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Abstract

A distributed binary hypothesis testing (HT) problem involving two parties, one referred to as the observer and
the other as the detector is studied. The observer observes a discrete memoryless source (DMS) and communicates
its observations to the detector over a discrete memoryless channel (DMC). The detector observes another DMS
correlated with that at the observer, and performs a binary HT on the joint distribution of the two DMS’s using its
own observed data and the information received from the observer. The trade-off between the type I error probability
and the type II error-exponent of the HT is explored. Single-letter lower bounds on the optimal type II error-exponent
are obtained by using two different coding schemes, a separate HT and channel coding scheme and a joint HT and
channel coding scheme based on hybrid coding for the matched bandwidth case. Exact single-letter characterization
of the same is established for the special case of testing against conditional independence, and it is shown to be
achieved by the separate HT and channel coding scheme. An example is provided where the joint scheme achieves

a strictly better performance than the separation based scheme.

I. INTRODUCTION

[ Given data samples, statistical hypothesis testing (HT) deals with the problem of ascertaining the true assumption,
that is, the true hypothesis, about the data from among a set of hypotheses. In modern communication networks
(like in sensor networks, cloud computing and Internet of things (IoT)), data is gathered at multiple remote nodes,
referred to as observers, and transmitted over noisy links to another node for further processing. Often, there is
some prior statistical knowledge available about the data, for example, that the joint probability distribution of the
data belongs to a certain prescribed set. In such scenarios, it is of interest to identify the true underlying probability
distribution, and this naturally leads to the problem of distributed HT over noisy channels. The simplest case of such
a scenario is depicted in Fig. [T} where there is a single observer and two possibilities for the joint distribution of the
data. The observer observes k independent and identically distributed (i.i.d) data samples U*, and communicates its
observation to the detector by n uses of the DMC, characterized by the conditional distribution Py x. The detector

performs a binary hypothesis test on the joint distribution of the data (U*, V*) to decide between them, based on
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Fig. 1: Distributed HT over a DMC.

the channel outputs Y™ as well as its own observations V*. The null and the alternate hypothesis of the hypothesis

test are given by

H(UF,VE) ~ HPUV, (la)

and

(U V) ~ HQUV, (1b)

respectively. Our goal is to characterize the optimal exponential rate of decay of the type II error probability
asymptotically, known as the type II error-exponent (henceforth, also referred to as error-exponent) for a prescribed
constraint on the type I error probability for the above hypothesis test.

In the centralized scenario, in which the detector performs a binary hypothesis test on the probability distribution
of the data it observes directly, the optimal error-exponent is characterized by the well-known lemma of Stein
[1] (see also [2]]). The study of distributed statistical inference under communication constraints was conceived by
Berger in [3]. In [3], and in the follow up literature summarized below, communication from the observers to the
detector are assumed to be over rate-limited error-free channel. Some of the fundamental results in this setting for
the case of a single observer was established by Ahlswede and Csiszér in [4]]. They obtained a tight single-letter
characterization of the optimal error-exponent for a special case of HT known as testing against independence (TAI),
in which, Quyv = Py x Py . Furthermore, the authors established a lower bound on the optimal error-exponent for
the general HT case, and proved a strong converse result, which states that the optimal achievable error-exponent is
independent of the constraint on the type I error probability. A tighter lower bound for the general HT problem is
established by Han [5]], which recovers the corresponding lower bound in [4]. Han also considered complete data
compression in a related setting where either U, or V, or both (also referred to as two-sided compression setting)
are compressed and communicated to the detector using a message set of size two. It is shown that, asymptotically,
the optimal error-exponent achieved in these three settings are equal. In contrast, a single-letter characterization of
the optimal error-exponent for even the TAI with two-sided compression and general rate constraints remains open
till date. Shalaby et al. [|6] extended the complete data compression result of Han to show that the optimal error-
exponent is not improved even if the rate constraint is relaxed to that of zero-rate compression (sub-exponential
message set with respect to blocklength k). Shimokawa et al. [[7] obtained a tighter lower bound on the optimal
error-exponent for general HT by considering quantization and binning at the encoder along with a minimum

empirical-entropy decoder. Rahman and Wagner [8] studied the setting with multiple observers, in which, they



showed that for the case of a single-observer, the quantize-bin-test scheme achieves the optimal error-exponent for
testing against conditional independence (TACI), in which, V' = (E, Z) and Qurz = PyzPg|z. Extensions of the
distributed HT problem has also been considered in several other interesting scenarios involving multiple detectors
[9]l, multiple observers [10], interactive HT [11], [[12]], collaborative HT [13]], HT with lossy source reconstruction
[14], HT over a multi-hop relay network [[16]], etc., in which, the authors obtain a single-letter characterization of
the optimal error-exponent in some special cases.

While the works mentioned above have studied the unsymmetric case of focusing on the error-exponent for a
constraint on the type I error probability, other works have analyzed the trade-off between the type I and type II
error probabilities in the exponential sense. In this direction, the optimal trade-off between the type I and type II
error-exponents in the centralized scenario is obtained in [17]]. The distributed version of this problem is first studied
in [18], where inner bounds on the above trade-off are established. This problem has also been explored from an
information-geometric perspective for the zero-rate compression scenario in [[19] and [20], which provide further
insights into the geometric properties of the optimal trade-off between the two exponents. A Neyman-Pearson like
test in the zero-rate compression scenario is proposed in [21]], which, in addition to achieving the optimal trade-off
between the two exponents, also achieves the optimal second order asymptotic performance among all symmetric
(type-based) encoding schemes. However, the optimal trade-off between the type I and type II error-exponents for
the general distributed HT problem remains open. Recently, an inner bound for this trade-off is obtained in [22],
by using the reliability function of the optimal channel detection codes.

