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ABSTRACT. In this paper we generalize constructions in two recent works of Ding, Heng, Zhou to any
field Fy, ¢ odd, providing infinite families of minimal codes for which the Ashikhmin-Barg bound does
not hold.
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1. INTRODUCTION

Let C be a linear code. A codeword ¢ € C is said a minimal codeword if its support (i.e. the set of
non-zero coordinates) determines ¢ up to a scalar factor. Equivalently, the support of ¢ does not contain
the support of any other independent codeword.

Minimal codewords can be used [15,[16] in linear codes-based access structures in secret sharing
schemes (SSS), that is protocols which include a distribution algorithm and a reconstruction algorithm,
implemented by a dealer and some participants; see [3,[I7]. The dealer splits a secret s into different
pieces (shares) and distributes them to participants P. Only authorized subsets of P (access structure
') can be able to reconstruct the secret by using their respective shares. A set of participants A is
called a minimal authorized subsets if A € I' and no proper subset of A belongs to I'. An SSS is called
perfect if only authorized sets of participants can recover the secret and ideal if the shares are of the
same size as that of the secret.

In his works Massey [15,[16] used linear codes for a perfect and ideal SSS. Also, he pointed out the
relationship between the access structure and the set of minimal codewords of the dual code of the
underlying code. In particular, the access structure of the secret-sharing scheme corresponding to an
[n, k],~code C is specified by the support of minimal codewords in C* having 1 as first component;
see [15[16].

Given an arbitrary linear code C, it is a hard task to determine the set of its minimal codewords
even in the binary case. In fact, the knowledge of the minimal codewords is related with the complete
decoding problem, which is a NP-problem even if preprocessing is allowed [2[8]; this means that to
obtain the access structures of the SSS based on general linear codes is also hard. In general this has
been done only for specific classes of linear codes and this led to the study of linear codes for which
every codeword is minimal; see for instance [5,[18].

Ashikhmin and Barg [I] gave a useful criterion for a linear code to be minimal.
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Theorem 1.1. A linear code C over IF, is minimal if

1 L a1
( ) Wmaz q

where Wi and Wpye, denote the minimum and mazimum nonzero Hamming weights in C.

)

On the one hand, families of minimal linear codes satisfying Condition () have been considered
in for instance [4,[0,11,19]. On the other hand, Condition () is not necessary for linear codes to be
minimal. In this direction, sporadic examples of minimal codes have been presented in [7], whereas in [0]
the first infinite family of minimal binary codes has been constructed by means of Boolean functions
arising from simplicial complexes. More recently, families of minimal binary and ternary codes have
been investigated in [10L13].

In this paper we generalize the constructions in [10,[I3] to any field F,, ¢ odd, providing infinite
families of minimal linear codes for which Condition ([I]) does not hold.

2. MINIMAL CODES AND SECRET SHARING SCHEMES

Let C be an [n, k],-code, that is a k-dimensional linear subspace of Fy. The support Supp(c) of a
codeword ¢ = (c1,...,¢,) € Cistheset {i € [1,...,n] : ¢ # 0}. Clearly, the Hamming weight w(c)
equals |Supp(c)| for any codeword ¢ € C.

Definition 2.1. [I5] A codeword ¢ € C is minimal if it only covers the codewords Ac, with A € F;,
that is
Vel = (Supp(c) C Supp(d) = INe€F, : d =Ac).

Definition 2.2. [12] The code C is minimal if every non-zero codeword ¢ € C is minimal.

Let G € F’;X" be the generator matrix of C with columns Gy,...,G, and suppose that no G; is
the 0-vector. The code C can be used to construct secret sharing schemes in the following way. The
secret is an element of F, and the set of participants P = {P», ..., P,}. The dealer chooses randomly
u=(uy,...,u) € IF’; such that s = u- G and computes the corresponding codeword v = (vy,...,v,) =
uG. Each participant P, i > 2, receives the share v;. A set of participants {F;,, ..., P;,} determines
the secret if and only if Gy is a linear combination of Gj,,...,G;,; see [I5]. There is a one-to-one
correspondence between minimal authorized subsets and the set of minimal codewords of the dual code

