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On the Error in Phase Transition Computations for
Compressed Sensing

Sajad Daei, Farzan Haddadi, Arash Amini, Martin Lotz

Abstract—Evaluating the statistical dimension is a common
tool to determine the asymptotic phase transition in compressed
sensing problems with Gaussian ensemble. Unfortunately, the
exact evaluation of the statistical dimension is very difficult and
it has become standard to replace it with an upper-bound. To
ensure that this technique is suitable, [1] has introduced an
upper-bound on the gap between the statistical dimension and its
approximation. In this work, we first show that the error bound
in [1] in some low-dimensional models such as total variation and
{1 analysis minimization becomes poorly large. Next, we develop
a new error bound which significantly improves the estimation
gap compared to [1]. In particular, unlike the bound in [1]] that
fails in some settings with overcomplete dictionaries, our bound
exhibits a decaying behavior in such cases.

Index Terms—statistical dimension, low-

complexity models.

error estimate,

I. INTRODUCTION

NDERSTANDING the behavior of random compressed

sensing problems in transition from absolute failure to
success (known as phase transition) has been the subject
of research in recent years [1]-[8]]. Most of these works
concentrate on simple sparse models and do not allude to the
challenges in other low-dimensional structures such as low-
rank matrices, block-sparse vectors, gradient-sparse vectors
and cosparse (also known as analysis sparse [9]]) vectors. For
simplicity, we associate such structures with their common
recovery techniques and rename the structures accordingly. For
instance, total variation (TV), ¢; analysis and ¢; > minimiza-
tion refer to both the recovery techniques and the underlying
low-dimensional structures. In this work, we revisit linear
inverse problems with the aim of recovering a vector € R"
from a few random linear measurements y = Ax € R™. This
is summarized as solving the following convex program:

Ps: grelﬁnn f(z)
s.t. y= Az, (N

where, A € R™*" is the measurement matrix whose entries
are i.i.d. random variables with normal distribution and f is
a convex penalty function that promotes the low-dimensional
structure. A major subject of recent research is the number of
Gaussian measurements (the number of rows in A) one needs
to recover a structured vector x from y € R™. In [3]], a bound
is obtained using polytope angle calculations with asymptotic
sharpness in case of f = || |;. A link between the number of
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required measurements and the error in the denoising problem
is investigated in [8]]. For the particular case of f = |- |rv in
P, we need to consider the denoising problem

~ . 1
Z = argminto||z|rv + <[y — 2|3, ()
zeR"” 2
where y = = + w with w being an additive noise drawn
from N(0,0%1). If we define the worst-case normalized mean
squared error (NMSE) as
E _ A2
NMSE i— lim inf 12— 202

oc—07>=0 o

. 3)

then, the result in 8] implies that the value of NMSE is a sharp
estimate of the required number of measurements (for Pv)
in the asymptotic case. Also, in [7], the authors showed that
the mentioned NMSE is the same as the number of required
measurements that TV approximate message passing (TV-
AMP) algorithm needs. [2] introduced a general framework for
obtaining the number of Gaussian measurements in different
low-dimensional structures using Gordon min-max inequality
[10] and the concept of atomic norms. Specifically, it was
shown that w?(D(f, z) nB™) + 1 measurements are sufficient.
Here, D(f,x) is the descent cone of f at * € R" and
W?(D(f,x) n B") is the squared Gaussian width, which
intuitively measures the size of this cone. In [1]f], it has been
shown that the statistical dimension of this cone, which is
defined below and differs from the squared Gaussian width
above by at most 1, specifies the phase transition of the
[random] convex program P from absolute failure to absolute
success:

§(D(f,x)) := E dist*(g, cone(f(x))). 4)

§(D(f,x)) is the average distance of a standard Gaussian
ii.d. vector g € R™ from non-negative scalings of the sub-
differential at point € R™. So far, we know that a phase
transition exists in P; and its boundary is interpreted via the
statistical dimension. A natural question is how we can find
an expression for the phase transition curve. The upper-bound
for 6(D(f,x)), first used in the context of ¢; minimization by
Stojnic ( [|6]), is given by:

§(D(f,x)) < inf B dist*(g,10f (x)) :=Us. ~ (5)

However, it is still unknown whether Uy is sharp for different
low-dimensional structures. For ease of notation, we define the
error Es by:

Es:=Us —0(D(f,z)). (6)



Here, Us represents a sufficient number of measurements that
P; needs for successful recovery. In [1]], implicit formulas
are derived for the upper-bound (5) in case of ¢; and nuclear
norm. Recently, an explicit upper-bound for Us in case of
¢1 analysis and TV minimization is presented in [I1]]. The
proposed bound depends on a notion called “generalized
analysis sparsity” and is numerically observed to be tight
for many analysis operators. In [1]], a general upper-bound
expression for Es (known as the error estimate) for various
structure-inducing functions (e.g. ¢1) is proposed (see Theorem
. For the cases of ¢; and nuclear norm minimization, it is
further shown that the normalized error estimate % (and thus
%) vanishes in high dimensions. This result confirms that Us
is a good surrogate for §(D(f,x)). However, the asymptotic

behavior of £ in cases of |- 1,2, [€2-[1 and || rv := | Qa-]1
where
1 -1 0 0
0o 1 -1 0
Qd — c Rn—lxn’ (7)
0 1 -1

is not studied. Thus, one could simply think of the following
problems:

1) Does Us provide a fair estimate of the statistical dimen-
sion?

2) How to quantify the gap between the exact phase transi-
tion curve and the one obtained via Us?

3) Can one extend the previous error bounds obtained for ¢;
minimization in [1f] to other low-dimensional structures
such as block sparsity, TV and ¢; analysis?

In this work, we try to find answers to these ques-
tions. Specifically, we want to study how well Us describes
d(D(f,x)) in low-dimensional structures represented by ||-||1,
1,20 1-lss 19213 and |-y = [ Qa-]1. A generic €2 € Rr<n
can be tall, i.e. p > n, or fat, i.e. p < n; due to the similarity of
the arguments used in this paper, we include square matrices
in the category of fat matrices. Tall €2 matrices cover various
redundantﬂ analysis operators that are common in practice;
in particular, redundant wavelet frames [12], and redundant
random frames (widely used as a benchmark template in [9],
[L1], [13], [[14]). Also fat matrices include examples such as
the one-dimensional finite difference operator €2; and non-
redundant random analysis operators (used in [[11, Section
3.3]). We call a signal = € R™ an analysis-sparse vector (also
called as cosparse vector [9]) with respect to the analysis
operator £2 € RP*™ if after applying € the resulting vector
becomes sparse; i.e., 2x is sparse. We denote the support set
of Qx with §; similarly, S stands for the zero set of Q.
The number of zeros in Q, i.e., |S|, is called the cosparsity
of x with respect to € [9]], [[11]], [14]. We should highlight
that in most of the existing literature regarding the ¢;-analysis
problem it is assumed that € € RP*™ has rows in general

positionP}

The term redundant refers to an analysis operator with more number of
rows than columns.

