1801.08693v1 [cs.IT] 26 Jan 2018

arxXiv

Improved Finite Blocklength Converses for
Slepian-Wolf Coding via Linear Programming

Sharu Theresa Jose

Abstract—A new finite blocklength converse for the Slepian-
Wolf coding problem is presented which significantly improves
on the best known converse for this problem, due to Miyake and
Kanaya [2]. To obtain this converse, an extension of the linear
programming (LP) based framework for finite blocklength point-
to-point coding problems from [3] is employed. However, a direct
application of this framework demands a complicated analysis
for the Slepian-Wolf problem. An analytically simpler approach
is presented wherein LP-based finite blocklength converses for
this problem are synthesized from point-to-point lossless source
coding problems with perfect side-information at the decoder.
New finite blocklength metaconverses for these point-to-point
problems are derived by employing the LP-based framework,
and the new converse for Slepian-Wolf coding is obtained by an
appropriate combination of these converses.

I. INTRODUCTION

The intractability of evaluating the nonasymptotic or finite
blocklength fundamental limit of communication has put the
onus on discovering finite blocklength achievability and con-
verses that sandwich tightly the nonasymptotic fundamental
limit. Accordingly, recent years have witnessed a surge of
tight finite blocklength achievability and converses ([4f], [5],
[6l], [31), particularly for coding problems in the point-to-point
setting.

Eventhough many sharp and asymptotically tight finite
blocklength converses have been obtained in the point-to-
point setting employing tools like hypothesis testing [4] and
information spectrum [7], deriving tight finite blocklength
converses for multiterminal coding problems still remains
particularly challenging. Part of this challenge could be at-
tributed to the difficulty in extending the techniques in the
point-to-point setting to the network setting. In this paper,
we consider the classical multiterminal source coding prob-
lem — the Slepian-Wolf coding problem and show that the
extension of the linear programming (LP) based framework
we introduced for the point-to-point setting in [3], in fact
results in new and improved finite blocklength converses for
this problem. Moreover, it yields a framework via a hierarchy
of relaxations in which classical converses can be recovered,
and converses for the networked problem can be synthesized
using a combination of point-to-point converses.

Consider the finite blocklength Slepian-Wolf distributed
lossless source coding problem (in Figure [T) posed as the

Sharu and Ankur are with the Systems and Control Engineering group at
the Indian Institute of Technology Bombay, Mumbai, 400076, India. email:
sharutheresa@iitb.ac.in, kulkarni.ankur@iitb.ac.in. This work was presented
in part at the IEEE Information Theory Workshop, in Kaohsiung, Taiwan,
2017 1.

Ankur A. Kulkarni

Sl X1
fi >
Y1,Y, 5.,
P)’l,Yg\Xl,XQ—DE—L» 2
So Xs
— | fo

Fig. 1: Two-User Joint Source-Channel Coding Problem

following optimization problem,

SW Jmin E[{(51,52) # (S1,5)}]
Xl = fl(51)7
s.t.  Xo = f2(S2),
(51752) = g(Y17Y2)7
where S1,99, X1, Xo, Y7, Y5, §1, §2 are discrete

random variables taking values in fixed, finite spaces
81,892, X1, Xo, V1, Vo, 81, Sa, respectively. Notice that these
spaces could be Cartesian products of smaller spaces, and
hence could be sets of finite length strings. Here, S7 and Ss
represent the two correlated sources distributed according
to a known joint probability distribution Pg, s,. The source
signals are seperately encoded by functions f; : & — A}
and fo : S — X to produce signals X; = f1(S1) and
Xo = f2(S2), respectively. The encoded signals are sent
through a deterministic channel with conditional distribution
Py, vy 1x1,x, = H{(Y1,Y2) = (X1,X2)} to get the signal
(Y1,Y5), where I{-} represents the indicator function which
equals unity when ** is true and is zero otherwise. (Y1, Y>)
is then jointly decoded by g : V1 x Vo — &1 X S to
obtain the output signal (S7,53) = g¢(Y7,Y2). For the
finite blocklength Slepian-Wolf coding problem, we note
that spaces S =81, 8 =8, & =) = {1,...,M1}
and Xo = Yo = {1,..., My}, My, My € N. An error
in transmission occurs when (Sy,S5) # (S1,55). Hence,
the objective of the finite blocklength Slepian-Wolf coding
problem SW is to minimize the probability of error over all
codes, i.e. over all encoder-decoder functions (f1, f2,9).

Our interest in this paper is in obtaining finite blocklength
converses (or lower bounds) on the optimal value of SW
and our approach is via the linear programming (LP) based
framework introduced in [3]. In [3], we showed that this
framework recovers and improves on most of the well-known
finite blocklength converses for point-to-point coding prob-
lems. In particular, the LP framework is shown to imply the
metaconverse of Polyanskiy-Poor-Verdd [4] for finite block-
length channel coding. For lossy source coding and lossy
joint source-channel coding with the probability of excess



distortion as the loss criterion, the LP framework results in
two levels of improvements on the asymptotically tight tilted-
information based converses of Kostina and Verdu in [5] and
[6]], respectively.

Fundamental to this framework is the observation that the
finite blocklength coding problem can be posed equivalently
as a nonconvex optimization problem over joint probability
distributions. A natural optimizer’s approach [8] to obtain
lower bounds would then be via a convex relaxation of the
nonconvex optimization problem. In particular, resorting to the
“lift-and-project” technique due to Lovasz, Schrijver, Sherali,
Adams and others [9], we obtain a LP relaxation of the
problem. From linear programming duality, we then get that
the objective value of any feasible point of the dual of this
LP relaxation yields a lower bound on the optimal loss in
the finite blocklength problem. As a result of this observation,
the problem of obtaining converses reduces to constructing
feasible points for the dual linear program.

The converses in [3] stated above for various point-to-point
settings emerge as special cases of this LP-based framework,
implied by the construction of specific dual feasible points.
This tightness of the LP relaxation shows that there is an
alternative, asymptotically tight way of thinking about optimal
finite blocklength coding — as the optimal packing of a pair
of source and channel flows satisfying a certain error density
bottleneck. The flows here are the variables of the dual
program and the bottleneck, its constraint.

In this paper, we further this theme towards the Slepian-
Wolf coding problem. In the present paper we observe that
our LP relaxation has an operational interpretation based on
optimal transport [[10]], wherein one designs not only codes, but
also couplings between them to minimize the resulting ‘error’.
Using the LP relaxation, we first establish new, clean, meta-
converses in the point-to-point setting for lossy source-coding
problems with side-information at the decoder; these converses
are stronger than our earlier converses in [3l], they imply the
hypothesis testing and tilted information based converses of
Kostina and Verdu [5, Theorem 7,Theorem 8] and the converse
of Palzer and Timo [11, Theorem 1], and are, to the best
of our knowledge, the strongest known. Subsequently, we
analyse the dual LP of the finite blocklength Slepian-Wolf
coding problem. When extended to the networked Slepian-
Wolf coding problem, the LP-based framework results in a
large number of dual variables and constraints, which makes
it quite challenging to analyse and interpret. Consequently, we
devise an analytically simpler approach to construct feasible
points of the dual program using feasible points of simpler
point-to-point problems. This yields tight finite blocklength
converses that improve on the hitherto best known converse
for this problem, due to Miyake and Kanaya [2].

The dual variables of the LP relaxation of SW also have a
structure of ‘source flows’ and ‘channel flows’. Though, as yet,
we do not have physical or operational interpretations for these
‘flows’, they serve as useful analytical devices for synthesizing
converse expressions for SW. We find that source and channel
flows for problem SW follow a hierarchy such that flows at
the highest level satisfy the error density bottleneck, whereas
the flows at the next levels have to meet a bottleneck, dictated

by the flows at the level above, along various paths in the
network. We show that the well-known information spectrum-
based converse of Miyake and Kanaya [2]] results from a
particular way of constructing these flows. Improvements
on this converse follow by synthesizing these flows in a
more sophisticated manner. Specifically, by synthesizing flows
for the networked problem using flows from the following
point-to-point problems: (a) lossless source coding of jointly
encoded correlated sources (S, S2), (b) lossless source coding
of S1 with perfect side-information of S5 available at the
decoder, and (c) lossless source coding of S» with perfect
side-information of S; at the decoder, we show that a new
finite blocklength meta-converse results, which improves on
the converse of Miyake and Kanaya.

The paper is organized as follows. In Section [lI} we consider
the point-to-point lossy source coding problem with side-
information. By the LP framework and an appropriate choice
of source and channel flows, we derive new tight finite
blocklength converses for these problems. In Section [III} we
discuss the extension of the LP relaxation to problem SW
and establish the duality based framework. In Section we
illustrate how to synthesize new finite blocklength converses
for SW from point-to-point sub-problems and present a new
finite blocklength converse which improves on the converse
of Miyake and Kanaya. Lastly, in Section [V] we discuss the
structure of the constraints of the dual program corresponding
to SW and possible avenues for further strengthening of the
bound.

A. Notation

Throughout this paper, we consider only discrete random
variables. We make use of the following notation. Upper case
letters A, B represent random variables taking values in finite
spaces represented by calligraphic letters, A, B respectively;
lower case letters a,b represent the specific values these
random variables take. I{-} represents the indicator function
which is equal to one when -’ is true and is zero otherwise.
P(-) denotes the set of all probability distributions on *-’
and Q@ € P(-) represents a specific distribution. If @ is
a joint probability distribution, let (), denote the marginal
distribution of ‘e’. For example, ()x s represents the vector
with Qxs(z|s) for z € X,s € S as its components.
Let PypPcp(a,b,c,d) stand for Py p(alb)Poip(c|d). If P
represents an optimization problem, then OPT(P) represents
its optimal value and FEA(P) represents its feasible region.
LHS stands for Left Hand Side and RHS stands for Right
Hand Side. The notation a L b denotes that « is independent
of b.

II. FINITE BLOCKLENGTH POINT-TO-POINT SOURCE
CODING

In this section, we consider the point-to-point lossy source
coding problem and the lossless source coding problem with
side information at the decoder. We employ the LP relaxation
framework to obtain finite blocklength converses for these
problems.
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Fig. 2: Lossy Source Coding

A. Point-to-Point Lossy Source Coding

We begin with point-to-point lossy source coding. The
finite blocklength lossy source coding problem (Figure [2)) with
probability of excess distortion as the loss criterion can be
posed as the following optimization problem,

SC 1;1 n E[1{d(S, S) > d}]
X = f(9)
s.t. § _ g(Y)

Here, S, X,Y and S are discrete random variables taking
values in fixed, finite spaces S, X, ), S respectively, with
X =Y ={1,. M}MeNandS—SSrepre-
sents the source message distributed according to a known
distribution Pg. The source message is encoded according to
f S — X to get the signal X which is transmitted across a
deterministic channel with conditional probability distribution
Pyix = I{Y = X}. Y represents the channel output which
is decoded according to g : Y — S to get the message
S at the destination. d : § x § — [0,+00] represents the
distortion measure and d > 0 represents the distortion level.
The optimization problem SC, thus, seeks to find a code (f, g)
which minimizes E[I{d(S,S) > d}] = P[d(S,S) > d], the
probability of excess distortion under the measure P induced
by f.g.

