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On Zg-linear Hadamard codes: rank and
classification

Cristina Fernandez-Cdérdoba, Carlos Vela and Merce Villanueva

Abstract—The Z.s-additive codes are subgroups of Z3s, and
can be seen as a generalization of linear codes over Z, and Z.
A Zgs-linear Hadamard code is a binary Hadamard code which
is the Gray map image of a Z,s-additive code. It is known that
either the rank or the dimension of the kernel can be used to
give a complete classification for the Z,-linear Hadamard codes.
However, when s > 2, the dimension of the kernel of Z.s-
linear Hadamard codes of length 2° only provides a complete
classification for some values of ¢t and s. In this paper, the rank
of these codes is computed for s = 3. Moreover, it is proved that
this invariant, along with the dimension of the kernel, provides
a complete classification, once ¢ > 3 is fixed. In this case, the
number of nonequivalent such codes is also established.

Keywords Rank, Kernel, Hadamard code, Zss-additive
code, Gray map, classification.

I. INTRODUCTION

Let Zs- be the ring of integers modulo 2° with s > 1. The
set of n-tuples over Zys is denoted by Z3.. In this paper, the
elements of ZZ, will also be called vectors over Zys of length
n. A binary code of length n is a nonempty subset of Z%, and
it is linear if it is a subspace of Z3. A nonempty subset of Z3.
is a Zgs-additive code if it is a subgroup of Z3.. Note that,
when s = 1, a Zgs-additive code is a binary linear code and,
when s = 2, it is a quaternary linear code or a linear code
over Zg.

Let S,, be the symmetric group of permutations on the set
{1,...,n}. Two binary codes, C; and Cs,, are said to be
equivalent if there is a vector a € Z3 and a permutation of
coordinates m € S, such that Cy = {a+ w(c) : ¢ € C1}.
Two Zss-additive codes, C; and Co, are said to be permutation
equivalent if they differ only by a permutation of coordinates,
that is, if there is a permutation of coordinates 7 such that
Cy = {TF(C) 1CcE Cl}

The Hamming weight of a binary vector u € Z3, denoted
by wtg (u), is the number of nonzero coordinates of u. The
Hamming distance of two binary vectors u,v € Z3, denoted
by dg(u,v), is the number of coordinates in which they differ.
Note that dg(u,v) = wty (v — u). The minimum distance of
a binary code C is d(C) = min{dy(u,v) :u,v € C,u # v}.
The Lee weight of an element ¢ € Zo- is wt, (i) = min{s, 2°—
i} and the Lee weight of a vector u = (u1, ug, ..., uy,) € Z%
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is wtr(w) = 327, wtr(u;) € Zos. The Lee distance of two
vectors w,v € Z3. is dr(u,v) = wt(v — u). The minimum
distance of a Zss-additive code C is d(C) = min{dy(u,v) :
u,veClC u#v}

In [15], a Gray map from Z4 to Z3 is defined as ¢(0) =
(0,0), (1) = (0,1), ¢(2) = (1,1) and ¢(3) = (1,0). There
exist different generalizations of this Gray map, which go from
Zos to Z%S_l [6], [8], [9], [16]. The one given in [8] by Carlet
is the map ¢ : Zgs — Z%Sil defined as follows:

o(u) = (us—1,.-.

.,U571)+(U0,...,US,2)Y, (l)

where u € Zgs, [ug, u1,...,us—1]2 is the binary expansion of
u, that is w = 7" 2%u; (u; € {0,1}), and Y is a matrix of
size (s — 1) x 2°~1 which columns are the elements of Z5 '
Note that (ug_1,...,us—1) and (ug,...,us—2)Y are binary
vectors of length 25—1 and that the rows of Y form a basis
of a first order Reed-Muller code after adding the all-one row.
This generalization can be defined in terms of the elements of
a Hadamard code [16]. In this paper, we will focus on Carlet’s
Gray map ¢, which is a particular case of the one presented
in [16] satisfying that 370 \;6(2°) = ¢(32525 Ai2') (\i €
{0,1}), as it was shown in [13] and will be recalled later.
Then, we define @ : Z3. — 232571 as the component-wise
Gray map ¢.

Let C be a Zys-additive code of length n. We say that its
binary image C = ®(C) is a Zgs-linear code of length 2°~1n,
Since C is a subgroup of Z7., it is isomorphic to an abelian
structure ZL x ZE2 , x -+ x Zy'~' x Zl, and we say that
C, or equivalently C' = ®(C), is of type (n;t1,...,ts). Note
that |C| = 25t12(s=Dt2 ... 2% Unlike linear codes over finite
fields, linear codes over rings do not have a basis, but there
exists a generator matrix for these codes. If C is a Zq:-additive
code of type (n;t1,...,ts), then a generator matrix of C with
minimum number of rows has exactly t; + - -- + t5 rows.

Two structural properties of binary codes are the rank and
the dimension of the kernel. The rank of a binary code C
is simply the dimension of the linear span, (C), of C. The
kernel of a binary code C' is defined as K(C) = {x € Z} :
x+C = C} [3]. If the all-zero vector belongs to C, then K(C')
is a linear subcode of C'. Note also that if C is linear, then
K(C) = C = (C). We denote the rank of a binary code C
as rank(C') and the dimension of the kernel as ker(C'). These
parameters can be used to distinguish between nonequivalent
binary codes, since equivalent ones have the same rank and
dimension of the kernel.

A binary code of length n, 2n codewords and minimum
distance n/2 is called a Hadamard code. Hadamard codes
can be constructed from Hadamard matrices [2], [19]. Note



that linear Hadamard codes are in fact first order Reed-
Muller codes, or equivalently, the dual of extended Hamming
codes [19, Ch.13 §3]. The Zss-additive codes that, under the
Gray map @, give a Hadamard code are called Zs--additive
Hadamard codes and the corresponding binary images are
called Zys-linear Hadamard codes.

The Z4-linear Hadamard codes of length 2¢ can be classified
by using either the rank or the dimension of the kernel [17],
[20]. Specifically, it is known that for a Z4-linear Hadamard
code C of type (2t71:t1, 1), ker(C) = t; +to + 1 if t1 > 2,
and ker(C) = 2t1 + 1t if t; = 1 or 2, where to = ¢+ 1 — 2¢t5.
For any integer ¢ > 3 and each ¢; € {1,...,|(¢t+1)/2]}, there
is a unique (up to equivalence) Z4-linear Hadamard code of
type (2071;¢5,t + 1 — 2t;), and all these codes are pairwise
nonequivalent, except for ¢t = 1 and t; = 2, where the codes
are equivalent to the linear Hadamard code [17]. Therefore, the
number of nonequivalent Z4-linear Hadamard codes of length
2% is |%51] forall t >3, and itis 1 for t =1 and ¢t = 2.

Linear codes over Z,s, which are a generalization of Zgs-
additive codes, were studied by Blake [4] and Shankar [21]
in 1975 and 1979, respectively. Nevertheless, the study of
codes over rings increased significantly after the publication
of some good properties of linear codes over Z, and the
definition of the Gray map [15]. After that, Zos-additive codes
and their images under the Gray map are deeply studied, for
example, in [8], [14], and [22]. In [16], Krotov studied Zos-
linear Hadamard codes and their dual codes by using different
generalizations of the Gray map. Recently, in [1], considering
Carlet’s generalization of the Gray map, two-weight Zs--linear
codes are studied. Note that Z,s-linear Hadamard codes are
in fact a particular case of these two-weight codes.

In [13], the dimension of the kernel of Z:-linear Hadamard
codes is given. It is shown that the kernel do not classify
these codes, since there are nonequivalent codes having the
same dimension of the kernel. As a consequence, a partial
classification for these codes is established. In this paper, in
order to classify the Zg-linear Hadamard codes of length 2¢,
for any ¢ > 3, we compute the rank of these codes. Moreover,
we prove that this invariant, along with the dimension of the
kernel, provides a complete classification, once we fix ¢ > 3.
Note that, unlike for s = 2, in the case s = 3, it is necessary
to use both invariants.

This correspondence is organized as follows. In Section
II, we describe the recursive construction of the Zss-linear
Hadamard codes of type (n;t1,...,ts), introduced in [13].
In Section III, we give some known results and prove new
ones related to the Carlet’s generalized Gray map. In Section
IV, we compute the rank of the Zg-linear Hadamard codes in
terms of the parameters ¢1, o and t3, by finding a set of linear
independent vectors of the span. In Section V, we show that,
for s = 3, a complete classification can be given by using
both invariants: the rank and dimension of the kernel. Finally,
in Section VI, we give some conclusions and further research
on this topic.

II. RECURSIVE CONSTRUCTION OF Zsgs-LINEAR
HADAMARD CODES

The description of generator matrices having minimum
number of rows for Z-additive Hadamard codes, as long as
recursive constructions of these matrices, are given in [17]. In
[13], [16], these results are generalized for any s > 2. In this
section, we describe the recursive construction of the generator
matrices of the Zoys-additive Hadamard codes, introduced in
[13].