2Every subset of n rows of € are linearly independent.

Us | o= | 2 [ Bl | s
9.458 9.0905 0.0003 0.064 1
16.828 16.8 0.0003 0.045 2
23.4544 23.04 .0005 0.036 3
61.244 60.84 0.0004 0.02 10
104.1814 104.04 0.0001 0.015 20
Table I: In this table, we examine the error estimate [1]] for function f = |- |1

and signal & with dimension n = 1000. The upper-bound Us is computed
using the package SNOW in [1]. The true sample complexity is denoted by
§(D(]]1, x)) and computed by squaring w(D(|-|1, ®) "B™) (see Appendix
for more details). For the considgred class of a signals, we observe that

there is a negligible gap between % in [[1] and the true normalized error

Es
P

A. Motivation

Tables [l and [[I] present the results of a computer experiment
designed to evaluate the error of Uy in estimating the statistical
dimension. In two experiments shown in Tables || and |II} we
test the error bound for ¢; and TV minimization. The value of
§(D(f,x)) which is approximately equal to w?(D(f, z) B"),
is computed using the procedure proposed in [[11] Section B.2]
(see Appendix [E). In the first experiment, for each sparsity
level, we construct a sparse vector € R'%% with random
non-zero values (distributed as A/(0,+/1000)) at uniformly
random locations. In the second experiment, we set 2 = 4,
and generate a gradient sparse vector x € R'%%0 as the sum
of two components: a small but non-zero component in the
space null(£2g), and a large component in the space null(2).
The notation Q3 refers to the matrix {2 restricted to the rows
indexed by S (see Section for more details). For Tables
[ and [} the upper-bound () is obtained by [I, Equation D.6]
and numerical optimizatio% respectively. As shown in Tables
and [l there exists a gap between the true error E; and the

state of the art theoretical error estimate E'p in 1i While

the normalized gap, i.e., 1Es—Ep| is negligible in the ¢; case

(Table[I), it is considerable in case of TV minimization (Table
. Now, a natural question that arises is: can we find a better
bound that reduces the gap?

B. Contributions

In this work, we rigorously analyze the error of estimating
the phase transition. The significance of this error is to have
a good understanding about the required number of measure-
ments that Py needs to recover a structured vector from under-
sampled measurements. Our analysis is general and holds for a
variety of low-dimensional structures including sparse, block-
sparse, analysis sparse and gradient-sparse vectors, as well as
low-rank matrices. In brief, the contributions of this work can
be listed as follows.

1) Identifying a failure regime for [|]: For f = |Q |1 in
P, the error estimate of [1] shown in @, can become
remarkably large for some specific signals and analysis
operators. For fat analysis operators, a typical signal x
with such property is constructed as:

T = ‘Pnull(ng)w + R)ull(ﬂ)c e R",

()

3See also [[15, Section 4] which proposes a numerical method to calculate
Us in case of TV minimization.



Us S(D(| - v, =)) % % in Average amplitude of & | |Qx| s

58 56.25 0.002 2063.3 1000 0.1 10
61.1 60.84 0.0013 5.1143 30 4 10
80.03 79.21 0.0008 0.4 3 0.9 10
982 979.69 0.002 10.4 316 0.4 850

Table II: In this table, we examine the TV error bound for gradient sparse signals with dimension n = 1000. The upper-bound Uy is obtained by Monte
Carlo simulations and numerical optimization. The true sample complexity 6(D(| - | v, %)) ~ w?(D(| - |rv,x) N B") is obtained using the approach

P

presented in Appendix [E} The large values of ET observed in this table are not necessarily caused by approximating 6(D(f, «)) with Us.

where w, ¢ € R™ are arbitrary vectors. For tall analysis
operators, we can find pairs of {2 and x for which the
error estimate [1] explodes. We precisely investigate this
in Section [[V]

2) Obtaining an error bound for §(D(f, x)) with rather gen-
eral f(-): 6(D(f,x)) precisely determines the boundary
of failure and success of P ;. However, exact computation
of 6(D(f,x)) is very difficult. It is common to approxi-
mate 6(D(f,x)) with Us. By providing an error bound,
we formally show that this approximation is good. More
precisely, we show that

53 < ho(8,w),

n

9

where 8 depends on 0f(x), and ho(8,w) is a function
of 8 and w(D(f, x) nB™) that is succinctly shown by w.
Under certain conditions, we show that ha (3, w) vanishes
as n grows sufficiently large. To a great extent, the setting
considered for f (see ) is nonrestrictive. In particular,
it includes the important special cases of |[€2- | for tall
and fat analysis operators.

In contrast to the error estimate of [If] that directly
depends on € R™, our bound is determined by 0f ().
Besides, our error bound holds even for rank-deficient
fat 2 € RP*™ matrices. We should emphasize that our
error estimate bound is not sharp in all cases of analysis
operators and does not necessarily fill the gap between
Es and E, in @]} In fact, there are various settings in
which the bound in [1]], our bound, or both are effective.

C. Notation

Throughout the paper, scalars are denoted by lowercase
letters, vectors by lowercase boldface letters, and matrices by
uppercase boldface letters. The ith element of the vector
is given either by z(i) or x;. The notation ()T stands for
the pseudo-inverse operator. We reserve calligraphic uppercase
letters for sets (e.g. S) and denote the cardinality of a set
S by |S|. The complement of a set S in {1,...,n} (briefly
represented as [n]) is denoted by S. Similarly, the complement
of an event & is shown by £. For a matrix X € R™*" and a
subset S € [n], the notation X s refers to the sub-matrix of
X by including the rows indexed by S. Similarly, for € R",
x s stands for the vector in R” that coincides with x at entries
indexed by S and zero elsewhere. Also, we use the notation
@ to represent a sub-vector of & in RIS!, that is formed by
discarding the zero entries not indexed in S. The null-space
of linear operators is denoted by null(-). For a matrix €2, the

operator norm is defined as ||Q,—, = sup [|Qx|,. Also,

lelp<1
O'max(

k() = Zm (g)) denotes the condition number of 2. The
polar K° of a cone K < R™ is the set of vectors forming

non-acute angles with every vector in /C, i.e.

K°={veR":{v,z)<0VzeK}. (10)

B"™ and S"~! stand for the unit ball {z € R" : |z]> < 1}
and unit sphere {x € R™ : |x|; = 1}, respectively. Pe
is the matrix associated with the orthogonal projection onto

the subspace C, that maps a vector in R™ onto the subspace
CcR".

D. Outline

The paper is organized as follows. The required concepts
from convex geometry are reviewed in Section Section
discusses two approaches in obtaining the error estimate.
Section [V] is dedicated to present our main contributions. In
Section we investigate the estimate in [I] and introduce
some examples for which the error estimate does not work.
In Section numerical experiments are presented which
confirm our theory. Finally, the paper is concluded in Section

II. CONVEX GEOMETRY

In this section, a review of basic concepts of convex
geometry is provided.