In contrast, HT in distributed settings that involve communication over noisy channels has not been considered
until now. In noiseless rate-limited settings, the encoder can reliably communicate its observation subject to a rate
constraint. However, this is no longer the case in noisy settings, which complicates the study of error-exponents
in HT. Since the capacity of the channel Py |y, denoted by C(Py|x), quantifies the maximum rate of reliable
communication over the channel, it is reasonable to expect that it plays a role in the characterization of the
optimal error-exponent similar to the rate-constraint 12 in the noiseless setting. Another measure of the noisiness
of the channel is the so-called reliability function E(R, Py|x) [23|], which is defined as the maximum achievable
exponential decay rate of the probability of error (asymptotically) with respect to the blocklength for message rate
of R. It appears natural that the reliability function plays a role in the characterization of the achievable error-
exponent for distributed HT over a noisy channel. Indeed, in Theorem [2] given below, we provide a lower bound
on the optimal error-exponent that depends on the expurgated exponent at rate R, E,(R, Py|x ), which is a lower
bound on E(R, Py|x) [24]. However, surprisingly, it will turn out that the reliability function does not play a role
in the characterization of the error-exponent for TACI in the regime of vanishing type I error probability constraint.

The goal of this paper is to study the best attainable error-exponent for distributed HT over a DMC with a single
observer and obtain a computable characterization of the same. Although a complete solution is not to be expected
for this problem (since even the corresponding noiseless case is still open), the aim is to provide an achievable
scheme for the general problem, and to identify special cases in which a tight characterization can be obtained. In
the sequel, we first introduce a separation based scheme that performs independent hypothesis testing and channel

coding, which we refer to as the separate hypothesis testing and channel coding (SHTCC) scheme. This scheme



combines the Shimokawa-Han-Amari scheme [[7], which is the best known coding scheme till date for distributed
HT over a rate-limited noiseless channel, with the channel coding scheme that achieves the expurgated exponent
[24] 23] of the channel along with the best channel coding error-exponent for a single special message. The channel
coding scheme is based on the Borade-Nakiboglu-Zheng unequal error-protection scheme [25]]. As we show later,
the SHTCC scheme achieves the optimal error-exponent for TACI.

Although the SHTCC scheme is attractive due to its modular design, joint source channel coding (JSCC) schemes
are known to outperform separation based schemes in several different contexts, for example, the error exponent
for reliable transmission of a source over a DMC [26], reliable transmission of correlated sources over a multiple-
access channel [27], etc., to name a few. While in separation based schemes coding is usually performed by first
quantizing the observed source sequence to an index, and transmitting the channel codeword corresponding to that
index (independent of the source sequence), JSCC schemes allow the channel codeword to be dependent on the
source sequence, in addition to the quantization index. Motivated by this, we propose a second scheme, referred to
as the joint HT and channel coding (JHTCC) scheme, based on hybrid coding [28|] for the communication between
the observer and the detector.

Our main contributions can be summarized as follows.

(i) We propose two different coding schemes (namely, SHTCC and JHTCC) for distributed HT over a DMC, and

analyze the error-exponents achieved by these schemes.
(i) We obtain an exact single-letter characterization of the optimal error-exponent for the special case of TACI
with a vanishing type I error probability constraint, and show that it is achievable by the SHTCC scheme.
(iii)) We provide an example where the JHTCC scheme achieves a strictly better error-exponent than the SHTCC
scheme.

The rest of the paper is organized as follows. In Section [[I} we introduce the notations, detailed system model
and definitions. Following this, we introduce the main results in Section and The achievable schemes are
presented in Section |lII] and the optimality results for special cases are discussed in Section Finally, Section

concludes the paper.

II. PRELIMINARIES
A. Notations

Random variables (r.v.’s) are denoted by capital letters (e.g., X), their realizations by the corresponding lower
case letters (e.g., x), and their support by calligraphic letters (e.g., X). The cardinality of a finite set X is denoted
by |X|. The set of all probability distributions on alphabet X is denoted by Px. Similar notations apply for set of
conditional probability distributions, e.g., Pyx. X —Y — Z denotes that X, Y and Z form a Markov chain. For
m € ZT, X™ denotes the sequence X1, ..., X,,. Following the notation in [23]], for a probability distribution Px
onrv. X, Tp! and T@X]E (or T&]é) denote the set of sequences ™ € X" of type Px and the set of Px-typical
sequences, respectively. The set of all possible types of sequences of length m with alphabet X is denoted by 7",

and U,,¢cz+Ty" is denoted by 7. Similar notations apply for pair’s and other larger combinations of r.v.’s, e.g.,

T I Is? 7}'3,, Txy, etc.. The standard information theoretic quantities like Kullback-Leibler (KL) divergence

Pxy *[Pxy



between distributions Py and () x, the entropy of X with distribution Py, the conditional entropy of X given Y
and the mutual information between X and Y with joint distribution Pxy, are denoted by D(Px||@x), Hpy (X),
Hp,, (X|Y) and Ip,, (X;Y), respectively. When the distribution of the r.v.’s involved are clear from the context,
the last three quantities are denoted simply by H(X), H(X|Y) and I(X;Y), respectively. Given realizations

X™=2a™and Y™ = y™, H.(z™|y™) denotes the conditional empirical entropy defined as
H€($m|ym) = HPX{/(XD})? 2)

where P denote the joint type of (z™,3™), and := represents equality by definition (throughout this paper). For
a € R, [a] denotes the set of integers {1,2,...,[a]}. All logarithms considered in this paper are with respect
to the base e unless specified otherwise. For any set G, G denotes the set complement. ay (k—)> b represents
limg_,o ar = b. Similar notations are used for inequalities that hold asymptotically, e.g., , ax (? b, denotes
limg 00 ar > b. P(E) denotes the probability of event £. For functions f; : A — B and fo : B — C, fao fi
denotes function composition. Finally, 1(-) denotes the indicator function, and O(-) and o(-) denote the standard

asymptotic notation.

B. Problem formulation
All the r.v.’s considered henceforth are discrete with finite support. Unless specified otherwise, we will denote
the probability distribution of a r.v. Z under the null and alternate hypothesis by Pz and @y, respectively. Let
k,n € ZT be arbitrary. The encoder (at the observer) observes U k and transmits codeword X" = f (’f’”)(U ’“),
where (%) : (fk — X™ represents the encoding function (possibly stochastic). Let 7 := % denote the bandwidth
ratio. The channel output Y” is given by the probability law
Pynixn(y"|z") = H Py x (yjlz;), (3)
j=1
i.e., the channels between the observers and the detector are independent of each other and memoryless. Depending
on the received symbols Y™ and its own observations V¥, the detector makes a decision between the two hypotheses
Hy and H; given in (I). Let H € {0,1} denote the actual hypothesis and He {0,1} denote the output of the
hypothesis test, where 0 and 1 denote Hy and Hj, respectively, and Ay, ) € V" ¥ V¥ denote the acceptance region
for Hy. Then, the decision rule g(®™) : Y™ x V¥ — {0,1} is given by

g (1" %) = 1= (") € Agm).
Let

o (k,n,fw),g(k,n)) =1 — Pyoys (Agm)

and ﬁ (ka n, f(kﬁn)vg(k)n)) = QY”V’“ (A(k,n)) )

denote the type I and type II error probabilities for the encoding function f(*) and decision rule g%, respectively.



