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Abstract

This paper studies the problem of accurately recovering a structured signal from a small number of corrupted sub-Gaussian
measurements. We consider three different procedures to reconstruct signal and corruption when different kinds of prior knowledge
are available. In each case, we provide conditions (in terms of the number of measurements) for stable signal recovery from
structured corruption with added unstructured noise. Our results theoretically demonstrate how to choose the regularization
parameters in both partially and fully penalized recovery procedures and shed some light on the relationships among the three
procedures. The key ingredient in our analysis is an extended matrix deviation inequality for isotropic sub-Gaussian matrices,
which implies a tight lower bound for the restricted singular value of the extended sensing matrix. Numerical experiments are
presented to verify our theoretical results.
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I. INTRODUCTION

Corrupted sensing concerns the problem of recovering a structured signal from a relatively small number of corrupted
measurements

y=®x" +0v*" + 2z, (D

where ® € R™*" is the sensing matrix, * € R"™ is the structured signal, v* € R™ is the structured corruption, and z € R™
is the unstructured observation noise. The goal is to estimate * and v* from given knowledge of y and ®.

This problem has received increasing attention recently with many interesting practical applications as well as theoretical
consideration. Examples of applications include face recognition [2]], subspace clustering [3]], sensor network [4], latent variable
modeling [3]], and so on. On the theoretical side, performance guarantees include sparse signal recovery from sparse corruption
(6, [71, (8, [9], [LO], [L1], [12], [13], low-rank matrix recovery from sparse corruption [Sl], [14]], [15]], [16]], and structured
signal recovery from structured corruption [17]. It is worth noting that this model (T)) also includes the signal separation (or
demixing) problem [18] in which v* might actually contain useful information and thus be necessary to be recovered. In
particular, if there is no corruption (v* = 0), this model reduces to the standard compressed sensing problem.

Since this problem is generally ill-posed, tractable recovery is possible when both signal and corruption are suitably structured.
Typical examples of structured signals (or corruptions) include sparse vectors, which exhibit low complexity under the ¢; norm,
and low-rank matrices which exhibit low complexity with respect to the nuclear norm (more examples can be found in [19]).
Let f(-) and g(-) be suitable norms which promote structures for signal and corruption respectively. We consider three different
convex optimization approaches to disentangle signal and corruption when different kinds of prior information are available.
Specifically, when prior knowledge of either signal f(x*) or corruption g(v*) is available and the noise level § (in terms of
the ¢5 norm) is known, it is natural to consider the following constrained convex recovery procedures

min f(z), st g(v) <g(v"), [ly—Px—wvls <9I 2)
and
min g(v), st f(@) < fz*), [y— @z —v]s <0, 3)

When only the noise level § is known, it is convenient to use the partially penalized convex recovery procedure

rgrcligl fl@®)+A-gv), st |y—Px—v|2<0, 4)

where A > 0 is a regularization parameter. When there is no prior knowledge available, it is practical to utilize the fully
penalized convex recovery procedure

1
min o [ly — @z —v[3 + 7 f(@) + 72 g(v), (5)
where 7y, 79 > 0 are some regularization parameters.

The material in this paper was presented in part at the IEEE International Symposium on Information Theory, Aachen, Germany, June 2017 [1].



A. Contribution

This paper considers the problem of recovering structured signals from corrupted sub-Gaussian measurements. More precisely,
we consider the following observation model:
o Sub-Gaussian measurements: we assume that each row ®; of the sensing matrix ® is independent, centered, and sub-

Gaussian random vector with
[®illy, < K/vm and E®]®; = I,,/m, (6)

where || - ||, denotes the sub-Gaussian norm (defined in (9)) and I,, is the n-dimensional identity matrix;
o Bounded or sub-Gaussian noise: the unstructured noise z is assumed to be bounded (]|z||2 < §) or be a random vector
with independent centered sub-Gaussian entries satisfying

|2illy, <L and Ez?=1. )

Under the above model assumptions, the contribution of this paper is twofold:

« First, we establish an extended matrix deviation inequality for isotropic sub-Gaussian matrices, which provides a powerful
tool for analyzing the corrupted sensing problem;

o Second, based on the deviation inequality, we present performance guarantees for all three convex recovery procedures.
These results theoretically demonstrate how to select the regularization parameters in both partially and fully penalized
recovery procedures and shed some light on the relationships among the three approaches.

B. Related Work

Within the past few years, there have been numerous studies to understand the theoretical aspect of the corrupted sensing
problem. These works might be roughly put into the following three groups by the type of structures considered.

1) Sparse Signal Recovery from Sparse Corruption: The specific problem of recovering a sparse vector from sparsely
corrupted measurements has been analyzed under a variety of different model assumptions. For instance, Wright and Ma [6]
study exact recovery by the partially penalized recovery procedure (with f(-) = g(-) = || - |[1,A = 1, and § = 0) under a
bouquet model: y = ®a* +v*, where the columns of ® are independent identically distributed (i.i.d.) samples from a Gaussian
distribution N (s, v*I,,,/m) with ||p|2 = 1 and ||p|l < C/+/m, and v* has uniformly random signs. Li [7] considers stable
recovery of (z*,v*) from y = ®x* + v* + z by the partially penalized recovery procedure (with f(-) = g(-) = || - |1 and
A =1/y/log(n/m) + 1), where ® is a Gaussian matrix with i.i.d. entries and z is a bounded noise vector. In the absence of
noise, [[7]] also considers a class of sensing matrices, in which the rows of ® are sampled independently from a population
obeying ]E<I>ZT<I>Z- = I, and ||®;||oc < c. In contrast to [7], Nguyen and Tran [8] also establish stable or exact recovery of
(z*,v*) from y = ®x* 4 v* + z by the partially penalized recovery procedure, but with a different model assumption in which
® has columns sampled uniformly from an orthonormal matrix, * has uniformly random signs, v* has uniformly distributed
support, and z is a bounded noise vector. In a subsequent paper [9]], Nguyen and Tran study stable recovery of (*,v*) from
y = ®x* + v* + z by the fully penalized recovery procedure (with f(-) = g(-) = || - ||1), where ® is an Guassian sensing
matrix with i.i.d. entries and z is a Gaussian noise vector. Pope ef al. [12]] investigate the exact recovery from the observation
model y = ®a* + Pov*, where ® and ¥ are deterministic matrices. The authors require uniform randomness in the support
set of =* or v* and rely on certain incoherence properties of ® and W. These probabilistic recovery guarantees improve or
refine the previous results in [10], [L1], [13].

2) Low-rank Matrix Recovery from Sparse Corruption: Another line of work considers the problem of recovering a low-rank
matrix from sparse corruption. Chandrasekaran et al. [S] study the exact decomposition of a given matrix into its sparse and
low-rank components by the partially penalized recovery procedure (with f(-) = || - ||, g(-) = || - ||1 and 6 = 0), where || D||.
denotes the nuclear norm of D and || D[y = 3_, . |D; ;| . The work of Candes et al. [14] uses this model for robust principal
component analysis and image processing applications. Modifications to the rank-sparsity model also find applications in robust
statistics, see e.g., [1S]], [16].

3) Structured Signal Recovery from Structured Corruption: The most closely related to our current paper are the results by
(L8], [[L7], [20], [21], in which the problem of recovering a structured signal from structured corruption is considered. In [18],
McCoy and Tropp analyze the constrained recovery procedures ((2) and (3)) in the setting where @ is a random orthogonal
matrix (m = n) and measurements are noiseless (6 = 0). In the same setting, the work of Amelunxen et al. [20] establishes
the sharpness of their recovery results, by specifying an appropriate threshold under which the constrained procedures fail
with high probability. Foygel and Mackey [17] study both the constrained recovery procedures ((2) and (3)) and the partially
penalized recovery procedure (@) in the setting where ® is a Gaussian matrix (m < n or m > n) with i.i.d. entries and
the noise is bounded. A recent work of Zhang et al. [21]] establishes the phase transition theory of the constrained recovery
procedures under the setting of [[17]. In the present paper, we establish performance guarantees for all three convex recovery
procedures in the setting where ® is a sub-Gaussian matrix and the noise is bounded or sub-Gaussian. These results solve
a series of open problems in [17], for example, allowing non-Gaussian sensing matrix and stochastic unstructured noise in
observation model and analyzing the fully penalized convex recovery procedure (5) for arbitrary structured signals and
structured corruptions.
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Fig. 1. Illustrations of the subdifferential, scaled subdifferential, normal cone, and tangent cone for f(x) = ||=||1 at the point & = (1, 0). (For clarity, cones
are shifted to the original point.)

