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Identifiability for Blind Source Separation of
Multiple Finite Alphabet Linear Mixtures

Merle Behr, Axel Munk

Abstract—We give under weak assumptions a complete com-
binatorial characterization of identifiability for linear mixtures
of finite alphabet sources, with unknown mixing weights and
unknown source signals, but known alphabet. This is based
on a detailed treatment of the case of a single linear mixture.
Notably, our identifiability analysis applies also to the case of
unknown number of sources. We provide sufficient and necessary
conditions for identifiability and give a simple sufficient criterion
together with an explicit construction to determine the weights
and the source signals for deterministic data by taking advantage
of the hierarchical structure within the possible mixture values.
We show that the probability of identifiability is related to the
distribution of a hitting time and converges exponentially fast to
one when the underlying sources come from a discrete Markov
process. Finally, we explore our theoretical results in a simulation
study. Our work extends and clarifies the scope of scenarios for
which blind source separation becomes meaningful.

Index Terms—Blind source separation; BSS; finite alphabet
signals; single mixture; instantaneous mixtures; Markov pro-
cesses, stopping time

I. INTRODUCTION
A. Problem description

In this work we are concerned with identifiability in a
particular kind of blind source separation (BSS) motivated by
different applications in digital communication (see e.g., [1]-
[3]]), but also in cancer genetics (see e.g., [4]-[7]]). A prominent
example is the separation of a mixture of audio or speech
signals, which has been picked up by several microphones,
simultaneously (see e.g., [8]]). In this case the different speech
signals correspond to the sources and the recordings of the
microphones to the mixture of signals with unknown mixture
weights. From this mixture the individual signals have to be
separated.

More generally, in BSS problems one observes P mixtures
of N sources and aims to recover the original sources from
the available observations. In this paper we focus on the linear
case (for the non-linear case see e.g., [9]], [10]]), where the
blindness refers to the fact that neither the sources nor the
mixing weights are known. We also treat the case of unknown
number of sources.

A minimal requirement underlying any recovery algorithm
for sources and mixture weights (in a deterministic or noisy
setting) to be valid is identifiability, i.e., the unique decom-
position of the mixture into sources and mixing weights.
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Without any additional information on the source signals S
identifiability cannot hold, of course, as from a linear system
X = AS the matrices A and S are not uniquely determined,
in general. In particular this applies to single linear mixtures
(P = 1). However, if we assume that the values of the
sources are attained in a known finite set of real numbers
(finite alphabet), then BSS identifiability holds under certain
conditions, which is necessary for any recovery algorithm to
be valid.

Therefore, the aim of this work is to give a comprehensive
discussion of such conditions. We are able to give (under weak
assumptions) a complete combinatorial characterization of
identifiability. From this we derive sufficient conditions, which
are easy to verify. Moreover, these conditions yield an explicit
construction to recover sources and weights in the noiseless
case from the deterministic mixture. More specifically, using
the notation

on) ', Vo= (Vij) 1<i<n

1<<m

v = (Ui)lgign = (’Ul7 .

for a vector v € R™ and a matrix V' € R"™*™ with n rows
and m columns and V;.,V.; for the corresponding row and
column vectors, respectively, we assume from now on that the
observed signal is linked to the sources via

X =AS )

where X is the deterministic mixture, A =
(Apn)i<p<p, 1<n<n are the unknown mixing weights,
S = (S1,...,9v.)"7 € QN*T are the unknown source
signals, and Q = {wi,...,wr} C R is a known alphabet,
i.e., the set of possible values the sources can attain. The row
vectors S,. with 1 < n < N denote the single source signals
(of length T') and the row vectors A,. with 1 < p < P denote
the mixing vectors (of length N) of the different mixtures.

In an observational model we often have Y = X +¢ where €
is some random noise term with zero mean. All identifiability
results for () transfer to this situation as well, of course.
However, we stress that the primarily aim of this paper is not
to provide a method which reconstructs the mixing weights A
and the sources S from the (possibly) noisy observations Y,
but rather to clarify the scope of scenarios under which this is
possible. To this end, we will analyze necessary and sufficient
conditions under which the decomposition in (I) is unique.

For the moment, we assume that the number of sources NV is
known. However, we point out that most of our results remain
true even when NV is unknown (see Section [VIII), a case which
has never been treated before to best of our knowledge.



B. Related Work

As far as we are aware of, identifiability of model @)
has not yet been considered in the literature in this general
form, although various special cases and variations of this BSS
problem have been addressed. The particular case of a binary
alphabet, i.e., when k = 2 and {wy,w2} = {—1, 1}, has been
considered in [11]]-[15]]. Diamantaras and Papadimitriou [[16]]
and Rostami et al. [17] assume the alphabet to be equally
spaced, i.e., {wy,...,wr} = {wo,wo + Tywo + 2T, ...,wo +
kT}. We consider arbitrary finite alphabets {w1,...,wi} C
R. Moreover, several authors (e.g., [[12], [16], [17]) assume
a specific distribution on the alphabet, e.g., uniform. Our
results show that it is already sufficient to observe some
specific combinations of alphabet values (which are minimal
conditions in a sense), hence we do not need to assume
such a specific distribution. Diamantaras [[18] works with a
general finite alphabet as well but considers a mixture of two
sources, N = 2. Li et al. [19] gave necessary and sufficient
identifiability criteria for sparse signals, i.e., signals having
many zero entries, in contrast to our work. Although they
consider underdetermined mixtures, their results require at
least two sensors (P > 1) and do not hold for single linear
mixture (P = 1). Bofill and Zibulevsky [20] suggest for P = 2
a method for estimating the mixing weights for sparse signals
as well, although without giving any explicit identifiability
criteria. Diamantaras [[14]] considers a general finite alphabet
but assumes the mixing weights to be complex. Thus, he works
with a 2-dimensional signal. Combing the results from [14]]
and [21] yields a sufficient identifiability criterion for finite
alphabet sources with complex mixing weights. However, this
result does not hold when the mixing weights are real as
considered here.

There are further variations of the BSS problem. Some of
them are associated with Independent Component Analysis
(ICA) (see e.g., [22]), which is based on the stochastic inde-
pendence of the different sources (assumed to be random). ICA
can be a powerful tool for (over)determined models (P > N)
[22] and there are approaches for underdetermined multiple
linear mixture models (1 < N < P) as well [23]]. However,
ICA is not applicable for single linear mixtures (P = 1), as
the error terms of the single sources sum up to a single error
term such that stochastic independence of the sources becomes
irrelevant.