Definition 1. An error-exponent r is (7,€) achievable if there exists a sequence of integers k, corresponding

sequences of encoding function f%7%) and decision rules ¢"*"%) such that ny, < 7k, ¥ k,

—1
lim inf — log (5 (k,nk, Flene) g(k’”’“))> >k, (42)
k—oo Kk
and lim sup « (k, ng, f(k’”’“),g(k’”’“)) <e. (4b)
k—o0
For (1,¢) € RT x [0, 1], let
k(7€) :=sup{r’ : k" is (7, €) achievable}. (5)

We are interested in obtaining a computable characterization of x(7,€).

It is well known that the Neyman-Pearson test [29]] gives the optimal trade-off between the type I and type II
error probabilities, and hence, also between the error-exponents in HT. It follows that the optimal error-exponent
for distributed HT over a DMC is achieved when the channel-input X™ is generated correlated with U* according
to some optimal conditional distribution Pxn ¢+, and the optimal Neyman-Pearson test is performed on the data
available (both received and observed) at the detector. It can be shown, similarly to [4, Theorem 1], that the optimal
error-exponent for vanishing type I error probability constraint is characterized by the multi-letter expression (see
[30]) given by
. 1
6151(1) k(T,€) = B seu};)j —D (Pynye||Qynyr) . (6)

xn|uk xn|uks

kn € ZT, n<tk
However, the above expression does not single-letterize in general, and hence, is intractable as it involves optimiza-
tion over large dimensional probability simplexes when k and n are large. Moreover, the encoder and the detector
of a scheme achieving the error-exponent given in (6) would be computationally complex to implement from a
practical viewpoint. Consequently, we establish two computable single-letter lower bounds on (7, ¢€) in the next

section by using the SHTCC and JHTCC schemes.

III. ACHIEVABLE SCHEMES

In [7]], Shimokawa et al. obtained a lower bound on the optimal error-exponent for distributed HT over a rate-
limited noiseless channel by using a coding scheme that involves quantization and binning at the encoder. In this
scheme, the typ of the observed sequence U* = u* is transmitted by the encoder to the detector, which is useful
to improve the performance of the hypothesis test. In fact, in order to achieve the error-exponent proposed in [7]],
it is sufficient to send a message indicating whether U is typical or not, rather than sending the exact type of U*.
Although it is not possible to get perfect reliability for messages transmitted over a noisy channel, intuitively, it is
desirable to protect the typicality information about the observed sequence as reliably as possible. Based on this
intuition, we next propose the SHTCC scheme that performs independent HT and channel coding and protects the

message indicating whether U is typical or not, as reliably as possible.

ISince the number of types is polynomial in the blocklength, these can be communicated error-free at asymptotically zero-rate.



A. SHTCC Scheme:

In the SHTCC scheme, the encoding and decoding functions are restricted to be of the form f(*") = fc(k’") o fﬁk)

and g(k,n) —_ ggk) Oggk’”)

index M = fs(k)(Uk) and the channel encoder £ : M — € = {X"(5), j € [0 : [eFF]]} generates the

, respectively. The source encoder f&gk) ‘U — M = {0,1,---,[e*E]} generates an

channel-input codeword X" = fc(k’")(M ). Note that the rate of this coding scheme is % = £ bits per channel

use. The channel decoder gy“") : Y* — M maps the channel-output Y™ into an index M = gﬁ’“") (Y™), and

g M x VE {0,1} outputs the result of the HT as H = ggk)(M, Vk). Note that Flkm) depends on U* only
through the output of f§k)(U k) and ggk’") depends on V* only through Y. Hence, the scheme is modular in the

sense that ( fék’”), ggk’")) can be designed independent of ( fﬁk), ggk)). In other words, any good channel coding

scheme may be used in conjunction with a good compression scheme. If U* is not typical according to Py, S(k)
outputs a special message, referred to as the error message, denoted by M = 0, to inform the detector to declare

H = 1. There is obviously a trade-off between the reliability of the error message and the other messages in channel
coding. The best known reliability for protecting a single special message when the other messages M € [e"F]
of rate R, referred to as ordinary messages, are required to be communicated reliably is given by the red-alert
exponent in [25]]. The red-alert exponent is defined as
En(R, Pyx) = pymax Z Ps(s) D (Py|s—s||Py|x=s) - @)
I(X;Y|S)=R, S€S
S—-X-Y
Borade et al.’s scheme uses an appropriately generated codebook along with a two-stage decoding procedure. The
first stage is a joint-typicality decoder to decide whether X™(0) is transmitted, while the second stage is a maximum-
likelihood decoder to decode the ordinary message if the output of the first stage is not zero, i.e., M # 0. On
the other hand, it is well-known that if the rate of the messages is R, a channel coding error-exponent equal to
E.(R, Py|x) is achievable, where

1

E.(R, Py|x) = maxmax § —p R —p log ZPX(@“)PX@) (Z \/PY|X(ZJ|$)PY|X(?J|5?)> , (8

pz1
Yy

is the expurgated exponent at rate R [24] [23]. Let

En(Psx, Py|x) = ZPS(S) D (Py|s=sl|Py|x=s) , )
sES

where, S=X and S — X — Y, and

E.(R, Psx, Py|x)

= max § —p R —p log Z Ps(s)Px s (z]s)Px|s(Z]s) <Z \/PYX(ylx)PYX(ylj)> ”