LetT; = {j-27! : j€{0,1,...,257"F1 —1}} forall i €
{1, RN S}. Note that 77 = {0, e, 28 —1}. Let tq, to,...,ts be
nonnegative integers with ¢; > 1. Consider the matrix A
whose columns are of the form z”, z € {1} x T{* ™ x T4? x
X Tt

Example 2.1: For s = 3, for example, we have the following
matrices:

1,0,1 __ 11 1,1,0 _ 1111
A _(04 » A= 0246 )

200 _ (11111111
~\01234567)°

11111111
0246 0246 |,
00004444

ALLL —

11111111 11111111
01234567 01234567 |,
00000000 44444444

4201 _

AQ,LO —

11111111 11111111 111111117 11111111
01234567012345670123456701234567
00000000222222224444444466666666

Let 0,1,2,...,2% — 1 be the vectors having the elements
0,1,2,...,2° — 1 from Zss repeated in each coordinate,
respectively. The order of a vector u over Zss, denoted by
ord(u), is the smallest positive integer m such that mu = 0.

Any matrix A"%s can be obtained by applying the follow-
ing recursive construction. We start with A%%+9 = (1). Then,

if we have a matrix A = A"t forany i € {1,...,s}, we
may construct the matrix
A = 0.2i-1 1.9i-1 ... (2572'4»1 _ 1) .9i-1

Finally, permuting the rows of A;, we obtain a matrix Af1-%:,
where t = t; for j # i and t; = t; + 1. Note that any
permutation of columns of A; gives also a matrix Af1t:,
Example 2.2: From the matrix A% = (1), we obtain the
matrix A290; and from A2:%° we can construct A2:%1, where
A290 and A2.0:! are the matrices given in Example 2.1. Note
that we can also generate another matrix A%%1 as follows:
from A0 = (1) we obtain the matrix AM%! given in
Example 2.1, and from A%%1 we can construct the matrix

1111111111111111
0404040404040404
0011223344556677

Ay =



Then, after permuting the rows of Ay, we have the matrix

1111111111111111
0011223344556677
0404040404040404

4201 _

3

which is different to the matrix A%%! of Example 2.1. These
two matrices A%%! generate permutation equivalent codes.

Along this paper, we consider that the matrices Af:2:+
are constructed recursively starting from A%+ in the fol-
lowing way. First, we add ¢; — 1 rows of order 2°, up to
obtain A?+:9-0; then t, rows of order 2°~! up to generate
At1:t2,0.-.0: and so on, until we add t, rows of order 2 to
achieve Att:tz-ts

Let Htt»-ts be the Zos-additive code generated by the

ts

matrix A%-ots where t1,...,t, > 0 with t; > 1. Let n =
20751 ‘where t = (307, (s —i+ 1) - ;) — 1. It is easy to see

that H'1~% is of length n and has |[H!1»ts| = 25p = 2¢F!
codewords. Note that this code is of type (n;ti,ta,...,ts).
Let H'»ts = ®(H!'ts) be the corresponding Zss-linear
code.

Theorem 2.1: [16] [13] Let t¢4,...,ts be nonnegative in-
tegers with ¢; > 1. The Zos-linear code H®i»ts of type
(n;t1,ta,...,ts) is a binary Hadamard code of length 2¢, with
t=(_(s—i+1)-t;)—1and n =25+

Let G be a generator matrix of a Zsgs-additive code C of
length n. Then, (G---G) is a generator matrix of the r-fold
replication code of C, (C,...,C) = {(¢,...,¢) : ¢ € C}, of
length r - n.

Let H!1:t2%3 be a Zg-additive Hadamard code, which is
generated by Af1f2%3 Let w,; be the ith row of Ati:i2:fs
1 <¢ <ty If tg = t3 = 0, we also denote w; by wf-l. Note
that w* € H!1-0.0 is the 8% ~*-fold replication of w! € H*0:0
forall 1 < /¢ <t; and i <.

Remark 2.1: Let H!190 be a Zg-additive Hadamard code
of type (n;t1,0,0). Let

w=| : |,

Wiq

where 2 <4y < --- <4 < ty. By construction, we have that
each one of the 87 elements of Z appears 52 L= ghi—a-l
times as a column of W. Therefore, there exist a permutation
of coordinates p € S, such that

W2
p(W) =
Wa+1
q+1

Note also that w; is the 817~ *-fold replication of wi"" for

all 2 <1< q+1.

III. PROPERTIES OF THE GENERALIZED GRAY MAP

In this section, we give some known results on the Carlet’s
generalized Gray map and we present new results, which will
be used in the next section to establish the rank of the Zg-
linear Hadamard codes.

Let e; be the vector that has 1 in the ith position

and 0 otherwise. Let u,v € Zos and [ug,uq,...,us—1]2,

[vo,V1,...,0s—1]2 be the binary expansions of u and v,
respectively. The operation “®” on Zgs is defined as u © v =
S 2'uv;. Note that the binary expansion of u © v is
[u01)07u1'U1»~~~ausflvsfl}2-

Proposition 3.1: [22] Let u,v € Zas. Then, ¢(u) + ¢(v) =
dlu+v—2(uowv)).

Corollary 3.1: [8], [22] Let w € Zgs. Then, ¢(u) +
H(2571) = ¢lu+271).

Lemma 3.1: [13] Let u € {2572,...,25°t — 1} U {3
2572 ...,2% — 1} C Zgs. Then, ¢(u) + ¢(2°72) = é(u +
2572 + 2571)'

Proposition 3.2: [8] Let wu
A (6(u), 6(v)) = Wi (6w — v)).

Corollary 3.2: [13] Let u,v € Zas. Then, dg(¢(u), p(v +
22-1)) + dar((u), 6(v)) = 251,

All the remaining results, given in this section, are only
proved for s = 3, that is, for Zg-linear Hadamard codes. In
this case, the generalized Gray map ¢ : Zg — Zj is defined
by

) S Zos. Then,

¢(0) = (0,0,0,0)  ¢(4) = (1,1,1,1)
¢(1)=(0,1,0,1)  ¢(5) = (1,0,1,0)
$(2) = (0,0,1,1)  ¢(6) = (1,1,0,0)
#(3) =(0,1,1,0) #(7) =(1,0,0,1).

Lemma 3.2: Let ¢ be a positive integer and [qo, q1, G2, - - .]2
its binary expansion. Then, (3") + qo(%3") + (90 + @1)(q —
1) + go(qo + ¢1) = 1 mod 2.

Proof. If ¢ = 0 mod 4, then qo = ¢1 = 0 and (%3') =
1 mod 2 since (¢ — 2)/2, ¢ — 1 and ¢ — 3 are odd numbers.
Similarly, if ¢ = 1 mod 4, then ¢o = 1, 1 = 0 and (") +
(151 +(g—1)+1=0+0+0+1 =1 mod2. If g = 2 mod 4,
then ¢ =0, g1 = 1 and (qgl) +(¢g—1)=0+1=1mod2.
Finally, if ¢ = 3 mod4, then ¢; = 1, ¢; = 1 and (%3') +
(qgl)EO—FlElmOdQ. O
Lemma 3.3: Let ¢ be a positive integer and [qo, q1, G2, - - .]2
its binary expansion. Then,
(1) ¢ — 4 = gg mod 2,
(i) (“3%) = ¢ mod?2,
(i) (75°) = qo + ¢1 mod 2,
(iv) (q§2) = qo(qo + ¢1) mod 2.

Proof. These congruences can be proved easily consider-
ing the different values of ¢ modulo 4, as in the proof of
Lemma 3.2. O

Lemma 3.4: Let H!%0 be a Zg-additive Hadamard code
of type (n;t1,0,0). Let E C {1,...,t1}, ¢ = |E| and
[90, 91,42, . - .]2 the binary expansion of ¢. Let w; be the ith
row of A*:09 i e E. Then,

@(Zwi) = Z O(w; +w; +wy +wp)

= i.j.k,pEE
1<j<k<p
+ao( Y, (Wit w,+wi))+
ij keE
1<j<k
+(g0+a0)( Y B(wi+w;) +ao(go+a1) (D (W),
ijeR ik
1<J



Proof. First, assume E C {2,...,t1}, and let ¢ = |E|. By
Remark 2.1, without loss of generality, we can assume that
E=1{2,...,q+ 1}. Now, we prove this lemma by induction
on the integer ¢ > 1.

For ¢ < 5, it is easy to check that the result holds.
Note that, for ¢ = 5, it is enough to check the result for
w$, ..., wS. Suppose that it is true for |E| = ¢ — 1. Consider
3221 Wi = >0 ow; +wgyr. Lety = > 7, w?. We have
that >0 ,w; = (y, ...,y) is the 80179~ 3 fold replication
of y. Then, Z w; is the 8 ~71-fold replication of
(y+0,y+1,. y + 7). The result holds if

Zw—i—k ZCD

2<i<j<k<p<q

> o(wi+wl+wi+k)+

2<i<j<k<q

(JO( Z

2<i<j<k<q

> o(wi+wltk)+

2<i<j<q

(90 +a1)( Z <I>(w‘-1+wq)+Z<I>(w

2<i<j<q i=2

q
o(go +a) (D ®(w) +@(k)) (3)
=2

§wl+wil+wi)+

D(wi + W;I» +wi)+

14+ Kk))+

for all k € {0, . }

Let g = 1‘[?70 "(8i+1,8i+2,8i+3,8i+4,8i +5, 8i+
6,8i+7,8+8) € S, be a permutation of coordinates. Let &
be the composition of g, k times, i.e., 7r§ = go . orrg. Note
that 7r§'(W2) = wy+k and 75 (w;) = w; for all i £ {3,...,q}.
Let 75 € Sy, be a permutation such that ® o & = 7k o ®.