Also conceptually related is blind deconvolution (see e.g.,
[24], [25]), however, the convolution model makes analysis
and identifiability severely different [26].

Another related problem is non-negative matrix factorization
(see e.g., [27]-[29]), where one assumes @), but instead of
S € QNXT poth S and A are non-negative. Indeed, the
identifiability conditions derived in [28]], [29] are quite related
in nature to ours in Section where their simpliciality
condition on A corresponds to our condition (6) and their
separability condition on S corresponds to our assumption AJ3|
However, whereas their assumptions necessarily imply P > 1,
ours yield identifiability for single linear mixtures (P = 1),
explicitly exploring the finite alphabet.

For the non-blind scenario, i.e., when A in model @]) is

known, [30] considers identifiability in a probabilistic frame-
work.

To the best of our knowledge, a comprehensive characteri-
zation and unifying treatment of identifiability of the mixing
weights and the sources for model (I)) has been elusive. This
issue is, however, fundamental for identifying the scope of
possible scenarios where recovery algorithms for S and A in
(EI) are applicable (see, e.g., [12], [14], [15], [17]). In this sense
our work provides an almost "minimal" set of conditions under
which any recovery algorithm for the BSS problem only can
be expected to be valid; in the noiseless case as well as for
the case with random error.

C. Organisation of the paper

We will start our analysis by making two simplifications,
which lead to a better interpretation of the corresponding
identifiability conditions.

First, we will assume that P = 1, i.e., that we observe
a single linear mixture in . Clearly, when P increases the
identification problem becomes easier, as more mixtures of the
same sources are observed. Thus, the case P = 1 corresponds
to the most difficult scenario and therefore we treat this case
in detail. Generalizations to arbitrary P will then follow easily
from this case and are given in Section [V1}

Second, we start with considering probability mixing
weights, i.e., 4,, > 0 and ZnN:]_ App, = 1 for all p =
1,..., P. This is because the corresponding identifiability con-
ditions have an easier interpretation when the mixing weights
are positive. When we allow for negative mixing weights, the
identifiability issue becomes slightly more difficult and the
corresponding conditions become more complicated. General-
izations to negative mixing weights are given in Section

The paper is organized as follows. After introducing a
rigorous formulation of the problem and model (Section [II)),
we will give a necessary and sufficient identifiability criterion
for the mixing weights and the sources (Section [[TI). To this
end, we will first characterize the identifiability issue as a
purely combinatorial problem. In Sections we will then
generalize a result from Diamantaras and Chassioti [13] in
order to derive a simple sufficient identifiability criterion.
This characterizes those source signal combinations which
make the variation of the mixture rich enough in order to
become identifiable. This condition also provides an explicit
construction (see the algorithm in Figure [2) for recovery of
the weights A and the sources S from the mixture X in (I).

In Section [V] we will shortly discuss how likely it is
for the identification criterion of Section to be satisfied
when the underlying sources Si., ..., Sy. are discrete Markov
processes. To this end, we will bound the probability of
identification from below by a phase-type distribution. Using
a stopping time argument, we will show that the mixture
becomes identifiable exponentially fast, which reveals iden-
tifiability as less a critical issue in many practical situations
as one might expect.

Although, we assume the number of source components N
to be known, in Section [VIII| we show that most of our results
remain true even when N is unknown.



In Section we simulate source signals from a two-
state Markov chain to illustrate how far our derived sufficient
identifiability conditions (Section[[V]) are from being necessary
in this setting. To this end, our results from Section |lII| are
fundamental as they give an explicit way to decide whether
a given mixture is identifiable or not. Our simulation results
reveal the simple sufficient condition in Section [[V] as quite
sharp as we find that the number of observations needed for
this to hold is quite close to the actual number of observations
required for identifiability. This establishes the exponential
bound in Section |V] as a useful tool to estimate the required
number of observations guaranteeing identifiability with high
probability.

We conclude in Section [X]

II. PROBLEM STATEMENT

As mentioned above, for ease of presentation, we start with
analyzing identifiability in for single linear mixtures, i.e.,
P =1 (for arbitrary P see Section and probability mixing
weights (for arbitrary mixing weights see Section [VII). To
this end, let A = {a € RY : 0 < a; < ... < ay <
1 and Zﬁ;l a, = 1} denote the set of positive (probability)
mixing vectors. Note that a,, # a,, for n # m is always
necessary to ensure identifiability of different sources .S,,., .S;,.
(f a, = a,, interchanging of S,,.,S,,. results in the same
mixture x). For given finite alphabet Q = {wq,...,wr} C R,
with w; < ... < wg, number of sources N € IN, and number

of observations 7" € IN let the sources S = (51, ..., SN.)—r S
QN*T and the mixing weights a = (ay,...,ax) € A. Then
the observed values are given by = = aS, i.e.,
N
2= anSu, t=1,...,T. (2)
n=1

Definition II.1.
Let x = aS; (a,8) € A x QYT as in [2). Then we denote
the vector a and the matrix S as (jointly) identifiable from the

observational vector x when there exists exactly one (a,S) €
A x ON*T such that x = asS.

In other words, identifiability means that * = Z in @I)
implies that ¢ = @ and S = S. For simplicity, we refer to
a and S being identifiable from x just by saying that (a,.S)
is identifiable. The aim of this paper is to study under which
conditions (a,.S) is identifiable from x.

Even though we assumes N to be known, most of our results
remain true when N is unknown, i.e., x = aS with (a,S) €

Unsa(A X QN*T) (see Section .

Example I1.2.

To illustrate the problem and notation, let us start with a
simple example of model (2), where N = 2 and the alphabet
is binary with Q = {0,1}. This means that we consider
mixing vectors of the form a = (a1,a2) with a;,a2 > 0,

a1 + a2 = 1 and two different sources S1. = (S11,...,517),
Sa. = (Sa1,...,52r) with Sy € {0,1} for n = 1,2 and
t=1,...,T. The question we would like to answer is, under

which conditions on a and S is (a,S) uniquely determined
via x = aS.