C. Organization

The remainder of the paper is organized as follows. We begin by reviewing some preliminaries that are necessary for our
subsequent analysis in Section [lIl In Section we establish a mathematical tool which is critical for analyzing the corrupted
sensing problem. Section [[V|is devoting to presenting the main theoretical results of the paper. We then present results from
numerical simulations in Section [V} We conclude the paper in Section

II. PRELIMINARIES

In this section, we review some useful concepts from convex geometry and high-dimensional probability that underlie our
analysis. Throughout the paper, S”~! and BZ denote the unit sphere and ball in R”™ under the /5 norm respectively, while
B} := {u € R": f(u) < 1} is the unit ball in R™ under the norm defined by f. The compatibility constant between f and
the ¢ norm is defined as oy := sup,, o f(u)/|u||2. We use the notation C, C’, ¢, ¢/, etc., to refer to positive constants, whose
value may change from line to line.

A. Convex Geometry
1) Subdifferential: The subdifferential of f at x is the set of vectors

Of(x) ={ueR": f(x+d) > f(x) + (u,d) forall deR"}.

For any number x > 0, we denote the scaled (by «) subdifferential as x - 9 f(x) = {ku : u € 9f(x)}.
2) Tangent Cone and Normal Cone: A cone is a set that is closed under multiplication by positive scalars. The tangent
cone of f at x is defined as the set of descent directions of f at «

Tr={ueR": f(x+t -u) < f(x) for some t>0}.
The normal cone of f at x is the polar of the tangent cone, given by
Ni={ueR": (u,d) <0 forall deTs},
which may be written as the cone hull of the subdifferential (if 0 ¢ 0 f(x)) [22, Theorem 1.3.5]
Ny =cone{df(z)} ={ueR":uect-df(x) forsome ¢>0}.

Fig. [1] illustrates related concepts in R? for the /; norm.



3) Gaussian Complexity, Gaussian Width, and Gaussian Distance: For any T C R", a simple way to quantify the “size”
of T is through the Gaussian complexity

+(T) == Esup |ig, 2}, where g~ (0. L,).
xzeT

Another popular geometric quantity closely related to Gaussian complexity is the Gaussian width

w(T) :=Esup(g,z), where g~ N(0,I,).
xzeT

In particula 23],
(@(T) + llyll2) /3 < (T) < 2w(T) + ||yl for every y € T (8)

The Gaussian squared distance n(T) of a subset 7 C R" is defined as
n*(T) :=E inf g —ull3, where g~ N(0,1,).

B. High-Dimensional Probability

1) Sub-Gaussian and Sub-exponential Random Variables: A random variable X is sub-Gaussian if its distribution is
dominated by a Gaussian distribution. Formally, X is called a sub-Gaussian random variable if the Orlicz norm

[ X1y, = inf{K >0: Eqp(|X[/K) <1} ©)

is finite for the Orlicz function ¢ (z) = exp(z?) — 1. The sub-Gaussian norm of X, denoted ||X||y,, is defined to be the
smallest K in @]) There are several equivalent definitions used in the literature. In particular, X is sub-Gaussian if there exist
absolute constants C' > 1 and K such that

[EIXP]Y? < Kp, forallp>1 (10)

or
P{|X|>t} <Cexp{-t?/K?}, forallt>0. (11)

Thus we can redefine the sub-Gaussian norm of X as the smallest K such that (I0) or (II) holds. One can show that || X||,
defined this way is within an absolute constant factor from that defined in @]), see [24), Section 5.2.3]. Classical examples of
sub-Gaussian random variables include Gaussian, Bernoulli, and all bounded random variables. Similarly, a random variable X
is sub-exponential if its distribution is dominated by an exponential distribution. More precisely, X is called a sub-exponential
random variable if the Orlicz norm

[ X[y, = inf{K >0:E¢: (| X[|/K) <1} (12)

is finite for the Orlicz function 1 (x) = exp(z) — 1. The sub-exponential norm of X, denoted || X||,,, is defined to be the
smallest K in (12).

2) Sub-Gaussian and Sub-exponential Random Vectors: A random vector x in R™ is sub-Gaussian (or sub-exponential) if
all of its one-dimensional marginals are sub-Gaussian (or sub-exponential) random variables and its 19-norm (or t;-norm) is
defined as

&y, = sup || (z,y) or |y, == sup |[(z,y)|, - (13)
i s @, b= e,
A random vector @ in R™ is called isotropic if

E(xx®) = I,,.
For basic properties of sub-Gaussian and sub-exponential random variables (vectors), see e.g., [24], [25, Chapter 2]. Some

properties which will be used in our proofs are included in Appendix A.

"Here we use a slightly sharper upper bound than that in [23]. Indeed, since 7 — T is original symmetric, then 2w(7) = y(7 —T) = E SUpg yeT (9, T —

1 . . .
Y)| > Esupger [(g.z — y)| > Esupger(lg. )| — (g, )] > +(T) — (E[g,y)[*)2 = +(T) — llyll2, ¥ y € T. Rearranging yields the desired
result.



3) Talagrand’s Majorizing Measure Theorem: The key ingredient in the proofs of our mathematical tools is the Talagrand’s
Majorizing Measure Theorem which states that any sub-Gaussian process is dominated by a Gaussian process with the same
(or larger) increments.

Fact 1 (Talagrand’s Majorizing Measure Theorem). Let (X, )ucT be a random process indexed by points in a bounded set
T C R™. Assume that the process has sub-Gaussian increments, that is, there exists M > 0 such that

| Xe — Xollpy, < M|lu—vl|2 for every u,veT.

Then
E sup |Xy — Xo| < CMw(T). (14)
w,veT
Moreover, for any t > 0, the event
sup | Xy — Xo| < OM[w(T) +t - diam(7)] (15)

u,veT
holds with probability at least 1 — exp(—t*), where diam(T') := sup,, , 7 ||& — yl|2 denotes the diameter of T.

Remark 1. The expectation bound of this theorem can be found e.g. in [26, Theorem 2.1.1, 2.1.5]. The high probability
bound (I3) can be found e.g. in [27, Theorem 3.2] or [23, Theorem 4.1].

III. EXTENDED MATRIX DEVIATION INEQUALITY

In this section, we establish a mathematical tool which provides a unified framework for analyzing all three recovery
procedures. Note that if we denote X = [®, I,,,] and s* = [(=*)T, (v*)T]7, then the observation model (T) can be reformulated
as y = Y's* + z, which is the same as the standard compressed sensing model. It is now well known that the restricted singular
value of the sensing matrix Y (see, e.g., [28], [[19]) plays a key role in analyzing the compressed sensing problem. With this
observation in mind, we establish an extended matrix deviation inequality which implies a tight lower bound for the restricted
singular value of the extended sensing matrix [®, I,,,]. This result states that for any isotropic sub-Gaussian matrix A and
any bounded subset 7 C R™ x R™, the deviation of ||Aa + /mb)||2 around /m - \/||a||3 + ||b]|3 over vectors (a,b) € T is
uniformly bounded by the Gaussian complexity of 7.

Theorem 1 (Extended Matrix Deviation Inequality). Let A be an m X n matrix whose rows A; are independent centered
isotropic sub-Gaussian vectors with K = max; || A;||y,, and T be a bounded subset of R™ x R™. Then

E sup \|Aa+mb||2—m- 1l 1 | < cr? (1),

(a,b)eT

For any t > 0, the event

sup ]nAawmz—m- ol + 16l
(a,b)eT

< CK?[y(T) +t-rad(T)]

holds with probability at least 1 — exp(—t?), where rad(T) := sup,c ||x||2 denotes the radius of T.
Proof. See Appendix [B] O

Remark 2 (Anisotropic case). By using a simple linear transform, Theorem [I] can be extended to the anisotropic case in which
each row of A satisfies ]EAiTAi = X for some invertible covariance matrix . To see this, consider the whitened version
B = AX /2, Note that

(57

IBilly, = sup [[(BI.y)]l,, = sup

yesn—1 yesSn—1 P2
= suwp B2yl |[(AT =2y | 2y ) |

yesn—1 U
<=2 K.

Define the block diagonal matrix ¥ = diag{3'/2, I,,}, then we have

E sup || A+ imbls—vim-\/|Z2al3 + [bJ3| =E sup_[|BS"2a+ Vbl — vim - \/|12al3 + b]3
(a,b)eT (a,b)e
—E sup ||Ba+ bl — v \/lall3 + [b]3
(a,b)exT

< CI=7Y|K*Y(ET)
< Ol =7 | max{|[]'/%, 1}K>4(T).