Although Borade et al.’s scheme is concerned only with the reliability of the special message, it is not hard to see

using the technique of random-coding that for a fixed distribution Pgx, there exists a codebook C , and encoder and



decoder as in Borade et al.’s scheme, such that the rate is 0 < R < I(X;Y|S) and the special message achieves a
reliability equal to F,,,(Psx, Py|x ), while the ordinary messages achieve a reliability equal to E,(R, Psx, Py|x)-
Note that E,,(Psx, Py|x) and E,(R, Psx, Py|x) denote Borade et al’s red-alert exponent and the expurgated
exponent with fixed distribution Pgx, respectively, and that both are inter-dependent through Psx. Thus, varying
Psx provides a trade-off between the reliability for the ordinary messages and the special message. We will use
Borade et al.’s scheme for channel coding in the SHTCC scheme, such that the error message and the other messages
correspond to the special and ordinary messages, respectively. The SHTCC scheme will be described in detail in
Appendix [Al We next state a lower bound on k(7 €) that is achieved by the SHTCC scheme. For brevity, we will use
the shorter notations C, E,(Psx) and E, (R, Psx) instead of C(Py|x ), Ewn(Psx, Py|x) and E,(R, Psx, Py|x),

respectively.

Theorem 2. For 7 > 0, k(7,€) > k4(T), ¥V € € (0,1], where

Ks(T)

= sup min { By (Pwv), E2(Pwv,Psx,7), Es(Pwu,Psx,7), Es(Pwu, Psx,7)}, (10)
(Pw|u,Psx,R)
€ B(7,Py|x)

where

(Pwu, Psx,R): S=2&, Puvwsxy (Pwv, Psx) := Puv PwuPsx Py|x,
B (7, Py|x) = ) (1)
Ip(U;W|V) <R <1Ip(X;Y]S)

Ey(Pwy) = min D(Pyyy |1 Quvw), (12)

Pgyw €T (Puw,Pvw)

E2(PW\U7PSX5R)

PoowerPow,Pv) D(PopwllQuvw) + R — Ip(U; W|V), if Ip(U;W) > R,

= (13)
00, otherwise,
E3(Pwu, Psx, R, T)
. Pﬁvwegi(r}’uwfv) D(PypwllQuvw) + R—Ip(U;W|V) + 7E, (£, Psx) ,if Ip(U; W) > R, a4
Pavwe%ﬁ(rll’uw,Pv) D(PyiwllQuvw) + Ip(V; W) + 7E, (£, Psx) otherwise,
D(Pv||Qv)+ R —Ip(U;W|V) + TEn (Psx), if Ip(U; W) > R,
E4<PW|U7PSX7R77—) = (15)
D(Py||Qv) +1p(V;W) + 7E,, (Psx), otherwise,

Quvw = Quv Pw|u,

Ti(Puw, Pvw) := {Pgiyw € Tuvw : Pow = Pow, Ppyw = Pvwl,



To(Puw, Py) := {Pgow € Tovw : Payi, = Puw, Py = Py, HW|V) > Hp(W|V)},

T3(Puw, Pv) := {Pyyw € Tuvw : Pyyw = Puw, Py = Py}

The proof of Theorem |2[is given in Appendix Although the expression k(7) in Theorem [2| appears com-
plicated, the terms Ey(Py ) to E4(Pw|u, Psx, R, 7) can be understood to correspond to distinct events that
can possibly lead to a type II error. Note that E(Py ) and Es(Py |y, Psx, R) are the same terms appearing
in the error-exponent achieved by the Shimokawa et al.’s scheme [7] for the noiseless channel setting, while
E3(Pw\u, Psx, R, 7) and E4(Pyw v, Psx, R, ) are additional terms introduced due to the noisiness of the chan-
nel. E3(Pw v, Psx, R, 7) corresponds to the event when M # 0, M # M and ggk)(M, Vk) = 0, whereas
E4(Pw\u, Psx, R,7) is due to the event when M = 0, M # M and ggk)(M, Vk) = 0. Note that, in general,
E,,(Psx) can take the value of co and when this happens, the term 7F,, (Psx) becomes undefined for 7 = 0. In

this case, we define 7E,, (Psx) := 0.

Remark 3. In the SHTCC scheme, although we use Borade et al’s scheme for channel coding, that is concerned
specifically with the protection of a special message when the ordinary message rate is R, any other channel
coding scheme with the same rate can be employed. For instance, the ordinary message can be transmitted with
an error-exponent equal to the reliability function E(R, Py|x) [23] of the channel Py|x at rate R, while the
special message achieves the maximum reliability possible subject to this constraint. However, it should be noted
that a computable characterization of neither E(R, Py|x) (for all values of R) nor the associated best reliability

achievable for a single message is known in general.

Remark 4. Similarly to the zero-rate compression scenario considered in [3|] for the case of a rate-limited noiseless
channel, it is possible to achieve an error-exponent of ko (7) in general by using a one-bit communication scheme
(see [30]), where

D(Pv||Qv) , if =0,

Ko(T) = (16)
min {By, 7E. + D(Py||Qv)}, otherwise.

Here,

Bo = Po(Pu, Py, Quv) = min  D(Pyy||lQuv), (17
P["]:PU[,]VF;"/:PV

and EC = EC(PY|X) = D(PY\X:a||PY\X:b)7 (18)
where a and b denote channel input symbols that satisfy

(a,b) = argmax D(Py|x—||Py|x=a)- (19)
(z,2")EX XX

Note that By denotes the optimal error-exponent for distributed HT over a noiseless channel, when the communi-

cation rate-constraint is zero [15] [06]].

In [30], it is shown that the one-bit communication scheme mentioned in Remark [Z_f] achieves the optimal error-



exponent for HT over a DMC, i.e., when the detector has no side-information. Moreover, it is also proved that
optimal error-exponent is not improved if the type I error probability constraint is relaxed; and hence, strong converse
holds. In the limiting case of zero channel capacity, i.e., C(Py|x) = 0, it is intuitive to expect that communication
from the observer to the detector does not improve the achievable error-exponent for distributed HT. In Appendix
below, we show that this is indeed the case in a strong converse sense, i.e., the optimal error-exponent depends
only on the side-information V*, and is given by D(Py||Qv ), for any constraint ¢ € (0,1) on the type I error
probability. This is in contrast to the zero-rate compression case considered in [5]], where one bit of communication
between the observer and detector can achieve a strictly positive error-exponent, in general.

