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Abstract

An open problem in polarization theory is to determine theaby operations that always lead to polarization
(in the general multilevel sense) when they are used in Argtgle constructions. This paper, which is presented
in two parts, solves this problem by providing a necessaxy sufficient condition for a binary operation to be
polarizing. This (second) part provides a foundation ofapahtion theory based on the ergodic theory of binary
operations which we developed in the first part [1]. We shoat thbinary operation is polarizing if and only if it
is uniformity preserving and its right-inverse is strongisgodic. The rate of polarization of single user channels
is studied. It is shown that the exponent of any polarizingraion cannot exceed, which is the exponent of
guasigroup operations. We also study the polarization dfiphel access channels (MAC). In particular, we show
that a sequence of binary operations is MAC-polarizing ifl amly if each binary operation in the sequence is
polarizing. It is shown that the exponent of any MAC-polarigsequence cannot exceédwhich is the exponent
of sequences of quasigroup operations.

I. INTRODUCTION

The problem of finding a characterization for polarizing i@®ns was discussed in the introduction
of Part | of this paper [1]. The first operation that was showrbé polarizing was the XOR operation
in Fy (Arikan [2]). Sasoglu et al. generalized Arikan’s resahd showed that if; is prime, then the
addition modulog in F, is polarizing [3]. Park and Barg showed thatdf= 2" with » > 0, then
addition modulog in Z, is polarizing [4]. Sahebi and Pradhan generalized thesdtseand showed that
all Abelian group operations are polarizing [5]. Sagpghowed that any alphabet can be endowed with a
special quasigroup operation which is polarizing [6]. Thehar and Telatar showed that all quasigroup
operations are polarizing [7].

In the context of multiple access channels (MAC), Sag@&idlal. showed that if is prime, then addition
modulog is MAC-polarizing for 2-user MACs, i.e., ifV is a 2-user MAC where the two users havgas
the input alphabet, then using the addition modyfor the two users lead to a polarization phenomenon
[8]. Abbe and Telatar used Matroid theory to show that forabninput MACs withm > 2 users, using
the XOR operation for each user is MAC-polarizing [9]. Thehaw and Telatar showed thatgf, . .., ¢,
is a sequence of prime numbers andllifis anm-user MAC with input alphabetg,, ,... JF, , then using
addition modulog; for the i** user is MAC-polarizing [7]. This fact was used to construotap codes
for arbitrary MACs [10].

The ergodic theory of binary operations was developed it IHat. This part provides a foundation of
polarization theory based on the results establishedithdre section Il we provide a formal definition
of polarizing operations and MAC-polarizing sequences iofty operations. Section Ill proves that a
binary operation is polarizing (in the general multilevehse) if and only if it is uniformity preserving
and its right-inverse is strongly ergodic. The exponentafpzing operations is studied in section IV. It
is shown that the exponent of every polarizing operatiort im@st 2, which is the exponent of quasigroup
operations. The polarization theory for MACs is studied ection V. We show that a sequence of binary
operations is MAC-polarizing if and only if each operatianthe sequence is polarizing. The exponent
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of every MAC-polarizing sequence is shown to be at mbsthich is the exponent of sequences of
guasigroup operations.

Il. PRELIMINARIES

Throughout this (second) part of the paper, we assume teatetider is familiar with the concepts of
the ergodic theory of binary operations which were intraua Part | [1].
All the sets that are considered in this paper are finite.

A. Easy channels

Notation 1. A channell’ with input alphabetY and output alphabed’ is denoted by/V : X — V.
The transition probabilities o/ are denoted by (y|z), wherex € X andy € ). The probability
of error of the ML decoder of¥/ for uniformly distributed input is denoted [, (1/). The symmetric
capacity oflV, denoted/ (W), is the mutual informatiord (X;Y'), whereX andY are jointly distributed
asPxy(z,y) = ﬁW(y\x) (i.e., X is uniform in X’ and it is used as input to the chanriél while Y is
the output).

Definition 1. A channellV : X — ) is said to bej-easyif there exists an integef. < |X| and a
random code3 of block length 1 and ratéog L (i.e., B € S :={C C X : |C| = L}), which satisfy the
following:
1) [[(W)—logL| < 6. X X
2) For everyxr € X, we havez ZIP’B(C)]LQCeC = m In other words, ifC' € S is chosen according
ces
to the distribution of3 andA€X is chosen uniformly ir”, then the marginal distribution ok as a
random variable inX is uniform.
3) If for each C € S we fix a bijectionfs : {1,...,L} — C, thenI(Wg) > logL — ¢, where
Wg:{l,...,L} — Y x S is the channel defined by:

Ws(y, Cla) = W(y|fc(a)) Ps(C).

Note that the value of (W5) does not depend on the choice of the bijectiofis)ces.
If we also haveP.(Wg) < ¢, we say thatl is (, ¢)-easy

If W is §-easy for a small, then we can reliably transmit information near the symioetpacity ofi//
using a code of blocklength 1 (hence the easiness; there mie@o to use codes of large blocklengths):
we choose a random code accordingBpwe reveal this code to the receiver, and then we transmit
information using this code. The rate of this code is equalotpl. which is close to the symmetric
capacity / (1W). On the other hand, the fact thatiz) > log L — § means thaiVs is almost perfect,
which ensures that our simple coding scheme has a low piitlgaddi error.

Note that we added (2) to our definition in order to induce darm distribution on the input. This is
important for the polarization process (see the definitibMio and W in Definition 3: the distribution
of U; and U, are assumed to be uniform ik).

Notation 2. An m-user multiple access channel (MA@) with input alphabetsYy, ..., A, and output
alphabet) is denoted byl : X} x ... x X, — Y. The transition probabilities oi/ are denoted
by W(y|x1,...,xm), Wherez; € Xy, ..., z,, € &, andy € ). The probability of error of the ML

decoder ofi/ for uniformly distributed input is denoted . (1/). The symmetric sum-capacity f,

denoted! (W), is the mutual informatiod (X1, ..., X,,;Y), whereX;, ..., X,,, Y are jointly distributed

,,,,, XY (T, T, y) = WW(y\xl, o Ty) (e, Xy, ..., X, are independent and uniform

in Ay, ..., A, respectively and they are used as input to the MAGwhile Y is the output).

Definition 2. An m-user MACW : &} x ... x &,, — )Y is said to bej-easyif there existm integers
Ly < |X,..., L, < |A,|, and m independent random codé€s$,, ..., B,, taking values in the sets




S ={C, Ccx: |Ch] = L}, ..., S ={C,, C X, : |Cw| = L} respectively, which satisfy the
following:
o |[I(W)—logL| <é, whereL =Ly ---L,,.
1 1
. For everyl < i < m and everyz; € X;, we havez fIP’Bi(CZ-)]iMeCi = In other words,
C€S; i g
if C; € S; is chosen according to the distribution 8f and X; is chosen uniformly irC;, then the
marginal distribution ofX; as a random variable int; is uniform.
. Ifforeachl <i < mand eachC; € S; we fix a bijectionf; ¢, : {1, ..., L;} — C;, thenl(Wg,  5,) >
log L—9,whereWs, 5, :{l,....L1} x...x{l,...,L,} =Y x8& x...xS§, is the MAC defined
by:

.....

Note that the value of (W5,
If we also haveP.(Wpg,

_____ 5,,) does not depend on the choice of the bijections:, )i1<i<m, ¢;es;-
5, ) < € we say thalV is (9, ¢)-easy

.....

If W is ad-easy MAC for a smalbj, then we can reliably transmit information near the symroetr
sum-capacity ofi¥’ using a code of blocklength 1 (hence the easiness; there isead to use codes
of large blocklengths): we choose a random MAC-code acogrdio B4, ..., 5,,, we reveal this code
to the receiver, and then we transmit information using tade. The sum-rate of this code is equal to
log Ly + ...+ log L,, = log L which is close to the sum-capacityi¥). On the other hand, the fact that
I(Wg, .5,) >log L —6 means thatVg, 5, is almost perfect, which ensures that our simple coding
scheme has a low probability of error.

.....

B. Polarization process

In this subsection, we consider an ordinary (single useanokl ¥ and a binary operatiom on its
input alphabet.

Definition 3. Let X be an arbitrary set andk be a binary operation on¥'. LetW : X — ) be a
channel. We define the two channéls : X — Y x Y andW*t: X — Y x Y x X as follows:

_ 1
W= (y1, y2lur) = ] > Wiylur  un) W (yalus),

UEX

1
W+<yluy27ul|u2) = T

X
For everys = (s1,...,s,) € {—,+}", we definel}/* recursively as:

W= (W)™ .. ).

W(yl‘ul * Uz)W(y2|U2)-

Definition 4. Let (B,,),>1 be i.i.d. uniform random variables ifi—, +}. For each channel/’ with input
alphabetX’, we define the channel-valued procé¢ss,),~o recursively as follows:

Wo = VV,

W, = WPhr vn > 1.
Definition 5. A binary operation« is said to bepolarizingif we have the following two properties:

. Conservation property: for every channBl" with input alphabetY’, we havel(W~) + [(W™) =
2I(W).



« Polarization property: for every channéV/ with input alphabetX and every§ > 0, W,, almost

surely becomes-easy, i.e.,
lim P[W, is -easy = 1.

n—oo

Notation 3. Throughout this paper, we will writéU;, U,) LN (X1, X2) w, (Y1,Y;) to denote the
following:

« U; and U, are two independent random variables uniformly distrilouite X’
« Xqi =U; xU, andX2 =U,.
« The conditional distributior{Y7, Y3)|(X1, X2) is given by:

Pyi va x5, (U1, Y2l 21, ©2) = Wy |z) W (y2|22).

l.e., Y7 andY; are the outputs of two independent copies of the chalnebith inputs X; and X,
respectively.

o (U1,Us) — (X1, X5) — (Y1,Y3) is a Markov chain.
Note that sinceX; = U; x U, and Xy = U,, the chain(X;, X5) — (U, Us) — (Y3,Ys) is also a Markov
chain.

Remark 1. Let (U3, Us) LN (X1, Xs) w, (Y1,Y3). From the definition of#/~ and W, it is easy to see
that we havel (W) = I(Uy; Y1, Ys) and I(W) = I(Us; Y1, Ya, Uy ). Therefore,

IW™)+ I(W) = I(U; Y1, Ys) + I(Uy; Y1, Yo, Uy)
= I(U), Uy V1, Va) @ I(X, X3 V3, Ya),

where (a) follows from the fact that both/;, Us) — (X1, Xo) — (Y1, Ys) and (X3, Xo) — (U, Us) — (Y1, Y3)
are Markov chains. We have the following:

« If x is not uniformity preserving, theX;, X5) is not uniform inX2. If W is a perfect channel, i.e.,
I(W) = log |X|, we have

(a)

IW™)+I(WT) = I(Xy, Xo; Y1, Ya) < H(Xy, X) < 2log|X| = 21(W), 1)
where (a) follows from the fact th&fX,, X5) is not uniform inx’2. (1) means that does not satisfy
the conservation property of Definition 5. Therefore, eveojarizing operation must be uniformity
preserving.

o If x is uniformity preserving, the(lX, X,) is uniform in X2, i.e., X; and X, are independent and
uniform in X. Thus,

IW™) 4+ I(WT) =1(Xy, Xo; Y1, Ya) = [(X1; Y1) + I(Xo; Ya) = 2I(W).

Therefore, uniformity preserving operations satisfy tbaservation property.

We conclude that a binary operationsatisfies the conservation property if and only if it is umfdy
preserving.

Definition 6. Let x be a polarizing operation on a sét. We say that > 0 is a x-achievable exponeriit
for everys > 0 and every channdll” with input alphabet¥’, 1V,, almost surely becomes, 2*2ﬁ”)-easy,
i.e.,

lim P[WW,, is (§,27%")-easy = 1.

n—o0
We define th@xponentof x as:
E, :=sup{f > 0: g is ax-achievable exponeht

Note thatF, depends only ox and it does not depend on any particular chariiel The definition
of a x-achievable exponent ensures that it is achievable foryestesnnellV with input alphabett’.