For a given observation x; the underlying source vector
St = (St Soi) T equals one of the four different values

(0,007, (1,0)7,(0,1)T, (1,1)7 3)

and hence,

Tt S {070/170/271}' (4)

Clearly, if any two of the four values in the set on the r.h.s.
of @) coincide, then two different source values in ([B) lead to
the same mixture value for x; and hence the sources are not
identifiable, i.e., they cannot be distinguished. Consequently, a
necessary condition for identifiability is that all values in the
rh.s. of @) are different, which is equivalent to

(&)

In other words, it is necessary that the alphabet values in
QN are well separated via the mixing weights a € A. A
generalization of this argument to arbitrary alphabets and
number of sources is done later in ({6)). Further, we may assume
w.lo.g. a1 < as, Le., we denote that source as S1. which comes
with the smaller weight.

alone, however, is necessary but not sufficient for iden-
tifiability. For instance, if S1;y = Soy for allt =1,...,T then
xy € {0,1} and hence, a is not identifiable from x. Thus, a
certain variability of the two sources S1. and Ss. is necessary
to guarantee identifiability of a. In this simple example, it is
easy to check that a necessary and sufficient variability of S1.
and Ss. is that S either takes the value (1,0) (i.e., x; = a3
for some t) or (0,1) (i.e., x; = ag for some t) as by
and a1 + as = 1 it follows that 0 < a; < 1/2 < as < 1.
In other words, it is necessary that the mixing weight aq
(or ao respectively) is seen somewhere in the mixture x on
its own, without the influence of the other mixing weight.
A generalization of these assumptions and this argument to
general systems ({I)) is done later in Theorem[[V.1|and Theorem
VII. 1| respectively.

a1 7 as.

IIT. A COMBINATORIAL CHARACTERISATION OF
IDENTIFIABILITY: GENERAL THEORY

In model every observation x4, fort = 1,..., T, is given
by a linear combination of ¢ € A (unknown) with one of the
finitely many vectors in Q. So in order to identify S.;, we
have to determine the corresponding vector in QV. Note that
multiple observed values leave this identification problem in-
variant, i.e., do not contribute further to identifiability. Hence,
w.l.o.g. we assume all observations x1, ...,z to be pairwise
different. Note, that this implies 7" < BN = ‘QN |

Of course, when for a given mixing vector a € A there
exist w # w” € QN with aw’ = aw” and one observes
this value, it is not possible to identify the underlying sources
S1.,...,Sn. uniquely. Consequently, a necessary condition for
identifiability is that those values are not observed, i.e., x; ¢
{aw: Fw' #w e OV st.aw = aw'} forall t = 1,...,T.
For arbitrary sources this is comprised in the condition of a
positive alphabet separation boundary, i.e.,

ASB(a):= min |aw — aw’| > 0. (6)

w! ZweQN



Let S% be the collection of injective maps from {1,..., N}
to {1,...,T}, ie., for p € S§ the vector (z,(1),- .., Tp(n))
corresponds to a selection of elements from (x1,...,x7).

Theorem III.1.

Assume model ) with x = (z1,...,27) = aS; (a,5) €
AxQNXT Let E € QN*N be an arbitrary but fixed invertible
N x N matrix with elements in (). Assume that ASB(a) > 0
and

A I
there exists p € S such that (S1,(), . - "SNP(T))ISTSN =
E. Then (a,S) is identifiable if and only if

A 2.

there exists exactly one o € S% such that for a =
(xg(l),...,xU(N))E_l

aeA (N
i.e., a is a valid mixing weight and can reproduce all obser-
vations.

For a proof see Appendix [A-A]

Theorem is fundamental for the following as
provides a necessary and sufficient condition for identifiability
of (a, S), given Alljholds. In Section[[V] it will serve to derive
a simple sufficient identifiability condition which is easy to
check.

Theorem is formulated for a fixed (but arbitrary)
invertible matrix £ and the two identifiability conditions Al]
and depend on this matrix E in the following way: For
a given E imposing the conditions and restricts the
set of all possible mixtures A x QV*T to a smaller set that
depends on E in which all elements are identifiable. Thus,
different choices of F lead to different instances of Theorem
I11.1] i.e., to different identifiable submodels. In the following,
we will discuss the role of E and conditions Alll and ARl more
detailed.

First, we consider AT} Assumption Al|says that the columns
of the fixed matrix £ must appear somewhere in the columns
of the sources S. However, knowledge of where these columns
of E occur is not assumed, p can be an arbitrary map in
S?\}. Thus, restricts the set of all sources to those where a
given set of alphabet combinations, namely the columns of E,
appears somewhere in the signal. Hence, in practice, it requires
pre-knowledge that certain combinations of values in QY are
present somewhere in the sources.

Without further restrictions on the matrix F, simplifies
to rank(S) = N (in particular implying 7" > N), which is,
indeed, an almost minimal condition. By simple linear algebra,
it is easy to check that rank(S) < dim(span(A)) = N —1
implies that for any ¢ € A exists an @ # a € A such
that aS = aS, ie., (a,S) is not identifiable. When we
allow for arbitrary mixing weights (see Section [VII), i.e., not
necessarily summing up to one, then by the same argument
rank(S) = NN becomes even a necessary condition. Intuitively,
AT] ensures that the sources Si.,...,Sy. differ sufficiently
such that one can identify a from their mixture. For instance,
if S;. = ... = Sy, it follows that x = S;., irrespective of
a. Note that if £V different values x1,...,z; are observed,
ie, T = kY (recall that w.lo.g. in this section T equals

and {xl,...,xT}E{&w:weQN},

the number of pairwise different z;’s), then it must hold true
that {xq,...,2;} = {aw : w € QN}. Thus, follows
trivially for any invertible NV x N matrix E with elements in
Q). However, is a much weaker assumption than 7" = kN,

Second, we comment on assumption A2 Given A[T] assump-
tion AP reveals a as identifiable as soon as we can assign a
collection of observations to rows in E in a unique way. If
for some o # p € ST a in A2 fulfills the conditions in (7)),
a is a different mixing weight which can produce the same
mixture  with some sources fulfilling and hence, (a,S)
is not identifiable. However, if such a 0 # p € SJT\} does not
exists, a is uniquely determined from x and identifiability of
S follows from ASB(a) > 0.

In Section we will show that for some specific choices
of E AP]always holds, i.e., already implies identifiabiliy.
The following example shows that this is not true in general,
i.e., not for any choice of F.