The SHTCC schemes introduced above performs independent HT and channel coding, i.e., the channel encoder

c(k’") neglects U* given the output M of source encoder fs(k), and ggk) neglects Y™ given the output of the channel

decoder gﬁk’n). The following scheme ameliorates these restrictions and uses hybrid coding to perform joint HT

and channel coding.

B. JHTCC Scheme

Hybrid coding is a form of JSCC introduced in [28] for the lossy transmission of sources over noisy networks.
As the name suggests, hybrid coding is a combination of the digital and analog (uncoded) transmission schemes.
For simplicit we assume the matched-bandwidth scenario, i.e., K = n (7 = 1). In hybrid coding, the source U™
is first mapped to one of the codewords W™ within a compression codebook. Then, a symbol-by-symbol function
(deterministic) of the W™ and U™ is transmitted as the channel codeword X™. This procedure is reversed at the
decoder, in which, the decoder first attempts to obtain an estimate W™ of Wn using the channel output Y™ and
its own correlated side information V™. Then, the reconstruction U™ of the source is obtained as a symbol-by-
symbol function of the reconstructed codeword, Y™ and V™. In this subsection, we propose a lower bound on the
optimal error-exponent that is achieved by a scheme that utilizes hybrid coding for the communication between the
observer and the detector, which we refer to as the JHTCC scheme. Post estimation of ﬁ/", the detector performs
the hypothesis test using ﬁ/", Y™ and V", instead of estimating U™ as is done in JSCC problems. We will in
fact consider a slightly generalized form of hybrid coding in that the encoder and detector is allowed to perform
“time-sharing” according to a sequence S™ that is known a priori to both parties. Also, the input X" is allowed
to be generated according to an arbitrary memoryless stochastic function instead of a deterministic function. The
JHTCC scheme will be described in detail in Appendix [B| Next, we state a lower bound on k(7 €) that is achieved
by the JHTCC scheme.

2For the case 7 # 1, as mentioned in [28], we can consider hybrid coding over super symbols U k" and X™", where k* and n* are some
integers satisfying the constraint n* < 7k*. This amounts to enlarging the source and side-information r.v.’s alphabets, and thus results in a
harfie.r optimi;at?on problem over Fhe C(?nditional probability distributi(?ns PW| Uk* g and PX"* |UR* ST given in Theorem E} However, we
omit its description since the technique is standard and only adds notational clutter.
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Theorem 5. k(1,¢) > ky, Ve € (0,1], where

fin =SB min {EQ(P& Pywuss Pxjusw)s Ea(Ps, Pwus, Pxjusw)s
h
Eé(P57PW|USaPX’\U57PX|USW)}7 (20)
3 b = (Ps, P s, Pxrjus: Pxjusw) : [p(U; W|S) < Io(W;Y,V|S), X' = X,
ho= ,
Pyvswxxy (Ps, Piwus: Pxijus: Pxjusw) = Puv Ps Py usPxus Pxjusw Prix
E1 (Ps, Pijus, Pxusw) = min D (Pz?\"/évi/{/HqusWy) ; (21)
Pyyswy €T (Pusw Pvswy)
By (Ps, Pwjus, Pxjusw) := min D (PUVSWY/HQUVSWY)
Pyyswy €T3 (Pusw Pyswy)

+ (Wi V,Y|S) = I:(U; W|S), (22)
E3 (Ps, Py us, Pxjus, Pxjusw) = D(Pysy||Qvsy) + I:(W;V,Y|S) — I:(U; W|S), (23)
Quvswx xv(Ps: Pijus: Pxus: Pxjusw) = Quv PsPiirjusPx:jus Pxjusw Prix (24)
Quvsx xy(Ps, Pxus) = QuvPsPxusl(X = X') Py x, (25)

H(WI|V,8,Y) > Hp(W|V,S,Y)}.

The proof of Theorem [3]is given in Appendix [B] The different factors inside the minimum in (20) can be intuitively
understood to be related to the various events that could possibly lead to a type 2 error. More specifically, let the
event that the encoder is unsuccessful in finding a codeword W™ in the quantization codebook that is typical
with U™ be referred to as the encoding error, and the event that a wrong codeword wr (unintended by the
encoder) is reconstructed at the detector be referred to as the decoding error. Then, E{(Ps, Py us, Pxjusw) 18
related to the event that neither the encoding nor the decoding error occurs, while E}(Ps, Py us, Pxjusw) and
E3(Ps, Py us, Pxrjus, Pxjusw) are related to the events that only the decoding error and both the encoding and

decoding errors occur, respectively. From Theorem [2] and Theorem [5] we have the following corollary.
Corollary 6.
k(1,€) > max {rp, rs(1)}, Ve € (0,1]. (26)

It is well-known that in the context of JSCC, hybrid coding recovers separate source-channel coding as a special
case [28]. It is also known that hybrid coding, of which uncoded transmission is a special case, strictly outperforms
separation based schemes in certain multi-terminal settings [27]. Below, we provide an example where the error-

exponent achieved by the JHTCC scheme is strictly better than that achieved by the SHTCC scheme, i.e., kp, > ks(1).
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Example 1. Let Y =V =X =Y ={0,1} and Py = Qu = [0.5 0.5]. Let

1-po Do l-p1 m 1-q¢ ¢
Py = Qv = , and Py x = ;
Po 1 —po D1 1—p q 1-—g¢q

where ¢ = 0.2, py = 0.8 and p; = 0.25. For this example, we have rj > 0.3244 > 0.161 > r4(1).
Proof: Note that P,y = Qv = [0.5 0.5], and
Ho(VIW) > Hp(VIW) = Hp(VIW), V=V &1, (27)

for any W that satisfies V — U — WV, since

1-po Do
Pruv=1 B
Do 1 —po
with pp = 0.2 < p;. Then, the lower bound (1) simplifies as
ks(l) = sup min{ By (Pwv), E2(Pw v, Psx, R), E3(Pwu, Psx, R,1)}. (28)
(Pw|u,Psx,R)

€ B(1,Pyx)

To see this, consider an arbitrary (Py v, Psx, R) € B(1, Py|x). We have

Ey (P = i D(Provi , 29
1( W‘U) PU\“/WETIE(I})?JW7PVW) ( UVWHQUVW) ( )