SC can be posed equivalently as the following optimization
problem over joint probability distributions,

SC i {d )>d ,
.. Z {d(s,3) }ZQ (s,2,9,%
Q(z) = PSQX\SPY\XQSW( z),
> . Qxs(zls) =1 Vse S,
s.t. 2 5QsyGly) =1 Vyel,
Qxs(z|s) >0 VseS,xe X,
Qg‘y(sy) >0 VseS,ye),
where z = (s,z,y,8) € Z, Z = S x

X x Y x 8 PSQX\SPYlXst(A) =

Ps(s)Qx)s(x]s) Py x (y|7)Qgy (5]y). Here, Qx s represents
a randomized encoder and QS‘Y represents a randomized
decoder. We refer the readers to [3] for details on this
formulation.

To obtain lower bounds on the optimal value of SC, we
adopt the LP relaxation detailed in [3]]. Towards this, we intro-
duce a new variable W (s, z,y,35) = QX|S(x\s)Q§‘Y(§\y) and
obtain valid constraints involving W through the constraints of
the problem. Specifically, multiply both sides of the constraint

> . @x|s(z]s) =1 by Q§|Y(§|y) for all s,y,s and multiply

both sides of Z§Q§|Y(§|y) =1 by Qxs(xz|s) for all s,z,y.
Replacing the bilinear product terms in the resulting set of
constraints and in the objective of SC with W, gives new linear
constraints in the variables Qx| S’QgLY’W’ which together
with Qx|s € P(X[S) and Qg,, € P(S|Y) give the following
LP relaxation.

P, ity M55 > AP Pn )V
> @xs(zls) =1 vi(s) Vs
> 5 QgyGly) =1 Pl Yy
st Y W(Z)— Qg‘y(g\y) =0 As(5,5,y) Vs, S,y
Z?W( ) QX\S($| ) 0 Ac(xvsay) V.%‘,S,y
QX|S; Q5|Y7 w > 0.

Above 7%, 7%, \s and )\ are Lagrange multipliers correspond-
ing to the respective constraints.

1) An operational interpretation via optimal transport: The
above LP relaxation can be explained operationally by relating
it to the optimal transport problem [10]. Note that for each
seSandy e Y, W(s,-,y,-) is a coupling on X x S between
the marginals () x|s(-|s) and QS‘Y(~\y); let the set of such W
be denoted by (QX‘S,QS Y) The LP relaxation of SC is
a nested minimization — the inner minimization is over all
couplings W € Z(Qx s, Q §|Y) and the outer minimization is
over all randomized codes (Qx|s, @ §|Y):

min min
Qx|s5:Qs)y WEE(Qx|s,Qz)y) P

The original problem SC has the outer minimization over
codes, but in place of the inner minimization over W it
employs the product Qx|s(1)Qgy (1) € E(Qxjs, Qgy) 10
obtain the distribution. Thus the LP relaxation is arrived at by
considering the term QX‘S(~|~)Q§|Y(~|o) in SC as an element
of Z(Qxs, Q§|Y) and minimizing the resulting cost over all
elements of Z(Qx|s, Qg‘y). Operationally speaking, the LP
relaxation seeks to design codes and couplings between them
that minimize the error under the joint distribution induced by
the coupling.

We caution the readers that for multiterminal problems,
one must apply this interpretation with additional caveats. We
discuss this in Section [II=ATl

2) Duality and bounds: Employing the Lagrange multi-
pliers corresponding to the constraints of LP, we obtain the
following dual of LP,

DP  max Zv +va(y)
() Z)\(:Esy)_o va,s (P1)
s.t. Y (y ) Z As(5,5,9) <0 Vs, y (P2)
/\( 5y) + Az, s,y) < 2(2) vz (P3)

where 3(2) = I{d(s,s) > d} Ps(s)I{y = «} for all Z, since
Pyx(ylz) = {y = «}.

In problem DP, it is optimal to choose 7%(s) and 7*(y)
such that (P1) and (P2) hold with equality, i.e., v%(s) =
ming 3°, Ac(2,5,y) and 7*(y) = ming Y, As(s,5,y). Then

S 1{d(s,3) > d}Ps(s) Py (y]2) W (2),



the optimal value of DP with 3(Z) as the RHS of (P3)
evaluates to,

OPT(DP, 2(2))
= r)\n%\x{zs: m;nzy: Az, s,y) + Xy: mglng: As(s, 5, y)}

s.t Ac(z, 8,9) + As(s,8,y) < X(2) Vze Z. (1)

It follows that if we construct functions s : S X S x Y—=>R
and A¢ : S x X x Y — R satisfying (1), then linear
programming duality implies the following lower bound on
OPT(SC),

OPT(SC) > OPT(LP) = OPT(DP)

> meinZ)\c(ac,s,y) +ijn2)\s(s,§, y). 2
S Y Y s

Notice that As and A. are functions on subspaces of
Sx X x)Yx S Ac is a function of the source signal s, the
channel input = and channel output y; we call this function
a channel flow. On the other hand, A is a function of the
source signal s, the decoder input y and decoder output
s. We refer to it as a source flow. Hence, for the point-
to-point finite blocklength source coding problem, our LP-
based framework reduces to constructing a source flow and
a channel flow such that they satisfy the bottleneck imposed
by the constraint (P3). The RHS of (P3) is the “error density”,
3(2) = Ps(s)l{y = «}I{d(s,5) > d}, and hence the
challenge is to optimally pack a source flow and a channel
flow so as to not exceed the error density.

It was shown in [3] that by an appropriate construction
of these source and channel flows, a new finite blocklength
converse for lossy source coding results which improves on
the tilted information based converse of Kostina and Verdu [3]].
Modifying and generalizing this construction of flows, we now
present a new metaconverse for lossy source coding, which
implies our improvement on the Kostina-Verdd converse and
the hypothesis testing based converse in [5, Theorem 8]. To the
best of our knowledge, the metaconverse below is the strongest
known.

Theorem 2.1 (Metaconverse for Lossy Source Coding):
Consider problem SC. For any code,

E[I{d(S, S) > d}] > OPT(SC) > OPT(LP) =

> {Zq&

O<¢(s)<PS (s)

OPT(DP)

3)

where the supremum is over all functions ¢ : S — [0, 1] such
that 0 < ¢(s) < Ps(s) for all s € S.

Proof : Consider the following values of source and channel
flows,

)‘C(Ia S, y) = ]I{y = I}¢(S)7 (4)
We now check if the above choice of flows satisfy constraint

(P3). For this, consider the following two cases.
Case 1: I{d(s,s) >d} = 1.

Mmé@xz o(s)I{d(s,3) < d}}7

In this case, As(s,5,y) = 0 and Ac(z, s,y) = {y = 2}¢(s) <
Ps(s)I{y = x}, which is the RHS of (P3).

Case 2: I{d(s,s) > d} = 0.

In this case, the RHS of (P3) is zero and LHS becomes,
{y = x}¢(s) — ¢(s) < 0, thereby satisfying (P3). Hence,
the considered choice of flows satisfy constraint (P3). Conse-
quently, the required lower bound follows from by taking
supremum over ¢ such that 0 < ¢(s) < Pg(s) Vse S. N
In particular, choosing ¢(s) = min{Ps(s), z(s)} in () where
z: 8 — [0,00), and taking the supremum over such z, we get
the following bound,

E[I{d(S,S) > d}] > OPT(SC) > OPT(LP)
> sup{zmm{Ps< ), 2(5))

z2>0
_ MmgaXZmin{Pg(s),z(s)}ﬂ{d(s,g) < d}}. (5)

Remark I1.1. (Choice of Flows) An easy way of motivating
the choice of flows is as follows. Observe that if 0 < ¢(s) <
Ps(s) for all s, we have that,

%(2) =2 o(s){y = z}{d(s, 5) > d}
= o(s){y = 2} — ¢(s)[{y = =} {d(s,5) < d}.
An obvious choice of the flows would thus be A.(z, s,y)
o(s)I{y = o} and Ao(s,3,y) < —¢(s){y = 2 H{d(s,5)
d}, which results in our metaconverse in @

The following results are corollaries to the metaconverse.
js(+,d) below is the d-tilted information; we refer the reader
to [5] for details.

Corollary 2.2: (Metaconverse Recovers Improvement on
Kostina-Verdii Converse from [3| Corollary 5.9])

The following converse follows from (G):

E[I{d(S,5) > d}] > OPT(SC) > OPT(LP)

OIA |l

= OPT(DP)

1
> SUP{PUS(Sa d) >~ +log M|+ R
> ri)

—maxexp ZPS s)exp(js(s,d))I{d(s,s) < d}}

s)exp(js(s,d) —v){js(s,d) <log M +~}

which is the improvement on the Kostina-Verdu tilted infor-
mation based converse in [3, Corollary 5.9].

Proof : To see this, take z(s) = Ps(s)7; exp(js(s,d) —
v) for any scalar and lower  bound
—M sup; ), min{Ps(s), z(s) }[{d(s,s) < d} with
—Msup; ), 2(s)I{d(s,5) < d}. Subsequently, take
supremum over 7y to get the required bound. |

Consider a binary hypothesis testing problem between dis-
tributions Ps and Q. Let ag(Ps, Qg) represent the minimum
type-I error, ) . Ps(s)T(s) over all tests 7" such that the type-
IT error, ) . Qs(s)(1 —T(s)) is at most 6. The following
corollary shows that the metaconverse in Theorem in fact
recovers the hypothesis testing based converse of Kostina and
Verdu [5, Theorem 8].



Corollary 2.3: (Metaconverse Recovers Kostina-Verdii Hy-
pothesis testing based Converse from [5 Theorem 8])
The following converse follows from (3),

E[I{d(S,S) > d}] > OPT(SC) > OPT(LP)
(2) sup sup{z min{Ps(s), BQs(s)} — BM*}

Qs€P(S) 820

= OPT(DP)

—~
=

= sup aum(Ps,Qs), (6)
Qs€eP(S)

which is equivalent to the hypothesis testing based converse

of Kostina and Verdud in [5, Theorem 8]. Here, M* =

M maxzQ[d(S,5) < d] and Q is the measure on S induced

by Qs.

Proof : To recover the converse in (a) from (3), take

z(s) = pQs(s) where 5 > 0 and lower bound
—M supg Y min{Ps(s), z(s)}I{d(s,5) < d} with
—M sup; > 2(s)I{d(s,5) < d} = —BM*. Subsequently,

take the supremum over 5 > 0 and Qg € P(S) to get the
required bound. The proof of the relation in (b) is included
in Corollary in Appendix A. |

Corollary 2.4: (Metaconverse Recovers Palzer-Timo Con-
verse [11, Theorem 1])
The following converse follows from @

E[I{d(S,S) > d}] > OPT(SC) > OPT(LP)

> sup{P[js(S, d) > 3]
BeR

= OPT(DP)

~ MmaxP[js(S,d) > 8,d(5,3) < d]},

which is the converse of Palzer and Timo in [11, Theorem 1].
Proof : To obtain this converse from @), take

z(s) = Ps(s)l{js(s,d) > P} where 8 > 0
in (3) and take supremum over 8 > 0. Notice
that in this case, min{z(s),Ps(s)} = 2(s) since
2(s) = Ps(s)[{js(s,d) > B} < Ps(s). |

The finite blocklength lossless data compression problem
results from SC by setting d(S,5) = I{S # S} and d = 0.
The following corollary particularizes the metaconverse in (3)
to lossless data compression. In this case, the metaconverse
takes a particularly simple form.