The first inequality follows from Theorem |1} The last inequality holds because (X7 < || Z||7(7) = max{||Z||*/2, 1}~(T).
Similarly, we can obtain the anisotropic version for the second part of Theorem [I]

Remark 3. Very recently, Liaw et al. [23]] have shown that if A is an isotropic (or anisotropic) sub-Gaussian matrix, then

E SungAallz — Vmllallz| < CK*y(T)
ac

and the event
sug|||Aa||2 — \/mHaHg‘ < CK?[y(T) + trad(T)] (16)
ac

holds with probability at least 1 — exp(—t2). It is not hard to see that these results can not be directly applied to the corrupted
sensing problem, because the covariance matrix of each row of [®, I,,,] is singular. However, [®, I, still has independent
sub-Gaussian rows. This fact allows us to generalize the analysis in [23] to the extended case. It is worth noting that there are
several earlier variants of proved in [29], [30], [27]. See [23] for their comparisons.

When 7 is a subset of the unit sphere, we have the following corollary.
Corollary 1. Under the assumptions of Theorem (I} for any t > 0, the event

sup |[Aa + v/mbls — vm| < CK?*[y(T N S"™1) + 4] 17)
(a,b)eTnSntm=1

holds with probability at least 1 — exp(—t2).

Corollary (1| may be specialized to bound to the restricted singular value of [A,/mI,,]. Indeed, let 7 C S"*™~1. Then the
corollary states that, with high probability (e.g., 1 — exp{—~2(T NS*T™~H}),

inf  [Aa+mb|z > Vim— CK*(TNS™™) (18)

(a,b)eTNSn+m=1

and

sup |Aa + v/mblj2 < vVm + CK*y(T NSt (19)
(a,b)eTrSm+m—1

for all (a,b) € T. As we will see in the next section, plays a key role in analyzing the corrupted sensing problem.

IV. RECOVERY FROM CORRUPTED SUB-GAUSSIAN MEASUREMENTS

In this section, we present our theoretical results on the recovery of structured signals from corrupted sub-Gaussian
measurements via three different convex recovery procedures.

A. Recovery via Constrained Optimization

We start with analyzing the constrained convex recovery procedures (Z) and (@). Our first result shows that, with high
probability, approximately

CK4 [w2(7} (iL'*) ) Sn—l) + w2(7;(,v*) 8 Sm—l)] (20)

corrupted measurements suffice to recover (x*,v*) exactly in the absence of noise and stably in the presence of noise, via
either of the procedures (2) or (3).
Before stating our result, we need to define the error set

Ei(@*,v*) = {(@.b) € R” x R™: f(@* +a) < f(@*) and g(v* +b) < g(v*)},

in which the error vector (& — x*, ¥ — v*) lives. By the convexity of f and g, & (x*,v*) belongs to the following convex
cone
Ci(x*,v*) :={(a,b) e R" xR™ : (a,u) <0 and (b,s) <0 for any u € df(x*) and s € dg(v*)},

which is equivalent to
{(a,b) e R" xR™:a € Ty(x*) and b € T (v*)}.

Fig. ] illustrates the error set £, error cone Cy, and corresponding spherical part of C;. As we will see in this section, the
Gaussian complexity of the spherical part of the error cone is closely related to the number of measurements to guarantee
successful recovery.

Then we have the following result.
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Fig. 2. Tllustrations of the error set 1, error cone C1, and corresponding spherical part of C1: C1 NS?T™~1 (denoted by the red arc).

Theorem 2 (Constrained Recovery). Let (&,0) be the solution to either of the constrained optimization problems or (3.
If the number of measurements

Vm > CK?y(Cy(z*,v*) NS"T 1) e, 1)

then

25\/m

€

VIlE — 2[5+ o — v} <
with probability at least 1 — exp{—~2(C; N S"Tm=1)}.

Remark 4. If we consider the observation model y = Ax* + /mv* + z as that in [9]], then the factor \/m can be removed
from the error bound. This change of the model seems to make our result more interpretable, but we analyze the original
observation model (T} here.

Proof. Since (&, ) solves @) or (3), we have f(&) < f(x*) and g(v) < g(v*). This implies (& —x*, v —v*) € & (x*,v*) C
Ci(x*,v*). It then follows from (I8) and (2I) that the event

Vvm||®a + by > vVm — CK?*y(Cy(z*,v*) NS" ™™ 1) > ¢ (22)

min
(a,b)eCy (x* ,v*)NSntm—1

holds with probability at least 1 — exp{—~?(Cy(z*,v*) N S*+m=1)},
On the other hand, since both (&,?) and (x*,v*) are feasible, by the triangle inequality, we have

[®(2 —2") + (0 —v7)[ls < |y — P2 — 0|2 + [y — Pz —v7[|s < 20. (23)
Combining and yields
20> [|B(& —27) + (0 —v7)||2

= /I — 2*I3 + [[o — v*[3

P(& — x*) (v —v*)

H Vig -z +]o—v 3 V-5 + o —v*3
€

2

>\l a3+ o — vl

Rearranging completes the proof.
O

To make use of Theorem [2} it suffices to bound ~(Cy(x*,v*) N S"™™~1). Since a number of upper bounds on Gaussian
width and Gaussian squared distance for different structured settings are available in the literature (see, e.g., [19], [20], [17],



[31]), it is highly desirable to bound v(C1 (z*, v*)NS™™~1) in terms of these familiar parameters. Then we have the following
result.

Lemma 1. The Gaussian complexity of Ci(x*,v*) N S"T™~1 satisfies
Y(Cr(z*,v*) NS ) < 2w (Tp(x*) NS™ ) +w (Ty(z*) NS™ 1) +1].
Proof. Let g ~ N(0,1,,) and h ~ N(0, I,,), it follows from the definition of Gaussian complexity that
y(Cy(x*, v*)NSTTmTH = K sup ‘ (g,a)+ (h,b) |

(a,b)eCy(x*,v*)NSntm—1
=E  sup <g7a>~c+<h,b>.m’
c€(0,1)
aeTj(z*)ns" !
beTy(v*)NS™ !

<E sup  c-[{g,a)]+V1—c?|(h,b)
ce(0,1)
a€Ty(z*)nsm 1
beT, (v*)nsS™ !

<E  sw  lga)l+E s |(hb)
acTy(x*)NSn—1 beTy(v*)NS™m—1

=v(Tr(x*) NS 1) + (T, (v*) nS™ 1)
2w (T NS ) +w (TyNS™ 1) +1].

The last inequality is due to (8). O
Thus, follows from Theorem [2] and Lemma

Remark 5. When ® is a random orthogonal matrix (:m = n) and measurements are noiseless (0 = 0), Amelunxen et al.
[20] show that if m > o(Ty(x*)) + ¢(T4(v*)), then the constrained procedures and succeed with high probability,
2

where the statistical dimension ¢(7) of a closed convex cone 7 € R™ is defined as «(7) = E (supueﬂmg (u,g)) with
g ~ N(0,1,,). They also establish the sharpness of their result. Our result essentially coincides with this result because
the statistical dimension of a closed convex cone 7 € R"™ is closely related to its Gaussian width [20, Proposition 10.2]:
WHT NS < y(T) <w(TNS" 1) + 1.

Remark 6. When @ is a Gaussian matrix (m > n or m < n), Foygel and Mackey [17] establish similar result as in terms
of Gaussian squared complexityﬁ under bounded noise (||z||2 < 0). They also numerically show that their result is sharp. In
the absence of noise, Zhang ef al. [21] recently establish that the phase transition of the constrained procedure under Gaussian
measurements occurs around w?(77(x*) N S"™1) + w?(T,(v*) NS™1).

B. Recovery via Partially Penalized Optimization

We next present performance analysis for the partially penalized optimization problem (@). Our second result shows that,
with high probability, approximately

CK* [* (A1 - 0f (%)) + 1° (A2 - Dg(v*))] 24)

corrupted measurements suffice to recover (x*,v*) exactly in the absence of noise and stably in the presence of noise, via the
procedure (@). Here, A; and )\ are absolute constants such that the regularization parameter A = Aa/A;.
In this case, it is natural to define the following error set

Ex(@*,v) = {(a,b) € R" x R™ : f(z* +a) + A- g(v" +b) < f(@*) + \- g(v*)}.
By the convexity of f and g, E;(x*, v*) belongs to the following convex cone
Co(x*,v*) := {(a,b) € R" x R™ : (a,u) + A(b,s) <0 for any u € df(x*) and s € dg(v*)}.
Then we have the following result.

