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Abstract

In this paper, we study data-dependent generalization error bounds exhibiting a mild depen-
dency on the number of classes, making them suitable for multi-class learning with a large number
of label classes. The bounds generally hold for empirical multi-class risk minimization algorithms
using an arbitrary norm as regularizer. Key to our analysis are new structural results for multi-
class Gaussian complexities and empirical £o.-norm covering numbers, which exploit the Lipschitz
continuity of the loss function with respect to the f2- and £.-norm, respectively. We establish
data-dependent error bounds in terms of complexities of a linear function class defined on a finite
set induced by training examples, for which we show tight lower and upper bounds. We apply
the results to several prominent multi-class learning machines, exhibiting a tighter dependency on
the number of classes than the state of the art. For instance, for the multi-class SVM by Cram-
mer and Singer (2002), we obtain a data-dependent bound with a logarithmic dependency which
significantly improves the previous square-root dependency. Experimental results are reported to

verify the effectiveness of our theoretical findings.

Keywords: Multi-class classification, Generalization error bounds, Covering numbers, Rademacher

complexities, Gaussian complexities.

1 Introduction

Multi-class learning is a classical problem in machine learning [(2]. The outputs here stem from a
finite set of categories (classes), and the aim is to classify each input into one of several possible target
classes [23, B2, [33]. Classical applications of multi-class classification include handwritten optical
character recognition, where the system learns to automatically interpret handwritten characters [37],
part-of-speech tagging, where each word in a text is annotated with part-of-speech tags [77], and image
categorization, where predefined categories are associated with digital images [I1} 22], to name only a
few.

Providing a theoretical framework of multi-class learning algorithms is a fundamental task in statis-
tical learning theory [72]. Statistical learning theory aims to ensure formal guarantees safeguarding the

performance of learning algorithms, often in the form of generalization error bounds [56]. Such bounds
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may lead to improved understanding of commonly used empirical practices and spur the development
of novel learning algorithms (“Nothing is more practical than a good theory” [72]).

Classic generalization bounds for multi-class learning scale rather unfavorably (like quadratic, lin-
ear, or square root at best) in the number of classes [27] [39, 56]. This may be because the standard
theory has been constructed without the need of having a large number of label classes in mind as many
classic multi-class learning problems consist only of a small number of classes, indeed. For instance,
the historically first multi-class dataset—Iris—[24]—contains solely three classes, the MNIST dataset
[46] consists of 10 classes, and most of the datasets in the popular UCI corpus [3] contain up to several
dozen classes.

However, with the advent of the big data era, multi-class learning problems—such as text or image
classification [22] [60]—can involve tens or hundreds of thousands of classes. Recently, there is a subarea
of machine learning studying classification problems involving an extremely large number of classes
(such as the ones mentioned above) called eXtreme Classification (XC) [76]. Several algorithms have
recently been proposed to speed up the training or improve the prediction accuracy in classification
problems with many classes [II, 4, [5, [BHI0, (35, [60} 611 [63], [74].

However, there is still a discrepancy between algorithms and theory in classification with many
classes, as standard statistical learning theory is void in the large number of classes scenario [75].
With the present paper we want to contribute toward a better theoretical understanding of multi-class
classification with many classes. This theoretical understanding can provide theoretical grounds to the
commonly used empirical practices in classification with many classes and lead to insights that may
be used to guide the design of new learning algorithms.

Note that the present paper focuses on multi-class learning. Recently, there has been a growing
interest in multi-label learning. The difference in the two scenarios is that each instance is associated
with exactly one label class (in the multi-class case) or multiple classes (in the multi-label case),
respectively. While the present analysis is tailored to the multi-class learning scenario, it may serve as

a starting point for subsequent analysis of the multi-label learning scenario.

1.1 Contributions in a Nutshell

We build the present journal article upon our previous conference paper published at NIPS 2015 [4§],
where we propose a multi-class support vector machine (MC-SVM) using block ¢ ,-norm regulariza-
tion, for which we prove data-dependent generalization bounds based on Gaussian complexities (GCs).

While the previous analysis employed the margin-based loss, in the present article, we generalize
the GC-based data-dependent analysis to general loss functions that are Lipschitz continuous with
respect to (w.r.t.) a variant of the fo-norm . Furthermore, we develop a new approach to derive data-
dependent bounds based on empirical covering numbers (CNs) to capture the Lipschitz continuity of
loss functions w.r.t. the /,,-norm with a moderate Lipschitz constant, which is not studied in the
conference version of this article. For both two approaches, our data-dependent error bounds can be
stated in terms of complexities of a linear function class defined only on a finite set induced by training
examples, for which we give lower and upper bounds matching up to a constant factor in some cases.
We present examples to show that each of these two approaches has its advantages and may outperform
the other by inducing tighter error bounds for some specific MC-SVMs.

As applications of our theory, we show error bounds for several prominent multi-class learning
algorithms: multinomial logistic regression [12], top-k MC-SVM [43], ¢,-norm MC-SVMs [48], and
several classic MC-SVMs [17, [47] [78]. For all of these methods, we show error bounds with an improved
dependency on the number of classes over the state of the art. For instance, the best known bounds
for multinomial logistic regression and the MC-SVM by Crammer and Singer [I7] scale square root in



the number of classes. We improve this dependency to be logarithmic. This gives strong theoretical
grounds for using these methods in classification with many classes.
We develop a novel algorithm to train ¢,-norm MC-SVMs [48] and report experimental results to

verify our theoretical findings and their applicability to model selection.

2 Related Work and Contributions

In this section, we discuss related work and outline the main contributions of this paper.

2.1 Related Work

In this subsection, we recapitulate the state of the art in multi-class learning theory.

2.1.1 Related Work on Data-dependent Bounds

Existing error bounds for multi-class learning can be classified into two groups: data-dependent and
data-independent error bounds. Both types of bounds are often based on the assumption that the data
is realized from independent and identically distributed random variables. However, this assumption
can be relaxed to weakly dependent time series, for which Mohri and Rostamizadeh [55] and Steinwart
et al. [68] show data-dependent and -independent generalization bounds, respectively.

Data-dependent generalization error bounds refer to bounds that can be evaluated on training
samples and thus can capture properties of the distribution that has generated the data [56]. Often
these bounds built on the empirical Rademacher complexity (RC) [6, 38| [54], which can be used in
model selection and for the construction of new learning algorithms [14].

The investigation of data-dependent error bounds for multi-class learning is initiated, to our best
knowledge, by Koltchinskii and Panchenko [39], who give the following structural result on RCs: given
aset H={h= (hy,...,h:)} of vector-valued functions and training examples x1,...,Xy, it holds

Ee i hi(xi),..., he(xi); < Ee ihj(Xs). 1
222;6 max { hy (x;) (xi)} ; 225;6 (i) (1)

Here, €1,...,¢€, denote independent Rademacher variables (i.e., taking values +1 or —1, with equal
probability), and E. denotes the conditional expectation operator removing the randomness coming
from the variables €q,...,€,.

In much subsequent theoretical work on multi-class learning, the above result is used as a starting
point, by which the maximum operator involved in multi-class hypothesis classes (Eq. left-hand
side) can be removed [I7, 66]. Applying the result leads to a simple sum of ¢ many RCs (Eq. ,
right-hand side), each of which can be bounded using standard theory [6]. This way, Koltchinskii and
Panchenko [39], Cortes et al. [T5], and Mohri et al. [56] derive multi-class generalization error bounds
that exhibit a quadratic dependency on the number of classes, which Kuznetsov et al. [41] improve to
a linear one.

However, the reduction comes at the expense of at least a linear dependency on the number of
classes ¢, coming from the sum in Eq. (right-hand side), which consists of ¢ many terms. We show
in this paper that this linear dependency can oftentimes be suboptimal because does not take into
account the coupling among the classes. To understand why, it is illustrative to consider the example

of MC-SVM by Crammer and Singer [I7], which uses an £s-norm constraint
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Figure 1: Illustration why Eq. is loose. Consider a 1-dimensional binary classification problem with
hypothesis class H consisting of functions mapping = € R to max(hq(z), he(x)), where h;(z) = w;z for
j =1,2. Assume the class is regularized through the constraint ||(wq,w2)||2 < 1, so the left-hand side
of the inequality involves a supremum over the fo-norm constraint ||(wy,ws)|2 < 1. In contrast,
the right-hand side of has individual suprema for w; and wy (no coupling anymore), resulting in a
supremum over the {s-norm constraint [|(wy,ws)||sc < 1. Thus applying Eq. enlarges the size of
constraint set by the area that is shaded in the figure, which grows as O(y/c). In the present paper,
we show a proof technique to elevate this problem, thus resulting in an improved bound (tighter by a

factor of \/c).

to couple the components hy,...,h.. The problem with Eq. is that it decouples the compo-
|(h1,...,he)|| . < A, which—as illustrated in Figure is a poor

nents, resulting in the constraint .
approximation of .

In our previous work [48], we give a structural result addressing this shortcoming and tightly
preserving the constraint defining the hypothesis class. Our result is based on the so-called GC [6], a
notion similar but yet different to the RC. The difference in the two notions is that RC and GC are
the supremum of a Rademacher and Gaussian process, respectively.

The core idea of our analysis is that we exploit a comparison inequality for the suprema of Gaussian
processes known as Slepian’s Lemma [65], by which we can remove, from the GC, the maximum
operator that occurs in the definition of the hypothesis class, thus preserving the above mentioned
coupling—we call the supremum of the resulting Gaussian process the multi-class Gaussian complexity.

Using our structural result, we obtain in [48] a data-dependent error bound for [I7] that exhibits—
for the first time—a sublinear (square root) dependency on the number of classes. When using a block
{3 p-norm constraint (with p close to 1), rather than an ¢o-norm one, one can reduce this dependency
to be logarithmic, making the analysis appealing for classification with many classes.

We note that, addressing the same need, the following structural result [16] [51] appear since the

publication of our previous work [4§]:

E. sup € fi(h(x; <V2LE, sup €iihi(x;), 3
pup 2 cifilh(x) hHgg ihi(x:) (3)

where f1,..., fn are L-Lipschitz continuous w.r.t. the f3-norm.

For the MC-SVM by Crammer and Singer [I7], the above result leads to the same favorable square
root dependency on the number of classes as our previous result in [48]. We note, however, that the
structural result requires f; to be Lipschitz continuous w.r.t. the f5-norm, while some multi-class
loss functions [36], 43 [78] are Lipschitz continuous with a moderate Lipschitz constant, when choosing
a more appropriate norm. In these cases, the analysis given in the present paper improves not only
the classical results obtained through , but also the results obtained through .



2.1.2 Related Work on Data-independent Bounds

Data-independent generalization bounds refer to classical theoretical bounds that hold for any sample,
with a certain probability over the draw of the samples [67, [72]. In their seminal contribution On
the Uniform Convergence of Relative Frequencies of Events to Their Probabilities, Vapnik and Cher-
vonenkis [73] show historically one of the first bounds of that type—introducing the notion of VC
dimension.

Several authors consider data-independent bounds for multi-class learning. By controlling entropy
numbers of linear operators with Maurey’s theorem, Guermeur [27] derives generalization error bounds
with a linear dependency on the number of classes. This is improved to square-root by Zhang [§1]
using £..-norm CNs without considering the correlation among class-wise components. Pan et al. [59]
consider a multi-class Parzen window classifier and derive an error bound with a quadratic dependency
on the number of classes. Several authors show data-independent generalization bounds based on
combinatorial dimensions, including the graph dimension, the Natarajan dimension dy,¢, and its scale-
sensitive analog dpat~ for margin v [I8] [19] 28] 29, [57].

Guermeur [28 29] shows a generalization bound decaying as O(log cy/ W). When using
an {oo-norm regularizer dpat~ is bounded by O(c?*y~2), and the generalization bound reduces to

O(%\/ 10%) The author does not give a bound for an fo-norm regularizer as this is more chal-

lenging to deal with, due to the above mentioned coupling of the hypothesis components.

Daniely et al. [19] give a bound decaying as O( M), which transfers to O(\ / %) for
multi-class linear classifiers since the associated Natarajan dimension grows as O(dc) [18].

Guermeur [30] recently establish an £,-norm Sauer-Shelah lemma for large-margin multi-class clas-
sifiers, based on which error bounds with a square-root dependency on the number of classes are
derived. This setting comprises the MC-SVM by Crammer and Singer [17].

What is common in all of the above mentioned data-independent bounds is their super logarithmic
dependency (square root at best) on the number of classes. As notable exception, Kontorovich and
Weiss [40] show a bound exhibiting a logarithmic dependency on the number of classes. However,
their bound holds only for the specific nearest-neighbor-based algorithm that they propose, so their
analysis does not cover the commonly used multi-class learning machines mentioned in the introduction
(like multinomial logistic regression and classic MC-SVMs). Furthermore, their bound is of the order
min {O(’y’l(lo%) 1+1D),O(f}/*g (1"%)%)} and thus has an exponential dependence on the doubling

dimension D of the metric space where the learning takes place. For instance, for linear learning

methods with input space dimension d, the doubling dimension D grows linearly in d, so the bound
in [40] grows exponentially in d. For kernel-based learning using an infinite doubling dimension (e.g.,

Gaussian kernels) the bound is void.