A. Descent Cones

The descent cone D(f, x) at a point © € R™ consists of the
set of directions that do not increase f and is given by:

D(f,x) = | J{zeR": f(& +1t2) < f(x)}.

t=0

(an

The descent cone reveals the local behavior of f near x and
is a convex set. There is also a relation between decent cone
and subdifferential [[16, Chapter 23] given by:

D°(f,x) = cone(df (x)) := U tof(x).

t=0

(12)

B. Statistical Dimension

Definition 1. Statistical Dimension [1]]: Let C < R™ be a
closed convex cone. The statistical dimension of C is defined
as:

5(C) :==E|Pc(g)]3 = E dist*(g,C°), (13)



where Pe () is the projection of € R™ onto the set C defined
as: Pe(x) = argmin ||z — x|2.
zeC

The statistical dimension extends the concept of linear
subspaces to convex cones. Intuitively, it measures the size of a
cone. Furthermore, 6(D(f, x)) determines the precise location
of transition from failure to success in Py.

C. Gaussian width

Definition 2. The Gaussian width of a set C' is defined as:

w(C) := Esuply, g). (14)
yeC

The relation between statistical dimension and Gaussian

width is summarized in the following [2, Proposition 3.6], [1}
Proposition 10.2].

w(C NS N <w(CnB") =E|Pc(g)|. = E dist(g, C°),
(15)

w*(C N B") = (E|Pc(g)|2)* < 8(C). (16)

It is shown in [[1, Proposition 10.2]. that the quantities w2(C N
B™) and §(C) differ numerically by at most 1.

D. Optimality Condition

In the following, we characterize when P succeeds in the
noise-free case.

Proposition 1. /2| Proposition 2.1] Optimality condition: Let
f be a proper convex function. The vector € R" is the unique
optimal point of Py if and only if D(f,x) nnull(A) = {0}.

The next theorem determines the number of measurements
needed for successful recovery of P, for any proper convex
function f.

Theorem 1. [|I| Theorem 2]: Let f : R" — R u {to0} be
a proper convex function and x € R" a fixed vector. Suppose
that m independent Gaussian linear measurements of x are
observed via y = Ax € R™. If

m > 6(D(f,2)) + x /810g(%)n,

for a given probability of failure (tolerance) n € [0, 1], then,
we have

A7)

P(D(f,z) nnull(A) = {0}) =1 —1. (18)
Besides, if
m < 3(D(f.)) =y [$log(-)n. (19)
then,
P(D(f,z) nnull(A) = {0}) < 7. (20)

III. RELATED WORKS IN ERROR ESTIMATION

For bounding the distance between §(D(f, x)) and Uy, two
different approaches are proposed in [[1]], [17]]. In the following,
we briefly describe these methods.

Result 1. [|I| Theorem 4.3] Let f be a norm. Then, for any
x € R™\{0}:
Numpg

f_/%
2 sup |s|2

sedf(x)

()

Result 2. 17, Proposition 1] Suppose that for x € R™\{0},
Of (x) satisfies a weak decomposability assumption:

0< Es < = E,. @21

Jzp € 0f (x) s.t. {z — 29,20y =0, Vzedf(x). (22)
Therﬂ
%QEE dist(g, tof(x)) < w(D(f,z) n B") + 6. (23)

A. Explanations

Result |2| presents an error estimate for the Gaussian width
of the descent cone (restricted to the unit ball) that is used to
upper-bound the number of Gaussian measurements in various
low-dimensional structures [2, Section 3.1]. For functions f =
|~ 1, | - [1,2 and | - |4, the constraint (22)) is satisfied (see
Section [V-A). For f = [€2- |, however, this constraint is not
generally guaranteed (see Appendix [F).

Unlike Result 2] the error estimate depends on Jf at
the ground-truth vector x, and the vector x itself. Although
[1, Theorem 4.3] restricts f to be a norm, the provided proof
remains valid for semi-norms such as TV. The error bound
in @I), is effective for many structure-inducing_functions
including ¢;, ¢1 2, and nuclear norm. Particularly, % asymp-
totically vanishes in these cases. However, the normalized

. E, . . .
error estimate —* is large in some cases of /; analysis and
Es

TV minimization and does not reflect the actual error = in
Section we study some examples. A naive interpretation
of this fact is that Us is a poor approximation of §(D(f,x))
in those cases. Fortunately, as we show in Section this
argument is invalid, which in turn suggests that is a loose

bound in those cases.

IV. THE STUDY OF EXISTING RESULTS
A. Result[]] for various low-complexity models

Before we describe our contributions in Section [V] we first
evaluate the error estimate when f is any of ¢;, {12,
nuclear norm, or ¢;-analysis for different analysis operators.
An important observation is that the error estimate (21) is
increasing with ﬂffl";, thus, whenever this term becomes large,
we might obtain a loose upper-bound. To better clarify this
point, we study the case of ¢;-analysis in three categories of
fat analysis operators €2, rank-deficient tall analysis operators
2, and full-rank tall analysis operators (2.

4This result is wrongly interpreted as infy>o1/IE dist?(g, t0f (x)) <

w(D(f, ) nB™) + 6 in [17].




« Sparse vectors
Since §(D(| - [1,2)) = 6(D(]| - |l1,sgn(x))), the bound
E, in can be written in terms of sgn(x):

B 2sup|. ). <1 [sen(z) + 252

P [sen ()]
Isgn ()]
2 + 1z 2
_ 2smn(e) + 15l _ 2y on
NG NG

where the inequality is for choosing a point 13 in the
feasible set |2g[ < 1. The above expression may lead
to large errors in low sparsity regimes (s « n), however,

hmnﬁOC -2 = (. This shows that Us is asymptotically a
fair approximation of §(D(| - [|1,x)).

Block-sparse Vectors

With the same approach as in the previous case, the actual
error estimate is lower-bounded by

~ 2y/q

E, > Nz (25)
where s and ¢ stand for the number of non-zero blocks
and the total number of blocks respectively. Again for
small s, the error can become large while lim,_, % =
0; thus, Us is asymptotically a fair approximation of
5(D(| - |12, )).
Low-rank Matrices
Let X € R™*"2 be the rank r ground-truth ma-
trix (n; = ng) with the SVD decomposition X =
Un,xny Enixne Vit n, (alternatively, we have the re-
duced SVD decomposition as X = UanTETXTVnzw)

Since 3(D(] - 1+, X)) = 3(D(] - I, WVJZXJ) we
can replace X with U, x,V,  in

. 28UD|p_ | (2)|ama<t |Unixr Vitasr + Pra(Z)|p
P ”Unl XT‘/;LI;XT”*

HU”lxrvng ><7‘HF

)

(26)

where
,PTL( ) (I Pspan(Un XT))Z(I - Pspan(VHQXT)) .