Theorem 3 (Partially Penalized Recovery). Let (&,v) be the solution to the partially penalized optimization problem @). If
the number of measurements

Vm > CK2~(Co(x*, v*) NS™Tm 1) 4, (25)

2The Gaussian squared complexity of a set 7 € R™ is defined as (2(7) = E (supueT(u,g))i, where g ~ N(0, I,) and (a)4+ = max{a,0}. Note
that the Gaussian squared complexity ¢2(7(z*) NS"~1) is very slightly bigger than the squared Gaussian width w?(7;(z*) NS™~1).



then

26\/m

€

VIl =3 + 16 — v <
with probability at least 1 — exp{—~%(Co N S"Tm=1)},

Proof. The proof is similar to that of Theorem 2} Since (&, ©) solves @), we have (& —x*, 0 —v*) € & (z*,v*) C Ca(*, v*).
It then follows from (T8) and (23) that the event

Vml|®a + blls > V/m — CK*y(Ca(x*,v*) NS"" 1) > e (26)

min
(a,b)eCa(a*,v*)NSntm—1

holds with probability at least 1 — exp{—~?(Co(z*,v*) N ST~ 1)}
On the other hand, since both (&,?) and (x*,v*) are feasible, by the triangle inequality, we have

18(& — ) + (6 — v")a < ly — B — 8llo + |y — Ba™ —v"|> < 26 @)
Combining (26) and (27) completes the proof. O
To bound (Ca(x*,v*) NS™*™~1) in terms of familiar parameters, we have the following result.
Lemma 2. The Gaussian complexity of Co(x*,v*) NS*T™~1 satisfies
Y(Cala*, v*) NS 1) <2/ (As - Of (@) + 12 (A2 - Dg(v¥)) + 1.
Proof. By the definition of Cy(x*, v*), for any point (a,b) € Cy(x*, v*), we have
(a,u) + A(b,s) <0

for any u € 0f(x*) and s € dg(v*). Multiplying both sides by \; yields
(a, \iu) + (b, Aas) < 0.
For any fixed g € R™ and h € R™, it follows from the Cauchy-Schwarz inequality that

(a,g) + (b,h) < (a,g — \u) + (b, h — \25)
<llall2llg — Arull2 + [|bll2][h — X2s][2.

Choosing suitable @ € 9f(x*) and § € dg(v*) such that
lg — A1 - all2 = dist(g, A1 - Of(x")) = df

and
[ — Az - 5])2 = dist(h, A2 - Dg(v*)) := d,,

we obtain

(a,g) + (b,h) < [lallz - dist(g, A1 - Of (")) + [[bl2 - dist(h, Az - Dg(v")) (28)
= ds - [lall2 +dg - [|bl2-

Then, by the definition of Gaussian width,

w (Cala*,v) NS = E sup [{g.a) + (h.b) ]
(a,b)eCa(z* ,v*)NStm—1
<E sup [llallz - dy +[[bll2 - dy]

(a,b)eCo(x*,v*)NSntm—1
<E \/c@ +d2 < \/]E &+ Ed2 = /P (M - 0f (@) + 12Nz - Og(v7)),

where g ~ N(0,1,) and h ~ N (0, I,;,). The second and the third inequalities follow from the Cauchy-Schwarz and Jensen’s
inequalities, respectively. By (8), we complete the proof. [

Thus, combining Theorem [3] and Lemma [2] yields (24).




1) How to Choose the Regularization Parameter \?: The result (24) also suggests a simple strategy to choose A; and Ao,
and hence the regularization parameter A = \o/)\;. Observe that the number of observations to guarantee successful recovery
by depends on A\; and Ay through n%(\; - 8f(x*)) and n?(\y - dg(v*)) respectively. In order to achieve the possibly
smallest number of observations, it is natural to choose A\; and A\; which make the two Gaussian squared distances as small
as possible. Thus we can pick

i =arg min n*(\; - Of (x*)), A3 = arg min n*(\y - dg(v*)), and \* = \j/\}. (29)
A1>0 X2>0
Furthermore, it has been shown in [20, Proposition 4.1] that if the subdifferential 0 f(x*) (or dg(v*)) is nonempty, compact,
and does not contain the original, then the function J(k) = n?*(x - df(x*)) (or n?(k - Ag(v*))) is strictly convex for k > 0,
S0 it achieves its minimum at a unique point. Thus, under mild conditions, the optimal regularization parameter A* is always
unique.

Remark 7. In the setting of Gaussian measurements, Foygel and Mackey [17] establish similar result as in terms of
Gaussian squared distance under bounded noise (|| z||2 < d). Their result also indicates the same way to choose the regularization
parameter A. However, in the sub-Gaussian case, our proof is totally different from theirs. Because many useful properties of
Gaussian distribution (e.g., the rotation invariance property, Gordon’s comparison lemma [32]]) which are heavily used in [17]]
do not hold in the sub-Gaussian case.

C. Recovery via Fully Penalized Optimization
Finally, we analyze the fully penalized optimization problem (3). In this case, due to the presence of noise, we require
regularization parameters 7; and 7 to satisfy the following condition.
Condition 1. For any 8 > 1,
> B (®T2) and T > Bg*(2).

This condition is a natural extension to that in [33, Lemma 1], where only the regularization parameter for signal (77) is
considered and S = 2. Then our third result shows that, with high probability, approximately

(r107)” + (2019)*
32
corrupted measurements suffice to recover (x*,v*) exactly in the absence of noise and stably in the presence of noise, via the

procedure ().
Under the above condition, we similarly define the error set

CK* |n*(m1 - O0f (&%) + n° (12 - g(v*)) + (30)

E(x*,v") == {(a,b) e R" x R"™ : 7y f(z" + @) + 72g(v* + b) < 11 f(x") + T29(v") + %[Tlf(a) + 7129(b)]}.

Note that if 0 < 8 < 1, it then follows from the triangle inequality that the inequality defining & (a*, v*) holds for all (a, b).
Thus we require 8 > 1, which will restrict the set of £3(x*,v*) and yield the restricted error set. By the convexity of f and
g, Es(x*, v*) belongs to the following convex cone

Cs(x*,v*) := {(a,b) € R" x R™ : 7y (a,u) + 12(b, s) < %[Tlf(a) + 12g(b)] for any u € Of(x*) and s € dg(v*)}.

Then we have the following result.

Theorem 4 (Fully Penalized Recovery). Let (&,0) be the solution to the fully penalized optimization problem () with 71 and
To satisfying Condition || If the number of measurements

Vm > CK?y(Ca(z*,v*) NS"T™ 1) f e, (31
then
N . +1 (miaf+ ma
\/llwfw*H%HIva*H%S?m'ﬁg o a . (32)
with probability at least 1 — exp{—~2(C3 N S*T™m~1)}.
Proof. Since (&,v) solves (3), we have
1 o R . 1
5y = @2 —Bl3 + 7 f(2) + 729(0) < S lly — B2” — 0" |5 + 71 f(2") + mag(v?). (33)

Observe that

1 . 1 N . 1 . .
sy — @& — 0[5 = S| ®(@ —2*) + (0 — 0[5+ 5[zl — (2@ —2%),2) — (b — ", 2).



Substituting this into (33) yields
1 ~ ~ - -~ - -~ *
12@ —2*) + (6 = )5 < nlf(@") = f(@)] + m2lg(v") = 9(8)] + (@(& — @), 2) + (6 — v, 2). (34)
On the one hand, since | ®(2 — x*) + (9 — v*)||3 > 0, we have

TLf(2) + 129(0) < 11 f(2*) + Tog(v™) + <‘I>(£i' —x¥),z) + (13 —v*, 2)
Sﬁf(m*)+729(v*)+f*( z) - f(

T —
< mf(x") + m2g(v”) + E f@—=z") + E g(v —v"),
where f*(-) and ¢g*(-) denote the dual norlrﬂ of f(-) and g(-) respectively. The second inequality follows from generalized
Holder’s inequality. The last inequality is due to Condition [1} This implies (& — x*, v — v*) € &E(z*,v*) C Cs(x*,v*). It
then follows from (I8) and (3I)) that the event
min Vm||®a + by > /m — CK?~(Cs(x*, v*) N S"T™ 1) > ¢ (35)
(a,b)eCs(x*,v*)NSntm—1
holds with probability at least 1 — exp{—~2(C3(z*,v*) N S*T™~1)},
On the other hand, it follows from (34) that

SIB(E —2%) + (0 -0 F < f@—2) gl —v) + T f@ w4 2 g(o— o) (36)

B B
=B f@ - ) g6 — )

=
+ =
—

= (armi - [|& — a2 + agrz - |0 — v*|2)

1

+ ™

=

IN

man? + (mag)? /12 — 23+ |16 — o3

+ ™

1

ISy

(nay +maog) - llE — @3 + 6 — o3,

\Q

where oy and o4 are compatibility constants. The first inequality follows from the triangle inequality. In the last two inequalities,
we have used the Cauchy-Schwarz inequality and the fact that va? + b2 < a + b for a,b > 0, respectively.