Remark 2. If x is a polarizing operation of exponetf, > 0 on the setX, then for every channéll’
with input alphabetY, everys < E, and everys > 0, there existsiy = no(W, 53,6, *) > 0 such that for
everyn > ny, there exists a polar code of blocklength= 2" and of rate at leasf (/) — § such that the
probability of error of the successive cancellation decodeat most2—". (The polar code construction
in section V of [10] can be applied here to get such a code).

Example 1. If X = F, = {0,1} and « is the addition modulo 2, theR, = % (see [11]).

C. Polarization process for MACs

Definition 7. Let &7, ..., X, bem arbitrary sets. Let, ..., x,, bem binary operations oy, ..., &,
respectively, and letV : &} x ... x X,, — Y be anm-user MAC. We define the two MACE~ :
Xix..xX, —YxYandWt : X, x...xX, —YVYxYxX x...x X, as follows:

_ 1
44 (yh 3/2|U1,17 .- 7u1,m) =TT v Z W(yl\u1,1*1uz,17 coy UL m *m Uz,m)
X [l
2,1€EX]
uz,m:GXm
X W(’y2|’U,2717 e ,ugm),
+ 1
W (y1, Y2, U115 - - - ,Ul,m|U2,1, ce 7U2,m) = 7W(ZJ1‘U1,1*1U2,1, sy Ulm *m Uz,m)
| Xr] - | X
X W(y2|U271, . ,U27m).
For everys = (s1,...,s,) € {—,+}", we definel}//* recursively as:

We = (W) .. )%.

Definition 8. Let (B, ),>1 be i.i.d. uniform random variables if—, +}. For each MACW with input

alphabetsty, .. ., X, we define the MAC-valued proce8$’,), > recursively as follows:
WO = W,
W, == W5hr vn > 1.
Definition 9. A sequence ofn binary operations(xy,...,*,) on the setst;,..., X, is said to be
MAC-polarizing if we have the following two properties:
« Conservation property: for every MA@ with input alphabetsY, ..., &, we have

(W) + I(W) = 21(W).

« Polarization property: for every MAGV with input alphabetsy, ..., &,, and everyé > 0, W,
almost surely becomeseasy, i.e.,
lim P[W, is -easy = 1.
n—o0
Notice that in the conservation property we only ask for thesapacity to be preserved and we do
not ask for the whole capacity region to be preserved. Theorefor this is because MAC polarization
sometimes induces a loss in the capacity region (see [8hrff][10]). There are, however, polar coding
techniques that achieve the whole capacity region (e.g],dfid [13]) but those techniques are not based
on MAC polarization; they are based on monotone chain rulessingle user channel polarization. In the
above definition, we are only interested in the MAC polai@aiphenomenon itself. We note, however,
that monotone chain rules can be used together with the glesiegle user polarization theory that is
developed here in order to construct MAC codes that achieeevhole capacity region.



Remark 3. As in Remark 1, a sequence of binary operations satisfiesdhsecvation property if and
only if every operation in the sequence is uniformity presey.

Definition 10. Let (xq,...,*,) be a MAC-polarizing sequence on the séis ..., X,,. We say that

g >0is a (xi,...,*,)-achievable exponernt for everys > 0 and every MACV with input alphabets
Xy,..., X, W, almost surely becomgs, 2-2"")-easy, i.e.,
JLH;OP[WVL is (5,272"")-easy = 1.
We define the@xponentof (x4, ..., x*,,) as:
B, i =sup{8>0: Bisa(,...,x*,)-achievable exponeht
Remark 4. If (x4, ...,%*,,) is a MAC-polarizing sequence of exponént . > 0onthesetst),..., &,

then for every MAGV with input alphabetst, ..., X,,, everyg < E,, ..
no = no(W, 3,6, %) > 0 such that for every. > n,, there exists a polar code of blocklength= 2" and
of sum-rate at leastf(1/') — ¢ such that the probability of error of the successive camatiglh decoder is
at most2—".

Remark 5. For each1 < ¢ < m and each ordinary single user channgf; : X; — ) with input

alphabetX;, consider the MACV : X} x ... x X,, — Y defined asW (y|z1,...,z,) = Wi(y|z;).

Let (W;,.).>0 be the single user channel valued process obtained figiras in Definition 4, and let
(Wy)n>o be the MAC-valued process obtained fréth as in Definition 8. It is easy to see th#t;,, is

d-easy if and only ifi,, is §-easy. This shows that if the sequereg ..., x,,) is MAC-polarizing then
*; iS polarizing for eachl < i < m. Moreover, W, ,, is (4, ¢)-easy if and only ifiV,, is (4, ¢)-easy. This
implies thatE,, . < FE,, for eachl <i <m. Therefore,E,, ., <min{F,,...,E,, }.

..........

[1l. POLARIZING OPERATIONS
A. Necessary condition

In this subsection, we show thatsfis polarizing, then« is uniformity preserving and* (the right-
inverse ofx) is strongly ergodic. In order to prove this, we need theolwihg two lemmas:

Lemma 1. Letx be an ergodic operation on a sat. Let’H be a stable partition o’ such thatkCy; # H,
where 4 is the first residue of{ with respect to«. Define A = H U 4. We have:
1) For everyA,, A; € A, we have:
. (Al € ICH and AQ € ]C?-[) if and Only if (Al * A2 € ]CH* and AQ € ICH)
e (A1 €Ky and Ay € H) if and only if (A; x Ay € Ky* and Ay € H).
e (Ay e H and A, € Ky) if and only if (A; x Ay € H* and Ay € Ky).
e« (A eHand Ay, € H) if and only if (A; x Ay € H* and A; € H).
2) For everyuy,us; € X and everyA;, A, € A, we have

(up € Ay x Ay anduy € Ay) if and only if (uy /*us € A; anduy € As).

Proof: 1) We have A = H U K. Therefore, for everyd;, A, € A, one of the following four

conditions holds true:
() Ay € Ky and A, € K.
(i) Ay € Ky and Ay € H.
(i) Ay € H and A, € Ky.
(iv) Ay € HandA; € H.

Now sinceCy, # H and Ky < H, we have||y|| < ||H]||. Therefore, for everyx’ € Ky and every
H € H, we have|K| = ||Ky|| < ||H]|| = |H|. This implies thatK # H for every K € K3 and every



H € H, henceKy N'H = ¢. Similarly, 4" N H* = . We conclude that for everyi;, A, € A, the
following four conditions are mutually exclusive:
(@) Ay x Ay € Ky" and Ay € Ky.
(b) Ay %Ay € Ky" and A, € H.
() A1 x Ay € H* and Ay € Ky.
(d) Al * A2 € H* andA2 € H.
We have:

o If Ay € Ky and A; € Ky, then A, x Ay € Ky*. Therefore, (i) implies (a).

o If A; € Ky and A, € H, then A, x Ay € Ky* (see Theorem 1 of Part | [1]). Therefore, (ii) implies
(b).

e If Ay € H and Ay, € Ky, let H € ‘H be such thatd, C H. (Note that there is no contradiction
here betweend; € H € H, Ay € Ky and'HN Ky = ¢.) We haveAd; x A, C Ay * H and
| Ay % Ag| > |A1| = ||H]|| = ||H*|| = |A1 =« H|. Therefore,A; x A, = A; x H € H*. Hence (iii) implies
(c).

o If Ay € H and A, € H, thenA, x A, € H*. Therefore, (iv) implies (d).

Now let A;, A; € A and suppose that (a) holds true (i.&;,x A, € K4 and A; € Ky). SinceAd; € A
then eitherA; € Ky or A, € H. But Ay € K4, so either (i) or (iii) holds true. On the other hand, we
have shown that (iii) implies (c), and (c) contradicts (a),(8i) cannot be true. Therefore, (i) must be
true. We conclude that (a) implies (i). Similarly, we canwhibhat (b) implies (ii), (c) implies (iii), and
(d) implies (iv).

2) Fix A, A, € A. We have:

L] If Al € IC’,LL andA2 € IC’H, then‘Al *A2| - HIC’H*H - ||IC7.[|| - |A1‘
. If A; € Ky and Ay € H, then from 1) we haved; x A, € Ky . Therefore,|A; x As| = ||Ky*|| =

1Kl = [Aq].
o If A; € H and A, € K4 then from 1) we haved; x A, € H*. Therefore,|A; * As| = ||[H*|| =
[[H]] = [Aa].

o If A eH andA2 € H, then‘Al *A2| = HH*H = HHH = |A1|
We conclude that in all cases, we havl * A,| = |A;].
For everyu;,us; € X', we have:

o If ui/*us € Ay anduy € Ay, thenuy = (uy/ ug) * ug € Aq x As.

o If uy € A; x Ay anduy, € Ay, we haveA; x uy C A; x Ay. On the other hand, we havye; x Ay| =
|A1| = | Ay xus| (Where the last equality holds true becauss uniformity preserving). We conclude
that A; x Ay = Ay % up. Therefore,(A; x As)/*us = A; which implies thatu, /*us € A;.

Definition 11. A channellW : X — ) is said to be degraded from a channél: X — Z if there
exists a channeP : Z — Y such that for every: € X and everyy € ) we have:

W(yle) = V(zlx)P(y]2).
zEZ
If W is degraded fromi” and V' is degraded fromil/, we say thatl is equivalent toV'.

Lemma 2. Letx be a uniformity preserving operation on a sétand letW : X — Y. If (W~) = I(W)
then W™ is equivalent tolV/.

Proof: Since (W) + I(W~) = 2I(W) and sincel (W~) = I[(W), we havel (W) = I(W). Let
(UL, Us) 25 (X1, Xo) 2% (11, Ys) (See Notation 3). We have:

I(W) =I(W*) = I(U; Y1,Ys,Uh) = I(Us; Ya) 4+ 1(Uy; Y1, U1 |Ya) = I(W) + I(Us; Yy, Un[Y3).



This shows that/(Us; Y;, U1|Y2) = 0. This means that; is a sufficient statistic for the channel
U, — (Y1,Y3,U;p) (which is equivalent tdV*). We conclude thatV* is equivalent to the channel
U; — Y3, which is equivalent tdV. [ |

Proposition 1. Let « be a binary operation on a set. If x is polarizing thenx is uniformity preserving
and /* is strongly ergodic.

Proof: If x is polarizing thenx must be uniformity preserving (see Remark 1).

We first prove that is irreducible. Suppose to the contrary thais not irreducible. Proposition 1 of
Part | [1] shows that there exist two disjoint non-empty sibsl; and A, of X’ such thatd; U A, = X
Ay x X = Ay and Ay x X = A,. This means that for every;, u, € X and everyy € {1,2}, we have
uy € A, if and only if uy *x uy € A,

For eache > 0 define the channdlV, : X — {1,2, ¢} as follows:

1—e ifye{l,2}andz € A,,
We(ylz) =<0 if y e {1,2}andz ¢ A,
€ ify=e.

(W) =(1- e)hQ(‘Al‘ ), so there exists’ > 0 such that/(V,/) is not the logarithm of any integer. For
such¢’, there eX|st35 > 0 such thatW is not §-easy.

Let (Uq, Ug) (Xl,XQ) % (Y1,Ys) (See Notation 3). Consider the chanbgl—: (Y7, Y>) which
is equivalent tol¥/;. We have:

Py, vajr (Y1, yolur) = \X\ > Wl (i  102) W (g2 sz) \X\ > Werlyrlua) W (yalus)

ug€X u2€X (2)

s Z We (y1]un) Pyaju, (y2|uz)Pu, (uz) = We (y1]u1)Py, (y2),

UuEX

where (a) follows from the fact that if;, = e then W, (y; |uy * us) = We(y1|uy) = € and ify, € {1,2}
thenu, € A,, if and only if uy * uy € A,,, which implies thatW. (y;|u; * ug) = We (y1]uq). (b) follows
from the fact that the channél, — Y5 is equivalent toll., and the fact that/, is uniform in X',

(2) implies thatY; is a sufficient statistic for the channgl — (Y1, Y2) (which is equivalent tdV ).
Moreover, SINCEPy, v, v, (y1, y2|u1) = We (y1|u1)Py; (y2), we conclude that the channil; is equivalent
to We.. This implies that/ (W) = I(W./). Now Lemma 2 implies that/ is equivalent tdV... Therefore,
for anyl > 0 and anys € {—, +}, W} is equivalent td¥, which is noté-easy. This contradicts the fact
that x is polarizing. We conclude that must be irreducible.