Example ITI1.2.
With the notation of (2)) and Theorem let T=N =3,

_ 21 _ [ 6=v15 6415
Q = {07 1, m,G}, a = (T’ 4‘;70706), Cmd
6 0 0
21
S=E=10 6+/15 0],
0 0 1

i.e., pin Al)is the identity map and
r=aS = (6_5 V15,0.7, 0.6) )

For o:(1,2,3) — (3,1,2) we find that
(To(1)s To(2), To@) E7H = (0.1,0.2,0.7) = a,

which is a valid mixing weight. Hence, (a,S) is not identifi-
able.

As mentioned before, in Section we will show that
some specific choices of E already lead to uniqueness of the
selection o in AP} and thus ensure identifiability. The following
remark illustrates how specific choices of rows in E fix some
subdomain of ¢ in

Remark II1.3.

IfT = EN with z1 < ... < xpN, then x1, the smallest
observed value, corresponds to the situation when all sources
Sit, - .-, SNt take the smallest value of the alphabet (denoted
with wy), ie., if By. = (w1,...,w1), then for all o satisfying
A[Z] o(l) = 1. The second smallest observed value, xs,
corresponds to the situation when all sources Sa, ..., SNy
take the smallest value wi, but the source Si; with the
smallest weight aq takes the second smallest value wo, i.e., if
Es. = (wo, w1, . ..,w1), then for all o satisfying AE]O’(Q) =2.
Analogous holds for the largest observed value and the second
largest observed value.

IV. A SIMPLE SUFFICIENT IDENTIFIABILITY CRITERION

We have seen in Theorem [[ILT] that the problem of identify-
ing a and S from the observations x1, ..., x7 reduces to find
the corresponding observations x; for N linear independent



rows of an invertible N x N matrix £ with elements in 2.
Remark [[TI.3] points out that some observations x; can always
be uniquely assigned to source vectors (Sis,...,Sn:) | € QN
and thus, limit the possible maps o in A2] The next theorem
shows that there is even more structure in the observations
z1,...,xp and that certain variations in the sources, i.c.,
certain choices of E in already ensure identifiability.
Moreover, the proof of the following theorem gives an explicit
construction of the unique (a, S) from z.

Theorem IV.1.
Assume model ) with x = (z1,...,27) = aS; (a,5) €
A x QNXT | Furthermore, assume that ASB(a) > 0 and

A 3. there exists p € S such that

CHE.

with (E:L)IS"SN = (w1]1n¢7~ + wz]l"=7")1§n§N‘
Then (a, S) is identifiable.

T .
SNp(T)) 257, TZL...,N,

Before we give a proof (which is based on an explicit
algorithm to compute a from zi,...,z7) we will discuss
relationships and differences between the previous results and
their assumptions AT|- AJ]

Assumption AJ3| of Theorem has a simple interpreta-
tion. It means that each of the mixing weights a,, appears
somewhere in the mixture on its own (without the influence
of any other mixing weight a,, # a,,) via the mixture value
Tp(n) = as"™ = (wy — wi)a, + w;. For instance, if the
alphabet is of the form Q = {0,1,ws,...,wk} simplifies
to the condition that the mixing weights appear somewhere
in the mixture, i.e., a, € {x1,...,2¢} forall n =1,... N.
Intuitively, means that for each n = 1,..., N there exists
one mixture observation x; such that only S,,; is active (taking
the value wy) and all other sources S,,,; with m # n are silent
(taking the value ws). It is easy to check that the choice of
alphabet values w; and w, (the smallest and second smallest
alphabet value) in Theorem [IV.I] can be replaced by wy and
wg—1 (the largest and second largest alphabet value).

Obviously, assumption AJ|arises from assumption A] for a
specific choice of E in Theorem namely with

w2 w1 w1 w1
51 w1 W2 w1 w1
E= Tlwr owr e wr owr ®)
5" w1 w1 Wy W1
wp W ... W1 W2

Consequently, if the matrix in (§) is invertible, AJ|implies
AT] The following Lemma shows that this holds under mild
conditions on €2 and N.

Lemma IV.2.
For model let be as in Theorem and as in

Theorem m
If wa # w1 (1 — N), then AE] implies Al

For a proof see Appendix
Figure [I] summarizes all relations between - in a

diagram.

b
w

'AI WaI09y[,

Al T—— 5 (42 &

Theorem IL1 Identifiability)

Figure 1.

Relation between AT] APl and Af|

Now we turn to the proof of Theorem [IV.I} which is proven
by explicit recovery of (a,S). This generalizes an algorithm
of Diamantaras and Chassiot [[13]] for the binary alphabet 2 =
{—1,1} to a general finite alphabet.

Proof of Theorem [[V.I} Assumption AJ3|implies that

Tpy=as, r=1,...,N, “
and hence,
To(r) — W
a, = -0 "L (10)
w2 — w1
Thus, it suffices to determine the map p and the values

Tp(1)s - - - » Tp(N)» TESpectively, in order to determine a. When a
is determined, identifiability of S follows from ASB(a) > 0.
Recall Remark and note that

o \{wi}), (11

which determines a; as in (I0). The following two lemmas
show that successively all the other p(r) (and hence a,) for
r = 2,...,N can be determined as well, which finishes the
proof.

Let B = B(N,Q) be the N x kV-matrix, where the jth
column of B is the number j — 1 written in the positional
notation based on the number k, identifying 0 with wy, 1 with
ws, and so on, i.e.,

To1) = min({z1, ...,

z_] E w1 L(] 1) mod IJJ 1

Ri—1

(12)

and d := aB the k&~ dimensional vector of all possible values
that = can take.

Lemma IV.3.
From aq, ...,

Lemma IV4.
It holds that x,(,y = min({z1,. ..

a, one can determine d, . .., dgr uniquely.

,xT}\{dl, e 7dk7‘—1}).

For proofs see Appendix and respectively.
|

The proof of Theorem gives an explicit recovery
construction for (a,S) which is summarized in Figure
For noisy data one may use algorithm [2] to proceed similar
as Diamantaras and Chassiot [13] who suggest a clustering
approach for estimating a and S from noisy observations of
. However, as the purpose of this paper is not to propose a
practical method for recovery from noisy data, but rather to
analyze the scope of scenarios under which this is possible



Input: zq,...,27
r=1
Qie{zl,...,xT}\{wl}

1 + min®

Determine d1, ..., d; with Lemma (using ay).
6(—@\{d1,...,dk}
while & # () do
r=r-+1
¢p  min &
o =2
Determine dj, ...
A1y ey Qyp).
(SR ] \ {dl, .
end while
N <+r
return N and aq,...