Combining (33) and (36) yields

2(8+1 R n d(x — x* v — v*
22D (nas +mag) 2 \fle -+ o - v ff |o——or 2L M)
Vieg -z 3 +lo—v 3 iz —=2*3 + o —v*[3],
2
>\/A7*2 A7*2.€7'
z /e —a*[ls + |0 — vz —
Rearranging yields the desired result.
O

To bound the Gaussian complexity of Cz(x*,v*) NS"*™~! in terms of familiar parameters, we have the following result.

Lemma 3.

V(mag)? + (may)?
B

Proof. The proof is similar to that of lemma [2| By the definition of C3(x*,v*), for any point (a,b) € C5(x*,v*), we have

Y(C3(x*,v*) NS < 2 [\/772(71 -0f (@*)) + n?(72 - 9g(v*)) + + 1.

1
(a,mu) + (b, 728) — B[Tlf(a) +729(b)] <0
for any u € df(x*) and s € dg(v*). It then follows from the Cauchy-Schwarz inequality that

<a'7g> + <b’ h> < <aag - T1’LL> + <ba h — TZS> + %[Tlf(a) + 7—29(b)]

gnﬂ@+nwwL

3The dual norm of f is defined as f*(d) = SUPy cp (u,d), where B} = {u € R" : f(u) <1}

< llallzllg = mulls + [|bll2[[ — T25[l2 +



where g € R™ and h € R™ are arbitrary vectors. Choosing suitable @ € df(x*) and § € dg(v*) such that
lg =7 @ll> = dist(g, 71 - Of (")) = dj

and
lh — 72 - §||2 = dist(h, 72 - 9g(v*)) := d;,
we obtain
. . 1
(a,g) + (b, h) < ||lal|z - dist(g, 71 - Of (7)) + [|b]|2 - dist(h, 72 - Dg(v™)) + B[ﬁf(a) + 729(b)] (37
1
<dj-|lall2 +dy - [[bll2 + gmaslallz +mag|bll2],
where the last inequality follows from the definition of the compatibility constant.
Then, by the definition of Gaussian width,
w (Cy(a*, v*) NS ) = E sup [{g.a) + (h,b)]
(a,b)eCs(xz*,v*)NSntm—1
ToX
<E sup dy - lall2 +dy | L Jlalls + 252 - 1]
(a,b)€Cs (2, *)mSn+w 47 J B ol B =]

V(Tiag)? 4 (may)?

< VP (r - 0f (%)) + (72 - Og(v*)) + 3 :

where g ~ N(0,I,,) and h ~ N(0, I,,,). The second and the third inequalities follow from the Cauchy-Schwarz and Jensen’s
inequalities respectively. By (8), we complete the proof. O

Clearly, (30) comes from Theorem [4] and Lemma [3]

1) Identify the Range of 11 and T2: Since our result relies on Condition [I] it is necessary to identify the range of the
regularization parameters 7; and 7o under different kinds of noise. In the absence of noise (z = 0), we can easily see that
Condition [I] holds with 74 > 0 and 7o > 0. In general, we establish the following Chevet-type inequality which indicates
Condition [1| holds with high probability under both bounded and stochastic noise scenarios.

Lemma 4. Let A be an m X n matrix whose rows A; are independent centered isotropic sub-Gaussian vectors with
max; || 4|y, < K, and w be any fixed vector. Let T be any bounded subset R™. Then, for any t > 0, the event

sup (Au, w) < CK|lwll2[y(T) +t - rad(T)]

holds with probability at least 1 — exp{—t?}.
Proof. Define the random process
Xy = (Au,w), forany u € T,
which has sub-Gaussian increments
X = Xurlly, = | (A(u = '), w) ||y,

< Jlwll2|A(w — u)]y,

< OK[Jwll2]lw — /[l
for any u,u’ € T. The first inequality follows from the definition of the t3-norm of a sub-Gaussian random vector (I3)
and the last inequality holds because {(A7,(w —u'))}!", are independent centered sub-Gaussian random variables with
| (AT, (u—u))|lyp, < K|lu —u/|]2 and hence [[A(u — u')||y, < CK|u — u/||2. Define 7 = T U {0}. It follows from
Talagrand’s Majorizing Measure Theorem that the event

sup (Au, w) < sup | (Au, w) | = sup | (Au, w) |

ueT ueT ueT
= sup | (Au, w) — (A0, w) |
ucT
< sup | <AU’= ’LU> - <Aul7w> |
u,u reT

< CO'K||wl|2(w(T) + tdiam(T))
< C"K||wllo((T) + trad(T))



holds with probability at least 1 — exp{—t2}. In the last inequality, we have used the facts that w(7) < 7(T) = ~(7T) and
diam(7) < 2rad(7). This completes the proof. O

Bounded Noise Case: When the noise is bounded (||z[|> < &), it follows from Lemma [4] that the event (choosing t = /m)

f(@'z) = j;ll;?,fl (Pu, z) < f/lg [Y(B}) + v/m - ry]

holds with probability at least 1 — exp(m), where B} = {u € R" : f(u) < 1} and ry = sup{||ul]2 : w € B}}. Thus it is
tural to ch ' '
natural to choose >CK55

Z ~Jm
which implies that the first part of Condition [1| holds with high probability. In addition, note that g*(2z) = sup,cgm (z,u) <
dsupyepm |ulla = & - g, where B)" = {u € R™ : g(u) < 1} and 7, = sup{||ul|z : w € B}'}. Therefore, we can choose

T1

[Y(B}) + vVm - rs] =15, (38)

To > B0 -1y :=T2pB. 39)

Sub-Gaussian Noise Case: When z is a sub-Gaussian random vector satisfying (7), then ||z||2 concentrates near the value
v/m with high probability [25| Theorem 3.1.1], namely ||||z|2 — v/m||y, < CK?. This implies

P {[lz]l2 > (L* + 1)v/m} <P {||z[la = vVm| > L*Vm} < 2e7™.
Combining this with Lemma [4] and taking union bound yields

f(®%2) = sup (®u,z) < CK(1+ L?) [V(B}) + vm - ]
ueB}

with probability at least 1 — 3e~“"". Thus we can choose

71> CK(1+ L*)B[y(B}) + vVm -] := 11, (40)
which means that the first part of Condition [I] holds with high probability in the sub-Gaussian noise case. For the second part
of Condition [I] note that the random process

Xq:=(a,z), foranyacT
has sub-Gaussian increments
1 Xa — Xarllys = | (a—a’,2) ||y, <L-|la—a'||s forany a,a’ €T.

It follows from Talagrand’s Majorizing Measure Theorem that the event (similar arguments to that of Lemma [

216117)’ <a,7 z) < CL[’}/(T) + trad('T)]

holds with probability at least 1 — exp(—t2). Choosing t = \/m, we obtain that the event
9*(z) = sup (z,u) < OL[y(BY') + vm - 1y]

ueBY

holds with probability at least 1 — exp{—m}. Thus, in the sub-Gaussian noise case, we can choose
T > CLB[Y(B}') +vVm - 1g] := Tas. 41)

2) How to Choose the Regularization Parameters 71 and 1o ?: Once the range of 7 and 75 is determined, then we can choose
the “best” regularization parameters under certain criteria in this range. Our theoretical results show that both the number of
observations (30) and the recovery error bound (32) rely on the regularization parameters 71 and 75. Then one might expect
to select 71 and 75 in the specified range such that these two quantities are as small as possible. However, it is not hard to
see that these two quantities do not achieve their minima at the same time in general, so it is practical to choose some criteria
which make a tradeoff between the number of observations and the recovery error bound. Specifically, if one wants to choose
71 and 7 such that the number of observations (30) which guarantees successful recovery for (B) is as small as possible, then
one can pick

a2 2
7. = arg_min {n% -0f (%)) + Bg”r%} and 73 = arg min {772(7'2 +0g(v*)) + 973} , (42)

where 71. (or 7».) denotes 715 (or o) in the bounded noise case and 715 (or 7o) in the sub-Gaussian noise case. Moreover,
when both Jf(x*) and dg(v*) are nonempty, compact, and do not contain the original, by the strict convexity of objective



functions, these “best” parameters are uniquely attained. If one wants to select 73 and 7o which make the recovery error bound
(32) as small as possible, then one can pick
2m(B + 1)ay

2m(B + 1)ay
* : * :
7. =arg min ——————7 =7. and 75 =arg min ————"7, = To.. 43
. $.2n Be? =i 2 & Be2 2= T2 (43)
This result demonstrates that if we want to recover signal and corruption accurately by the fully penalized procedure in the
noise-free case, we require

T — 0+ and 7 — O+, (44)

which might be regarded as promoting the equality constraint y = ®x + v in the fully penalized optimization problem.