Now, by setting

Z = Uy m, [0 0 ]VH

na2 Xn
0 Ing—r 2 2

in (26), we obtain a lower-bound on E, as

E > 2HUn1><n2VnI;I><n2HF = 2\/7172

CAPRZML

27

Similar to the previous cases, when r « ng, the bound

B,
becomes large, while, limy,, n, o 5~ = 0. This shows

that Uy is asymptotically a fair approximation of (5( (-
[, ).

Cosparse vectors (fat analysis operators)

For fat Q € RP*™, the null(?) is non-trivial, and we
can choose ¢ such that P, qyc # 0. Now, if = =

Punegw + Pune)c, where w is an arbitrary vector,
the denominator of the bound in (21) can be written as

Qx| _ €25 Poungagywl

= . (28)
lzl2  [Paung)w + Paune)cllz

By increasing the norm of ¢ using a scalar multiplier,
the above fraction decreases. In other words, we can
make the denominator of the error bound (21)) arbitrarily
small (alternatively enlarge the error bound (2I))). One
of the well-known examples in this category is the
finite difference operator €24, where null(€2,4) consists
of constant vectors. For this example, the denominator
can be reduced by setting ¢ = al,x1 € null(Q,) and
a>» 1.

« Cosparse vectors (rank-deficient tall analysis opera-
tors)

Similar to the previous case, null(€2) is non-trivial. Thus,
the same approach can be devised to make the bound in
(21) arbitrarily large.

» Cosparse vectors (full-rank tall analysis operators)
When € is a full-rank and tall matrix, we cannot gener-
ally find « that results in a small value of H‘ ‘Hl Here,
we show the existence of pairs (£2,x) for which the
aforementioned ratio becomes arbitrarily small.

Let |S| > n, |S| <n, o > 0 and define

A|S|><n :U|S\><ndiag{1717--~ , 0}V, n><n7
(n—1) times

where U\s|x, and V,,x, are arbitrary incomplete and
complete unitary matrices, respectively. It is evident that
A|s|xn is a full-rank tall matrix. Let u; and v; stand
for the ith and jth columns of U and V, respectively.
We know that Av, = ou,. Now, define Bz, =
[v1, ... ,vlg‘]T (since |S| < n, this is possible). Obvi-
ously, B v,, = 0. Finally, we define

A
Q_[B]’ r=v, §S={1,...,|S]},
S={S]+1,...,|S| +|S]}-

Indeed, the design is such that Qs = A and Qs =B.
As A has full column rank, €2 is also a full-rank matrix.
It is straightforward to check that « € null(23), and

?T _ia IH[ ]

Now, we can reduce o while keeping the rest untouched.

In this way, we construct non-trivial pairs of (€2, ) for

which the ratio W"H:”l can be set arbitrarily small.

= || Av, |1 = ollun]s.
1

Remark 1. The value of Ep provides an upper-bound on
the gap between Us and § (D( f a:)) However, its normalized

value (e.g., % in the ¢; minimization) is important in de-
termining the phase transition curve. As we discussed earlier,
the normalized value is vanishing in the three cases of ¢, /1 2
and nuclear-norm minimization. However, we do not observe
this vanishing property in some cases of /1-analysis. In these
cases, Us might not be a good approximation of §(D(f,x)).



Type of anal. operator €2 P n r s Kk(€2) Ié] Numpg % L;L" %
Random 1 1000 | 999 944 10 0 1.3 85.14 | 139.13 | 0.12 | 0.005
Random 1 1000 | 999 999 2 100 1 63.04 4.85 0.051 | 0.006
Random 1 2000 | 1990 | 1990 | 11 50 1 43 2.04 0.07 | 0.001
Random 1* 2000 | 1995 | 1995 10 1.94 | 1.05 82.5 0.08 0.05 | 0.002
Random 2 1000 | 995 995 6 483 1.2 59.3 2.72 0.03 | 0.002
High-pass Daubechies wavelet (2 decom. level) | 2048 | 1024 | 1023 | 600 0 1.3 101.64 22.7 0.1 0.005
Table III: We examine the function f = ||€2 - || when €2 is a tall analysis operator. Three types of operators are considered: Random 1, Random 2 and

wavelet. These operators are constructed using the procedure proposed in Items and [3| in Section respectively. For the wavelet case, we construct
a 3072 x 1024 Daubechies wavelet transform where we only retain its high-pass coefficients (of size 2048 x 1). The number of decomposition levels in
the wavelet transformation is two. Except for Random 1*, we construct cosparse signals according to the procedure explained in Section [VI] For Random
1* we use « = Pnun(9§> ¢, where c is uniformly distributed on the unit sphere S* 1. In this table, Nump denotes the numerator of Ej and is equal to

28UPgeof(a) lIsl2-

Type of Analysis operator €2 p n r s Jo] Numpg % % %

Random 1 1490 | 1500 | 1490 5 1 71.76 51.93 0.056 0.001

Random 1 1999 | 2000 | 1999 10 1 83.06 5.8 0.0136 | 0.008

Random 1 1999 | 2000 | 1997 10 1 82.72 18.38 0.04 0.001

Random 2 1999 | 2000 | 1999 10 1.05 124.3 16.15 0.008 | 0.002

TV 1999 | 2000 | 1999 | 350 1 124.76 9.94 0.08 0.001

TV 1999 | 2000 | 1999 10 1 123.72 891.3 0.003 | 0.001

TV* 1999 | 2000 | 1999 10 1 123.12 0.2 0.002 0.001

Low-pass Daubechies wavelet (1 decom. level) | 2048 | 2048 | 2047 10 1.05 85.8 130.36 0.071 0.002
High-pass Daubechies wavelet (1 decom. level) | 1024 | 1024 | 1023 8 1.08 63.4 13.9 0.1 0.005

Table IV: We examine the function f = |€ - |1 when €2 is a fat analysis operators. Four types of operators are considered: Random 1, Random 2, finite

difference, and wavelet. The cases of Random 1 and 2 are constructed using the procedure explained in Items [T] and [J] in Section respectively. We build
the wavelet matrices with Daubechies structure where we retain low- and high-pass coefficients. The considered number of decomposition levels is 1. As it is
clear, our error bound E,, outperforms the previous error estimate (ZI) denoted by E, in all cases. Except for TV*, we construct cosparse signals according
to the procedure explained in Section “ For TV* we use ¢ = Pnuu(gg) ¢, where c is uniformly distributed on the unit sphere S”~1. In this table, Numpg

denotes the numerator of Ep and is equal to 2SUpcqf(q) IIsll2-

B. Weak decomposability condition

For functions f = {| - |1, [ - [1,2; ] - |«}, one can always
find a vector zg € 0f(x) such that the weak decomposability
assumption (22) holds. More precisely, one can use [I8]
Definition 2]:

zo =sgn(x) for f=|-|i,
xTr
zg= —2 for f = |- 11,2
|2y, [l2
Zo = Un,srVrsr for =] [, (29)

where U,,«, and V,,., are the bases corresponding to
the reduced singular value decomposition of the ground-truth
matrix X := Uy, x, pxr VI, . The sets {V}}7_, stand for a
partitioning of {1, ...,n} into ¢ blocks of equal length. In [15],
it is shown that f = ||-||7y satisfies the weak decomposability
assumption (22), i.e., there exists zo € J| - [rv(x) which
satisfies (22). In Section [V-A] we show that the weak decom-
posability condition does not necessarily hold for the general
family of f = [|€ - |1; in particular, we construct counter-
examples for the case of full-rank tall analysis operators.