,dir  with Lemma

(using

) dk'}

y AN

Figure 2. Algorithm for weight identification in (), with w1 < ... < wg,
under assumption Af3] of Theorem [[V.1]

in principle, we are not going to follow this approach here
further.

V. IDENTIFIABILITY FOR MIXTURES OF STOCHASTIC
PROCESSES

In this subsection we will shortly discuss how likely it is
for the identifiability condition of Theorem [[V.I] to be satisfied
when (Si¢,...,Sn¢)] is a stochastic process. Therefore, let
s" be as in Theorem V1] and define the hitting times

I :=min{t € N: (Sit,...,Snt) =5"},

forr=1,..., N, and the stopping time

13)

T := max T.
=1,..N

r=1,...,
Then it follows from Theorem [[V.1] that
P ((a, S) is identifiable)
>P (Hp € Slj\} : (Slp(r)a R SNp(r))—r = 57‘)
N (14)
=P(T<T)>1-Y P(T >T).
r=1
Note that this bound only depends on the distributions of the
hitting times ", which are often explicitly known or good
estimates exist. A prominent class of examples for modeling

the distribution of the source signals are Markov processes
including iid sequences (see e.g., [4], [16], [17]).

Theorem V.1.
. T
Assume that the source signals (Sit,...,Snt); in con-
stitute an irreducible Markov process on the finite state space
QN, with transition matrix P = (Pij)i<i,j<k~, where we
identify the first N states of QN with s*, ... s" from Theorem
Let M € N be such that PM > 0 and

Qr = r=1,...,N,

(pij)lgi,jyérgkf\’a

M
(max Q7" 1o

Then ¢ < 1 and, if ASB(a) > 0,

1 — P((a, S) is identifiable) < Nel3r) < Ne™w . (15)

For a proof see Appendix [A-E]

Example V.2 (Bernoulli Model).

Let us consider (2) for the simple case where we have two
sources Sy. and Ss. that can take two different values, i.e., Q) =
{w1,ws}. For instance, the source signals could come from a
binary antipodal alphabet (0 = {—1,1}) as they appear in
many digital modulated schemes.

If we assume that S1; and Sa; are independent and identi-
cally distributed (i.i.d.) for all t = 1,...,T with P(Sy; =
wi) = p € (0,1) and P(Spy = we) = 1 —p = ¢
for n = 1,2 and t = 1,...,T, then (S, Sa)] con-
stitutes an irreducible Markov process on the state space
{(wa,w1) ", (wi,w2) T, (wi,w1) T, (wa,wo) T} with transition
matrix

Pq pg p; qz
po Pt v P
pa pg P* ¢
pe pg P ¢°
Hence, M =1,
pqg p* ¢
Qi=Q2=|pq P* ¢,
pq p* ¢

and ¢ = qp +p2 + q2 =1 Pq. Thus, Theorem yields
1 — P((a, S) is identifiable) < 2(1 — pq)7.

In this simple setting we can even calculate the probability
of identifiability exactly. Note that (a,S) is identifiable if and
only if c1 = ajws + aswi or ca = a1wi + asws is observed
as wy < c; <wy + (we —w1)/2 < ey < wy and

€l —W1 W2 —0C
(a17a2) = )
Wy — W1 W2 —wi

Wy —C2 C2 — W1
Wy —wi wy—wy )

1 — P((a,S) is identifiable) = P(S1; = S21)" = (1 — 2pq)”.

Therefore,

Example [V2] shows that the bound in Theorem [VI] does
not need to be sharp in general but captures the exponential
decay (in T') well. This is mainly because in Theorem [V.I] the
probability of (a,S) being identifiable is bounded using the
sufficient (and not necessary) identifiability condition A@from
Theorem [IVI] In Section [[X] the gap between this bound and
the true probability P((a,.S) is identifiable) in is further
explored in a simulation study.

VI. MULTIPLE LINEAR MIXTURES

After analyzing the most difficult scenario of a single linear
mixture with P = 1 in (I, generalizations to arbitrary number
of mixtures P now follow easily. To this end, for a vector v



let ||v]l; == >_1, |v;| denote the /;-norm and define the set
of P-mixtures as

Ap = {A e RN |Aq|l < oo < [|Aa]]1,
|A1 1 = ... = [[Ap.||1 = 1}

Again, note that |A.,,||1 # ||A..m]|1 for n # m is necessary to
ensure identifiability of different sources. Then for S € QN*T
and A € Ap the observed values are given by X = AS, i.e.,

N
Xpt =Y ApnSut,  t=1,...T,p=1,... P
n=1

Identifiability means to decompose the matrix X € RFP*T
uniquely into matrices A € Ap and S € QV*T for given
finite alphabet = {wq,...,wr} with w; < ... < wy and
given T, N, P € IN. Analog to before we define the alphabet
separation boundary of a mixture matrix A € Ap as
ASB(A) = min

|Aw — Aw'||1.
w' #AweQN

Clearly, ASB(A) > 0 is a necessary condition on A for (S, A)
to be identifiable. Theorem [IL.T} Theorem [[V.I] and Theorem
[VI] assume that P = 1. It is straight forward to check that
Theorem holds unchanged when P > 1 with A replaced
by Ap. The same is true for Theorem [[V.I] where in the proof
the minimum of a set of observations X .; must be replaces by
the minimum defined in terms of the ordering of Zle Xpt.
Thus, clearly Theorem also holds unchanged when P > 1.

VII. ARBITRARY MIXING WEIGHTS

So far, we assumed the mixing weights to be positive and to
sum up to one. However, in some applications this assumption
is not satisfied (e.g., in digital communications [2]]) and in the
following we discuss such generalizations. Let AC A=
{a € RN :ay < ... < ay} be an arbitrary subset of mixing
weights a,, € R. Note that w.l.o.g. a; < ... < ay in order to
assign the mixing weight to a source.

It is easy to check that Theorem holds unchanged with
A replaced by A. Note, however, that if A 2 A condition
becomes more restrictive, i.e., a mixture (a,S) which is
identifiable with respect to .A might not be identifiable with
respect to A.

Analogously, Theorem can be generalized for A DA
where now the corresponding identifiability assumption AJ]
becomes more restrictive.

The following theorem considers the most general case of
arbitrary mixing weights in Ag.

Theorem VIL1.

