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Abstract

An open problem in polarization theory is to determine the binary operations that always lead to polarization
(in the general multilevel sense) when they are used in Arıkan style constructions. This paper, which is presented
in two parts, solves this problem by providing a necessary and sufficient condition for a binary operation to be
polarizing. This (second) part provides a foundation of polarization theory based on the ergodic theory of binary
operations which we developed in the first part [1]. We show that a binary operation is polarizing if and only if it
is uniformity preserving and its right-inverse is stronglyergodic. The rate of polarization of single user channels
is studied. It is shown that the exponent of any polarizing operation cannot exceed1

2
, which is the exponent of

quasigroup operations. We also study the polarization of multiple access channels (MAC). In particular, we show
that a sequence of binary operations is MAC-polarizing if and only if each binary operation in the sequence is
polarizing. It is shown that the exponent of any MAC-polarizing sequence cannot exceed1

2
, which is the exponent

of sequences of quasigroup operations.

I. INTRODUCTION

The problem of finding a characterization for polarizing operations was discussed in the introduction
of Part I of this paper [1]. The first operation that was shown to be polarizing was the XOR operation
in F2 (Arıkan [2]). Şaşoğlu et al. generalized Arıkan’s result and showed that ifq is prime, then the
addition moduloq in Fq is polarizing [3]. Park and Barg showed that ifq = 2r with r > 0, then
addition moduloq in Zq is polarizing [4]. Sahebi and Pradhan generalized these results and showed that
all Abelian group operations are polarizing [5]. Şaşoğlu showed that any alphabet can be endowed with a
special quasigroup operation which is polarizing [6]. The author and Telatar showed that all quasigroup
operations are polarizing [7].

In the context of multiple access channels (MAC), Şaşoğlu et al. showed that ifq is prime, then addition
moduloq is MAC-polarizing for 2-user MACs, i.e., ifW is a 2-user MAC where the two users haveFq as
the input alphabet, then using the addition moduloq for the two users lead to a polarization phenomenon
[8]. Abbe and Telatar used Matroid theory to show that for binary input MACs withm ≥ 2 users, using
the XOR operation for each user is MAC-polarizing [9]. The author and Telatar showed that ifq1, . . . , qm
is a sequence of prime numbers and ifW is anm-user MAC with input alphabetsFq1,. . . ,Fqm, then using
addition moduloqi for the ith user is MAC-polarizing [7]. This fact was used to construct polar codes
for arbitrary MACs [10].

The ergodic theory of binary operations was developed in Part I [1]. This part provides a foundation of
polarization theory based on the results established therein. In section II we provide a formal definition
of polarizing operations and MAC-polarizing sequences of binary operations. Section III proves that a
binary operation is polarizing (in the general multilevel sense) if and only if it is uniformity preserving
and its right-inverse is strongly ergodic. The exponent of polarizing operations is studied in section IV. It
is shown that the exponent of every polarizing operation is at most 1

2
, which is the exponent of quasigroup

operations. The polarization theory for MACs is studied in section V. We show that a sequence of binary
operations is MAC-polarizing if and only if each operation in the sequence is polarizing. The exponent
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of every MAC-polarizing sequence is shown to be at most1
2

which is the exponent of sequences of
quasigroup operations.

II. PRELIMINARIES

Throughout this (second) part of the paper, we assume that the reader is familiar with the concepts of
the ergodic theory of binary operations which were introduced in Part I [1].

All the sets that are considered in this paper are finite.

A. Easy channels

Notation 1. A channelW with input alphabetX and output alphabetY is denoted byW : X −→ Y .
The transition probabilities ofW are denoted byW (y|x), wherex ∈ X and y ∈ Y . The probability
of error of the ML decoder ofW for uniformly distributed input is denoted byPe(W ). The symmetric
capacity ofW , denotedI(W ), is the mutual informationI(X ; Y ), whereX andY are jointly distributed
asPX,Y (x, y) =

1
|X |

W (y|x) (i.e.,X is uniform inX and it is used as input to the channelW while Y is
the output).

Definition 1. A channelW : X −→ Y is said to beδ-easy if there exists an integerL ≤ |X | and a
random codeB of block length 1 and ratelogL (i.e., B ∈ S := {C ⊂ X : |C| = L}), which satisfy the
following:

1) |I(W )− logL| < δ.

2) For everyx ∈ X , we have
∑

C∈S

1

L
PB(C)1x∈C =

1

|X | . In other words, ifC ∈ S is chosen according

to the distribution ofB andX is chosen uniformly inC, then the marginal distribution ofX as a
random variable inX is uniform.

3) If for each C ∈ S we fix a bijectionfC : {1, ..., L} → C, then I(WB) > logL − δ, where
WB : {1, ..., L} → Y × S is the channel defined by:

WB(y, C|a) = W (y|fC(a)).PB(C).

Note that the value ofI(WB) does not depend on the choice of the bijections(fC)C∈S .
If we also havePe(WB) < ǫ, we say thatW is (δ, ǫ)-easy.

If W is δ-easy for a smallδ, then we can reliably transmit information near the symmetric capacity ofW
using a code of blocklength 1 (hence the easiness; there is noneed to use codes of large blocklengths):
we choose a random code according toB, we reveal this code to the receiver, and then we transmit
information using this code. The rate of this code is equal tologL which is close to the symmetric
capacityI(W ). On the other hand, the fact thatI(WB) > logL − δ means thatWB is almost perfect,
which ensures that our simple coding scheme has a low probability of error.

Note that we added (2) to our definition in order to induce a uniform distribution on the input. This is
important for the polarization process (see the definition of W− andW+ in Definition 3: the distribution
of U1 andU2 are assumed to be uniform inX ).

Notation 2. An m-user multiple access channel (MAC)W with input alphabetsX1, . . . ,Xm and output
alphabetY is denoted byW : X1 × . . . × Xm −→ Y . The transition probabilities ofW are denoted
by W (y|x1, . . . , xm), wherex1 ∈ X1, . . . , xm ∈ Xm and y ∈ Y . The probability of error of the ML
decoder ofW for uniformly distributed input is denoted byPe(W ). The symmetric sum-capacity ofW ,
denotedI(W ), is the mutual informationI(X1, . . . , Xm; Y ), whereX1, . . . , Xm, Y are jointly distributed
asPX1,...,Xm,Y (x1, . . . , xm, y) =

1
|X1|···|Xm|

W (y|x1, . . . , xm) (i.e.,X1, . . . , Xm are independent and uniform
in X1, . . . ,Xm respectively and they are used as input to the MACW while Y is the output).

Definition 2. An m-user MACW : X1 × . . . × Xm −→ Y is said to beδ-easyif there existm integers
L1 ≤ |X1|, . . . , Lm ≤ |Xm|, and m independent random codesB1, . . . ,Bm taking values in the sets
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S1 = {C1 ⊂ X1 : |C1| = L1}, . . . , Sm = {Cm ⊂ Xm : |Cm| = Lm} respectively, which satisfy the
following:

• |I(W )− logL| < δ, whereL = L1 · · ·Lm.

• For every1 ≤ i ≤ m and everyxi ∈ Xi, we have
∑

Ci∈Si

1

Li

PBi
(Ci)1xi∈Ci

=
1

|Xi|
. In other words,

if Ci ∈ Si is chosen according to the distribution ofBi and Xi is chosen uniformly inCi, then the
marginal distribution ofXi as a random variable inXi is uniform.

• If for each1 ≤ i ≤ m and eachCi ∈ Si we fix a bijectionfi,Ci
: {1, ..., Li} → Ci, thenI(WB1,...,Bm) >

logL− δ, whereWB1,...,Bm : {1, ..., L1}× . . .×{1, ..., Lm} → Y ×S1 × . . .×Sm is the MAC defined
by:

WB1,...,Bm(y, C1, . . . , Cm|a1, . . . , am) = W (y|f1,C1(a1), . . . , fm,Cm(am)).
m
∏

i=1

PBi
(Ci).

Note that the value ofI(WB1,...,Bm) does not depend on the choice of the bijections(fi,Ci
)1≤i≤m, Ci∈Si

.
If we also havePe(WB1,...,Bm) < ǫ, we say thatW is (δ, ǫ)-easy.

If W is a δ-easy MAC for a smallδ, then we can reliably transmit information near the symmetric
sum-capacity ofW using a code of blocklength 1 (hence the easiness; there is noneed to use codes
of large blocklengths): we choose a random MAC-code according to B1, . . . ,Bm, we reveal this code
to the receiver, and then we transmit information using thiscode. The sum-rate of this code is equal to
logL1 + . . .+ logLm = logL which is close to the sum-capacityI(W ). On the other hand, the fact that
I(WB1,...,Bm) > logL − δ means thatWB1,...,Bm is almost perfect, which ensures that our simple coding
scheme has a low probability of error.

B. Polarization process

In this subsection, we consider an ordinary (single user) channelW and a binary operation∗ on its
input alphabet.

Definition 3. Let X be an arbitrary set and∗ be a binary operation onX . Let W : X −→ Y be a
channel. We define the two channelsW− : X −→ Y × Y andW+ : X −→ Y × Y × X as follows:

W−(y1, y2|u1) =
1

|X |
∑

u2∈X

W (y1|u1 ∗ u2)W (y2|u2),

W+(y1, y2, u1|u2) =
1

|X |W (y1|u1 ∗ u2)W (y2|u2).

For everys = (s1, . . . , sn) ∈ {−,+}n, we defineW s recursively as:

W s := ((W s1)s2 . . .)sn.

Definition 4. Let (Bn)n≥1 be i.i.d. uniform random variables in{−,+}. For each channelW with input
alphabetX , we define the channel-valued process(Wn)n≥0 recursively as follows:

W0 := W,

Wn := WBn
n−1 ∀n ≥ 1.

Definition 5. A binary operation∗ is said to bepolarizing if we have the following two properties:
• Conservation property: for every channelW with input alphabetX , we haveI(W−) + I(W+) =
2I(W ).
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• Polarization property: for every channelW with input alphabetX and everyδ > 0, Wn almost
surely becomesδ-easy, i.e.,

lim
n→∞

P
[

Wn is δ-easy
]

= 1.

Notation 3. Throughout this paper, we will write(U1, U2)
f∗−→ (X1, X2)

W−→ (Y1, Y2) to denote the
following:

• U1 andU2 are two independent random variables uniformly distributed in X .
• X1 = U1 ∗ U2 andX2 = U2.
• The conditional distribution(Y1, Y2)|(X1, X2) is given by:

PY1,Y2|X1,X2
(y1, y2|x1, x2) = W (y1|x1)W (y2|x2).

I.e., Y1 and Y2 are the outputs of two independent copies of the channelW with inputsX1 andX2

respectively.
• (U1, U2)− (X1, X2)− (Y1, Y2) is a Markov chain.

Note that sinceX1 = U1 ∗ U2 and X2 = U2, the chain(X1, X2)− (U1, U2)− (Y1, Y2) is also a Markov
chain.

Remark 1. Let (U1, U2)
f∗−→ (X1, X2)

W−→ (Y1, Y2). From the definition ofW− andW+, it is easy to see
that we haveI(W−) = I(U1; Y1, Y2) and I(W+) = I(U2; Y1, Y2, U1). Therefore,

I(W−) + I(W+) = I(U1; Y1, Y2) + I(U2; Y1, Y2, U1)

= I(U1, U2; Y1, Y2)
(a)
= I(X1, X2; Y1, Y2),

where (a) follows from the fact that both(U1, U2)− (X1, X2)− (Y1, Y2) and (X1, X2)− (U1, U2)− (Y1, Y2)
are Markov chains. We have the following:

• If ∗ is not uniformity preserving, then(X1, X2) is not uniform inX 2. If W is a perfect channel, i.e.,
I(W ) = log |X |, we have

I(W−) + I(W+) = I(X1, X2; Y1, Y2) ≤ H(X1, X2)
(a)
< 2 log |X | = 2I(W ), (1)

where (a) follows from the fact that(X1, X2) is not uniform inX 2. (1) means that∗ does not satisfy
the conservation property of Definition 5. Therefore, everypolarizing operation must be uniformity
preserving.

• If ∗ is uniformity preserving, then(X1, X2) is uniform inX 2, i.e.,X1 andX2 are independent and
uniform inX . Thus,

I(W−) + I(W+) = I(X1, X2; Y1, Y2) = I(X1; Y1) + I(X2; Y2) = 2I(W ).

Therefore, uniformity preserving operations satisfy the conservation property.
We conclude that a binary operation∗ satisfies the conservation property if and only if it is uniformity
preserving.

Definition 6. Let ∗ be a polarizing operation on a setX . We say thatβ ≥ 0 is a ∗-achievable exponentif
for everyδ > 0 and every channelW with input alphabetX , Wn almost surely becomes(δ, 2−2βn

)-easy,
i.e.,

lim
n→∞

P
[

Wn is (δ, 2−2βn

)-easy
]

= 1.

We define theexponentof ∗ as:

E∗ := sup{β ≥ 0 : β is a ∗-achievable exponent}.
Note thatE∗ depends only on∗ and it does not depend on any particular channelW . The definition

of a ∗-achievable exponent ensures that it is achievable for every channelW with input alphabetX .
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Remark 2. If ∗ is a polarizing operation of exponentE∗ > 0 on the setX , then for every channelW
with input alphabetX , everyβ < E∗ and everyδ > 0, there existsn0 = n0(W,β, δ, ∗) > 0 such that for
everyn ≥ n0, there exists a polar code of blocklengthN = 2n and of rate at leastI(W )−δ such that the
probability of error of the successive cancellation decoder is at most2−Nβ

. (The polar code construction
in section V of [10] can be applied here to get such a code).

Example 1. If X = F2 = {0, 1} and ∗ is the addition modulo 2, thenE∗ =
1
2

(see [11]).

C. Polarization process for MACs

Definition 7. Let X1, . . . ,Xm bem arbitrary sets. Let∗1, . . . , ∗m bem binary operations onX1, . . . ,Xm

respectively, and letW : X1 × . . . × Xm −→ Y be anm-user MAC. We define the two MACsW− :
X1 × . . .× Xm −→ Y × Y andW+ : X1 × . . .×Xm −→ Y ×Y × X1 × . . .× Xm as follows:

W−(y1, y2|u1,1, . . . , u1,m) =
1

|X1| · · · |Xm|
∑

u2,1∈X1

...
u2,m∈Xm

W (y1|u1,1∗1u2,1, . . . , u1,m ∗m u2,m)

×W (y2|u2,1, . . . , u2,m),

W+(y1, y2, u1,1, . . . , u1,m|u2,1, . . . , u2,m) =
1

|X1| · · · |Xm|
W (y1|u1,1∗1u2,1, . . . , u1,m ∗m u2,m)

×W (y2|u2,1, . . . , u2,m).

For everys = (s1, . . . , sn) ∈ {−,+}n, we defineW s recursively as:

W s := ((W s1)s2 . . .)sn.

Definition 8. Let (Bn)n≥1 be i.i.d. uniform random variables in{−,+}. For each MACW with input
alphabetsX1, . . . ,Xm, we define the MAC-valued process(Wn)n≥0 recursively as follows:

W0 := W,

Wn := WBn
n−1 ∀n ≥ 1.

Definition 9. A sequence ofm binary operations(∗1, . . . , ∗m) on the setsX1, . . . ,Xm is said to be
MAC-polarizing if we have the following two properties:

• Conservation property: for every MACW with input alphabetsX1, . . . ,Xm we have

I(W−) + I(W+) = 2I(W ).

• Polarization property: for every MACW with input alphabetsX1, . . . ,Xm and everyδ > 0, Wn

almost surely becomesδ-easy, i.e.,

lim
n→∞

P
[

Wn is δ-easy
]

= 1.