2.2 Contributions of this Paper

This paper aims to contribute a solid theoretical foundation for learning with many class labels by
presenting data-dependent generalization error bounds with relaxed dependencies on the number of
classes. We develop two approaches to establish data-dependent error bounds: one based on multi-
class GCs and one based on empirical /,.-norm CNs. We give specific examples to show that each of
these two approaches has its advantages and may yield error bounds tighter than the other. We also
develop novel algorithms to train ¢,-norm MC-SVMs [48] and report experimental results. Below we

summarize the main results of this paper.



2.2.1 Tighter Generalization Bounds by Gaussian Complexities

As an extension of our NIPS 2015 conference paper, our GC-based analysis depends on a novel struc-
tural result on GCs (Lemma |1 below) that is able to preserve the correlation among class-wise com-
ponents. Similar to Maurer [51] and Cortes et al. [16], our structural result applies to function classes
induced by operators satisfying a Lipschitz continuity. However, here we measure the Lipschitz con-
tinuity with respect to a specially crafted variant of the fs-norm involving a Lipschitz constant pair
(L1, Ls) (cf. Definition [2] below), motivated by the observation that some multi-class loss functions
satisfy this Lipschitz continuity with a relatively small L; in a dominant term and a relatively large
L5 in a non-dominant term. This allows us to improve the error bounds based on the structural result
for MC-SVMs with a relatively large L.

Based on this new structural result, we show an error bound for multi-class empirical risk mini-
mization algorithms using an arbitrary norm as regularizer. As instantiations of our general bound,
we compute specific bounds for ¢ ,-norm and Schatten p-norm regularizers. We apply this general
GC-based bound to some popular MC-SVMs [12] 17 [36], 47 [78]].

Our GC-based analysis yields the first error bound for top-k MC-SVM [43] as a decreasing function
in k. When setting k proportional to ¢, the bound does not depend at all on the number of classes. In
contrast, error bounds based on the structural result (3] fail to shed insights on the influence of k on the
generalization performance because the involved Lipschitz constant is dominated by a constant. For
the MC-SVM by Weston and Watkins [78], our analysis yields a bound exhibiting a linear dependency
on the number of classes, while the dependency is O(c%) for the error bound based on the structural
result . For the MC-SVM by Jenssen et al. [36], our analysis yields a bound with no dependencies on
¢, while the error bound based on the structural result enjoys a square root dependency. This shows
the effectiveness of our new structural result in capturing the Lipschitz continuity w.r.t. a variant of

the #5-norm.

2.2.2 Tighter Generalization Bounds by Covering Numbers

While the GC-based analysis uses the Lipschitz continuity measured by the ¢3-norm or a variant
thereof, some multi-class loss functions are Lipschitz continuous w.r.t. the /,.-norm with a moderate
Lipschitz constant. To apply the GC-based error bounds, we need to transform this ¢,-norm Lipschitz
continuity to the fo-norm Lipschitz continuity, at the cost of a multiplicative factor of y/c. Motivated
by this observation, we present another data-dependent analysis based on empirical £.,-norm CNs to
fully exploit the Lipschitz continuity measured by the ¢,,-norm. We show that this leads to bounds
that for some MC-SVMs exhibit a milder dependency on the number of classes.

The core idea is to introduce a linear and scalar-valued function class induced by training examples
to extract all components of hypothesis functions on training examples, which allows us to relate the
empirical f,-norm CNs of loss function classes to that of this linear function class. Our main result
is a data-dependent error bound for general MC-SVMs expressed in terms of the worst-case RC of a
linear function class, for which we establish lower and upper bounds matching up to a constant factor.
The analysis in this direction is unrelated to the conference version [48] and provides an alternative to
GC-based arguments.

As direct applications, we derive other data-dependent generalization error bounds scaling sublin-
early for £,-norm MC-SVMs and Schatten-p norm MC-SVMs, and logarithmically for top-k MC-SVM
[43], trace-norm regularized MC-SVM [2], multinomial logistic regression [12] and the MC-SVM by
Crammer and Singer [I7]. Note that the previously best results for the MC-SVM in [I7] and multino-

mial logistic regression scale only square root in the number of classes [81].



2.2.3 Novel Algorithms with Empirical Verifications

We propose a novel algorithm to train ¢,-norm MC-SVMs [48] using the Frank-Wolfe algorithm [25],
for which we show that the involved linear optimization problem has a closed-form solution, making the
implementation of the Frank-Wolfe algorithm very simple and efficient. This avoids the introduction
of class weights used in our previous optimization algorithm [48], which moreover only applies to the
case 1 < p < 2. In empirical comparisons, we show on benchmark data that ¢,-norm MC-SVM
can outperform f3-norm MC-SVM. We also perform experiments to show that our error bounds well
capture the effect by the number of classes and the parameter p. Furthermore, our error bounds

suggest a structural risk able to guide the selection of model parameters.

3 Main Results

3.1 Problem Setting

In multi-class classification with ¢ classes, we are given training examples S = {z; = (x;,y;)}7; C
Z =X x Y, where X C R? is the input space and Y = {1,...,c} the output space. We assume that
Z1,...,Z, are independently drawn from a probability measure P defined on Z.

Our aim is to learn, from a hypothesis space H, a hypothesis h = (hy,...,h.) : X — R used
for prediction via the rule x — argmaxyey hy(x). We consider prediction functions of the form
hY (x) = (wj, ¢(x)), where ¢ is a feature map associated to a Mercer kernel K defined over X' x X,
w, belongs to the reproducing kernel Hilbert space Hx induced from K with the inner product (-, -)
satisfying K (x,%X) = (x,X).

We consider hypothesis spaces of the form

H,. = {hw = ((w1,¢(x)>, s (W, d(x))) tw = (Wi, W) € Hi, T(w) < A}, (4)
where 7 is a functional defined on Hf, := Hi X --- X Hg and A > 0. Here we omit the dependency
e
c times

on A for brevity.
We consider a general problem setting with ¥, (hq(x),...,h.(x)) used to measure the prediction

quality of the model h at (x,y) [(0, BI], where ¥, : R® — Ry is a real-valued function taking a
c-component vector as its argument. This general loss function ¥, is widely used in many existing
MC-SVMs, including the models by Crammer and Singer [I7], Weston and Watkins [78], Lee et al.
[47), Zhang [81], and Lapin et al. [43].

3.2 Notations

We collect some notations used throughout this paper (see also Table . We say that a function
f:R®— R is L-Lipschitz continuous w.r.t. a norm || - || in R¢ if

[F(t) = FA)I < Lll(tr —#1,. .t =t Vbt € RS

1
The £,-norm of a vector t = (¢1,...,t.) is defined as [|t||, = [Z;:l |t;|P] 7. For any v = (vi,...,v.) €

1
0p = [25:1 ;]3] 7. Here, for brevity, we denote by

H¢ and p > 1, we define the structure norm ||v
[lvjll2 the norm of v; in Hg. For any w = (w1,...,W.),v = (v1,...,V.) € HE, we denote (w,v) =
Z;:1<wj,vj>. For any n € N, we introduce the notation N, := {1,...,n}. For any p > 1, we denote
by p* the dual exponent of p satisfying 1/p+1/p* = 1. For any norm ||- || we use || - ||« to mean its dual

norm. Furthermore, we define By = sup sup ¥,(hY(x)), By=n"7 sup H (\I/yi(hw(xi)))lez,
(x,y)€EZ hWEH, hweH., =



Table 1: Notations used in this paper and page number where it first occurs.

notation meaning ‘ page ‘

X, Y the input space and output space, respectively 7l
S the set of training examples {z; = (x;,y;)} € X x Y 7]

c number of classes 7

K Mercer kernel 7l
10) feature map associated to a kernel K 7l
Hy reproducing kernel Hilbert space induced by a Mercer kernel K |
Hy, c-fold Cartesian product of the reproducing kernel Hilbert space H g 7l
w (Wi,...,We) € HE 7
hv prediction function ((wy, ¢(x)),. .., (W, ¢(x))) 7
H. hypothesis space for MC-SVM constrained by a regularizer 7 7
v, multi-class loss function for class label y 7l

I lp ¢p-norm defined on R¢ 7]
Il ll2p {5, norm defined on Hj 7
(w,Vv) inner product on Hf. as E§:1<wj,vj> 7
Il 1]« dual norm of || - || 7
n the set {1,...,n} 7

p* dual exponent of p satisfying 1/p+ 1/p* =1 7
Eu the expectation w.r.t. random u 9
By the constant supy ez nem, ¥y(h(x)) 0
By the constant n~2 SUDpcpr. (\111,7(h(x1)))7:1||2 9
B the constant max;en,, [|¢(x:) |2 SUPw.r(wy<a |Wll2,00 0
A, the term defined in 9
1 indices of examples with class label y 9
- 1ls, Schatten-p norm of a matrix 9
Rs(H) empirical Rademacher complexity of H w.r.t. sample S 9
Gs(H) empirical Gaussian complexity of H w.r.t. sample S 9
R, (H worst-case Rademacher complexity of H w.r.t. n examples 9
H, class of scalar-valued linear functions defined on H, 10
S an enlarged set of cardinality nc defined in @ 10

S’ a set of cardinality n defined in 10
Fra loss function class for MC-SVM 12
Pn(X,y) margin of h at (x,y) 13
Noo(e, F, S) empirical covering number of F' w.r.t. sample S 29
fat.(F) fat-shattering dimension of F 29




and B = max ||¢(x;)|la  sup  ||W]||2.00. For brevity, for any functional 7 over H§, we introduce the
i€Np wiT(w)<
following notation to write our bounds compactly

A, := sup [Exwllly(hw(X)) - :sz: vy, (hw(xi))} — 3By [lzgn%} %a (5)

hWeH,

where we omit the dependency on n and loss function for brevity. Note that, for any random u, the
notation E, denotes the expectation w.r.t. u. For any y € ), we use I, = {i € N,, : y; = y} to mean
the indices of examples with label y.

If ¢ is the identity map, then the hypothesis A" can be compactly represented by a matrix W =
(W1,...,w) € R¥¢ For any p > 1, the Schatten-p norm of a matrix W € R?X¢ is defined as the
{,-norm of the vector of singular values o(W) := (o1(W), ..., 0min{c,ay(W)) " (singular values assumed

to be sorted in a non-increasing order), i.e., |W||s, := [[a(W),.

3.3 Data-dependent Bounds by Gaussian Complexities
We first present data-dependent analysis based on the established methodology of RCs and GCs [6].

Definition 1 (Empirical Rademacher and Gaussian complexities). Let H be a class of real-valued
functions defined over a space Z and S' = {%;}7_, € Z". The empirical Rademacher and Gaussian

complexities of H with respect to S’ are respectively defined as

1
Rg'(H) =E¢| sup — eh(z;)|, Gg(H sup (z;)
() =Bl sup =3 eih(@)]. - O (H) = Bg[sup - Z@
where €1, ..., €, are independent Rademacher variables, and ¢1, . . ., g, are independent N (0, 1) random

variables. We define the worst-case Rademacher complexity as R, (H) = supg, . s, R (H).

Existing data-dependent analyses build on either the structural result or , which either
ignores the correlation among predictors associated to individual class labels or requires f; to be
Lipschitz continuous w.r.t. the f3-norm. Below we introduce a new structural complexity result based
on the following Lipschitz property w.r.t. a variant of the f3-norm. The motivation of this Lipschitz
continuity is that some multi-class loss functions satisfy (@ with a relatively small L; and a relatively
large Lo, the latter of which is not the influential one since it is involved in a single component.

Definition 2 (Lipschitz continuity w.r.t. a variant of the ¢3-norm). We say a function f:R® — R is
Lipschitz continuous w.r.t. a variant of the f3-norm involving a Lipschitz constant pair (Lq, L) and
index r € {1,...,c} if

F(8) = £ < Lall(bs — th, oo te — E)l]a + Loty — £1],  Vt,t/ € RE. (6)

We now present our first core result of this paper, the following structural lemma. Proofs of results

in this section are given in Section

Lemma 1 (Structural Lemma). Let H be a class of functions mapping from X to R¢. Let Ly,La >0
be two constants and r : N — Y. Let f1,..., fn be a sequence of functions from R¢ to R. Suppose
that for any i € Ny, f; is Lipschitz continuous w.r.t. a variant of the la-norm involving a Lipschitz
constant pair (L1, La) and index r(i). Let g1,...,9n,g11,- - -, gne be a sequence of independent N (0, 1)
random variables. Then, for any sample {X;}1_, € X™ we have

E, supz:ngz (h(%;)) < V2L, E, SUPZZQU (%) + V2LE, sungl iy (X4).- (7)

21]1



Lemma [I] controls the GC of the multi-class loss function class by that of the original hypothesis
class, thereby removing the dependency on the potentially cumbersome operator f; in the definition
of the loss function class (for instance for Crammer and Singer [17], f; would be the component-wise
maximum). The above lemma is based on a comparison result (Slepian’s lemma, Lemma [20] below)
among the suprema of Gaussian processes.

