) is the twist of some element in D; ., and hence lies in
E,.1 C E. This proves the claim.

Consider the QC code

E' C (Fylyl/ (™ — )™

associated to the 1D convolutional code E. Let us note that E consists of unfolded
versions of codewords of C after reduction mod (2™ — 1). Hence, if we view
codewords of £’ as polynomials in F,[y] and fold them back by the map ¢, 1 the
resulting set corresponds to the codewords of C' after reduction mod (2 —1,y™2 —
1). In other words, ¢, '(E') is the same as the Q2DC code C” associated to C.
We are ready to prove the assertion of the theorem. Note that any codeword

of C' is of the form ¢(z,y) = u(z,y)G.
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By Proposition 3.2.12 we can assume that
u(z,y) = a(z,y) (@™ — 1) + b(z,y)(y"™ — 1) +r(z,y), (3.4.4)

where b(x, y) is reduced with respect to (™ —1) and r(x, y) is reduced with respect
to (™ —1,y™ —1). For c(x,y) € Cy, let ¢(x) € D, denote its unfolded version.
Then we have two possible outcomes for the associated QC codeword ¢ (x) € D’
Case 1. If ¢(z) # 0, then wt(é(x,y)) = wt(&(z)) > wt(d(z)) by Theorem 1.4.3.
Case 2. If d(z) = 0, then (2™ —1)|c;;(x) for all i, j and therefore (2™ —1)|¢;(z, y)
for 1 <¢ < (. Hence ¢;(x,y) = u(z,y)gi(x,y) € (™ —1,y™ — 1) for all i.

By assumption (3.3.2) and Equation 3.4.4, we conclude that r(z,y) = 0, i.e.
u(z,y) € (™ — 1,y — 1). Let 71 be the maximal power such that (z™ — 1)™
divides all ¢;j(x). Then

cz) = (z™ = 1) (vio(x), .. ., v1a(2); . . 5 v00(2), - ., Vea(T)) (3.4.5)

for some v;; € F,[x].
By maximalitiy of v;, there exists ¢, j such that v;;(z) is not divisible by (z™ —1).

So,

z,y) = (a(z,y) (@™ — 1) + b(z,y)(y™ —1))G = (2™ — 1)"0(z,y),

where 0(x,y) = ¢, (U(x)).

We claim that #(z, y) € C, C C and therefore #(z) € D,. If so, v/(z) € D’\{0},
since at least one coordinate of ¥(x) is not divisible by ™ — 1. This, then implies
by Theorem 1.4.3 that wt(&(z,y)) > wt(v'(x)).

By (3.4.5), &(z,y) is of the form

5(.T, y) - (xml - 1)%77(:57 y)

=u(x,y)(9i(z,y), ..., g9e(x,y)).

Thus, for all i = 1,...,¢ we have

(™ = )iz, y) = u(z,y)gi(z,y).
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Let 2™ — 1 = [[ pi(x) [ ¢j(x) be the factorization of 2™ — 1 into irreducibles
over [F,[z] and suppose that [[p;(z) is the factor that divides w(z,y). Then

(ITg(z)) |gi(z) for all i and

(Hqg ) (sz > —1,y™ — )%

By assumption (3.3.2), [[pi(z) must be in J, m, = (2™ — 1,y™* — 1). However,

this is not true unless [[pi(z) = ™ — 1. Hence (™ — 1)™ has to divide u(z,y)

and therefore

. o u(z,y)
U(.T;g) - (Iml _ 1)71'G7
ulz,y) . o . ,
where m 1 is a polynomial in F [z, y|. This implies that v(z,y) € C, C C.
Tt —

Let us denote ¢(x) or ¥(x) (from Case 1 or 2, respectively) by §(x) € D, and
let s'(z) be the reduction of §(z) mod (2 —1). Note that ¢ (5(x)) = §(z,y) €
C, C C" and

wt(&(x,y)) > wt(s'(x)). (3.4.6)

u(z,y)

Moreover, the information word of §(z, y), which is u(x, y) for é(x, y) and wm 1)
xm —

for ¥(x,y), is not divisible by (2™ — 1). Let us write §(x,y) as

(m(z, y) (@™ — 1) + k(z,y)(y™ — 1) + 7(2,9)) G

following the convention in Proposition 3.2.12.