Notice that in the conservation property we only ask for the sum-capacity to be preserved and we do
not ask for the whole capacity region to be preserved. The reason for this is because MAC polarization
sometimes induces a loss in the capacity region (see [8], [9]and [10]). There are, however, polar coding
techniques that achieve the whole capacity region (e.g., [12] and [13]) but those techniques are not based
on MAC polarization; they are based on monotone chain rules and single user channel polarization. In the
above definition, we are only interested in the MAC polarization phenomenon itself. We note, however,
that monotone chain rules can be used together with the general single user polarization theory that is
developed here in order to construct MAC codes that achieve the whole capacity region.



6

Remark 3. As in Remark 1, a sequence of binary operations satisfies the conservation property if and
only if every operation in the sequence is uniformity preserving.

Definition 10. Let (∗1, . . . , ∗m) be a MAC-polarizing sequence on the setsX1, . . . ,Xm. We say that
β ≥ 0 is a (∗1, . . . , ∗m)-achievable exponentif for every δ > 0 and every MACW with input alphabets
X1, . . . ,Xm, Wn almost surely becomes(δ, 2−2βn

)-easy, i.e.,

lim
n→∞

P
[

Wn is (δ, 2−2βn

)-easy
]

= 1.

We define theexponentof (∗1, . . . , ∗m) as:

E∗1,...,∗m := sup{β ≥ 0 : β is a (∗1, . . . , ∗m)-achievable exponent}.

Remark 4. If (∗1, . . . , ∗m) is a MAC-polarizing sequence of exponentE∗1,...,∗m > 0 on the setsX1, . . . ,Xm,
then for every MACW with input alphabetsX1, . . . ,Xm, everyβ < E∗1,...,∗m and everyδ > 0, there exists
n0 = n0(W,β, δ, ∗) > 0 such that for everyn ≥ n0, there exists a polar code of blocklengthN = 2n and
of sum-rate at leastI(W )− δ such that the probability of error of the successive cancellation decoder is
at most2−Nβ

.

Remark 5. For each 1 ≤ i ≤ m and each ordinary single user channelWi : Xi −→ Y with input
alphabetXi, consider the MACW : X1 × . . . × Xm −→ Y defined asW (y|x1, . . . , xm) = Wi(y|xi).
Let (Wi,n)n≥0 be the single user channel valued process obtained fromWi as in Definition 4, and let
(Wn)n≥0 be the MAC-valued process obtained fromW as in Definition 8. It is easy to see thatWi,n is
δ-easy if and only ifWn is δ-easy. This shows that if the sequence(∗1, . . . , ∗m) is MAC-polarizing then
∗i is polarizing for each1 ≤ i ≤ m. Moreover,Wi,n is (δ, ǫ)-easy if and only ifWn is (δ, ǫ)-easy. This
implies thatE∗1,...,∗m ≤ E∗i for each1 ≤ i ≤ m. Therefore,E∗1,...,∗m ≤ min{E∗1 , . . . , E∗m}.

III. POLARIZING OPERATIONS

A. Necessary condition

In this subsection, we show that if∗ is polarizing, then∗ is uniformity preserving and/∗ (the right-
inverse of∗) is strongly ergodic. In order to prove this, we need the following two lemmas:

Lemma 1. Let ∗ be an ergodic operation on a setX . LetH be a stable partition ofX such thatKH 6= H,
whereKH is the first residue ofH with respect to∗. DefineA = H ∪KH. We have:

1) For everyA1, A2 ∈ A, we have:
• (A1 ∈ KH andA2 ∈ KH) if and only if (A1 ∗ A2 ∈ KH

∗ andA2 ∈ KH).
• (A1 ∈ KH andA2 ∈ H) if and only if (A1 ∗ A2 ∈ KH

∗ andA2 ∈ H).
• (A1 ∈ H andA2 ∈ KH) if and only if (A1 ∗ A2 ∈ H∗ andA2 ∈ KH).
• (A1 ∈ H andA2 ∈ H) if and only if (A1 ∗ A2 ∈ H∗ andA2 ∈ H).

2) For everyu1, u2 ∈ X and everyA1, A2 ∈ A, we have

(u1 ∈ A1 ∗ A2 and u2 ∈ A2) if and only if (u1/
∗u2 ∈ A1 and u2 ∈ A2).

Proof: 1) We haveA = H ∪ KH. Therefore, for everyA1, A2 ∈ A, one of the following four
conditions holds true:
(i) A1 ∈ KH andA2 ∈ KH.

(ii) A1 ∈ KH andA2 ∈ H.
(iii) A1 ∈ H andA2 ∈ KH.
(iv) A1 ∈ H andA2 ∈ H.

Now sinceKH 6= H andKH � H, we have||KH|| < ||H||. Therefore, for everyK ∈ KH and every
H ∈ H, we have|K| = ||KH|| < ||H|| = |H|. This implies thatK 6= H for everyK ∈ KH and every
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H ∈ H, henceKH ∩ H = ø. Similarly, KH
∗ ∩ H∗ = ø. We conclude that for everyA1, A2 ∈ A, the

following four conditions are mutually exclusive:

(a) A1 ∗ A2 ∈ KH
∗ andA2 ∈ KH.

(b) A1 ∗ A2 ∈ KH
∗ andA2 ∈ H.

(c) A1 ∗ A2 ∈ H∗ andA2 ∈ KH.
(d) A1 ∗ A2 ∈ H∗ andA2 ∈ H.

We have:

• If A1 ∈ KH andA2 ∈ KH, thenA1 ∗ A2 ∈ KH
∗. Therefore, (i) implies (a).

• If A1 ∈ KH andA2 ∈ H, thenA1 ∗A2 ∈ KH
∗ (see Theorem 1 of Part I [1]). Therefore, (ii) implies

(b).
• If A1 ∈ H andA2 ∈ KH, let H ∈ H be such thatA2 ⊂ H. (Note that there is no contradiction

here betweenA2 ⊂ H ∈ H, A2 ∈ KH and H ∩ KH = ø.) We haveA1 ∗ A2 ⊂ A1 ∗ H and
|A1 ∗A2| ≥ |A1| = ||H|| = ||H∗|| = |A1 ∗H|. Therefore,A1 ∗A2 = A1 ∗H ∈ H∗. Hence (iii) implies
(c).

• If A1 ∈ H andA2 ∈ H, thenA1 ∗A2 ∈ H∗. Therefore, (iv) implies (d).

Now letA1, A2 ∈ A and suppose that (a) holds true (i.e.,A1 ∗A2 ∈ KH
∗ andA2 ∈ KH). SinceA1 ∈ A

then eitherA1 ∈ KH or A1 ∈ H. But A2 ∈ KH, so either (i) or (iii) holds true. On the other hand, we
have shown that (iii) implies (c), and (c) contradicts (a), so (iii) cannot be true. Therefore, (i) must be
true. We conclude that (a) implies (i). Similarly, we can show that (b) implies (ii), (c) implies (iii), and
(d) implies (iv).

2) Fix A1, A2 ∈ A. We have:

• If A1 ∈ KH andA2 ∈ KH, then |A1 ∗ A2| = ||KH
∗|| = ||KH|| = |A1|.

• If A1 ∈ KH andA2 ∈ H, then from 1) we haveA1 ∗ A2 ∈ KH
∗. Therefore,|A1 ∗ A2| = ||KH

∗|| =
||KH|| = |A1|.

• If A1 ∈ H andA2 ∈ KH then from 1) we haveA1 ∗ A2 ∈ H∗. Therefore,|A1 ∗ A2| = ||H∗|| =
||H|| = |A1|.

• If A1 ∈ H andA2 ∈ H, then |A1 ∗ A2| = ||H∗|| = ||H|| = |A1|.
We conclude that in all cases, we have|A1 ∗ A2| = |A1|.

For everyu1, u2 ∈ X , we have:

• If u1/
∗u2 ∈ A1 andu2 ∈ A2, thenu1 = (u1/

∗u2) ∗ u2 ∈ A1 ∗ A2.
• If u1 ∈ A1 ∗ A2 andu2 ∈ A2, we haveA1 ∗ u2 ⊂ A1 ∗ A2. On the other hand, we have|A1 ∗ A2| =
|A1| = |A1 ∗u2| (where the last equality holds true because∗ is uniformity preserving). We conclude
thatA1 ∗ A2 = A1 ∗ u2. Therefore,(A1 ∗ A2)/

∗u2 = A1 which implies thatu1/
∗u2 ∈ A1.

Definition 11. A channelW : X −→ Y is said to be degraded from a channelV : X −→ Z if there
exists a channelP : Z −→ Y such that for everyx ∈ X and everyy ∈ Y we have:

W (y|x) =
∑

z∈Z

V (z|x)P (y|z).

If W is degraded fromV and V is degraded fromW , we say thatW is equivalent toV .

Lemma 2. Let∗ be a uniformity preserving operation on a setX , and letW : X −→ Y . If I(W−) = I(W )
thenW+ is equivalent toW .

Proof: SinceI(W+) + I(W−) = 2I(W ) and sinceI(W−) = I(W ), we haveI(W+) = I(W ). Let

(U1, U2)
f∗−→ (X1, X2)

W−→ (Y1, Y2) (See Notation 3). We have:

I(W ) = I(W+) = I(U2; Y1, Y2, U1) = I(U2; Y2) + I(U2; Y1, U1|Y2) = I(W ) + I(U2; Y1, U1|Y2).
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This shows thatI(U2; Y1, U1|Y2) = 0. This means thatY2 is a sufficient statistic for the channel
U2 −→ (Y1, Y2, U1) (which is equivalent toW+). We conclude thatW+ is equivalent to the channel
U2 −→ Y2, which is equivalent toW .

Proposition 1. Let ∗ be a binary operation on a setX . If ∗ is polarizing then∗ is uniformity preserving
and /∗ is strongly ergodic.

Proof: If ∗ is polarizing then∗ must be uniformity preserving (see Remark 1).
We first prove that∗ is irreducible. Suppose to the contrary that∗ is not irreducible. Proposition 1 of

Part I [1] shows that there exist two disjoint non-empty subsetsA1 andA2 of X such thatA1 ∪A2 = X ,
A1 ∗ X = A1 andA2 ∗ X = A2. This means that for everyu1, u2 ∈ X and everyy ∈ {1, 2}, we have
u1 ∈ Ay if and only if u1 ∗ u2 ∈ Ay.

For eachǫ > 0 define the channelWǫ : X −→ {1, 2, e} as follows:

Wǫ(y|x) =











1− ǫ if y ∈ {1, 2} andx ∈ Ay,

0 if y ∈ {1, 2} andx /∈ Ay,

ǫ if y = e.

I(Wǫ) = (1− ǫ)h2

( |A1|
|X |

)

, so there existsǫ′ > 0 such thatI(Wǫ′) is not the logarithm of any integer. For
suchǫ′, there existsδ > 0 such thatWǫ′ is not δ-easy.

Let (U1, U2)
f∗−→ (X1, X2)

Wǫ′−→ (Y1, Y2) (See Notation 3). Consider the channelU1 −→ (Y1, Y2) which
is equivalent toW−

ǫ′ . We have:

PY1,Y2|U1
(y1, y2|u1) =

1

|X |
∑

u2∈X

Wǫ′(y1|u1 ∗ u2)Wǫ′(y2|u2)
(a)
=

1

|X |
∑

u2∈X

Wǫ′(y1|u1)Wǫ′(y2|u2)

(b)
=

∑

u2∈X

Wǫ′(y1|u1)PY2|U2(y2|u2)PU2(u2) = Wǫ′(y1|u1)PY2(y2),
(2)

where (a) follows from the fact that ify1 = e thenWǫ′(y1|u1 ∗ u2) = Wǫ′(y1|u1) = ǫ′ and if y1 ∈ {1, 2}
thenu1 ∈ Ay1 if and only if u1 ∗ u2 ∈ Ay1, which implies thatWǫ′(y1|u1 ∗ u2) = Wǫ′(y1|u1). (b) follows
from the fact that the channelU2 −→ Y2 is equivalent toWǫ′ and the fact thatU2 is uniform inX .

(2) implies thatY1 is a sufficient statistic for the channelU1 −→ (Y1, Y2) (which is equivalent toW−
ǫ′ ).

Moreover, sincePY1,Y2|U1
(y1, y2|u1) = Wǫ′(y1|u1)PY2(y2), we conclude that the channelW−

ǫ′ is equivalent
to Wǫ′. This implies thatI(W−

ǫ′ ) = I(Wǫ′). Now Lemma 2 implies thatW+
ǫ′ is equivalent toWǫ′. Therefore,

for any l > 0 and anys ∈ {−,+}l, W s
ǫ′ is equivalent toWǫ′ which is notδ-easy. This contradicts the fact

that ∗ is polarizing. We conclude that∗ must be irreducible.
Suppose that∗ is not ergodic. Proposition 1 of Part I [1] shows that there exists a partition

{H0, . . . , Hn−1} of X such thatHi ∗ X = Hi+1 mod n for all 0 ≤ i < n and |H0| = . . . = |Hn−1|.
This means that for everyu1, u2 ∈ X and everyy ∈ {0, . . . , n− 1}, we haveu1 ∗ u2 ∈ Hy if and only if
u1 ∈ Hy−1 mod n .

For each0 ≤ i < n and each0 < ǫ < 1, define the channelWi,ǫ : X −→ {0, . . . , n− 1, e} as follows:

Wi,ǫ(y|x) =











1− ǫ if y ∈ {0, . . . , n− 1} andx ∈ Hy+i mod n,

0 if y ∈ {0, . . . , n− 1} andx /∈ Hy+i mod n,

ǫ if y = e.

I(Wi,ǫ) = (1 − ǫ) logn so there existsǫ′ > 0 such thatI(Wi,ǫ′) is not the logarithm of any integer. For
suchǫ′, there existsδ > 0 such thatWi,ǫ′ is not δ-easy for any0 ≤ i < n.
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Let (U1, U2)
f∗−→ (X1, X2)

Wi,ǫ′−→ (Y1, Y2). Consider the channelU1 −→ (Y1, Y2) which is equivalent to
W−

i,ǫ′. We have:

PY1,Y2|U1
(y1, y2|u1) =

1

|X |
∑

u2∈X

Wi,ǫ′(y1|u1 ∗ u2)Wi,ǫ′(y2|u2)
(a)
=

1

|X |
∑

u2∈X

Wi−1 mod n,ǫ′(y1|u1)Wi,ǫ′(y2|u2)

(b)
=

∑

u2∈X

Wi−1 mod n,ǫ′(y1|u1)PY2|U2(y2|u2)PU2(u2) = Wi−1 mod n,ǫ′(y1|u1)PY2(y2),

(3)
where (a) follows from the fact that ify1 = e then Wi,ǫ′(y1|u1 ∗ u2) = Wi−1 mod n,ǫ′(y1|u1) = ǫ′ and
if y1 ∈ {0, . . . , n − 1} thenu1 ∗ u2 ∈ Hy1+i mod n if and only if u1 ∈ Hy1+i−1 mod n (which implies that
Wi,ǫ′(y1|u1∗u2) = Wi−1 mod n,ǫ′(y1|u1)). (b) follows from the fact that the channelU2 −→ Y2 is equivalent
to Wi,ǫ′ and the fact thatU2 is uniform inX .

(3) implies thatY1 is a sufficient statistic for the channelU1 −→ (Y1, Y2) (which is equivalent toW−
i,ǫ′).