R—Ip(U;W|V), if Ip(U; W) > R,
E2(PW\U7PSX7R) = (30)
00, otherwise,

R—Ip(U;W|V) + E, (R, Psx),  if Ip(U;W) > R,
E3(PW\U7PSX7R71) = (3])
Ip(V; W)+ E, (R, Psx), otherwise,
since Quvw € T2(Puw, Pv) N T3(Pyw, Pv), which follows from (27), Pyw = Quw and Py = Qy. This in
turn implies that

PooweraPow.pv) DPopwlQuvw) = b, ePribow.pv) D(Pypwl|Quvw) = 0. (32)

Also, we have

R~ Ip(U;W|V) + Ep, (Psx), if Ip(U;W) > R,
E4(PW\U7PSX5R71) = (33)
Ip(V;W) 4+ E,, (Psx), otherwise,
Z E3(PW\U7PSX7R71)a (34)

since E,,(Psx) > E. (R, Psx) (the reliability of a special message in Borade et al.’s scheme is at least as

good as that of an ordinary message), which implies (28). Given that (28) holds, |S| can be taken to be equal
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to 1, and Px can be chosen to be the capacity achieving channel input distribution (Px(0) = Px(1) = 0.5)
which maximizes F, (R, Psx) (for any R) (see [24] and [23} Exercise 10.26]) without loss of generality. Hence,
Ip(X;Y) = C(Pyx) =1— hy(q).

Let r := h, "(Hp(U|W)) = h, '(Hg(U|W)), where h, ' : [0,1] + [0,0.5] is the inverse of the binary entropy

function given by hy(r) := —rlogy(r) — (1 — r)log,(1 — 7). First, consider
Py € Bi={Pyp: Ip(U;W) < Ip(X;Y) =1—hy(q)}. (35)

Note that if R > IP(U; W), then EQ(Pw|U, Psx, R) = 00, and Eg(Pw|U, Psx, R, ].) = IP(V; W)+EI(R, Psx).
Hence,
min{ B> (Pw v, Psx, R), E3(Pw v, Psx, R, 1)} = Ip(V; W) 4+ E,(R, Psx)
<Ip(V;W)+ E,(I(U;W), Psx), (36)
where (36) follows since E, (R, Psx) is a decreasing function of R. On the other hand, if R < Ip(U; W), then

E2(PW‘U,PSX,R) =R —Ip(U;W|V) and E3(PW|U,PSX,R, 1) = R—1Ip(U;W|V) + E,(R, Psx) yielding
that

min{ E>(Pw v, Psx, R), E3s(Pw v, Psx, R, 1)} = R — Ip(U;W|V) < Ip(V; W). (37)
Hence, from (36) and (37), we have

sup min{ B> (Pw v, Psx, R), Es(Pw\u, Psx, R, 1)} < Ip(V; W) + E,(I(U; W), Psx).
(Pwv,Psx,R)€ B(1,Py|x):
PW‘UEB

Also, note that (33) implies hy(r) > hy(q); and hence, r € [g,0.5]. Thus, we can write

Ip(V;W) 4+ E,(I(U; W), Psx) =1 — Hp(VIW) + E,(I(U; W), Psx)
<1 — hy(hy "(HU|W)) % po) + E.(I(U; W), Psx) (38)

=1—hy(r*po) + Ex(1 — hy(r), Psx) := f'(r), (39)

where p* ¢ := (1 — p)g+ p(1 — q), and (38) follows by an application of Mrs. Gerber’s Lemma [31]]. The plot of
f/(r) as a function of r € [g,0.5] is shown in Fig. [2| below, which uses the expression for E, (R, Psx) given in
(23| Exercise 10.26]. As is evident from the plot, the maximum value of f’(r) is attained at » = 0.5, and equals
f/(0.5) = E,(0) = —0.5 % 0.5 x log,(4¢q(1 — q)) = 0.161. It follows that
sup min{ Ez(Py|r, Psx, R), Es(Pw v, Psx, R, 1)} < 0.161. (40)
(Pwu,Psx,R)€ B(1,Py|x):

PW‘UEB

Next, consider that

Py € B® := { Py : Ip(W;U) > 1 — hy(q) and Ip(U; W|V) <1 — hy(q)}- (41)
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Fig. 2: Plot of f/(r) in the range 7 € [0.2,0.5].

Note that the first and second inequalities in @T) imply, respectively, that r € [0, g], and
1—hp(r) — (1= hp(r*po)) <1—hp(q). (42)

Also, since R < 1 — hy(q) holds for any (Pw v, Psx, R) € B(1, Py|x), we have Ip(U; W) > R, and hence,

sup min{EQ(PW\vaASXaR)aEB(PW|U,PSX,R,1)}
(Pwu,Psx,R)€ B(1,Py|x):
Pw\UEBC
< sup R—Ip(U;W|V)
(Pwu,Psx,R)e B(1,Py|x):
Pw\UGBC
<1 —=hy(q) = (he(r *po) — hs(r)) (43)

where ([@3) follows again from Mrs. Gerber’s lemma, and (@4) follows since the R.H.S. of (3) is an increasing
function of r and hence the maximum is attained at » = ¢ in the range [0, g]. Thus, from @) and @[), it follows
that k(1) < 0.161.

Finally, we show that the JHTCC scheme can achieve a strictly larger error-exponent, i.e., k; > 0.161. In fact,
uncoded transmission which is a special case of the JHTCC scheme with X = X' = U, W = S = constant,

achieves an error-exponent of

where, D), denotes the binary KL divergence defined as Dy(p||q) = plog, (g) + (1 —p)log, (%) Thus, we
have shown that the error-exponent achieved by the JHTCC scheme is strictly greater than that achieved by the
SHTCC scheme. [ ]
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Thus far, we obtained lower bounds on the optimal error-exponent for distributed HT over a DMC, and showed
via an example that the joint scheme strictly outperforms the separation based scheme in some cases. In order to get
an exact characterization of the optimal error-exponent, a matching upper bound is required. However, obtaining a
tight computable upper bound remains a challenging open problem in the general hypothesis testing case even when
the channel is noiseless, and consequently, an exact computable characterization of the optimal error-exponent is

unknown. However, as we show in the next section, the problem does admit single-letter characterization for TACIL.