Consider the twist st(y) € E of & (). Since twisting preserves weights, we have
wt(s'(z)) = wi(st(y)). Set (s?)’(y) € E’ as the reduction of st(y) mod (y™ — 1).
Observe that gpzjl((s?)’(y)) is the reduction of §(x,y) mod (z™ — 1,y™ — 1), i.e
0, " ((s?)/ (y))€ C’. After this second reduction, we again end up with two possible

cases:
Case 1'. If (s')/(y) # 0, then wt(si(y)) > wt((s')(y)). In this case, for &(z,y) € C
we found a nonzero codeword ¢! ((s? (y))€ C" such that

— - —

wt(@(z,y)) = wi(s'(z)) = wi(si(y)) = wi((s)(y)) = wile, (s (1))

and the desired inequality of the theorem is obtained.
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Case 2'. If (s?)’(y) =0, then §(z,y) € C, is congruent to 0 mod (2™ —1,y™2 —1).
By assumption (3.3.2), we have

§(x,y) = (m(z,y) (@™ — 1) + k(z,y)(y™ - 1))G.

Then,
§(x,y) = [k(z,y)(y™ — 1)G'] mod (2™ —1), (3.4.7)

where G’ = (¢1,...,9;) = (g1 mod (z™ —1),..., g, mod (™ — 1)). Let us also
recall that k(x,y) is reduced mod (z™ — 1) by Proposition 3.2.12.
Let (y™ — 1) be the maximal power that divides all coordinates of st(y).

Then, there exists @(y) € F,[y]™* such that

and

§(z,y) = si(x,y) = (Y™ — 1)z, y)
= (y™ — 1) (w1 (z,y),...,wix,y)). (3.4.8)

By maximalitiy of 7o, at least one coordinate of w(y) is not divisible by (y™2 —1).
We claim that @(z,y) € C, C C and therefore W(y) € £ with (J)’(y) € E"\{0}.
This would yield wt(s(x,y)) > wt((u;)’(y)).

By (3.4.7) and (3.4.8), we obtain

8_;(33, y) = (ym2 - 1)W2(w1($7 y)a s 7w€($v y))
= (y™ = 1) ([k(z,y)g1 (z,y)] mod (™ —1),...,[k(z,y)gy(x,y)] mod (™ —1)).

Observe that even though both k(z,y) and ¢j(x,y)’s are reduced mod (z™ — 1),
their product may require further reduction mod (2™ —1). Also @(x, y) is reduced
mod (z™ — 1) and at least one coordinate of w(x,y) is not divisible by (y™2 — 1).

Then, for all : = 1,..., /¢ it follows that

(y™ — 1) wy(z, y) = k(x,y)g)(z,y) mod (x™ — 1). (3.4.9)
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Therefore for some polynomials ¢;(x,y), K(x,y) € F,[x,y| and for each 1 <1i <,

we have
k:(gi — ti(z™ — 1)) mod (z™ — 1) = (y™ — 1) wy(x, y),

kg — kti(z™ — 1) — K(2™ — 1) = (y™ — 1) hwy(z, ).

Hence the following holds for all i € {1,...,¢}:
kg = [kt; + K](2™ — 1) + (y™ — 1) 1w, € (2™ — 1,y — 1).

Our assumption (3.3.2) implies that k(x,y) € (2™ — 1,y — 1). Since k(x,y)
is reduced mod (z™ — 1), k(z,y) = k(z,y)(y™ — 1) for some k(z,y). Therefore,
by (3.4.9) we have for all i

k(z,y)(y™ — Dgi(z,y) mod (z™ —1) = (y™ — 1) w;(z,y).

Hence,

k(x,9)d;(z,y) mod (™ — 1) = (y™* — 1) 2w;(z,y), for all i.

We are back to the same situation. We repeat the same argument on k(z, y)
until (y™2 —1) disappears on the right side so that k(z,y) = k(z, y)(y™ —1)72"! for
some k(r,y) € F,[z,y] and k(z,y)g)(z,y) mod (z™ — 1) = w;(x,y) for all 4. Since
at least one of the w;(z, y)’s is not divisible by (y™2—1) and every w;(z, y) is reduced
mod (2™ —1), we no longer have k(z, y)g\(z,y) mod (x™ —1) € (z™ —1,y™ —1)
for every i. Hence, k(x,y) is no longer divisible by (y™2 — 1). Therefore, if the

information word of §(z,y) € C' is written as

m(z,y)(z™ — 1) + k(z,y)(y™ — 1) (y™ = 1),

then (z,y) is the reduction mod (z™ — 1) of k(z,y)G € C. Hence, in the Case

2, we also have

wt(&(z,y)) > wi(s'(x)) = wi(si(y)) > wt((w) (y)).
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Let us illustrate the idea of the proof in the following example.