Moreover, sincePY1,Y2|U1(y1, y2|u1) = Wi−1 mod n,ǫ′(y1|u1)PY2(y2), we conclude that the channelW−
i,ǫ′ is

equivalent toWi−1 mod n,ǫ′. This implies thatI(W−
i,ǫ′) = I(Wi−1 mod n,ǫ′) = (1− ǫ′) logn = I(Wi,ǫ′). Now

Lemma 2 implies thatW+
i,ǫ′ is equivalent toWi,ǫ′. Therefore, for anyl > 0 and anys ∈ {−,+}l, W s

i,ǫ′ is
equivalent toWi−|s|− mod n,ǫ′ (where |s|− is the number of appearances of the− sign in the sequences)
which is notδ-easy. This contradicts the fact that∗ is polarizing. We conclude that∗ must be ergodic.

Since∗ is ergodic,/∗ is ergodic as well. Suppose that/∗ is not strongly ergodic. Theorem 2 of Part I
[1] implies the existence of a stable partitionH of (X , /∗) such thatKH 6= H (whereKH here denotes
the first residue ofH with respect to the right-inverse operation/∗). For eachi ≥ 0 and eachǫ > 0 define
the channelWi,ǫ : X −→ KH

i/∗ ∪Hi/∗ as follows:

Wi,ǫ(y|x) =











1− ǫ if x ∈ y andy ∈ KH
i/∗ ,

ǫ if x ∈ y andy ∈ Hi/∗ ,

0 if x /∈ y.

We emphasize thaty here is a subset ofX and it is not an element of it. We have

I(Wi,ǫ) = (1− ǫ) log |KH
i/∗|+ ǫ log |Hi/∗| = (1− ǫ) log |KH|+ ǫ log |H|.

Now sinceKH 6= H andKH � H, we have|H| 6= |KH|. Therefore, there existsǫ′ > 0 such thatI(Wi,ǫ′)
is not the logarithm of any integer. For suchǫ′ > 0, there existsδ > 0 such thatI(Wi,ǫ′) is not δ-easy for
any i ≥ 0.

Let (U1, U2)
f∗−→ (X1, X2)

Wi,ǫ′−→ (Y1, Y2). Consider the channelU1 −→ (Y1, Y2), which is equivalent to
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W−
i,ǫ′. We have:

PY1,Y2|U1
(y1, y2|u1)

=
1

|X |
∑

u2∈X

Wi,ǫ′(y1|u1 ∗ u2)Wi,ǫ′(y2|u2)

=
1

|X |
∑

u2∈X

[

1u1∗u2∈y1 ·
(

(1− ǫ′)1y1∈KH
i/∗ + ǫ′1y1∈Hi/∗

)] [

1u2∈y2 ·
(

(1− ǫ′)1y2∈KH
i/∗ + ǫ′1y2∈Hi/∗

)]

=
1

|X |
∑

u2∈X

1u1∗u2∈y1, u2∈y2 ·
(

(1− ǫ′)1y1∈KH
i/∗ + ǫ′1y1∈Hi/∗

) (

(1− ǫ′)1y2∈KH
i/∗ + ǫ′1y2∈Hi/∗

)

(a)
=

1

|X |
∑

u2∈X

1u1∈y1/∗y2, u2∈y2 ·
(

(1− ǫ′)1y1∈KH
i/∗ + ǫ′1y1∈Hi/∗

) (

(1− ǫ′)1y2∈KH
i/∗ + ǫ′1y2∈Hi/∗

)

=
1

|X |
∑

u2∈X

1u1∈y1/∗y2, u2∈y2 ·
(

(1− ǫ′)21y1∈KH
i/∗ , y2∈KH

i/∗ + (1− ǫ′)ǫ′1y1∈KH
i/∗ , y2∈Hi/∗

+ ǫ′(1− ǫ′)1y1∈Hi/∗ , y2∈KH
i/∗ + ǫ′21y1∈Hi/∗ , y2∈Hi/∗

)

(b)
=

1

|X |
∑

u2∈X

1u1∈y1/∗y2, u2∈y2 ·
(

(1− ǫ′)21y1/∗y2∈KH
(i+1)/∗ , y2∈KH

i/∗ + (1− ǫ′)ǫ′1y1/∗y2∈KH
(i+1)/∗ , y2∈Hi/∗

+ ǫ′(1− ǫ′)1y1/∗y2∈H(i+1)/∗ , y2∈KH
i/∗ + ǫ′21y1/∗y2∈H(i+1)/∗ , y2∈Hi/∗

)

=
1

|X |
∑

u2∈X

[

1u1∈y1/∗y2 ·
(

(1− ǫ′)1y1/∗y2∈KH
(i+1)/∗ + ǫ′1y1/∗y2∈H(i+1)/∗

)]

×
[

1u2∈y2 ·
(

(1− ǫ′)1y2∈KH
i/∗ + ǫ′1y2∈Hi/∗

)]

=
1

|X |
∑

u2∈X

Wi+1,ǫ′(y1/
∗y2|u1)Wi,ǫ′(y2|u2)

(c)
=

∑

u2∈X

Wi+1,ǫ′(y1/
∗y2|u1)PY2|U2

(y2|u2)PU2(u2)

= Wi+1,ǫ′(y1/
∗y2|u1)PY2(y2),

(4)
where (a) follows from applying the second point of Lemma 1 onthe ergodic operation/∗ and the stable
partitionHi/∗ . (b) follows from applying the first point of Lemma 1 on the ergodic operation/∗ and the
stable partitionHi/∗ . (c) follows from the fact thatWi,ǫ′ is equivalent to the channelU2 −→ Y2 and from
the fact thatU2 is uniform inX .

(4) implies thatY1/
∗Y2 is a sufficient statistic for the channelU1 −→ (Y1, Y2) (which is equivalent to

W−
i,ǫ′). Moreover, sincePY1,Y2|U1

(y1, y2|u1) = Wi+1,ǫ′(y1/
∗y2|u1)PY2(y2), we conclude that the channelW−

i,ǫ′

is equivalent toWi+1,ǫ′. This implies thatI(W−
i,ǫ′) = I(Wi+1,ǫ′) = (1− ǫ′) log |KH|+ ǫ′ log |H| = I(Wi,ǫ′).

Now Lemma 2 implies thatW+
i,ǫ′ is equivalent toWi,ǫ′. Therefore, for anyl > 0 and anys ∈ {−,+}l,

W s
i,ǫ′ is equivalent toWi+|s|−,ǫ′ (where |s|− is the number of appearances of the− sign in the sequence

s) which is notδ-easy. This again contradicts the fact that∗ is polarizing. We conclude that/∗ must be
strongly ergodic.

B. Sufficient condition

In this subsection, we prove a converse for Proposition 1. Wewill show that for any uniformity
preserving operation∗, the strong ergodicity of/∗ implies that∗ is polarizing. We will prove this in
three steps.

Step 1: Polarized channels are projection channels onto stable partitions:

Notation 4. For every sequencex = (xi)0≤i<N of N elements ofX , and for every0 ≤ j ≤ k < N , we
define the subsequencexk

j as the sequence(x′
i)0≤i≤k−j, wherex′

i = xi+j for every0 ≤ i ≤ k − j.
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Notation 5. For everyk ≥ 0 and every sequencex = (xi)0≤i<2k of |x| = 2k elements ofX , we define
g∗(x) ∈ X recursively onk as follows:

• If k = 0 (i.e., x = (x0)), g∗(x) = x0.
• If k > 0, g∗(x) = g∗(x

|x|/2−1
0 ) ∗ g∗(x|x|−1

|x|/2 ) = g∗(x
2k−1−1
0 ) ∗ g∗(x2k−1

2k−1 ).
For example, we have:

• g∗(x
1
0) = x0 ∗ x1.

• g∗(x
3
0) = (x0 ∗ x1) ∗ (x2 ∗ x3).

• g∗(x
7
0) =

(

(x0 ∗ x1) ∗ (x2 ∗ x3)
)

∗
(

(x4 ∗ x5) ∗ (x6 ∗ x7)
)

.

Definition 12. Let A be a subset ofX . We define the probability distributionIA on X as IA(x) = 1
|A|

if
x ∈ A and IA(x) = 0 otherwise.

Definition 13. Let Y be an arbitrary set,H be a balanced partition ofX and (X, Y ) be a random pair
in X × Y . For everyγ > 0, we define:

YH,γ(X, Y ) =
{

y ∈ Y : ∃Hy ∈ H, ‖PX|Y=y − IHy‖∞ < γ
}

,

PH,γ(X, Y ) = PY

(

YH,γ(X, Y )
)

.

Note that ifPH,γ(X, Y ) ≈ 1 for a smallγ thenY is “almost equivalent” to the projection ofX onto
H. This will be proved rigorously in step 2. The next proposition will be used later to show that a relation
PH,γ(X, Y ) ≈ 1 is satisfied between the input and output of a polarized channel, whereH is a stable
partition. This is why we say that polarized channels are projection channels onto stable partitions.

Proposition 2. Let ∗ be a strongly ergodic operation on a setX . Definek = 22
|X|

+ scon(∗) and letY
be an arbitrary set. For anyγ > 0, there existsǫ(γ) > 0 depending only onX such that if(Xi, Yi)0≤i<2k

is a sequence of2k random pairs satisfying:
1) (Xi, Yi)0≤i<2k are independent and identically distributed inX × Y ,
2) Xi is uniform inX for all 0 ≤ i < 2k,
3) H

(

g∗(X
2k−1
0 )|Y 2k−1

0

)

< H(X0|Y0) + ǫ(γ),
then there exists a stable partitionH of (X , ∗) such thatPH,γ(X0, Y0) > 1− γ.

Proof: See Appendix A.

Step 2: Structure of projection channels:

Lemma 3. LetX be an arbitrary set and let∗ be an ergodic operation onX . For everyδ > 0, there exists
γ := γ(δ) > 0 such that for any stable partitionH of (X , ∗), if (X, Y ) is a pair of random variables in
X × Y satisfying

1) X is uniform inX ,
2) PH,γ(X ; Y ) > 1− γ,

then
∣

∣

∣
I
(

ProjH′(X); Y
)

− log |H|·‖H∧H′‖
‖H′‖

∣

∣

∣
< δ for every stable partitionH′ of (X , ∗).

Proof: Let H′ be a stable partition ofX . Note that the entropy function is continuous and the space
of probability distributions onH′ is compact. Therefore, the entropy function is uniformly continuous,
which means that for everyδ > 0 there existsγ′

H′(δ) > 0 such that ifp1 and p2 are two probability
distributions onH′ satisfying‖p1 − p2‖∞ < γ′

H′(δ) then |H(p1) − H(p2)| < δ
2
. Let δ > 0 and define

γH′(δ) = min
{

δ
2 log(|H′|+1)

, 1
‖H′‖

γ′
H′(δ)

}

. Now defineγ(δ) = min{γH′(δ) : H′ is a stable partition} which

depends only on(X , ∗) andδ. Clearly,‖H′‖γ(δ) ≤ γ′
H′(δ) for every stable partitionH′ of X .

Let H be a stable partition ofX and suppose thatPH,γ(δ)(X ; Y ) > 1−γ(δ), whereX is uniform inX .
Fix y ∈ YH,γ(δ)(X ; Y ). By the definition ofYH,γ(δ)(X ; Y ), there existsHy ∈ H such that|PX|Y (x|y)−
IHy(x)| < γ(δ) for everyx ∈ X .
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Let H′ be a stable partition ofX . Corollary 1 of Part I [1] shows thatH∧H′ is also a stable partition
of X . From the definition ofH∧H′, for everyH ′ ∈ H′ we have eitherHy∩H ′ = ø or Hy∩H ′ ∈ H∧H′.
Therefore, we have either|Hy ∩H ′| = 0 or |Hy ∩H ′| = ‖H∧H′‖. Let H′

y = {H ′ ∈ H′ : Hy ∩H ′ 6= ø},

so |Hy ∩ H ′| = ‖H ∧ H′‖ for all H ′ ∈ H′
y. Now sinceHy =

⋃

H′∈H′

(Hy ∩ H ′), we have‖H‖ = |Hy| =
∑

H′∈H′

|Hy ∩H ′| = |H′
y| · ‖H ∧ H′‖. Therefore,

‖H‖
‖H ∧H′‖ = |H′

y| ≤ |H′|. (5)

We will now show that for everyy ∈ YH,γ(δ), we have‖PProjH′ (X)|Y=y − IH′
y
‖∞ < γ′

H′(δ), whereIH′
y

is the probability distribution onH′ defined asIH′
y
(H ′) = 1

|H′
y |

if H ′ ∈ H′
y and IH′

y
(H ′) = 0 otherwise.

This will be useful to show that
∣

∣

∣
H(ProjH′(X)|Y = y)− log ‖H‖

‖H∧H′‖

∣

∣

∣
< δ

2
for all y ∈ YH,γ(δ).

Let y ∈ YH,γ(δ) andH ′ ∈ H′. We havePProjH′(X)|Y (H
′|y) =

∑

x∈H′

PX|Y (x|y). But since|PX|Y (x|y) −
1

|Hy|
| < γ(δ) for every x ∈ Hy, and sincePX|Y (x|y) < γ(δ) if x ∈ X \ Hy, we conclude that

∣

∣PProjH′(X)|Y (H
′|y)− |H′∩Hy|

|Hy|

∣

∣ < |H ′|γ(δ) = ‖H′‖γ(δ) ≤ γ′
H′(δ). We conclude:

• If H ′ ∈ H′
y, we have|H ′ ∩Hy| = ‖H ∧ H′‖ which means that|H

′∩Hy |
|Hy|

= ‖H∧H′‖
‖H‖

(a)
= 1

|H′
y|

, where (a)

follows from (5). Thus|PProjH′(X)|Y (H
′|y)− 1

|H′
y|
| < γ′

H′(δ).

• If H ′ ∈ H′ \ H′
y,

|H′∩Hy|
|Hy|

= 0 and soPProjH′(X)|Y (H
′|y) < γ′

H′(δ).

Therefore,‖PProjH′(X)|Y=y − IH′
y
‖∞ < γ′

H′(δ). This means that
∣

∣H(ProjH′(X)|Y = y) − H(IH′
y
)
∣

∣ < δ
2
.

But H(IH′
y
) = log |H′

y|
(a)
= log ‖H‖

‖H∧H′‖
, where (a) follows from (5). Therefore,

∀y ∈ YH,γ(δ),
∣

∣

∣
H(ProjH′(X)|Y = y)− log

‖H‖
‖H ∧H′‖

∣

∣

∣
<

δ

2
. (6)

On the other hand, for everyy ∈ Yc
H,γ(δ), PProjH′ (X)|Y=y is a probability distribution onH′ which

implies that0 ≤ H(ProjH′(X)|Y = y) ≤ log |H′|. Moreover, we have0 ≤ log ‖H‖
‖H∧H′‖

≤ log |H′| from
(5). Therefore,

∀y ∈ Yc
H,γ(δ),

∣

∣

∣
H(ProjH′(X)|Y = y)− log

‖H‖
‖H ∧H′‖

∣

∣

∣
≤ log |H′|. (7)

We conclude that:
∣

∣

∣
H(ProjH′(X)|Y )− log

‖H‖
‖H ∧H′‖

∣

∣

∣
≤

∑

y∈Y

∣

∣

∣
H(ProjH′(X)|Y = y)− log

‖H‖
‖H ∧H′‖

∣

∣

∣
· PY (y)

(a)

≤
∑

y∈YH,γ(δ)

δ

2
· PY (y) +

∑

y∈Yc
H,γ(δ)

(log |H′|) · PY (y)

=
δ

2
· PY (YH,γ(δ)) + (log |H′|)PY (Yc

H,γ(δ))
(b)
<

δ

2
+ (log |H′|)γ(δ)

≤ δ

2
+ (log |H′|) · δ

2 log(|H′|+ 1)
< δ,

where (a) follows from (6) and (7). (b) follows from the second condition of the lemma.
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Now sinceProjH′(X) is uniform in H′, we haveH(ProjH′(X)) = log |H′|. We conclude that if
PH,γ(δ)(X, Y ) > 1− γ(δ) then for every stable partitionH′ of (X , ∗), we have

∣

∣

∣
I
(

ProjH′(X); Y
)

− log
|H′| · ‖H ∧H′‖

‖H‖
∣

∣

∣
< δ,

which implies that
∣

∣

∣
I
(

ProjH′(X); Y
)

− log |H|·‖H∧H′‖
‖H′‖

∣

∣

∣
< δ since|H| · ‖H‖ = |H′| · ‖H′‖ = |X |.