Corollary 2.5 (Metaconverse for Lossless Source Coding):
For lossless data compression, consider the setting of The-
orem [2.1| with d(S, S) = I{S # S} and d = 0. Conse-
quently, for any code the following converse follows from
Theorem [2.1]

E[I{S # §}] > OPT(SC) > OPT(LP) = OPT(DP)
> sw {lolh - Mol @

In the above converse we have viewed ¢ as a vector in
RISI that is nonnegative and dominated by Ps € RISl The
maximization in (7)) is a tradeoff between increasing the ¢,
norm of ¢ on the one hand, and decreasing the {,, norm
of ¢ on the other. One plausible strategy for this tradeoff is

to take ¢(s) = Ps(s) for those s € S for which Ps(s) is
not too large, and zero otherwise. Specifically, one may take
¢(s) = Ps(s)I{Ps(s) < W} for some v > 0. Then the
RHS of (7)) is lower bounded by

Sup {P[h(S) > log M +~] — exp(—)},
where h(S) = —logPs(S). The above converse is [5}
Theorem 7] specialized to the lossless case.

Having outlined the LP based framework for point-to-point
lossless source coding, we now consider three problems that
will serve as sub-problems for analysing problem SW.

3) Lossless Coding of Jointly Encoded Correlated Sources
(S1,52): In this sub-problem of Slepian-Wolf coding prob-
lem, the correlated sources Si,Sy are jointly encoded by
f : 81 X 82 — Xl X XQ to get (X17X2). (Xl,XQ) is sent
through the channel Pyl,y2|X17X2 =I{(1h,Ys) = (X1,X2)}
to get (¥7,Y2) which is then decoded according to g
Vi XYy — 81 X 82 The objective, as for SW problem, is to
losslessly recover (S7,.52) at the destination.

It is easy to see that the above joint encoding problem is
equivalent to the point-to-point lossless source coding problem
SC with S (Sl,SQ), /)\( = (X17X2)/,\Y = (Y17Y2),
S = (51,52) and d(S,S) = I{S # S} with d = 0.
Consequently, to obtain finite blocklength converses for the
joint encoding problem of correlated sources, we resort to the
following generalized version of DP for lossless source coding
problem,

DPJE max _ Z 7% (s1,82) + Z /’?b(yhyZ)
T As5 A S$1,892 _Y1y2
Y (s1,82) = D2y Ac(S1, 82,21, 2, 91,92) < 0
V1, x2,51,52 (Al)
s.t. /’?b(ylva) - 231,52 As(s1,52,51,82,91,92) < 0

. V§1 5 §27 Y1, Y2 (AQ)

Ae(s1, 52,81, 52,51, 42) + Ae(s1, 52,21, 22, 41,2)  <T(3)
V7 (A3)

where Z := (81, S2,%1,X2,Y1, y27/8\1, 3\2), T(Z) = ]I{(Sl, 82) 75
(:9\1,/8\2)} PS1,Sz (817 SQ)H{(yl,yQ) = (:1?1,,%2)} for all z.
Though this is a straightforward generalization of DP, we will
need this later and hence we have included it here.

As in the case of DP, taking 7% and A such that (A1)
and (A2) hold with equality, OPT(DPJE) can be written in
terms of the channel flow Ac(81, 82,21, T2, Y1, y2) and source
flow As(s1, $2,51,82,¥1,42). The metaconverse for lossless
source coding problem in Corollary then readily implies
the following corollary.

Corollary 2.6 (Metaconverse for Jointly Encoded Sources):

Consider problem SC with S := (51, 52), X = (Xi, X3),
Y = (\1,Ys), S (51,52) and d(S, S) = H{S #+ S}
with d = 0. Consequently for any code, we have from

Corollary
E[I{(S1,S5) # (S1,52)} > OPT(DPJE)

e o
)

0<(51,82)<Ps;,55(51,52) V51,89

— MM, maX¢(81,82)} (3

$1,8



where the supremum is over ¢ : 81 xSy — [0,1] such that
0 < ¢(s1,82) < Pg, ,5,(51,82) for all s; € S1,52 € So.
Proof : To obtain the required converse, we consider the
following choice for the flows in DPJE, which generalizes
the ones adopted in (@).

I{(y1, y2) :(171,302)}5(51782) ©)]
—d(s1,52){(51,52) = (31,52)},

The feasibility of these flows with respect to (A3) can be
verified as in the proof of Theorem and we skip the proof
here. |

(1,2, 81,52, Y1, Y2)=

As(81, 82,581,582, 91, y2) =

B. Lossless Source Coding of Si1 with So as the Side-
Information

We now consider the following sub-problem of Slepian-
Wolf coding: S; is to be recovered losslessly at the destination
with Sy available as side-information at the decoder (Figure [3).
Towards this, S is encoded according to f; : S — X; to
get X7, which is transmitted through the channel Pyl‘ X, =
I{Y; = X1} to get Y;. Ss is the side information available at
the decoder which decodes according to g : S X V1 — 81
to get 51 The finite blocklength source coding of S; given
So as the side information can be then posed as the following
optimization problem,

STD min E[I{S) # 51}]
1,9
S.t. X, = fl(Sl); S1 = g(Sg,Yl).

Thus, SID1|2 seeks to obtain a code (f1,g) which minimizes
E[I{S; # S1}] = P[S; # S4], the average probability of error.
To obtain finite blocklength converses, we employ the

LP relaxation approach in [3] to obtain the following LP

relaxation of the problem SIDy ;.

LPSII‘%XHSH ’gg?\h,sz’ ;W(Z)W )
> e, @xysy (1s1) = 1:5%(s1)
35 Qs pvrs, (B1lyr, 52) = 1:7°(y1, 52)
s.t. 3ou W(2) = Qg v, .5, (B1ly1,82) = 0 M (s,51, 1)
s W(Z) — Qxyysy (z1]51) = 0 AN (s, 20, 91)
QX1|517Q§1|Y1,527W 2> 0,
where s := (s1,82), Z := (x1,51,52,51,¥1) and ¥U(z2) =
Ps, s, (51, 82)[{s1 # 51 }{y1 = 1}
Employing the Lagrange multipliers 7%, 7%, 5\£1|2) and 5\((;1‘2)

corresponding to the constraints of LPSI;j;, we obtain the
following dual of LPSI;),.

DPSI1|2’7H b}\I(I}‘aQ))(A(m)bZ’y 51 erlzzfy Y1, 52)
Y4 (s1) = 2oy s A2 )(51 s2,21,y1) < 0
Vay,s1 (Bl)
s.t. :}/b<52;y1) Esl )\ 12 )(Sl,Sg,Sl,yl) <0
Vsa,51,y1  (B2)
A )(51782,51 y1)+)\( 12 )(51,52,xl,y1) <U(z
vz (B3)

Choosing 5%(s;) and 4°(sz,y1) such that (B1) and (B2)
hold with equality, OPT(DPSIlgg) can be written in terms
of 5\9‘2)(51,52,1;17311) and A2 (s1,52,51,%1). Notice that
5\9‘2) is a function of z1, s1, s2, y1. Thus, for each so € Sy, it
is akin to a channel flow of the point-to-point source coding
problem with S; as the source. Likewise, for each sy € So,
5\9‘2)(51, 52,81, y1) is akin to a source flow for this problem.
Following these observations, we now show that an appropriate
construction of these source and channel flows results in the
following finite blocklength converse for SIDys.

Theorem 2.7: Consider the problem SID; 5. For any code,
the following lower bound holds,

E[I{S; # S1}] > OPT(SIDy5) >
{Z 6112 (51 55)

281,82

OPT(LPSI;3) > sup

0<¢p(t12<Ps, s

- M max 1?2 (5, s }, 10
1§ 12 V17 (51, 52) (10)
where the supremum is over (12 : S} x S; — [0,1] such

that ¢(112) (51, s5) < Ps, s, (51, 52) for all s, € Sy, 52 € So.
Proof : To obtain the required converse, we consider the
following values for the source flow and channel flow,

Z\E”Q)(sl, s2,21,41) = a1 = yl}¢(ll2)(317 $2),
5\51‘2)(51,52,3\1,3/1) = *¢(1|2)(51752)H{51 =35} AD

The feasibility of these flows with respect to (B3) can be
verified as in the proof of Theorem [2.I} Consequently,
employing linear programming duality and taking supremum
over ¢(112) gives the required bound. [ |
Notice that choosing dM2) (51, 59) =
min{ Ps, s, (81, 82),m2(s1, 82) }, 12 : S1 X S2 — [0, 1], yields
the following bound, E[I{S; # S1}] > OPT(SIDy)2) >

OPT(LPSIl|2) > sup { Z Hlln{PS1 So (81,52) ’172(81, 82)}

n2>0 51,82

- M, anjixmin{PSl,SQ(Sh32)7772(31732)}}- (12)
51

When particularized to 72(s1, s2) = PS2(82)%[:6) for 5 >
0, where Ps, (s2) = >, Ps, s,(s1,s2) and taking supremum
over 3, the converse in becomes,

E[I{S; # 5;}] > OPT(LPSI,5) > OPT(DPSI,5)

(@)
> ZHP{P[h51|s2(51|52) > log M + f3]

eXx
+ pT Z P32 Sg)ﬂ{h51‘32(81|82) < 10gM1 + ﬂ}
51,82
— Mlzsupmin Ps, s, (31, 82) P(SQ)M (13)
§1 1,02 bl b Ml

S2

O]
> Zgg{P[hsl|sz(5152) > log My + ] — eXP(—ﬁ)} (14)

Here h 4 p(alb) = —log P4 p(alb) is the conditional entropy
density. The inequality in (a) follows from the definition
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Fig. 3: Lossless source coding with side information available
only at the decoder

of conditional entropy density. The inequality in (b) fol-
lows by lower bounding the non-negative term corresponding
to I{hg,|s,(51|52) < log My + B} in by zero and
upper bounding min{Ps, s, (51, s2), Ps, (32)%:[3)} with
Pg, (52)%;@. Notice that the converse in (T4) is the well-
known converse for lossless source-coding problem with side-
information at the decoder. The converse in (I3) provides a
new improvement on the standard converse.

C. Lossless Source Coding of So with S1 as the Side-
Information

Analogous to SIDy 5, the finite blocklength lossless source
coding problem of So with S} as the side information can be
posed as the following optimization problem,

SIDgy r}li(? E[I{S> # §2}]
. Xa = f2(52)
o SQ = g(Sl,Yz).

The dual of the corresponding LP relaxation of SIDy; then
becomes,

~a ~b
DPSLp ca 50 i?z% 51D ZV (52) + yz 7 (y2,51)
v e S2 2,81
:}/a(SQ) B Z112781 >\‘(:2‘1)(517 S92, Jfg,yg) < 0
VZQ,SQ (Cl)
S.t. ’Y (517:'-/2) Zsz )\ (81’327§2ay2) S 0
vs17327y2 (02)
J(2]1 ~ J(2]1
e )(51752,52792) + 2 )(51782,I2,y2)§A(Z')
vz (C3),
where 2/ = (81,82, 22,Y2,52), and A(z') =

Ps, s,(s1,82)l{ys = x2}I{ss # S2}. The following
choice of source flow and channel flow results in a converse
similar to the one in Theorem for the problem SIDyj;.

5\((:2‘1)(817 527x27y2) = ¢(2‘1)(817 SQ)H{x2 = y2}

AP (51,82, 82,52) = =P (s1,50)[{s2 = B}, (19)

where (211 S x 8 — [0,1] is such that 0 <
¢(2|1)(51’52) S P31752(31a52) for all S1 € 81,52 € 82-

Theorem 2.8: Consider the problem SIDj|;. Consequently,
for any code, the following lower bound holds,

E[I{S> # S2}] > OPT(SIDy);) > OPT(DPSIy;)

{Z 6 (51, 5)

81,82
— M2 Z mAax ¢(2|1)(81,§2)}.
52
s1

In the next section, we extend the LP based framework to
finite blocklength Slepian-Wolf coding problem and establish
the duality based framework.