Equipped with Lemma |1} we are now able to present our main results based on GCs. Eq. is

a data-dependent bound in terms of the GC of the following linear scalar-valued function class
H;:={v—(w,v):w,veH; r(w)<AveS}, (8)
where S is defined as follows

§ = {él(xl)v&h(xl)a .. '7(2)6()(1)7(2)1()(2)797)2()(2)7 .. ~»¢~>c(X2)» s <f~>1(Xn% . .7¢~3C(Xn) } 9)

induced by x1 induced by x2 induced by x,,

and, for any x € X, we use the notation
¢j(x):=(0,...,0,6(x),0,...,0) € H, j€N,. (10)
—— ——
Jj—1 c—j

Note that ETT is a class of functions defined on a finite set S. We also introduce

§' = { by (x1), B (k2 By (x0) |- (1)
The terms S, S’ and (ﬁj (x) are motivated by the following identity
(W, Gr(x)) = <(w1,...,wc), (o,...,o,¢(x),o,...,o)> = (wy, ¢(x)), Yk € N,. (12)
k—1 c—k

Hence, the right-hand side of can be rewritten as Gaussian complexities of fIT when H = H,.

Theorem 2 (Data-dependent bounds for general regularizer and Lipschitz continuous loss w.r.t. Def.
). Consider the hypothesis space H in with 7(w) = ||w||, where || - || is a norm defined on H,.
Suppose there exist L1, Ly € Ry such that Y, is Lipschitz continuous w.r.t. a variant of the €a-norm
involving a Lipschitz constant pair (L1, La) and index y for all y € Y. Then, for any 0 < § < 1, with
probability at least 1 — §, we have

A < Qﬁ[Llcﬁg(ﬁT) + Lzesg,(fi)] (13)
and
207 ” c c
A < - {LﬂEgH ( Zgij¢(xi))j:1H* + LzEgH ( Z giqb(xi))j:l *} , (14)
i=1 i€l
where g1,...,gn, 911, - - -, gne are independent N(0,1) random variables.

Remark 1 (Motivation of Lipschitz continuity w.r.t. Def. . The dominant term on the right-hand
side of is Llcﬁg(ﬁT) if Ly = O(y/cLy). This explains the motivation in introducing the new
structural result to exploit the Lipschitz continuity w.r.t. a variant of the {5-norm involving a large
Ls. For comparison, if we apply the previous structural result for loss functions satisfying @, then

the associated fo-Lipschitz constant is L1 + Lo, resulting in the following bound

Ay < 2V7(Ly + Ly)eRg(H,),

10



which is worse than when L; = O(Ls) since the dominant term becomes Lgciﬁg(ﬁT). Many
popular loss functions satisfy @ with L1 = O(Ls) [36] 43, [78]. For example, the loss function used in
the top-k SVM [43] satisfies (6) with (Ly,Ly) = (ﬁ, 1), which, as we will show, allows us to derive
data-dependent bounds with no dependencies on the number of classes by setting k proportional to c.
In comparison, the (k:_% +1)-Lipschitz continuity w.r.t. o-norm does not capture the special structure
of the top-k loss function since k=2 is dominated by the constant 1. As further examples, the loss
function in Weston and Watkins [78] satisfies (€] with (L, L2) = (1/¢,c), while the loss function in
Jenssen et al. [36] satisfies with (Lq, Ls) = (0,1).

We now consider two applications of Theorem [2| by considering 7(w) = ||w||2,, defined on Hf. [4§]
and (W) = ||[W/||s, defined on R4 [2], respectively.

Corollary 3 (Data-dependent bound for ¢,-norm regularizer and Lipschitz continuous loss w.r.t. Def.
). Consider the hypothesis space Hp x := Hya in with 7(w) = ||wll2p,p > 1. If there exist
Li,Ly € Ry such that Y, is Lipschitz continuous w.r.t. a variant of the {2-norm involving a Lipschitz

constant pair (L1, La) and index y for ally € Y, then for any 0 < § < 1, the following inequality holds
with probability at least 1 — ¢ (we use the abbreviation A, = A, with 7(w) = |[|w||2,p)

1

20T [ ¢ t e et .
. [;K(xi,xi)] inf [Ll(q) c¢?™ + La(q*)? max(ce ~2,1)]. (15)

Ap = q=>p
Corollary 4 (Data-dependent bound for Schatten-p norm regularizer and Lipschitz continuous loss
w.r.t. Def. . Let ¢ be the identity map and represent w by a matriz W € R4*¢. Consider the
hypothesis space Hs, p = Hr z in with T(W) = [|W||s,,p > 1. If there exist Ly, Ly € Ry such that
U, is Lipschitz continuous w.r.t. a variant of the 3-norm involving a Lipschitz constant pair (L1, La)
and index y for ally € Y, then for any 0 < 6 < 1 with probability at least 1 — §, we have (we use the
abbreviation Ag, = Ar with T(W) = [|[W|s, )

3 n 1 n 1
24}A inf (q*)%{ (Lyca™ +L2)[Z ||xi||§]"‘ + Lt Sxx |0 b, ifp<e,
Ao < e p<g<L2 = = Sy 6
Sp = 5 1 11 1 2 ( )
24 7rA(L1¢:2 +L2) min{c,d}2 P n NE )
nye {21:1 ||Xz||2} ) otherwise.

In comparison to Corollary [3] the error bound of Corollary [] involves an additional term

1
O(c% n~t H S xix;r H ;q* ) for the case p < 2 due to the need of applying non-commutative Khintchine-

2
Kahane inequality (A.3) for Schatten norms. As we will show in Section [4} we can derive from Corol-
laries |§| and @ error bounds with sublinear dependencies on the number of classes for £,-norm and
Schatten-p norm MC-SVMs. Furthermore, the dependency is logarithmic for ¢,-norm MC-SVM [48]

when p approaches 1.

3.4 Data-dependent Bounds by Covering Numbers

The data-dependent generalization bounds given in subsection assume the loss function ¥, to be
Lipschitz continuous w.r.t. a variant of the fs-norm. However, some typical loss functions used in
the multi-class setting are Lipschitz continuous w.r.t. the much milder /,,-norm with a comparable
Lipschitz constant [81]. This mismatch between the norms w.r.t. which the Lipschitz continuity is
measured requires an additional step of controlling the /,.-norm of vector-valued predictors by the
ly-norm in the application of Theorem [2| at the cost of a possible multiplicative factor of \/c. This
subsection aims to avoid this loss in the class-size dependency by presenting data-dependent analysis

based on empirical ¢,,-norm CNs to directly use the Lipschitz continuity measured by the £,,-norm.

11



The key step in this approach lies in estimating the empirical CNs of the loss function class
Foan={(x,y) = ¥y (A" (x)) : RV € H.}. (17)

A difficulty towards this purpose comnsists in the non-linearity of F; a and the fact that A" € H,
takes vector-valued outputs, while standard analyses are limited to scalar-valued and essentially linear
(kernel) function classes [80] [83] [84]. The way we bypass this obstacle is to consider a related linear
scalar-valued function class H, defined in . A key motivation in introducing H, is that the CNs of
F. A wrt. x1,...,%, (CNs are defined in subsection can be related to that of the function class
{v = (w,v) : 7(w) < A}, w.r.t. the set S defined in (©). The latter can be conveniently tackled since
it is a linear and scalar-valued function class, to which standard arguments apply. In more details, to
approximate the projection of F; 5 onto the examples S with (¢, o )-covers (cf. Deﬁnitionbelow)7 the
£ so-Lipschitz continuity of the loss function requires us to approximate the set { (<Wj, d(Xi))ien,,, jeNc) :
7(w) < A}, which, according to (12), is exactly the projection of H, onto S: {((w, B;(X:))ien, jen.) :
7(w) < A}. This motivates the definition of H, in and S in ©)-

Theorem |5| reduces the estimation of Rg(F; 5) to bounding %nc(fﬂ.), based on which the data-
dependent error bounds are given in Theorem @ Note that %nc(ﬁr) is data-dependent since I;fT is
a class of functions defined on a finite set induced by training examples. The proofs of complexity
bounds in Proposition [7] and Proposition [§] are given in subsection [6.3] and Appendix [B] respectively.
The proofs of error bounds in this subsection are given in subsection [6.2

Theorem 5 (Worst-case RC bound). Suppose that ¥, is L-Lipscthiz continuous w.r.t. the {og-norm
for any y € Y and assume that By < 2eBncL. Then the RC of F, A can be bounded by
~ s B
Rs(F,4) < 16Ly/clog 29%nc(HT)(1 +log? mng))

Theorem 6 (Data-dependent bounds for general regularizer and Lipschitz continuous loss function
w.rt. ||+ |lso). Under the condition of Theorem[5, for any 0 < & < 1, with probability at least 1 —§, we
have

~ s B
Ay < 2TLaR o () (14 1ogh 2200,
mnc(HT)
The application of Theorem |§| requires to control the worst-case RC of the linear function class H,
from both below and above, to which the following two propositions give respective tight estimates for
7(w) = ||w||2,, defined on Hf, [48] and 7(W) = ||[W||s, defined on R4*¢ [2].

Proposition 7 (Lower and upper bound on worst-case RC for ¢,-norm regularizer). For 7(w) =
[Wll2,p,p > 1 in (§), the function class H, becomes

H,:={v—=(w,v):w,vEHf,|wly <Ave §}
The RC of ﬁp can be upper and lower bounded by

Amax | ¢(x;)||2 (2n) 2o TEED < R, o(H,) < Amax [[9(x;)|2n” e (18)
1€N, 1€EN,

Remark 2 (Phase Transition for p-norm regularized space). We see an interesting phase transition at
p = 2. The worst-case RC of PNIP decays as O((nc)~2) for the case p < 2, and decays as O(n_%c_%)
for the case p > 2. Indeed, the definition of S by (©) implies ||[v][2,00 = [|V]l2,p for all v € Sandp>1
(sparsity of elements in S), from which we derive the following identity

c nc ne
max 3OS CIVIE = max  3TIV3 o = nemaxlotx)3, 19)
vieS:ieN,,. J=1i=1 vieS:ieN,. i=1 i€Nn
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where v/ is the j-th component of v/ € S. That is, we have an automatic constraint on || (327, Vi ||§)j:1 I
forall vi e § ,i € N,e. Furthermore, according to (64)), we know ncﬁ‘inc(ﬁp) can be controlled in terms

; C
of MaAXyicSiieN, H(Z?:Cl ||V;||§)J:1’

p = 2. This explains the phase transition phenomenon.

»*, for which an appropriate p to fully use the identity is
2

Proposition 8 (Lower and upper bound on worst-case RC for Schatten-p norm regularizer). Let ¢
be the identity map and represent w by a matric W € RI¥*¢. For 1(W) = Wls,,p > 1 in , the
function class I;TT becomes

Hg, :={V = (W,V): W e R> |W|s, <A,V €S cR>}. (20)

The RC of flsp can be upper and lower bounded by

A ;2 (2n) 5 < () < Amae [xlla(ne) S, ir<2,
_1 77 A::a):EN [|xi]|2 min{c d}éi% . (21)
Agg%ﬁfnxi‘h@n@ 2 <NRue(Hs,) < e , otherwise.

The associated data-dependent error bounds, given in Corollary [9] and Corollary are then
immediate.

Corollary 9 (Data-dependent bound for ¢,-norm regularizer and Lipschitz continuous loss w.r.t.
I - lloo). Consider the hypothesis space Hp p = H; p in with 7(w) = ||wll2,p,p > 1. Assume
that W, is L-Lipschitz continuous w.r.t. Log-norm for any y € Y and By < 2eBncL. Then, for any
0 < 0 < 1 with probability 1 — 6, we have

A, < 27LA maxien, [|¢(x:)[l2¢?~ TE7 (1 +log? (\/in%c))
Vn

Corollary 10 (Data-dependent bound for Schatten-p norm regularizer and Lipschitz continuous loss

w.r.t. {so-norm). Let ¢ be the identity map and represent w by a matriz W € RI*¢. Consider the

hypothesis space Hg, A := Hrp in with T (W) = |W|s,,p > 1. Assume that ¥, is L-Lipschitz

continuous w.r.t. £eo-norm for anyy € Y and By < 2eBncL. Then, for any 0 < § < 1 with probability

1 -6, we have

3
Arbhmasics, Ixilz (1 4 1og] (v2nic)), ifp<2,
Ag < 1.1
P 7 | 27LA max;en,, ||x;i||2 min{c,d}2 P

n

3
(1 + log; (\/in%c)), otherwise.

4 Applications

In this section, we apply the general results in subsections and to study data-dependent error
bounds for some prominent multi-class learning methods. We also compare our data-dependent bounds
with the state of the art for different MC-SVMs. In subsection [£.5] we make an in-depth discussion to

compare error bounds based on GCs with those based on CNs.

4.1 Classic MC-SVMs

We first apply the results from the previous section to several classic MC-SVMs. For this purpose, we
need to show that the associated loss functions satisfy Lipschitz conditions.
To this end, for any h : X — R°, we denote by

pn(x,) 1= hy(x) = max hy(x) (22)
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the margin of the model h at (x,y). It is clear that the prediction rule h makes an error at (x,y)
if pr(x,y) < 0. In Examples and 4| below, we assume that £ : R — R, is a decreasing and
L,-Lipschitz function.

Example 1 (Multi-class margin-based loss [17]). The loss function defined as

Ul (t) == max ((t, —t,), VteR® (23)
Yy #y
is (2Ly)-Lipschitz continuous w.r.t. fo-norm and f¢y-norm. Furthermore, we have £(p;(x,y)) =
0, (h(x)).

Y

The loss function \Ili defined above in Eq. is a margin-based loss function widely used in
multi-class classification [I7] and structured prediction [56].