Step 3: Projection channels are easy:

Definition 14. Let H be a balanced partition ofX and let W : X −→ Y . We define the channel
W [H] : H −→ Y by:

W [H](y|H) =
1

‖H‖
∑

x∈X :
ProjH(x)=H

W (y|x) = 1

|H|
∑

x∈H

W (y|x).

Remark 6. If X is a random variable uniformly distributed inX andY is the output of the channelW
whenX is the input, then it is easy to see thatI(W [H]) = I(ProjH(X); Y ).

Theorem 1. Let X be an arbitrary set and let∗ be a uniformity preserving operation onX such that/∗

is strongly ergodic. LetW : X −→ Y be an arbitrary channel. Then for anyδ > 0, we have:

lim
n→∞

1

2n

∣

∣

∣

∣

∣

{

s ∈ {−,+}n : ∃Hs a stable partition of(X , /∗),

∣

∣

∣
I(W s[H′])− log

|Hs| · ‖Hs ∧ H′‖
‖H′‖

∣

∣

∣
< δ for all stable partitionsH′ of (X , /∗)

}

∣

∣

∣

∣

∣

= 1.

Proof: Let (Wn)n be as in Definition 4. Since∗ is uniformity preserving, it satisfies the conservation
property of Definition 5 (see Remark 1). Therefore, we have:

E
[

I(Wn+1)|Wn

]

=
1

2
I(W−

n ) +
1

2
I(W+

n ) = I(Wn).

This implies that the process(I(Wn))n is a martingale, and so it converges almost surely. Therefore, the
process

(

I(Wn+k)− I(Wn)
)

n
converges almost surely to zero, wherek = 22

|X|
+ scon(/∗). In particular,

(

I(Wn+k)− I(Wn)
)

n
converges in probability to zero, hence for everyδ > 0 we have

lim
n→∞

P

[

|I(Wn+k)− I(Wn)| ≥ ǫ
(

γ(δ)
)

]

= 0,

whereǫ(.) is given by Proposition 2 andγ(.) is given by Lemma 3. We have:

P

[

|I(Wn+k)− I(Wn)| ≥ ǫ
(

γ(δ)
)

]

=
1

2n+k
|An,k|,

whereAn,k =

{

(s, s′) ∈ {−,+}n × {−,+}k : |I(W (s,s′))− I(W s)| ≥ ǫ
(

γ(δ)
)

}

. Define:

Bn,k =

{

s ∈ {−,+}n : |I(W (s,[k]−))− I(W s)| ≥ ǫ
(

γ(δ)
)

}

,

where[k]− ∈ {−,+}k is the sequence consisting ofk minus signs. Clearly,Bn,k ×{[k]−} ⊂ An,k and so

|Bn,k| ≤ |An,k|. Now since lim
n→∞

1

2n+k
|An,k| = lim

n→∞
P

[

|I(Wn+k)− I(Wn)| ≥ ǫ
(

γ(δ)
)

]

= 0, we must have

lim
n→∞

1

2n+k
|Bn,k| = 0. Therefore, lim

n→∞

1

2n
|Bn,k| = 2k × 0 = 0 and so lim

n→∞

1

2n
|Bc

n,k| = 1.
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Now suppose thats ∈ Bc
n,k, i.e., |I(W (s,[k]−))−I(W s)| < ǫ

(

γ(δ)
)

. LetU0, . . . , U2k−1 be2k independent
random variables uniformly distributed inX . For every0 ≤ j ≤ k, define the sequenceUj,0, . . . , Uj,2k−1

recursively as follows:
• U0,i = Ui for every0 ≤ i < 2k.
• For every0 ≤ j < k and every0 ≤ i < 2k, defineUj+1,i as follows:

Uj+1,i =

{

Uj,i ∗ Uj,i+2k−j−1 if 0 ≤ i mod 2k−j < 2k−j−1,

Uj,i if 2k−j−1 ≤ i mod 2k−j < 2k−j.

Since∗ is uniformity preserving, it is easy to see that for every0 ≤ i ≤ k, the 2k random variables
Uj,0, . . . , Uj,2k−1 are independent and uniform inX . In particular, if we defineXi = Uk,i for 0 ≤ i <
2k, thenX0, . . . , X2k−1 are 2k independent random variables uniformly distributed inX . Suppose that
X0, . . . , X2k−1 are sent through2k independent copies of the channelW s and letY0, . . . , Y2k−1 be the
output of each copy of the channel respectively. Clearly,(Xi, Yi)0≤i<2k are independent and uniformly
distributed inX × Y . Moreover,I(W s) = I(Xi; Yi) for every 0 ≤ i < 2k. In particular, I(W s) =
I(X0; Y0) = H(X0)−H(X0|Y0) = log |X |−H(X0|Y0). We will show by backward induction on0 ≤ j ≤ k
that for every0 ≤ q < 2j we have:

• W (s,[k−j]−) is equivalent to the channelUj,q·2k−j −→ Y
(q+1)·2k−j−1

q·2k−j .

• Uj,q·2k−j = g/∗
(

X
(q+1)·2k−j−1

q·2k−j

)

.
The claim is trivial for j = k. Now let 0 ≤ j < k and suppose that the claim is true forj + 1. Let
0 ≤ q < 2j. From the induction hypothesis we have:

• W (s,[k−j−1]−) is equivalent to the channelUj+1,q·2k−j −→ Y
(2q+1)·2k−j−1−1

q·2k−j .

• Uj+1,q·2k−j = g/∗
(

X
(2q+1)·2k−j−1−1

q·2k−j

)

.

• W (s,[k−j−1]−) is equivalent to the channelUj+1,(2q+1)·2k−j−1 −→ Y
(q+1)·2k−j−1

(2q+1)·2k−j−1 .

• Uj+1,(2q+1)·2k−j−1 = g/∗
(

X
(q+1)·2k−j−1

(2q+1)·2k−j−1

)

.

Now sinceUj+1,q·2k−j = Uj,q·2k−j ∗ Uj,(2q+1)·2k−j−1 andUj+1,(2q+1)·2k−j−1 = Uj,(2q+1)·2k−j−1 , it follows that

W (s,[k−j]−) = (W (s,[k−j−1]−))− is equivalent to the channelUj,q·2k−j −→ Y
(q+1)·2k−j−1

q·2k−j (see Remark 1).
Moreover, we have

Uj,q·2k−j = Uj+1,q·2k−j/∗Uj,(2q+1)·2k−j−1 = Uj+1,q·2k−j/∗Uj+1,(2q+1)·2k−j−1

= g/∗
(

X
(2q+1)·2k−j−1−1

q·2k−j

)

/∗g/∗
(

X
(q+1)·2k−j−1

(2q+1)·2k−j−1

)

= g/∗
(

X
(q+1)·2k−j−1

q·2k−j

)

.

This terminates the induction argument and so the claim is true for all0 ≤ j ≤ k. In particular, forj = 0
and q = 0, we haveU0 = U0,0 = g/∗

(

X2k−1
0

)

andW (s,[k]−) is equivalent to the channelU0 −→ Y 2k−1
0 .

Thus,
I(W (s,[k]−)) = I(U0; Y

2k−1
0 ) = H(U0)−H(U0|Y 2k−1

0 ) = log |X | −H(U0|Y 2k−1
0 ).

Hence

I(W (s,[k]−))− I(W s) = log |X | −H(U0|Y 2k−1
0 )− log |X |+H(X0|Y0)

(a)
= H(X0|Y0)−H

(

g/∗(X
2k−1
0 )|Y 2k−1

0

)

,

where (a) follows from the fact thatU0 = g/∗
(

X2k−1
0

)

. We conclude that
∣

∣H
(

g/∗(X
2k−1
0 )|Y 2k−1

0

)

−H(X0|Y0)
∣

∣ = |I(W (s,[k]−))− I(W s)| < ǫ
(

γ(δ)
)

.

Proposition 2, applied to/∗, implies the existence of a stable partitionHs of (X , /∗) such that
PHs,γ(δ)(X0, Y0) > 1 − γ(δ). Now Lemma 3, applied to/∗, implies that for every stable partitionH′
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of (X , /∗), we have
∣

∣

∣
I(W s[H′])− log |Hs|·‖Hs∧H′‖

‖H′‖

∣

∣

∣
=

∣

∣

∣
I
(

ProjH′(X0); Y0

)

− log |Hs|·‖Hs∧H′‖
‖H′‖

∣

∣

∣
< δ. But this

is true for everys ∈ Bc
n,k. Therefore,Bc

n,k ⊂ Dn, whereDn is defined as:

Dn =

{

s ∈ {−,+}n : ∃Hs a stable partition of(X , /∗),

∣

∣

∣
I(W s[H′])− log

|Hs| · ‖Hs ∧ H′‖
‖H′‖

∣

∣

∣
< δ for all stable partitionsH′ of (X , /∗)

}

.

Now since lim
n→∞

1

2n
|Bc

n,k| = 1 andBc
n,k ⊂ Dn, we must havelim

n→∞

1

2n
|Dn| = 1.

Corollary 1. Let X be an arbitrary set and let∗ be a uniformity preserving operation onX such that
/∗ is strongly ergodic, and letW : X −→ Y be an arbitrary channel. Then for anyδ > 0, we have:

lim
n→∞

1

2n

∣

∣

∣

∣

{

s ∈ {−,+}n : ∃Hs a stable partition of(X , /∗),

∣

∣I(W s)− log |Hs|
∣

∣ < δ,
∣

∣I(W s[Hs])− log |Hs|
∣

∣ < δ
}

∣

∣

∣

∣

= 1.

Proof: We apply Theorem 1 and we consider the two particular cases whereH′ =
{

{x} : x ∈ X
}

andH′ = Hs.

Remark 7. Corollary 1 can be interpreted as follows: In a polarized channel W s, we haveI(W s) ≈
I(W s[Hs]) ≈ log |Hs| for some stable partitionHs of (X , /∗). Let Xs andYs be the input and output of
the channelW s respectively.I(W s[Hs]) ≈ log |Hs| means thatYs “almost” determinesProjHs

(Xs). On
the other hand,I(W s) ≈ I(W s[Hs]) means that there is “almost” no other information aboutXs which
can be determined fromYs. Therefore,W s is “almost” equivalent to the channelXs −→ ProjHs

(Xs).

Lemma 4. Let W : X −→ Y be an arbitrary channel. If there exists a balanced partition H of X such
that

∣

∣I(W )− log |H|
∣

∣ < δ and
∣

∣I(W [H])− log |H|
∣

∣ < δ, thenW is δ-easy.

Proof: Let L = |H| and letH1, . . . , HL be theL members ofH. Let S =
{

C ⊂ X : |C| = L
}

and
SH =

{

{x1, . . . , xL} : x1 ∈ H1, . . . , xL ∈ HL

}

⊂ S. For each1 ≤ i ≤ L, let Xi be a random variable
uniformly distributed inHi. DefineB = {X1, . . . , XL}, which is a random set taking values inSH. Note
that we can seeB as a random variable inS sinceSH ⊂ S. For everyx ∈ X , let Hi be the unique
element ofH such thatx ∈ Hi. We have:

1

L

∑

C∈H

PB(C)1x∈C =
1

|H|P[x ∈ B] (a)
=

1

|H|P[Xi = x] =
1

|H| ·
1

|Hi|
=

1

|H| ·
1

‖H‖ =
1

|X | , (8)

where (a) follows from the fact thatx ∈ B if and only if Xi = x. Now for eachC ∈ SH, define the
bijection fC : {1, . . . , L} → C as follows: for each1 ≤ i ≤ L, fC(i) is the unique element inC ∩ Hi

(soProjH(fC(i)) = Hi). Let U be a random variable chosen uniformly in{1, . . . , L} and independently
from B, and letX = fB(U) (soProjH(X) = HU ). From (8) we get thatX is uniform inX .

Let Y be the output of the channelW when X is the input. From Definition 1, we have
I(WB) = I(U ; Y,B). On the other hand,I(W [H]) = I(ProjH(X); Y ) = I(HU ; Y ). Therefore,

I(WB) = I(U ; Y,B) ≥ I(U ; Y )
(a)
= I(HU ; Y ) = I(W [H])

(b)
> logL − δ, where (a) follows from the

fact that the mappingu → Hu is a bijection from{1, . . . , L} to H and (b) follows from the fact that
∣

∣I(W [H])− log |H|
∣

∣ < δ. We conclude thatW is δ-easy sinceI(WB) > logL−δ and|I(W )− logL| < δ.

Proposition 3. If ∗ is a uniformity preserving operation on a setX and /∗ is strongly ergodic, then∗ is
polarizing.
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Proof: We have the following:
• We know from Remark 1 that since∗ is uniformity preserving, it satisfies the conservation property

of Definition 5.
• The polarization property of Definition 5 follows immediately from Corollary 1 and Lemma 4.

Therefore,∗ is polarizing.

Theorem 2. If ∗ is a binary operation on a setX , then ∗ is polarizing if and only if∗ is uniformity
preserving and/∗ is strongly ergodic.

Proof: The theorem follows from Propositions 1 and 3.

IV. EXPONENT OF A POLARIZING OPERATION

In this section, we study the exponent of polarizing operations.

Definition 15. Let W be a channel with input alphabetX and output alphabetY . For everyx, x′ ∈ X ,
we define the channelWx,x′ : {0, 1} → Y as follows:

Wx,x′(y|b) =
{

W (y|x) if b = 0,

W (y|x′) if b = 1.

The Battacharyya parameter betweenx andx′ of the channelW is the Bhattacharyya parameter of the
channelWx,x′:

Z(Wx,x′) :=
∑

y∈Y

√

Wx,x′(y|0)Wx,x′(y|1) =
∑

y∈Y

√

W (y|x)W (y|x′).

It is easy to see that0 ≤ Z(Wx,x′) ≤ 1 for everyx, x′ ∈ X . Moreover, ifx = x′ we haveZ(Wx,x′) =
Z(Wx,x) = 1.

If |X | ≥ 2, the Battacharyya parameter of the channelW is defined as:

Z(W ) :=
1

|X |(|X | − 1)

∑

(x,x′)∈X×X
x 6=x′

Z(Wx,x′).

We can easily see that0 ≤ Z(W ) ≤ 1.

Proposition 4. The Bhattacharyya parameter of a channelW : X → Y has the following properties:

1) Z(W )2 ≤ 1− I(W )

log |X | .

2) I(W ) ≥ log
|X |

1 + (|X | − 1)Z(W )
.

3)
1

4
Z(W )2 ≤ Pe(W ) ≤ (|X | − 1)Z(W ), wherePe(W ) is the probability of error of the maximum

likelihood decoder ofW for uniformly distributed input.

Proof: See Appendix B.