Now, we have that ®(>°7_, w!+k) = ®(z5 (37, w?)) =
7E(@(> 1, wl)). By 1nduct10n taking into account that (¢—
1)o = q0+1 mod2 and (¢—1)1 = go+¢1+1 mod 2, and using
again the properties of w5 and the fact that ® o 7§ = 7% o @,
we have that

sz—i—k
2

>

3<i<j<r<p<q

O(wj +wi +wi +wi+k)+

O(wi +wi+wl+wh)+

3<i<j<r<q
(@+1) > e(w!+w]+wh+
3<i<j<r<q

(qo+1) Z O(wh +wi +wi +k)+
3<i<j<q
oY, B(wi+wi)t

3<i<j<q
q q
0 Z O(wi +w!+k)+qi(g+1) Z O(w)+

=3 =3

q1(qo + 1)@ (w2 + k). (4)

By applying again the induction hypothesis to ®(wd +
w{ + wi + wi + k), and noting that for any z €

Zg we have 23<1<]<T<q2 wye{i,j,r}, w<y (D(Z + Wg +
WZ) = (q - 4) Z3<1<]<qq)(z +3W + W]) a};d
Z3§i<j<r§q ZZEE{’L,j,T’} (I)(z+wq) (q ) i= 3(I)(Z+Wi)’
we obtain that

2.

o(wj +wi +wj +wi+k)=
3<i<j<r<q

2

3<i<j<r<q

(g —4) Z O(wj +wi +wi +k)+

3<i<j<q

Z O(wi +wi +wi+k)+

3<i<j<r<q

>

3<i<j<r<q

(q—4) Z (wy +wi +wi)+

3<i<j<q

3\ <
<q ) )Z@(w§+w§+k)+

=3

(@—4) > ow!+w!i+k+

3<i<j<q

a

(g—4) Z o(wi +wi) ( )Z(I)W2—|—W
=3

q—3 ! -2

( )Zcwark ( ><I>w2+k

O(wy +wi +wi +wi)+

O(wi +wi +wi)+

3<i<j<q
1=

e N WL
o)

By replacing (5) into expression (4), and using items (¢), (¢i)
and (iv) of Lemma 3.3, we have that (3) holds.

Finally, consider 1 € E. By Remark 2.1, we can assume
that E = {1,...,¢}. Then, ®(}_,.p wi) = 2>, w; +1),
and we can apply the same arguments as above. ]

Lemma 3.5: Let #1100 be a Zg-additive Hadamard code
of type (n;t1,0,0). Let ¢ € Z and [qo, q1, g2, - - -]2 its binary
expansion. Let w; be the ith row of At1:00 Then,

o) si)= Y.

O(s; + 5 + sk +sp)+

1=1 1<i<j<k<p<gq
qo( Z O(s; +s; +s1))+
1<i<j<k<q
q
+ (90 + q1)( Z D(si +55)) + qo(qo + m)(Z P(sy)),
1<i<j<q i=1

wy, } forall i € {1,2,...,q}.

Proof. We prove this lemma by induction on the integer
g > 1. It is easy to check by computer that for ¢ < 5 the
result holds. Suppose that ¢ > 6 and the statement is true for
all positive integers until g — 1.

Let r; be the multiplicity of w,;, ¢ € {1,...,¢;}, that is,
the number of elements w; that appear in the multiset S =

where s; € {w1,ws,...,



{81,...,84}. If there is an element w; with multiplicity r; >
4, then we may consider that s, = s,_1 = s4_2 = 5,_3 = W;.
Note that the right-hand side of the equation of the statement
can be easily rewritten by replacing ¢ by ¢ — 4 and adding
O(4w;). Moreover by Corollary 3.1, the left-hand side of the
equation is (3 /7, 1s;) + ®(4w ;). Therefore, we may assume
that r; < 3 forall ¢ € {1,...,¢1}.

Let W be the set containing the elements of S without
repetition. On the one hand, if w; ¢ S, taking into account
the multiplicity of each element in W and Remark 2.1, we
may assume that W = {wa, ..., wg}, where ro < - <1y
and s; = -+ =8, = Wa,...,8q_py41 = - = Sg = Wq.
On the other hand, if w; € S, we assume that ¢ > r{ + 79.
Otherwise, if ¢ = r1 4+ r9, since ¢ > 6 and rq,7r2 < 3, then
we have to show that the statement is true for ®(wy + wo +
wo + Wy + w1 + wy), which can be checked easily. Since
g > r1 + 12, we can order all elements s;,...,s, as above,
placing the r; vectors wy just before the r4 vectors wy.

Consider ) 7_, b “(mra) g Si+d it Wy +sz | Wa.
Lety = Zfl (7"1+7"d) d 1 We have that Zq 7"1+7"d)
(y,...,y)is a fold rephcatlon of y. Then, 7 _;s; is a fold
replication of

(y + rwi! —l—O,y—i—lel 41+ cey

y+rwi 7 ) =
(y+rml,y+(r1+7a)l,....y+ (r1 + Trq)1).

The result holds if the statement is true for
() Il () 4 k- rg)1) for all k € {0,..., 7},
Moreover, as before we may assume that (r1 + k- r4) < 4,
so we have to check that the statement is true for

(I gd-1 L pw =1y where 7 = (ry +k-1rq) mod4,
or equivalently for D( 1:1(T1+”)+F s¢™1), where s; = w,
foralli € {¢g—(r1+7q)+1,. —(r1+re)+7HifF> 1

Ifry+ry—7 >0, we can apply the 1nduct10n hypothes1s to
obtain the result. Otherwise, let mg = Hf 0 N8+ 1,80 +
2,8 + 3,80 + 4,8 + 5,8 + 6,8 + 7,8 + 8) € S, be
a permutation of coordinates. Note that mg(wy) = wo + 1
and mg(w;) = w; for all j € {3,...,d}. Let g € Su,
be a permutation such that ® o mg = wg o ®. Therefore, we
have that ®(3°12, w2 + > T(;f{”) s (7 — o)1 +
+Z’L r:j:;rd) g 1+(F_

rol) = (ms (3272, Wi r2)1)) =
(@72, Wit 0 ) gd71 4 (7 1p)1)). Note that
¥ > 11 +1rq > rq > 9. Then, considering sf_l = w; for all
t€{q—(ri+ra)+1,...,q—(r1+ra)+(F—ro)}if T—ro > 1,
it is enough to show the statement for ﬁg(@(z 2 Wi 14
ST 1) = g (@(0] 8¢ Y), where 17 =

rt+retrg—7T.

Now, in order to be able to apply the hypothesis induction
to ®(3° 977 s¢1), we have to verify that 7* > 0. First, note
that if r; € {0 1} for all 4 € {1,...,t1}, then the statement
is true by Proposition 3.4. Therefore, we can assume that for
some i € {1,...,%1}, r; > 2, so at least one of r1 or r4 must
be greater than 1. We also have that ro,74 € {1,2,3} and
r1 € {0,1,2,3}. On the one hand, if 7y = 0, we have that
rqg € {2,3}. Then, if 7 < 3, clearly r* > 0; and if ¥ = 3,
k- rqy = 3 mod4 which implies that r4 = 3 and * > 0. On

the other hand, if 4 > 0, rq4 € {1,
which also gives that * > 0.

In order* to verify the statement, we consider
7s(@(377) s¢71)) under different cases depending on
the value of ro € {1,2,3}. First, consider that ro = 1, i.e.,
s1 =wgands; # wy foralli € {2,3,...,q}. Then, by using
the same arguments as in the proof of Lemma 3.4, we have
that the result holds. Next, consider that ro = 2. By induction
hypothesis, taking into account that (¢ — 2)y = go mod 2 and
(g —2)1 = ¢1 + 1 mod 2, and using again the properties of
mg and the fact that ® o mg = 7rg o ®, we have that

2,3} and ry +ro4+74 >3

q—2
O(wi+wi+y si+1+1)=
1=3
3§i<j<zk;p§q—2
Y o(wi+wi s +si+1+1)+
3<i<j<q—2

(Io{ Z

3<i<j<k<q—2

> <I>(wg+wg+s§l+1+1)}+
3<i<q—2

(q0+q1—|—1){ > (st +s)+¢(w2+w2+1+1)}+

3<i<j<q—2
g P(sd

3<i<q—2

<I>(s§l + s? + si + sg)—l-

d(s? + s? +s{)+

qo(qo +q1 + 1)

By applying again the induction hypothesis to the terms of (6)
having more than four addends, that is, ®(w$+wg+sé+1+1)
and ®(wd + wd + s + sg + 1+ 1), we obtain that

> d(shH+

3<i<q—2

> d(witwhtsi+141)=
3<i<q—2

dSod(witwitsh+ > (st +1+1)+

3<i<q—2 3<i<q—2
(4= 4)[@(wg +wf + 1+ 1) + B(w§ + wg) + (1 +1)]

(7
and

2.

3<i<j<q—2

d(wy+wl+s!+s!+1+1) =

2

3<i<j<q—2

Z <I>(W§+Wg+s‘f+s?)+
3<i<j<q—2

2.

3<i<j<q—2
4
(q ) ) [q»(wg+wg+1+1)+q><wg+wg>+q>(1+1)].
3)

d(sd + S?)-F

O(s{ +sf+1+1)+

By replacing (7) and (8) into expression (6), and using items



(7) and (4¢) of Lemma 3.3, we have that (6) is equal to

2.