V. MAIN RESULTS

Our main results which are stated in the following theorem,
estimate the distance between §(D(f, x)) and its correspond-
ing upper-bound.

Theorem 2. Let f be a proper convex function that promotes
the structure of x # 0 € R" and let g € R" be a standard
i.i.d Gaussian vector. Suppose 0f(z) satisfies

Jzo s.t. {(z —20,20) =0, Vzedf(x). (30)

Then for any positive values of \,(, we have that

0< Es <(ANB +7) w(D(f,x) nB™) + (¢ + 2\8) + 4\2 5>

= E,, (3D
and
0< %I;(f)E dist(g,tdf(x)) — w(D(f,z) nB") < 1.6 + 48,
(32)
where 7y is the constant
3
v =472, [In = (33)
1—4de 7 —2e 7
and (3 is given by
_ |\21H2) (34)
Izoll2
where
zy =arg min |z|s2. (35)

zedf(x)

Proof. See Appendices [A] and

Remark 2. The error estimate in (3I) is the main result
of Theorem [2] while (32) can be thought of as an exten-
sion of Result [2| to more general structure-inducing func-
tions (including ¢;-analysis). Despite the similarities between

inf;5oE dist(g,t0f(x)) and infisq \/IE dist?(g, tof (x)),
these two terms are different, and (32)) cannot be considered as
an error bound. We should add that is used in our proof

of (31).




Remark 3. If /3 is bounded, as w(D(f,x) nB") < y/n, £=
asymptotically tends to 0. We numerically observe in Section
[V-A] that for functions f = {|- |1, | - |12, - . €2+ [1}. 8 is
bounded in most cases of €2. In case of /; analysis, 5 can be
upper-bounded by a function of the generalized sign vector of
x (i.e. QTsgn(Qx)).

When (3 is bounded in the ¢;-analysis case, our bound in
Theorem |2 implies that the normalized error gap is vanishing
asymptotically; equivalently, it implies that Us is a good
estimate of 6(D(||€2 - |1,)). Our result holds for various
analysis operators including the ones that have non-trivial
linear dependencies among their rows. It should be noted that
we do not guarantee the boundedness of 3; in case (3 fails to
remain bounded, our error estimate is no longer effective.

A. Evaluation of B

To compute /3, we need both z; in (35) and 2 in (30). It is

not difficult to see that for functions f = {||- |1, [ [li,2, [ - [+}
z1 in (39) is obtained by
z1 =sgn(z) for f =y,
x
z1 = Yo for f =1 1,2,
|z, 2
Zy =UnyrVigur for f= s, (36)

where U, x» and V,,,«, are bases corresponding to the re-
duced singular value decomposition of the ground-truth matrix
X = Unlxrzrxr‘/r}inz'

Choosing zy = z; in the subdifferential is common for
functions f = {|| - |1, - 1.2, ] - [|«} (17, [18]. Unlike these
simple choices, obtaining 2z, for the cosparse vectors is more
involved. In the following proposition, we discuss this issue
when f = | - |1, where Q is either a tall or a fat analysis
operator.

Proposition 2. Consider the cosparse vector x € R™ in the
analysis domain Q € RP*" with support S. Then,

zp = Pnull(Qg)QTSgn(Qw)7 (37)

satisfies (30).

Proof. See Appendix D]

In what follows, we examine some special and important
implications of this proposition.
Remark 4. In case of @ =TI (ie. f =] [1), 20 = sgu(x).
This supports the fact that choosing z; in the subdifferential
is reasonable and efficient.

Remark 5. (Upper-bound on /) Employing (37), we can
express (3 as
B ian£§Hoc<1 [QTsgn(Qax) + Q%ggug
| Pounag) 27 sgn(Qx)| 2
|Q5sgn(Qsz)|>
T [ Paaning) QEsen(Qsz)| 2

(38)

The boundedness of [ is consistently observed in our nu-
merical results (see Tables and [[V). We also prove the
boundedness for some special cases of 2 € RP*™. For

instance, for fat matrices with orthogonal rows (a special case
of which is investigated in Item [T] of Section [VI), 5 equals 1.
(see Appendix [H|for the proof). Another example is when the
elements of € are drawn from an i.i.d. Gaussian distribution.
In this case, under the assumption |S|T+1 < p < 1, we have

that
-
vi—=p
with high probability in high dimensions (see Appendix [G] for
the proof).

VI. NUMERICAL EXPERIMENTS

In this section, we numerically compare the new error bound
of against the bound derived using the existing
approach for various low-dimensional structures. For each test,
we optimize A and ¢ to minimize the right-hand side of (31).
Figures [T} 2| and [3] show the proposed error bound (31 and
the error estimates (24), (23), and @27), for | - |1, || - |1,2 and
| - ||l«, respectively. In all cases, the sparsity/rank values are
set very small. To compute w(D(f, ) nB") in (31), we used
its upper-bound obtained via @]) [1, Equations D.6, D.10],
and [19, Lemma 1]. It is clear from these figures that the
new error bound outperforms the previous error bound (21)) in
very low sparsity/rank regimes; it should be emphasized that
the curves depict the upper-bound of (31)). Notice that in these
three cases, both % and % tend to zero at large n.

Due to the varying nature of the ¢; analysis case, we
construct three kinds of analysis operators as follows:

1) Random 1: We first generate a p x n Gaussian matrix
with iid. elements. Then, we compute its SVD as
UyxpEpxn V,IL,,. Then, X is replaced with the matrix

I 0y sn
3N o= T rXn—r 39
! [Op—rxr Op—rxn—r ( )
to get
Q=U,, = VL, . (40)

When r = n < p, the constructed €2 in is a tight
frame. To have an analysis operator with more varied
singular values, we proceed with

Q =D, U, VI

nxn’

(41)

where D), is a diagonal matrix. This type of matrices
is widely used as a benchmark in [11]], [[13], [[14]. The
above approach was directly adopted from [14].

2) Random 2: In this case, we simply use the Gaussian
ensemble by constructing a p x n matrix with i.i.d.
elements that each follows N(0, 2). Here, o2 implicitly
specifies the range of the singular values.

3) Wavelet: We choose a redundant wavelet transform from
the package SPOT [20] to construct an analysis operator.
The wavelet filter is chosen from the Daubechies family
and has length 8. In some cases, we retain only the high-
pass or low-pass coefficients. The rows of the wavelet
operator €2 might have non-trivial linear dependencies.