Suppose that« is not ergodic. Proposition 1 of Part | [1] shows that therastsxa partition

{Ho,...,H,_1} of X such thatH; «+ X = H;\1moan for all 0 < i < n and|Hy| = ... = |Hp,_1]-
This means that for every,,u, € X and everyy € {0,...,n — 1}, we haveu, * u, € H, if and only if
Uy € Hy—l modn -

For each0 < i < n and each) < € < 1, define the channél; . : X — {0,...,n — 1,e} as follows:

1—e¢ iny{O,...,n—l}andeHyﬂmodn,
Wie(ylz) =<0 if ye{0,...,n—1}andz ¢ Hy; mod n:
€ if y=ce.

I(W;.) = (1 —¢)logn so there existg’ > 0 such that/(V; ) is not the logarithm of any integer. For
such¢’, there exists) > 0 such thatlV; . is noté-easy for anyd < i < n.



’

Let (Ul,Ug) 5 (X, Xo) — L (Y1,Y3). Consider the channdl;, — (Y1, Y>) which is equivalent to
Wi .. We have:

Py, Y2|U1(Z/1792|U1) |X| Z VVZE yl|U1*U2) 25(y2|u2) ; |X| Z Wi_ 1modn5(y1|u1) zs(y2|u2)

u2€X us€EX

(Q Z Vvl'*l mod n,e’ (yl‘u1>]PY2|U2 <y2‘u2>]P)U2 (u2> - Wifl mod n,e/(y1|u1)PY2 (y2>7
U EX
3)
where (a) follows from the fact that if; = e then W, o (y1|uq1 * u2) = Wi_1mod ne(va|ur) = € and
if y2 € {0,...,n—1} thenuy xuy € Hy 4imodan if and only if uy € Hy, +i 1 moan (Which implies that
Wi e (y1|ur * u2) = Wi—1 mod n.e (y1]u1)). (b) follows from the fact that the channgl, — Y5 is equivalent
to W, » and the fact that/; is uniform in X"

(3) implies thatY, is a sufficient statistic for the chann€l — (Y3,Y3) (which is equivalent tdV; ).
Moreover, sinCePy; v, i, (1, ¥2|t1) = Wis1 mod n.e (¥1|u1)Py, (y2), we conclude that the channBl;, is
equivalent toW;_; 104 n,e. This implies that[(W‘ ) =1T(Wi1modne) = (1 —€)logn = I(W, ). Now
Lemma 2 implies thaW+, is equivalent tolV; .. Therefore, for any > 0 and anys € {—, +}!, Wia is
equivalent toW;_ s~ moda ne (Where|s|™ is the number of appearances of thesign in the sequence)
which is notd-easy. This contradicts the fact thais polarizing. We conclude that must be ergodic.

Sincex is ergodic,/* is ergodic as well. Suppose thét is not strongly ergodic. Theorem 2 of Part |
[1] implies the existence of a stable partitiéh of (X', /*) such thatCy;, # H (where K3, here denotes
the first residue of{ with respect to the right-inverse operatigh). For eachi > 0 and eache > 0 define
the channelV; . : X — Ky"/" UHY/" as follows:

1—e ifzeyandy e Ky,
Wie(ylz) = <€ if z €yandy e H/,
0 if v &y.

We emphasize that here is a subset ot and it is not an element of it. We have
I(Wie) = (1= €)log [Ky'"| + elog |[H""| = (1 — €) log | [Cy| + elog | H|.

Now sincelCy, # H and Ky, < H, we have|H| # |KCy|. Therefore, there exists > 0 such that/ (W, )
is not the logarithm of any integer. For sueh> 0, there exist9 > 0 such that/(IV; /) is notJ-easy for
any: > 0.

/

Let (U, Ug) (Xl,Xg) = (Y1, Y3). Consider the channél; — (Y1, Ys), which is equivalent to
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W; .. We have:
Pyvi vapon (Y1, y2 )

— Z Wier(yi|ur * ug) Wi o (y2|uz)

| |u2€X

|X| Z urkuz€yL ” (1 o 6l)1y1€l€ni/* + 6/1%67‘["/*)} []lu2€y2 ’ ((1 - el)ﬂyQEKHi/* + elﬂyQEHi/*)}
UEX

|X| Z Luseusey, waevs + (1= L €L yenir) (1 - L €Ly, enir)
UEX

‘X‘ Z ]luleyl/ Y2, u2€y2 ((1 o El)llylE/CHi/* + El]lyIEHi/*) ((1 o El)ﬂyzeKﬁi/* - el]lyzé’Hi/*)

UEX

N2 n !
|X| E Luieys /7yo, uzeys - ((1 —€) ]]‘yle]CHi/*7 yockoyi/* T (1—¢€)e ILyle]C,Hi/*7y2eHi/*
U eX

/ / 2
te (1 — ¢ )]ly1eHi/*, Y2 €K " te ]lyleHi/*,ygeHi/*>
(b)

(0) N2 o . o o ,
o |_)(| Z ﬂuleyl/*y% u2€y2 ((1 —€ ) ﬂyl/*QQGKH(1+1)/ , Y2 €y + (1 € )6 ]ly1/*y2€ICH('+1)/ , Y2 EHI/™
U EX

/ / 2
e <1 —€ )1y1/*y267-l(i+1)/*7 Y2 €K7 " te 1y1/*y2€7{“+1)/*7 y2€7‘li/*>

1
- |X] Z [ﬂuleyl/*m ' <<1 B 6,)]1y1/*y2€’C’H(i+1)/* - el]lm/*yzeH(iﬂ)/*)}
UEX
X [1u26y2 ' ((1 - 6,)]1y2€lCHi/* + El]lyzéﬂi/*)]

1

C) *
> Wipre (/[ y2lu) Wie (yaluz) =~ Wist o (y1/*yalun) Py, (y2lu2)Pu, (u2)

| | ug€EX ug€EX

= i+1,€ (yl/ y2|u1>PYQ (y2>
4)
where (a) follows from applying the second point of Lemma ltlw ergodic operatiofi* and the stable
partition %" (b) follows from applying the first point of Lemma 1 on the edic operation/* and the
stable partitior{*/". (c) follows from the fact thatV; . is equivalent to the channél, —; Y, and from
the fact thatl/, is uniform in X.

(4) implies thatY; /*Y; is a sufficient statistic for the chann&l — (Y7, Y,) (which is equivalent to
W; .)- Moreover, sinc@y; y,u, (y1, y2lur) = Wig1.e(y1/ y2|u1)Py, (y2), we conclude that the chanrié/li;,
is equivalent taV;,, . This implies thatl (W; ) = [(Wiy10) = (1 =€) log [Ky| + € log [H| = [(W; o).
Now Lemma 2 implies thatV;’, is equivalent tolV; .. Therefore, for any > 0 and anys € {— ,+,

Wi is equivalent tolV;, - (where| |~ is the number of appearances of thesign in the sequence
s) WhICh is notd-easy. This again contradicts the fact thas polarizing. We conclude that* must be
strongly ergodic. [ |

B. Sufficient condition

In this subsection, we prove a converse for Proposition 1.WNE show that for any uniformity
preserving operatior, the strong ergodicity of* implies that« is polarizing. We will prove this in
three steps.

Step 1: Polarized channels are projection channels ontblstpartitions:

Notation 4. For every sequence = (z;)o<i<y Of NV elements oft’, and for every0 < j < k < N, we
define the subsequensé as the sequencer;)o<i<i—;, wherez] = z;; for every0 <i <k — j.
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Notation 5. For everyk > 0 and every sequence = (z;)o<;.or Of |x| = 2* elements oft, we define
g«(x) € X recursively onk as follows:

o If k=0 (i.e., x = (x9)), g«(x) = xp.

x|/2—1 x|—1 k—1_ k_

o If k>0, gu(x) = gu(x0* 1) % g*(xlx}ﬂ) =g.(xg ) xg(xnT).
For example, we have:

o g:(X}) = w0 * 71

o Gu(x3) = (1o % 1) * (T * 3).

o 9u(x0) = ((wo % a1) * (w2 % x3)) * (w4 % x5) * (w6 * 7).

Definition 12. Let A be a subset oft’. We define the probability distributidly on & asls(z) = ‘%' if
x € A andls(z) = 0 otherwise.

Definition 13. Let ) be an arbitrary set;/{ be a balanced partition oft and (X, Y) be a random pair
in X x ). For everyy > 0, we define:

VA,V = {y €V 3H, € H, [Pxpvy — T oo <7},

Pruqy(X,Y) =Py (y'H;y(X, Y)) .

Note that if Py ,(X,Y) ~ 1 for a smally thenY is “almost equivalent” to the projection of onto
‘H. This will be proved rigorously in step 2. The next propasitwill be used later to show that a relation
Pu~(X,Y) =~ 1 is satisfied between the input and output of a polarized atlanvhere? is a stable
partition. This is why we say that polarized channels argegtmn channels onto stable partitions.

Proposition 2. Let x be a strongly ergodic operation on a s&t Definek = 22 4 scon(x) and let)
be an arbitrary set. For anyy > 0, there exists(v) > 0 depending only o’ such that if(X;, Y;)g<j<ax
is a sequence df* random pairs satisfying: -

1) (X, Yi)o<icor are independent and identically distributed &1 x ),

2) X, is uniform in X for all 0 < i < 2F,

3) H(g.(X3 IYE ) < H(Xo|Yy) +e(v),
then there exists a stable partitioh of (X', x) such thatP;, (X, Yy) > 1 — 1.

Proof: See Appendix A. [ |

Step 2: Structure of projection channels:

Lemma 3. Let X be an arbitrary set and let be an ergodic operation oA’. For everys > 0, there exists
v :=~(0) > 0 such that for any stable partitiof/ of (X, x), if (X,Y") is a pair of random variables in
X x Y satisfying

1) X is uniform in X,

2) Pu,(X;Y)>1—7,

then ’I(Projﬂ,(X);Y) — log% < ¢ for every stable partitior{’ of (X, ).

Proof: Let H' be a stable partition of’. Note that the entropy function is continuous and the space
of probability distributions orf’ is compact. Therefore, the entropy function is uniformiyntouous,
which means that for every > 0 there existsy;, (6) > 0 such that ifp, and p, are two probability

distributions onH' satisfying |[p1 — pallec < V4/(6) then |H (p1) — H(ps)| < £. Let§ > 0 and define

Y () = min {210g(|g{’\+1)’ H%lt’l\%%’(a)}' Now definey(d) = min{~;(d) : #'is a stable partitioh which
depends only o X', ) andé. Clearly, || H'||v(0) < v4,(6) for every stable partitiort{’ of X'

Let H be a stable partition ok’ and suppose tha®;, ) (X;Y) > 1 —~(), whereX is uniform in X',
Fix y € Vi~ (X;Y). By the definition of),, 5)(X;Y), there existsH, € ‘H such that|Pxy (z|y) —
Ig,(x)| < ~(6) for everyz € X.
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Let H’ be a stable partition af’. Corollary 1 of Part | [1] shows thak A #H’ is also a stable partition
of X. From the definition of{ AH’, for everyH’ € ‘H' we have eitherd,NH' =g or H,NH' € HAH'.
Therefore, we have eithefl, N H'| =0 or |[H,NH'| = |HAH'||. LetH, = {H' € H': H,NH' # o},
so |H, N H'| = |H AH| for all H' € H,. Now sinceH, = | | (H,n H'), we have||}{| = |H,| =

H/EH/
> [H,nH'| = M| - | AH||. Therefore,
H/EH/
]l : :
— = |H!| < |H]. 5

We will now show that for every € Yy 5), we haveHIP’prOJH,(X)‘Y v — Dy llo < 734/(6), wherely,
is the probability distribution or{’ defined asiIH/ (H') = m/ if H' € H, and I, (H') =0 otherwise.