Remark 8. Proposition 4 shows thatZ(W ) measures the ability of the receiver to reliably decode the
output and correctly estimate the input:

• If Z(W ) is low, the inequalityPe(W ) ≤ (|X | − 1)Z(W ) implies thatPe(W ) is also low and the
receiver can determine the input from the output with high probability. This is also expressed by
inequality 2) of Proposition 4: ifZ(W ) is close to 0,I(W ) is close tolog |X |.

• If Z(W ) is close to 1, inequality 1) of Proposition 4 implies thatI(W ) is close to 0, which means
that the input and the output are “almost” independent and soit is not possible to recover the input
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reliably. This is also expressed by the inequalityPe(W ) ≥ 1

4
Z(W )2: if Z(W ) is high,Pe(W ) cannot

be too low.
SinceWx,x′ is the binary input channel obtained by sending eitherx or x′ throughW , Z(Wx,x′) can be
interpreted as a measure of the ability of the receiver to distinguish betweenx and x′: if Z(Wx,x′) ≈ 0,
the receiver can reliably distinguish betweenx andx′ and ifZ(Wx,x′) ≈ 1, the receiver cannot distinguish
betweenx and x′.

Notation 6. Let x, x′ ∈ X and let s ∈ {−,+}n. Throughout this section,W s
x,x′ denotes(W s)x,x′. The

channelW s
x,x′ should not be confused with(Wx,x′)s which is not defined unless a binary operation on

{0, 1} is specified.

Lemma 5. For everyu1, u
′
1, v ∈ X , we haveZ(W−

u1,u′
1
) ≥ 1

|X |Z(Wu1∗v,u′
1∗v

).

Proof:

Z(W−
u1,u′

1
) =

∑

y1,y2∈Y

√

W−(y1, y2|u1)W−(y1, y2|u′
1)

=
∑

y1,y2∈Y

√

√

√

√

∑

u2,u′
2∈X

1

|X |2W (y1|u1 ∗ u2)W (y2|u2)W (y1|u′
1 ∗ u′

2)W (y2|u′
2)

≥ 1

|X |
∑

y1,y2∈Y

√

W (y1|u1 ∗ v)W (y2|v)W (y1|u′
1 ∗ v)W (y2|v)

=
1

|X |
∑

y1,y2∈Y

W (y2|v)
√

W (y1|u1 ∗ v)W (y1|u′
1 ∗ v)

=
1

|X |
∑

y1∈Y

√

W (y1|u1 ∗ v)W (y1|u′
1 ∗ v) =

1

|X |Z(Wu1∗v,u′
1∗v

).

Lemma 6. For everyu2, u
′
2 ∈ X , we haveZ(W+

u2,u′
2
) =

1

|X |
∑

u1∈X

Z(Wu1∗u2,u1∗u′
2
)Z(Wu2,u′

2
).

Proof:

Z(W+
u2,u′

2
) =

∑

y1,y2∈Y

∑

u1∈X

√

W+(y1, y2, u1|u2)W+(y1, y2, u1|u′
2)

=
∑

y1,y2∈Y

∑

u1∈X

√

1

|X |2W (y1|u1 ∗ u2)W (y2|u2)W (y1|u1 ∗ u′
2)W (y2|u′

2)

=
1

|X |
∑

u1∈X

∑

y1,y2∈Y

√

W (y1|u1 ∗ u2)W (y1|u1 ∗ u′
2)
√

W (y2|u2)W (y2|u′
2)

=
1

|X |
∑

u1∈X

Z(Wu1∗u2,u1∗u′
2
)Z(Wu2,u′

2
).

Notation 7. If W is a channel with input alphabetX . We denotemax
x,x′∈X
x 6=x′

Z(Wx,x′) and min
x,x′∈X
x 6=x′

Z(Wx,x′)

by Zmax(W ) andZmin(W ) respectively. Note that we can also expressZmin(W ) as min
x,x′∈X

Z(Wx,x′) since

Zmin(W ) ≤ 1 andZx,x(W ) = 1 for everyx ∈ X .



18

Proposition 5. Let ∗ be a polarizing operation onX , where|X | ≥ 2. If for everyu2, u
′
2 ∈ X there exists

u1 ∈ X such thatu1 ∗ u2 = u1 ∗ u′
2, thenE∗ = 0.

Proof: Let β > 0 and0 < β ′ < β. Clearly,
1

4

(

2−2β
′n
)2

> 2−2βn

for n large enough. We have:

• For everyu2, u
′
2 ∈ X satisfyingu2 6= u′

2, let u1 ∈ X be such thatu1 ∗ u2 = u1 ∗ u′
2. Lemma 6

implies thatZ(W+
u2,u′

2
) ≥ 1

|X |Z(Wu1∗u2,u1∗u′
2
)Z(Wu2,u′

2
) =

1

|X |Z(Wu2,u′
2
) sinceZ(Wu1∗u2,u1∗u′

2
) = 1.

Therefore,Zmax(W
+) = max

x,x′∈X
x 6=x′

Z(W+
x,x′) ≥

1

|X | max
x,x′∈X
x 6=x′

Z(Wx,x′) =
1

|X |Zmax(W ).

• By fixing v ∈ X , Lemma 5 implies that

Zmax(W
−) = max

x,x′∈X
x 6=x′

Z(W−
x,x′) ≥

1

|X | max
x,x′∈X
x 6=x′

Z(Wx∗v,x′∗v)
(a)
=

1

|X | max
x,x′∈X
x 6=x′

Z(Wx,x′) =
1

|X |Zmax(W ),

where (a) follows from the fact that∗ is uniformity preserving, which implies that

{(x ∗ v, x′ ∗ v) : x, x′ ∈ X , x 6= x′} = {(x, x′) : x, x′ ∈ X , x 6= x′}.

By induction onn > 0, we conclude that for everys ∈ {−,+}n we have:

Zmax(W
s) ≥ 1

|X |nZmax(W ) =
1

2n log2 |X |
Zmax(W ).

If Z(W ) > 0 we haveZmax(W ) > 0, and

Z(W s) ≥ 1

|X |(|X | − 1)
Zmax(W

s) ≥ Zmax(W )

|X |(|X | − 1) · (2n)log2 |X |
,

which means that the decay ofZ(W s) in terms of the blocklength2n can be at best polynomial. Therefore,
for n large enough we haveZ(W s) > 2−2β

′n
for everys ∈ {−,+}n.

Now let δ = 1
3
log |X | − 1

3
log(|X | − 1) > 0 and letW be any channel satisfyinglog |X | − δ <

I(W ) < log |X | (we can easily construct such a channel). SinceI(W ) < log |X |, Proposition 4 implies
that we haveZ(W ) > 0. Let Wn be the process introduced in Definition 4. Since∗ is polarizing, we have
P[Wn is δ-easy] > 3

4
(i.e., 1

2n
|{s ∈ {−,+}n : W s is δ-easy}| > 3

4
) for n large enough. On the other hand,

since∗ satisfies the conservation property, we haveE[I(Wn)] =
1

2n

∑

s∈{−,+}n

I(W s) = I(W ) > log |X |−δ.

Therefore, we must haveP
[

I(Wn) > log |X | − 2δ
]

> 1
2

and so forn large enough, we have

P
[

I(Wn) > log |X | − 2δ andWn is δ-easy
]

>
1

4
.

Now supposes ∈ {−,+}n is such thatW s is δ-easy andI(W s) > log |X | − 2δ, and letL andB be
as in Definition 1. We haveI(W s) − log(|X | − 1) > 3δ − 2δ = δ and so the only possible value forL
is |X |. But since the only subset ofX of size |X | is X , we haveB = X with probability 1. Therefore,
W s

B is equivalent toW s which means thatZ(W s
B) = Z(W s) > 2−2β

′n
. Now Proposition 4 implies that

Pe(W
s
B) >

1
4

(

2−2β
′n
)2

> 2−2βn
and soW s is not (δ, 2−βn)-easy. Thus,P

[

Wn is (δ, 2−2βn
)-easy

]

< 3
4

for
n large enough.

We conclude that no exponentβ > 0 is ∗-achievable. Therefore,E∗ = 0.

Remark 9. Consider the following uniformity preserving operation:
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∗ 0 1 2 3
0 3 3 3 3
1 0 1 0 0
2 1 0 1 1
3 2 2 2 2

It is easy to see that/∗ is strongly ergodic on so∗ is polarizing. Moreover,∗ satisfies the property of
Proposition 5, hence it has a zero exponent. This shows that the exponent of a polarizing operation can
be as low as 0.

The following lemma will be used to show thatE∗ ≤ 1
2

for every polarizing operation∗.

Lemma 7. Let ∗ be a uniformity preserving operation onX and letW be a channel with input alphabet

X . For everyn > 0 and everys ∈ {−,+}n, we haveZmin(W
s) ≥

(

Zmin(W )

|X |

)(|s|−+1)2|s|
+

, where|s|−

(resp. |s|+) is the number of− signs (resp.+ signs) in the sequences.

Proof: We will prove the lemma by induction onn > 0. If n = 1, then eithers = − or s = +. If
s = −, let v ∈ X . We have:

Zmin(W
s) = Zmin(W

−) = min
u1,u′

1∈X
Z(W−

u1,u′
1
)
(a)

≥ min
u1,u′

1∈X

1

|X |Z(Wu1∗v,u′
1∗v

)
(b)

≥
(

Zmin(W )

|X |

)(|s|−+1)2|s|
+

,

(9)
where (a) follows from Lemma 5 and (b) follows from the fact that (|s|− + 1)2|s|

+
= 2 since |s|− = 1

and |s|+ = 0 whens = −.
If s = +, we have:

Zmin(W
s) = Zmin(W

+) = min
u2,u′

2∈X
Z(W+

u2,u′
2
)
(a)

≥ min
u2,u′

2∈X

1

|X |
∑

u1∈X

Z(Wu1∗u2,u1∗u′
2
)Z(Wu2,u′

2
)

≥ Zmin(W )2
(b)

≥
(

Zmin(W )

|X |

)(|s|−+1)2|s|
+

, (10)

where (a) follows from Lemma 6 and (b) follows from the fact that (|s|− + 1)2|s|
+
= 2 since |s|− = 0

and |s|+ = 1 whens = +. Therefore, the lemma is true forn = 1. Now let n > 1 and suppose that it is
true for n − 1. Let s = (s′, sn) ∈ {−,+}n, wheres′ ∈ {−,+}n−1 and sn ∈ {−,+}. From the induction

hypothesis, we haveZmin(W
s′) ≥

(

Zmin(W )

|X |

)(|s′|−+1)2|s
′|+

.

If sn = −, we can apply (9) onW s′ to get:

Zmin(W
s) ≥ 1

|X |Zmin(W
s′) ≥ 1

|X |

(

Zmin(W )

|X |

)(|s′|−+1)2|s
′|+

≥
(

Zmin(W )

|X |

)1+(|s′|−+1)2|s
′ |+

≥
(

Zmin(W )

|X |

)(|s′|−+2)2|s
′|+

=

(

Zmin(W )

|X |

)(|s|−+1)2|s|
+

.

If sn = +, we can apply (10) onW s′ to get:

Zmin(W
s) ≥ Zmin(W

s′)2 ≥





(

Zmin(W )

|X |

)(|s′|−+1)2|s
′|+





2

=

(

Zmin(W )

|X |

)2(|s′|−+1)2|s
′ |+

=

(

Zmin(W )

|X |

)(|s′|−+1)2|s
′ |++1

=

(

Zmin(W )

|X |

)(|s|−+1)2|s|
+

.
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We conclude that the lemma is true for everyn > 0.

Proposition 6. If ∗ is polarizing, thenE∗ ≤ 1
2
.

Proof: Let β > 1
2
, and let 1

2
< β ′ < β. Let ǫ > 0 be such that(1 − ǫ) log |X | > log |X | − δ, where

δ = 1
3
|X | − 1

3
(|X | − 1). Let e /∈ X and consider the channelW : X −→ X ∪ {e} defined as follows:

W (y|x) =











1− ǫ if y = x,

ǫ if y = e,

0 otherwise.

We haveI(W ) = (1 − ǫ) log |X | > log |X | − δ andZ(Wx,x′) = ǫ for everyx, x′ ∈ X such thatx 6= x′,
and thusZmin(W ) = ǫ. We have the following:

• Sinceβ ′ > 1
2
, the law of large numbers implies that

1

2n
∣

∣

{

s ∈ {−,+}n : |s|+ ≤ β ′n
}∣

∣ converges to

1 asn goes to infinity. Therefore, forn large enough, we have
1

2n
|Bn| >

7

8
where

Bn =
{

s ∈ {−,+}n : |s|+ ≤ β ′n
}

.

• Since
∑

s∈{−,+}n

I(W s) = 2nI(W ) > 2n(log |X | − δ), we must have
1

2n
|Cn| >

1

2
where

Cn =
{

s ∈ {−,+}n : I(W s) > log |X | − 2δ
}

.

• Since∗ is polarizing, we have
1

2n
|Dn| >

7

8
for n large enough, where

Dn =
{

s ∈ {−,+}n : W s is δ-easy
}

.

We conclude that forn large enough, we have
1

2n
|An| >

1

4
, where

An = Bn ∩ Cn ∩Dn =
{

s ∈ {−,+}n : |s|+ ≤ β ′n, W s is δ-easy andI(W s) > log |X | − 2δ
}

.

Now let s ∈ An. Let L andB be as in Definition 1. We haveI(W s)− log(|X | − 1) > 3δ − 2δ = δ and
so the only possible value forL is |X |, and since the only subset ofX of size |X | is X , we haveB = X
with probability 1. Therefore,W s

B is equivalent toW s. Thus,

Z(W s
B) = Z(W s) ≥ Zmin(W

s)
(a)

≥
(

Zmin(W )

|X |

)(|s|−+1)2|s|
+

(b)

≥
(

ǫ

|X |

)(n+1)2β
′n

,

where (a) follows from Lemma 7 and (b) follows from the fact that |s|− ≤ n and |s|+ ≤ β ′n for
s ∈ An, and from the fact thatZmin(W ) = ǫ which was proved earlier. Now Proposition 4 implies that

Pe(W
s
B) ≥

1

4

(

ǫ

|X |

)2(n+1)2β
′n

. On the other hand, sinceβ ′ < β, we have
1

4

(

ǫ

|X |

)2(n+1)2β
′n

> 2−2βn

for

n large enough. Therefore,W s is not (δ, 2−βn)-easy if s ∈ An and n is large enough. LetWn be the
process introduced in Definition 4. Forn large enough, we have

P
[

Wn is (δ, 2−2βn

)-easy
]

≤ 1− 1

2n
|An| < 1− 1

4
=

3

4
.

We conclude that every exponentβ > 1
2

is not ∗-achievable. Therefore,E∗ ≤ 1
2
.

Corollary 2. If ∗ is a quasigroup operation, thenE∗ =
1
2
.
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Proof: The quasigroup-based polar code construction in [7] shows that everyβ < 1
2

is a∗-achievable
exponent. Therefore,E∗ ≥ 1

2
. On the other hand, since∗ is polarizing, Proposition 6 implies thatE∗ ≤ 1

2
.

Therefore,E∗ =
1
2
.

Conjecture 1. If ∗ is a polarizing operation which is not a quasigroup operation, thenE∗ <
1
2
.

Conjecture 1 implies that quasigroup operations are the best polarizing operations. Therefore, if the
conjecture is true and we are looking for good polar codes with large blocklength, it is sufficient to
consider quasigroup operations.

V. POLARIZATION THEORY FOR MACS

Definition 16. Let W : X1 × . . . × Xm −→ Y be anm-user MAC. LetX = X1 × . . . × Xm. The
single-user channel obtained fromW is the channelW ′ : X −→ Y defined byW ′

(

y
∣

∣(x1, . . . , xm)
)

=
W (y|x1, . . . , xm) for every(x1, . . . , xm) ∈ X .