CJ_
3. A FAMILY OF MINIMAL CODES VIOLATING THE ASHIKHMIN-BARG BOUND

3.1. Notations and definition of the code C;. Let ¢ = p", p odd prime, h > 1, and consider the
Galois field F,. Fix an integer m > 3 and consider k € [2,...,m —2]. Choose «;, i = 1,...,k, to be
(not necessarily distinct) elements of F}. Let us denote (0,...,0) € Fi* by 0.
The weight w(x) of a vector x = (21,...,2y,) € F;" is defined as [{7 € [1,...,m] : z; # 0}|.
Consider the function f : Fj*\ {0} — F, defined by

) ro={ 6wk

w(z)



MINIMAL LINEAR CODES IN ODD CHARACTERISTIC 3

for any z € Fym ~ ", x # 0.
We define the code C; as

(3) Cr={(uf(x)+v- x)meﬁ*‘;"\{ﬁ} ru€lFgve an},
where v - 2 denotes the usual inner product in F* between v = (vy,...,v,) and z = (21, ..., %)
As a notation, for any pair (u, v) € FyxFg" let ¢(u,v) = (uf()+0-2),epp oy denote the corresponding

codeword of Cy. Choose any ordering in Fy* \ {0}. For an « € F*\ {0}, we denote by c(u,v), the entry
in ¢(u,v) corresponding to x. The support Supp(c(u,v)) of a codeword c(u,v) is defined as the set of

{z € T\ {0} : c(u,v), #0}.
Finally, let AG(m, q) be the affine space of dimension m over the field F,. A hyperplane in AG(m, q)
is an affine subspace of dimension m — 1. For a more detailed introduction on affine spaces over finite

fields we refer the reader to [14].

3.2. The minimality of the code C;. Observe that, for any fixed pair (u,v) € F, x F", the elements
z € F7*\ {0} for which the codeword c¢(u,v), = 0 are contained in the union of k 4 1 hyperplanes H (v)
and L;(u,v),i=1,...,k, defined by

(4)

H(v):{(yl,...,ym GIFm Zv]y]— }, (u,v):{(yl,...,ym GIFm Zv]y]—— o }

More precisely,
Supp(c(u,v)) =F7\ (Supp(c(u,v)) U{0}) = {x e F\ {0} : c(u,v), = O}
equals H(v) U Y, T;(u,v), where

H@w) = {(,- - ym) € HW) : w(ys,. ., ym) >k},
Li(u,v) = {1, ym) € Li(u,v) = wlys,... ym) = i}.

Proposition 3.1. Let H(v) and H(v'), v,v' # 0, be two distinct hyperplanes defined as in (). Then
there exist A, B € F" with w(A),w(B) > k such that A € H(v) \ H(v") and B € H(v") \ H(v).

Proof. 1t is enough to prove that, for any two distinct hyperplanes of type H(z) and H ('),
{Wr, - ym) € H(2) = wlys, . ym) >k} > ¢ = [H(2) N H(Z')].
In fact, for a given v = (v1,...,0n), we can suppose that v,, = 1 and therefore H(v) = {(y1,...,ym) €

Fg' ym:_zj_l vjy;}. So,

H(yl"">yM) e Hw) @ w(yr, ..., Ym) >k}’

ZH(yl,...,ym)EH(v) S w(yl, e Yme1) >k ym:—ZvjyjH

j=1
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-5 (m._l) (4-1P > (g— )" > g2,

j=k+1 J

Theorem 3.2. The code C; is minimal.

Proof. Let c(u,v) and c(u’,v") be two codewords, with c(u,v) # Ac(u',v") for any A € F;, and both
c(u,v), c(v',v") different from the 0-codeword.
Suppose that Supp(c(u’,v")) C Supp(c(u,v)), that is Supp(c(u,v)) C Supp(c(u’,v")).

e Suppose v = 0. Then u # 0 and Supp(c(u,v)) consists of all x € FI* with w(z) > k. Since
Supp(c(u,v)) C Supp(c(u',v')), v' = 0. Tt is easily seen that c(u,0) = Ac(v/,0) for some X € Fy,
a contradiction.

e Suppose v' = 0. Then v’ # 0 and Supp(c(v/,v')) consists of all x € Fy* with w(x) > k. If
v # 0 then Supp(c(u,v)) would also contain some z € Fi* with 0 < w(z) < k, a contradiction
to Supp(c(u,v)) C Supp(c(u’',v')). So v =10 and therefore c(u,0) = Ac(u/,0) for some A € F,, a
contradiction.

e Suppose v,v" # 0. By Proposition BI, H(v) = H(v'), that is v = X’ for some A € F;. Also,
Li(u,v) C Li(u',v") = Ly(u', \v), for any i = 1,..., k. Since L;(u,v) and L;(u’, \v) can be either
disjoint or coincident, u’ = Au and therefore c(u',v") = Ac(u,v), a contradiction.