3<i<i<k<p<q—2

2

3<i<j<q—-2

O(s{ +8] +1+1)+ B(w§ +wg+1+1)+

D(s{ + 8¢ +sf +sd)+
d(wq + wg +s¢ +s7)+

>

3<i<i<q—2

(Jo[ Z

3<i<j<q—2

O(sf +s))+ > O(wi+wh+shH+
3<i<q—2
S oa(st14 1)]+
3<i<q—2
> @(sg+s;?)+q>(wg+wg)+<1>(1+1)}+
3<i<j<q—2

(a0 +a1)]

golgo+aq) D, (s

3<i<q—2

Note that all the terms that are missing in order to obtain the
result appear repeated in pairs, so they sum to zero. The case
with 7o = 3 can also be proved by using similar arguments.
Therefore, the result holds. O

Lemma 3.6: Let 1100 be a Zg-additive Hadamard code of
type (n;t1,0,0). Let w; be the ith row of A:0:0, 1 < <.
Then, given 4,7,k € {1,...,t1},

(2w, + w; + wy) + O(w; + 2w, + wy) =
O(w;) + &(w;) + 2(2w;) + 2(2w;) + O(w; + W)+
O(w; + wg) + +P(2w; + wy) + (2w, + wy)+
2w, +w;) + 2(2w; +w;). (9)

Proof. Suppose that 2 < 7 < j < k. By Remark 2.1, it
is enough to see that (9) holds for wo, w3, wy. In fact, it
is enough to show that it is true for wj, w3, k for all k €
{0,1,...,7}. Let A be the right-hand side of (9).

On the one hand, if w;, = k, we need to show that

d(2ws + wi + k) + &(wh +2w3 + k) =
d(wy) + d(wh) + ¢(2wi) + @(2w3) + ®(wj + k)+
d(wi +k)+ +P(2ws + k) + P(2wj + k) + ®(2w + wh)+
d(2ws +wi) (10)

for all £ € {0,1,...,7}. Let A; be the right-hand side of
(10). First, for k£ = 0, it is easy to see that (10) holds. Note
that, by Proposition 3.1, ®(2w; + 1) = ®(2w;) + ®(1) for
all 1 <i<t;.Fork=1, Ay = ®(w3) + ®(w3) + (w3 +
1) + &(w3 + 1) + (2w3 + wj) + ®(2w3 + wi). By the
same proposition, we also have that ®(w;) + ®(w; +2w;) =
O(2w;) + @(—2(w; ©2wy;)) for all ¢,j € {2,3}. Thus,

A = D(2w3) + P(2w3) + B(w) + 1) + P(w3 + 1)+
B(—2(2wi O w3)) + &(—2(2ws © w3)).

Again, by Proposition 3.1, ®(2w;) + ®(w; + 1) = &(2w; +

w; + 1)+ ®(—2(2w; © (w; +1))) for all 4,5 € {2,3}, so

Ap = (2w + wi + 1) + ®(wi + 2wi + 1)+
d(—2(2w3 O wi)) + B(—2(2w5 © wi))+
+ ®(—2(2wi © (W5 +1))) + &(—2(2wi © (Wi +1))).

Let x = (0,0,4,4,0,0,4,4), y = (0,4,4,0,0,4,4,0), and
z =(0,4,0,4,0,4,0,4). It is easy to check that
—2(2wi © w3) = (0,%,0,x%,0,%,0,%)
—22wie(wi+1)) = (0,y,0,y,0,y,0,y)
—2(2w3 © w3) = (0,0,%,%,0,0,z, z)
—2(2wi ® (w3 +1)) = (0,2,2,0,0,37,z2,0).
The sum of the four vectors in (11) is a zero vector, since
X+y+z =0 s A = ®2w3 +wi + 1) + &(w3 +
2w3 + 1) and (10) holds. For k = 2, it is easy to see that the
result holds by Lemma 3.5. For k£ = 3, it follows also from
Lemma 3.5, the previous result for £ = 1, and the fact that
P(2w; + 1) = &(2w;) + ®(1) for all 1 < ¢ < t;. Finally,
for the rest of the cases, if w, =k +4, k € {0,1,2,3}, then
2wy + w3 +k+4) + P(wy +2ws + k+4) = ¢(2w, +
w3 + k) + &(wq + 2ws + k) and the result holds since wy,
appears 4 times in A.
On the other hand, if w; = k (or w; = k), we need to
show that

(1)

2k + wi + wi) + O(k + 2wh + w3) =
D(k) + O(wi) + D(2k) + ©(2w3) + D(k + wi)+
(Wi +w3)++0(2k +wi) + (2w +wi) + (2w +k)+
D2k +w3) (12)
for all k € {0,1,...,7}. Let Ay be the right-hand side of
(12). First, for £ = 0, it is easy to see that (12) holds. For
k = 1, by applying Proposition 3.1 to ®(w3 + w3) + ®(2)
and ®(w3 + 1) + ®(2w3), we have that
Ay = ®(2+wi +wi)+ O(1+2ws +w3)
+ O(—2((wi + w3) ©2)) + &(—2((w3 + 1) © 2w3))+
(1) + ®(w)) + (2 + wi) + B(2w) + wi)+
d(2ws + 1) + O(2 + wi).
Again, applying Proposition 3.1 to the terms ®(2 + w3),
O(2w3 +w3i), ®(2ws + 1) and (2 + w3) of As, we obtain
that
Ay = B2+ wi +wi) + O(1+2wi + wi)
+ ®(—2((w3 +w3) ©2)) + O(—2((wi + 1) ©2w3))
+0(—2(20w))) +O(—2(2wi Ow3)) +B(—2(20w3)).
It is easy to check that

O(—2((ws +w3) ©2)) =
(x,y,x+4,y+4,x,y,x+4,y +4)
d(—2((wh +1) ®2w3)) = (0,2,2,0,0,7,2,0)
d(—2(2w3 ©w3)) = (0,0,2,2,0,0,2,2)
d(—2(20wj)) = (0,0,4,4,0,0,4,4)
B(—2(20w))) = (x,X,X,X,X,X, X, X).
(13)



The sum of the five vectors in (13) is a zero vector, since
X+y+z=0,50 Ay = ®(2+ w3 +w3)+P(1L+2wj +w3)
and (12) holds. For k € {2, 3}, it is easy to see that the result
holds by Lemma 3.5. Finally, if w; =k +4, k € {0,1,2,3},
then ®(2k +8 +wo+w3) + D(k+4+ 2wy +w3) = D(4) +
D2k + wa + w3) + P(k + 2wy + w3) and the result follows
since w; appears 3 times in A.

Now, suppose that some of the elements ¢, j, k are equal.
If i =j =k ori=j, then (9) holds trivially. If ¢ = k (or
7 = k), then it is enough to show that

d(3k + w3) + (2k + 2w3) = O(k) + ®(wi)+
®(2w3) + ®(3k) + ®(k + w3) + (2k + w3) (14)

for all £ € {0,1,...,7}. Let A3 be the right-hand side of
(14). First, for k = 0, it is easy to see that (14) holds. For
k = 1, note that, by Proposition 3.1, ®(2) = ®(3) + ®(1)
and ®(wa)+P(2)+P(wa+2) = &(—2(w2®2)). Therefore,

Az = @(2w3) + B(wh + 1) + &(—2(w3 © 2)) =
D(2w3) + B(2) + d(wi + 1) + D(2) + &(—2(w3 © 2)).

Again, by Proposition 3.1, we have that
Az = O(2w3 + 2) + O(w3 + 3) + &(—2(w3 © 2))+
O(—2(2w3 © 2)) + d(—2((w3 +1) © 2)).

It is easy to check that the sum of the three last
terms is (0,0,4,4,0,0,4,4) + (0,4,0,4,0,4,0,4) +
(0,4,4,0,0,4,4,0) = 0. In a similar way, it holds for k = 3.
The rest of the cases, k € {2,4,5,6,7}, can also be checked
easily, so (14) holds.

Now, we consider that, at least one of 4, j, k is equal to 1.
Ifi=j=%k=1,ori=j =1, then the result is trivial. If
i=k=1(or j =k = 1), the result is equivalent to prove
(14) with k = 1. Finally, if £ = 1, it is equivalent to (10) with
k=1, and if i = 1 (or j = 1), it is equivalent to (12) with
k = 1. Therefore, the result holds. O

Lemma 3.7: Let 1100 be a Zg-additive Hadamard code of
type (n;t1,0,0). Let w; be the ith row of A:0:0, 1 < < ¢4,
Then, given 4,7,k € {1,...,t1},

(I)(Wi—FWj—F].) = @(2W1,)+‘I>(2Wj)+(I)(1)+‘I)(W,‘+1)+
+O(w;+1)+D(w; +w;)+ 22w, +w,;) +P(w; +2w,),

O(w; +wj +wi +1) =(w; +1) + Q(w; + W)+
O(w; +2w;) ++P(2w; + w;) + (w; + 1) + O(wy)+
D(2wy) + P(wy + 1) + +P(2w; + wy)+
O2w; +wy) + O(w; +w; + 2wy) + D(w; +w,; + wy).

Proof. First, if 2 < i < j < k, by Remark 2.1, the above
equations can be showed to be true by checking that they hold
for w3, w3 k for all k € {0,1,...,7}. It is also easy to see
that they hold if some of the elements ¢, j, k are equal, or at
least one of them is equal to 1. (]

Lemma 3.8: Let H'!2!3 be a Zg-additive Hadamard code
of type (n;t1,t2,t3). Let w be a row of A1:9-0, Then,

O(3w) = ¢(3) + P(w) + P(W+ 1) + &(w + 2).