This will be useful to show th%tH Proj;,(X)|Y = y) — log g | <

Lety € Va5 and H' € H'. We havePp,;,, (x )y (H'|y) = Z Pxy (z|y). But since|Pyy(z]y) —
xeH’'
w7l < () for everyx € H,, and sincePxy (zly) < ~(d) if = € X\ H,, we conclude that

[Poros,,, oy (H'ly) = | < |H|(6) = | H[[4(5) < ¥,/(5). We conclude:
. If H' € H!, we have|H’ N H,| = |H A H'| which means thuingh‘"’ = ”ﬁm‘/” @ mi)» Where (a)
follows from (5). Thus|Pp,.;, , (x)v (H']y) — IHL&A' < Ay (6).

o It H e 1\ H, EpEl = 0 and S0Py, (x)y (H'[y) < 73 (0).

5
3 for all (VRS qu((;)

Therefore, H]P’pmm,(x)‘y y — Iy [lo < 34(0). This means thatH (Proj,, (X)[Y = y) — H(ly)| < g
But H (I, ) = log [H,| = @ log IIJ@’H’ where (a) follows from (5). Therefore,
Yy € Vi), |H(Proj, . (X)|Y =vy) — log ————— 7] 5 (6)
H,v(8)> H ”fH /\Hl”

On the other hand, for every € y;im(é), PProj,, (x)[y=y is a probability distribution or{’ which

implies that0 < H(Proj,,(X)|Y = y) < log|H’'|. Moreover, we havé < log H%'ﬂ'ﬂ,” < log|H'| from
(5). Therefore,

<log |H/|. (7

Yy € Vi)

We conclude that:

H(ProjH,(X)\Y)—logHH H,” Z’H Proj,, (X)[Y = y) logHH T B

¢ > O p log |[H]) - P

< 5 Prw)+ Y (log|H) - Pr(y)
YEV3,~(5) YEY3 A (6)
5 , o ®s ,

= By D) + (lom [H)By (Vi) £ o + (0 [H(0)
0 5
°ta
< 5 + (log[H) Yos([H+1) =

where (a) follows from (6) and (7). (b) follows from the sedotondition of the lemma.
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Now since Proj,,(X) is uniform in H’, we have H(Proj,, (X)) = log|#'|. We conclude that if
Pr~e) (X, Y) >1—~(0) then for every stable partitio®’ of (X', x), we have

‘I(Projy,(X);Y) —log [H] - N A <0,
IH|
which implies that’I(ProjH,(X);Y) — log PR | < 6 since || - |[M]| = |H/| - ||| = |X]. ]

Step 3: Projection channels are easy:

Definition 14. Let ‘H be a balanced partition oft and letWW : X — ). We define the channel
WIH]: H — Y by:
1

WIHIWIH) = > Wyl) = |H‘2Wy\fc
Pro‘]xf(/g):H velt

Remark 6. If X is a random variable uniformly distributed i’ and Y is the output of the channél”
when X is the input, then it is easy to see thgil [H]) = I(Proj,(X);Y).

Theorem 1. Let X’ be an arbitrary set and let be a uniformity preserving operation oli such that/*
is strongly ergodic. LetV : X — Y be an arbitrary channel. Then for any> 0, we have:

1
lim —
n—oo 2™

{S € {—,+}": 3H, a stable partition of( X, /*),

N Hs AH
1]

‘[(WS[H’]) —log [#s|

< ¢ for all stable partitions#’ of (X, /*)}’ =1.

Proof: Let (W,,),, be as in Definition 4. Since is uniformity preserving, it satisfies the conservation
property of Definition 5 (see Remark 1). Therefore, we have:

E[I(Win) W] = SIOW,) + S I(W,) = I(W,).

2 n

This implies that the procegd(1V,,)), is a martingale, and so it converges almost surely. Thezetbe
process(I(W,4x) — I(W,)), converges almost surely to zero, where- 22" 4 scon(/*). In particular,
(I(Wn4x) — I(W,)), converges in probability to zero, hence for evéry 0 we have

lim P[|1(Wir) = I(W,)] 2 €(4(8))| =0,

n—o0

wheree(.) is given by Proposition 2 angl(.) is given by Lemma 3. We have:

B[11(Waes) ~ L)) 2 c(1(9)] = GsplAusl.

where A, = {(s,s’) e {—, +V" x {— 4} I W)y — (W] > 6(7(5))}. Define:

B = {s € ooy V) — 1) 2 e(r(9)

where[k]~ € {—, +}* is the sequence consisting fminus signs. ClearlyB,, . x {[k]"} C A, and so

[Bugl < |An il Now sincelim ——— |4, | = lim IP’[|]( Wiir) — I(W,)| > €(y (5))} — 0, we must have

oo 21 +k
1
lim |B,x| = 0. Therefore, lim —|B,x| =2 x 0 =0 and so0 lim —|B o = 1.
n-ro0 Qn+k n—00 n—o00 2
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.LetUy,...,Uy_, be2* independent

Now suppose that € B¢, i.e.,|I(WHD) — [(W#)] < ( (6))
J < k, define the sequendg;y, ..., U; o4

random variables unlformly dlstrlbuted ii. For everyO
recursively as follows:

o Uy; =U; for every0 < i < 2%,

. For every0 < j < k and every0 < i < 2%, defineU,,,; as follows:

U . U * U ip2k—i—1 if 0<7¢mod 2k < Qk‘*j*l’
e Uj,z |f 2kij71 S Z mod 2k7j < 2k7j_

Since * is uniformity preserving, it is easy to see that for everx i < k, the 2 random variables
Ujo,...,U;jox_; are independent and uniform k. In particular, if we defineX; = U ; for 0 < i <
2% then X, ..., Xox_; are 2¥ independent random variables uniformly distributedtn Suppose that
Xo, ..., Xoc_; are sent througl* independent copies of the chani&l® and letY, ..., Yy, ; be the
output of each copy of the channel respectively. Cledtly, Y;)o<;<o+ are independent and uniformly
distributed inX x ). Moreover, [(W?) = I(X;;Y;) for every0 < i < 2%, In particular, I(W*) =
I(Xo;Yo) = H(Xo)—H(Xo|Yo) = log |X|—H (Xo|Ys). We will show by backward induction dn< j < k
that for every0 < ¢ < 2 we have:

. W=7 is equivalent to the channél, ., —» Y4271

q-2k—J
+1)-2k=7 -1
o Uj’q.Qk—j = g/* (XéqQk )j )

The claim is trivial forj = k. Now let 0 < j < k and suppose that the claim is true fpr- 1. Let
0 < ¢ < 27. From the induction hypothesis we have:

. Wk=i-17) is equivalent to the channél; ; ,,—; — Y20t
k—j—1_

° Uj+1’q.2k,j — g/* (XéQQQI:Fi) 2 1)

« WEF=i=117) is equivalent to the channél;,, (5,4 1).06--1 —

o Ujir,qr1)2r—i-1 = g/ (X((gﬁif; )
Now sinceU, 1 gor—i = Uj gon-i * Uj ag41).26-5-1 @NA Ui q (2g41).20-5-1 = Uj (2441).2v-5-1, it follows that
Wlk=7) = (Wek--17))~ s equivalent to the channél, ., — Y(gjlj” -1 (see Remark 1),
Moreover, we have

(g+1)-2F—7 -1
Y(2q+1)-2k*—j—1'

U]qQk i = U]+1q2k J/ J,(2¢+1)-2k—3—-1 — U]+1q2k J/ j+1,(2g+1)-2k—3—-1
. (2g+1)2F=9=1 1y /x (q+1)-2F=7—-1y (g+1)-2F=7 -1
=9/ (X qu J )/ g/ (X(§q+1)~2kfjfl) =9/ (quQk J )

This terminates the induction argumen£ and so the claimuis fior all0 < 5 < k. In particular, forj = 0
andg = 0, we havel, = Uy = g,-(X3 ") and W) is equivalent to the channél, — Yy .
Thus,

LWEWD) = 1(U Y7 ) = H(Uo) = H(Uo|Yy ") = log |X| — H(Up| Y7 ).

Hence
H(W D) — 1(W*) = log|X] — H(Us|Yy" ™) — log || + H (Xo|Yo)
@ H(Xo|Yo) = H (g (X5 HI¥E ),
where (a) follows from the fact thdf, = g, (ng‘l). We conclude that
[H (g/-(X3 HIYG ™) = H(Xo|Yo)| = [TWSHD) — 1(W7)] < €(v(6)).

Proposition 2, applied to/*, implies the existence of a stable partitidd; of (X,/*) such that
P, ~6)(Xo,Yo) > 1 —~(5). Now Lemma 3, applied tg*, implies that for every stable partitioK’
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of (X, /), we have’I(WS[”H’]) “log W) _ ) I(Proj,, (Xo); Yo) — log W’ < 6. But this

is true for everys € By, ,. Therefore,B;; , C D, whereD,, is defined as:

D, = {s € {—,+}" : IH, a stable partition of X', /*),

s| - s AH .
’[(WS[H’]) — log [#s| ||||77_-f/” idl < ¢ for all stable partitions4’ of (X, /*)}.
. .1 .1
Now since lim 2—|B;k\ =1andB¢, C D,, we must havelim 2—\Dn\ = 1. [
n—oo 2™ ’ ’ n—oo 2™

Corollary 1. Let X be an arbitrary set and lek be a uniformity preserving operation ok such that
/* is strongly ergodic, and letV : X — ) be an arbitrary channel. Then for any> 0, we have:

1
lim —
n—soo 2N

{S e {—,+}" : 3K, a stable partition of( X', /*),

[1(W*) = log [ H,]| <,

I(WP[H,]) — log [H,|| < 5}‘ = 1.

Proof: We apply Theorem 1 and we consider the two particular casesefl = {{z} : = € X'}
andH’ = H,. [ ]

Remark 7. Corollary 1 can be interpreted as follows: In a polarized anel W*, we havel(W?) ~
I(W*5[H,]) =~ log |H,| for some stable partitiorH, of (X, /*). Let X, andY; be the input and output of
the channelV*® respectively (IW*[H,]) ~ log |H,| means that’; “almost” determinesProj,, (X;). On
the other hand](W*) ~ I(W*[H,]) means that there is “almost” no other information abalit which
can be determined frorir,. Therefore, W is “almost” equivalent to the channek, — Proj,, (X).

Lemma 4. Let W : X — )Y be an arbitrary channel. If there exists a balanced partitid of X' such
that |7(W) — log |H|| < 6 and [I(W[H]) — log|H|| < &, thenW is 5-easy.

Proof: Let L = |#| and letHy, ..., H, be theL members ofH. LetS = {C c X : |C| =L} and
Sy = {{xl,...,xL} cx € Hy,...,xp € HL} C S. For eachl <i < L, let X; be a random variable
uniformly distributed inH;. DefineB = { X1, ..., X1}, which is a random set taking valuesdh,. Note
that we can se# as a random variable i sinceSy;; C S. For everyx € X, let H; be the unique
element ofH such thatr € H,;. We have:

1 1 (@ 1 1 1 1 1 1

— Ps(C)lpec = —Plre Bl = —PX;,=2|=— —=—  —— = —_

£ 2 Pe(Oteco = Pl € BI = Gl =l = 0 0 = G g ~ T
where (a) follows from the fact that € B if and only if X; = z. Now for eachC' € S, define the
bijection fo : {1,...,L} — C as follows: for eachl < i < L, fo(i) is the unique element i@’ N H;
(so Projy(fc(i)) = H;). Let U be a random variable chosen uniformly{it, ..., L} and independently
from B, and letX = fz(U) (soProj,(X) = Hy). From (8) we get tha is uniform in X.

Let Y be the output of the channdll’ when X is the input. From Definition 1, we have
IWg) = I(U;Y,B). On the other hand[(W[H|) = I(Projy,(X);Y) = I(Hy;Y). Therefore,
IWg) = I(U;Y,B) > I(U;Y) @ I(HyY) = I(W[H]) (Q log L — 0, where (a) follows from the
fact that the mappinge — H, is a bijection from{1,..., L} to 4 and (b) follows from the fact that
|I(W[H])—log |H|| < 6. We conclude thalV is §-easy sincd (W) > log L—4 and|I(W) —log L| < §.

u

(8)

Proposition 3. If x is a uniformity preserving operation on a s&tand /* is strongly ergodic, ther is
polarizing.
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Proof: We have the following:

« We know from Remark 1 that sinceis uniformity preserving, it satisfies the conservationgany
of Definition 5.
« The polarization property of Definition 5 follows immedigtdrom Corollary 1 and Lemma 4.