> sup
0<¢p(I) (s1,52)<Ps; 55 (51,52)

(16)

III. LINEAR PROGRAMMING BASED FRAMEWORK FOR
THE SLEPIAN-WOLF PROBLEM

In this section, we discuss the extension of the linear
programming (LP) based framework in Section [lIf to the finite
blocklength Slepian-Wolf coding problem SW. Towards this,
consider the joint probability distribution Q:8 xS x X x
Xo X Y1 X Yo x 81 x 8o — [0,1] which can be factored as,

Qz) =

WhereZ::Slengl><X2><yl><y2x§1><§2 and
z = (81, 82,%1,T2,Y1,Y2, 51, 52) € Z. Employing @), we ob-
tain the following optimization problem over joint probability
distributions,

Ps,.5,Q@ %115, Qx5 Prival X1 %: Q3,55 1vi v, (2)>

SW min

Qx1151:Q@x5(55>
’Q§1v§2\Y17Y2

PslngXl\SlQXz\SzPY1,Y2|X1,X2Q§17§2|y17y2(z)EQ(Z)v
Qx,s, € P(X1]S1),
Qx,|s, € P(X2]S2),
Q§1,§2|Y1,Y2 € P(81,82|y1,y2),

> H(s1,) #

z€EZ

(51,52)}Q(2)

S.t.

where, P(A|B):={Qua5|>_, Qap(alb) = 1,Qap(alb) >
0,V a,b}. Here, Qx,|s, and Qx,|s, represent the two ran-
domized encoders, and Q§1,§|Y1.Yz represents a randomized
decoder. It is easy to argue as in [3]] that the above formulation
is in fact equivalent to problem SW stated in the introduction.

As in the case of the point-to-point problems, the presence
of the multilinear constraint renders the feasible region of
SW nonconvex. Notice that the degree of the multilinear term
is three since there are three decision makers, whereas in
the point-to-point problems the degree was two. To obtain
converses or lower bounds on the optimal value of SW, we
will again derive a linear programming (LP) relaxation of the
nonconvex feasible region of SW, as shown in the next section.

A. LP Relaxation

For obtaining a linear programming relaxation of SW, we
resort to the “lift-and-project” technique in integer program-
ming. Towards this, we define the following new variables,

W(z) = Qx,15,Qx215: 95, 3, v1.v, (%) (17)
U(z1) = QX1|Sl(x1|51)Q§1’§2‘y17y2(§1;/S\2|y1ay2)7 (18)
V(z2) = Qx5 (22]52)Qg, 5,1y, v, (51552091, 92),  (19)
T(z3) = Qxy s, (71]51)Q x5, (v2]52), (20)



where recall that z := (s1, S2, 21, T2, Y1, Y2, 51, 52), 21 =
(817 T1,Y1,Y2, /8\1,:9\2), Z9 = (82, o, :9\1,3\2, Y1, yg) and z3 =
(s1, 82,1, x2). Using these variables, we first lift the problem
SW to a higher dimensional space and then impose additional
valid constraints involving these new variables. To obtain these
constraints, we adopt the following procedure.

For each s; € &1, we multiply both sides of the
constraint Qx5 (71]s1) = 1 by Qx,s,(22ls2) for
all T2, 892, by Qsl Sz\Y1 Y2<§1,§2|y1,y2) for all §1,§27y1,y2
and by QX2\52 (352\82)@51 Govi,v, (515 52|y1,2) for all
T2, 82,581,582, Y1, Y2, tO obtain three new sets of multilinear
equality constraints. Replace the resulting multilinear product
terms by the newly defined variables in (I7)—(20). This results
in the following new valid linear constraints in the lifted space,

> T(w1,22,51,52)

z1

Z U(x1>sl7‘/9\17/s\23y17y2)

ZW

Similar set of linear constraints can be obtained corre-
sponding to > Qx,s,(72|s2) = 1 for all sy and
Z§1,§2 Q§1,§2|Y1,Y2 (§1,§2|y1,y2) = 1 for all Y1,Y2. Subse-
quently, add these new sets of linear constraints to the original
constraints of SW. Further, replace () in the objective function
of SW with the first constraint written in terms of W, drop
the multilinear equalities in (T7)-(20) and we have the LP
relaxation of SW, LPSW as given in the next page. Notice
that the constraints of LPSW are implied by the constraints of
SW whereby LPSW is a relaxation of SW.

Here, 9%(s1). AP(s2) o). )
uslzgshsldz,yuyz), A (81752,z2,y1,y2,51,82),
e (xlvslaSQ)’ N’S (32751,32,2/1»y2)’
)\_gl\? (51,82,71,Y1,Y2,51, 52), Ac(81, 82, T1, T2, Y1, Y2)s
u§2)(52,x2,y1,y2) and ugl)(sl,xl,yl,yg) represent the
Lagrange multipliers corresponding to the constraints of
LPSW in that order.

1) An stronger optimal transport interpretation: The LP
relaxation of SW, LPSW, also admits an interpretation via a
“multiterminal” optimal transport problem. As in the point-
to-point LP relaxation, we note that for each s; € S1,50 €
So,y1 € Vi,y2 € Yo, W(s1,82,7,91,92,,7) is a cou-
pling on X} x Xy x (81 x S2) between all three marginals
Q@x,15,(151), @xz15,([s2) and Qg 5y, v, (- [y1,92): de'
note the set of all such W by Z'. However, note that W € =
does not automatically imply that, for instance,

= QX2\52($2|82)
= Q§1>§2|Y1,Y2 (‘/9\17 /S\Qlyla yQ)

1'2, 52, 817 327?/1»y2)

Z2,81,82),

Z Wiz QX2\52’Q51,52\Y1,Y2) (21)
and likewise, that

ZW € E(@x,s:, Qg SQ|Y1,Y2) (22)

Z W(2) € E(Qx,15,> Qxs15,)- (23)

51,82

LPSW is obtained by imposing not only that W € =/, but also
(21)-(23). Skipping the latter requirements would evidently
lead to a looser relaxation which would perhaps not suffice
for our purpose of obtaining tight converses. As in the point-
to-point problem, LPSW is a nested minimization where the
relaxation arises from replacing the product of kernels of
randomized codes by any coupling in =’ that is constrained
by I)-(23), and then minimizing over all codes.

We note that the variables U,V,T in (I8)-20) are in-
troduced in LPSW only to express the constraints ZI)-23)
on W in a clearer manner. They could be eliminated in
a straightforward manner and the entire problem could be
expressed only in terms of W and the randomized code

(QX1|S1 bl QXQ‘SZ I Q§17§2|Y17Y2)'

B. Duality and Converses

Employing the Lagrange multipliers corresponding
to the constraints of LPSW, we now obtain the
dual of LPSW, denoted DPSW, and shown on the
next page. Here, I(2) = I{(s1,s2) # (51,%2)}x%
PS1,S2(51a52) H{(ylva) = (1’1,%2)} Let © =
(A£1‘2)7A§2‘1)’/\m,ya’,_yb’,_yc“ué ),,ug )’#é ),Mc )’ (1|2) £2I1))
represent the collection of all these Lagrange multlphers or
dual variables.

To evaluate the optimal value of DPSW, it suffices to take
7%(s1), ¥*(s2) and 7¢(y1, y2) such that the constraints (D1),
(D2), (D3) hold with equality. Thus, at optimality,

Fya(sl) = Il;llln{ Z Mﬁl)(817$17y1>y2) + ZM£1|2)('T1781752)}

Y1,Y2 s2
,Yb(SQ) = H;lzn{ Z M£2)(527$27Z/1792) + ZM((:Q“)(I'2781,82)}
Y1,Y2 s1

Y (Y1, 2) = znp{Zu (52,81, 82,51, 92)+ Ngl)(51,§1,§27y)}'

S1

Let © — ()\gl\Q)’ )\g2ll)7)\c"ugl)"ugl)’NSE?)’Hg?)’HglI?)’Mg?H))
represent the collection of remaining dual variables. From
the duality of linear programming, the following lemma then
outlines our framework for obtaining lower bounds.

Lemma 3.1: Any collection of functions © satisfying con-
straints (D4)-(D7) yields the following lower bound on the
optimal value of SW, i.e.,

(@
OPT(SW) > OPT(LPSW) ¥ OPT(DPSW)

>ZH;11H{ZNC 51,21, Y1,Y2) +ZM1I2 961,81782)}

S1 Y1,Y2
(2\1
+ H;ln uc (s2,%2,y1,Y2) + e (w2, 51, 82)
2
So Y1,Y2
E mln{g u 82,81,327%792)
51,8
Y1,Y2 !

(24)

+ZM§1)(817§17§27?J)}-

The inequality in (a) follows since LPSW is a relaxation of
SW and (b) results from the duality of linear programming.



LPSW r}li‘I}U Z I{(s1,82) # (51,52)} Ps,,5,(51,52) {(y1,92) = (x1,22)}W(2)
QX1|57‘177Q,X2,|527 Z€2
51,821¥1.Y2
Y e, Qxy)s, (T1]51) = 12 7%(s1) Vs
D, Qx,19. (T2]s2) = 1: 2P (s2) Vso
Z§17§2 Q§17§2|Y17Y2 (31732|y1,y2) =1: 70(y17112) VY1, Y2
2|1
>, T(23) = Qxy)s, (72]s2) = 0 ! )(332751,82) Vg, 1, 82
~ o~ 1 ~ o~ ~ o~
Zml U(Zl) - Q§17§2|Y17Y2(81’32|y1’y2) =0: ,U;g )(81’31782ay17y2) v31781a3272-/1ay2
2|1 ~ o~ ~ o~
le W(z) = V(22) =0: >\§ | )(51a823x27y1ay2751;52) Vs1,82, %2, Y1, Y2, 51, 52
S.t. Zx2 T(Zg) Qxl‘sl ($1|81) =0: [1,((;1‘2)(1'1,81,82) Vl‘hsl,Sg
2 ~ o~ ~ o~
Zm Vi(ze) = Qsl,szlYl Y2(51a52|y1, y2) = 0: ug )(82781,3273/1»112) V1,51, 82,1, Y2
1|2 ~ o~ ~ o~
sz W( ) (21> =0: )‘g | )(317327$1a91,y2751,32) V31a52a$15y17y2781732
292 S1 W( ) ( 3) = 0 : >\C<817827x17x27y17y2) vslNSanlaxZaylayQ
Zgz,gl V( ) QX2\32($2|52) =0: Mgz)($2,827y17y2) Va2, S2,Y1,Y2
Z§1,§2 U(z1) — Qxl\sl(xﬂsl) =0: Ng )(551,5173/1,%/2) Vx1,51,Y1, Y2
QX]‘Sl’QXQ‘SQ,QSI’SQ‘YI’Y2 V U W Z 0
DPSW  mgx 32 (on) + 32 o)+ 3 (o)
s1 52 Y1,Y2
YH(51) = Dy 40 M (51,21, 1,y2) — S P (21, 81,82) <O Van, s (D1)
7 (s2) — Sy u (52,22, y1,92) — X, <2‘ N(@2,51,5) <O Va5 (D2)
vy (yl,yQ) Z /“LS (52731782vy13y2) Z /’Lg (Sl 817823y17y2) S 0 V‘/3\133\27:'/17’!/2 (D3)
s.t. AR )(31,82,962,211,3;2,81,82) + A8 |%(81,827171,y1,y2,81,82)+ Ac(s1, 82,21, 22, y1,y2) <1I(2) Vz (D4)
}Lg (527817527y17y2) +,u‘((1 >(527$25y17y2) Zsl )‘(1‘ >(817527x25y17y27817 2) < 0 VSQ"r27ylay27'517 2(D5)
Hé (317817527y17y2)+,u‘((1 >(517$15y1:y2) Z )‘(2‘ >(817527$15y17y27817 2) S 0 Vsl"rhylayQ:sh 2(D6)
‘(32| )(.'132781,52)+/L((;1‘2)(131731782) Zylny)‘ (81732"r17x27y17y2) SO V.'Ifl,II)Q,Sl,SQ (D7)

The last inequality follows from © being feasible for DPSW
and using that (D1)-(D3) hold with equality.