IV. OPTIMALITY RESULT FOR TACI

Recall that for TACIL, V = (E, Z) and Qurz = PuzPg)z. Let

k(7) = lim k(7, €). (46)

e—0

We will drop the subscript P from information theoretic quantities like mutual information, entropy, etc., as there is
no ambiguity on the joint distribution involved, e.g., Ip(U; W) will be denoted by I(U; W). The following result
holds.

Proposition 7. For TACI over a DMC Py x,

I(E;WZ): 3W st I(U;W|Z) < 7C(Pyx),
k(T) = sup , T>0. (47)
Proof: For the proof of achievability, we will show that xs(7) when specialized to TACI recovers (7). Let
4 > 0 be a arbitrarily small positive number, and
) (Pwiv, Psx,Rm): =&, Pupzwsxy(Pwu, Psx) = PupzPwuPsx Py|x,
B (T,Py‘X) = . (48)
IU;W|Z) < Ry, :=7I(X;Y]S) — p < 7I(X;Y]S)
Note that B'(7, Py|x) C B(7, Py|x) since I(U;W|E,Z) < I(U; W|Z), which holds due to the Markov chain
(Z,E) — U — W. Now, consider (P v, Psx, Rm) € B'(7, Py|x). Then, we have

FEq (P = min D(Pr 2506, || Pz Py 7z Pr 7 P
1(Pwv) P e ) (PggzwllPz Py zPe 1z Pwv)
> min D(Pgzv || Pz PgzPw z) (49)

Py szw €T (Puw,Pezw)

I(E;W|Z),

where ([@9) follows from the log-sum inequality [23]]. Also,

Es (PW‘U,PSX,Rm) >R, —I(U;W|E,Z) > I(U;W|Z) - I(U;W|E, Z) =I1(E;W|Z),
o

min Rm
Py zw€T3(Puw,Prz) D(PUEZWHPZPU\ZPE\ZPW\U) + Ry — I(U;WlEv Z) +T7E; <T7PSX)

> I(U;W|2) - I(U; WIE, Z) = I(E; W|Z), (50)
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min Rm
Py sz €Ta(Pow . Pez) PP paw|PzPuzPejzPwiw) + I(E, Z;W) + TE, <TaPSX)

> 1(E;W|Z), (51)
D(Ppz||Psz) + Ry — I(U: W|E, Z) + 7Ep, (Psx) > I(U; W|Z) — I(U; W|E, Z) = 1(E; W|Z2), (52)
D(Pggz||Pez) + 1(E, Z;W) + 7Ey, (Psx) > I(E;W|Z), (53)

where in (30)-(33), we used the non-negativity of KL-divergence, E,(-,-) and E,, (). Thus, from (G0)-(Z3), it

follows that

E3(Pwu, Psx, Rm,7) =2 I(E;W|Z), (54)

and Ey4(Py v, Psx, B, 7) > I(E; W|Z). (55)
Denoting B(7, Py|x) and B'(, Py|x) by B and B’, respectively, we obtain

K(7, €)

& oy min (El(PW‘U)’E2(PW\U7PSX7Rm)vE?)(PW\U?PSX’RmvT)aE4(PW|UaPSX7Rm;T))
(Pw|vu,Psx,Rm)EB

> sup I(E;W|Z)

(Pwu,Psx,Rm)€EB

> sup I(E;W|2) (56)

(Pwv,Psx Rm)€EB’

- sup I(B;W|2), 57)
Py v I(WiU|Z)<TC(Py|x)—p

where (36) follows from the fact that B/ C B; and follows by maximizing over all Pgx and noting that
sup I(X;Y|S) = C(Py|x). The proof of achievability is complete by noting that x> 0 is arbitrary and I(£; W|Z2)
and I (U;W|Z) are continuous functions of Py .

Converse: For any sequence of encoding functions f(*:"*) acceptance regions Ak,ny) for Ho such that ny < 7k
and

lim sup « (k,nk, f(k’”’“),g(k’"’“)) =0, (58)

k— o0

we have similar to [4, Theorem 1 (b)], that

-1 1
lim sup — log (ﬁ (k‘, ng, fEm) g(k’”’“))) <limsup =D (Pyny, gz ||Qy ik grzr ) (59)
k—o0 k k—o0 k
1
= limsup —I(Y"*; E*|Z%) (60)
n—o0o k
1
= H(E|Z) — liminf — H(E*|Yy™, ZF), (61)
k—oo k

where follows since Qyny. grzr = Pynizx Pgrjzr. Now, let T be a r.v. uniformly distributed over [k] and

independent of all the other r.v.’s (U*, EF, ZF X" Y™*). Define an auxiliary r.v. W := (W, T), where W; :=
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(Yme BT 7171 ZF ), i € [k]. Then, the last term can be single-letterized as follows.

k .
H(EFY™, 2% => " H(EJ|E™" Y™, 2
k
=) H(E|Z, W)
= kH(Er|Zy,Wr,T)

= kH(E|Z,W). (62)

Substituting in (61I), we obtain

-1 n
limsup —log (8 (ki 1), g570) ) < 1(B: W 2). (63)

k—o0

Next, note that the data processing inequality applied to the Markov chain (2%, E¥) — U¥ — X™ — Y™ yields
I(UF; Y™ ) < I(X™;Y™) which implies that

LUk Y™ — [(UF; ZF) < (XM Y™, (64)
The R.H.S. of can be upper bounded due to the memoryless nature of the channel as
I(X™, Y™ §nknlljaxI(X;Y) = nC(Py|x), (65)
X
while the left hand side (L.H.S.) can be simplified as follows.
I(U* Y™ — [(U"; ZF) = [(U" Y| ZF) (66)
k ,
= 2-71 I(Y™ U\ U1, ZF)
k ng pri-l gi—1 ok .
:ZZ_ZIJ(Y LU 2 ZE U Z) (67)
k ng pri—1 gi—1 ok i—1
:Zm[(y ML AN AR S SHVAY (68)
k . .
>3 I(Y"™ 2N BTN U Z)
k
= Z,il I(Wi;Ui| Z) = kI(Wrp; Up| Z7, T)
= kI(Wrp,T;Ur|Zr) (69)
=kI(W;U|Z).
Here, (66) follows due to Z* — Uk — Y, follows since the sequences (U*, Z¥) are memoryless; follows
since Bt — (Y™ Uit Zi71 ZF ) — U; 5 (€9) follows from the fact that T is independent of all the other r.v.s.
Finally, note that (E, Z) — U — W holds and that the cardinality bound on W follows by standard arguments based
on Caratheodory’s theorem. This completes the proof of the converse, and hence of the proposition. [ ]
As the above result shows, TACI is an instance of distributed HT over a DMC, in which, the optimal error-