Therefore, is polarizing. [ |

Theorem 2. If x is a binary operation on a set’, thenx is polarizing if and only ifx is uniformity
preserving and/* is strongly ergodic.

Proof: The theorem follows from Propositions 1 and 3. [ ]

IV. EXPONENT OF A POLARIZING OPERATION
In this section, we study the exponent of polarizing opereti

Definition 15. Let W be a channel with input alphabet and output alphabed. For everyz, 2’ € X,
we define the channél’, ., : {0,1} — Y as follows:

W(y|z)ifb=0,
We b) = .
- 1o) {W(y|x’) if b= 1.

The Battacharyya parameter betweerand 2’ of the channell/ is the Bhattacharyya parameter of the
channelW, ,.:

Z\/Wm (Y0)Wawr (1) = Y VW (yla)W (y]2").

yey yey

It is easy to see that < Z(W, /) < 1 for everyz, 2’ € X. Moreover, ifx = 2’ we haveZ (W, /) =
Z(W,.) =1
If |X| > 2, the Battacharyya parameter of the chan#iélis defined as:

1
Z(W) = R > Z(Wew).

(z,2)eXxX
oAz’

We can easily see that< Z(IW) < 1.

Proposition 4. The Bhattacharyya parameter of a chanm®l: X — ) has the following properties:

1) ZW)Y*<1-— 1£§|VX)|'
2) 10) 2 108 1 3707

3) 1 ZW)2 <P (W) < (|X] — 1)Z(W), whereP.(W) is the probability of error of the maximum
I4kellhood decoder ofV for uniformly distributed input.

Proof: See Appendix B. [ |

Remark 8. Proposition 4 shows thaf (17') measures the ability of the receiver to reliably decode the
output and correctly estimate the input:

« If Z(W) is low, the inequalityP. (W) < (|X| — 1)Z(W) implies thatP.(W) is also low and the
receiver can determine the input from the output with higbbability. This is also expressed by
inequality 2) of Proposition 4: itZ (W) is close to 0,/(W) is close tolog |X|.

. If Z(WW) is close to 1, inequality 1) of Proposition 4 implies thigl?’) is close to 0, which means
that the input and the output are “almost” independent andtss not possible to recover the input
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reliably. This is also expressed by the inequalityiV’) >
be too low.
SincelV, ., is the binary input channel obtained by sending eithesr 2’ throughW, Z(W, ,,) can be
mterpreted as a measure of the ability of the receiver tdimtigiish betweerr and z’: if Z(W )~ 0,

the receiver can reliably distinguish betweemndz’ and if Z(W, /) ~ 1, the receiver cannot dlstlnguish
between: and z'.

Z(W)?:if Z(W) is high,P. (W) cannot

o | =

Notation 6. Let 2,2’ € X and lets € {—,+}". Throughout this section,V; , denotes(\W?*), ... The

" ox,x!

channelV; , should not be confused wﬂﬂWM) which is not defined unless a binary operation on
{0,1} is speC|f|ed

1
Lemma 5. For everyuy, uj, v € X, we haveZ(W, ) > mZ(Wul*v,u’l*v)
Proof:
Z(W, u1 ul Z \/W (Y1, y2lur)W = (y1, yaluy)

Y1,Y2€Y

1
= Z Z Ww(yﬂul U)W (y2lu2) W (yr|uh * up) W (yalus)

y1,y2€Y \| uz,ubeX

v

‘7 > VW (yilug * 0)W (ol o)W (g1 |ul % 0)W (yalv)
y1,92€Y

1

|X| Z W<y2|v)\/W<yl‘u1 * ,U)W(yl‘ull * U)

y1,Y2€Y

1
|x| > VWylu x )W (gl +v) = T 2 W)

Y€y

1

X

Lemma 6. For everyu,, u) € X, we haveZ(W,’ ) = > Z(Warsus s Z(Wag ut)-

U1EX
Proof:

Z<W1j;u2>: Z Z \/WJr<y17y27u1|u2)W+(yl7y27ul‘ul2>

y1,y2€Y u1 €X

= \/| W (1 |ur * ug)W (y2|ug)W (y1|ug + uh) W (y2|us)
Y1, yzeymek'

Z > VW (yrfug  ug)W (g [uy s uh) /W (ya|ua) W (yaluh)

ulEX Y1,Y2€Y
|X| Z uykuz ul*uQ)Z(WuQ,u’Q)~
ulEX

[ |
Notation 7. If W is a channel with input alphabet’. We denotemax Z(W, /) and min Z(W, )

' eX r,2'eX
J:;éx oAz’
BY Zmax (W) and Z,in (W) respectively. Note that we can also exprégs, (W) as min Z(W, /) since

r,2'eX
Zmin(W) <1landZ,,.(W)=1 for everyz € X.
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Proposition 5. Let « be a polarizing operation o', where|X'| > 2. If for everyu,, u, € X there exists
u; € X such thatu, x uy = uy * u}, thenE, = 0.
1 'n
Proof: Let 5 > 0 and0 < ' < 3. Clearly, 1 (2*2’3 ) > 272" for large enough. We have:
. For everyuy, u, € X satisfyinguy # u), let u; € X be such thatu; * uy = uy * u). Lemma 6
: : 1 1
implies thatZ(W;’ué) > —Z(Warsupursuy) Z(Wag ) = Z(Wag ) SINCEZ(Woy s uyr,) = 1.

|X| . [x] )
Therefore,Z,,,..(W') = ZWF ) > — Z(Wy o) = 7 Zmax(W
(W) R ( x,x)_|X|%SgI§( (Wear) = 731 Zmax(W)
« By fixing v € X, Lemma 5 implies that
T (W) = maxx Z(W2,) > — max Z(Wossarne) @ o max Z(Waar) = — Zinas (W)
max = max T nax zxv,x’xv) — T, MaX z,x') = T4, “max )
r,x'eX |X|x:v€X ’ |X|x:v€X ’ ‘X‘
z#z xAT x#z

where (a) follows from the fact that is uniformity preserving, which implies that
{(xxv, 2’ xv): w2’ e X, 242} ={(z,2)): z,2 € X, v #2'}.
By induction onn > 0, we conclude that for every € {—, +}" we have:

1

ZmaX(WS) |X|n maX(W) = Wzmax(w)'
If Z(W) > 0 we haveZ,..(W) > 0, and
Zmax(W
Z(WS) ZmaX(WS) ( )

X)X 1) | &[] = 1) - (2r)les2 ¥

which means that the decay B{117*) in terms of the blocklength™ can be at best polynomial. Therefore,
for n large enough we havg(IW¢) > 2-2"" for everys € {—, +}".

Now let 0 = ilog|X| — log(|X| —1) > 0 and letWW be any channel satisfyinpg |X| —d <
I(W) < log |X| (we can easily construct such a channel). Sihdd") < log |X|, Proposition 4 implies
that we haveZ (W) > 0. Let W, be the process introduced in Definition 4. Sinces polarizing, we have
P[W,, is 5-easy > 3 (i.e., 5x|{s € {—,+}": W*isé-easy| > 3) for n large enough. On the other hand,

. . 1
sincex satisfies the conservation property, we hBY&(W,,)] = on Z I(W?*)=I(W) > log |X|—
se{—,+}"
Therefore, we must hav[/(W,,) > log |X| — 26] > 1 and so forn large enough, we have

. 1
P[I(W,) > log|X| — 26 andW,, is 6-easy > T

Now supposes € {—,+}" is such thatiV* is -easy and/(W*) > log|X| — 20, and letL and B be
as in Definition 1. We havé (W?*) — log(|X| — 1) > 3§ — 26 = § and so the only possible value fér
is |X|. But since the only subset of of size|X| is X, we haveB = X with probability 1. Therefore,

Wj is equivalent toWS which means thaZ (W3) = Z(W?*) > 2~ 2" Now Proposition 4 implies that
P (Wg) > 1 (2 23”) > 272" and solW* is not (§,2°")-easy. ThusP[W, is (4,272 )-easy < 3 for
n large enough.

We conclude that no exponent> 0 is x-achievable. Thereforey, = 0. [ |

Remark 9. Consider the following uniformity preserving operation:
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(*O0[1]2]3]

0(13[3[3|3
110(1/0]0
211/0|1|1
312(2|2|2

It is easy to see that* is strongly ergodic on s& is polarizing. Moreover; satisfies the property of
Proposition 5, hence it has a zero exponent. This shows tigaexponent of a polarizing operation can
be as low as 0.

The following lemma will be used to show that, < % for every polarizing operation.

Lemma 7. Let x be a uniformity preserving operation oti and leti be a channel with input alphabet
(sl =+ 121"

Zmin<W) _

T , Where|s|

(resp.|s|™) is the number of- signs (resp-+ signs) in the sequence

X. For everyn > 0 and everys € {—, +}", we haveZ,;,(W?) > (

Proof: We will prove the lemma by induction on > 0. If n = 1, then eithers = — or s = +. If
s =—, letv e X. We have:
_ ‘s‘+
) B . B (a) ' 1 O [ Znin (W) (Isl=+1)2
Zmin(W ) == Zmin(W ) == ull,l;tl’ilelX Z(Wul,u’1> Z UIIEiIGlX mZ(WuI*U,u’l*v) 2 (T) )
) (9)
where (a) follows from Lemma 5 and (b) follows from the facattls|~ 4 1)21*" = 2 since|s|” = 1
and|s|" =0 whens = —.
If s =+, we have:
ZinW?®) = Zpin(WH) = min Z(W"' ) ¢ L > zw, VZ Wyt )
min = Z/min = ugIEéIélX ug,uly) = ugnqi’lIelX |X| —~ UTHU,UT U uz2,ub
ul
_ +
O [ Zin(W)\ 12
zAMWVzCT%J) : (10)
where (a) follows from Lemma 6 and (b) follows from the facattlis|~ + 1)2s/" = 2 since|s|” = 0

and |s|" = 1 whens = +. Therefore, the lemma is true far= 1. Now letn > 1 and suppose that it is
true forn — 1. Let s = (s, s,) € {—, +}", wheres’ € {—, +}""! ands,, € {—, +}. From the induction

: Znin(W) ('~ +1)2' 1"
hypothesis, we havé&,;,(W*) > (“TIT) .