Thus, to obtain finite blocklength lower bounds on SW, it
suffices to construct functions,

)\ggll):81XSQ><X2><371X3)2><§1><§2—>R»

A2 8 X Sy x X x Yy X Vo x 8) x Sy — R,
Ac:S1 X Sa X Xy X Xg X Y1 X Vo = R,
pgl):81x§1x§2xy1><y2—>R7

pd S x X x Yy x Vo = R, (25)
uéQ):ngg‘l ><§2><y1><y2%R,
MEQ):SQXXQXy1Xy2_>R?

pPV X x 8 x Sy — R,

pt? X x 8y x Sy = R,

such that the point-wise inequalities in (D4)-(D7) are satisfied.

We call the above collection of functions ©, a feasible point
of DPSW. As is evident, construction of such a feasible point
of DPSW is challenging and probably cumbersome at first
glance. Another hindrance is the difficulty in interpreting these
variables so as to develop any intuitions on construction of
these variables.

Consequently, in this paper, we present a systematic method
to construct feasible points of DPSW and thereby, obtain

finite blocklength converses for SW coding. We show that a
combination of the source and channel flows of the problems
DPJE, DPSI, |5 and DPSIy);, yields a new feasible point of
DPSW and thereby, a new finite blocklength converse. We
discuss this in the next section.

IV. FROM POINT-TO-POINT CONVERSES TO
SLEPIAN-WOLF CONVERSES

In this section, we present a systematic synthesis of finite
blocklength converses for the Slepian-Wolf coding problem
from the source and channel flows of the dual programs
DPJE, DPSI; 5 and DPSIy); discussed in Section

We begin by discussing the structure of DPSW. Since
constraints (D1)-(D3) can be assumed to hold with equality,
our main concern is with the variables )\(1|2) )\(2‘1) Ac and
,ugl), 52), 9), n§2), M?‘l), (112) . We will refer to these vari-
ables (recall that these are functlons, as stated in (23)) also as
Sflows. Our approach for interpreting and classifying these flows
is based on relating these flows to flows of problems DPJE,
DPSI;; and DPSI,);. We remark that there may be other
approaches that would yield a more refined understanding.

We begin with the A’s. Consider the flow As (12 Observe
that A§”2 is a function of sy, so, 2, Y1, Y2, 51, S2 but is inde-
pendent of z;. Hence, for each fixed so, T2, Y2 and Sy, )\51‘2)
may be likened to a source flow from S to Sy (recall that the




source flow in the point-to-point problem was a function of
the source, the channel output and the destination, but not of
the channel input). The dependence of Ag (112) on So, T2, Y2, Sz
hints at (coded or uncoded) side-information about S through
the path Sy — Xo — Yy — 52 This leads one to surmise
that the flow )\(”2) would have a close relation to the source
flow of the problem DPSI;;. Thus we refer to AS‘Z) as
a source flow for DPSW. Note though, that this is not the
only heuristic one can ap%)ly It )\s is assumed to be also
independent of o, then \s™ '’ (s1, $2, 2, Y1, Y2, S1, S2) can be
also interpreted to be the source flow in the problem DPJE
where 51,55 are jointly encoded. Thus one surmises that a
value for )\§1|2) could probably be arrived at by a combination
of the source flows of DPJE and DPSI; 5. A similar heuristic

can be applied to surmise that )\91) could be arrived at
through the source flows of DPJE and DPSIy;. The flow
Ac(s1, 82,1, 22, Y1, y2) which depends on correlated sources
and the channel inputs and outputs, appears to be related to
the channel flows of all three problems DPJE, DPSI; |, and
DPSIy);, and should therefore be a function of the latter flows.
We refer to it as the channel flow. Thus in problem DPSW,
there are two source flows and one channel flow that satisfy
an error density bottleneck (D4).

We now come to the p’s. Notice that the flows of problem
DPSW fall into a hierarchy wherein the \’s are constrained
by the error density bottleneck (constraint (D4)), whereas the
w’s are constrained by a bottleneck determined by the \’s.
Arguing as in the case of the A\’s we see that ,ug ) and u(l)
akin to source and channel flows of a coding problem along
the path S; — X; — Y3 — S7. Note though the objective of
the problem (source coding, or something else) would depend

)\(2|1) the RHS of constraint (D6). Likewise pg ) and u(z)
resemble source channel flows for a coding problem along
Sy — X9 - Y, — Sg whose objective is determined by
)\51‘2) The final set of dual variables p(lm nd /1,<(;2|1) are
somewhat distinct from the rest, since they do not seem to be
analogous to any flows from point-to-point problems. We will
interpret these later.

The following two propositions distill these heuristics into
a formal relationship between the feasible regions of problems
DPSW and problems DPJE, DPSI; |, and DPSIy;.

Proposition 4.1: Let @1|2 = (¥%,7°, 5\§1|2), 5\‘(:1‘2))
FEA(DPSIy)p) with its Corresponding objective value,
OBJ(DPSIyj2) = 32, 7%(s1) + 22g, 0, 7 4% (s2,y1). Then the
following choice of values for the variables of DPSW is
feasible.

S~—"
1l

)\glp)(sla827x27y17y27/s\17§2 5(-,
/_\£1|2)(51, 52,1, Y1 )I{w2

Ac(81, 82,21, T2, Y1,Y2) = = Yo},
1l (s2, 9, Y1, y2) = 7°(s2,y1){za = 12}, (26)
plM (21,51, 89) = A( 12) (51, 52,1, 51),

0 ugm)(mg,sl,@) =0,
0 /’L((:l) (sla 1’17917y2) = 07
0, 7(y1,42) =0,

)\£2|l)(81, 52,1, y1792,§17§2)
Mgl) (81;‘/9\17/8\27 y17y2)

lu§2) (SQ, §17 §2a Y1, y?)

A2 )(81,827§1,y1)]1{$2 = y2}

b32)52'7b(327y1)a 74 (s1) = 7%(s1)-
Y1
Consequently, OPT(DPSW) > >~ 7%(s1) + >, 7" (s2) +
>y e Y (y1,y2) which is equal to the objective of DPSI;s
under O;p. In particular, considering @1‘2 as the optimal
solution of DPSI; |, gives OPT(DPSW) > OPT(DPSIy5).
|

Proof : The proof is included in Appendix

It thus becomes clear that given any feasible point
(72,70, AP X312y ¢ FEA(DPSIy5), one can construct
a feasible point of DPSW as given in (26). Moreover, the
objective value of the resulting feasible point gives a lower
bound on OPT(DPSW). Similarly, it can be shown that given
any feasible point of DPSIy|;, one can construct a feasible
point of DPSW with the same cost, thereby implying

OPT(DPSW) > OPT(DPSIy ).

As with the problems with side-information, the following
proposition illustrates a relation between the feasible regions
of DPJE and DPSW.

Proposition 4.2: The following relationship between the
feasible region of DPJE and DPSW holds. Let ©
(3*,4%, Xs;Ac) € FEA(DPJE) with its corresponding
objective value, OBJ(DPJE) Dsrsn V(81,82) +
Zylm A°(y1,2). Then the following choice of values of the
variables of DPSW are feasible.

112 ~ o~ _7 ~ o~
A )(81,82,$27y1,y2781,82)—)\ (51,52, 51,52, Y1,Y2)
(31752,z1,x2,y1,y2)

plM? (21,51, 82) = 0,

Ac(81, 82,1, T2, Y1,Y2) =
12 (52, w2, 91, y2)
Af‘l)(sh82,$17y1,y2,81, 59) =
) *(s1, 82),
)

3 (1)(81ax17y17y2>50

2) =Y A%(s1,52),
51

V(1 2) =7 (Y1, 2),
1P (52,51, 52,91, 42) EZ/\ (s1, 52,51, 52,41, y2)-

(2‘1)(:132 1,89

(1) (Sla S1, 527 Y1, Y2

7*(s1) =0

Consequently, OPT(DPSW) > > v*(s1) + >_,, 7" (s2) +
>y e Y (y1,y2) which is the objective of DPJE under ©.
Moreover, considering O to be the optimizing feasible point
of DPIJE yields that OPT(DPSW) > OPT(DPJE).

Proof : The proof is similar to the proof of Proposition
and we skip the proof here. |

The relationships between the feasible regions of DPSW
with that of DPJE, DPSI; |, and DPSI;|; established through
Propositions [4.1] and [£.2] help in establishing a formal inter-
pretation for_the roles of the dual variables of DPSW. From
Proposition we see that the dual variable )\gm) that we
considered as akin to a source flow for DPSI; 5 and also as
a source flow for the DPJE, has a somewhat more complex
interpretation. Specifically, while the latter interpretation holds
thanks to Proposition .2} the former holds only along the



diagonal xo = gy, as seen in (26). A similar caveat holds for
the channel flow A. and the other source flow Ag @,

We remark here that the choices of the p’s in Propo-
sitions [4.2] and [.1] are not necessarily optimal and hence,
one may not obtain a sharp interpretation for these flows.
Nonetheless, it can be seen that when the sum Zsl AS'Q) is
considered as in constraint (D5), the source flow from S; to
destination §1 is averaged out, and what is left, is the influence
of side-information of S. From Proposition {.2] it can be
seen that ,ug ) accounts for the point-to-point like source flow
through the path from S, to the destination node (51752)
Further, (26) implies that ,ué ) accounts for the channel flow
through thlS path. Similarly, us represents the point-to-point
like source flow through the path from 57 to (Sl, SQ) via the
decoder and ug ) represents the correspondm channel flow for
this path. Finally, thanks to the relation ug Zyl )\(1 2) i

(26), we can interpret that u( 12) represents an average channel
flow from S, to (Sl, Sg) given the side-information about S.
Similarly, ug B represents an average channel flow from S5

given information about 5.

A. Synthesizing Converses for SW from Point-to-Point Duals

As an immediate consequence of Proposition[4.T|and Propo-
sition we get that the point-to-point metaconverses in
(10), and are all lower bounds on OPT(DPSW).
Consequently, the following is a straightforward lower bound
on OPT(DPSW),

sup
0<¢(s1,52)<Ps;,5,

My My max $(§1,§2>}7

51,52

OPT(DPSW) > max{

51,52

> oM (s1,80)

51,52

- 0 Y o 55 .
{3 0000

51,52

— M, E max ¢(2|1)(31,§2)}}.
%
51

sup {
0<¢(112)(s1,52)<Ps, 5, (s1,52)

sup
0<¢(2I11) (s1,52)<Ps, 5, (51,52)

27

Convex analytically speaking, the above bound considers
a convex combination of feasible points of DPSW obtained
via Propositions and In the following theorem we
synthesize a new feasible point for DPSW by a nonlinear
combination of the source and channel flows in the point-to-
point dual programs DPJE, DPSI;; and DPSIyj;. We will
subsequently apply specific metaconverses from Corollary [2.6]
Theorem and Theorem to get our new metaconverse.