D. Relationships Among Three Procedures

The theory of Lagrange multipliers [34, Section 28] asserts that the three procedures are essentially equivalent when the
regularization parameters \, 71, and 7o are chosen correctly. However, the primary difficulty lies in determining these parameters
when prior information is unavailable. Our results, (24), (30), and (32), suggest some useful strategies to choose these parameters
and shed some light on the relationships among these approaches.

Let m1, mo, and m3 be the necessary numbers of observations which guarantee successful recovery for constrained, partially
penalized, and fully penalized recovery procedures, respectively. Since Cy (x*, v*) C Co(x*,v*) C C3(x*, v*), by the definition
of Gaussian complexity, we have v(Cy(z*, v*) NS™F™71) < 4(Ca(z*, v*) NS HFm~1) < 4(C5(z*, v*) NS 1) and hence
m1 < me < mg. This relation seems natural, because one might expect that the more prior information, the less number of
measurements to guarantee success.

On the other hand, it follows from [20, Theorem 4.3, Proposition 10.2] and [17, Proposition 1] that, under a weak
decomposition assumptionﬂ the optimized Gaussian squared distance min,;>o n*(x -9 f (z*)) provides a faithful approximation
to the statistical dimension +(7;(z*)), and hence the squared Gaussian width w? (77 (z*)NS" 1), i.e., min,>o n*(k-0f (z*)) ~
w?(T¢(x*) NS™1). This implies that

PO - 0f(2*) = WX(Ti(@*) NS™Y) and n2(N; - Dg(v*)) ~ w?(T;(v*) NS™ ),

provided that both df(x*) and dg(v*) are nonempty, compact, and do not contain the original. It then follows from and
that my ~ mg if we choose A according to (29). For the fully penalized procedure, if we pick 71 and 75 according to
under the noise-free case, i.e.,

2
_ . 2 * Af o . _ . 2 * 0‘3 2
71 = argmin < n°(m - Of (™)) + =574 and 75 = arg min { n° (12 - Ag(v*)) + =275 ¢,

T1>0 62 T2>0

and if § is chosen large enough such that both 0[%7’12 /B? and 043722 /B2 are negligible, then we have 7{ ~ A} and 75 ~ )3,
and hence mo ~ mg. Thus we might conclude that under proper parameter selection strategies, the three approaches are
approximately equivalent in terms of the necessary number of observations to guarantee success.

V. NUMERICAL SIMULATIONS
In this section, we provide a series of numerical tests to verify our theoretical results in Section We present constrained,

partially penalized, and fully penalized recovery experiments for sparse signals and sparse corruptions in the absence or presence
of noise. In each experiment, we employ the CVX Matlab package [35]], [36] to solve our convex optimization problems.

A. Phase Transition of Constrained Recovery Procedure
We first investigate the empirical behavior of the constrained recovery procedure when the noise level § = 0 and the norm

of the true signal f(x*) = ||x*||; are known exactly. We fix the sample size and signal length m = n = 128, and vary the

sparsity levels (sig, Scor) € [1,128] x [1,128]. We implement the following experiment 20 times for each (ssig, Scor) pair:

(1) Generate a signal vector £* with s, independent standard normal entries and set the other n — s entries to 0.

(2) Generate a corruption vector v* with s.o, independent standard normal entries and set the other m — s, entries to 0.

(3) For Gaussian measurements, draw a sensing matrix ® € R”*™ with independent A/(0,1/m) entries; for scaled symmetric
Bernoulli measurements, draw a sensing matrix ® € R™*™ with independent entries obeying P {'I’i,j =1/ \/ﬁ} =1/2
and P {Qi,j = 71/\/%} = 1/2

(4) Solve the following constrained optimization problem:
(z,0) € argrgilr’leHl, st |zl < |le*|1, y =Pz + . (45)

“For & # 0, 3f () satisfies the weak decomposition assumption: 3w € Of () s.t. (w — wo, wo) = 0,Vw € If(x).



Gaussian Measurements Bernoulli Measurements
120 P oo 120 P oo
10.8 10.8
100 100
10.7 10.7
10.6 10.6

Sparsity level of corruption
Sparsity level of corruption

20 40 60 80 100 120 20 40 60 80 100 120

Sparsity level of signal Sparsity level of signal

Fig. 3. Phase transition of the constrained recovery procedure (@3) under Gaussian and Bernoulli measurements. The red curve plots the phase transition
threshold predicted by [#6).

(5) Declare success if ||& — x*||2/||z*|l2 < 1073.

To compare these empirical results with our theory, we overlay the theoretical recovery threshold suggested by @Iﬂ
W (T (x*) NS™Y) + (T, (v*) NS™ ), (46)

where the squared Gaussian widths of signals and corruptions can be accurately estimated by (see, e.g., [19, Appendix C] or
(17, eq.(10)])

2(n — sgi x® 42
min E l: inf Hg —u,%:l = Igggssig(l‘FtQ) 4 M ((1 +t2)/ e /Qdm—te t /2>
= t

t>0 uct-dl|z* |1 V2T
and
2(m — Scor) s 2
inE inf — ul|2| = min seor(1 + t2) + =—22 1t2/ 2y — te /2
?12161 |:u€t-lél|v*|1||g U||2:| IthlgSCO( + )+ \/ﬁ ( * ) t ‘ v ‘ ’
respectively.

Fig. (3| displays the empirical probability of success for each setting of (ssig, Scor) averaged over the 20 runs. We can
see that our theoretical recovery threshold closely aligns with observed phase transition under both Gaussian and Bernoulli
measurements.

B. Phase Transition of Partially Penalized Recovery Procedure

We next consider the partially penalized recovery procedure in the noiseless setting where neither f(x) = |l*||1 nor
g(v) = ||Jv*||1 is known beforehand. The experiment settings are almost the same as in the constrained case except that we
recover signals and corruptions via the following procedure in step (4):

min ||x||1 + Al|v]|1, st y = Pz + v. 47
x,v

We test two kinds of the regularization parameter: 1) A = A*, which is chosen according to and depends on the signal and
corruption sparsity levels sge and Scor, and 2) A = 1. As discussed in Section when we choose A = \*, the necessary
number of measurements to guarantee success by the partially penalized procedure is nearly the same as that of the constrained
one. Thus, we also overlay the curve of (@0) to compare with the empirical results.

Fig. ] shows the empirical probability of success as the signal and corruption sparsity levels sgg and sco; vary. We can find
that the recovery performance in the case of A = \* is better than that in the case of A = 1. This demonstrates that the choice
of the regularization parameter suggested by is effective. Moreover, signal recovery with A = \* is nearly as good as in
the constrained case, but without any prior knowledge of ||x*||;.

SIn [21]), the second author of this paper and his collaborators have shown that the phase transition of the constrained procedure under Gaussian measurements
occurs around w? (77 (2*) N S" 1) 4+ w2 (T (v*) NS™1). A large number of numerical experiments indicate that this theoretical recovery threshold also
f g & P! y
holds for sub-Gaussian measurements. This observed universality phenomenon suggests us to set CK* = 1 in (20) for our numerical simulations.
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Fig. 4. Phase transition of the partially penalized recovery procedure with different kinds of the regularization parameter under Gaussian and Bernoulli
measurements. The red curve plots the phase transition threshold predicted by (@6).

C. Phase Transition of Fully Penalized Recovery Procedure

Thirdly, we study the empirical behavior of the fully penalized recovery procedure in the noiseless setting where neither
f(@) = ||z*||1 nor g(v) = ||[v*]|1 is known a priori. Similarly, the experiment settings are nearly the same as in the constrained
case except that we reconstruct signals and corruptions via the following procedure in step (4):

o1
min -1y — 2 — |3 + 71lls + o]l (48)

As suggested in Section in order to recover signals and corruptions faithfully by this procedure, we require that the
regularization parameters 7; and 7 tend to zero. Thus we set 1) = 1o = 1075, For reference, we also overlay the curve of
(@6) to compare with the empirical results.

Fig. [5] illustrates the average empirical probability of success for each setting (ssig, Scor). We can see that the theoretical
recovery threshold (@6) roughly predict observed phase transition with this choice of the regularization parameters.