Proof. Let A = ®(3) + ®(w) + (w+1) + ®(w +2). By
Proposition 3.1, we have that ®(w+1)+®(w+2) = ®(2w+
3-2((w+1)®(w+2))). It easy to check that ord(—2((w +
1)o(w+2)) =250 A4A=>3)+0(w)+ 22w+ 3) +
®(—2((w+1)® (w+2))). Now, by applying Lemma 3.5 to
the term ®(2w + 3) and using that ®(1) + ®(2) = ®(3), we
obtain that A = ®(3) +P(w)+P(—2((Ww+1)O(W+2)))+
(2w + 2) + ¢(2w + 1) + ¢(2w). By Proposition 3.1, we
have that ®(2w) + ®(w) = ®(3w) + &(—2(w © 2w)), thus

A=0(3)+P(3w)+ P(2w +2) + P(2w + 1)+

O(—2(we2w)) + 2(—-2((w+1)®(w+2))).
It easy to check that ®(—2(w®2w))+P(—2((w+1)O(w+
2))) = ®(4w). Finally, since ®(—2((2w+1)© (2w +2))) =

0, we have that (2w + 2) + (2w + 1) = P(dw + 3) =
®(4w) + ©(3). Therefore, A = ®(3w) and the result holds.
]

Lemma 3.9: Let w,v € Zys such that ord(v) = 2 with
i < s. Then, 2771 ((w +v) ® 257%) = 207w ® 2°7%) +
21‘71(,0 ® 2871‘).

Proof. The binary expansion of v and w + v are
[0,...,0,1,05—i41,...,0s—1]2 and [wp,...,ws—; + 1, (w +
V)s—it1s-- -, (W + v)s—1]2, respectively. Then, we have that

the binary expansion of w ® 257 v ® 257% and (w + v) ®
25=1 are [0,...,ws_:,0,...,0]2, [0,...,0,1,0,...,0]5 and
[0,...,0,ws—;+1,0,...,0]s, respectively. Note that, by mul-
tiplying by 2¢~!, the binary expansions are [0,...,0, w,_;]2,
[0,...,0,1]3 and [0, ...,0,ws_;+1]2, respectively. Therefore,
27 we2s ) + 2 (ve 25 ) = 27 ((w+v) ©2877). O

In order to simplify the notation in the following results,
we define pu(w) = —2(w © 2) for any w € Z7. Note that
ord(pu(w)) =2 if w #£ 0.

Lemma 3.10: Let w,v € Zg such that ord(v) < 8. Then,
(W +v) = p(w) + p(v).

Proof. We may assume that v # 0. If ord(v) = 4, then
2(w+v)©2) =2(w®2)+2(ve2) by Lemma 3.9, so
the result follows. Finally, if ord(v) = 2, then the result also
holds since ve2=0and (W+Vv)©02=w® 2. O

Lemma 3.11: Let H'%9 be a Zg-additive Hadamard code
of type (n;t1,0,0). Let w; be the ith row of A:0:0 1 < <
t1. Then,

(Wi + Wi +wy) = p(w; +wj) + p(w; +wy)+
(Wi +wi) + p(w;) + p(wy) + p(wi)

for all 1 <17 < j < k < ty. Furthermore, for all 2 <i < j <
t1 and k € Zsg,

5)

pk+w; +w;) = pk+w;) + plk+w;)+
w(wi +w;j) + p(k) + p(wi) + p(w;).

Proof. First, consider the Zg-additive Hadamard code
HA99 In this case, it is easy to check that u(w 4+w4+wk)
M(W + W)+ p(wWi +wi) + p(w) +wi) + p(w 4 plw i)+
pw(wi) for al 1 <i<j<k< 4 Then, the result follows
by Remark 2.1 and the fact that w, ..., wy € H?%0 are an



8t1~4fold replication of wi,...,wi € H*90 respectively.

By using the same argument, the second equation also holds.
(]

Lemma 3.12: Let H'%9 be a Zg-additive Hadamard code
of type (n;t1,0,0). Let w; be the ith row of A"1:90 for 1 <
i <ty.Let EC{1,...,t1}. Then,

p(>_wi) = Y p(wi+w;) + (B mod2) Y p(w).
icE i,jEE i€E
1<J

Proof. Assume F C {2,...,t1}, and let ¢ = |E|. By
Remark 2.1, without loss of generality, we can assume that
E={2,...,q+ 1}. Now, we prove this lemma by induction
on the integer ¢ > 1.

For ¢ = 1 the result holds. Let ¢ > 2 and suppose that it
is true for ¢ — 1. Consider Zﬁzl Wi = >0 o W;+Wgi1. Let
y = > ¢ ,wl. We have that > ! 2wlz(y,...,y) is the
8"1~4=2_fold replication of y. Then, > 9*2 w; is the 81—~ 1-
fold replication of (y+0,y + 1,...,y + 7). The result holds
if

q
H(Z Wi+ Wgi1) =
i=2

q+1
ST plwi+w;) + (g mod2) Y p(w;).
2<i<j<q+1 =2

That is, for all k € {0,...,
ZW +k)=
2<i<j<q

ZM(W§‘+k) +Zu

Note that, by the induction hypothesis, the statement holds for
>l ,wi=(y,...,y) and hence,

7}, we have to prove that

>

wly +k) = wi+wi)+

(¢ mod 2)( (16)

q

> pwi+wh)+((g—1) mod2) > pu(w)

2<i<j<q i=2 a7

Letms = [ '(8i+1,8i+2,8i+3,8i+4,8i+5,8i+
6,8i + 7,8 + 8) € S,, be a permutation of coordinates. Let
7% be the composition of s, k times, ie., T8 = mgo .-
omg. Note that 75(wy) = wo + k and 7f(w;) = w; for
all i € {1,3,...,q}. Moreover, it is also easy to see that
nfopu=ponk.

Now, we have that u(y +k) = 7&(u(y)). By apply-

ing (17), july +1) = Dpcicicq ™ (W] + W) + (0 -
1) mod2) Y%, nf(u(w?)). By using the properties of 7%,

we have that

wy) =

q
ply+k) = Y pwi+wh+> p(wi+wi+k)+

3<i<j<q i=3

((g—1) mod2)(>_ p(w?) + u(wi +k)).
1=3

By Lemma 3.11, we have that u(w{ +wi+k) = p(wi+k)+
p(wi +k)+ p(wi +wi) + p(w3) + p(wi) + p(k). Therefore,

u(y +k) = EQ<Z<j<qu(w +wi) + (w4 k) +
(g mod 2)(pu(k) + Y0, u(wi)) and (16) holds. O

Corollary 3.3: Let Hivt2:ts bea Zg-additive Hadamard code
of type (n;t1,ts,t3). Let w; be the ith row of Afi2ts 1 <

i <ty.Let EC{1,...,t1}. Then,
p(O_wi) = > p(wi+w;) + (|E] mod2) Y p(w:).
i€E ijEB i€E
1<J

Proof. Note that H!1:2%3 contains the 2%2F%sfold repli-
cation code of 109 Therefore, the result follows from
Lemma 3.12. ]

IV. RANK OF Zg-LINEAR HADAMARD CODES

The rank of a Zj-linear Hadamard code of type
(20711, t0), where t + 1 = 2ty + to, is 2t; +t2 + ("5 )
if t1 > 2, and 2t; + t5 if ¢4 = 1 or 2 [20]. In this section,
we establish the rank of a Zg-linear Hadamard code of type
(28=2:¢1,t9,t3), where t + 1 = 3ty + 2t +t3, in terms of the
parameters t1, to and t3 by finding a set of linear independent
vectors that generate the span of the code.

Proposition 4.1: Let t1,tq,...,ts be nonnegative integers
with ¢ > 1.

Then, rank(®(H! ) = tg + rank(P(H 1ote- 1’0)).

Hivotemnta =l We

Proof. Let H' = H'»' and H =
prove this result by induction on the integer 5 > 0. Flrst, for
ts = 0, the result holds trivially.

Let t; > 1 and suppose that the result is true for 5 — 1.
By the recursive construction (2), H’ can be seen as the union
of two cosets, that is, H' = Co U Cy, where Cy = (H,H)
and C; = (H,H) + (0,2571). By Corollary 3.1, we have

that ®((H,H) +(0,2°71)) = ®((H, 1)) + ©((0,2°71)). so
rank(®(H )) = 1+rank(®(#)). By the induction hypothesis,
rank(®(H')) = 1 +t, — 1 + rank(®(Ht-1.0)) = ¢, +
rank (@ (H 1o te-1.0)), O

Example 4.1: Let B0 = {®(b;) : 1 <i < 5} be a basis

of (®(H'1:0)). For example, we can consider the one given in
Example 4.2. Then, by the proof of Proposition 4.1, a basis of
(O(HVLY)) is BVLL = {®(b;,by) : 1 < i <5}U{®(0,4)};
and a basis of (®(H112)) is BL12 = {®(b;,b;,b;,b;) :
1 <i<5U{9(0,4,0,4),9(0,0,4,4)}. Since the rank
of ®(H1Y) is 5, we have that rank(®(H!11)) = 6 and
rank(®(H12)) = 7.

Proposition 4.2: Let t; and t5 be nonnegative integers with
t; > 1. Then, rank(®(H!t2T10)) = rank(®(H!20)) +
2t +ta + (5.

Proof. By (2), the generator matrix of H' =
At1st2+1,0 ( A A A A )

Ht st2+1,0 4o

0 2 4 6

where A = A%%2:0 i5 the generator matrix of H = H!1:2:0,
Note that H’ can be seen as the union of four cosets of the
4-fold replication code of H, (H,H,H,H), which are

Co: (H,H, M, H)

Cr: (H,H,H,H) + (0,2 4,6)
Co: (M, M, H,H) + (0,4,0,4)
Cs: (H,H,H,H) + (0,6,4,2).