Next, we study the multinomial logistic loss W} defined below, which is used in multinomial logistic
regression [12, Chapter 4.3.4].

Example 2 (Multinomial logistic loss). The multinomial logistic loss W} (t) defined as
vy (t) := log (Zexp(tj —ty)), VteRC (24)
j=1

is 2-Lipschitz continuous w.r.t. the £,,-norm and the fo-norm.

The loss @5 defined in Eq. below is used in [78] to make pairwise comparisons among compo-
nents of the predictor.

Example 3 (Loss function used in [78]). The loss function defined as
Ui(t) = L(t,—t;), VteR" (25)
j=1

is Lipschitz continuous w.r.t. a variant of the o-norm involving the Lipschitz constant pair (L¢+/c, Lec)

and index y. Furthermore, it is also (2L,c)-Lipschitz continuous w.r.t. the £-norm.

Finally, the loss \I/f; defined in Eq. and the loss \ilf; defined in Eq. are used separately in
[47] based on constrained comparisons.

Example 4 (Loss function used in [47]). The loss function defined as

\Ifg(t) = i g(—tj), vVt e Q= {E e R¢: ifj = 0} (26)

j=1,j#y j=1
is (Lg+/¢)-Lipschitz continuous w.r.t. the ¢3-norm and (Lgc)-Lipschitz continuous w.r.t. the {o,-norm.

Example 5 (Loss function used in [36]). The loss function defined as

c
Ui(t) =0(t,), VeeQ={teR":) i; =0} (27)
j=1
is Lipschitz continuous w.r.t. a variant of the fo-norm involving the Lipschitz constant pair (0, L) and
index y, and Ly-Lipschitz continuous w.r.t. the ¢,,-norm.

The following data-dependent error bounds are immediate by plugging the Lipschitz conditions
established in Examples M) and [f] into Corollaries [3] [4] [0 and [I0} separately. In the following, we

always assume that the condition B\p < 2e Bnel holds, where L is the Lipschitz constant in Theorem

Bl
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Corollary 11 (Generalization bounds for Crammer and Singer MC-SVM). Consider the MC-SVM in
[17] with the loss function \Ilf; and the hypothesis space H, with 7(w) = ||w]|2,2. Let 0 < § < 1.
Then,

(a) with probability at least 1 — &, we have Ay < % vIme S K(xi,xi)]% (by GCs);

(b) with probability at least 1 — &, we have Ay < 54L£Amaxifg" ¢ Gx)ll2 (1+ logQ% (ﬁn%c)) (by CNs).

Analogous to Corollary we have the following corollary on error bounds for the multinomial

logistic regression in [12].

Corollary 12 (Generalization bounds for multinomial logistic regression). Consider the multinomial
logistic regression with the loss function ¥}, and the hypothesis space H. with T7(w) = ||w||2,2. Let
0<d<1. Then,

(a) with probability at least 1 — &, we have Ay < AA¥2mc Ime [N K(xi,xi)}% (by GCs);

(b) with probability at least 1 — 0, we have As < 54A maxieny [|60¢:)|l2 (1+ logQ% (ﬂn%c)) (by CNs).

vn

The following three corollaries give error bounds for MC-SVMs in [36, @7, [78]. The MC-SVM in
Corollary [15|is a minor variant of that in [36] with a fixed functional margin.

Corollary 13 (Generalization bounds for Weston and Watkins MC-SVM). Consider the MC-SVM
in Weston and Watkins [78] with the loss function \ilf; and the hypothesis space H, with T(w) =
lwll2,2. Let 0 <6 < 1. Then,

(a) with probability at least 1 — &, we have Ay < %[22;1 K(Xi,xi)]% (by GCs);

(b) with probability at least 1 — &, we have Ay < 2Hehemaxicr, [60a)]> (1+ logQ% (V2n2c)) (by ONs).

Jn

Corollary 14 (Generalization bounds for [Lee et al| MC-SVM). Consider the MC-SVM in Lee et al.
7] with the loss function ¥ and the hypothesis space H, with 7(w) = ||w]|2,2. Let 0 < ¢ < L.
Then,

(a) with probability at least 1 — &, we have Ay < M (>, K(xi,xi)]% (by GCs);

(b) with probability at least 1 — &, we have As < 27LZAcmaX\}EN" leGed)> (1+ logQ% (\/in%c)) (by CNs).

n

Corollary 15 (Generalization bounds for |Jenssen et al. MC-SVM). Consider the MC-SVM in Jenssen
et al. [36] with the loss function \ilf; and the hypothesis space H, with 7(w) = ||wll2,2. Let
0<d<1. Then,

(a) with probability at least 1 — &, we have Ay < %[27:1 K(Xi,Xi)]% (by GCs);

b) with probability at least 1 — &, we have Ay < 27LeA maxieny [19(xillz (1 4 1 3 V2n3c)) (by CNs).
p y : N g5 y

Remark 3 (Comparison with the state of the art). It is interesting to compare the above error
bounds with the best known results in the literature. To start with, the data-dependent error bound
of Corollary [11] (a) exhibits a square-root dependency on the number of classes, matching the state of
the art from the conference version of this paper [48], which is significantly improved to a logarithmic
dependency in Corollary [L1f (b).

The error bound in Corollary [L3] (a) for the MC-SVM by Weston and Watkins [78] scales linearly in
c. On the other hand, according to Example |3} it is evident that \ilf; is (¢+ +/c)Ly-Lipschitz continuous
w.r.t. the fo-norm, for any y € ). Therefore, one can apply the structural result from [I6] [51]
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to derive the bound O(c%n_l[zz;l K (x;,%;)]7). Furthermore, according to Example \ilf/ is Ly-
Lipschitz continuity w.r.t. || - ||]2. Hence, one can apply the structural result to derive the bound
O(czn™ ' [Y27_, K(xi,%,)]2), which is worse than the error bound O(n~![Y7_, K(x;,x;)]2) based on
Lemma [1] and stated in Corollary (a), which has no dependency on the number of classes. This
justifies the effectiveness of our new structural result (Lemma |l in capturing the Lipschitz continuity
of loss functions w.r.t. a variant of the fo-norm to allow for a relatively large Lo, which is precisely
the case for some popular MC-SVMs [306], [43], [7§].

Note that for the MC-SVMs by Jenssen et al. [36], Lee et al. [47], Weston and Watkins [78], the GC-
based error bounds are tighter than the corresponding error bounds based on CNs, up to logarithmic
factors.

4.2 Top-k MC-SVM

Motivated by the ambiguity in class labels caused by the rapid increase in number of classes in modern
computer vision benchmarks, Lapin et al. [43] [44] introduce the top-k MC-SVM by using the top-
k hinge loss to allow k predictions for each object x. For any t € R€, let the bracket [-] denote a
permutation such that [j] is the index of the j-th largest score, i.e., ty >t = 2ty

Example 6 (Top-k hinge loss [43]). The top-k hinge loss defined by

k

1 c
W (t) = max {0, I Lyttt Lo+ e — b}, VEER (28)

j=1

is Lipschitz continuous w.r.t. a variant of the £>-norm involving a Lipschitz constant pair (ﬁ, 1) and

index y. Furthermore, it is also 2-Lipschitz continuous w.r.t. ¢,.-norm.

With the Lipschitz conditions established in Example [6] we are now able to give generalization
error bounds for the top-k MC-SVM [43].

Corollary 16 (Generalization bounds for top-& MC-SVM). Consider the top-k MC-SVM with the
loss functions (28)) and the hypothesis space H, with 7(w) = ||w||2,2. Let 0 < < 1. Then,

(a) with probability at least 1 — &, we have Ay < %(c%kfé + 1>, K(xi,%:)]2 (by GCs);

54A max;en,, [[¢(xi)ll2 (1 + logQ% (ﬂn%c)) (by CNS)

vn

(b) with probability at least 1 — 6, we have Asg

IN

Remark 4 (Comparison with the state of the art). An appealing property of Corollary [16| (a) is the
involvement of the factor k~2. Note that we even can get error bounds with no dependencies on ¢ if
we choose k > Cc for a universal constant C.

Comparing our result to the state of the art, it follows again from Example |§| that \IJ’; is (1+ k_%)—
Lipschitz continuous w.r.t. the f3-norm for all y € Y. Using the structural result (3)) [16, 48, [51], one can
derive an error bound decaying as O(n‘lc% [Z?Zl K(x;, xl)} §), which is suboptimal to Corollary
(a) since it does not shed insights on how the parameter k would affect the generalization performance.
Furthermore, the error bound in Corollary (b) enjoys a logarithmic dependency on the number of
classes.

4.3 (,-norm MC-SVMs

In our previous work [48], we introduce the £,-norm MC-SVMs as an extension of the Crammer
& Singer MC-SVM by replacing the associated fp-norm regularizer with a general block /3 ,-norm
regularizer [48]. We establish data-dependent error bounds in [48], showing a logarithmic dependency
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on the number of classes as p decreases to 1. The present analysis yields the following bounds, which
also hold for the MC-SVM with the multinomial logistic loss and the block ¢ ,-norm regularizer.

Corollary 17 (Generalization bounds for ¢,-norm MC-SVMs). Consider the £,-norm MC-SVM with
loss function and the hypothesis space Hy with 7(w) = ||w||2,p,p > 1. Let 0 < 6 < 1. Then,

(a) with probability at least 1 — &, we have:

ALAT & Lot a1 L
Ay < VTS K i)ty G
(b) with probability at least 1 — §, we have:

1_ 1
A < 54L@AH1&X,’€N” ||¢(Xi)||202 max(2,p)
P —= \/ﬁ

Remark 5 (Comparison with the state of the art). Corollary [17] (a) is an extension of error bounds in

(1+1log] (V2n3c)) (by CNs).

the conference version [48] from 1 < p < 2 to the case p > 1. We can see how p affects the generalization
performance of ¢,-norm MC-SVMs. The function f : Ry — Ry defined by f(¢) = t2ct is monotonically
decreasing on the interval (0,2logc) and increasing on the interval (2loge, 00). Therefore, the data-
dependent error bounds in Corollary [17] (a) transfer to

2logc

lfp > 2logec—17

1
ANLo\/mpin—tc' s [ K(xi,%xq)] 2,

1
AAL,(2meloge)zn ' [0 K(x;,%x;)]?, otherwise.

That is, the dependency on the number of classes would be polynomial with exponent 1/p* if p >

21201;)%21 and logarithmic otherwise. On the other hand, the error bounds in Corollary (b) sig-

nificantly improve those in Corollary (a). Indeed, the error bounds in Corollary (b) enjoy a

logarithmic dependency on the number of classes if p < 2 and a polynomial dependency with exponent

% - % otherwise (up to logarithmic factors). This phase transition phenomenon at p = 2 is explained

in Remark [2] It is also clear that error bounds based on CNs outperform those based on GCs by a
factor of /c for p > 2 (up to logarithmic factors), which, as we will explain in subsection is due

to the use of the Lipschitz continuity measured by a norm suitable to the loss function.

4.4 Schatten-p Norm MC-SVMs

Amit et al. [2] propose to use trace-norm regularization in multi-class classification to uncover shared
structures always existing in the learning regime with many classes. Here we consider error bounds
for the more general Schatten-p norm MC-SVMs.

Corollary 18 (Generalization bounds for Schatten-p norm MC-SVMs). Let ¢ be the identity map and
represent w by a matriz W € R*¢. Consider Schatten-p norm MC-SVMs with loss functions (23)
and the hypothesis space Hr with T(W) = [|[W||s,,p > 1. Let 0 <0 < 1. Then,

(a) with probability at least 1 — &, we have:
i 1 1
2 AL : i L 3 1 3 .
Tk ik (¢} e[S, ]+ S x5, ] <2
2%7”\[/20% min{c,d}%
nye

9"
2

As, < A 1
- [22;1 ||XZH%]§a otherwise.

P

(b) with probability at least 1 — §, we have:

54L¢A max;en,, ||l 3 3 .
£ \/EN 2<1+log22 1(\@712(:)), ifp<2

Ag < "

1
L 54L¢A max;en, ||xi]2 min{c,d} 2
Vn
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Remark 6 (Analysis of Schatten-p norm MC-SVMs). Analogous to Remark 5] error bounds of Corol-
lary |18) (a) transfer to

1

O(n=(p)} (7 [0, Ixil2] % + 2| Sy xx] [|2 L)), if 2 < p* < 2loge,

pT
O~ VIEE( [y ll] + e Syl 1, ). if2 < 2loge <
1 n 1 .
O(nqcl—;[zizl ||X1||§]2), if p> 2.

As a comparison, error bounds in Corollary [18] (b) would decay as O(n™2 log%(n%c)) if p < 2 and
O(n*%c%_% log% (n%c)) otherwise, which significantly outperform those in Corollary (18| (a).

Table 2: Comparison of Data-dependent Generalization Error Bounds Derived in This Taper. We
use the notation By = (23" | K(x;,%;))? and Bs, = maxen, [|¢(x;)||l2. The best bound for each
MC-SVM is followed by a bullet.