D. Stable Recovery

Finally, we investigate the empirical behavior of the three procedures under noisy measurements. We fix m = n = 128 and
Ssig = Scor = 20. The first three steps of this experiment are the same as that in the constrained case and the other steps are
as follows:

(4) Generate a Gaussian noise vector z and scale z such that ||z]2 = ¢.
(5) Solve constrained, partially penalized, and fully penalized procedures under different noise levels with different regular-
ization parameters. In the partially penalized case, we choose A = A* according to (29) or A = 1. In the fully penalized
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Gaussian Measurements Bernoulli Measurements
5 T T T 5 T T T

5 —6—CpP S 3 —e— (P

[5) . 5]

° —E—PPP A =21 - —E—PPP A = A*

o 25 B $ 25 4
3 PPPA=1 3 PPP A =1

(5] o

& —H+—FPP =71 =20 | 1 & —+—FPPr=7=20 |

—+—FPPri=m =1

—+—FFPP =7 =1

1.5 b 1.5 b
0
= ! =) =i

B
0.5 b 0.5

L L L L L e
0 0.05 0.1 0.15 0.2 025 03 035 04 045 05 0 0.05 01 0.15 0.2 025 03 035 04 045 05

Noise level & Noise level &

Fig. 6. Recovery error \/ |& — *||2 + ||® — v*||2 by constrained, partially penalized, and fully penalized procedures (abbreviated as CP, PPP, and FPP,
respectively) under different noise levels with different regularization parameters. Left: Gaussian measurements, right: Bernoulli measurements.

case, we choose 7 and 79 according or 3 = 1o = 1. Here, for sparse signal and sparse corruption, (43) implies
71 =715 = CKB(/n+/m)//m =2CKB5 = C' KB and 72 = o5 = (6. In our simulations, we choose C'K =1
and 8 = 2.

(6) Record the ¢ recovery error \/||& — x*[|2 + ||© — v*||3 in each case.

Fig. [6] shows the average recovery error across 20 runs. We can see that the recovery error increases linearly as the noise level
increases in both constrained and partially penalized cases, which is consistent with our theoretical results (Theorems [2] and [3).
Moreover, the partially penalized procedure with different regularization parameters shows almost the same performance as the
constrained one when the sparsity levels of signal and corruption are not too high (ssi; = Scor = 20). This implies that when
the estimate of the sparsity levels sgjz and sco, is unavailable, the setting A = 1 yields high probability recovery, provided that
the sparsity levels of signal and corruption are relatively low. In the fully penalized case, the recovery performance with 7 and
79 chosen according to (@3) is much better than that with 7y = 72 = 1. This demonstrates the effectiveness of the parameter
selection strategy ([@3).

VI. CONCLUSION

In this paper, we have established an extended matrix deviation inequality for sub-Gaussian matrices, which provides a
powerful tool to analyze the corrupted sensing problem. We then presented performance analysis for three convex recovery



procedures which are used to recover structured signals from corrupted sub-Gaussian measurements when different kinds of
prior information are available. We considered both bounded and stochastic noise. Our results have shown that, under proper
conditions, these approaches reconstruct both signal and corruption exactly in the absence of noise and stably in the presence
of noise. Moreover, our results also indicate how to pick the regularization parameters in both partially and fully penalized
recovery procedures and reveal the relationships among these methods. For future work, it would be of great interest to establish
the phase transition theory for both constrained and partially penalized procedures under sub-Gaussian measurements.

APPENDIX A
SOME PROPERTIES OF SUB-GAUSSIAN AND SUB-EXPONENTIAL RANDOM VARIABLES AND VECTORS

Fact 2 (Product of sub-Gaussians is sub-exponential). [25| Lemma 2.7.7] Let X and Y be sub-Gaussian random variables
(not necessarily independent). Then XY is sub-exponential. Moreover,

[ XY [y < X Mg 1Y - (49)

Fact 3 (Centering). [25] Lemma 2.6.8 and Exercise 2.7.10] If X is sub-Gaussian (or sub-exponential), then so is X —E X.
Moreover,
[X —E Xy, <Cl X[y, and || X —EX|ly, < CX]ly,.

Fact 4 (Hoeffding-type Inquality). [25] Theorem 2.6.3] Let X1, ..., X, be independent, mean-zero, sub-Gaussian random
variables, and a = (a1, as,...,a,)T € R™. Then, for any t > 0, we have

ct?
Z t S 2 exp § — Wa”% 5 (50)

m

P{,_

Z aiXi
=1

where K = max; || X; ||y,
Fact 5 (Bernstein-type Inequality). [25| Theorem 2.8.2] Let X1, Xas,..., X, be independent, mean-zero, sub-exponential

random variables, and a = (a1, aq,. .. 7am)T € R™. Then, for any t > 0, we have
P zm: Xl >ty <2 { i < t2 t )} (28
a; X;| > < 2exp{ —cmin , ,
- K?[al3’ Kllall~
where K = max; ||X; ||y,
APPENDIX B

PROOF OF THEOREMI]

In order to prove Theorem (1| we need the following key lemma which states that the random process Xqp := |[Aa +
Vmblla — v/m - /|la||3 + ||b]|3 has sub-Gaussian increments.

Lemma 5 (Sub-Gaussian Process). Let A be an m x n matrix whose rows A; are independent centered isotropic sub-Gaussian
vectors. Then the random process

Xap = ||Aa + vmb|z — (E[|Aa + /mb|2)!/?
= |Aa + Vmb|2 — v/m - /||all3 + ||b]]2

has sub-Gaussian increments:

|Xas— Xarwlly, <CK*\flla— a3+ b— b3 for every (a.b),(a,b) € R" x R™, (52)
where K = max; || A;||y,-
Proof. See Appendix [C] O
Combing Lemma [5] and Talagrand’s Majorizing Measure Theorem yields the proof of Theorem [I}

Proof. According to Lemma [5] the random process

Xap = ||Aa+ vmblz —vm-/|lal3 + [|b]3

has sub-Gaussian increments, that is

| Xab — Xarwrllvs < CE> - \/la—a'l3 + [Ib— b3

i) [5]

= CK?

2



for every (a,b), (a/,b’) € T. It follows from Talagrand’s Majorizing Measure Theorem that

E sup |Xa,b — Xa b | < CK?E sup < l:}gl] , |:Z:|>
(a,b),(a’,b')ET (a,b)eT
= CK?w(T),

where g ~ N(0,I,,) and h ~ N (0, I,;,). Thus, fix an arbitrary point (ag,bg) € T and use the triangle inequality to obtain

E sup |Xqp| <E sup \Xab Xag.bo| +E | Xag.bo|
(a.b)eT (a.b)eT

< CK*w(T) + E|Xagb,)-

The second term can be bounded as follows:

E |Xﬂ-o,b0’ < CIHXO-o,bo”wz < C"K*-

i

The first inequality follows from the equivalent definition and the second inequality holds by using Lemma [5] with
[@'T,b'T]T = 0. Therefore, by (8), we have
ag
by
This establishes the expectation bound.
For the high probability bound, define 7 = 7 U {0}. It also follows from Talagrand’s Majorizing Measure Theorem that
with probability at least 1 — exp(—t2),

2

E sup |Xap| < CK*w(T)+C"K?. ’
(a,b)eT

< CoK>A(T).

sup a,b‘ sup ’Xa b‘ sup ’Xab _XO O’
(a,b)eT (a,b)eT (a,b)eT
< sup ‘Xab _Xa’ b’

(a,b),(a’,b)ET
< C'K*[w(T) +t - diam(T)]
< CK?[y(T) +t - rad(T)].

In the last inequality, we have used the facts that w(7) < v(7) = ~(T) and diam(7) < 2rad(7). This completes the
proof. O

APPENDIX C
PROOF OF LEMMA [3]

Our proof of Lemma [3] is inspired by [37] and [23]. For clarity, the proof is divided into three steps. First, we show a partial
case of Lemma [§|in which (a”,b")” € S"*~1 and (a'",b'")T = 0. We then extend this by allowing (a’”,b")” to be an
arbitrary unit vector. Finally, we prove the increment inequality for any (a,b),(a/,b’) € R™ x R™,

Since A; are isotropic sub-Gaussian random vectors, it follows from that K is bounded below by an absolute constant.

For simplicity, we will assume that K > 1.
Step 1: (a”,b7)T € S"™™~1 and (a’7,b'T)T = 0. In this case, we have the following result.