If s, = —, we can apply (9) oiV*' to get:
o=+ 12l L (|12
1 , 1 [ Zin (W) U172 Zin(W)
Zmin(W?) > 5 Zin(WF) > o <7) > |
| X | X | X | X

1| — Sl + —_ S +
N <Zmin(W) ) (¢'] +2)2‘ \ B (Zmln(W)>(s| +1)2\ |
| X | X '

If s, =+, we can apply (10) oV’ to get:

/‘+

- st
Zmin(W))('s o

Zunan (W) ) 207402
5 (*5r)

Zmin(WS) Z Zmin(I/I/SI)2 Z (
||

ols|t

= st -
_<%ﬂwgw*m“_<%ﬂwqw+”
] ]
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We conclude that the lemma is true for every- 0. [ |
Proposition 6. If x is polarizing, thenE, < %

Proof: Let 3 > £, and let < 3’ < . Lete > 0 be such thafl — ¢) log | X| > log | X| — 6, where
6 = 3|X| - 3(]X| —1). Lete ¢ X and consider the chann@l : X — X U {e} defined as follows:

1—¢ ify=unx,
Wiylz) = Q€ ify=e,
0 otherwise

We havel (W) = (1 —€)log |X| > log |X| — 0 and Z(W, ,») = € for everyz, 2’ € X such thatr # 2/,
and thusZ,,;,(W) = e. We have the following:

. Since’ > 1, the law of large numbers implies th%% Hs e{—,+}":]s|" < ﬁ’n}} converges to
1 asn goes to infinity. Therefore, fon large enough, we hav<2-)15|Bn| > g where
B, ={se{—,+}":|s|" <Bn}.
. Since Y I(W®) =2"I(W) > 2"(log|X| — &), we must have21—n|Cn| > % where
s€{—,+}n

Cn={se{— +}": I(W?) > log|X| — 26}.
« Sincex is polarizing, we have21—n\Dn\ > g for n large enough, where
D, ={se{—,+}": W*isd-easy.
We conclude that for large enough, we hav2elg|An| > i where

A,=B,NC,ND, ={se{—+}": |s|T <Bn, W*isjs-easy and (W*) > log|X| — 25}

Now lets € A,. Let L and B be as in Definition 1. We havé(W#) — log(|X| — 1) > 3§ — 26 = 6 and
so the only possible value far is |X'|, and since the only subset &f of size|X| is X', we haveB = X
with probability 1. Therefore|V/; is equivalent tol/*. Thus,

s|— \5\+ n 1)2[3/n
s s . (a) Zmin<W) (Is|~+1)2 (b) c (n+

where (a) follows from Lemma 7 and (b) follows from the facatths|~ < n and|s|™ < p'n for

s € A,, and from the fact tha¥,,;,(W) = ¢ which was proved earlier. Now Proposition 4 implies that
1/ € 2(nt1)27" 1/ € 2n+1)2°" 8

- — . On the other hand, sinc® < /3, we have- [ — > 272" for
4 <|x|) W<h 4 (IX |>

n large enough. Thereforéd)’® is not (§,27°")-easy ifs € A, andn is large enough. LetV, be the
process introduced in Definition 4. Ferlarge enough, we have

P (W) >

. n 1 1 3
P[W, is (6,272 )-easy <1— —|A,|<1-- =",
2n 4 4
We conclude that every exponefit> % is not x-achievable. Therefordy, < % [ |

Corollary 2. If x is a quasigroup operation, thef, = 1.
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Proof: The quasigroup-based polar code construction in [7] shbasdverys < % is ax-achievable
exponent. Thereforefy, > % On the other hand, sinceis polarizing, Proposition 6 implies thdt, < %
Therefore,E, = 3. [ |

Conjecture 1. If % is a polarizing operation which is not a quasigroup operatithenE, < 1.

Conjecture 1 implies that quasigroup operations are theé foaarizing operations. Therefore, if the
conjecture is true and we are looking for good polar code$ \atge blocklength, it is sufficient to
consider quasigroup operations.

V. POLARIZATION THEORY FORMACS

Definition 16. Let W : X} x ... x X,, — Y be anm-user MAC. LetXY = X} x ... x X,,. The
single-user channel obtained frol is the channel/’ : X — Y defined byW’(y\(xl, e ,xm)) =
W(y|xy, ..., x,) for every(zy,...,x,) € X.

Notation 8. LetW : &} x...x X, — Y be anm-user MAC. Let, ..., *,, bem ergodic operations on
A1, ..., X, respectively, and let = x; ® ... ® %,,, which is an ergodic operation o' = X} x ... x X,,.
Let H be a stable partition of X', ). W[H] denotes the single user chanriél'[#] : H — ) (see
Definition 14), wherd?" is the single user channel obtained frdi.

Lemma 8. Let W : A} x ... x &, — Y be anm-user MAC. Letx, ..., x,, bem ergodic operations
on Xy, ..., &, respectively, and let = x; ® ... ® %,,. If there exists) > 0 and a stable partitiori{ of
(X, ) such that|I(W) —log |H|| < § and |I(W[H]) —log |H|| < &, thenWV is a §-easy MAC. Moreover,
if we also haveP. (W [H]) < ¢, thenW is a (4, ¢)-easy MAC.

Proof: Let (#;)1<i<m be the canonical factorization off (see Definition 18 of Part | [1]). Let
L = |H|. For eachl < i < m let L; = |H;| and defineS; := {C; C &, : |C;| = L;}. We have
L=1L,---L,, (see Proposition 10 of Part | [1]). Moreover, we have

[I(W) —log L| = |[I(W) —log |H|| < é. (11)

Now for eachl <i <mlet H;,,..., H; , be the elements of;, and for eachl < j < L, let X, ; be
a uniform random variable i, ;. We suppose thak, ; is independent fronX,, ; for all (¢', j") # (4, 5).
DefineB; = {X;1,...,X; .} which is a random subset &f;. Clearly,|5;| = L; since each¥ ; is drawn
from a different element ot{;. Therefore,B; takes values irf5; and 34, ..., 3,, are independent.

For eachl <i¢ <m and eachr; € X}, let j be the unique index < j < L, such thatr; € H, ;. Since
we are sure that; ¢ H, » for j' # j, thenz; € B; if and only if X; ; = x;. We have:

1 1 (@ 1 1 1 1 1 1
C;S Li L i Li [Higl Ml Ml |G

where (a) follows from the fact that, € B, if and only if X, ; = z;.

Now for eachl < i < m and eachC; C S, let fic, : {1,...,L;} — C; be a fixed bijection.
Let 71,...,T,, be m independent random variables that are uniform{in..., Ly}, ..., {1,..., L}
respectively, and which are independentt ..., B,,. For eachl < i < m, let X; = f, 5 (7;). Send
Xi,...,X,, through the MACIWW and letY be the output. The MATY, ..., T, — (Y, B1,...,Bn)
is equivalent to the MACIWg, . 5, (see Definition 2). Our aim now is to show thatWg,  g5,.) =
I(Ty,...,Tn;Y,B1,...,B,) >log L —§, which will imply that W is j-easy (see Definition 2).

We havel(T\,...,T,;Y,B:,...,B,) = H(T\,...,T,,) — H(Ty,...,T,|Y,B1,...,B,). Now since
H(Ty,...,T,) = HT\) + ...+ H(T,,) = log Ly + ... +1log L,,, = log L, it is sufficient to show that
H(T|Y,B) < ¢, whereT = (T4,...,T,,) andB = (By,...,B,,) € S1 X ... X Sy
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Now for eachl < ¢ < m and eache; € X;, we have:

Py, (1) = Plfi s, (T}) = 2;] 2 > Plfic,(Ty) = z)Ps,(Cy)

C;eS;: x;€C}
®) 1 1 0 1
C;€8;: x;€C; ¢ C,€S; ? 1

where (a) follows from the fact thaf; -, (7;) € C; and so ifz; ¢ C; then there is a probability of zero
to havef; ¢, (T;) = x;. (b) follows from the fact thaf; is uniform in {1,..., L;} and f; ¢, is a bijection
from {1,..., L;} to C; which imply that f; ,(T;) is uniform in C; and soP[f; c,(T;) = x;] = |Clz~| = Li
(c) follows from Equation (12). ThereforeY := (X1,..., X,,) is uniform in X since Xy, ..., X,, are
independent and uniform A7, ..., X, respectively. This means that

I(W[H]) = I(Projy(X);Y) = H(Projy (X)) — H(Projy,(X)|Y) = log [H| — H(Proj(X)[Y).
Moreover, we havel (W [H]) — log |H|| < § by hypothesis. We conclude that

H(Proj, (X)|Y) < 6. (13)

For eachl <i <m, letSy, = {{z1,...,x1,}: z; € H;;, V1 < j < L;} be the set of sections 6{;
(see Definition 19 of Part | [1]). By constructioBs; takes values irSy,. Now define

SH:{Clx...me: 01€SH1,...,Cm€SHm}.
For eachC =C; x ... x C,, € Sy, definefo: {1,..., L1} x...x{1,...,L,} — H as

fe(t, ..o tm) = Projy (fre, (t1), - s fmcm (tm)),

Since(,,...,C,, are sections of{y,...,H,, respectivelyC = C, x ... x C,, is a section ofH (see
Proposition 10 of Part | [1]). Therefore, for evefy € H, there exists a unique = (z1,...,2,) € C
such thatd = Projy(x). This implies that there exist unique € {1,...,L;}, ...t € {1,..., Ly}
such thatfc(t,...,t,) = H. Therefore,fc is a bijection from{1,... . L} x ... x {1,...,L,,} to H.
Now since f¢ is a bijection for everyC' € Sy and sinceB3; x ... x B, takes values i3, we have

H(T|Y,B) = H(fs,..x8,(T)|Y,B) = H(Projy, (f1.5.(T1), -, fmn(T))|Y, B)
= H(Projyu(X,... ,Xm)}Y, B) = H(Proj,(X)|Y, B) < H(Proj;(X)]Y) @ o

as required, where (a) follows from (13). We conclude thais /-easy.
Now suppose that we also halke(W[H]) < e. Consider the following decoder for the MAW; =
WB1 ..... Bm:

« Compute an estimaté/ of Proj; (X) using the ML decoder of the channil[#].
. ComputeT = fz' 5 (H).
The probability of error of this decoder is:

P[T # T) = PH # fo,%. x5, (T)] = P[H # Projy, (f1,6,(T1), - -, .5, (T))]
= P[H # Proj, (X1, ..., Xm)] = P[H # Proj, (X)] = P.(W[H]) < e.

Now since the ML decoder offz minimizes the probability of error, we conclude tHat(Wy) <

[

Therefore,lW is a (9, ¢)-easy MAC. n
Theorem 3. Letx, ..., *, bem binary operations o}, . . ., X,, respectively. The sequengs, ..., *,,)
is MAC-polarizing if and only ik, ..., *,, are polarizing.

Proof: Suppose thatx, ..., ,,) is MAC-polarizing. By Remark 5%, ..., x,, are polarizing.
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Conversely, suppose that, ..., %, are polarizing. Theorem 2 implies tha{, ..., x,, are uniformity
preserving and*!, ..., /* are strongly ergodic. Now Theorem 5 of Part | [1] implies tkta¢ binary
operation/** ® ... ® /* is strongly ergodic. By noticing that*®-®*» = /*1 @ ... ® /*~, we conclude
that /* is strongly ergodic, where = x; ® ... ® *,,.

Now letWW : X} x...x X, — ) be anm-user MAC. LetY = X, x...x X, and letW’ : X — Y
be the single user channel obtained fréfh(see Definition 16).

For eachn > 0 and eachs € {—,+}", let W’* be obtained fromi¥’" using the operation (see
Definition 3), and letiV® be obtained fromi?/ using the operations, ..., *,, (see Definition 7). Now
since /* is strongly ergodic, then by Corollary 1, for ady> 0 we have:

! {s € {—,+}" : 3H, a stable partition of( X, /*),

[I(W") —log | M| < 6,

I(W"[H,)) — log [H]| < 5}' —1.

It is easy to see thdl/”* is the single user channel obtained fré#v. Therefore,/(W*) = I(W’) and
I(W*[H]) = I(W's[H]) (by definition). Therefore,

1
lim —
n—oo 2N

{S € {—,+}" : IH, a stable partition of( X, /*),

[1(W*) = log [ M| <,

I(Wo[H,]) — log ||| < 5}‘ = 1.
Now Lemma 8, applied tg*, ..., /*, implies that:

: 1 n S 3
nll_)rglo2—n‘{8 € {—,+}": Wisds-easy| = 1.
Therefore, (x4, ..., *,,) satisfies the polarization property of Definition 9. On thé&est hand, since
%1, ..., %, are uniformity preserving, Remark 3 implies thaf, . . . , x,,) satisfies the conservation property
of Definition 9. We conclude th&t«, .. ., ,,) is MAC-polarizing. [ |

Proposition 7. Let x4,...,*, be m binary operations onty, ..., X, respectively. If(xy, ..., *,,) is
MAC-polarizing, thenE,, .. < E. e g, <min{E,,...,E, } < 3.

-----

Proof: Definex = x| ® ... ® *,,. Let W : X} x ... x X,, — Y be anm-user MAC and let
W' . X — Y be the single user channel obtained fréth Note that every MAC polar code for the
MAC W constructed usingx,...,x*,) can be seen as a polar code for the chan#élconstructed
using the operatiorn. Moreover, the probability of error of the ML decoder is tlare. Therefore, every
(%1,...,%y,)-achievable exponent is-achievable. Hencef,, ., < E..