Notation 8. LetW : X1× . . .×Xm −→ Y be anm-user MAC. Let∗1, . . . , ∗m bem ergodic operations on
X1, . . . ,Xm respectively, and let∗ = ∗1⊗ . . .⊗∗m, which is an ergodic operation onX = X1× . . .×Xm.
Let H be a stable partition of(X , ∗). W [H] denotes the single user channelW ′[H] : H −→ Y (see
Definition 14), whereW ′ is the single user channel obtained fromW .

Lemma 8. Let W : X1 × . . .× Xm −→ Y be anm-user MAC. Let∗1, . . . , ∗m be m ergodic operations
on X1, . . . ,Xm respectively, and let∗ = ∗1 ⊗ . . .⊗ ∗m. If there existsδ > 0 and a stable partitionH of
(X , ∗) such that

∣

∣I(W )− log |H|
∣

∣ < δ and
∣

∣I(W [H])− log |H|
∣

∣ < δ, thenW is a δ-easy MAC. Moreover,
if we also havePe(W [H]) < ǫ, thenW is a (δ, ǫ)-easy MAC.

Proof: Let (Hi)1≤i≤m be the canonical factorization ofH (see Definition 18 of Part I [1]). Let
L = |H|. For each1 ≤ i ≤ m let Li = |Hi| and defineSi := {Ci ⊂ Xi : |Ci| = Li}. We have
L = L1 · · ·Lm (see Proposition 10 of Part I [1]). Moreover, we have

|I(W )− logL| =
∣

∣I(W )− log |H|
∣

∣ ≤ δ. (11)

Now for each1 ≤ i ≤ m let Hi,1, . . . , Hi,Li
be the elements ofHi, and for each1 ≤ j ≤ Li let Xi,j be

a uniform random variable inHi,j. We suppose thatXi,j is independent fromXi′,j′ for all (i′, j′) 6= (i, j).
DefineBi = {Xi,1, . . . , Xi,Li

} which is a random subset ofXi. Clearly,|Bi| = Li since eachXi,j is drawn
from a different element ofHi. Therefore,Bi takes values inSi andB1, . . . ,Bm are independent.

For each1 ≤ i ≤ m and eachxi ∈ Xi, let j be the unique index1 ≤ j ≤ Li such thatxi ∈ Hi,j. Since
we are sure thatxi /∈ Hi,j′ for j′ 6= j, thenxi ∈ Bi if and only if Xi,j = xi. We have:

∑

Ci∈Si

1

Li
PBi

(Ci)1xi∈Ci
=

1

Li
P[xi ∈ Bi]

(a)
=

1

Li
P[Xi,j = xi] =

1

Li
· 1

|Hi,j|
=

1

|Hi|
· 1

‖Hi‖
=

1

|Xi|
, (12)

where (a) follows from the fact thatxi ∈ Bi if and only if Xi,j = xi.
Now for each1 ≤ i ≤ m and eachCi ⊂ Si, let fi,Ci

: {1, . . . , Li} → Ci be a fixed bijection.
Let T1, . . . , Tm be m independent random variables that are uniform in{1, . . . , L1}, . . . , {1, . . . , Lm}
respectively, and which are independent ofB1, . . . ,Bm. For each1 ≤ i ≤ m, let Xi = fi,Bi

(Ti). Send
X1, . . . , Xm through the MACW and letY be the output. The MACT1, . . . , Tm −→ (Y,B1, . . . ,Bm)
is equivalent to the MACWB1,...,Bm (see Definition 2). Our aim now is to show thatI(WB1,...,Bm) =
I(T1, . . . , Tm; Y,B1, . . . ,Bm) > logL− δ, which will imply that W is δ-easy (see Definition 2).

We haveI(T1, . . . , Tm; Y,B1, . . . ,Bm) = H(T1, . . . , Tm) − H(T1, . . . , Tm|Y,B1, . . . ,Bm). Now since
H(T1, . . . , Tm) = H(T1) + . . . + H(Tm) = logL1 + . . . + logLm = logL, it is sufficient to show that
H(T |Y,B) < δ, whereT = (T1, . . . , Tm) andB = (B1, . . . ,Bm) ∈ S1 × . . .× Sm.
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Now for each1 ≤ i ≤ m and eachxi ∈ Xi, we have:

PXi
(xi) = P[fi,Bi

(Ti) = xi]
(a)
=

∑

Ci∈Si: xi∈Ci

P[fi,Ci
(Ti) = xi]PBi

(Ci)

(b)
=

∑

Ci∈Si: xi∈Ci

1

Li
PBi

(Ci) =
∑

Ci∈Si

1

Li
PBi

(Ci)1xi∈Ci

(c)
=

1

|Xi|
,

where (a) follows from the fact thatfi,Ci
(Ti) ∈ Ci and so ifxi /∈ Ci then there is a probability of zero

to havefi,Ci
(Ti) = xi. (b) follows from the fact thatTi is uniform in {1, . . . , Li} andfi,Ci

is a bijection
from {1, . . . , Li} to Ci which imply thatfi,Ci

(Ti) is uniform in Ci and soP[fi,Ci
(Ti) = xi] =

1
|Ci|

= 1
Li

.
(c) follows from Equation (12). Therefore,X := (X1, . . . , Xm) is uniform in X sinceX1, . . . , Xm are
independent and uniform inX1, . . . ,Xm respectively. This means that

I(W [H]) = I(ProjH(X); Y ) = H(ProjH(X))−H(ProjH(X)|Y ) = log |H| −H(ProjH(X)|Y ).

Moreover, we have
∣

∣I(W [H])− log |H|
∣

∣ < δ by hypothesis. We conclude that

H(ProjH(X)|Y ) < δ. (13)

For each1 ≤ i ≤ m, let SHi
=

{

{x1, . . . , xLi
} : xj ∈ Hi,j, ∀1 ≤ j ≤ Li

}

be the set of sections ofHi

(see Definition 19 of Part I [1]). By construction,Bi takes values inSHi
. Now define

SH = {C1 × . . .× Cm : C1 ∈ SH1 , . . . , Cm ∈ SHm}.

For eachC = C1 × . . .× Cm ∈ SH, definefC : {1, . . . , L1} × . . .× {1, . . . , Lm} → H as

fC(t1, . . . , tm) = ProjH
(

f1,C1(t1), . . . , fm,Cm(tm)
)

,

SinceC1, . . . , Cm are sections ofH1, . . . ,Hm respectively,C = C1 × . . . × Cm is a section ofH (see
Proposition 10 of Part I [1]). Therefore, for everyH ∈ H, there exists a uniquex = (x1, . . . , xm) ∈ C
such thatH = ProjH(x). This implies that there exist uniquet1 ∈ {1, . . . , L1}, . . . ,tm ∈ {1, . . . , Lm}
such thatfC(t1, . . . , tm) = H. Therefore,fC is a bijection from{1, . . . , L1} × . . .× {1, . . . , Lm} to H.

Now sincefC is a bijection for everyC ∈ SH and sinceB1 × . . .× Bm takes values inSH, we have

H(T |Y,B) = H
(

fB1×...×Bm(T )
∣

∣Y,B
)

= H
(

ProjH
(

f1,B1(T1), . . . , fm,Bm(Tm)
)∣

∣Y,B
)

= H
(

ProjH(X1, . . . , Xm)
∣

∣Y,B
)

= H(ProjH(X)|Y,B) ≤ H(ProjH(X)|Y )
(a)
< δ

as required, where (a) follows from (13). We conclude thatW is δ-easy.
Now suppose that we also havePe(W [H]) < ǫ. Consider the following decoder for the MACWB =

WB1,...,Bm:

• Compute an estimatêH of ProjH(X) using the ML decoder of the channelW [H].
• ComputeT̂ = f−1

B1×...×Bm
(Ĥ).

The probability of error of this decoder is:

P[T̂ 6= T ] = P[Ĥ 6= fB1×...×Bm(T )] = P
[

Ĥ 6= ProjH
(

f1,B1(T1), . . . , fm,Bm(Tm)
)]

= P[Ĥ 6= ProjH(X1, . . . , Xm)] = P[Ĥ 6= ProjH(X)] = Pe(W [H]) < ǫ.

Now since the ML decoder ofWB minimizes the probability of error, we conclude thatPe(WB) < ǫ.
Therefore,W is a (δ, ǫ)-easy MAC.

Theorem 3. Let∗1, . . . , ∗m bem binary operations onX1, . . . ,Xm respectively. The sequence(∗1, . . . , ∗m)
is MAC-polarizing if and only if∗1, . . . , ∗m are polarizing.

Proof: Suppose that(∗1, . . . , ∗m) is MAC-polarizing. By Remark 5,∗1, . . . , ∗m are polarizing.
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Conversely, suppose that∗1, . . . , ∗m are polarizing. Theorem 2 implies that∗1, . . . , ∗m are uniformity
preserving and/∗1 , . . . , /∗m are strongly ergodic. Now Theorem 5 of Part I [1] implies thatthe binary
operation/∗1 ⊗ . . .⊗ /∗m is strongly ergodic. By noticing that/∗1⊗...⊗∗m = /∗1 ⊗ . . .⊗ /∗m, we conclude
that /∗ is strongly ergodic, where∗ = ∗1 ⊗ . . .⊗ ∗m.

Now let W : X1× . . .×Xm −→ Y be anm-user MAC. LetX = X1× . . .×Xm and letW ′ : X −→ Y
be the single user channel obtained fromW (see Definition 16).

For eachn > 0 and eachs ∈ {−,+}n, let W ′s be obtained fromW ′ using the operation∗ (see
Definition 3), and letW s be obtained fromW using the operations∗1, . . . , ∗m (see Definition 7). Now
since/∗ is strongly ergodic, then by Corollary 1, for anyδ > 0 we have:

lim
n→∞

1

2n

∣

∣

∣

∣

{

s ∈ {−,+}n : ∃Hs a stable partition of(X , /∗),

∣

∣I(W ′s)− log |Hs|
∣

∣ < δ,
∣

∣I(W ′s[Hs])− log |Hs|
∣

∣ < δ
}

∣

∣

∣

∣

= 1.

It is easy to see thatW ′s is the single user channel obtained fromW s. Therefore,I(W s) = I(W ′s) and
I(W s[H]) = I(W ′s[H]) (by definition). Therefore,

lim
n→∞

1

2n

∣

∣

∣

∣

{

s ∈ {−,+}n : ∃Hs a stable partition of(X , /∗),

∣

∣I(W s)− log |Hs|
∣

∣ < δ,
∣

∣I(W s[Hs])− log |Hs|
∣

∣ < δ
}

∣

∣

∣

∣

= 1.

Now Lemma 8, applied to/∗1, . . . , /∗m , implies that:

lim
n→∞

1

2n

∣

∣

{

s ∈ {−,+}n : W s is δ-easy
}∣

∣ = 1.

Therefore,(∗1, . . . , ∗m) satisfies the polarization property of Definition 9. On the other hand, since
∗1, . . . , ∗m are uniformity preserving, Remark 3 implies that(∗1, . . . , ∗m) satisfies the conservation property
of Definition 9. We conclude that(∗1, . . . , ∗m) is MAC-polarizing.

Proposition 7. Let ∗1, . . . , ∗m be m binary operations onX1, . . . ,Xm respectively. If(∗1, . . . , ∗m) is
MAC-polarizing, thenE∗1,...,∗m ≤ E∗1⊗...⊗∗m ≤ min{E∗1 , . . . , E∗m} ≤ 1

2
.

Proof: Define ∗ = ∗1 ⊗ . . . ⊗ ∗m. Let W : X1 × . . . × Xm −→ Y be anm-user MAC and let
W ′ : X −→ Y be the single user channel obtained fromW . Note that every MAC polar code for the
MAC W constructed using(∗1, . . . , ∗m) can be seen as a polar code for the channelW ′ constructed
using the operation∗. Moreover, the probability of error of the ML decoder is the same. Therefore, every
(∗1, . . . , ∗m)-achievable exponent is∗-achievable. Hence,E∗1,...,∗m ≤ E∗.

Now let X = X1 × . . . × Xm. For each1 ≤ i ≤ m and each single user channelWi : Xi −→ Y
with input alphabetXi, consider the single user channelW : X −→ Y with input alphabetX defined as
W

(

y
∣

∣(x1, . . . , xm)
)

= Wi(y|xi). Let (Wi,n)n≥0 be the single user channel valued process obtained from
Wi using the operation∗i as in Definition 4, and let(Wn)n≥0 be the single user channel valued process
obtained fromW using the operation∗ as in Definition 4. It is easy to see that for everyδ > 0 and every
ǫ > 0, Wi,n is (δ, ǫ)-easy if and only ifWn is (δ, ǫ)-easy. This implies that each∗-achievable exponent
is ∗i-achievable. Therefore,E∗ ≤ E∗i for every1 ≤ i ≤ m, henceE∗ ≤ min{E∗1 , . . . , E∗m}. Now from
Proposition 6, we havemin{E∗1 , . . . , E∗m} ≤ 1

2
.

Proposition 8. If ∗1, . . . , ∗m are quasigroup operations, thenE∗1,...,∗m = 1
2
.

Proof: Let ∗ = ∗1 ⊗ . . .⊗∗m, then∗ is a quasigroup operation. Letβ < β ′ < 1
2
. Let W : X1 × . . .×

Xm −→ Y be anm-user MAC. DefineX = X1 × . . . × Xm and letW ′ : X −→ Y be the single user
channel obtained fromW . For eachn > 0 and eachs ∈ {−,+}n, let W ′s be obtained fromW ′ using
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the operation∗ (see Definition 3), and letW s be obtained fromW using the operations∗1, . . . , ∗m (see
Definition 7). From Theorem 4 of [10], we have:

lim
n→∞

1

2n

∣

∣

∣

∣

{

s ∈ {−,+}n : ∃Hs a stable partition of(X , /∗),

∣

∣I(W ′s)− log |Hs|
∣

∣ < δ,
∣

∣I(W ′s[Hs])− log |Hs|
∣

∣ < δ, Z(W ′s[Hs]) < 2−2β
′n
}

∣

∣

∣

∣

= 1.

On the other hand, we havePe(W
′s[Hs]) ≤ (|Hs|−1)Z(W ′s[Hs]) ≤ (|X |−1)Z(W ′s[Hs]) from Proposition

4. Therefore,

lim
n→∞

1

2n

∣

∣

∣

∣

{

s ∈ {−,+}n : ∃Hs a stable partition of(X , /∗),

∣

∣I(W ′s)− log |Hs|
∣

∣ < δ,
∣

∣I(W ′s[Hs])− log |Hs|
∣

∣ < δ, Pe(W
′s[Hs]) < (|X | − 1)2−2β

′n
}

∣

∣

∣

∣

= 1.

It is easy to see thatW ′s is the single user channel obtained fromW s. Therefore,I(W s) = I(W ′s),
I(W s[Hs]) = I(W ′s[Hs]) (by definition) andPe(W

s[Hs]) = Pe(W
′s[Hs]). On the other hand, we have

(|X | − 1)2−2β
′n
< 2−2βn

for n large enough. We conclude that:

lim
n→∞

1

2n

∣

∣

∣

∣

{

s ∈ {−,+}n : ∃Hs a stable partition of(X , /∗),

∣

∣I(W s)− log |Hs|
∣

∣ < δ,
∣

∣I(W s[Hs])− log |Hs|
∣

∣ < δ, Pe(W
s[Hs]) < 2−2βn

}

∣

∣

∣

∣

= 1.