Assume model (@) z = aS with (a,5) € Ay x QV*T.
Furthermore, assume that ASB(a) > 0 and there exists
ps i € S}y such that

T
(Slp(r)7~-~aSNp(7‘)) =5 1,7":1,...,N—|-17

(16)
T r—
(Slu('r‘)v"'szu(r)) =T 1, r= 1,...,N+17

with s™, " € QN forr=0,..., N defined as

(5T)i = w2]li:r + wk]lai*ar<0 + wl]lnrq',*.;/r>07
QT

(tr)i = wkfl]li:r + Wl]lai*ar<0 + wk]laifflr>07

iEr

fori=1,...,N and ag := 1. Then (a,S) is identifiable.

The proof of Theorem is given in Appendix
Recall that for positive mixing weights the identifiability

condition A3|in Theorem[[V.I|had a very simple interpretation,
namely that each of the single mixing weights a,, appears
somewhere in the mixture x on its own, without the influence
of any of the other mixing weights a,, for m # n. The
interpretation of is somewhat more difficult, but similar.
In the case of probability mixing weights ¢ € A as in
Theorem both, the sum and the absolute sum of the
mixing weights were fixed via Y0 a, = SN Ja,| = 1
and this determined the scaling in which the mixing weights
appear in the mixture x. Now for general mixing weights
a € Ap as in Theorem both, the sum and the absolute
sum (or equivalently the sum of the negative mixing weights
and the sum of the positive mixing weights) are unknown
and thus, additional conditions to determined these unknown
scaling parameters are needed. These correspond to s° and t°.
They ensure that the smallest possible mixture value (which
corresponds to s%) and the largest possible mixture value
(which corresponds to t’) are observed and thus determine
the scaling parameters. Now analog to s™ in AJ| of Theorem
[VI] s™ and ™ in (I6) of Theorem [VILI] ensure that a,
appears somewhere in the mixture x on its own and can thus
be determined. However, as the sign of a,, is now unknown,
too, we get the additional unambiguity that a mixture value can
be increased either by increasing a source which corresponds
to a positive mixing weight or by decreasing a source which
corresponds to a negative mixing weight.

From Theorem [VILT] it follows directly that Theorem [V.I]
holds with N replaced by 2N 42, when we allow for arbitrary
mixing weights in Ap.

VIII. UNKNOWN NUMBER OF SOURCE COMPONENTS

So far, we assumed that the number of sources N is fixed
and known. Now we consider the case where N is unknown,
ie. r = aS with

(a,9) € [J (Ax VD).
N>2
While it is not clear how to generalize Theorem [[IL 1| for (a, S)
as in (T7), condition AP|in Theorem is still sufficient for
identifiability when N is unknown.
To see this, note that the proof of Theorem (in
particular Lemma[[V:3)) does not require the number of sources
N to be known, where NN is determined via

.,CUT} C {dl,‘.
and thus, we obtain the following theorem.

Theorem VIIL1.
Assume model ([2) with x = (z1,. ..

a7

N = min(r € N> s.t. {z1,.. Sdgr}),

7xT) = CLS, (a,S) S



Unso(A x QNXT). Furthermore, assume that ASB(a) > 0
andﬁﬁ holds. Then (a,S) (and thus N) is identifiable.

Analogously, Theorem [V.I| and Theorem [VILI] do not
require N to be known.

IX. SIMULATIONS

Finally, we explore in a simulation study how far as-
sumption AJ| from Theorem [[VI] is from being necessary
when the sources come from an irreducible Markov process;
which corresponds to exploring the tightness of the bound in
Theorem To this end, Theorem [[IL1] is fundamental as it
enables us to explicitly examine identifiability of (a,.S). We
consider an example with a binary alphabet Q = {—2,1} and
a mixture of N = 3 sources. The matrix £ in Theorem [II]
was chosen randomly over the set of invertible /N x N matrices
with elements in 2. Simulation runs were always 1, 000.

First, we assume the mixing weights a = (0.2,0.35,0.45).
Note that aw # aw’ for all w # W' € {-=2,1}3, ie.,
ASB(a) > 0.

A. Bernoulli Model

Assuming the sources to be i.i.d. for all n = 1,2,3 and
t=1,...,7, with P(S,; = =2) = P(S,, = 1) = 0.5 we
find that (a, S) is already identifiable on average for ¢ > 4.39
observations. For the sufficient identifiability condition from
Theorem to hold we find an average value of ¢ > 14.79
observations. Figure [3] shows the corresponding histograms
and cumulative distribution functions. The results indicate that
the number of observations needed for the sufficient identifi-
ability condition AJ|from Theorem [[VI] to be satisfied is not
considerably higher then the actual number of observations
until (a, S) is identifiable and thus the bound in Theorem [VI]
is quite sharp in this example.

200 400
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0 40
L
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0.0 04 08
| 11 L

0.0 04 08
| 11 L

Figure 3. Top row: histograms of number of observations until (a,S) is
identifiable (left) and until the sufficient identifiability condition from Theorem
m is fulfilled (right), bottom row: corresponding empirical cumulative
distribution function, with N = 3, Q@ = {-2,1}, a = (0.2,0.35,0.45)
and S, i.i.d. on .

B. Markov Model

We consider a more general Markov model for generating
the sources, i.e., we assume the sources to be independent
Markov processes on the state space @ = {—2,1} with

transition matrix
p1 1-p
P = . 18
(1 —p2 P2 ) (18)

In Figure [4 we display the average numbers of observations
until (a, S) is identifiable and until the sufficient identifiability
condition A from Theorem is fulfilled, respectively, for
each (p1,p2) € {0.1,0.15,0.2,...,0.8,0.85,0.9}2. Note that
p1 = 1—py corresponds to i.i.d. observations, with 1—P(S,,; =
1) =P(Snt = —2) = p1.
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Figure 4. Heat-maps of average number of observations until (a,S) is
identifiable (left) and until the sufficient identifiability condition from Theorem
[[V]is fulfilled (right) in dependence of p1 and p from (T8).

From Figure ] we draw that identifiability is achieved faster
when p; and py are close to 0.5, which corresponds to the
i.i.d. Bernoulli model from Section This is explained
by condition A in Theorem [[IL.I] where a richer variation
in the sources, i.e., many different observations zi,...,zr,
reduces the set of possible valid mixing weights and thus favor
identifiability. The sufficient identifiability condition AJ|from
Theorem however, requires repeated occurrence of the
smallest alphabet values w;. Consequently, small p; and large
po discriminate against those variations.