Now let X = &} x ... x &,,,. For eachl < i < m and each single user chanrié|, : X; — Y

with input alphabett;, consider the single user chani&l: X — ) with input alphabett defined as
W (y|(z1,...,2m)) = Wi(ylz;). Let (W;,)as0 be the single user channel valued process obtained from
W; using the operatior; as in Definition 4, and letW,,),.>o be the single user channel valued process
obtained fromi¥ using the operation as in Definition 4. It is easy to see that for evéry- 0 and every
e >0, W, is (0,¢)-easy if and only ifi¥,, is (4, ¢)-easy. This implies that eackachievable exponent

is *;-achievable. Thereforey, < FE,, for everyl < i < m, henceE, < min{F,,,..., E, }. Now from
Proposition 6, we havenin{E,,,...,E,, } < 1. |
Proposition 8. If x4,..., x,, are quasigroup operations, thefi,, . = %

Proof: Let x = #; @ ... ® x,, thenx is a quasigroup operation. Lét< ' < 1. LetW : X} x ... x
X,, — Y be anm-user MAC. DefineX = X} x ... x X, and letW’ : X — ) be the single user
channel obtained froni/’. For eachn > 0 and eachs € {—,+}", let W’ be obtained fromiV’ using
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the operation: (see Definition 3), and letl* be obtained fromiV using the operationsg,, ..., *,, (see
Definition 7). From Theorem 4 of [10], we have:

1
lim —
n—oo 21

{S e {—,+}": 3IH, a stable partition of X, /*),

[I(W") — log | H|| < 6,

I(W’s[%s]) — log |’HS|’ < 4, Z(W/S[HS]) < 2—25%}’ 1

On the other hand, we hatte(W”*[H,]) < (|H|—1)Z(W"[H,]) < (|X|—1)Z(W"[H,]) from Proposition
4. Therefore,

1
lim —
n—oo 2N

{S € {—,+}": IH, a stable partition of X, /*),

[ I(W"™) —log | M| <6,

TOV*[3) = log ]| <, BL(WEILD < (14 - 02 # )| <1
It is easy to see thaltl’”* is the single user channel obtained fram’. Therefore,/(W?*) = I(W"),
I(W*[H,]) = I(W"[H,]) (by definition) andP.(W*[H,]) = P.(W"[H,]). On the other hand, we have

(|X| —1)22"" < 272°" for n large enough. We conclude that:

an {5 € {—,+}": IH, a stable partition of X, /*),

[1(W*) — log ||| < 0,

[(W[H.]) — log |Ha]| < 6, P(W*[H,]) < 22‘3”}’ — 1.

Now since /* = /" ® ... ® /* and since/* is ergodic (as it is a quasigroup operation) for every
1 <7< m, Lemma 8 implies that:

. 1 n S 3 —9oBn
1};12027\{3 ef{— +}": Wois(5,27%")-easy}| = 1.
We conclude that every < g < % iS @ (*,...,*,)-achievable exponent. Thereforg,, ., .
the other hand, we havg,, . ., < 3 from Proposition 7. Hencé&,, =1 |

777777777 *m 2

Corollary 3. For everyd > 0, everys < 3, every MACW : X; x ... x X,, — Y, and every quasigroup
operationsxq, ..., *,, on X, ..., &, respectively, there exists a polar code for the MACconstructed
using 1, ..., *, such that its sum-rate is at least\¥’) — 9 and its probability of error under successive
cancellation decoder is less that”, where N = 2" is the blocklength.

VI. CONCLUSION

A complete characterization of polarizing operations isvated and it is shown that the exponent of
polarizing operations cannot exceédTherefore, If we wish to construct polar codes that havetsebe
exponent, we have to use other Arikan style constructioaisaie not based on binary operations. Korada
et. al. showed that it is possible to achieve exponents tteteel; by combining more than two channels
at each polarization step [15].

The transformation used in [15] as kernel is linear. Presetaml. showed that nonlinear kernels can
achieve strictly better exponents than linear kernels.[A8] important problem, which remains open, is
to find a characterization of all polarizing transformatian the general non-linear case. A generalization
of the ergodic theory of binary operations that we develope®art | [1] is likely to provide such a
characterization.
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APPENDIX A
PROOF OFPROPOSITIONZ2

Let (X, Yi)o<i<o+ be a sequence af random pairs that satisfy conditions 1) and 2) of Propasiflo

Notation 9. For every sequence = (z;);<,.o+ Of 28 — 1 elements oft, define the mapping, : X — X
as mx(z9) = g.((z0,x)) for all zy € X, where (z,,x) is the sequence df* elements obtained by
concatenatingr, and x. Note thatr, is a bijection sincex is uniformity preserving. Define:
o py(z) == Px,v(z|y) for everyzr € X and everyy € Y. Note thatp,(z) = Px,y,(z|y) for every
0 < i< 2* since(X;,Y;) and (X,, Yy) are identically distributed.
o Pyox() 1= py, (1 (2)) for everyz € X, everyy, € Y and every sequence= (z;);<jor € X271,
o For everyx = (1;)1<;-0 € X* 71, and everyy? ' = (y,)1<;.00 € V¥, define

2k 1

k
py%kfl(x) = U Py (i) = sz Hy2h- L(xlyt 7).

. . v 1
Fix v > 0 and lety = )
" K mm{w 11 (2 +2)|X|}

Notation 10. Define:
C = {yg ey ivxex? vk e A%
(1) 277 and p e () 277 7) = by — Droloe < 7'}
Lemma 9. There exists(y) > 0 such that it/ (¢.(X2 Y)Y 1) < H(X,|Yp) + ¢(7), then

P (C)>1—~%

2k _1
Yy

Proof: For everyz € X and everyy2 ~' € Y, we have:

k
P g (X2 Y|y~ 1<37‘y2 1)

ok _1 2k 1
= Z H Dy; (xl) = Z Z H pyz xl Dy, $0)
TQ,..., JJQk_leX: i=0 xeXQk_l7 ToEX:
g*(mgkil):x x:(m')1<i<2k g*(($0,x)):1‘
= D ™ Y pele) = D) e (X)p(r(2)
xex2k-1 ToEX: xex2k—1
wx(x0)=x
= D P (X)pyx(@):
xeXx2k-1

Therefore, for every? ' € Y we have:

k
P (sz 1)\Y2k 1 llf\yQ 1 Z p 2’C 1 pyox( ) (14)

xex2k-1

Due to the concavity of the entropy function, it follows fraii¥) that for every sequen@%k‘1 %
we have:
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H(g*(XQk 1)‘Y2 -1 ygk 1)

Z p 2’C 1 pyox : Z p 2k 1 pyo) H(pyo) :H(XOD/OZyO)?
XEX2k 1 xeXx2k-1

(15)

where (a) follows from the fact that the distributipp,  is a permuted version of the dlstrlbutltmo,
which |mpI|es thatp,, x andp,, have the same entropy Nowyﬁ € C¢, there existx € X%~ and
x' € X¥~! such thatp 2k (x) > 42 ,p 2k (x') > 1 and ||py, x — Pyox|lse > 7. Therefore, due
to the strict concavity of the entropy functlon it followsoim (14) that there existg(y’) > 0 such that:

Hg- (D =) 2 (3 s H ) ) + () = HXolYo = yo) +€(7). (16)
xex2k-1

Moreover, since the space of probability distributionsXérnis compact¢’(7') > 0 can be chosen so that
it depends only ony’ and |X|. We have:

H (0.0 DY)
= Y H O = R )

2k 1
Yo eC
+ Z X2’€1’Y2k1 QkIIP’ 2k 1
9* Yo ) y2h- (o )
yzl€ lece
(a) _ _
> Y HXoYo=w0)Pas(us D+ D (HXolYo=y0) + (7)o )
yﬁ’“‘lec ygk_lecc

= (X HXYo = go)Paa () + ()P (€)= H(XolYo) +€/(7)B s (CF),

k_
y2 ' Tley?h-1

where (a) follows from (15) and (16). Lety) = e’(v’)y’zk.
Clearly, if H(g.(X3 )|Y& ") < H(Xo|Vp) + e(7), then we must hav@_.._, (C°) < 2", m

In the next few definitions and lemmagy;, Y;)o<;-o+ iS a sequence df* random pairs that satisfy
conditions 1), 2) and 3) of Proposition 2 whetéy) is as in Lemma 9. In particular, we have
H(g. (X2 YY) < H(Xo|Yo) + e(7) and so by Lemma 9 we have, .«_,(C) > 1 — 72", where

0

7' = min 7 L
2%+ 17 (2% +2)|x| |

Notation 11. Define the following:
. For eachy, €, letC,, = {y2 ley?l g tec).
CO - {yO SINZE Pyzk 1<C - ’)/216_1}'
For eachy € ), let A, = {x eX: pyx) >~}
« ForeachD c X, IetyD ={yelY: A, =D}
. A = {DO C X Pyo(yDO) Z ’}/}

We will show later thatA is actually the stable partitiol of (X, x) that is claimed in Proposition 2.

Lemma 10. We have:
. ]P)YO(CO) >1-— ’)//.
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« For everyD, € A there existgy, € C, such thatA,, = D.

Proof: We have

1—’7 < Pyzk 1 Z Py, (v0) yzk i ( yo Z Py, (v0) sz 1(Cyo)

yo€Co yo€C§
(a)
< Py, (Co) + Py (C) (1 — 4271 = 1 — 4271y, (€9),

where (a) follows from the fact thab .«_,(Cy,) < 1 — ~2*=1 for everyy, € CS. We conclude that
Py, (C5) < v/, hencePy, (Cy) > 1 —~. 1
Now let Dy € A. We havePy, (YVp,) > ' by definition. But we have just shown th{, (Co) > 1 —7/,
hencel > ]PYO()/DO U C()) = PYO(yDO) + ]PYO(C()) — Pyo(ypo N C()) > ’}// +1— ’}/ — PYO(yDO N Co), thus
Py, (Yp, N Co) > 0. This implies thatyp, N Cy # ¢. Therefore, there existg € C, such thatd,, = D,.
|

Lemma 11. A4 is an X-cover.

Proof: For everyy, € Y, leta,, = arg max p,,(z). Clearly,Py, (a,,) > = > 7. Thereforeq,, € A,

>
: = Tl
and soA,, # ¢ for everyy, € Y. This means thal, = ¢, hencelPy,(Y,) = 0 < +'. We conclude that
o ¢ A.
Suppose tha# is not anX’-cover. This means thaU Dy # X. Therefore, there existgy € X such
DoeA
that z, ¢ U D, and sox, ¢ D, for every Dy € A. We have:
DocA
1
Ein = Px, (o) Z Py; (Y0)Pyo (20) Z Z Py; (Y0)Pyo (0)
Yo €Y DoCX yo€Yp,
= > > Pywo)pwe(@) + D> D Py (y0)py, (o)
Do€A yo€YpD, DoCX yo€Vp,
DQ%A
(0)
< Z Z PYO(y0)7/+ Z Z ]P)Yo(yo) = Z PYo(yDo)7,+ Z ]P)Yo(yDo)
Do€Ayo€Yp, DoCX yo€Yp, DoeA DoCX
Dog¢ A Do¢ A
(é)]P)Y( U )7’+ > v €y g oty < G NN
B N v N (@ +2)[x] 1A
D0¢.A

where (a) follows from the fact thgtyp, : Dy C X'} is a partition of). (b) follows from the fact that
if Dy € Aandy, € Vp,, thenA,, = Dy € A and soz, ¢ A,, (sincex, ¢ D, for every D, € A) which
implies thatp,,(x¢) < 7. (c) follows from the fact tha{Yp, : Dy C X'} is a partition of)’ and from the
fact thatPy, (Vp,) <+ for every D, ¢ A. (d) follows from the fact that there are at mast! subsets of
X. We conclude that if4 is not anX'-cover, then‘—j(‘ < ‘—j(‘ which is a contradiction. Therefore] is an
X-cover. [ ]

The next three lemmas will be used to show tHats a stable partition.