MC-SVM by structural result by GCs by CNs
Crammer & Singer O(Bln Ec%) O(Bln’%c%) O(Boon*% 1og%(nc)) °
Multinomial Logistic O(Bln_%c%) O(Bln_%c%) O(Boon_z log%(nc)) °

?Weston and Watkins O(Bln_%c%) O(Bln_%c) . O(Boon_%clog% (nc))

i Lee et al. O(Bin~3c) e O(Bin~3c) e O(Boon*%clog% (nc))

7Jenssen et al. O(Bln_%c%) O(Bln_%) ° O(Boon_% log% (nc))

o top-k O(Bln*%c%) O(Bln’%(ckfl)%) O(Boon*% log%(nc)) .
¢p-norm p € (1, 00) O(Bln_%ck%) O(Bln_%ck%) O(Boon_%c%_m log%(nc)) o
Schatten-p p € [1,2) O(Bln_%c%) O(Bln_%c%) O(Boon_% log%(nc)) o

Schatten-p p € [2,00) O(Bln’%cl_%) O(Bln’%cl_%) O(Boon*%c%_% log%(nc)) .

4.5 Comparison of the GC with the CIN Approach

In this paper, we develop two methods to derive data-dependent error bounds applicable to learning
with many classes. We summarize these two types of error bounds for some specific MC-SVMs in
the third and fourth column of Table [2| from which it is clear that each approach may yield better
bounds for some MC-SVMs than the other. For example, for the Crammer & Singer MC-SVM, the
GC-based error bound enjoys a square-root dependency on the number of classes, while the CN-based
bound enjoys a logarithmic dependency. CN-based error bounds also enjoy significant advantages for
¢p-norm MC-SVMs and Schatten-p norm MC-SVMs. On the other hand, GC-based analyses also enjoy
some advantages. Firstly, for the MC-SVMs in Lee et al. [47], Weston and Watkins [7§], the GC-based
error bounds decay as O(n ™~ ¢), while the CN-based bounds decay as O(n*%clog% (nc)). Secondly, the
GC-based error bounds involve a summation of K(x;,x;) over training examples, while the CN-based
error bounds involve a maximum of ||¢(x;)||; over training examples. In this sense, GC-based error
bounds capture better the properties of the distribution from which the training examples are drawn.

Observing the mismatch between these two types of generalization error bounds, it is interesting
to perform an in-depth discussion to explain this phenomenon. Our GC-based bounds are based on
a structural result (Lemma [1)) of empirical GCs to exploit the Lipschitz continuity of loss functions
w.r.t. a variant of the £3-norm, while our CN-based analysis is based on a structural result of empirical

loo-norm CNs to directly use the Lipschitz continuity of loss functions w.r.t. the /,-norm. Which
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approach is better depends on the Lipschitz continuity of the associated loss functions. Specifically,
if W, is Lipschitz continuous w.r.t. a variant of the ¢>-norm involving the Lipschitz constant pair
(L1, Lo), and L-Lipschitz continuous w.r.t. the ¢s-norm, then one can show the following inequality
with probability at least 1 — ¢ for § € (0,1) (Theorem [2] and Theorem [6] respectively)

20T [Llca5 S(H,) + Lo® g,(fm] : (by GCs), (29a)
Ar < s Bny/c
27 L/ R (H,) (1 +log2 B\[)) (by CN). (29b)

It is reasonable to assume that & §(I§T) and R,.(H,) decay at a same order. For example, if
T(W) = |Wl2,p, p > 2, then one can show (the first inequality follows from , and , and the
second inequality follows from Proposition

®§(fIT) = O(nlc;(;K(xi,xi))é) and R, (H,) = O(n*%cfi max ||¢)(xz)||2>

We further assume the dominant term in is L1c® §(ﬁT) to see clearly the relative behavior of
these two types of error bounds. If L; and L are of the same order, as exemplified by Example [I] and
Example |2, then the error bounds based on CNs outperform those based on GCs by a factor of /¢
(up to logarithmic factors). If L; = O(c™2L), as exemplified by Example [3, Example 4| and Example
then the error bounds based on GCs outperform those based on CNs by a factor of log%(nc).
The underlying reason is that the Lipschitz continuity w.r.t. || - ||2 is a weaker assumption than that
w.r.t. || - || in the magnitude of Lipschitz constants. Indeed, if W, is L;-Lipschitz continuous w.r.t.
I - |2, then one may expect that ¥, is (L;+/c)-Lipschitz continuous w.r.t. || - ||oc due to the inequality
It]l2 < Ve|lt||oo for any t € R This explains why outperforms by a factor of \/c if
we ignore the Lipschitz constants. To summarize, if L; = O(C*%L), then outperforms .
Otherwise, would be better. Therefore, one should choose an appropriate approach according to
the associated loss function to exploit the inherent Lipschitz continuity.

We also include the error bounds based on the structural result in the second column to

demonstrate the advantages of the structural result based on our variant of the £5-norm over .

5 Experiments

In this section, we report some experimental results to show the effectiveness of our theory. We choose
the multinomial logistic loss W, (t) = ¥} (t) defined in Example [2{ and the hypothesis space H, with
T(W) = [|Wll2,p,p > 1 and ¢(x) = x. In subsection we aim to show that our error bounds capture
well the effects of the parameter p and the number of classes on the generalization performance. In
subsection, we aim to show that our error analysis is able to imply a structural risk working well
in the model selection. We use several benchmark datasets in our experiments: the MNIST collected
by [45], the NEWS20 collected by [42], the LETTER collected by [33], the RCV1 collected by [49],
the SECTOR collected by [52] and the ALOI collected by [26]. For ALOI, we include the first 67%
instances in each class in the training dataset and use the remaining instances as the test dataset.
Table [3] gives some information of these datasets. All these datasets can be downloaded from the
LIBSVM website [13].

5.1 Behavior of empirical Rademacher complexity

Our generalization analysis depends crucially on estimating the empirical RC PRg(F; A), which, as

shown in the proof of Corollary [17] (b), is bounded by O(An_%c%_mxizm max Ixi]|2). Our purpose
1ENp
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Table 3: Description of datasets used in the experiments.

Dataset c n # Test Examples d
MNIST 10 |60,000 10,000 778
NEWS20| 20 |15,935 3,993 62,060

LETTER| 26 |10,500 5,000 16
RCV1 53 | 15,564 518,571 47,236

SECTOR/| 105 | 6,412 3,207 55,197
ALOI |1,000| 72,000 36,000 128

here is to investigate whether it really captures the behavior of Rg(F; o) in practice.

Let € = {¢;}ien, be independent Rademacher variables and define

n

~ 1
Ro(€, Fra) = — sup D @ (Wi, xi), . (We,x3)). (30)

N weRaxe:||wl2, <A 57

It can be checked that 5{5(67}7},/\) (as a function of €) satisfies the increment condition in
McDiarmid’s inequality below and concentrates sharply around its expectation Rg(Fr ). We ap-
proximate Rg(F; o) by an Approximation of Empirical Rademacher Complexity (AERC) defined by
AERC(F;4) = 55 . Rg(e®), F, »), where ) = {egt)}ieNn,t = 1,...,20, are independent se-
quences of independent Rademacher random variables. We consider two approaches to identify the

effect of p and ¢ on the generalization performance, respectively.

Algorithm 1: Frank-Wolfe Algorithm

1 Let k=0 and w(® =0 € Réx¢

2 while Optimality conditions are not satisfied do

3 Compute W = arg miny. jjwlj, , <A (w, Vf(wk))

4 Calculate the direction v = W — w(*) and step size v € [0, 1]
5 Update w#+1) = w(k) 4 yv

6 Set k=k+1

7 end

The calculation of AERC involves the constrained non-convex optimization problem , which
we solve by the classic Frank-Wolfe algorithm [25] [34]. We describe the Frank-Wolfe algorithm to solve
minwea, f(w) for a general function f defined on the feasible set A, = {w € R¥*¢: ||wl|5,, < A} with
p > 1and A > 0 in Algorithm [I} This is a projection-free method but involves a constrained linear
optimization problem at each iteration, which, as shown in the following proposition, has a closed-form
solution. In line 4 of Algorithm [I] we use a backtracking line search to search the step size y satisfying
the Armijo condition (e.g., page 33 in [58]). Proposition (19| can be proved by checking ||[w*||2, < 1
and (w*,v) = —[|v|l2,p+, and is deferred to Appendix [C]

Proposition 19. Let v = (vi,...,v.) € R¥¢ have nonzero column vectors and p > 1. Then the
optimization problem
arg min (w,v) st [w]z, <1 (31)
weRdxe
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*

has a closed-form solution w* = (wi,...,w¥) as follows

—villvillz ™, ifp=1andj=7],
. _ )0 ifp=1andj#7j,
Wi = c pN=L o2 . (32)
*(23:1 ||Vj||2 ) Plvilly vy, if 1 <p < oo,
—[Ivillz vy, if p= o0,

where j is the smallest index satisfying ||[v;|l2 = max; ey,

Villa and p* =p/(p - 1).

In our first approach, we fix the dataset S, the parameter A = 100 and vary the parameter p over
the set {1.33,1.67,2,2.33,2.67,3,4,5,8,10,25,50}. We plot the AERAs as a function of p for RCV1,
SECTOR and ALOI in Figure [2] (a), (b) and (c), respectively. We also include a plot of the function
f=(p) = Fe3 w0 in each panel of Figure where the corresponding parameter 7 is computed
by fitting the AERAs with linear models {p — f,;(p) : 7 € Ry}. According to Figure [2] it is clear
that AERAs and f; match very well, implying that Corollary (b) captures well the effect of the
parameter p on the error bounds.

il /> 10 7
= e 12
- -
at # s L
P 10
y /
3t /// 6 / 8
/ /
/ ¥

) —— AERA 4 —— AERA 2 ——ABRA| ]
) / —— 5 —— )

0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50

(a) RCV1. (b) SECTOR. (c) ALOL

Figure 2: AERAs as a function of p. We vary p over {1.33,1.67,2,2.33,2.67,3,4,5,8,10, 25,50} and
calculate the AERA for each p. The panels (a), (b) and (c¢) show the results for RCV1, SECTOR and
ALOI, respectively. We also include a plot of fz(p) in this figure, where 7T is calculated by applying
the least squares method to fit these AERAs with f.(p).

In our second approach, we fix the input training data {x;}!, the parameter p and A = 100,
and vary the number of classes é over the set {10, 20, 30, 50, 75, 100, 150, 200, 250, 375,500}. For each
(@

considered ¢, we create a data set S(©) = {(xi,yga)) ?_, with y;” = y; mod ¢+ 1. We perform

experiments on the ALOI. We plot the AERAS as a function of ¢ in Figure 3|for p = 2,4, 0o, respectively.

In each of these panels, we include a plot of the function ff (¢) = 72 m, where the corresponding
parameter 7 is computed by fitting the AERAs with linear models {¢ — f,(é) : 7 € R.}. We see
from Figure |3| (b), [3 (¢) that AERAs and f> match well, implying that Corollary [17| captures well the
effect of the number of classes on the error bounds. For the specific case p = 2, Figure |3 (a) shows
that AERAs fluctuate within the small region (0.785,0.83), justifying the class-size independency of

AERAS in this case.

5.2  Behavior of /,-norm MC-SVMs and model selection

Motivated by our GC-based bound given in Corollary (17| (a), we propose an ¢,-norm MC-SVM in [48]

for p € (1,2]. We solve the involved optimization problem by introducing class weights and alternating
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(a) p=2. (b) p=14. (c) p=oo.

Figure 3: AERAs as a function of the number of classes. Based on the ALOI, we construct datasets
with varying number of classes ¢, for each of which we compute the associated AERA. The panels (a),
(b) and (c) correspond to p = 2,p = 4 and p = oo, respectively. We also include a plot of f; (p) in this
figure, where 7 is calculated by applying the least squares method to fit these AERAs with f- (p).

the update w.r.t. class weights and the update w.r.t. the model w. In this paper, we propose to solve
this optimization problem by the Frank-Wolfe algorithm (Algorithm, which avoids the introduction
of additional class weights and extends the algorithm in [48] to the case p > 2. The closed-form solution
established in Proposition makes the implementation of this algorithm very simple and efficient.
We traverse p over the set {1.33,1.67,2,2.5,3,4,8, 00} and A over the set {10%° 10,1015, ... 103°}.
For each pair (p, A), we compute the following wy, o by Algorithm

n

1
Wy A i= ar min — U™ (Wi, X)), ..., (We, X4
p,A gwERdX“:leHz,pﬁA n e i (< 1, z>a ) < cy 1>)

and compute the accuracy (the percent of instances being labeled correctly) on the test examples.
We now describe how to apply our error bounds in identifying an appropriate model from the

candidate models constructed above. Since wj, x» € Hj; for any p > 1, one can derive from

Mwp,allz,p

Propositionthe following inequality with probability 1—¢ (here we omit the randomness of ||w 4|

2,p
for brevity)

10g§}%<

Ex Uy (™ (x)) = 3By [

3
54{[wp.ll2,p max [ 203~ 7= (1 -+ log} (v2nic))
1€Ny,
vn

According to the inequality [|[w|lz,2 < ||W||27ﬁ6%_% for any p > 2, the term ||W||27ﬁc%7m“%2,ﬁ> attains

its minimum at p = 2. Hence, we construct the following structural risk (ignoring logarithmic factors
here)

n

Errstr7x\<w) = % Z \IIUL (hw(xi)) +

i=1

AW ||2,2 max;en,, [|%;]|2
NG

and use it to select a model with the minimal structural risk among all candidates w, ». We use

(33)

A = 0.5 in this paper.