Lemma 6. Let A be a sub-Gaussian random matrix as in Lemma 5 Then

H||Aa +v/mb|2 —v/m ‘w < CK? forevery [aT bT]T ¢ Smtm1, (53)
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Proof. We begin with establishing a concentration inequality for -1 || Aa + \/mb||3 — 1. For any t > 0, we have

= {\||Aa+fb||2 1|0} 59
P! LAal2 + = (Aab)+ ]2 — 1| > ¢
{ ©lAall + = (Aa.b) + b |_
=2 {| = AalZ - ol + — (Aa,b)| =
- m 2 2 f
<p!|1|Aal2 2 (Aa,b)| >t
—||Aa — (Aa
= m 2 \/% ) -
1 t 2 t
<PJ|—|Aal3 - +P (Aa,b)| >
B P I TE DS
=:p1 + Ppa.
To bound p1, it will be useful to express || Aal|3 — [|a||3 as a sum of independent random variables L > | [(AT, a>2 -
llal3] := Zm Z;. By assumption, {( AT a>}m , are independent centered sub-Gaussian random variables with E (A7, >2
lla||? and ||< ,a)|ly, < Kllal2 < K. Therefore, by facts [3 I and 2 I {Z;}, are independent centered sub- exponentlal

random variables with
1 Zilloy = | (AT, a)”* ~E(AT, )" |y,
< O (A¥,a)’||,, by Fact[3

<] <AiT,a> ||12¢,2 by Fact
< CK”.
It follows from Bernstein’s inequality (Fact [3) that
SO 8
p1= m 2

t? t
<
—zeXp{ cmin( 4C2K4/m 2CK2/m)}
{ min(¢?, 2C Kt )}

l\.’)\w

=2exp {~ 1z

<2exp {—;{—T min(#?, t)} .

The last inequality holds because we can easily choose C' such that 2CK? > 1.
To bound py, it will be helpful to write (Aa,b) = 3", b; (AT, a), where {{ AT, a)}™, are independent centered sub-
Gaussian random variable with || (AT, a) ||y, < K. Applying Hoeffding’s inequality (Fact yields

1 « . t
_P{‘ﬁ;bm a)| > 4} (56)

<9 cmt?
ex —_———
=29 T 16K2)0)

42
< 2exp{—cr‘);:i1 }

The last inequality holds because ||b||z < 1 and K > 1.
Combining the upper bounds of p; and p, yields

2
p§2exp{c;(zlmin(t2,t)}+26xp{62;14 } (57)

Com .
< 4exp {_ﬁ min (2, t)} .
We then establish a concentration inequality for \/—%HAa + /mb|| — 1. To this end, we will use the following fact

|z—1]>¢§ implies |22 — 1| > max(6?,J), forany z>0 and &> 0.
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Using this for z = ﬁHAa + /mb|| together with where ¢ = max{d?,§}, we obtain for any § > 0 that
1 1
P {‘\/EHAa—i— Vmbl|s — 1’ > 6} <P {‘mHAa + v/mbl|3 — 1’ > max(5275)}

<4dexp {—C(}T:f} .

This implies ||| Aa + /mb||; — \/ﬁnw2 < CK? and completes the proof. O
Step 2: (a”,b")T € S"*™~1 and (a'T,b'T)T € S**™~1 In this case, we have the following result.
Lemma 7. Let A be a sub-Gaussian random matrix as in Lemma |5 Then

|14a+ vimbls ~ [ Aa’ + Vinbe|| | < OK?-\flla - a3+ b b5,
for every (a®, 61T (a/T,b'T)T € Sntm—1,
Proof. Given t > 0, it suffices to show

pi=P { |[|Aa + /mbl|; — [[Aa’ + /mb'||2 > t} < Cexp { —ct? } . 58)
Via—a'll3+[b— b3 K*

We will proceed differently for small and large .
Case 1: ¢t > 2,/m. Denote

a—a b-0b
u-= 2 7112 and U= 12 ez’
Via— a3+ b3 Via— a3+ b3

It follows from the triangle inequality that

_ / _ R

p<P{||A<a @)+ yiile ¥l >t}
\/Ha —a'[3+b- b3
=P {[|Au+ vimol|; > t}

=P {||Au + vVmv|; — Vm >t — /m}

SIP’{IAu+\/Ev|2\/E2 ;}

ct?
S 2 exp § — ﬁ .

The second inequality holds because ¢ > 21/m and the last inequality follows from Lemma @
Case 2: t < 2/m. Denote

v =a+a andv' =b+ b
Multiplying both sides of the inequality defining p in by [|[Aa + /mbl2 + ||Aad’ + /mb||2 yields
Aa + /mb||3 — ||Ad’ + /mb'||3
Via—a3+b-bv]3
“p {‘ (A(a —a') + Vm(b—b), A(a + a’) + Vm(b + b))
- Via—a3+ b b3
=P {[(Au+ Vmv, Au' + V/mv')| > t - ||Aa + V/mb|2} .

Define the event €2; as

>t-||Aa+ \/ﬁbllz}

v = {140+ vl > ).

By the law of total probability, we have

p <P [{Au+ vVmv, Au' + V/mv')| > t - ||Aa + vVmb||;
Z:Q[)
=P{Q | %} P{}+P{Q | Qf} - P{OQf}
S]P){Q() and Ql}ﬁ-P{Qi}
= p1 + pa.
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We can easily bound p, using Lemma []
_p{oc) - P{Aa+\ﬁb||2 m}
{||Aa+\ﬁb||2 ~ v < -
<®{[14a + vl - vin| > 5"
<P {‘|Aa+ Vmbl||2 — \/ﬁ‘ > 4} since t < 2v/m

2

} since Lemma

To bound p;, note that
p1 = P {QO and Ql}

<P { (Au+ vVmv, Au' + Vmv')

)
:}P’{ (Au,Au')+m(v,v’>+\/%<Au,v’)+\/ﬁ(Au’,v>‘ > t\éﬁ}

}+P{W<Au,v'>+W<AU””>\ = W}
g ) i | )

IN

>

15

P { (Au, Au') + m (v,v')

IN

P { (Au, Au') +m (v,v") S
=:Pla T P1b + Plc-
We bound the three terms separately. To bound pi,, note that
b-—b b+t
<’U,’U/>= < /2’+ >/2
Via—al5+b- b3
_ [1b]I3 — 115113
Via—a'[l5+1b-v]3
lall3 — lla’[|3
Via—a'll3+[b— b3
—(u,u’).

Therefore, we can bound pi, as p; (33) in Lemma [§]

P1a=IP’{ (Au, Av') +m (v, v') Zt\iﬁ}
:]P’{ (Au, Au') —m (u,u’) >t\fl%}

:p{ i (AT ) (AT, ') — ()]
:p{ iz . W}

By assumption, it follows from facts 3| I and |2 I that {Z,}7", are independent, mean-zero, sub-exponential random variables with

”Zi”l/fl = H < i ,’LL> <A1T7u/> - <u7u > Hdu
< C'|[ (AT u) (AT ') |1y,
< C'[I (AT w) [l - [ (AT ') |1y,
< C'K?||ul - ||v]]2 < 20'K? = CK?.
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Using Bernstein’s inequality (Fact [5) yields

Pla < 2€xp {—cmin (IGCt’zK‘“ ZI\C'F;L(Z)}
< 2exp {—ﬁ min (£2, 4OK2t\/E)}
< 2exp {_166’;2[(4 min (tz, 2CK2t2)} since t < 2v/m
< 2exp {_162;2[(4} choose C such that 2CK? > 1

Similar to po @[) in Lemma @ we can easily obtain pip < 2exp (702t2/K4) and p;. < 2exp (703t2/K4). Combining

Pla, P1b, and pi. yields
Clt2 CQtQ 03t2
< 2ow{ =S} rae{ =G f oo {5

dt?
< 6exp{—K4 }

Therefore, we have

This completes the proof. O

Step 3: (a,b), (a/,b) € R" x R™.
Finally, we prove the increment inequality in full generality. Without lost of generality, we assume that ||a||3+[/b]|3 = 1
and ||a’||3 + ||b’||3 > 1. Define the unit vector (c;’T,I;’T)T with
a = a' d b= b

Vel + 11613 Vil + 1013

Then we have

[Xa.b — Xar v llps < 1 Xap — Xar g llye + 1 Xar 50 — Xar b [l
=: R + Rs.

By Lemma R <CK?. \/Ha - d’H; +||b- 5’“;. Since (a’,b’) and (a’, ') are colinear, we have
Ry = [ X5 — Xarp [l
=Vl — @13+ 16— 3 1 Xg 5]

< CK*\flla — a3 + b - B/[3.

The last inequality follows from Lemma [6]
Combining R, and R yields

Ryt Ry < VICK? - \[la— /|3 + b V|3,
where we have used the fact [25) Exercise 9.1.7] that
Vlia—al3+ 16— o3+ /la - a3 + 16— v13 < v2y/la— a3+ [b- b3

This completes the proof of Lemma [35]
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