Lemma 12. Let k = 22 1 scon(x). For everyz € X there exists a sequence= (X:)o<i<k Of length
k such thatX; € A™ for every0 <i < k, andx x X € A",

Proof: Since A is an X'-cover, we can apply Theorem 3 of Part | [1]. Therefore, thexists0 <
n < 22" such thatd™ = (A). Fix z € X andX € A" = (A)k~"* and letA € A be such that: € A.
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Choose an arbitrary sequente = (X;)o<i<, such thatX; € A™ for 0 < i < n. Let B = AxX;. Clearly,
B e A™ = (A).

Sincek = 22" + scon(x) and0 < n < 22!, we havek — n > scon(x). Let 2/ € z * X,. Since
k —n > scon(x), we can apply Theorem 2 of Part | [1] to get a sequelige= (X/)o<i<x—n Such that
X! e (A)* = A+ for every0 < i < k—n, anda’* X, = X. Sincez’ € zx X, C AxX, = B, we have
X =a'%Xy C (vxX))*Xy C BxX,. But bothX and BxX, are elements of4)*~™)* which is a partition,
so we must have3 « X, = X. Now defineX = (X, X;). We haveX =2’ « X, CzxX C Bx Xy = X.
Therefore,z « X = X € A**. [

Lemma 13. For every: > 0 and everyX ¢ A™ there exist2’ setsBy,..., Bsi_; € A such that

2t—1
X = {* ZXG HB} _{g*l‘o,...,l'gi_l)ll‘oGBo,...,ZEQi_lGBQi_l}.

Proof: We will show the lemma by induction oh > 0. The lemma is trivial fori = 0. Take
By =X € A, we get
201

X ={z: xeBo}:{g*(x): x € H)Bj}.

Now leti > 0 and suppose that the lemma is true ferl. Let X € A*, and letX’, X" € AY* be such
that X = X'« X". It follows from the induction hypothesis that there exist' setsB;,..., B}, ,_, € A
and2'~! setsBy,..., B}, , € A such that

2i—1_1

2i-1_1
X = {* :XEEII B} amiX”:{% ): X' € IIZT}

We have:
22 1 1 22’7171
X:X’*X”:{*X’:XG HB'} {* ): x" e HB;’}
j=0
21 1 1 21 1 1
:{g( N x g (x"): X' € HB;-,X”E HB;-'}
j=0
2i-11 2i-11 2i_1
= {9*()(): X € ( H B;) X ( H B;-’)} = {g*(x): X € HBJ},
§j=0 j=0 j=0
where

B, =

J

B if 0<j <201
R’l if 211 < j < 20,
[

Lemma 14. Let X = (X;)o<i<; be a sequence of length> 0 such thatX; € A™ for every0 < i < .
There exist! — 1 setsD,, ..., Dy_; € A such that for every € X, we have

2l—1

:c*%:{ (2,%)) :xezlnlD} { ) : erDl}.

i=1
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Proof: We will show the lemma by induction oh> 0. If [ = 1, the lemma is trivial: If we take
D; = X, € A, then for everyr € X we have

211

vx X ={z*x0: 39 € Xo} = {9.((x,20)) : 70 € D1} = {g*(( x)): x € HDZ}

i=1
Now let/ > 1 and suppose that the lemma is true for 1. Let X = (X;)o<i<; and define the sequence

X' = (X;)o<i<i—1- The induction hypothesis implies the existence2of' — 1 setsD;, .. LDy, e A
such that for every: € X we have

2i=1-1

x*%’:{g*((:c,x')): e 11 D;}.

On the other hand, sinc¥;_; € A% V*, Lemma 13 shows the existencef! setsD/, .. LD, e A

such that
2l=11
Xl*l = {g* . X// € H D//}
Define the2! — 1 setsD,,..., Dy _, € A as follows:
D! if 1<i<2-1,
D; = i ol—1 - !
DY o iF27 <d < 2h

For everyzr € X we have:
2l=1-1 2l=1-1
x*%:(x*%’)*Xllz{g*((x, ) x' € H D} {* ): x" e H Dg'}

2l-1_1 2l—1 2l—1

{pteresier < T 1T} oty <o)

i=20—1

Lemma 15. We have the following:
1) A is a stable partition of (X', ).
2) If Yo € Co and Ayo e A thenyo € yAﬁ(XQ,Yvo).

Proof: 1) Let D, € A. By Lemma 10, there existg, € C, such thatD, = A,. Let q,, =
arg max py, (x). Clearly, py, (ay,) > ﬁ >+ and soa,, € A,, = Dj.
cXx
SlnceA is an X'-cover (Lemma 11), Theorem 3 of Part | [1] implies the existef an integem
satisfying0 < n < 22 and A™ = (A). Moreover, Lemma 12 shows the existence of a sequence
X = (Xi)o<ick SUCh thatX; € A™ for all 0 < i < k anda,, x X € A = (A)F—)*, Let
B =ay *X c A" = (A)k=mx, (17)
Lemma 14 shows the existence ¥f— 1 setsD;, ..., Doy, € A such that

2k 1

B = {g*((ayo,x)) DX E QﬁlDi} {7?,( (ay,): x € H D; } (18)

Define
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SinceDq,..., Dy, € A, we have

2k—1 2k 1

Py oa(Cyy) = I Pv.(0p) = I Pyo(p) = 7>
=1 i=1

On the other hand, singg € Co, we haveP .. ,(C,y,) > 1—~2*~1 from the definition ofC,. Therefore,
IE’>Y2;c 1(CyNC,,) > 0 which implies thaCyomCJO # ¢. Hence, there exists a sequeltge . . ., yox_;) € Cy,

such thatd,, = D, for all 1 <i < 2*.
Now fix a sequence

x' = (7})1<;<ox SUCh that, € D; for all 1 <i < 2", (19)

Let » € n'(B), then there exists’ € B such thatr’ = 7 (z). Now from (18), sincer’ € B, there
exists a sequence = (z;);<;.o+ such thatz; € D; for all 1 <i < 2* anda’ = m(a,,). We have:

o (Yi)o<icor € C siNCE(y1, ..., Yat_1) € Cyy.
. For everyl < i < 2%, we havep,,(z;) >+ andp,,(z}) > +' sincez;,z; € D; = A,,. Therefore,
2k—1

p o (x) = [ pulw) = 2" and similarlyp ., (x) > 72",
Yy - v

From the definition ofC, we get||p,, x — Pyox lleoc < 7" Which implies that|p,, x(z") — py,x (2')| < 7.
Therefore,

|pyo (ayo) pyo ’pyo( ( ,)) — Pyo (W;l(x/))} = |py0,x($/) —pyo,x/($/)| <7
We conclude that
Vi € m, (B), |pyo(ay,) — pyo()] <7, (20)

1 1 1 1 H
and sopy, (z) > py(aw) =7 2 w1 =7 2 1 ~ wEey > W o oo W > 7 which

implies thatr € 4,, = Dy. But this is true for every: € 7' (B). We conclude that ' (B ) C Dy. On the
other hand, sincé®, € A < (A), there exists € (A) such thatD, C C. Thereforew (Byc DycC
and

n) (a —
KA = (A" = |BI = [n'(B)] < |1Do| < €] = [{A)l,
where (a) follows from the fact that,. is a bijection. We conclude thd{ A)|| = |7 (B)| = | Do| = |C].
But 7' (B) C Dy C C, so we must have

1 (B) =Dy =C € (A). (21)

X

Now since this is true for every, € A, we conclude thatd C (A). But A is an X'-cover and({A) is
a partition, so we must haud = (A). We conclude tha# is a stable partition.

2) Let yo € C, and suppose thab, = A, € A. Definea,, = argmaxp,(z). Let B € A"
reX

andx’ € X?"~! be defined as in equations (17) and (19) respectively. Emug#1) shows thaD, =
7' (B). By replacmgyr '(B) by D, in equation (20), we conclude that for everyc D, we have
|Dyo (@yy) — Pyo ()| < 7/, which means that

Pyo(ayo) =7 < Pyo () < Pyolay,) +7"- (22)
On the other hand, for everye X' \ D, = X'\ A4,,, we have

0 < pyo(2) <9 (23)
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By adding up the inequalities (22) for all € D, with the inequalities (23) for alk € X \ D,, we get

| Doy (ay,) = Dol -7 < 1 < | Do|-pyy(ay,)+|X |-, from which we getp,, (ay,)— | < 157 < [X]Y.
We conclude that for every € Dy, we have

<A +]X]Y < (@ + 1)y <~,

1 1
) = | = I (0) = D)+ [pntan) = 150

and for everyr € X' \ Dy = X \ A,,, we havep,,(z) < v < ~. Therefore,||p,, — Ip,||cc <y and so
Yo S yA,’Y(X07 }/0) [ |

Now we are ready to prove Proposition 2:
Proof of Proposition 2: According to Lemma 154 is a stable partition. Moreover, for evegy <€ C,
satisfyingA,, € A, we havey, € V.4,(Xo,Yy). Therefore, if we define

Vi={yey: A €A},

then)’, N Cy C Ya~(Xo, Yp).
We have)’i = U Yp. Now sincePy, (YVp) <« for every D ¢ A, we have:
Dcx
DgA
Py, (V5) < > Py, (Vp) < 2%y

Dcx
DEA

But Py, (Co) > 1 — 4/ by Lemma 10, so we havBy, (Y, N Cy) > 1 — (2% +1)y' > 1 — ~, which
implies thatPy, (V- (Xo,Ys)) > 1 — v since)’, N Cy C Va(Xo,Ys). By letting’H = A, which is a
stable partition, we gePy - (Xo, Yo) = Py, (Vu (X0, Y0)) > 1 — 7. n

APPENDIX B
PROOF OFPROPOSITION4

Inequalities 1) and 2) are proved in Proposition 3.3 of [Jd the upper bound of 3) is shown in
Proposition 3.2 of [14]. It remains to show the lower bound3nf

Let DM* : ¥ — X be the ML decoder of the chann& : X — ). lL.e., for everyy € Y,
Dy (y) = argmax W (y|z). For everyr € X, let P, (W) be the probability of error oD} given that

TeEX
z was sent throughil’. Clearly, P, (W = 7] ZIP’M
zeX

Now fix z,2’ € X such thatr # 2’ and defineP, , .. (W) = %IP’W(W) + %IPW(W). Consider the
channellv, .. : {0,1} — Y. We can useD}" to construct a decoder fd#, .. as follows:

o If DM (y) = z, the decoder output i8.

. If DN(y) = 2/, the decoder output is.
o If DNY(y) ¢ {z,2'} for y € Y, we consider that an error has occurred.

It is easy to see that the probability of error of the congedaecoder (assuming uniform binary input
to the channelV, ,/) is equal to%IPm(W) + %Pm,(W) =P, . ..(W). But since the ML decoder di, .,
has the minimal probability of error among all decoders, wactude that:

P, .o (W) > P (W, = Zmln{ngg (y]0), Wi 2 y|1 Zmln{W (y|z), W y|:p)} (24)

yey yEy
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On the other hand, we have:

We) = 3 VTG = 3/ (min (9 0la), W ol ) (mas (39 (0l W (4129}

yey yey
(a) 1/2
< (Zmln{W (ylx), W (y|z') ) (ZmaX{W (y|z), y|x)}>
yey yey
(b) L\ 12
< 2P W) (DS W) + W) = /2P (W) V2 = 24P (W
yey

where (a) follows from the Cauchy-Schwartz inequality. fbljows from (24) and from the fact that
max {W (y|z), W (y|2')} < W (y|z) + W (y|z’). We conclude that:

1
Pe o (W) > ZZ(WJC )2 (25)
Now sinceP,( ZIP’M , we have:
|X|m€X
1 1
S P (W) = 5( S PV )+§( S Pe,x,(W))
z,x'eX z,x'eX z,x'eX
rFx’ rHx m#x
1
= 2 (021 V) + 5 (32 (1] = Ve (1))
reEX r'eX
1 1
= (X = DIXP(W) + S (|X] = DIX|P(W) = (|X] = D[ X[P(W).
Therefore,
P.(W) = ! P (W)@ L > 1Z(W )2
ST AT S, e (X=X 2=, 170
x#x’ x#x’
® 1 1 2 1
> Z (W ) =-7 2
2 (o 2 20%e) = 3200
r,2'eX
rF£x

where (a) follows from (25) and (b) follows from the convexif the mappingt — 2.
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