In Table [4] we report the best accuracy achieved by fo-norm MC-SVM over all considered A
(the column termed p = 2), the best accuracy achieved by £,-norm MC-SVMs over all considered p
and A (the column termed Oracle), and the accuracy for the model with the minimal structural risk
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(the column termed model selection). The parameter p for both the model with the best accuracy
(Oracle) and the model selected by model selection are also indicated. For comparison, we also include
in the column “Weston & Watkins” the best accuracy achieved by the MC-SVM in Corollary
with £(t) = log(1 + exp(—t)). Experimental results show that the structural risk works well in
guiding the selection of a model with comparable prediction accuracy to the best candidate model.
Furthermore, £,-norm MC-SVMs can significantly outperform the specific £-norm MC-SVM on some
datasets. For example, the £,,-norm MC-SVM attains 3.5% accuracy gain over the £>-norm MC-SVM
on ALOL

Although Corollary [17] (b) on estimation error bounds suggests that one should use p < 2 when
training ¢,-norm MC-SVMs, Table E| shows that /,-norm MC-SVMs achieve the best accuracy at
different p for different problems. The underlying reason is that the approximation power of H,
increases with p due to the relationship H, C Hj; if p < p. A good model should balance the
approximation and estimation errors by choosing p suitable to the associated problem.

Although the error bounds for models in Corollaries may enjoy different dependencies on the
number of classes, this not necessarily implies that a model would outperform the other in terms of
prediction accuracies for all problems. The underlying reason is that these error bounds are stated
for different loss functions and are therefore not comparable. Let us consider the multinomial logistic
regression in Corollary [12| and the Weston & Watkins MC-SVM in Corollary [13|for example. Although
the dependencies on the number of classes greatly differ in Corollary[12](b) (logarithmic) and Corollary
(a) (linear), the column “p = 2” and the column “Weston & Watkins” in Table [4] show that their

difference in the prediction accuracy is not that large.

Table 4: Performance of £,-norm MC-SVMs on several benchmark datasets. We train £,-norm MC-
SVMs by traversing p over {1.33,1.67,2,2.5,3,4,8, 00} and A over {10°,10,...,1035} to get candidate
models. The column p = 2 shows the accuracy achieved by the £3-norm MC-SVM. The column “Oracle”
corresponds to the model with the best accuracy over all candidate models, where we also indicate the
associated p and accuracy. The column “Model Selection” corresponds to the model with the smallest
structural risk over all candidate models, where we also indicate the associated p and accuracy. For
comparison, we also include in the column “Weston & Watkins” the best accuracy achieved by the
MC-SVM in Corollary [13| with £(t) = log(1 + exp(—t)), where we traverse A over {10°°,10,...,103°}.

Oracle Model Selection
Dataset | p=2 Weston & Watkins
P Accuracy Accuracy
MNIST 91.05 | 2.5 91.44 91.40 91.00
NEWS20 | 84.07 4 84.45 84.27 84.10

p
00
4
LETTER | 72.22 | oo 74.36 8 74.04 69.28
3
3
4

RCV1 88.67 | 1.67 88.74 88.08 88.67
SECTOR | 93.08 3 93.26 92.14 92.83
ALOI 84.12 | oo 87.70 87.18 78.56

6 Proofs

In this section, we present the proofs of the results presented in the previous sections.
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6.1 Proof of Bounds by Gaussian Complexities

In this subsection, we present the proofs for data-dependent bounds in subsection The proof of
Lemma requires to use a comparison result (Lemma on Gaussian processes attributed to Slepian

[65], while the proof of Theorem [2]is based on a concentration inequality in [53].

Lemma 20. Let {Xp : 6 € O} and {Yy : 0 € O} be two mean-zero separable Gaussian processes
indezed by the same set © and suppose that

E[(Xo — X5)°] <E[(Ye —Dp)?], V0,0 € ©. (34)
Then E[supyee Xo] < Elsupyce o).

Lemma 21 (McDiarmid inequality [B3]). Let Z1, ..., Z, be independent random variables taking values
in a set Z, and assume that f : Z" — R satisfies

sup |f(Z1,"' 7zn)_f(zlv"' 7Zi7172i1zi+17"' 7zn)| Sci (35)

Z1,...,Zn,Z,EZ

for 1 <i<mn. Then, for any 0 < § < 1, with probability at least 1 — §, we have

(2. Z0) <Ef(Zh,.... 2 \/Zz 1 67 log(1/0)

Proof of Lemmal[ll Define two mean-zero separable Gaussian processes indexed by the finite dimen-
sional Euclidean space {(h(x1),...,h(x,)):h€ H}

X Zzzgifi(h(xi))a D —\lezZng (xi +\szzgz

i=1 j=1

For any h,h’ € H, the independence among g;, g;; and Eg? =1, ngj =1,Vi € N,,,7 € N, imply that

E[(Xh — Xn)?] = [(Zgz b)) = 0 6)) | = 30 R hx0) — £ (0]

=1

< Z (413 Iy o) — B x)PT o+ Lol () h;<i)<xi>|}2

<2233 Iy (x) — B () + 213 Z\h W (x0)?
i=1j=1

=E[(Dn —Dn)’],

where we have used the Lipschitz continuity of f; w.r.t. a variant of the f5-norm in the first inequality,
and the elementary inequality (a + b)? < 2(a® + b?) in the second inequality. Therefore, the condition
(34) holds and Lemma [20[ can be applied here to give

Eq supz:ngz (x:)) <Eq sup [\[leZgU (x; —&—\[LngZ r (i) xz]

=1 j5=1
< \[LlE SUP Z ng (xq) + \[LZE SUP Zgz (1) (xi)-
=1 j=1
The proof of Lemma [I]is complete. O
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Proof of Theorem[4 It can be checked that f(z1,...,2n) = SUppwep, {IEZ\IIy(hW(x))—% Yo Wy, (h“’(xi))}
satisfies the increment condition with ¢; = By/n. An application of McDiarmid’s inequality
(Lemma then shows the following inequality with probability 1 — §/2

1 n
sup |E,U,( — (R (x4)) }S
hwe%[ nzz:
E, su [Exlf li (xi ]+B o %
Zh‘"GIlZI n-- yl ’ v

It follows from the standard symmetrization technique (see, e.g., proof of Theorem 3.1 in [56]) that

i (RY(x;) } < 2E,E. sup [%i U, (RY(x;) }

hWeH,

:\'—‘

E, sup [Exy\I/
W eH,

n

It can also be checked that the function f(z1,...,2,) = Eesuppwey, [+ 30 6V, (R¥(x;))] satisfies
the increment condition with ¢; = By /n. Another application of McDiarmid’s inequality shows

the inequality E,Rg(Fra) < Rs(Fra) + Buy/ = log 5 with probability 1 — 6/2, which together with the
above two inequalities then imply the following 1nequahty with probability at least 1 — §

n

s [szyy(h“’(x)) 1 S, (hW(xi))} < 2Rg(F,.) + 3By
€Hr i3

(36)

Furthermore, according to the following relationship between Gaussian and Rademacher processes for

any function class H [6] (|S| is the cardinality of S)

~ 1 S ~
< \[5estin <3/ ™% s,
we derive

R ({ W, (™ (x)) h™ € H,}) < \ﬁes({xpy(mx)) R e H )

\/ sup g;V 7,

n ghWEHT; tT Y Z
L1

s —, B swp Zzgwhw Xi)

heH, = i

Eg sup Zgz

hweH,

where the last step follows from Lemma [I| with f; = ¥,, and (i) = y;, Vi € N,,. Plugging the above
RC bound into gives the following inequality with probability at least 1 — §

201/ 2L
A < ; g sup Zzgw Wja¢xz 2\/7 g sup Zgz Wy17¢ Xz)> (37)

meH = = h ety

It remains to estimate the two terms on the right-hand side of . By , the definition of ﬁT, S

and S’, we know

g sup ZZQU Wj7¢ xz = g sup Zzgw w, ¢j xz _nc(’5 ( ) (38)

hweH, . — 1j=1 wir(w)<A T 1j=1

and
n

sup gi(Wy,, d(x;)) = sup Gi W,¢~)iXi =n®g (H;).
9h€HZ wodG)) =By sup D gilw by, (x0) = n®s (1)
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Plugging the above two identities back into gives (13).
We now show . According to the definition of dual norm, we derive

n
g sup Zzgw WJ7¢X1 g sup Z ijZQm¢ X1 g Sup W7(Zgij¢(xi));:1>
i=1

hWecH, i=1 j=1 hWecH, hWe

< E,g hf,lelII)L ||W||H ( ;gij¢(xi));:1||* = AEQH(Z;gijd)(Xi))jzl .

(39)
Analogously, we also have
Ey sup Zgz Wy, $(xi)) =Eg sup Z Wj, Y gid(xi))
hw el ;= hwe i€l;
—Ey s (w (3 0:000)’_,) < ABg|[( 3 0i0x0)_, .-
hweH, i€l i€l
Plugging the above two inequalities back into gives . O

Proof of Corollary[3 Let ¢ > p be any real number. It follows from Jensen’s inequality and Khintchine-

Kahane inequality that
* L c n * %
e[S Sl ] < [ Sasc! ]

Bl (L ousca) |,
< [S [ o] T)F = e [ ZKxuxz}. (40)

j=1 i=1

==

o [
Nl=

Applying again Jensen’s inequality and Khintchine-Kahane inequality (A.1]), we get

H(Zgqu X >J 1H I [EQéHEQW(Xi)

We now control the last term in the above inequality by distinguishing whether ¢ > 2 or not. If ¢ < 2,

1

1 v [ [ o] T

j=1 i€l

we have 271¢* > 1 and it follows from the elementary inequality a® + b* < (a + b)*,Va,b > 0,s > 1
that

n

Z{ZK waz] [ZZK xz,xz}(g:{ZK(xi,xi)r;, (42)

j=1 i€l; j=1li€l; i=1
Otherwise we have 271¢* < 1 and Jensen’s inequality implies

a* a* n a*
2

i [ZK(xi,xi ] N <C[Z ZK Xi, X; } T :clfg{ZK(xi,xi)} . (43)

j=1 i€l =1 i€l =1

Combining , and together implies

n

H(Zglgﬁ X; ) qu <max(c%**%71) [q*ZK(xi,xi)] ) (44)

IEI =1

Nl

According to the monotonicity of || - ||z, w.r.t. p, we have Hyn C Hya if p < ¢. Plugging the
complexity bound established in Egs. , into the generalization bound given in Theorem |2, we
get the following inequality with probability at least 1 —§

ATSQAf[Llch[ ZKXZ,XZ} + Lo max(c [ Zsz,sz],qup.

The proof is complete. O
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Remark 7 (Tightness of the Rademacher Complexity Bound). Eq. gives an upper bound on
H( i1 9 O(X ) ) H . We now show that this bound is tight up to a constant factor. Indeed,
J=112,q*

according to the elementary inequality for aq,...,a. >0

1 1 EN EN

(a1+-+a)™ >c Haf +--+ad),

we derive

H(ZQW )J 1‘ [ZHZQW (w:)

Taking expectations on both sides, we get that

c n 1

1 11 2

§ aot)) [ 2 eS| gueten)| 2 *§T[§ijt,xz},
H( Jid Jj=1112,¢* =1 g 1:193(15( ) 2

where the second inequality is due to (A.2). The above lower bound coincides with the upper

* % 1 c n
} ey IZHZ%;‘(M%)
=1 =1

bound . up to a constant factor. Specifically, the above upper and lower bounds show that

2 (S|

=1112,g*

enjoys exactly a square-root dependency on the number of classes if

q=2.
Proof of Corollary[f} We first consider the case 1 < p < 2. Let g € R satisfy p < ¢ < 2. Denote
X’f =(0,...,0,x;,0,...,0) with the j-th column being x;. Then, we have

i=1 1=1 j=1 i€l i€l Jj=1li€l;

Since ¢* > 2, we can apply Jensen’s inequality and Khintchine-Kahane inequality (A.3)) to derive
(recall o.(X) denotes the r-th singular value of X)

min{c,d}

n c . i n c . 1
gl D_> 01X, < [Eg >, ot (ZZ%X?)} '
i=1 j=1 r=1 i=1 j=1
<27/ maX{H[ZZ ijf ) [iif(g(f(gﬁf ) } (46)
i=1j=1 - i=1 j=1 a*

For any u = (uq,...,u.) € R¢, we denote by diag(u) the diagonal matrix in R°*¢ with the j-th diagonal
element being u;. The following identities can be directly checked

Do DX ZZIIlelzdlag (e)) Z”XZ”Q exes

i=1 j=1 i=1 j=1
YO (XD ZZXX —chz x;
i=1 j=1 i=1j=1
where (eq,...,e.) forms the identity matrix I.x. € R¢*¢ Therefore,
n_ ¢ _ - 1 ) 1
[ @ @), - H(anzn N [anzn ], (47)
i=1 j=1
and
n c ~ _ % n % min{c,d} . n N 1
o EnE) T, = ve| (e )|, =ve] 32 o ((szxiv)}“
— = — ,

Il
D
]
Q
1.\:‘_3
ing
3"
._@‘.H
M
2
><
o;:
t_w‘t
5
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Plugging and into gives
n c 1 n
B oS, =2y T e [ ] ot o
=1 j=1 i=1