For a general analysis operator €,y,, we first randomly
select S among the subsets of {1, ..., p} with size s. Then, we



check whether QsPnuH(Qg) is the trivial O operator or not. In
the trivial case, we regenerate S and repeat the test; otherwise,
we form x via

x = Puog)w,

where w is such that Qx # 0. In this paper, as we would like
to highlight the difference between the new error bound and
the existing ones, we focus on a subclass of analysis sparse
vectors. More specifically, whenever there are non-trivial linear
dependencies among the columns of the analysis operator (fat
or tall), we generate x according to the procedure explained
in Section [V-A] Whenever the analysis operator is of type
Random 2 (with highly coherent rows), we generate x as

T = Pnull(ﬂg) (’UJ + Oé’Ur), (42)

where w € R™ and a € R are arbitrary quantities and
v, is the right singular vector of QSPnun(Qg) correspond-
ing to the minimum non-zero singular value (indeed, r =
rank(Qs Puii(ay)))- With this choice, the denominator of the
error bound Z1I) simplifies to

QsPo W + ao,u,
1925 Pouni(ayg) 1 43)

| Paanig)w + aPoun(ag)rl2’

where w, is the rth left singular vector of QsP -
For highly coherent analysis operators where the minimum
singular value is very small, by increasing «, the denominator
of the error bound is likely to decrease.

For the tall analysis operators of type Random 1 in (T),
we construct pairs of (€2, x) as follows. We set

Qs = D1 Ujs), VY,

Qs = DUz, V", (44)

where D and D, are arbitrary diagonal matrices with non-
negative values of size |S| x |S| and |S| x |S|, respectively,
and Us|xy, is a sub-matrix of Uy, restricted to the rows and
columns in S and [n], respectively. We further generate x as

T = Pnull(U‘g‘XnVH)(w + v, 45)

where o > 0 is an arbitrary real, w is an arbitrary vector in
R™ and v, is the right singular vector corresponding to the
minimum singular value o, of U S‘XnVHPnuH(U‘glxan).
Then, the denominator of the error bound becomes

|25
B
[D1U}s X"VHPnull(U‘g‘ xan)w‘*‘m’minDl“;mnHl 46)
HPnuH(”@anH>“’+“P“"“(U|§\XnVH>”fninH2 ’
where u/ ; is the left singular vector corresponding to omin.

As we have full control over o and the diagonal elements
of D;, we can make the error bound @I)) arbitrarily large
(decreasing the diagonal elements of D; while increasing «).

Table [III] compares the two error bounds for various exam-
ples of tall analysis operators. We observe that our error bound
is considerably superior to the error estimate (21)). We use
three kinds of analysis operators: Random 1, 2 and Daubechies
wavelet for different sparsity levels and dimensions. Notice

%10 ¢, error estimate: n = 105, \ = 2.2, =25
A} T T T

2
\
150 Y % - Previous error bound| |
} s \ —New error bound
B2 o ferrererennns T
= Te-l -~
o5r T .
0 ‘ ‘ ‘
0 5 10 15 20
Sparsity
Figure 1: Two strategies of obtaining the error of §(D(f, )) from (5) in case
of f = - |1. The previous and new error bounds come from and ,
respectively.

» %1073 {12 error estimate: ¢ = 108,k =10,A =2.2,{ =25

. N - Previous error bound
. The L —New error bound
5 Sl ‘| - ERR R 4

0.5¢ 7

0 L L L L L L L L
1 2 3 4 5 6 7 8 9 10
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Figure 2: Comparison of the error (6) in case of f = | - [1,2. The previous
and new error bounds come from (25) and @ respectively.

that the Daubechies wavelet of size 2048 x 1024 is constructed
by retaining the high-pass components of a 2-level Daubechies
wavelet of size 3072 x 1024. The wavelet transformation
is computed by the SPOT package [20]. The procedure of
computing w(D(|Q - ||1,2) »n B™) in BI) is explained in
Appendix [E]

In Table we examine fat analysis operators including
Random 1 and 2 structures, TV and Daubechies wavelet.
Again, our bound (1) confirms that Us is close to §(D(||€2 -
|1, 2)), while the error bound 1) is inconclusive.

Different from the above mentioned strategies for generating
analysis-sparse signals, we also construct signals (shown by
Random 1* in Table [IIl] and TV* in Table as © =
Pnull(ﬂg)c where c is uniformly distributed on the unit sphere.
In these cases, we observe that the error estimate I) is
effective.

VII. CONCLUSION

In this work, we presented an error estimate bound for the
statistical dimension. This new bound shows that the statistical
dimension is well described by its common upper-bound (3]
in some settings of TV structure and ¢; analysis.

APPENDIX A
PROOF OF THEOREM[2] (31)
Before beginning the proof, we define some parameters and

provides a proof sketch to enhance the readability. Given A >
0, we define the parameters

A
a:=Eftg] + ——, (@7)
[ENP
tg := arg Itn>l(IJl dist(g,tdf(x)), (48)
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Figure 3: Comparison of the error (6) in case of f = | - |%. The previous
and new error bounds come from (27) and @, respectively.

and the function

¢(g) := dist*(g,ad f(x)) — dist*(g, cone(0f (x))).

Notice that due to [1, Lemma C.1], whenever f is a proper
convex function (as is the case in this paper), t4 is well-defined
and unique. Define the event

& = {Its — Eltg]

(49)

A
<=} (50)
|zo]|2
. . o . . 1

For fixed g, by considering the condition (30), ¢4 is a =l
Lipschitz function of g [[17, Lemma Sﬂ Hence, by a concen-
tration inequality for Lipschitz functions of Gaussian vectors
(see, for example, [21, Theorem 8.40]), we get that

A2

P{E} >po:=1—12e" 7. (51)

Proof skech . The goal is to find an upper-bound for Ej.
Instead of bounding Es5, we bound the expression

E dist®(g, adf (z)) — 6(D(f, @) =
E dist?(g, adf(x)) — E dist?(g, cone(df (x))) = Ep(g),

which is counted as its upper-bound. To reach this goal, we
do the following steps:

1) When & holds, we find that

¢1(g) := ¢(g) — 4\Bdist(g, cone(df (x))) < 42?2
2) We obtain a lower-bound for the probability of the event
d1(g) < AN?B2
3) Then, we obtain a concentration inequality for the expres-
sion ¢1(g) which is associated with IE¢; (g) (see Lemma

4) Combining the concentration inequality in Item [3]and the
lower-bound in Item 2} we reach a contradiction unless
we have that E¢,(g) is bounded above by a certain
expression.

5) Finally, the upper-bound on E¢(g) (and thus bound
on FEjy) is directly obtained using the upper-bound on

E¢1(g).

We now prove each of the above mentioned parts in details.

Suppose that £ holds. Define z* such that
dist®(g,tg0f (x)) = |g — tg=z*[3. (52)

5The proof of [[17, Lemma 3] does not need zg to be an element of 0f ().