We have that rank(®(Cp)) = rank(®(H)) = 7. Let
{®(g1),...,P(g,)} be a basis of (H). Then, a basis of
((Co)) is {P(g1),---,P(g)}, where g = (8i,8i,8i,8:)
for all ¢+ € {1,...,r}. By Corollary 3.1, we have that
<(I)(CO U 02)> = <(I>(g/1)7. ] (I)(g;)’(l)((0>47074))>' Note
that, if u’ € Cs, then v/ = (w,u+6,u+4,u+ 2) = (w,u+
2 u+4,u+6)+(0,4,0,4) with u € H. Thus, it is easy to see
that <(I)(H,)> = <(I)(00U01UCQU03)> = <(I)(Co U01UCQ)>,
again by Corollary 3.1.

Let v = (u,u,u,u) € Cy and v/ =
u € H. By Proposition 3.1, we know that ®(u
O(u' +v' —2(u'OVv’)). Since —2(u’
2, we have that ®(u’ + v') = ¢(u

v’)) by Corollary 3.1. Let M’ = {=2(u’ @ V') : u €
Co) = {(0. p(w). 0. pw) : u € H). Then, (B(H)) -
<(I)(g1) ( r) ((074’074))7¢(V/)’¢(M/)> Note that
if u = 2 € H, then W/ = 2 € (Cp and
—2(u’ ® v') = (0,4,0,4) € M'. Thus, (P(H)) =
(D(g)),...,P(gl), D(v), D(M")). It is easy to see that d(v’)
and the elements of {®(g}),...,®(gl.)} and <I>(M’) are
linearly independent, because of the form of every gj, i €
{1,...,7}, and the elements of M’. Therefore, rank(®(H ))
P14 dim((®(M"))). Since M’ = {(0, (), 0, ju(w)) :

H}, dim((P(M'))) = dim((P(M))), Where M {p(a )
uec M}

Let By = {wWi,..., Wi, V1. ., Vi, 2W1, ..., 2Wy,,
2vy, ..., 2vy,, dwy, ..., 4wy, } be a 2-basis of H and recall
that ord(w,-) = 8 and ord(v;) = 4 for all i € {1,...,t1}
and j € {1,...,f2}. Let u € H. We know that u =
Z?t11+2t2 \;b;, where b, € By is the ith element of By and
Xi € {0,1}. By Lemma 3.10 and the fact that p(2v;) =

(0,2,4,6), so
N+ o) =
©V') is a vector of order
)+ ®(v )+ d(—2(u' ©

w(dw;) = 0 for all ¢ € {1,...,t1} and j € {1,...,¢2},
we have that z(u) = u(327, Aiby) + Z?tltffl ey b ) Let
E={1<i<t XN #O}.Sinceb = w; for all

1 €{1,...,t1}, by Corollary 3.3,
ty
H(Z Aib;) =
i=1
S w4 ) + (1B m0d2) S p(ws).
LjEE i€E
1<]J

Moreover, since w; = 1, we have that u(w;) = 0 and
it is easy to check that u(wy + w;) = p(w;) + p(2w;) =
w(b;) + p(be, 14,44) for all ¢ € {2,...,¢1}. Therefore,

2t1+to
pla) = > pbi+by)+ Y p(Aiby)
i,jEE\{1} i=2
1<]
for some A, € {0,1}. Let M7 = {u(b; +b;) : 2 < i <

Jj <t} and My = {u(b;) : 2 < i < 2t; + t2}. Recall that
ord(pu(w)) = 2 for all w # 0, so we can apply Corollary 3.1.
Then, dim((®(M))) = dim((®(M7),P(M2))). Since the
elements in ®(M;) U ®(Ms) are linearly independent, we
have that rank(®(H')) = r+ 1+ 2t +to — 1+ (") =
T+ 2t 4+t + (1)), O

Example 4.2: Let BY00 {®(1),2(2),2(4)}
be a basis of (®(HV99)). Then, by the proof of

Proposition 4.2, a basis of (®(HLL0)) is BLLO =
(9(1,1,1,1), 8(2,2,2,2), ®(4,4,4,4), (0,2, 4,6)} U
{®(0,m;,0,m;) : m; € My U My}, where M; = ) and
My = {u(2)} = {4}. Similarly, from B»!:°, we obtain that
a basis of (®(H!20)) is

BY?0 = {9(1),®(2), ®(4), ®(0,2,4,6,0,2,4,6),
$(0,4,0,4,0,4,0,4)}

@] {@(0, 0,0,0,m,;,0,0,0,0, 1’1’17) :m,; € M, U Mg},
where M7 = () and My = {u(0,2,4,6),1(2,2,2,2)} =
{(0,4,0,4),(4,4,4,4)}. Since the rank of ®(H°) is 3, we
have that rank(®(H"!?)) = 5 and rank(®(H'?:?)) = 6.

Proposition 4.3: Let t; be a positive integer. Then,
rank(@(H! T1:00)) = rank(@(H!00)) + 4t +2(" 1) + 1+
-1
("57)-
Proof. By (2), the generator matrix of H' =
At1+1,070:<A A A A A A A A>

Htﬁ—l,O,O is

01 2 3 4 5 6 7

where A = A":0.0 is the generator matrix of H = H!1:0.0,
Note that H’ can be seen as the union of eight cosets of the 8-
fold replication code of H, (H,H,H,H,H,H,H,H), which

are

CO : (H>H>H7H7HaHaHaH)

Cy:(H,H,H,H,H,H,H,H)+(0,1,2,3,4,5,6,7)

Cy: (H,H,H,H,H,H,H,H) + (0,2,4,6,0,2,4,6)

Cs: (H,H,H,H, H, H,H,H) + (0,3,6,1,4,7,2,5)

Cy: (M H, H, H,H, M1, H,H) + (0,4,0,4,0,4,0,4)

Cs: (H,H,H,H,H,H,H,H) + (0,5,2,7,4,1,6,3)

Co: (H,H,H,H,H,H,H,H)+ (0,6,4,2,0,6,4,2)

Cr:(H,H,H,H,H,H,H,H)+ (0,7,6,5,4,3,2,1)
Note that rank(®(Cp)) = rank(®(H)) = r. Let
{®(g1),...,D(g,)} be a basis of (H). Then, a ba-
sis of (®(Cp)) is {®(g}),...,D(gl)}, where g, =
(gi7giagiagi7gi7 gzagmg’b) for all 7 € {17 oo 7T}- Let w' =

(0,1,2,3,4,5,6,7). By the proof of Proposition 4.2, we
have that <(I)(CO uCyuCyU CG)> = <‘1)(CQ UCyU C4)> =
(P(gh), ..., P(gl), (2w’), ®(M')), where M’ is defined as
in the mentioned proof using 2w’ = (0,2,4,6,0,2,4,6)
instead of v/ = (0, 2,4, 6).

Note that, if u’ € Cs, then v’ = (u,u + 5,u + 2, u +
7,u+4u+lu+6,u+3)=(u,u,uuuuuu)t+w+
(0,4,0,4,0,4,0,4) with u € H. Similarly, if u’ € C7, then
v =(wu+7u+6u+s5u+4u+3u+2u+l)=
(u,u,u,u,u,u,u,u)+3w'+(0,4,0,4,0,4,0,4) withu € H.
Thus, it is easy to see that (®(CoUC; UCoUC3UC,UCsU
C7)) = (P(CouUCLUCyUC5UCY)), by Corollary 3.1. Now,
we will find a basis for (®(CoUC; UC3UCy)) by extending
the given basis for (®(CyUCy UCy)). After that, we will see
that (®(C3)) is linearly dependent of (®(CoUC; UCyUCY)).

Let BQ = {Wl,WQ,...,th,le,...,2Wt174W1,...,
4wy, } be a 2-basis of #H and recall that ord(w;) = 8 for all
i€ {l,...,t1}. Let u € H. We know that u = Z?ill Aib;,
where b; € By is the ith element of By and A; € {0,1}. Let



E:{1§i§3t1:)\i;«éO},Elz{lgiStl
EFltu{l<i<ti:t1+i€ E}U{l1<i<t;:t1+i€ E}
as a multiset, and £y = {1 <i <t :2t1+i € E}. Letu’ =
(u,w,u,u,u,u,u,u) and w; = (W;, W;, W;, W;, W;, W;, W;, W;)
for all ¢ € {1,...,t1}. Let s; be the ith element of the
ordered multiset {w} : ¢ € FE;}. Now, we consider the
element u' + w' € C;. By Corollary 3.1, ®(u’ + w') =
(X icr, Wit W)+ Xicp, P(4w)).
Therefore, by Lemma 3.5, we have that

S

o(u +w) =) O(Aw))+

1€EFR,
1<j<k<p<q
Z B(s; +sj+sp+w)
1<j<k<q
+QU( Z @(Si+Sj+Sk)+

i<j<k<gq

O(s; +sj + sk +sp)+

Z <I>(si+sj—|—w’))
Flo+a)( D B(sits;)+ > Osi+w))
+qo(q0 + q1) Z(I’ )+ ®(w')),

i<q

where ¢ = |E1| + 1 and [qo, g1, . - .]2 is the binary expansion
of g. We know that } ,_, ®(4w;), ®(s; +s; + sk + sp),
O(s; +s; +sk), P(s; +5s;), and P(s;) belong to (P(Cy)).