Now since/∗ = /∗1 ⊗ . . . ⊗ /∗m and since/∗i is ergodic (as it is a quasigroup operation) for every
1 ≤ i ≤ m, Lemma 8 implies that:

lim
n→∞

1

2n
∣

∣

{

s ∈ {−,+}n : W s is (δ, 2−2βn

)-easy
}∣

∣ = 1.

We conclude that every0 ≤ β < 1
2

is a (∗1, . . . , ∗m)-achievable exponent. Therefore,E∗1,...,∗m ≥ 1
2
. On

the other hand, we haveE∗1,...,∗m ≤ 1
2

from Proposition 7. HenceE∗1,...,∗m = 1
2
.

Corollary 3. For everyδ > 0, everyβ < 1
2
, every MACW : X1× . . .×Xm −→ Y , and every quasigroup

operations∗1, . . . , ∗m on X1, . . . ,Xm respectively, there exists a polar code for the MACW constructed
using∗1, . . . , ∗m such that its sum-rate is at leastI(W )− δ and its probability of error under successive
cancellation decoder is less than2−Nβ

, whereN = 2n is the blocklength.

VI. CONCLUSION

A complete characterization of polarizing operations is provided and it is shown that the exponent of
polarizing operations cannot exceed1

2
. Therefore, if we wish to construct polar codes that have a better

exponent, we have to use other Arıkan style constructions that are not based on binary operations. Korada
et. al. showed that it is possible to achieve exponents that exceed1

2
by combining more than two channels

at each polarization step [15].
The transformation used in [15] as kernel is linear. Presmanet. al. showed that nonlinear kernels can

achieve strictly better exponents than linear kernels [16]. An important problem, which remains open, is
to find a characterization of all polarizing transformations in the general non-linear case. A generalization
of the ergodic theory of binary operations that we developedin Part I [1] is likely to provide such a
characterization.
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APPENDIX A
PROOF OFPROPOSITION2

Let (Xi, Yi)0≤i<2k be a sequence of2k random pairs that satisfy conditions 1) and 2) of Proposition 2.

Notation 9. For every sequencex = (xi)1≤i<2k of 2k−1 elements ofX , define the mappingπ
x
: X → X

as π
x
(x0) = g∗

(

(x0,x)
)

for all x0 ∈ X , where (x0,x) is the sequence of2k elements obtained by
concatenatingx0 and x. Note thatπ

x
is a bijection since∗ is uniformity preserving. Define:

• py(x) := PX0|Y0(x|y) for everyx ∈ X and everyy ∈ Y . Note thatpy(x) = PXi|Yi
(x|y) for every

0 ≤ i < 2k since(Xi, Yi) and (X0, Y0) are identically distributed.
• py0,x(x) := py0

(

π−1
x
(x)

)

for everyx ∈ X , everyy0 ∈ Y and every sequencex = (xi)1≤i<2k ∈ X 2k−1.
• For everyx = (xi)1≤i<2k ∈ X 2k−1, and everyy2

k−1
1 = (yi)1≤i<2k ∈ Y2k−1, define

p
y2

k−1
1

(x) :=

2k−1
∏

i=1

pyi(xi) = P
X2k−1

1 |Y 2k−1
1

(x|y2k−1
1 ).

Fix γ > 0 and letγ′ = min

{

γ

2|X | + 1
,

1

(2|X | + 2)|X |

}

.

Notation 10. Define:

C =
{

y2
k−1

0 ∈ Y2k : ∀x ∈ X 2k−1, ∀x′ ∈ X 2k−1,

(

p
y2

k−1
1

(x) ≥ γ′2k−1 and p
y2

k−1
1

(x′) ≥ γ′2k−1
)

⇒ ‖py0,x − py0,x′‖∞ < γ′
}

.

Lemma 9. There existsǫ(γ) > 0 such that ifH
(

g∗(X
2k−1
0 )

∣

∣Y 2k−1
0

)

< H(X0|Y0) + ǫ(γ), then

P
Y 2k−1
0

(C) > 1− γ′2k .

Proof: For everyx ∈ X and everyy2
k−1

0 ∈ Y2k , we have:

P
g∗(X

2k−1
0 )|Y 2k−1

0

(x|y2k−1
0 )

=
∑

x0,...,x2k−1
∈X :

g∗(x
2k−1
0 )=x





2k−1
∏

i=0

pyi(xi)



 =
∑

x∈X 2k−1,
x=(xi)1≤i<2k

∑

x0∈X :
g∗((x0,x))=x





2k−1
∏

i=1

pyi(xi)



 py0(x0)

=
∑

x∈X 2k−1

p
y2

k−1
1

(x)
∑

x0∈X :
πx(x0)=x

py0(x0) =
∑

x∈X 2k−1

p
y2

k−1
1

(x)py0
(

π−1
x
(x)

)

=
∑

x∈X 2k−1

p
y2

k−1
1

(x)py0,x(x).

Therefore, for everyy2
k−1

0 ∈ Y2k we have:

P
g∗(X

2k−1
0 )|Y 2k−1

0

(x|y2k−1
0 ) =

∑

x∈X 2k−1

p
y2

k−1
1

(x)py0,x(x). (14)

Due to the concavity of the entropy function, it follows from(14) that for every sequencey2
k−1

0 ∈ Y2k

we have:
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H
(

g∗(X
2k−1
0 )

∣

∣Y 2k−1
0 = y2

k−1
0

)

≥
∑

x∈X 2k−1

p
y2

k−1
1

(x)H(py0,x)
(a)
=

∑

x∈X 2k−1

p
y2

k−1
1

(x)H(py0) = H(py0) = H(X0|Y0 = y0),

(15)

where (a) follows from the fact that the distributionpy0,x is a permuted version of the distributionpy0,
which implies thatpy0,x and py0 have the same entropy. Now ify2

k−1
0 ∈ Cc, there existx ∈ X 2k−1 and

x
′ ∈ X 2k−1 such thatp

y2
k−1

1

(x) ≥ γ′2k−1, p
y2

k−1
1

(x′) ≥ γ′2k−1 and‖py0,x − py0,x′‖∞ ≥ γ′. Therefore, due

to the strict concavity of the entropy function, it follows from (14) that there existsǫ′(γ′) > 0 such that:

H
(

g∗(X
2k−1
0 )

∣

∣Y 2k−1
0 = y2

k−1
0

)

≥
(

∑

x∈X 2k−1

p
y2

k−1
1

(x)H(py0,x)
)

+ ǫ′(γ′) = H(X0|Y0 = y0) + ǫ′(γ′). (16)

Moreover, since the space of probability distributions onX is compact,ǫ′(γ′) > 0 can be chosen so that
it depends only onγ′ and |X |. We have:

H
(

g∗(X
2k−1
0 )

∣

∣Y 2k−1
0

)

=
∑

y2
k−1

0 ∈C

H
(

g∗(X
2k−1
0 )

∣

∣Y 2k−1
0 = y2

k−1
0

)

P
Y 2k−1
0

(y2
k−1

0 )

+
∑

y2
k−1

0 ∈Cc

H
(

g∗(X
2k−1
0 )

∣

∣Y 2k−1
0 = y2

k−1
0

)

P
Y 2k−1
0

(y2
k−1

0 )

(a)

≥
∑

y2
k−1

0 ∈C

H(X0|Y0 = y0)PY 2k−1
0

(y2
k−1

0 ) +
∑

y2
k−1

0 ∈Cc

(

H(X0|Y0 = y0) + ǫ′(γ′)
)

P
Y 2k−1
0

(y2
k−1

0 )

=
(

∑

y2
k−1

0 ∈Y2k−1

H(X0|Y0 = y0)PY 2k−1
0

(y2
k−1

0 )
)

+ ǫ′(γ′)P
Y 2k−1
0

(Cc) = H(X0|Y0) + ǫ′(γ′)P
Y 2k−1
0

(Cc),

where (a) follows from (15) and (16). Letǫ(γ) = ǫ′(γ′)γ′2k .
Clearly, if H

(

g∗(X
2k−1
0 )

∣

∣Y 2k−1
0

)

< H(X0|Y0) + ǫ(γ), then we must haveP
Y 2k−1
0

(Cc) < γ′2k .

In the next few definitions and lemmas,(Xi, Yi)0≤i<2k is a sequence of2k random pairs that satisfy
conditions 1), 2) and 3) of Proposition 2 whereǫ(γ) is as in Lemma 9. In particular, we have
H
(

g∗(X
2k−1
0 )

∣

∣Y 2k−1
0

)

< H(X0|Y0) + ǫ(γ) and so by Lemma 9 we haveP
Y 2k−1
0

(C) > 1 − γ′2k , where

γ′ = min

{

γ

2|X | + 1
,

1

(2|X | + 2)|X |

}

.

Notation 11. Define the following:

• For eachy0 ∈ Y , let Cy0 :=
{

y2
k−1

1 ∈ Y2k−1 : y2
k−1

0 ∈ C
}

.
• C0 :=

{

y0 ∈ Y : P
Y 2k−1
1

(Cy0) > 1− γ′2k−1
}

.

• For eachy ∈ Y , let Ay = {x ∈ X : py(x) ≥ γ′}.
• For eachD ⊂ X , let YD = {y ∈ Y : Ay = D}.
• A = {D0 ⊂ X : PY0(YD0) ≥ γ′}.

We will show later thatA is actually the stable partitionH of (X , ∗) that is claimed in Proposition 2.

Lemma 10. We have:
• PY0(C0) > 1− γ′.
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• For everyD0 ∈ A there existsy0 ∈ C0 such thatAy0 = D0.

Proof: We have

1− γ′2k < P
Y 2k−1
0

(C) =
∑

y0∈C0

PY0(y0)PY 2k−1
1

(Cy0) +
∑

y0∈Cc
0

PY0(y0)PY 2k−1
1

(Cy0)

(a)

≤ PY0(C0) + PY0(Cc
0)(1− γ′2k−1) = 1− γ′2k−1

PY0(Cc
0),

where (a) follows from the fact thatP
Y 2k−1
1

(Cy0) ≤ 1 − γ′2k−1 for every y0 ∈ Cc
0. We conclude that

PY0(Cc
0) < γ′, hencePY0(C0) > 1− γ′.

Now let D0 ∈ A. We havePY0(YD0) ≥ γ′ by definition. But we have just shown thatPY0(C0) > 1−γ′,
hence1 ≥ PY0(YD0 ∪ C0) = PY0(YD0) + PY0(C0) − PY0(YD0 ∩ C0) > γ′ + 1 − γ′ − PY0(YD0 ∩ C0), thus
PY0(YD0 ∩ C0) > 0. This implies thatYD0 ∩ C0 6= ø. Therefore, there existsy0 ∈ C0 such thatAy0 = D0.

Lemma 11. A is anX -cover.

Proof: For everyy0 ∈ Y , let ay0 = argmax
x

py0(x). Clearly,PY0(ay0) ≥ 1
|X |

> γ′. Therefore,ay0 ∈ Ay0

and soAy0 6= ø for every y0 ∈ Y . This means thatYø = ø, hencePY0(Yø) = 0 < γ′. We conclude that
ø /∈ A.

Suppose thatA is not anX -cover. This means that
⋃

D0∈A

D0 6= X . Therefore, there existsx0 ∈ X such

that x0 /∈
⋃

D0∈A

D0 and sox0 /∈ D0 for everyD0 ∈ A. We have:

1

|X | = PX0(x0) =
∑

y0∈Y

PY0(y0)py0(x0)
(a)
=

∑

D0⊂X

∑

y0∈YD0

PY0(y0)py0(x0)

=
∑

D0∈A

∑

y0∈YD0

PY0(y0)py0(x0) +
∑

D0⊂X
D0 /∈A

∑

y0∈YD0

PY0(y0)py0(x0)

(b)

≤
∑

D0∈A

∑

y0∈YD0

PY0(y0)γ
′ +

∑

D0⊂X
D0 /∈A

∑

y0∈YD0

PY0(y0) =
∑

D0∈A

PY0(YD0)γ
′ +

∑

D0⊂X
D0 /∈A

PY0(YD0)

(c)

≤ PY0

(

⋃

D0∈A

YD0

)

γ′ +
∑

D0⊂X
D0 /∈A

γ′
(d)

≤ γ′ + 2|X |γ′ ≤ (2|X | + 1)
1

(2|X | + 2)|X | <
1

|X | ,

where (a) follows from the fact that{YD0 : D0 ⊂ X} is a partition ofY . (b) follows from the fact that
if D0 ∈ A andy0 ∈ YD0, thenAy0 = D0 ∈ A and sox0 /∈ Ay0 (sincex0 /∈ D0 for everyD0 ∈ A) which
implies thatpy0(x0) < γ′. (c) follows from the fact that{YD0 : D0 ⊂ X} is a partition ofY and from the
fact thatPY0(YD0) < γ′ for everyD0 /∈ A. (d) follows from the fact that there are at most2|X | subsets of
X . We conclude that ifA is not anX -cover, then 1

|X |
< 1

|X |
which is a contradiction. Therefore,A is an

X -cover.

The next three lemmas will be used to show thatA is a stable partition.

Lemma 12. Let k = 22
|X|

+ scon(∗). For everyx ∈ X there exists a sequenceX = (Xi)0≤i<k of length
k such thatXi ∈ Ai∗ for every0 ≤ i < k, andx ∗ X ∈ Ak∗.

Proof: SinceA is anX -cover, we can apply Theorem 3 of Part I [1]. Therefore, thereexists0 ≤
n < 22

|X|
such thatAn∗ = 〈A〉. Fix x ∈ X andX ∈ Ak∗ = 〈A〉(k−n)∗, and letA ∈ A be such thatx ∈ A.
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Choose an arbitrary sequenceX1 = (Xi)0≤i<n such thatXi ∈ Ai∗ for 0 ≤ i < n. Let B = A∗X1. Clearly,
B ∈ An∗ = 〈A〉.

Since k = 22
|X|

+ scon(∗) and 0 ≤ n < 22
|X|

, we havek − n > scon(∗). Let x′ ∈ x ∗ X1. Since
k − n > scon(∗), we can apply Theorem 2 of Part I [1] to get a sequenceX2 = (X ′

i)0≤i<k−n such that
X ′

i ∈ 〈A〉i∗ = A(n+i)∗ for every0 ≤ i < k−n, andx′∗X2 = X. Sincex′ ∈ x∗X1 ⊂ A∗X1 = B, we have
X = x′∗X2 ⊂ (x∗X1)∗X2 ⊂ B∗X2. But bothX andB∗X2 are elements of〈A〉(k−n)∗ which is a partition,
so we must haveB ∗X2 = X. Now defineX = (X1,X2). We haveX = x′ ∗X2 ⊂ x ∗X ⊂ B ∗X2 = X.
Therefore,x ∗ X = X ∈ Ak∗.

Lemma 13. For everyi ≥ 0 and everyX ∈ Ai∗ there exist2i setsB0, . . . , B2i−1 ∈ A such that

X =

{

g∗(x) : x ∈
2i−1
∏

j=0

Bj

}

:= {g∗(x0, . . . , x2i−1) : x0 ∈ B0, . . . , x2i−1 ∈ B2i−1} .

Proof: We will show the lemma by induction oni ≥ 0. The lemma is trivial fori = 0: Take
B0 = X ∈ A, we get

X = {x : x ∈ B0} =

{

g∗(x) : x ∈
20−1
∏

j=0

Bj

}

.