Theorem 4.3: Let (7,7, A" A1) € FEA(DPSI, ),
(72,70, A2 3By ¢ FEA(DPSIzH) and (3%,3%, X\, A) €
FEA(DPJE) Then, any choice of values for the variables

{ > d(s1,52)
(s1,52)

of DPSW satisfying the following equations is feasible for
DPSW.

)\gl‘z)(slySanQay17y27§15§2) = j‘glm)(817527§1’y1)x
H{xQ = yQ} + OéXs(sla 827§17§2aylay2):| ]I{(Sl’sQ) = (:9\1’/8\2)}7

2|1 ~ o~
Aﬁ | )(817527$1,y1,y2781,82) =

5\£2‘1)(817 52, ‘/9\27 y2) X

H{.Tl = yl} + (1 — a)xs(81,827§1,§27yl7y2)} X
H{(Sl,SQ) = (:9\1’:9\2)};

Ac(81, 82,1, T2, Y1, Y2)= IHiII{P(Sl, so){(y1,y2) = (21,22)},

(81,82, 01,2, 91,Y2) + Xém)(sh s2, 21, y1){ze = Y2}
+ AP (51, 89, 29, yo ) I{z1 = yl}}7

Z j\glm)(sh 527/8\17y2):|

51#£51
X H{l‘Q = yQ}H{SQ = gg},

(28)

(2)(52ax27y15y2) ['Yb(thQ) -

12 ( (81,82,81782,91,3/2)]1{82 =55},

51,y2 Z 5\§21)(52752,§27yz)}

52782
x {xy = y1}{s1 = 51},
(1 —a)/\s(sl,SQ,sl,SQ,y1,y2)
x I{sy =381},
P (@, 51, 52) + pMP (21, 51, 52)
< Z Ac(81,82, 1,72, Y1,Y2),

Y1,Y2

52, 817 527 ylvyZ

(1)

/’Lc (Slax17y15y2

l_|

(1)(81, 51,82, y17y2)

where o € (0, 1) and v%(s1),7"(s2) and v*(y1, y2) are chosen
such that (D1), (D2) and (D3) hold with equality.
Proof : The proof is included in Appendix |

Theorem [{.3| generates a new feasible point for DPSW using
an appropriate and nonlinear combination of the feasible points
of the point-to-point source coding problems. Notice that the
source flow )\gl ?) is taken as a superposition of the source flow
for DPSI; |5 (which acts only when x5 = y2) and a fraction of
the source flow for DPJE. Similarly, /\52“) is a superposition
of the source flow for DPSI,|; (which acts only when z; =
y1) with the remaining fraction of the source flow for DPJE.
While )\gm) and )\§2I1) are linear combinations of the point-to-
point source flows, the channel flow \. considers a nonlinear
combination of the channel flows of DPSI; 5, DPSIy; and
DPJE, so as to satisfy the bottleneck in constraint (D4). Since
Ac dictates the choice of u( 2 and ,u(zll) the nonlinearity is
also inherited in the relation of p’s.

Moreover, the nonlinear relation between A. and the channel
flows of the point-to-point problems is one of the reasons
for the improvement on the classical converse of Miyake and
Kanaya, as can be seen later in (3I). This improvement is



otherwise hard to deduce from a feasible point of DPSW
resulting from a convex combination of point-to-point feasible
points.

Thanks to Theorem [4.3] to obtain finite blocklength con-
verses for Slepian-Wolf coding, it suffices to consider the
simpler point-to-point source-coding problems and construct
good feasible points for them. In particular, considering those
feasible points of DPSI,|2, DPSIy); and DPJE which yield
the metaconverses in (I0), (I6) and (8) for the correspond-
ing point-to-point sub-problems and subsequently employing
Theorem [4.3] we obtain the following new finite blocklength
converse for SW.

Theorem 4.4 (Metaconverse for Slepian-Wolf Coding): Con-
sider the problem SW. Consequently, for any code, the follow-
ing bound holds:

E[I{(S1,S2) # (S1,85)}] > OPT(SW) > OPT(DPSW) >

sup {Zmin{Psl,Sz(Sla32)a$(31752)+¢(1|2)(81a32)
$,0(112),62IV 75,
+ ¢V (s1,52)} — M1 My max (31, 55)

51,52

— M. g max¢(2|1) $1,89) — M E maX(;S(llQ) S1,8 },
2 . 13 (51,52) 1 - 1 (51, 82)
(29

where the supremum is over 6,011 4D . 5 x S, —
[0,1] such that 0 < ¢(s1,52), 91 (s1,52), 93N (s1,52) <
Ps, s,(s1,s2) for all s1 € Sy, 52 € Sa.

Proof : The proof is included in Appendix |

In particular, choosing

d(s1,52) = min{ Ps, s, (s1,52), 71 (51, 52)}
¢(1‘2)(51, s2) = min{Ps, s, (1, 52),m2(51, 52) }

¢V (51, 50) = min{ Py, s, (51, 52), 13(51, 52)}

in @9), where n1,7m2,m3 : S1 X Sa — [0,00), we get the
following bound.

E[I{(S1,S2) # (S1,52)}] > OPT(SW) > OPT(DPSW) >

sup

{ Z min{ Ps, s, (81, 82), M (81, $2) + n2(s1, $2)+
71,72,132>0

1,52

n3(s1,52)} — M1 Mz maxmin{Ps, s, (51, 52), 7 (51,52)}

51,82

— My maxmin{Ps, s,(s1,52),73(s1,52)}
5o
51
MY maxmin{Ps, s, 31, 52), 1B, 52>}} (30)
51
s2

Further, the new converse in improves on the information
spectrum based converse of Miyake and Kanaya [2]] as shown
in the following corollary.

Corollary 4.5 (Improvements on Miyake-Kanaya Converse):
The converse in (30) implies the following improvement on

the converse of Miyake and Kanaya,

E[I{(51,S:) # (S1,82)}] > OPT(SC) > OPT(DP) >

ZUP{P{hShSQ(Sh Sa) > log My Ms + 3 or hg,|s,(S1]S2)
>0

> log My + 3 or h52|51 (Sglsl) > log My + /8:| +

B e )

= MMy, * M, My
X H{PslsZ(Sﬂsz) > %:5)»1352\31(@81) > #,
Ps, s,(s1,82) > m} — 3exp(ﬁ)}, 31
where h 4| 5(alb) = —log P4 (alb) is the conditional entropy

density and ha p(a,b) = —log P4 p(a,b) is the joint entropy
density.

Proof To obtain the above converse, weaken (30)
: exp(—
by choosing 7:1(s1,52) = MIr)l(Mf)7 n2(s1,82) =

PSQ(SQ)GX%:B), N3(s1,82) = Pgl(sl)%ﬁ and bound
min{P(s1,s2),m(s1,82) + nm2(s1,82) + ms(s1,82)} by
min{ P(s1, s2), max{ni(s1, s2),n2(s1, s2), n3(s1, $2) } }

Further, = bound  min{Ps, g,(51,52),7(51,52)} by
M (s1,s2), min{Ps, s,(51,52),1m2(51,52)} by n2(s1,52) and
min{Ps, s,(51,52),13(51,52)} by n3(s1,s2). Subsequently,
employing the definition of h 4 p(alb), ha p(a,b) and taking
supremum over 5 > 0, we get the required converse. |

Remark IV.2. (Recovering the Converse of Miyake and
Kanaya) Lower bounding the non-negative term in (31 cor-

exXp(=5)

responding to I Ps,|s,(s1]s2) > =3

7PSZ|51 (82|81) >

eXp(=h)
My

eXp(=5)
My Mo

the converse of Miyake and Kanaya given as,

, Ps, s,(s1,82) > with zero, we recover

E[I{(S1, S2) # (S1,85)}] > sup{P[hsl,SQ (51,55)
B>0

>log M1 My + B or hg,s,(S1]S2) > log My + 3

or hg,s, (S2]S1) > log My + ﬂ] — 3exp(ﬂ)}. (32)

]

Before we conclude, we note that the relevance of ,
particularly in the analysis of second-order asymptotics is
limited. As pointed out in [12, Section 6.2], the second-
order analysis centered at a corner point of the first order
rate region of Slepian-Wolf problem, is determined by the
multivariate Gaussian CDF with respect to jointly encoded and
side-information problems together. Consequently, the lower
bound in (29) or the union bound in (BI) are more relevant.
In fact, with the flexibility of choosing 71,7s,n3 which are
functions of (s1,s2), the converse in may even Yyield
refined third order terms in the asymptotic analysis.



B. Illustrative Example:Doubly Symmetric Binary Sources

In this section, we consider the example of a Doubly
Symmetric Binary Source (DSBS) with §; = S; = {0,1}"
and the joint probability distribution given as,

1
Ps, 5 (s1,82) = oop ) (1 —p)rmdlens), - (33)

where p < 0.5 and d(s1, $2) represents the Hamming distance
between s; € S; and sy € S,. Further, M, = 27f1,
My = 272, Py, (s, (s1]52) = Psys, (s2]s1) = p?or2) (1 —
p)"~4s1:52) and Pg, (s1) = Ps,(s2) = 5. The optimal rate
region for this DSBS is given by [13],

Rsw = {(R1,R2) | Ri,Re > H(p), R1 + Ry > 1+ H(p)}.

Particularizing the converse in to the case of DSBS bg/
=

choosing 72(s1,52) = Ps, (s2) 47 13(s1,52) = Ps, (s1) 57

—-B . .
and 7y (s1, s2) = ﬁ results in the following converse.

E[I{(S1,S2) # (S1,52)}] > OPT(DPSW)

n
9-B  9-8 9—f+n
> sup nc min{pk 1—p)"*, + — + }
B>0{kz_0 ’ ( ) My My MM,
k 1— n—k 275
— M;2" max min pd-»p ,
ke{0,..n} AL 27 My
k 1— n—k 27[3
— M52"™ max min il ) , =
ke{0,...n} AL 27 Mo
k(1 _ \n—k -8
_[p"(L—p) 2
— M, M. . 34
12 ker{r(l)?xn} mln{ 2n ’ MM, (34

The above bound follows from @) since for any s; € Sy,
the number of s3’s at a Hamming distance of k € {0,...,n}
is given by "Cj.