Applying again Jensen’s inequality and Khintchine-Kahane inequality (A.3) gives

’ * } (49)

q_
2

min{c,d}

S Yl <[5 Y o (Y 0kt)]”

j=1i€l; j=1li€l;
<o 4, /T *maX{H ZZ (X7) TXJ} [ZZXJ (X7) } } (50)
j=1li€l; liel; q*

It can be directly checked that

DY EDTED) =)0 Ixillzdiagle;) = diag( Y [xill3. -, > Ixil13)

S

j=14€l, j=1licl; il iel,
C
" J
E E(Xz)( E Exx EXZ”
j=li€el; j=1iel;

from which and ¢* > 2 we derive

o], = [ (S) ] < [X 3 mi] - [anzn I

Jj=1li€l; J=1 iel; Jj=1li€l;
1 1 n 1 n
2 2 2
[ 5 w0 } o= I, < N, = [ ele]
1=1 =1

Jj=11i€
where we have used deduction similar to in the last identity. Plugging the above two inequalities
back into implies

=

[V

1

Bl 30 0kt <24 L[S Ilt] (51)

j=li€l; =1

,p

Plugging and into Theorem [2{ and noting that Hs, C Hg, we get the following inequality
with probability at least 1 — §

A <2%”A'f()%L {e? [ZH IIF%
q
Sp = ne p£¢;§2 1maxs§c X;

This finishes the proof for the case p < 2.
We now consider the case p > 2. For any W with [|[W||s, < A, we have ||[W||s, < min{c, d}%_%/\.
The stated bound for the case p > 2 then follows by recalling the established generalization bound

forp:?. O

n
E XinT
i=1

8 R Do R

a*
2

6.2 Proof of Bounds by Covering Numbers

We use the tool of empirical £o,-norm CNs to prove data-dependent bounds given in subsection[3.4] The
key observation to proceed with the proof is that the empirical £,-norm CNs of F;  w.r.t. the training
examples can be controlled by that of H, wrt. an enlarged data set of cardinality nc, due to the
Lipschitz continuity of loss functions w.r.t. the £o-norm [71} [8T]. The remaining problem is to estimate
the empirical CNs of ﬁﬂ which, by the universal relationship between fat-shattering dimension and
CNs (Part (a) of Lemma[22), can be further transferred to the estimation of fat-shattering dimension.
Finally, the problem of estimating fat-shattering dimension reduces to the estimation of worst case RC
(Part (b) of Lemma[22)). We summarize this deduction process in the proof of Theorem
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Definition 3 (Covering number). Let F be a class of real-valued functions defined over a space Z
and S := {z1,...,2,} € Z" of cardinality n. For any € > 0, the empirical £o-norm CN N (e, F, S’)
w.r.t. S’ is defined as the minimal number m of a collection of vectors v!,...,v™ € R™ such that (vf
is the i-th component of the vector v7)

sup min  max |f(z;) — Vf| <e
feFj:L...,m i=1,..., n

In this case, we call {v!,..., v} an (¢, {y)-cover of F w.r.t. S’

Definition 4 (Fat-Shattering Dimension). Let F' be a class of real-valued functions defined over a
space Z. We define the fat-shattering dimension fat.(F') at scale € > 0 as the largest D € N such that
there exist D points 1, ...,zp € Z and witnesses s1,...,sp € R satisfying: for any 64,...,0p € {£1}
there exists f € F with

0i(f(2z;) —si) > ¢€/2, Vi=1,...,D.

Lemma 22 ([62] [66]). Let F' be a class of real-valued functions defined over a space Z and §' =
{Z1,...,2,} € 2" of cardinality n.
(a) If functions in F take values in [—B, B], then for any € > 0 with fat.(F) < n we have

2eB
log Noo (6, F, S") < fat (F)log eon.
€

(b) For any € > 2R,,(F), we have fat (F) < 152R2(F).

(c) For any monotone sequence (e)52, decreasing to 0 such that g > \/n*1 SUprer iy f2(2i), the
following inequality holds for every non-negative integer N :

N !
Re/(F) <2 (e + 6k1)\/10gN°°(;k’F’S ),

k=1

EN- (53)

Theorem 23 (Covering number bounds). Assume that, for any y € Y, the function ¥, is L-
Lipschitz continuous w.r.t. the £oo-norm. Then, for any € > 4L9‘inc(I§T), the CN of F,a w.r.t.
S={(x1,91), -, (Xn,Yn)} can be bounded by

16ncL*R2 (H,)

lo
2

2eBncL
log Noo (e, Fr ., 8) < g
Proof. We proceed with the proof in three steps. Note that FIT is a class of functions defined on a
finite set S = {@;(x;) i € N,,,j € N.}.
Step 1. We first estimate the CN of H, w.r.t. S. For any € > 4R,,.(H;), Part (b) of Lemma
implies that

10nc o2 () < ne. (54)

fat.(H;) < 2

According to (12) and the definition of B, we derive the following inequality for any w with T(w) <A
and 1 € N,,,j € N,

(W, & (x0))| = [(wj, o(xi))| < lwjllzllé(xi)llz < sup [[wllz0llé(xi)]2 < B.

wiT(w)<

Then, the conditions of Part (a) in Lemma [22| are satisfied with F' = f—L, B=DBand S = g, and we
can apply it to control the CNs for any € > 4R,,.(H,) (note fat.(H,) < nc in (52))

, (55)

~ ~ 2¢B 1 2 (H 2¢B
log N (¢, H, §) < fate(H,)log =< < 6”"%;0( ) g 26BnC
€
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where the second inequality is due to (54).
Step 2. We now relate the empirical {o-norm CNs of H, w.r.t. S to that of Fr A w.rt. S. Let

J o J J J J J J g ne
{r = (T1,17T1,27"'7T1,c’"'7Tn,1’rn,27""rn,6) 1] = 1,...7N} CR (56)
be an (e, £ )-cover of

{( <Wv (].7)1(X1)>, ] <W, QBC(X1)>’ <W, ¢~51(X2)>7 SRR <W7 ¢~)C(X2)>v s

related to x1 related to xo

(W, $1(x0))s - (W, Belxa)) )  7(w) < A} C R

related to x,,

with N not larger than the right-hand side of . Define rg = (7“{,1, e ,Tf}c) for all i € N,,,j € Ny.
Now, we show that
{0y, (), 9y (eh) 0y, (1)) 1 =1, N} C R (57)

would be an (Le, £ )-cover of the set (note A% (x) = ((w1, ¢(x)), ..., (We, ¢(x))))

{(‘I’yl (WY (x1)), ..., ¥y, (h™(xn))) : T(W) < A} C R".

Indeed, for any w € H§ with 7(w) < A, the construction of the cover in Eq. guarantees the
existence of jw) € {1,..., N} such that

Jw) _ oy )
o s [ . )] < &

Then, the Lipschitz continuity of ¥, w.r.t. the {,-norm implies that
J_'<w) - Wi, < j(W> _ hW(~.
fgiagxn [y, (r5™7) = Wy, (B (x3))| < L fgiagxn [[r; hY (%) 0o

J(w
=L, o i = (e 06c0)|

-
= L, 2 e = b o)

< Le

)

where we have used in the third step and in the last step. That is, the set defined in is
also an (Le, {o)-cover of F; y wr.t. S = {(x1,y1),...,(Xn,yn)}. Therefore,

log Nso (€, Frp, S) < log Noo(e/L, H,,S), Ve>0. (59)

Step 3. The stated result follows directly if we plug the complexity bound of H, established in
63) into (59). 0

We can now apply the entropy integral to control Rg(F; A) in terms of R,.(H,). We denote
by [a] the least integer not smaller than a € R.

n~% sup, W, (h(x:)) " 7
T;ii’cﬂ%mm))“Jw en = 16L/cTog 2R, (H,) and

er = 28 Fen k= 0,...,N — 1. It is clear that ¢y > n~2 SUDpe . (\Ily(h(xl))):l:ln2 > €p/2 and
EN > 4L9‘{nc(ﬁ7). Plugging the CN bounds established in Theorem |23|into the entropy integral ,

we derive the following inequality

Proof of Theorem[5 Let N = [logz

N A
~ _ 2eBncL
9{S(F"r,/\) < SL\/E%TLC(HT) E Ekt% IOg c 6:6
k=1

+ en-. (60)
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We know

N N+1
2 Bncl < -
E eone E \/k log 2 + log(2eBncLey ') < +/log 2/ \/x + logy(2eBncLey ') dx
1

k=1
2y/Tog2 [N+ s 2ylog2. 3, -
= o8 2 < 3og logs (4eBncLey'),

d(x + log, (2eBncLeg ! )

where the last inequality follows from

deBnel > 2n" % sup H(\I’yl (h(xi»)?:lHQ = €0
heH,

Plugging the above inequality back into gives
Rs(Fra) < 16L+/clog ﬂ‘inc log2 (4eBncLeN ) + en

~ 3 B
= 16L+/clog 29%0<H7)(1 + log§ 410;/;;”(]7{)).

The proof is complete by noting e < 44/log 2. O

The proof of Theorem [f] is now immediate.

Proof of Theorem[@ The proof is complete if we plug the RC bounds established in Theorem [5] back
into and noting 32+/log?2 < 27. O

Proof of Corollary[4 Plugging the complexity bounds of ﬁp given in into Theorem |§| gives the
following inequality with probability at least 1 — §

~ 1 1
A, < 27/cLA maxleNn llo(x;)]|2 (1 +log2% \/§Bngcz+mzx(2;; )
Xi)ll2

nz Cmv((2 P)
3
(1 + log2 (\/in%c)>,

2TLA max;en, [|¢(x;)||2c? ™ T Em
< 3
< NG

where we have used the following inequality in the last step

B=max|¢(x;)]2  sup [[Wllz,00 < Amax||d(x;)]2.
i€hin wil|wil2,p <A (€l
The proof of Corollary [9] is complete. O

Proof of Corollary[10. Consider any W = (w1, ...,w.) € R¥¢. If 1 < p <2, then

Wlls, = [[Wlls, = [Wll22 = [Wl[2,0c-
Otherwise, according to the following inequality for any semi-definite positive matrix A = (a j3)53: X
(e.g., (1.67) in [69])

1

|Alls; = Z |a’J]| ;a Vp > 1,
we derive

IWlls, = |(WTW)3|s, = H RWTWﬁ)C ]

J il ,5=1

SP
[

P
> [ w2 max [wylla = Wz

j=1

=
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Thereby, for the specific choice 7(W) = ||[W||s,,p > 1, we have

B=maxlxile  swp[Wleo < Amax il (61)

1€Nn W:||W s, <A

We now consider two cases. If 1 < p < 2, plugging the RC bounds of ﬁsp given in into
Theorem [0] gives the following inequality with probability at least 1 — &

27LA max;en ||xi||2( s V2Bnic 27LA maxen, [|%i|2 3 3
(€N 1+ log )< n 1% (1 log2 (V2n? )
VD MR I rr— Vi +logg (Vant)

where the last step follows from . If p > 2, analyzing analogously yields the following inequality
with probability at least 1 — §

As, <

n |

97LA 3 s
As, < 7LA maXien, ||\>;%2mm{c (d}E (1+1og§(x/§n%c)).

The stated error bounds follow by combining the above two cases together. O

6.3 Proofs on worst-case Rademacher Complexities

Proof of Proposition[]. We proceed with the proof by distinguishing two cases according to the value
of p.
We first consider the case 1 < p < 2, for which the RC can be lower bounded by

- 1
%nc(Hp) = max —E. sup Zez w, v
vieS:ieN,, NC lwll2,p <A

1 .
= max —E. sup <W,Zeivz>

ViESiEN. C [|lwl|s,, <A

A e )
- vie%l;%m %Eeu ZQVZHM* (62)
>s IZezlnv l2.pes
cs

where the equality follows from the definition of dual norm and the inequality follows by taking
vl = ... = v". Applying the Khitchine-Kahane inequality (A.2]) and using the definition of S in @[),
for v € 5)

we then derive (||v||2,, =

A ; ,
max ||V ||2 pr = MaX;eN,, Ild)(XZ)HQ )

A
V2nc vies§ V2nce

Furthermore, according to the subset relationship ﬁp C ﬁg, 1 < p < 2 due to the monotonicity of

Re(H,p) >

I ll2,p, the term %nc(ﬁp) can also be upper bounded by (v} denotes the j-th component of v*)

S)‘im(flp) < i)%m(flg) max —]E H ZQV H2 )

viesiieN,, NC

A ‘ e ) A
e A ISR v w2
j=1 i=1 ’

c
V513

IN

vigeS:eN,, NC vieS:eN,, NC

=
—

j=1i=

AR Amaxien, 60k 2
= max Y IV = S,

vieS:ieN,, NC
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where the first identity is due to , the second inequality is due to Jensen’s inequality and the last
second identity is due to Z§=1 [v5l13 = V[|3 o for all ves.