Example 3.4.2. Let C' be a 2D convolutional code of length 2 over Fy given with
the PGM
G = (z,9)

and let C” be the associated QC code in (Fa[z,y]/(z® + 1,1° + 1))°. It is easy to
see that J; 5 = (x341,9y° +1), hence our assumption holds for m; = 3 and my = 5.
For the information words u(z,y) = 2* +z € Fy[z,y] and ug(z,y) = 23 +4° €

Fy[x, y], consider the corresponding codewords ¢ (z,y), Ca(z,y) € C, respectively:

—

a(z,y) = w(z,y)G = (2° + 2°, 2y + ay),

—

&z, y) = us(z,y)G = (¢* + zy°, 2%y + o°).

Let us begin with ¢ (z,y). We have 1r£1a<xz(degy c¢1j(x,y)) = 1. Therefore
7>
c(xz,y) € C; € C. We unfold it by the map ¢, and get the following vector
of length (1+1)-2=4:

Gi(x) = pa(@i(z,y)) = (0,2° + 2% ;2" + 2,0)
such that ¢ (z) is a codeword of the length 4 convolutional code D = ¢, (C1) and
wt(¢1(z,y)) = wt(c1(x)) = 4.
Let D} denote the QC code in (Fa[z]/(x3 + 1))* associated to Dy, then

ci(z) = é(xr) mod (2* — 1) = (0,0 ;0,0).

The maximal power of z* + 1 which divides the coordinates of ¢;(z) is 1, so

¢i(z) = (z* 4+ 1)v(z) with

and (2 + 1) does not divide the coordinates of (). So,
Ui(z,y) = ;' (1(2)) = (2, 2y) € C1 C C,
where v (z,y) = = - G and

vy (x) = Ti(z) mod (z° +1) = (0,22 ;2,0)
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is a nonzero codeword in D with wt(v/;(z)) = 2.

Next, we twist v/ (z) to get a vector of length 3 -2 = 6 such that

—
/

vi(y) = T(V'(x)) = (1,0,0 ;0,4,0),

where v%(y) is a codeword of E with wt(v/1(x)) = wt(c?(y)) = 2. Let E' be the
associated QC code in (Fyy]/(y° 4 1))° , then we have

— —

(v1)'(y) = vi(y) mod (y° +1) = (1,0,0;0,y,0)

and wt((v))(y)) = 2.
Now we fold it back by ¢,

V(@ y) = ¢, (Wi (y) = (2%, 2y),

where v_’; (x,y) € C"is the Q2DC codeword satisfying wt(v_’; (z,y)) =2 < wt(ci(x,y)).

We continue with & (z,y) = (z*+xy®, x3y+y°). We have 1ax (deg, caj(z,y)) =
6. Therefore & (x,y) € C¢ C C. Again, we unfold it by the map ¢, and get the
following vector of length (6 + 1) - 2 = 14:

52(2:) = pr(EQ(x7 y)) = (07 x? 07 07 O’ 07 $4 ;]"07 07 07 O’ x370)

such that cy(z) € Dg = p.(Cg) and wi(ca(x,y)) = wt(cy(z)) = 4.
Let D} be associated the QC code in (Fylz]/(z? + 1))™, then

072(x) = &(x) mod (z* — 1) = (0,2,0,0,0,0,2 ;1,0,0,0,0,1,0)

is a nonzero codeword in Df with wt(cy(z)) = wt(ds(x)) = 4.

Then we twist ¢5(z) and obtain

—

d(y) = T(a(x)) = (0,4° +1,0;0,0,4° + ),

where cé(y) € E with wt(dy(x)) = wt(cg(y)) = 4. Let E' be the associated QC
code in (Fa[y]/(y® + 1))°, then

-

() (y) = ch(y) mod (4 + 1) = (0,0,0;0,0,0).
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The maximal power of (y° 4+ 1) which divides the coordinates of cé(y) is 1, so

ci(y) = (4 + V)i (y) with
’[172(?/) - (Oa ]-7 0 7()’ 07 y)
and (y° + 1) does not divide the coordinates of wi(y). So,

W, y) = ¢, (ui(y)) = (z,y) € C1 C C,

where wy(z,y) = 1- G and

—

(w2)'(y) = wa(y) mod (y° +1) = (0,1,0;0,0,y)

—

is a nonzero codeword in E’ with wt(ws(z,y)) = wt((ws2)'(y)) = 2.

Finally we fold it back by ¢, *:

—

(w2)'(z,y) = @, ' (ua(y)) = (2,y),

-

where (w;)’(x,y) € C" and wt(wh(z,y)) =2 < wit(cz(x,y)).
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