Figure [4 and Figure [5] compare our improved converse (34)
with the Miyake-Kanaya converse in (32). It is seen see that
the improved converse in (34) shows a nontrivial improvement
on the Miyake-Kanaya converse. Note the differences in scale
in both Figure [ and Figure [3]

Remark 1V.3. For the case of DSBS whose joint distribution
depends only on the Hamming distance, choosing 71,72, 13 in
(30) to be independent of (si, s2) results in (34) performing
weaker than (7). To see this, lower bound (27) with the
converse from jointly encoded sources i.e., @), and choose

o~

1
Bl s2) = min{ pe++3 (1 = gyt

1 276
min{pd(51,82)(1 — 17)n7”l(51,82)27n7 Sl }
-8
+ min{pd(shsﬁ(l - ]7)n_d(31,52)2in7 QQnJW}
2
1 278
’ min{p O R VAT }} 35)
142

~

and subsequently, upper bound maxs, 3, ¢(51,52) with

S ~ - 1 275
. d(81,82) 1— n—d(81,52)
max< min -,
51 -,?2{ {p ( p) n 2”1%1 }
. 5.8 ) L 277
mm{pd(‘l""’)(l _p)" d(‘17<2)2n’ on 2}

1 2*5}
o MoMy? [

+ min{pd(gl ,§2)(1 _ p)nfd(:s\l ,§2)

-~

Further, noting that ¢(s1,s2) is equivalent to,
. -8 =8 -8
min{p?C1) (1 — p)ndev) o Fon + San + s )

Y . _ -8
and 251,52 B(s1,82) =D p_o"Ch mln{pk(l —p)" 7k, le +
2—h o= B+n

5, + 3537, ) the following lower bound follows from (27),

9-6  9—B+tn
+ My M,y }

My

Z"Ck min pk(l — p)"_k, — 4+
k=0 My

1 28
— M, M. in{p"(1 —p)"F— ——
1 2k€?5?fn}{mln{p ( ) o 0, }—!—
min{p*(1 — p)" k= 2’ b+ min{p*(1 - p)"*
2n7 2n My on’
98
Mle}}
n 9-8  9-B  9—B+n
> ’nC 3 k 1 _ n—k - I
_; kmm{p R v 7 +M2M1}
1 277
: k n—k
— M1 M, kEH(}??(.,n} min{p“(1 — p) o0 2an}
1 277
— M+ M : k 1— n—k —
1My max min{p”(1 —p) 2n72nM2}

1 278
n—k —
on’ MQMl}}' (36)

It is now easy to see that when M, My < 27, @) outper-
forms @ Note, however, that this outperformance relies on a
particular choice of the 7,172, 73 in Theorem [.4] which leads
to @ and on the structure of the DSBS. In particular, it does
not imply that Theorem [4.4] is weaker than (27). O

— MiMs max
ke{0

eyl

. krq
}mm{p (1—p)

V. DISCUSSION

The tightest finite blocklength converse derivable for
the SW problem employing the LP-based framework is
OPT(DPSW), the exact evaluation of which is difficult.
However, since the framework poses the tightest converse as
an optimization problem, a hierarchy of lower bounds on it can
be derived through a series of optimization problems. This also
helps us conceptually situate the metaconverse in (29) and the
Miyake-Kanaya converse in the hierarchy, as discussed below.



OPT(DPSW)
= 0.18, H(p) = 0.6801, R, = 0.675, R = 1.01
0.45 ‘ : : : : :
min(sum’s) > sum(min’s) as in G7)
0.4r B
—— Converse (34)
--—"Miyake-Kanaya Converse Converse @)

0.35 —
o g
=] /
5, min(sum'’s) > sum(min’s) as in 39)
i ’ dualvarlables
Z o8 ’ Converse }—) Metaconverse (29) ‘
S
: UGy

02} = ey,

s
o5t ] ’Converse (251 }T>’ Miyake-Kanaya Converse (]3_7]}‘
! 1|2
o ‘ ‘ ‘ ‘ ‘ ‘ ‘ )\(2\1)
t0 100 150 200 250 300 350 400 450 asin @
blocklength

Fig. 4: DSBS with (Ry, R2) # Rsw . Fig. 6: Hierarchy of lower bounds derived. An arrow from
p=0.25, H(p) = 0.8113, Ry = 0.86, Ry = 0.98 A — B implies that A > B, the heading above the arrow in-

% dicate how B is obtained from A. min(sum’s) > sum(min’s)
0.045f represent that minimum of sums is atleast equal to the sum of
004 minimums.
- ooss N by employing that
‘2 0.03r \\l\i
= —— Converse (34)
z e 112 - g
oo | ] 30l S} = 5 i 3
[ S1 Y1,Y2 S1 Y1,Y2
2 0.02f ’,»' E
/ 1]2)
0.015- /" J + H;IIHZ ﬂ( | :|
0.01—;”’ ’
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Fig. 5: DSBS with (Ri, Rs) € Rew- +min Y - 1Y }
S1
SFUT) SEES IS ED T
Recall that OPT(DPSW) evaluates to the following opti- iy % yry2 07
mization problem, a )}
+ min 37
min Zu (37)
m_ax{z min{ Zugl)(sl, 1, Y1, ZJ2)+Z ,u£1|2)(331a S1, 82)}
R TR SV 52 This results in the following optimization problem, the optimal
) /1) value of which yields a lower bound on OPT(DPSW),
+ZH;;H{Z He S?ax27y17y2)+zuc (x2751582)}
Y1,Y2 S1
+ Z,I\HIAH{ N(Q)(52>§17§27y1792)
15 281’82 S2 OPT(DPSW > 5 5 B
Y1,y ( ) mgx{er;llnyZy e (s1, 21,91, y2)+
+ZN£1)(517§1,/S\27?J)}}» . N
51 ZH;IPZMC (21,81, 82 +ZH;}ZD Z MEQ)(52,$2,Z/1792)
S.t. (D4)-(D7) hold. 5t 2 - 52 yroyz
: 2|1
+>_min Y pulV (s, 51, 50)
S2 S1
Note that in the above equation, the source flow p( ) and . 2) ~ o~
+ min S2,81,52,Y1,
channel flow ,ug ), though along the same path are under mzm §1,§2gu (52,851,852, 41, 12)
two different minimum’s. So are the pairs (ug),ug)) and o
(1 (1‘”,“&2'1)). Consequently, we first try to bring the terms + Z ;nipz,ugl)(sh%,?z,y)}}
in each of the above pairs together. Towards this, we first yiys 7 st

separate out the terms inside the minimum’s in OPT(DPSW) = s.t. (D4)-(D7) hold. (38)



We now further lower bound (38) by using,

min Z e 1 > Zmlnz,u
T

Y1,Y2

(2)
rr;rznz /12 >me2u

Y1,Y2

(39)

to get the following optimization problem, whose optimal
value is a lower bound on (38),

max E E min E (89, T2, Y1, Y2
A2ID \(12) (2) (2){ |: . /Uc s T2, Y1, Y2)
S 17 ts s7\C

5.t (D4) holds s( (DS) holds S2 Y2
. 2 ~ o~
+ 2 :,I\nlAn E /’L( )(827517327y15y2):| }+ (40)
v %S,

max min /1‘ 317$1>y173/2)
% 2| 2
5. (D6) holds S1 Y1

+ E min § ns 81781,827311;92)} }+

51,52
min E (112 ) Il S1, 82
<2\1> <12>{Z 1 fe )
S1 S2

s t (D7) holds

+ nginZﬂngl)(xz,Sl,Sz) }}

So S1

Note that (0) now has an outer optimization over
)\(1‘2) )\(2‘1) , Ac satisfying the error density bottleneck (D4)
and three inner o;mmrzatron problems over each of the pairs,
(,ugl),,ugl) Ls ,u£2) and ( (1|2), (2‘1)) with bottlenecks
imposed by Constrarnts (D6), (DS) and (D7) respectively.

We further lower bound (@0) by restrrctlng the choice
of A and A" such that M A s independent
of 51 and 232 /\g ) is 1ndependent of S3. Under this
assumption, constraints (D5) and (D6) imply that u_g) and
ugl) are independent of 35; and 3§, respectively. Hence,

for each y1 € Vi, >, ming, > u§2)(52,x2,y1,y2) +

Zy2 ming, s, ZSQ ,u£2) (s2,51,52,Y1,Y2) represents
the objective corresponding to the packing of
source flow u§2) and channel ﬂoy u@ through
the path So — Xy — Yo — Sy satisfying the

bottleneck, M§2)(32,§17§2,y17y2) + u£2)(52,m2,y1,y2) <
Do )\gl‘z)(shsz,wmyhy27§17§2) for all s2,22,%2, 2.
Taking the maximum over M@,M?) inside the summation
over y1, we can ex ress the optimal packing of these flows as
OPT(DP Z )\5 (Sl,sg,xz,yl,y2781,82)), defined as in
(1). Note that here the RHS of the bottleneck is not necessarily
an error density, but a function of (s2,x2,y1,ys2,52)
and OPT(DP, Zsl )\51‘2)(517 S92, Ig,yl,yg,gl,gg)) is not
necessarily the relaxation of a source coding problem.
Similarly, for each Y S Vs,
> ming, Y, i (51, 21,1, 90) +
4, Ming, 5, Zslugl)(slﬁl, $2,Y1,Y2) represents  the
objective corresponding to the packing of source
flow ugl) and the channel flow ,ugl) through the path
S — X1 > YT — §1 satisfying the bottleneck imposed

by (D6). The resultant optimal packing can be expressed as
OPT(DP,ZSZ )\91)(51,52,$17y13y27§1,§2))- Employing
these yields the following lower bound on (40),

(1\2)
/\(“2) /\<2|1> A{Z:OPT (DP,> AN (sy, 80,20, 51, 42,51, 52))

o (D4 holds S1
Z )\(1‘2>JL

5 A L3,

+ZOPT DP Z}\(QH) 81,827$1,ylay2»§17§2))

Y2

E min E JIN 1|2 (21,81, 82)
(1|2) (2\1> 1
S1

S
4 07) ho]ds 2

+ > min Y plP (25,51, 5) }} (41)

S92 S1

Note that for a given choice of )\(”2) )\(2‘1) the bound in
(@T)) comprises of optimal value of the duals of point-to-point
problems, OPT(DP, >, A{'™®) and OPT(DP, 3, AP'Y).
However, the objective of these problems is necessarlly source
coding since RHS of (D5) (or (D6)) is not the source coding
error density.

Thus, the bounds in (38), {@0) and @T) illustrate a hierarchy
of lower bounds on the optimal value of DPSW. We now
show that the Miyake and Kanaya converse falls lower in this
hierarchy than our converse. Considering the choice of flows
as in the proof of Theorem [4.4] with

Aglp)(sh S2, $2,y1,y2,§1,§2) = ¢(1‘2)(517 SQ)H{Sl = §1}X

Iz = o} + a$<sl,52>]r{<s1,sz> — (L&)},

¢(2‘1)(31, SQ)H{SQ = §2}X

I{zy =y} + (1 - @)(s1, 52)]H{(817 s2) = (51,52)},

2|1 ~ o~
Ag | )(817523'r1ay17y2751582) = -

for a € (0,1), it is easy to verify that our metaconverse in
(29) follows via the construction of a feasible solution to the
optimization problem in . Note that here, > AP i

general depends on 5 and 252 AZI depends on $5, whereby
this construction is not feasible for (I). On the other hand,
we find that the derivation of the Miyake and Kanaya converse
from (BI) corresponds to the following choice of variables,

(51,52)}

MY (51,59, 29,91, Y2,51,52) = —1{(s1,52) =

Iy = 2} Ps, (82)6"3\25)} 42)
)\£2|1)(3 52, %1,Y1,Y2, 81782) = _]I{(81782) = (§1’§2)}
{H{yr = 11} Ps, (s1) I;\Zﬁ) + ej\/‘,pl(&f)]’

for 3 > 0. In this case, ) AL s independent of §; and
Zs;, )\gzll) is independent of 5y. Hence, with the following



choice for the remaining dual variables satsifying (D4)-(D7),

(81,82, 1, 2,91, y2) =1{(y1,y2) = (21, 22)}Ps, 5, (51, 52) X

exp(—
H{Psl752(51752) < maX{PSQ(SQ)w’
1
exp(—=f) exp(=f)
P
S1 (51) M2 ) M1M2 5
exp(—
W s 1,) = ~ S0 P (5210 = 2},
exp(—
:u((:l) (Slaxlaylva) - _#Psl (Sl)]l{yl = Il},
2
1) (51,51, 52,51, 2) = —%H{sl =35},
,u((:2‘1)(31,82,$2) == Z )\c(51782,$175€27y1’y2)7
Y1,Y2
and u£2),u£1|2) = 0, it becomes clear that the resulting

Miyake-Kanaya converse follows as a lower bound on the
lower level optimization problem in (4I). This also implies
that the converse of Miyake and Kanaya can be thought to
be obtained by the \’s in DPSW as inducing source-coding
like problems in the DP’s in (#I). On the other hand our
metaconverse in (29) follows from a more complicated bound.