C. Multiple Linear Mixtures

Now, we consider multiple linear mixtures, i.e., P > 1.
Therefore, for each run, we draw P mixing weights, each of
length N = 3, independently from the uniform distribution on
A (implying ASB(a) > 0). For the sources, we consider a
Bernoulli model as in Section [X-Al

We find that (a,S) is identifiable on average after ¢ >
4.17,4.07,4.01,3.99 for P = 1,2, 3, 4 observations, revealing
that identifiability (condition AZ] in Theorem [[ILI) depends
much more on the variability of the sources than on the
specific mixing weights. This is confirmed in Figure |5} which
shows the corresponding histograms and cumulative distri-
bution functions. The histograms and cumulative distribution
functions for P = 1 and P = 4 differ only slightly and for
P =1 they look almost the same as in Figure [3] although in
Figure [3| @ is fixed, whereas in Figure []it is random. For the
sufficient identifiability condition from Theorem [[V.I] to hold
we find an average value of ¢ > 15.13 observations. Note that
this condition depends on the sources only and, thus, is the
same for all P.

D. Arbitrary Mixing Weights

Finally, we consider arbitrary mixing weights in .4g. There-
fore, for each run, we draw mixing weights (P = 1,
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Figure 5. Top row: histograms of number of observations required until
(a, S) is identifiable (left) and until the sufficient identifiability condition
from Theorem m is fulfilled (right), bottom row: corresponding empirical
cumulative distribution function, with N = 3, Q = {—2,1}, a uniformly

distributed on A and Sj; i.i.d. on €.
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Figure 6. Top row: histograms of number of observations until (a,.S) is
identifiable (left) and until the sufficient identifiability condition from Theorem
m is fulfilled (right), bottom row: corresponding empirical cumulative
distribution function, with N = 3, Q@ = {—2,1}, a uniformly distributed
on {a € [-10,10]V : a1 < ... < an} and Spy iid. on Q.

N = 3) independently from the uniform distribution on
{a € [-10,10]Y : a; < ... < ay} and for the sources we
consider a Bernoulli model as in Section [X=Al

We find that (a, S) is identifiable on average after ¢ > 6.09
observations. Confirming, that identifiability, i.e., condition
AP in Theorem [[IL.T} is achieved slower, when we allow
for larger sets of possible mixing weights. For the sufficient
identifiability condition from Theorem [VILI] to hold we find
an average value of ¢ > 20.82 observations. Figure|§| shows the
corresponding histograms and cumulative distribution func-
tions.

In summary, our simulations show that the number of
observations needed for our simple sufficient identifiability
condition AJ]to hold is relatively close to the actual number
of observations until (a,S) is identifiable and thus, serves
as a good benchmark criterion for identifiability. This can be
used as a simple proxy for validating the applicability of any
recovery procedure in practice.

X. CONCLUSIONS

In this paper we have established identifiability criteria for
single linear mixtures of finite alphabet sources as well as
its matrix analogue. We gave not only sufficient but also
necessary criteria for identifiability. Our work reveals the
identification problem as a combinatorial problem utilizing the
one to one correspondence between the mixture values and the
mixing weights. We generalized the method of Diamantaras
and Chassioti [[13]] to an arbitrary finite alphabet in order to
derive a simple sufficient identifiability criterion. The proof

uses the specific hierarchical structure of possible mixture
values leading to successive identification of the weights.
Thus, our results characterize and extend the range of settings
under which recovery algorithms (for statistical data) are
applicable.

Notably, we showed that our identifiability conditions ex-
tend to unknown number of sources NN. This lays the foun-
dation to design algorithms to recover the number of active
sources from a mixture and sketches a road map to pursue
this in future research.

Finally, we showed that the probability of identifiability
converges exponentially fast to 1 when the underlying sources
come from a discrete Markov process. This provides a useful
and simple tool to pre-determine the required number of
observations in order to guarantee identifiability at a given
probability.

The derived sufficient identifiability conditions were briefly
investigated in a simulation study and the required sample size
for their validity was found to be quite close to the minimal
sample size for identifiability.

This work is intended to give a solid theoretical background
for a model that is used in a variety of applications in digital
communications, but also in bioinformatics.

APPENDIX A
PROOFS

A. Proof of Theorem

Proof:
For 0 € S}, we define 27 = (z,(1), .-
4‘¢ 2"
By assumption P =
quently,

S To(N))-

aF, ie., x?E~1 = g and, conse-

’E~' € Aand {a1,...,27} € {(z’E N w:w e QV},

which, by assumption A2} is not fulfilled for any other o €
ST, Thus, a is uniquely determined. Moreover, as ASB(a) >
0, S is uniquely determined as well.

‘6$ 2

Assume does not hold, i.e., there exists o # p € S% such
that @ = z° E~! fulfills

ae Aand {z1,..,27r} € {aw:w e QV}.

As we assume all observations}o be pairwise different, a # a
and a with the corresponding S lead to the same observations
Z1,...,xr. Therefore, (a,S) is not identifiable.

|

B. Proof of Lemma [[V2]

Proof: Obviously, AP arises from A when we choose
the matrix E in Theorem [[IL1] as in (8). Hence, AJ| implies
AT] if the matrix in () is invertible. (8) can be written as

Wy ... W1 1 ... 0

— (w1 — wo)



and consequently, the matrix in (8) has zero determinant if
and only if w; — wo is an eigenvalue of

w1, ... W1

wp ... W1

e, wy —wy = 0or wg —ws = N -wy. As w1 < ws the
assertion follows. |

C. Proof of Lemma

Proof: For r = N the assertion is obvious. So let » < V.
Then for s € {1...,k"} we have that

d; _ZaijL Z ajwy =

Jj=r+1
Z aijl- + w1(1 - Z aj),
j=1 j=1
where Bj; are the entries of the matrix B in (12). u

D. Proof of Lemma

Proof: By definition z,(,y = djr—14. Therefore, z,,y >

min({x1,...,27}\{d1,...,dp—1}) and for i € {k""1 +
L ENY
r—1
di = Ty = Y ar(Bii — w1) + ap(Byi — ws)
=1
N
+ Y By —w).
l=r+1
If B; € {wa,...,ws}, then obviously d; —x ) > 0.1f B,; =
w1, then by definition of B there exists an s € {r+1,..., N}
such that Bg; € {ws,...,wx}, and therefore,
r—1
di — .”L'p(r) = Zal(Bli — wl) + ar(wl — UJQ)
1=1
N
+as (Bgi —w1) + Z ay(By — wr)
>(wa—w1) l=r+1,l#s
r—1
> " a(Bii —wi) + (as — ar) (wy — wi)
=1 >0 >0
N
+ Z CL[(B“ — wl) > 0.
l=r+41,l#s
Consequently, z,,) < min({zy,...,z70}\{d1,..., dp-1}).
| |

E. Proof of Theorem

Proof: Let T be as in (13) and let py be the initial

distribution of (Syy,. .., Sne)/ . Deﬁne the stopped process
- {(sm L Sn) T ift< T

Sp=1 .