We will see that ®(u’ +w') — 7, ®(dw;) € (P(Co U
C2) UL ULy ULsU{®(w')}), where L = {®(w] +w'):
1<i<t}U{ORW, +wW):1<i<t} Ly ={BW +
W;——I—Wl) :2<i<j<ti},and Ly = {@(W2+W9—|—
w, +w):2<i<j<k <t} First it is clear that
®(s; + w') € Ly. Now, we consider the terms of the form
A=®(s; +s;+w). If A= P(2w}, + w'), then A € Ly; if
A =31+ w,+w) with 2 <4 < t1, then A € (P(Cp U
C2) U L) by Lemma 3.7; and if A = ®(w]+w’ +w’) with
2<i<j<tp,then A € Ly. Next, we consider the terms of
the form B = ®(s;+s;+s,+w'). If B = 2w +w'+w}),
then B € (®(Cy U C2) U Ly U {®(w')}) by using Lemma
3.6 and taking ®(w, + 2w’ + w}) € ®(C3) as the other
addend in the left-hand side of the equation of the lemma.
If B = <I>(1+W§—|—w;-—|—w’) with 2 <7 < j < t, then
B € (®(CoUC2)UL ULy U{®(w")}) by Lemma 3.7. Finally,
if B = <I>(w§+w§+w}c+w’) with 2 <i < j <k <t
then B € Ls.

The elements of L;, Ly and L3 are linearly independent
from each other. Therefore, the elements of Ly U Lo U L3 U
{®(w’)} are linearly independent and rank({L; U Ly U Lg U
{o(w)}) = 2t; + (") + ("5") + L. Tt is also easy to
see that they are linearly independent from the elements in
< (CO U C’Q U O4)>, SO rank(( (OO U Cl U CQ U O4)>) =
r+ 4t + 2('51 1) + 1+ (tl 1) by Proposition 4.2.

Finally, we will show that (®(CoUC; UCUC3UCY)) =
(B(CoUCLUCUCY)). We consider the element u’ 43w’ €
C3. Again, by Corollary 3.1, ®(u' +3w') = ®(3 .5, Wi +
3wW') + > icp, ®(4w}). Therefore, by Lemma 3.5, we have

that
O(u +3w) = Y P(4w))+
i€FB,

D

1<j<k<p<q—3

2.

1<j<k<q—3
+ > B(sitsj+w +w)+
i<j<q-3

+ 4o Z

i<ji<k<q—3

+ Z P(s; +w +w)+o(w +w +w))

1<g—3
Z O(s; +s5) +

1<j<q—3

> B(si+ W)+ B(W +w))

i<g—3
(D B(si) + (W),

i<qg—3

where ¢ = |E4| + 3. All the addends belong to (®(Co U Cy U
C2UCY)), except the ones of the form ®(w’ +w’ +w') and
®(s; +w' +w' +w’). First, we have that ®(3w’) € (®(CpU
C1 UCyUCy)) by Lemma 3.8. Finally, by using Lemma 3.6
with ®(s; + 2w’ + w') and ®(2s;, + w' + w') € &(Cy), we
have that ®(s; + w' + w' + w') € (®(Co U Cy U Cy U Cy)).
Therefore, the result holds. O

Example 4.3: Let B0 = {&(1),0(2),9(4)}
be a basis of (®(H'1%0)). Then, by the proof
of Proposition 4.3 and the basis of (®(H1Y)),
Bl71’0 = {(b(17 ]‘7 1’ 1)’@(272’2’2)7®(474’4?4)7
®(0,2,4,6), ®(0,4,0,4)}, obtained in Example 4.2, we
have that a basis of (®(H>%)) is

B*%0 = {®(1),®(2), ®(4),9(0,2,4,6,0,2,4,6),
®(0,4,0,4,0,4,0,4),®(w')} UL U Ly U L3,

where w' = (0,1,2,3,4,5,6,7), L1 = {®(1 +w'), (2 +
w)} = {®(1,2,3,4,5,6,7,0),8(2,3,4,5,6,7,0,1)}, and
Ly = Ly = 0. Since the rank of ®(H%0) is 3, we have
that rank(®(H?%9)) = 8.

Lemma 4.1: Let t, k € N. Then,

O(s; + 55 + s +5p)+
D(s; +sj+ sk +w)
Z O(s; +w' +w +w')

i<q—3

O(si+sj+se)+ Y, Blsi+s;+w)
1<j<q—3

QO+Q1

+qo(qo + q1)

Xt: <z> _ - -6

k k+1

i=1

Proof. Straightforward by induction on the integer ¢. |
Corollary 4.1: Let t; be a positive integer. Then,
tt #8352 T

rank(@(H" ) = o — D+ b+ o+ 1

Proof. We know that rank(®(H"Y)) = 3. By applying
Proposition 4.3 recursively, we have that

t1—1

t1—2 .
k000 <4457 103 (1)
=1 =1



(t1 —1) +t§j <;>

Finally, by Lemma 4.1, it is easy to see that the result holds.
O

Corollary 4.2: Let t; and t5 be nonnegative integers with
t1 > 1. Then,

t
rank(®(H'12:0)) = rank(®(H*0)) + é(t% +it1+ta+1).

Proof. By applying Proposition 4.2 recursively, it is easy to
see that

rank(®(H*2:0)) = rank(®(H%0))+

t1—1 to — 1
to | 2t .
2 ( 1+ ( 9 ) + 5 )
Since t2(2t1 + ("5 1) + 252) = 2(t2 +; +t2+ 1), the result
follows. U
Theorem 4.1: Let H = H!1-!2:'3 be a Zg-additive Hadamard

code. Then,

rank(®(H)) =

3512 Tty ta, .,
— + =(t t t 1 t 1.
54 " 19 24+12+2(1+ 1+ta+ 1)+t +

LG

Proof. Straightforward from Proposition 4.1 and Corollar-
ies 4.1 and 4.2. O

V. CLASSIFICATION OF Zg-LINEAR HADAMARD CODES

The classification of the Z,-linear Hadamard codes of length
2¢, for any ¢ > 3, can be established by using either the rank
or the dimension of the kernel [17], [20]. In [13], it is shown
that, in general, for s > 2, the dimension of the kernel is
not enough to establish a complete classification of the Zos-
linear Hadamard codes of length 2¢, for any ¢ > 3. In this
section, we show that for s = 3, a complete classification can
be given by using both invariants: the dimension of the kernel
and the rank, computed in [13] and in the previous section,
respectively.

First, recall that the dimension of the kernel for Zg-linear
Hadamard codes is given by the following result:

Proposition 5.1: [13] Let H = H!'2!3 be a Zg-additive
Hadamard code. If ®(#) is nonlinear, then ker(®(H)) = 1 +
to+t3+ o0y, where oy, =1ift; >2and oy, =2 if t; = 1.

In [13], it is also shown that, in order to obtain a com-
plete classification of nonlinear Zs--linear Hadamard codes of
length 2t it is enough to focus on ¢ > 5, since all Zys-linear
Hadamard codes of length 2! are linear for ¢ < 5. It is also
mentioned in [13] that, at least for any 3 < ¢ < 11, these codes
can be fully classified by using only the values of the rank (see
Table I). Then, this pointed out that, maybe, it was possible
to obtain a complete classification for any ¢ > 5 by using just
this invariant. However, the following example shows us that
both invariants, the rank and the dimension of the kernel, are
necessary in some cases.

Example 5.1: Consider the Zg-linear Hadamard codes of
length 27 = 131072, (t = 17), H?%0 and H*1* By
Theorem 4.1, we have that rank(H?%0) = rank( H*1*) = 47.

However, since ker(H?5%) = 9 and ker(H*'%) = 10 by
Proposition 5.1, they are not equivalent even though they have
the same rank. The rest of 23 nonlinear such codes of length
217 have a different rank, so we have that there are exactly 26
nonequivalent Zg-linear Hadamard codes of length 217.

Although we cannot completely classify the Zg-linear
Hadamard codes by using only the rank, the following result
shows that if two such codes have the same dimension of the
kernel, then their values of the rank are different.

Theorem 5.1: Let 5 < t € Z. Then, for every pair, H?1-t2:t
and H'1'2:%5 | of nonlinear Zs-linear Hadamard codes of length
20 with (n;ty,ta,t3) # (n;t),th,ts) and ker(H!i2!s) =
ker(H'-"2%3), we have that rank(H'1-12%3) £ rank(Ht2%s),

Proof. Let k = ker(H" *23) = ker(H"1*23). By Propo-
sition 5.1, we have that k = ¢; + t5 + t3 + o, . Moreover,
t1+t2+t3+0't1 = k

3t1 4+ 2ty +t3 = t-l—l}
ta = oy —k+t4+1-24
t3 =

t1+2k—20't1 —t—l
By replacing the formulas in (18) into the expression of the
rank, given by Theorem 4.1, we have that

(18)

rank(H'""2'3) = rank(¢,t, k) =

th 3 35t T

24 12 24 12
1
+§(ot1—k+t+1—2t1)(t%+t1+otl—k+t+1—2t1+1)+

t1—|—2]€—20't1—t—1+1,

which is equal to

4 13 . 71 1
rank(t1,t7k) = i*ﬁt‘f (ﬁ+§(tik+atl))t%7
11 3 1
—(=+=(t—k+o, ti+=((t—k+0s, ) +t+k—0y, +2).

122 2

Now, we suppose that rank(H®t2:t3) = rank(H1-%2:%3) for
(n;t1,ta,t3) # (n;t), th, t4) or, equivalently, rank(¢1,¢, k) =
rank(t},t, k) for t; # t}. Without loss of generality, we can
assume that t{ < t;. Note that if ¢{ = t1, then t; = t}, and
t3 = t4, so both codes are equal.