Take

z= %gz* +(1— tg)zl € of(x), (53)

o
where z; is defined in (33)). That this is an element of 0 f(x)
follows from the fact that both z; and z* are in 0f(x), and
that £ implies that ¢;/a < 1. Then, we can find an upper-
bound for ¢(g) as follows:

dist(g, a0f(x)) < g — az|3 = |g — to=* + ty2* — az?
= lg — tgz* |3 + ltgz* — az|} + Ag — tgz*, tg2* — az)
< dist?(g, cone(df (x)))

+ (tg — @)?| 213 + 2|ty — al{g — tgz*, 2z1)
< dist?(g, cone(f (x)))

+ 4X23% + 4)\Bdist(g, cone(df(x))), (54)

where for the last inequality we use the fact that £ holds, the
definition of 3 (34), and the Cauchy-Schwartz inequality. In
the following, we obtain a lower-bound for the probability of
the event ¢;(g) < 4\?32.

]P{¢1(g) <axp?) = P{¢1(g) < plelpiey+

P{01(9) < N B[E}P(E} > P(E} > o, (55)

where we used (54), which implies IP{¢>1(g) < 4)\262|E} =

1, and (31).
In what follows, we propose a lemma that provides a
relation between ¢1(g) and E¢;(g).

Lemma 1. Let g € R™ be a standard normal i.i.d. vector.
Then, for given A\, ( > 0,

P{¢1(g) — E¢1(g) < —v(¢ + E dist(g, coned f(x))

where
v =472, [In A? =
1—4e 7 —2e~ 7

as defined in (33).

The proof of this Lemma is postponed to Appendix [C}
By considering (33) and (56), we reach a contradiction
unless

E[p1(g)] < v(¢ + 273 + Edist(g, cone(df(x)))) + 41?52
(57)

By expressing ¢; in terms of ¢ and identifying the expected
distance to the subdifferential cone as the Gaussian width, we
reach the right-hand side of (3T). The left-hand side is obtained
by applying the Jensen’s inequality on the infimum of an affine
function (which is always concave).

APPENDIX B
PROOF OF THEOREM 2] (32)

Our approach in this part is to a great extent, similar to
the proof of Result @ However, the difference lies in the fact
that [[17, Proposition 1] needs the condition (]T_ZI), while our
proof needs the condition (30) which holds for more general



structure-inducing functions including ¢; analysis. However,
this bound is not an error estimate for the task of predicting
the phase transition (see the explanations in Remark [2) and
is used in our analysis in proving (3I). We proceed with an
overview of the proof. We first define

¢2(g) := dist(g, adf(x)) — dist(g, coned f(x)).  (58)
Proof skech . The goal is to find an upper-bound for the
expression

%EEE dist(g,tdf(x)) — w(D(f, ) n B").

(59)
We instead intend to find an upper-bound for E¢3(g). To reach
this goal, we follow the below steps:

1) Under the assumption that the event £ holds, we find that
P2(g) < 2A8.

2) We obtain a lower-bound for the probability of the event
P2(g) < 2AB.

3) We obtain a concentration inequality for the expression
¢2(g) which is a 2-Lipschitz function of g.

4) The concentration inequality in Item [3] and the lower-
bound in Item ] contradict each other unless we have
that FE¢2(g) is bounded above by a certain expression.

We now provide the details of the proof. Suppose that (50)
holds. Define z* such that

dist(g,t40f () = g — tgz" 2. (60)
By recalling (33) and (@7), we have that
dist(g, adf (x)) <

lg —azlz = g —tg2" + tg2" — az|s

< llg —tgz%[2 + [tg2z" — az|z < [g —tgz" |2+
ltg — a|z1]2 < dist(g, coned f(x)) + 2)0. (61)
Since P{€} > py, we have that
P{¢2(g) < 2AB} = po, (62)

by the argument in (33). Moreover, since ¢a(g) is a 2-
Lipschitz function of g, the concentration inequality for Lip-
schitz functions [21}, Theorem 8.40], implies that

2

P{oa(g) ~Elealg)] < —rf <% (©3)
With a change of variables, we reach:
P{0a(9) ~ Blonl)] < —\ 8-} <po. (64)
Note that and contradict each other unless
1
E{¢2(g)} <4/8In 0 +2)8. (65)
0

Finally, by setting A = 2 we reach (32).

APPENDIX C
PROOF OF LEMMAT]

Define the functions

fi(g) = dist(g, adf(x)),

f2(g) = dist(g, cone(df(x))),

hi(g) := fi(g),

ha(g) := f3(9), (66)
and the event

& = {f2(g) —Efa(g) < C}- (67)

Suppose that £ and &; hold. Then,

|h1(g) — hi(g")| = |f1(g) — fr(@)IIf1(g) + f1(g)] <
2|lg — g'll2(C + Efa(g) + 225, (63)

where the second inequality comes from the fact that f; is
1-Lipschitz function of g. The last inequality is the result of

f1(g) < f2(g) + 223 (61). Now suppose that only & holds,
Then, with the same reasoning, we have:

|ha(g) — ha(g")| = [f2(g) — f2(g)]| f2(g) + f2(g)] <
lg —g'l2(1f2(9)] + [f2(g")]) < 2]|g — '[2(¢ + Ef2(g)),
(69)
]P{hl —E[m] < —g 5,51} <e 72<c+1af;<29>+2w>2 ,
Ph — B[] > L |61} < e FErtAwT (70)
Consequently,
P{p1(g) — E[¢1(9)] < —r} =
P{hy — E[l] - ha + E[ha] — 4\3fz + 4NFE[f2] < —r}

E[h] > Z}+
E[h1] < ”‘51}1?{51}

< P{h; — —f}+11>{h2—
Plf ~Blf2] > 550 < Pl -
v ]P{m B[] < —gla}w{élﬁ
P{hs — E[ho] > g)gl}lP{sl}Jr

T|— —
P{h _E[h >7)5 }1?5 +P <
2= E[ha] = |1 g P{E1} + P{f2 — E[fo] > 12)\5}
I o S A2 ¢2 oz ¢2
e T2CHEf2(@)+238)2 4 QT2 4 e 2 4 e T2C+ERW@))? 4 e 2
_ r2 _ r2 22 2
+e 72xax752 L Je T2CHEf(@)+228)7 4 2T 4 2e7 2,

E[hi] <

(71)

where in the third inequality, we used
r

<-ila}
3’ !

< _g ’517 E}P{?}7

and (70). With a change of variable, we reach (56).