We now turn to the case p > 2. In this case, we have

Boolll) = max LB swp 3> (wiv
ViESHENn, NC w2, <A 5
1 nc c
i
> max  —E.  osup Y (wj,vh)
VIESHENne NCjiw; |B< A jeN, =7 51
nc

1O ,
= max %Z;Ee sup Zei(wj,v}>
j=

vieSiieN,, Iw;lI5<27 i=1

1 c nc
p— PR ] . . ?
= max E E. sup (wy, E V)
ne 4 .
Jj=1 =1

viES: €N, w5 <42

where we can exchange the summation over 5 with the supremum in the second identity since the
constraint [|w;||5 < Acp, j € N, are decoupled According to the definition of dual norm and the
Khitchine-Kahane inequality (A.2), R,.(H,) can be further controlled by

mnc(ﬁp) 2 max Z ]E ” Zez ZHQ

vieSHeN,
;
> max — Iv5113] > (63)
vieS:ieN,,. ncz Z Vi
We can find v1,...,v"¢ € S such that for each j € N,, there are exactly n v* with [|[vF|, =
J

max;en, [[¢(xi)ll2. Then, Y77 [[¥4]|5 = nmaxien, [|¢(x:)|3,7) € Ne, which, coupled with (63), im-
plies that
~ I A
p nc j; \/icé

On the other hand, according to and Jensen’s inequality, we derive

1
NHEES : 3¢
[nmax|lé(xi)l2]* = Amax|lé(xi)2(2n) "2 e

ncﬁﬁnc(ﬁp)

) IEHZeZsz,p_ max [E SIS« viE]"

ViESHEN vieSieN.. b T iD

By the Khitchine-Kahane inequality (A.1) with p* < 2 and the following elementary inequality
Sgor 18517 < P51 [451), V0 < B < 1, we get

1Fnellls) < S E]” (64)

vieS:1ieN, =1
c P 1
1—P p*
< max ¢! 2(22\\%”) }
vieS:iEN, . J=1i=1

< /ncer max [[¢(x;)|2 = N max [|¢(xi)]2,
where we have used the inequality 25:1 vl < max;en, ||¢(x:)||3 for all v € S in the last inequality.

The above upper and lower bounds in the two cases can be written compactly as . The proof
is complete. O
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6.4 Proofs on Applications

Proof of Example[l According to the monotonicity of ¢, there holds

pn(x,)) = € min (b, (x) = by ())) = max €(hy(x) = hy (x)) = ¥ (h(x0)

It remains to show the Lipschitz continuity of \Ilg. Indeed, for any t,t’ € R®, we have

|, (8) — Wy (t)] =

max {(t, —t,) — max ((t;, —t,,)

y'y'#y yhy'ty Y Y
< max |l(t, —t,) — Lt —t,
_y’:y’;ﬁy’(y ’ll) (y y)

< y,r%?;(y L|(ty —ty) — (t;; - t;')|
< 2Ly max Ity —t,]
< 2Lt — t']|2,
where in the first inequality we have used the elementary inequality
| max{ai,...,a.} —max{by,...,b:.}| < max{|a; —bi|,...,|ac —bc|}, Va,beR® (65)
and the second inequality is due to the Lipschitz continuity of ¢. 0

Proof of Example[d Define the function f™ : R® — R by f™(t) = log (25:1 exp(tj)). For any t € R¢,
the partial gradient of f™ with respect to ty is

orm(t) _ __expltu) VeE=1,...,c

Oty > exp(ty)’

from which we derive that ||V f™(t)||; = 1,Vt € R¢. Here V denotes the gradient operator. For any

t,t’ € R, according to the mean-value theorem we know the existence of « € [0, 1] such that

[f7(6) = f ()] = (V™ (at + (1 - a)t'), t —t')]
< V™ (at + (1= a)t) 1t = tllec = [It — t]oc-

It then follows that

(W (6) — Wit (6)| = |7 ((t5 — ty)5=1) — S (8 —t,)5=1)]
<@t —ty)5—1 — (& — )51
<2t — t']| o

That is, U3 is 2-Lipschitz continuous w.r.t. the {.-norm. O

Proof of Example[3 For any t,t’ € R, we have
Wy (6) =y (6)] = [ Dty —t5) = DLty — )| < D |elt, —t;) — £t — t})]
j=1 j=1 j=1
c
< Lyclty — ty| + Le Y [t; — ] < Leclty — ] + Lev/el[t — t'||2.
j=1

The Lipschitz continuity of \iff; (t) w.r.t. £oo-norm is also clear. O
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Proof of Example[j} For any t,t’ € Q, we have

W0 T = | D ) -] <L S -t
J=Llj#y J=1,j#y

< LoVe|lt = t[|la < Lecllt — t/] .
This establishes the Lipschitz continuity of W!. O

Proof of Example[5 For any t,t’ € Q, we have

Wi (6) — Wy (6)| = [€(ty) — £(t)| < Lelty = t,] < Lellt = t/]] .
This establishes the Lipschitz continuity of \i/f; O

Proof of Example[@ 1t is clear that

k
;tm = 1§i1<g1<a-)-(-<ik§c[til +-+t,], VEeERS (66)
J:

For any t,t’ € R®, we have

|y (6) =Wy (t)]

k k
1
< E‘ Z(ly;ﬂ i1 —ty,..., 1y7gc+tcfty)[j] 72(1%&1 +t’17t;, R 1y#c+t£,t;)m
j=1

j=1
1 k b
= — 1 . t: —t _ 1 ‘ t/ _ t/
k‘ 1Si1<glg}.{.<i’“gc7;( vric i —Hy) 1§i1<glg)~(~<z‘k§c;( vtir TH, — 1)
k k
1
< — 1 . t. —t . 1 ) t, . t/
— k 1§i1<fgl<a.).{.<ikgc 7;( YFir + ir y) 7;( YFir + in y)
k
< 1 max ‘Z(t’ — )‘-‘r‘t _t/l
T k1Si<ip<icigge 0T y — 1ty
k
1 1
<= ti — t/ 2]z t, — t/ 67
~VE 1§i1<gl<a-)-(-<ikgc [Z( tr lr) ] + | Yy y| (67)

[D ot =) + Ity — 1],

Jj=1

<

Sl-

where the first and the second inequality are due to and the first identity is due to . This
establishes the Lipschitz continuity w.r.t. a variant of the fo-norm. The 2-Lipschitz continuity of \I/’;
w.r.t. £o-norm is clear from . The proof is complete. O

7 Conclusion

Motivated by the ever-growing number of label classes occurring in classification problems, we develop
two approaches to derive data-dependent error bounds that scale favorably in the number of labels.
The two approaches are based on Gaussian and Rademacher complexities, respectively, of a related
linear function class defined over a finite set induced from the training examples, for which we establish
tight upper and lower bounds matching within a constant factor. Due to the ability to preserve the
correlation among class-wise components, both of these data-dependent bounds admit an improved

dependency on the number of classes over the state of the art.
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Our first approach is based on a novel structural result on Gaussian complexities of function classes
composed by Lipschitz operators measured by a variant of the ¢3-norm. We show the advantage of our
structural result over the previous one in [16] 48, 51] by capturing better the Lipschitz property of
loss functions and yielding tighter bounds, which is the case for some popular MC-SVMs [36], [43], [7§].

Our second approach is based on a novel structural result controlling the worst-case Rademacher
complexity of the loss function class by ¢,,-norm covering numbers of an associated linear function
class. Our approach addresses the fact that several loss functions are Lipschitz continuous w.r.t. the
{+, norm with a moderate Lipschitz constant [81]. This allows us to obtain error bounds exhibiting a
logarithmic dependency on the number of classes for the MC-SVM by Crammer and Singer [17] and
multinomial logistic regression, significantly improving the existing square-root dependency [48], [81].

We show that each of these two approaches has its own advantages and can outperform the other
for some applications depending on the Lipschitz continuity of the associated loss function. We report
experimental results to show that our theoretical bounds really capturing well the factors influencing
models’ generalization performance, and can imply a structural risk working well in model selection.
Furthermore, we propose an efficient algorithm to train £,-norm MC-SVMs based on the Frank-Wolfe
algorithm.

We sketch here some possible directions for future study. First, research in classification with
many classes increasingly focuses on multi-label classification with each output y; taking values in
{0,1}c [10, B5, [79]. It would be interesting to transfer the results obtained in the present analysis
to the multi-label case. To this aim, it is helpful to check the Lipschitz continuity of loss functions
in multi-label learning, which, as in the present work, are typically of the form Wy (h(x)) [21} [79],
(e.g., Hamming loss, subset zero-one loss, and ranking loss [21]). Secondly, we study examples with
the functional 7 depending on the components of w in the RKHS. It would be interesting to consider
examples with 7 defined in other forms, such as those in [31],[64]. Thirdly, our error bounds are derived
for convex surrogates of the 0-1 loss. It would be interesting to relate these error bounds to excess

generalization errors measured by the 0-1 loss [7 [70, 811 [82].
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A Khintchine-Kahane Inequality

The following Khintchine-Kahane inequality [20, 50] provides a powerful tool to control the p-th norm
of the summation of Rademacher (Gaussian) series.

Lemma A.1. (a) Let vy,...,v, € H, where H is a Hilbert space with || - || being the associated norm.
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Let €1, ..., €, be a sequence of independent Rademacher variables. Then, for any p > 1 there holds

1 1

min(y/p— 1, 1)[ 3 [Ivi[[?]* < ]EIIZGMII J7 < max(y/p—1,1)] ZIIVzH 1%, (A1)
i=1

1

E. IIZeszII >27z ZHWII ]2 (A.2)

The above inequalities also hold when the Rademacher variables are replaced by N(0,1) random
variables.

(b) Let Xy,...,X, be a set of matrices of the same dimension and let gi1,...,g, be a sequence of
independent N (0,1) random variables. For all ¢ > 2,

(Fal ol =2t e (S KT g NS XD} 4
i=1

i=1

Proof. For Part (b), the original Khintchine-Kahane inequality for matrices is stated for Rademacher
random variables, i.e, the Gaussian variables g; are replaced by Rademacher variables ¢;. We now
show that it also holds for Gaussian variables. Let w f Z =1 €ik+j with €;,4; being a sequence
of independent Rademacher variables, then we have

n 1 1
(Bl D> o Xi)4,)7 = EHZZ%H[ ilg,)
=1

i=1 j=1
n k 1 n k 1
<Y/ % max{” ZZ% Hs’ (ZZ% Hs}
=1 j=1 i=1 j=1
n n 1
< oo max { (3 XTx0) 2 (S X)), }-
i=1 i=1

where the first inequality is due to the Khintchine-Kahane inequality for matrices involving Rademacher

random variables [50]. The proof is complete if we take k to oo and use central limit theorem. O

B Proof of Proposition

We present the proof of Proposition [8|in the appendix due to its similarity to the proof of Proposition
m

We first consider the case 1 < p < 2. Since the dual norm of || -||s, is || - ||s,. , we have the following
lower bound on RC in this case

nc

_ 1 j
%nc(HSp) - max —E. sup Z €Z<VV’ VZ>
VieSieN,, ¢ ||W]s, <A

1 < .
= max —E. sup (VKZQ—V@

VieSieN,. M€ ||W|s, <A =
= AR eV, (B.1)
VieSieN,, NC =1 P
Taking V! = ... = V"¢ and applying the Khitchine-Kahane inequality (A.2)) further imply
A A Amax;en, [|%;]]2
Rne H > max —]E 61 & o D — max Vi =——2" "=
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where the last identity follows from the following identity for any V € S

Vs, = Vlls: = [IVl2,2 = [IV]|2,00- (B.2)

We now turn to the upper bound. It follows from the relationship f[sp C fISZ,V1 <p<2and
(B.1)) that (tr(A) denotes the trace of A)

_ _ A nc .
9C{nc(I{SP) < 9%nc(]{SQ) = ViEHS}:E:)E(Nnc %EGH ;QV ||52

A e . il
= max —E, |[tr € Vi(V)T
VieSiieN,, NC ‘ ( Z Vi) )

ii=1
A nc
< max — tr(VH(VHT
Vi€S:HEN,, NC 1:21 V:Hh
A S8 Amaxien, il
= max — Vi3 < ————2—"2=, (B.3)
Viegien,, NC ; 200 V/ne
where the second identity follows from the identity between Frobenius norm and || - ||s,, the second

inequality follows from the Jensen’s inequality and the last identity is due to (B.2)).

We now consider the case p > 2. According to the relationship H s, € flgp for all p > 2 and the

discussion for the case p = 2, we know

> Amaxien, [|X:l2 .

9%nc(f?isp) Z E)%nc(j:jS'g)

2nc

Furthermore, for any W with [[W]|s, < A we have ||[W|s, < min{c, d}éf%A, which, combined with

(B.3)), implies that

_1

nc

1
~ 1 A , , i d)z
Rnc(Hs,) < max —E. sup Zei<W, V< maxien, [Xill2 minte, d}* ¥
VigS:ieN,, NC . 1_1“— Vvne
[Wlls, <Amin{c,d}2" 7 i=1
The proof is complete.
C Proof of Proposition
It suffices to check ||[wW*|2, <1 and (w*,v) = —||v||2 ,«. We consider three cases.
If p=1, it is clear that ||[w*||2,1 <1 and (W*,v) = —||V]|2,c0-
If p = oo, it is clear that [W*[l2,00 <1 and (W*,v) = —=37°_, [[vjlla = —[[V]2,1.
If 1 < p < o0, it is clear that
¢ ( *71) 1 ¢ NS
w2 = (D vl %)/ (D Ivsll5 )7 =1
j=1 j=1

and
C

C
s 1 .
(wv) == lv;ls )7 Do lvslls = v
j=1

j=1

|2,p*~

The proof is complete.
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