Now let i > 0 and suppose that the lemma is true fori−1. Let X ∈ Ai∗, and letX ′, X ′′ ∈ A(i−1)∗ be such
thatX = X ′ ∗X ′′. It follows from the induction hypothesis that there exist2i−1 setsB′

0, . . . , B
′
2i−1−1 ∈ A

and2i−1 setsB′′
0 , . . . , B

′′
2i−1−1 ∈ A such that

X ′ =

{

g∗(x
′) : x

′ ∈
2i−1−1
∏

j=0

B′
j

}

and X ′′ =

{

g∗(x
′′) : x

′′ ∈
2i−1−1
∏

j=0

B′′
j

}

.

We have:

X = X ′ ∗X ′′ =

{

g∗(x
′) : x

′ ∈
2i−1−1
∏

j=0

B′
j

}

∗
{

g∗(x
′′) : x

′′ ∈
2i−1−1
∏

j=0

B′′
j

}

=

{

g∗(x
′) ∗ g∗(x′′) : x

′ ∈
2i−1−1
∏

j=0

B′
j, x

′′ ∈
2i−1−1
∏

j=0

B′′
j

}

=

{

g∗(x) : x ∈
( 2i−1−1

∏

j=0

B′
j

)

×
( 2i−1−1

∏

j=0

B′′
j

)}

=

{

g∗(x) : x ∈
2i−1
∏

j=0

Bj

}

,

where

Bj =

{

B′
j if 0 ≤ j < 2i−1,

B′′
j−2i−1 if 2i−1 ≤ j < 2i.

Lemma 14. Let X = (Xi)0≤i<l be a sequence of lengthl > 0 such thatXi ∈ Ai∗ for every0 ≤ i < l.
There exist2l − 1 setsD1, . . . , D2l−1 ∈ A such that for everyx ∈ X , we have

x ∗ X =

{

g∗
(

(x,x)
)

: x ∈
2l−1
∏

i=1

Di

}

=

{

π
x
(x) : x ∈

2l−1
∏

i=1

Di

}

.
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Proof: We will show the lemma by induction onl > 0. If l = 1, the lemma is trivial: If we take
D1 = X0 ∈ A, then for everyx ∈ X we have

x ∗ X = {x ∗ x0 : x0 ∈ X0} =
{

g∗
(

(x, x0)
)

: x0 ∈ D1

}

=

{

g∗
(

(x,x)
)

: x ∈
21−1
∏

i=1

Di

}

.

Now let l > 1 and suppose that the lemma is true forl − 1. Let X = (Xi)0≤i<l and define the sequence
X

′ = (Xi)0≤i<l−1. The induction hypothesis implies the existence of2l−1 − 1 setsD′
1, . . . , D

′
2l−1−1 ∈ A

such that for everyx ∈ X we have

x ∗ X′ =

{

g∗
(

(x,x′)
)

: x
′ ∈

2l−1−1
∏

i=1

D′
i

}

.

On the other hand, sinceXl−1 ∈ A(l−1)∗, Lemma 13 shows the existence of2l−1 setsD′′
0 , . . . , D

′′
2l−1−1 ∈ A

such that

Xl−1 =

{

g∗(x
′′) : x

′′ ∈
2l−1−1
∏

i=0

D′′
i

}

.

Define the2l − 1 setsD1, . . . , D2l−1 ∈ A as follows:

Di =

{

D′
i if 1 ≤ i < 2l−1,

D′′
i−2l−1 if 2l−1 ≤ i < 2l.

For everyx ∈ X we have:

x ∗ X = (x ∗ X′) ∗Xl−1 =

{

g∗
(

(x,x′)
)

: x
′ ∈

2l−1−1
∏

i=1

D′
i

}

∗
{

g∗(x
′′) : x

′′ ∈
2l−1−1
∏

i=0

D′′
i

}

=

{

g∗
(

(x,x′)
)

∗ g∗(x′′) : x
′ ∈

2l−1−1
∏

i=1

Di, x
′′ ∈

2l−1
∏

i=2l−1

Di

}

=

{

g∗
(

(x,x)
)

: x ∈
2l−1
∏

i=1

Di

}

.

Lemma 15. We have the following:
1) A is a stable partition of(X , ∗).
2) If y0 ∈ C0 andAy0 ∈ A theny0 ∈ YA,γ(X0, Y0).

Proof: 1) Let D0 ∈ A. By Lemma 10, there existsy0 ∈ C0 such thatD0 = Ay0. Let ay0 =
argmax

x∈X
py0(x). Clearly,py0(ay0) ≥ 1

|X |
> γ′ and soay0 ∈ Ay0 = D0.

SinceA is an X -cover (Lemma 11), Theorem 3 of Part I [1] implies the existence of an integern
satisfying 0 ≤ n < 22

|X|
and An∗ = 〈A〉. Moreover, Lemma 12 shows the existence of a sequence

X = (Xi)0≤i<k such thatXi ∈ Ai∗ for all 0 ≤ i < k anday0 ∗ X ∈ Ak∗ = 〈A〉(k−n)∗. Let

B = ay0 ∗X ∈ Ak∗ = 〈A〉(k−n)∗. (17)

Lemma 14 shows the existence of2k − 1 setsD1, . . . , D2k−1 ∈ A such that

B =
{

g∗
(

(ay0 ,x)
)

: x ∈
2k−1
∏

i=1

Di

}

=
{

π
x
(ay0) : x ∈

2k−1
∏

i=1

Di

}

. (18)

Define

C′
y0

=
{

y2
k−1

1 ∈ Y2k−1 : ∀1 ≤ i < 2k, Ayi = Di

}

=
2k−1
∏

i=1

YDi
.
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SinceD1, . . . , D2k−1 ∈ A, we have

P
Y 2k−1
1

(C′
y0
) =

2k−1
∏

i=1

PYi
(YDi

) =

2k−1
∏

i=1

PY0(YDi
) ≥ γ′2k−1.

On the other hand, sincey0 ∈ C0, we haveP
Y 2k−1
1

(Cy0) > 1−γ′2k−1 from the definition ofC0. Therefore,

P
Y 2k−1
1

(Cy0∩C′
y0
) > 0 which implies thatCy0∩C′

y0
6= ø. Hence, there exists a sequence(y1, . . . , y2k−1) ∈ Cy0

such thatAyi = Di for all 1 ≤ i < 2k.
Now fix a sequence

x
′ = (x′

i)1≤i<2k such thatx′
i ∈ Di for all 1 ≤ i < 2k. (19)

Let x ∈ π−1
x
′ (B), then there existsx′ ∈ B such thatx′ = π

x
′(x). Now from (18), sincex′ ∈ B, there

exists a sequencex = (xi)1≤i<2k such thatxi ∈ Di for all 1 ≤ i < 2k andx′ = π
x
(ay0). We have:

• (yi)0≤i<2k ∈ C since(y1, . . . , y2k−1) ∈ Cy0 .
• For every1 ≤ i < 2k, we havepyi(xi) ≥ γ′ and pyi(x

′
i) ≥ γ′ sincexi, x

′
i ∈ Di = Ayi. Therefore,

p
y2

k−1
1

(x) =

2k−1
∏

i=1

pyi(xi) ≥ γ′2k−1 and similarlyp
y2

k−1
1

(x′) ≥ γ′2k−1.

From the definition ofC, we get‖py0,x − py0,x′‖∞ < γ′ which implies that|py0,x(x′) − py0,x′(x′)| < γ′.
Therefore,

|py0(ay0)− py0(x)| =
∣

∣py0
(

π−1
x
(x′)

)

− py0
(

π−1
x
′ (x

′)
)∣

∣ = |py0,x(x′)− py0,x′(x′)| < γ′.

We conclude that
∀x ∈ π−1

x
′ (B), |py0(ay0)− py0(x)| < γ′, (20)

and sopy0(x) > py0(ay0)− γ′ ≥ 1
|X |

− γ′ ≥ 1
|X |

− 1
|X |(2|X|+2)

> 1
|X |

− 1
2|X |

= 1
2|X |

> 1
(2|X|+2)|X |

≥ γ′ which

implies thatx ∈ Ay0 = D0. But this is true for everyx ∈ π−1
x
′ (B). We conclude thatπ−1

x
′ (B) ⊂ D0. On the

other hand, sinceD0 ∈ A � 〈A〉, there existsC ∈ 〈A〉 such thatD0 ⊂ C. Therefore,π−1
x
′ (B) ⊂ D0 ⊂ C

and

‖〈A〉‖ = ‖〈A〉(k−n)∗‖ = |B| (a)
= |π−1

x
′ (B)| ≤ |D0| ≤ |C| = ‖〈A〉‖,

where (a) follows from the fact thatπ
x
′ is a bijection. We conclude that‖〈A〉‖ = |π−1

x
′ (B)| = |D0| = |C|.

But π−1
x
′ (B) ⊂ D0 ⊂ C, so we must have

π−1
x
′ (B) = D0 = C ∈ 〈A〉. (21)

Now since this is true for everyD0 ∈ A, we conclude thatA ⊂ 〈A〉. But A is anX -cover and〈A〉 is
a partition, so we must haveA = 〈A〉. We conclude thatA is a stable partition.

2) Let y0 ∈ Cy0 and suppose thatD0 = Ay0 ∈ A. Define ay0 = argmax
x∈X

py0(x). Let B ∈ Ak∗

and x
′ ∈ X 2k−1 be defined as in equations (17) and (19) respectively. Equation (21) shows thatD0 =

π−1
x
′ (B). By replacingπ−1

x
′ (B) by D0 in equation (20), we conclude that for everyx ∈ D0 we have

|py0(ay0)− py0(x)| < γ′, which means that

py0(ay0)− γ′ < py0(x) < py0(ay0) + γ′. (22)

On the other hand, for everyx ∈ X \D0 = X \ Ay0 , we have

0 ≤ py0(x) < γ′. (23)
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By adding up the inequalities (22) for allx ∈ D0 with the inequalities (23) for allx ∈ X \D0, we get
|D0|·py0(ay0)−|D0|·γ′ < 1 < |D0|·py0(ay0)+|X |·γ′, from which we get|py0(ay0)− 1

|D0|
| < |X |

|D0|
γ′ ≤ |X |γ′.

We conclude that for everyx ∈ D0, we have
∣

∣

∣

∣

py0(x)−
1

|D0|

∣

∣

∣

∣

≤ |py0(x)− py0(ay0)|+
∣

∣

∣

∣

py0(ay0)−
1

|D0|

∣

∣

∣

∣

< γ′ + |X |γ′ < (2|X | + 1)γ′ ≤ γ,

and for everyx ∈ X \ D0 = X \ Ay0 , we havepy0(x) < γ′ < γ. Therefore,‖py0 − ID0‖∞ ≤ γ and so
y0 ∈ YA,γ(X0, Y0).

Now we are ready to prove Proposition 2:
Proof of Proposition 2:According to Lemma 15,A is a stable partition. Moreover, for everyy0 ∈ C0

satisfyingAy0 ∈ A, we havey0 ∈ YA,γ(X0, Y0). Therefore, if we define

Y ′
A =

{

y ∈ Y : Ay ∈ A
}

,

thenY ′
A ∩ C0 ⊂ YA,γ(X0, Y0).

We haveY ′c
A =

⋃

D⊂X
D/∈A

YD. Now sincePY0(YD) < γ′ for everyD /∈ A, we have:

PY0(Y ′c
A) ≤

∑

D⊂X
D/∈A

PY0(YD) < 2|X |γ′.

But PY0(C0) > 1 − γ′ by Lemma 10, so we havePY0(Y ′
A ∩ C0) > 1 − (2|X | + 1)γ′ ≥ 1 − γ, which

implies thatPY0(YA,γ(X0, Y0)) > 1 − γ sinceY ′
A ∩ C0 ⊂ YA,γ(X0, Y0). By letting H = A, which is a

stable partition, we getPH,γ(X0, Y0) = PY0(YH,γ(X0, Y0)) > 1− γ.

APPENDIX B
PROOF OFPROPOSITION4

Inequalities 1) and 2) are proved in Proposition 3.3 of [14],and the upper bound of 3) is shown in
Proposition 3.2 of [14]. It remains to show the lower bound of3).

Let DML
W : Y → X be the ML decoder of the channelW : X −→ Y . I.e., for everyy ∈ Y ,

DML
W (y) = argmax

x∈X
W (y|x). For everyx ∈ X , let Pe,x(W ) be the probability of error ofDML

W given that

x was sent throughW . Clearly,Pe(W ) =
1

|X |
∑

x∈X

Pe,x(W ).

Now fix x, x′ ∈ X such thatx 6= x′ and definePe,x,x′(W ) := 1
2
Pe,x(W ) + 1

2
Pe,x′(W ). Consider the

channelWx,x′ : {0, 1} −→ Y . We can useDML
W to construct a decoder forWx,x′ as follows:

• If DML
W (y) = x, the decoder output is0.

• If DML
W (y) = x′, the decoder output is1.

• If DML
W (y) /∈ {x, x′} for y ∈ Y , we consider that an error has occurred.

It is easy to see that the probability of error of the constructed decoder (assuming uniform binary input
to the channelWx,x′) is equal to1

2
Pe,x(W )+ 1

2
Pe,x′(W ) = Pe,x,x′(W ). But since the ML decoder ofWx,x′

has the minimal probability of error among all decoders, we conclude that:

Pe,x,x′(W ) ≥ Pe(Wx,x′) =
1

2

∑

y∈Y

min
{

Wx,x′(y|0),Wx,x′(y|1)
}

=
1

2

∑

y∈Y

min
{

W (y|x),W (y|x′)
}

. (24)
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On the other hand, we have:

Z(Wx,x′) =
∑

y∈Y

√

W (y|x)W (y|x′) =
∑

y∈Y

√

(

min
{

W (y|x),W (y|x′)
}

)(

max
{

W (y|x),W (y|x′)
}

)

(a)

≤
(

∑

y∈Y

min
{

W (y|x),W (y|x′)
}

)1/2(∑

y∈Y

max
{

W (y|x),W (y|x′)
}

)1/2

(b)

≤
√

2Pe,x,x′(W )
(

∑

y∈Y

W (y|x) +W (y|x′)
)1/2

=
√

2Pe,x,x′(W ).
√
2 = 2

√

Pe,x,x′(W ),

where (a) follows from the Cauchy-Schwartz inequality. (b)follows from (24) and from the fact that
max

{

W (y|x),W (y|x′)
}

≤ W (y|x) +W (y|x′). We conclude that:

Pe,x,x′(W ) ≥ 1

4
Z(Wx,x′)2. (25)

Now sincePe(W ) =
1

|X |
∑

x∈X

Pe,x(W ), we have:

∑

x,x′∈X
x 6=x′

Pe,x,x′(W ) =
1

2

(

∑

x,x′∈X
x 6=x′

Pe,x(W )
)

+
1

2

(

∑

x,x′∈X
x 6=x′

Pe,x′(W )
)

=
1

2

(

∑

x∈X

(|X | − 1)Pe,x(W )
)

+
1

2

(

∑

x′∈X

(|X | − 1)Pe,x′(W )
)

=
1

2
(|X | − 1)|X |Pe(W ) +

1

2
(|X | − 1)|X |Pe(W ) = (|X | − 1)|X |Pe(W ).

Therefore,

Pe(W ) =
1

(|X | − 1)|X |
∑

x,x′∈X
x 6=x′

Pe,x,x′(W )
(a)

≥ 1

(|X | − 1)|X |
∑

x,x′∈X
x 6=x′

1

4
Z(Wx,x′)2

(b)

≥ 1

4

( 1

(|X | − 1)|X |
∑

x,x′∈X
x 6=x′

Z(Wx,x′)
)2

=
1

4
Z(W )2,

where (a) follows from (25) and (b) follows from the convexity of the mappingt → t2.
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