First, we consider that 2 < | < ¢;. In this case, we have
to see that rank(¢y, ¢, k) — rank (¢}, ¢, k) # 0. Since t1,t] > 2,
o, = oy, = 1 and we have that

rank(t1,t, k) — rank(t},t, k) =

tt 13,5 71 1 , 11 3

A R (S —k+ 1)) (=4t —k+ 1))t

50 12 1+(24+2( +1))t; (12+2( +1))t1+
't 13 71 1 11 3

— L (S (= kIR (== (t—k+1)E,.

SYRETR (24+2( +1)) 1+(12+2( +1))t



By using the identity 22 — y? = (z +y)(x — y), we have that

rank(t1,t, k) — rank(t},t, k) =

1

o [(t1 + ) (] + t7) — 26(t] + tath + )+
(t1 +t1)(83 +12(t — k)) — 58 — 36(t — k)| =

1
o7 [(b+8)(E + 17+ 83) — 26(8 + 11t +¢7) — 58+
12(t — k)(t1 +t) — 3)], (19)

which can be written as rank(¢1,¢,k) — rank(¢],¢, k)
flt,80) + (t = k)g(t1,t7), where f(t1,t]) = 1/24[(t
) (83 + 2+ 83) — 26(1F + t1t) + %) — 58] and g(t1,1})
1/2(t1 + ¢} — 3). Note that (¢t — k)g(t1,t}) > 0 for all integer
pairs (t1,t}) € D, where D = {(t1,t}) : 2 <t} < t1}. It is
easy to see that f(¢;,¢7) > 0 for all | > 26, since we can
rewrite this expression in the following form:

|

1 (ty 4+t +E2 (t1+))+83 (k1 +t)) > 26t +26t) (t1+t7)—58,

(20)
and we can observe that t3(t; + t}) > 26t%, t2(t1 + t}) >
26t} (t1 + t}) and 83(¢; +t}) > —58.

Similarly, f(t1,t}) > 0 for all ¢; > 26, considering the left-
hand side of (20) as 26t (t1 +t}) + 26t}2 — 58. Therefore, if
there exists a pair of integers (¢, ;) such that rank(¢y, ¢, k) —
rank(¢},t,k) = 0, this pair has to be in R = {(¢1,t}) : 2 <
t) <ty,t) <26,y <26} CD. Thereare 14+2+---4+23 =
276 pairs (t1,t]) € R, and it can be checked that any of them
is a solution of the equation.

Finally, we consider that 1 = ¢} < ¢;. In this case, we have
to prove that rank(¢1,¢, k) — rank(¢},¢,k) # 0. Then, since
t1 >2and t) =1, 0y, =1, oy =2, and we obtain that

rank(t1,t, k) — rank(1,¢, k) =

13, 711 , 11 3

A R (=R )= (==t —k+ 1))t

YT LR TR LU i ST R AU s
1 ) 1 13 71
U=k 1) +ttk+1)— ot o —

1(t—l~:+2)+E+§(t—k+2)—1((t—k+2)2+t+/~c)

2 122 2 '

By simplifying, we have that

rank(t1,t, k) — rank(1,¢, k) =

1
31 [t] — 26t5 + 83t — 58ty + 12(t — k) (¢ — 3t1)].
Let f(t1,t, k) = rank(¢q,t, k) — rank(1,¢, k). We know that
t—k=2t; +ta—2 > 2t; — 2. Since 12(t — k)(t? —3t1) >0

for t; > 3, we have that f(t;,t,k) > g(t1) = ﬂ[t‘f — 2613 +

83t2 — 58ty +12(2t1 —2)(t3 —3t1)] = i[tl(ti’—%%—l&fl—k
14)]. By computing the zeros of the polynomial ¢(¢;) and
analyzing its behavior, we have that f(¢1,¢,k) > g(t1) > 0
for t; > 5. Therefore, we just need to compute f(t1,t,k)
when ¢ € {2,3,4}. For these cases, we have that

F k) =1—(t—k) =0et—k=1
F3.t,k) =—2
FA k) =2(t—k)—13=0&t— k =13/2.

Note that if ¢t =2, thent —k =t +2 > 2,50t —k # 1.
Therefore, for t1 € {2,3,4}, f(t1,t, k) # 0 and the result
holds. 0

Recall that it is already known that there are |'51]
nonequivalent Z4-linear Hadamard codes of length 2¢, ¢t > 3
[17]. Now, we establish how many nonequivalent Zg-linear
Hadamard codes of length 2! there are, once the length 2°
if fixed, for ¢ > 5. In [13], some upper and lower bounds
are given for certain values of {. By Theorems 4.1 and 5.1,
we know that if H'1:!2t and H'i-t2:% are nonlinear Zs-
linear Hadamard codes of the same length with (¢1,t2,t3) #
(t},t5,t5), then their corresponding pairs, (r, k), where r is
the rank and % is the dimension of the kernel, are different.
Then, we have the following result:

Theorem 5.2: Let A; 3 be the number of nonequivalent Zg-
linear Hadamard codes of length 2¢. Then, for any ¢ > 5,

L(t+1)/3] .
A= ||+ #J - b
=1
Proof. In [13, Theorem 5.3], an upper bound is given for the
amount of different nonequivalent Zos-linear Hadamard codes
for any t > 3 and 2 < s < ¢t — 1. In particular, when s = 3,
we have the following bound:

Ap s <
H(t,to,t3) € N® it =3t + 29 +t3 — 1, t1 > 1} — 1.

By Theorems 4.1 and 5.1, we know that this bound is tight.
Therefore, we just have to see that

H(t1,ta,t3) €Nt =3t + 2y +t3—1, t; > 1} =

V+1 LErL)/3) t+1—3z’J

3 + ; 2
=1
This means that we need to compute the amount of different
solutions, (¢1,ts,t3), of the equation ¢ = 3t 4 2t5 + t3 — 1
with ¢; > 1.
It is easy to see that 1 < t; < . Once the
value of ¢; is fixed, we can see that ¢ is bounded by
t+1— 3t
0<ty < | —F—
there is a unique value for ¢3. Then, the amount of different

solutions of ¢t = 3t +2t5+t3 —1 with ¢; > 1, or equivalently
[{(t1,t2,t3) € N3 1t =3ty + 2ty +t3 — 1, t; > 1}, is

t+1

J. Note that, once ¢; and t, are fixed,

e ) -



so the result holds. U

Example 5.2: Table I shows all possible values of (¢, o, t3)
for which there exists a nonlinear Zg-linear code H'':!2:ts of
length 2! for 5 < ¢ < 11, together with the values of (r, k),
where r is the rank and k the dimension of the kernel. Since
for these values of ¢ the rank gives a complete classification,
the value of A; 3 obtained from Theorem 5.2 coincides with
the number of different (¢1,¢2,t3) in the second column of
the table, increased by one to add also the Zg-linear code that
is linear.

(t1,t2,t3)  (r,k) | Ay3
T= (2,0,0) 8.3) 2
(1,2,0) (8,5)
=0 oy o | 3
(1,2,1) (9,6)
t=7 (2,0,2) (10,5 4
(2,1,0)  (12.4)
(1,2,2) (10,7
(1,3,0) (12,6)
t=8 (2,0,3)  (11,6) 6
(2,1,1) (13,5)
(3,0,0) (174
(1,2,3) (119
(1,3,1) (13,1
2,0,4 (12,7)
t=9 §2, 1,23 (14,6) 7
(2,2,0) (175
(3,0,1) (18,5
(1,2,4) (12,9)
(1,3,2) (14,8)
(1,4,0)  (17.7)
_ (2,0,5) (13,8)
=0 2 asy | Y
(2,2,1)  (18.6)
(3,0,2)  (19,6)
(3,1,0) (24,5)
(1,2,5)  (13.10)
(1,3,3) (15,9)
(1,4,1)  (18.8)
(2,0,6) (14,9)
_ (2,1,4) (16,8)
P=IL (2220 o | M
(2,3,0)  (23.6)
(3,0,3) (20,7)
(3,1,1) (25,6)
(4,0,0) (329
Table T

TYPE, RANK AND DIMENSION OF THE KERNEL FOR ALL NONLINEAR
Zg-LINEAR HADAMARD CODES OF LENGTH 2t FOR 5 <t<11.

VI. CONCLUSIONS

The Z4-linear Hadamard codes can be classified by using
just one of the invariants, the rank or the dimension of the
kernel [17], [20]. In general, for Zs--linear Hadamard codes
of length 2¢, the kernel and its dimension were studied in [13],
where it was also proved that this invariant is not enough
to obtain a full classification of these codes, once s and ¢
are fixed. In this paper, we focus on s = 3. We study the
rank of the Zg-linear Hadamard codes of length 2¢, and also
give an explicit construction of the linear independent vectors
that generate the span. Through Example 5.1, we observe
that the rank, by itself, is not enough to obtain a complete
classification. However, we prove that it is really possible by
using both of them, the rank and dimension of the kernel. We
also provide the amount of nonequivalent Zg-linear Hadamard

codes of length 2! for a given ¢. It would be interesting to
generalize these results to any s > 4, or prove that it is
necessary to consider other invariants to classify such codes.
Another further research on this topic would be to fix only the
parameter ¢ and find the number of nonequivalent Zs:-linear
Hadamard codes having the same length 2¢. In this sense, it
is already proved that there are Z4-linear codes which are
equivalent to a Zg-linear Hadamard code [13].
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