Then Supp(c(vw',v")) ¢ Supp(c(u,v)) and C; is minimal. O

3.3. The parameters of C;.
Proposition 3.3. The code Cy has length ¢™ — 1 and dimension m + 1 over F,. If

(5) qm—l—Z(mgl)(q—l)"—g(mgl)q—l g( )q—l

then minimum and maximum weights in Cy satisfy

k
m ; _
wmzn:Z (Z)(q—l)l, Wmaz qu_qm 1.

i=1

Also, if

(6) Z()q—1“<qml g’

then wmin/wma:c S (q - 1)/q

Proof. Clearly, the length of Cy is [Fj*\ {0} = ¢™ — 1.

Each codeword in C; can be written as linear combination of ¢(1,0), ¢(0,e1), ..., ¢(0,e,,), where
€1, ..., €n is the standard basis of F;" over F,.

On the other hand, suppose that ¢(u,v) is the zero codeword.
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o If u = 0, then for elements y; = ¢; € F", i = 1,...,m, we have c(u,v),, = v; = 0, and then
v=0.

o If u # 0, then we can consider y; = e¢;, 7 =1,...,m and y = 2e; and then ¢(u, v),, = uoy+v; =0,
c(u, )y, = uoy + 2v; = 0. Since ay # 0 (see ([2)), the above conditions yield v; = -+ = v, =
u = 0.

This proves that ¢(1,0), ¢(0,e1), ..., c(0,¢e,,) is a basis of C of size m + 1.
We now determine the minimum weight of the code. Recall that for a codeword ¢(u,v) its weight is

w(e(u, v)) = | Supp((c(u, v))| = " — 1 — [Supp((c(u, ).

e The codeword ¢(0,0) is the 0-codeword.

e The ¢ — 1 codewords c(u,0), u # 0, have weight exactly S°F | (7)(q — 1)". In fact, c(u,0), =
Quy(z)u 1s non-zero if and only if w(z) € [1,...,k].

e The ¢"™ — 1 codewords ¢(0,v), v # 0, have weight exactly ¢™ — ¢™~', since each z € F" \ {0}
satisfying v - # = 0 belongs to Supp(c(0,v)).

e For a codeword c(u,v), with u # 0 and v # 0,

Supp(e(u,v)) = H(v) U Li(u,v);

see Proposition @ Without loss of generality we can suppose that v,, = 1. We have that

IN

m—1 m—1
1 ,
(m' )(q—l)’= H(‘rla-..’:ﬂm) D Ty = — E VT, w(xl,...,zm_1)2k+1}
Z i i

i=k+1
m—1
< {(:cl,...,:cm) ; xm:—Zijj, w(xy, ..oy Tm1) Zk} =

j=1

Analogously,

0< ‘fi(u,v)} <

{(xl,...,:pm) : xm:—f(:z)u—mz_vja:j, w(xl,...,:zm_l)e[i—l,i]}‘ =

< (il__ll) (q— 1"+ (mz_ 1) (q—1)".
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Thus,
and

By (B), the minimum weight is

Winin = i (7?) (¢—1),

whereas

Wmaz Z qm - qm_l-

Finally, if (@) holds,

Wmaz qm - qm— ! o q

O

Remark 3.4. Note that if ([B) does not hold, then wy;, < Zle (T)(q —1)%. Arguing as in Proposition
(7.3, Condition [B)) yields Wyin/Wmae < (¢—1)/q.

Corollary 3.5. If¢>5,2<m<q—1, and k < (m — 1)/2 then Conditions (Bl) and () hold.
Proof. First of all observe that
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Therefore we have that

R R L o RS o1 T

=1 i=1 i=1
q" —1— g™ 1 —2¢% —2¢%F >

g™ —5¢"" >0,

and Condition (H) holds.
Also,

k k k
m g—1)"1 < mi(q—1)i-! < P < 2P < 9gmt < gl g2,
i
i=1 i=1

i=1

and Condition (@) is satisfied.
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