In summary, our metaconverse in (29) and the Miyake-
Kanaya converse in (32) can be placed in the hierarchy of
lower bounds as illustrated in Fig [6] Moreover, this hierarchy
also provides structured avenues for obtaining tighter bounds
on the finite blocklength Slepian-Wolf coding problem — by
appropriately bounding optimization problems lying higher in
the hierarchy in (38).

VI. CONCLUSION

We presented a new finite blocklength converse for the
Slepian-Wolf coding problem which improves on the converse
of Miyake and Kanaya. The converse was derived by employ-
ing the linear programming based framework discussed in [3].
The proposed framework was shown to imply new metacon-
verses for lossy source coding and lossless source coding with
side information problems, and recover the tightest hypothesis
testing based converse of Kostina and Verdd [S]. For finite
blocklength Slepian-Wolf coding, a systematic approach was
developed to synthesize new LP-based converses from those
of lossless source coding problems with side information. By
appropriately combining the metaconverses for these point-
to-point problems, our metaconverse for Slepian-Wolf coding
was derived.

VII. APPENDICES

APPENDIX A
HYPOTHESIS TESTING BASED CONVERSE FOR LOSSY
SOURCE CODING

ForA a source S with distribution Pg, distortion function d :
S x 8 — [0,+00] and distortion level d, the rate-distortion
function is defined as

Rs(d) =

P§\S:

inf

_I(S;8),
E[d(S,5)]<d

(43)

where the infimum is over Pg ¢ € P(S|S). Assume that the
infimum in @3) is achieved by a unique PA*‘ g and dpin =
inf{d : Rg(d) < co}. The hypothesis testing based converse
of Kostina and Verdu [5, Theorem 8] is then obtained as below.
Converse A.1 (KV-hypothesis testing): Consider problem
SC with X = Y = {1,..., M}. Any code (f,g) such that
E[I{d(S,S) > d}] < € and d > d,i, must satisfy,

3 51*5(P37 Q)
M= sup inf T (44)
0ep(s)ses MQld(S,5) < d]
where  fB1_c(Ps,Q) is the minimum type-Il error

> s Q(s)T(s) over all tests T' such that the type-I error,
> s P(s)(1 = T(s)) < e. Moreover, the converse in ([@4) is
equivalent to the following lower bound on the probability of
error (see [14, Equation 72]),

e> sup an-(Ps,Qs), (45)

QseP(S)
with M* = M maxzQ[d(S,3) < d].
Corollary A.1: The following relationship holds,

{OéM* (Ps, Qs)}

sup
Qs€P(S)

sup sup{Zmin{Ps(s>,6Qs<s)}ﬂM*}. (46)

QseP(8) 20 (5

Proof : To see the above equivalence, we consider the
Neyman-Pearson (NP) optimal test for vy« (Ps, Q). The NP
optimal test is given by T%(s) = H{%(s) < ~*} such that

aM*(PS,QS):ZPS(s)H{S‘Z(s)S’y*} and  (47)

;QS(S)H{SZ(S) < v*} —1-M".

Now, consider aps«(Ps, Qs) — v*(1 — M*) which evaluates
to

ZPS(S)H{SZ(S) < v*} . Q<s)ﬂ{g§<s> < v*}
;zps@ﬂ{gz(s) <} -

. 7 Y ason g >}
= 3 min{Ps(s). Q) -

(48)

which implies that,
ap+(Ps,Qg) = Zmin{Ps(s),'y*Q(s)} — v M*.

Moreover, the RHS of the above equality can be equivalently
written as,

S min{Ps(s), 7" Q(s)} — v M*

= sup
820

{Zmin{Ps<s>, BQ(s)} — ﬂM*} .



The proof for the last equality follows in the same line as in
the proof of [15, Lemma 1] and we skip the proof here. Now,
taking the supremum over Qs € P(S) yields the required
result. |

APPENDIX B
PROOFS OF THEOREMS IN SECTIONM
Proof of Proposition u Let ('7“,'7”,5\_5,1‘2),5\9'2)) €
FEA(DPSI; ). We now show that the choice of dual variables
in (26) is feasible for DPSW. We first verify the feasibility of
the choice of dual variables with respect to constraint (D1) of
DPSW. We get that,

Z :ut(:l)(shxhylva) + Z/“‘Lglp) ('Th 51, 32)

Y1,Y2 S2
_ (©)
= ZZ)\((:HQ)(:EMSMSQ’:UI) Z fya(sl) = ’ya(sl)7
S22 Y1

thereby satisfying (D1). The inequality in (c) follows from
the constraint (B1) of DPSI; 5. For checking feasibility with
respect to constraint (D2), we get that

Z MEQ)(J:27 52, Z/leJQ) + Z:ut(:zll) (1'2, 51, 52)

Y1,Y2 S1
= Z 7 (52, y1) {2 = yo} = Z’_Yb(52,yl) = 7" (52),
Y1,Y2 Y1

thereby satisyfing (D2). The feasibility with respect to (D3)
is trivially satisfied. For feasibility with respect to (D4), the
LHS of (D4) becomes

Agm)(sh52,$2,yl,y27§1,§2) + Ac(s1, 82,21, T2, Y1, Y2)
= ;\§1|2)(51a527§1,211)]l{$2 =12}
YD (21, 51, 89, y1){zg = Yy}

(%) P(s1,82)[{y1 = o1} {y2 = z2}1{s1 # 51}
< P(s1,59){(y1,y2) = (@1, 22)}I{(s1, 82) # (51,52)},

which is the RHS, thereby satisfying (D4). Here, the
inequality in (a) follows from the constriant (B3) of
DPSI, . To verify feasibility with respect to (DS), we have,

1 (52,51, 82,51, 92) + 1 (22, 82,91, 10) =
(b) - R
3 (s2,y1) {2 = ya} < O AP (s1, 50,51, 51) {22 = 1o}
= Z/\ém)(sla82,$27y17y2,§17§2)7
which is the RHS of (D5), thereby satisfying it. The in-
equality in (b) follows from constraint (B2) of DPSI,.
Since )\22‘1), ,ugl), ,ugl) = 0, the constraint (D6) is trivially
satisfied. To verify feasibility with respect to (D7), we have,

/L((IQH)(‘%% S1, 52) + ,LL<(;1|2)(1'1, S1, 82) =

ngm)(fﬂhsl, 8273/1) = Z Xgl)($1781»827y1)11{582 = yz}

Y1 Y1,92

= Z )\6(81752;xlax2ay15y2)a

Y1,Y2

thereby satisfying (D7). Thus, the considered choice of dual

variables is feasible for DPSW. |
Proof of Theorem .3} It is enough to show that the

above choice of dual variables are feasible with respect to

the constraints (D4)-(D7) of DPSW. To verify the feasibility

of dual variables with respect to (D4), consider the following

two cases.

Case 1: I{(s1,s2) # (51,82)} = L.

In this case, )\51‘2 (81,82,22,Y1,Y2,51,82) = 0 and

AP (51, 89,21, y1,92,51,82) = 0. The LHS of (D4) be-

comes, Ac(s1,52,71,%2,91,y2) < P(s1,82)[{(y1,92) =

(z1,22)}, which is the RHS of (D4) thereby satisfying the

constraint.

Case 2: H{(Sl,SQ) 7é (§17§2)} =0.

In this case, s; = S1, S3 = 59, the RHS of (D4) is zero and

the LHS becomes,

)\gm)(sh82,$27y17y2,§1,§2) +)‘_5,2|1)(51,827$1,yl,yz,ghgl)
+ Ac(51, 82, 21, T2, Y1, Y2)
= 5\§1|2)(81, s2,51,y1) {2 =y} + axs(sl, S92, 51,82, Y1, Y2)
+ AP (51, 82,82, y2){w1 = g1} + Ac(51, 52, 1, 72,51, 2)

~

+ (1 — a)As(s1, 52,51, 52, Y1, Y2)

§ [Xglu)(sh 823§17y1) + 5\(:1‘2) (81’ 32a$17y1)]ﬂ{$2 - y2}
+ [;\gzu)(sl’ 52,52,Y2) + S\EQH)(Sh s2,72,y2)|[l{z1 = y1}
+ Ac(s1, 82, 1, T2, Y1, Y2) + As(51, 52,51, 52, Y1, Y2)

which is non-positive, thereby satisfying the constraint (D4).
The non-positivity follows since (5\9‘2), XE”Q)), (5\52‘1), ;\9\1))
and (Xs, \c) satisfy the constraints (B3), (C3) and (A3) (cor-
responding to the case when (s1,s2) = (81,52)) of dual
programs DPSI; |5, DPSIy); and DPJE respectively.
To  verify feasibility = with  respect to
Do /\§1'2)(sl, S, T2, Y1, Y2, 51, S2) evaluates to

(D5),

[5\£1|2)(§17 s2,81,y1){z2 = y2} + O‘Xs(gh 52,51, 52, yhyz)]
X H{Sg = §2}
(a)

> [7*(s2,51) *Z Xglu)(sly‘SQagbyl)]H{xZ = Y2,82 = 52}
51751
+ aAs(81, 82,51, 52, Y1, y2)[{s2 = 2}

> M£2) (w2,52,y1,y2) + H.S,Q)

thereby satisfying (D5). The inequality in (a) results from the
constraint (A2).

To verify the feasibility with respect to
Zsz /\52'1)(51, S2,T1, Y1, Y2, 81, S2) evaluates to

(327 gla :9\27 Y1, y2)7
(D6),

[5\§21)(817§27§27y2)ﬂ{$1 =y}
+ (1 - a)}‘\s(813§2>/3\17§27y17y2):| H{Sl = ‘/9\1}7

® ~ N N
> |:’7b(517y2)_ Z >\§2|1)(81, 82782,y2)} a1 =y1,81 =51}

S27#82

~

+ (1 — ) As(s1, 52,51, 52, Y1, y2)[{s1 =51}

> pi (1, 51,1, y2) + D (51,51, 52, 1, 92),



thereby satisfying (D6). The inequality in (b) follows from
the constraint (C2) of DPSIy,;. The feasibility with respect
to (D7) is trivially satisfied. Hence, the considered choice of
dual variables are feasible for DPSW. |
Proof of Theorem To get to the above converse,

take (j\gl‘z),j\glp)’:ya,,y as in @ 2|1 (2‘1)7,3/117,717)
in (13) and (XS,XC,?’,V ) as in @
T

(P? and substitute in
to get the values of the variables )\51 2)7 )\91) (2), and s

) Ms
of DPSW. For the remaining variables, choose the following

values of dual variables,

(81,82, 21,2, y1,y2) = {(y1,92) = (21, 72) } X

min{PShSz(Sl’SQ) A(81a32) ¢(1‘2)<51 52)
(9,2, y1,Y2) = —maX¢( 2) (51, 82){wa = ya},

)
D (s1,21,y1,92) = —HL3X¢( W (s1,8){z1 = y1},
S2
)

pM (29, 51, 89) = min{ Ps, s, (51, 52), 49)
B(s1,52) + 61D (51, 50) + 61D (51, 52)},
YY1, y2) = —maX¢(51,82)

1,52

7’ (s2) = =My max g2 (51, 50)+
S1
Zﬂgm)(ﬂ?mshsz),

51

7*(s1) = =Mz max ¢V (51, 5,),
52

ugm)(:cl,sl, s2) = 0. The above choice of variables can be
easily verified to satisfy the constraints in (28). |
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