IP{hl ~E[h] - IP{hl _E[h] < —%]&,5}1?{5}

+ ]P{hl — E[] (72)



APPENDIX D
PROOF OF PROPOSITION 2]

The condition (30) for function f = || - ||; can be stated
as:
QTw — 29,20) =0 :Ywe | |(Qx).

dzg : (73)

By setting w = sgn(Qx) + vg where |vglle < 1, we have:

(T sgn(Qx) + ng)@ 20) = || 203,
Vog with [|[Ug]e < 1. (74)
Since 2 and sgn(Qx) are fixed and both ¥5 and —v5 satisfy
[vg]e < 1, it holds that:

(L5, z0) = 0. (75)

The expressions and lead to:
zp € null(g), (76)
(T sgn(Qx), 20> = | z03. )

To satisfy and (77) simultaneously, we choose the vector

zo = 41 Pyayag)Co, (78)

2

where

A = <Qngn(Q:c), Pnull(ﬂg)c0>7

Ay = ”Pnull(Qg)COH%a

and ¢y is an arbitrary vector. By choosing ¢y = 27 sgn(Qx),
we have:

20 = Py sgn(Qw) (79)

APPENDIX E
NUMERICAL COMPUTATION OF THE GAUSSIAN WIDTH

The Gaussian width w(D(f, ) n B™) plays a key role in
our proposed error estimate in Theorem [2] In this appendix,
we explain how to compute this quantity numerically. This
approach is adapted from [11, Section B.2]. Recall that this
quantity is defined as

w(D(f,z) "nB") :=E

sup (Y, g). (80)

yeD(f,x)
lyl2<1

By choosing a sufficiently small ¢, e.g. ¢ = 0.01 in (TI) (the
rationale of this choice is discussed in [11, Section B.2]), the
expression inside IE can be simplified as the simple convex
program:

w(D(f,z) nB") ~ E

sup  {y,9), (81)
f@+ty)<f(z)

lyll2<1

that can be solved using the CVX package [22].

APPENDIX F
THE WEAK DECOMPOSABILITY CONDITION FOR
f1-ANALYSIS

With a counterexample, we show that the mentioned de-
composability condition does not hold in general. Let €2,
be a tall analysis operator in general position and x, 1 be an
analysis-sparse vector such that S = supp(Qx) with |S| >
p —n (see [14, Section 2.1]). For the weak decomposability
condition of [[17] to hold for (£2,S, ), we shall have that

Jwo € 9] - [|1(Rz),

Vwe d| [1(Qx): (QF (w—wy), QTwe) =0. (82)

In particular, we can set w = sgn(Qx) + vy, where vy is
an arbitrary vector with |v]l,; < 1. Since (2x)g = 0px1, We
can write that

Vo, |[v]|ew <1:

Q" sgn(Q) + QL Vs, Q" we) = [QTwol3.  (83)

By setting v = 0 and applying the result for general v, we
obtain
(L5, Q" we) =0, (84)

for arbitrary v with ||v| < 1, or equivalently, for arbitrary
v. This implies that

(¥s, Qs QT we) =0, (85)
or equivalently
Q5 Q" wy = 0. (86)

As wq € 0| - [1(Qx), we know that wy = sgn(Qx) + vog for
some ||vg|q < 1.Therefore,

Qs QL s = Q7 sgn(Qx) = —Qz QE sgn(Qs ).
(87)

Because §2 is in general position, Q2= ﬂ% is invertible and we
can express Uog as

~ -1

Bis = — (2 00) ' 0 sen(Qs ). (89)

Now, the contradiction comes from the fact that the entries
v in the above equation are not necessarily confined to the
interval [—1, 1]. We show this by a numerical example:

4472
— | 8944

11
],Q: 2 1|,8={1,3},S=1{2}. (89
12

For the latter signal, it holds that
log = —1.4, (90)

which obviously contradicts the constraint |vog/e < 1.



APPENDIX G
ASYMPTOTIC BEHAVIOR OF 3 WHEN 2 IS GAUSSIAN
ENSEMBLE

We find an upper-bound on S when the analysis operator
is a Gaussian ensemble (whether fat or tall). Recall that an
upper-bound for /3 is obtained in (38) as follows:

5« |0%sm@sa)l,

< . ©1)
| Pauni(ag) 25sen(Qsx)| 2

Since €25 is statistically independent of Qg, P, defines

a projection onto an n — |S| subspace that is independently
QL sen( Qs x)

and uniformly oriented with respect to v = Tt sgn(Qs )"

In addition
1

<— .
= [ Paaneg vz

B (92)

As the relative orientation of v with respect to null(Qg)
determines the upper-bound for 3, we can fix v on the unit
sphere and randomly rotate null(25) with a uniform Haar
measure. Equivalently, we can fix null(2g) and randomly
select v with a uniform distribution on the unit sphere. In fact,
the choice v = ﬁ where g is an i.i.d. random vector with
standard normal distribution independent of null(2g) fulfills
this requirement. With this choice, we can rewrite the upper-
bound on 5 as

lgl )
HPnull(Qg)gHQ
It is straightforward to check that || Py - |2 and | - |2

are 1-Lipschitz functions. Therefore, in high dimensions, we
know that |P,ung)gllz and |g|l2 are concentrated around
E| Pyuieg)gllz and Elg]2, respectively. Also, by [23, Corol-
lary 3.2] and [21} Proposition 8.1], it holds that

EHPnull(Qg)gHQ = \/EHPnull(Qg)gH% -1,

E|g[2 < vn. (94)
Let [u1,...,u,_ 5] be a basis for null(€25). Then, we have
n—|S| n—|S|
E| Panggls = Y, Eusg)l* = Y ulEgg"u,.

i=1 i=1 )
Because Egg™! = I, we can now simplify (@3] as
2 " T <

E|Puuniggls = ; w =n—|[S| (96)

As a result, due to and (96), we reach

N

n—18 -1

B <

APPENDIX H
ANALYSIS OPERATORS WITH ORTHOGONAL ROWS

In this section, we consider a fat analysis operator {2 €
RP*™ that is constructed via the recipe in Item [1| of Section
The result, however, holds for all analysis operators for
which QQ7 is diagonal.

When € in is fat with full row-rank, we have r = p
and €2 can be expressed as

Q =D,y Upsp Vo (97)
Using MATLAB matrix notations, we have:
Q5 = D(S.SU(S, [p)V ([l [p])",
Qs = D(S,S)U(S, [p)V ([, [P)". (98)
As a consequence, it holds that
Q595 = D(S,S)U(S, [pHU (S, [P)D(S,S).  (99)

Since U (S, [p])) U™ (S, [p]) is a submatrix of UUT = I,,, we
have that

Q05 =0. (100)

Thus, the denominator of 3 becomes
| g Q7 sen(Qa) |2 = (I, — 2L05)QEsen(Qsa)|5
= |Q%sgn(Qsx)]|o. (101)

By checking the gradient of the cost in the optimization in the
definition of 8 (numerator), we can check that

zg = _(Qgﬂg)*lﬂgﬂgsgn(ﬂgw) =0 (102)

is the unique minimizer (the gradient of the cost is zero at 273,
and zg satisfies the constraints). Also, the minimum value of
the cost (value of the numerator) becomes |Q7sgn(Qx)]|2
with this choice of zg. This reveals that the numerator of 3
equals its denominator, i.e., 5 = 1.
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