5

otherwise,

forr =1,..., N, which is a Markov process as well (see e.g.,
[31) Proposition 4.11.1.]). It is obvious that for the Markov
process (5‘{ )¢ the state s” is absorbing and all other states are
transient. Moreover, when we reorder the states in Q& such
that 5" is the first state, the transition matrix of (S}); is given
by

PNr

The distribution of " is a discrete phase type distribution (see
e.g., [32, Section 2.2.]), i.e.,

P(T" > T) = poQr 1 < [|Q71|ox. (19)
As PM >0
1 0 0
pM Sar
r : oM
SN

with so,...,sy, > 0 for » = 1,..., N. Consequently, all
row sums of Qi” are smaller than 1, i.e.,

e = Q) 1l < 1 (20)

and hence ¢ = maxi<,<y ¢ < L.

Next, we show by induction that |QT1||s < /™! for
all T'> M. For T' = M this holds by definition. So assume

that [|Q1]|sc < ct/™! for all M <1 < T and define A =

(aij) = T ie

T/M
miaXZaij SCL /M]
J

If |Z] = |5, then

||QZ+11||w = HAQT]'HOO = mzaxzzaik(bcj
7 k

ETRE =Y
:mﬁxgaikzqwﬁcr”f =c M

as max; y . ip < - and Dok <1
If LMJ # |5, then | L] +1=|TH ] and T+ 1 =
M|ZL |+ M, with M| L] =1€{M,...,T}. Therefore,

L T41
1T 1|oe = |QLQM oo < ei™ M = 777

With and it follows that
1 —P((a, S) is identifiable) < Nclr]
and as

Nelarl N
= < — <o
CcM C

the assertion follows. |



F. Proof of Theorem [VIL ]

Proof: Assume that % < 1. Otherwise, we can
multiply all observations by —1, such that the new alphabet
becomes —wy, < ... < —wj, which then fulfills ﬁ <
1. Further, note that ASB(a) > 0 implies that a, # 0 for
alln = 1,...,N. Let & := {z1,...,27} be the set of the
pairwise different observations. (I6) implies that there exist
1053 IN,Jos---5dN € {1,...,T} such that z; = as” and
z;. =at” forr=0,...,N.
First, note that

N N
min® = x;, = wy E a, + wi E ap,

an <0 an>0
N N
max® =z, = wy g ayn + Wk g an
an<0 an>0
and thus
N .
wr max ® — w1 min &
04 = E = 2 2 '
— Wi — W1
>0
N .
w min & — w; max &
0_ = E = 3 .
n—1 k 1
7 <0
Ifo_ =0,all Weights are positive and, as o is identified and

thus w.l.o.g equal to one, Theorem [IV.I] applies. Thus, assume
that o_ < 0 and define &; := &\{min &, max &} and

No =max{n=1,...,N st a, <0},
Ni =Ny +1,
Le, a1 <...<ag <0<ag+ <...<an. Second, note
0

that analog to (TT))

min By = rmn(anNar (L ), max®g= rnax(a;jN(T , xiﬁo)

and thus
min Gy — wro_ — w104 . Wy — Wi
= min 70‘]?*’ 7CLN
Wk — Wk—1 Wk —Wg—1 0 °

w04 + w10_ —max B min a Wk 7wk_1a
= -, ———aot | .
Wo — Wi No? g —wy Mo
Hence, if min $o—wro_ —wi04 < w04 4wio_—max B we find
W —We—1 w2 —Ww1
that
min Gy — wro_ — w104
ag+ =
0 W2 — Wi
and if min $o—wro_ —wi04 — w04 +wio_—max B¢ that
W —Whe—1 w2 —Ww1
max &g — wr04 — w10_
Aprr = .
Mo Wz — w1
Thus, we have identified the first weight, namely
~ - min@lfwkoffwlcw W —Wg—1
a* . aNJ if wWro4y+wio_—max & w2 —w1
1

ag,  otherwise.

Now assume that we have identified [ different weights,

aiy,...,a;. If o_ Zn <10 ay, all the remaining weights
(Z

are posmve and Theorem [[V.I] applies. Thus assume that
o_ < Z n=1 a;, and define &, := &;_1\R_1, with

ay<0
l l
‘ﬂl_l = U Cl U+ — an)
w' W e n=1 n=1
wGQZ a, < <0 an>0

N, = max{i =1, ...,
]\~fl+ =min{n =1, ...,

N st a, <0 and a,, € {a], ...

vai b},
N st an > ag, and a, & {a7,...,a] }}.
Note that analog to Lemma [[V.4]

min &; = min(xiﬁr T, ), max®; = max(xle+ ) .TZ'NZ)

and thus

W2 — w1

min Q5l — WE0_ — w104 .
= min 7CLN+,—(11\71
W — Wg—1 W — Wg—1 !

w04+ + wjo_ — max &, . W — Wh—1
=min | —ag, ————ag+ | -
wa — w1 Vowg —ws !

min &; —wpo_ —wi04 < wWg044wio_ —max &
W —Wg—1 W2 —w1

Hence, if we find

that

min &; — wro_ — w104

aj+ =
N w2 — w1

and lf min@z—wkﬂf—w10+ —
W —Wkg—1

W04 +wio_ —max &,
pp— that

max &; — w04 — wi0_

a =
N W — w1

Thus, we have identified the (I + 1)-th weight as

WE —WE—1
w2 —w1

5 . min & —wpo_ —wi04
az( o a‘Nl+ if Wi 04 +wio_ —max &;
+1 .
ag otherwise.
1

By induction, we can identify all weights and thus, by
ASB(a) > 0 the assertion follows. [ |
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