exponent is equal to that achieved over a noiseless channel of the same capacity. Hence, a noisy channel does not

always degrade the achievable error-exponent. Also, notice that a separation based coding scheme that performs



independent HT and channel coding is sufficient to achieve the optimal error-exponent for TACI. The investigation
of a single-letter characterization of the optimal error-exponent for TACI over a DMC is inspired from an analogous
result for TACI over a noiseless channel. It would be interesting to explore whether the noisiness of the channel

enables obtaining computable characterizations of the error-exponent for some other special cases of the problem.

V. CONCLUDING REMARKS

In this paper, we have studied the error-exponent achievable for distributed HT problem over a DMC with side
information available at the detector. We obtained single-letter lower bounds on the optimal error-exponent for
general HT, and exact single-letter characterization for TACI. It is interesting to note from our results that the
reliability function of the channel does not play a role in the characterization of the optimal error-exponent for
TACI, and only the channel capacity matters. We also showed via an example that the lower bound on the error-
exponent obtained using our joint hypothesis testing and channel coding scheme is strictly better than that obtained
using our separation based scheme. Although this does not imply that “separation does not hold” for distributed
HT over a DMC, it points to the possibility that joint HT and channel coding schemes outperform separation based
schemes, in general, and it is worthwhile investigating this aspect in greater detail. While a strong converse holds
for distributed HT over a rate-limited noiseless channel [4], it remains an open question whether this property holds
for noisy channels. As a first step, it is shown in [30]] that this is indeed the case for HT over a DMC with no
side-information. While we did not discuss the complexity of the schemes considered in this paper, it is an important
factor that needs to be taken into account in any practical implementation of these schemes. In this regard, it is

evident that the SHTCC and JHTCC schemes are in increasing order of complexity.

APPENDIX A

PROOF OF THEOREM 2]

The proof outline is as follows. We first describe the encoding and decoding operations of the SHTCC scheme.
The random coding method is used to analyze the type I and type II error probabilities achieved by this scheme,
averaged over the ensemble of randomly generated codebooks. By the standard expurgation technique [24]] (e.g.,
removing “worst” codebooks in the ensemble with the highest type I error probability such that the total probability
of the removed codebooks lies in the interval (0.5,1)), this guarantees the existence of at least one deterministic
codebook that achieves type I and type II error probabilities of the same order, i.e., within a constant multiplicative
factor. Since, in our scheme below, the type I error probability averaged over the random code ensemble vanishes
asymptotically with the the number of samples &, the same holds for the codebook obtained after expurgation.
Moreover, the error-exponent is not affected by a constant multiplicative factor on the type II error probability, and
thus, this codebook asymptotically achieves the same type I error probability and error-exponent as the average.

k

For brevity, in the proof below, we denote the information theoretic quantities like Ip(U; W), T[ Puwls® etc., that

are computed with respect to joint distribution Pyywsxy given in below by I(U; W), T[%W}é’ etc.



Codebook Generation: Let k € Z" and n = |7k]. Fix a finite alphabet W, a positive number (small) § > 0, and
distributions Pyy|;; and Psy. Let &' := $, & := [U|6, & := 26, § := fw 6 :=|W|d and

Povwsxy (Pwu, Psx) = Puv PwuPsx Py|x- (70)
Let 1 = O(9) (subject to constraints that will be specified below) and R be such that
U, W|IV)+2u<R<TI(X;Y|S) — p. (71)

k(I(U:W)~4p)

Denoting Mj, :=e , the source codebook C used by the source encoder fs(k) is obtained by generating

M, sequences w*(j), j € [M]], independently at random according to the distribution Hle Py (w;), where

Py (w) = Py (wlu) Py(u),¥ w e W.
ueU

The channel codebook C used by £ s obtained as follows. The codeword length n is divided into |S| = |X|

blocks, where the length of the first block is [Ps(s1)n], the second block is [Ps(s2)n], so on so forth, and the
length of the last block is chosen such that the total length is n. The codeword z™(0) = s™ corresponding to M =0

is obtained by repeating the letter s; in block i. The remaining [e***] ordinary codewords 2™ (m), m € [e*F]

, are
obtained by blockwise i.i.d. random coding, i.e., the symbols in the i*" block of each codeword are generated i.i.d.
according to Px|s—,,. The sequence s™ is revealed to the detector.

Encoding: If I(U; W) + u > R, i.e., the number of codewords in the source codebook is larger than the
number of codewords in the channel codebook, the encoder performs uniform random binning on the sequences
w* (i), i € [M}]inC, i.e., for each codeword in C, it selects an index uniformly at random from the set [¢*!]. Denote
the bin index selected for w* (i) by fz(i). If the observed sequence U* = u* is typical, i.e., u* € T[’fj]y, the source
encoder f{*) first looks for a sequence w*(j) in C such that (u*,w*(j)) € Tiiwy,- If there exist multiple such
codewords, it chooses an index j among them uniformly at random, and outputs the bin-index M = m = f5(j),
m € [e"] or M = m = j depending on whether I(U;W) + p > R, or otherwise. If u* ¢ T}f; = or such an
index j does not exist, fs(k) outputs the error message M = 0. The channel encoder fék’n) transmits the codeword
2" (m) from codebook C.

Decoding: At the decoder, gﬁk’") outputs M = 0 if for some 1 < i < |S|, the channel outputs corresponding

to the i*" block does not belong to 77

Py 515" Otherwise, M is set as the index of the codeword corresponding

to the maximum-likelihood candidate among the ordinary codewords. If M = 0, H; is declared. Else, given the
side information sequence V* = v* and estimated bin-index M = 1, ggk’”) searches for a typical sequence
Wk = wk(j) e T[’;V]s, in codebook C such that

j= argmin H,(w*)|0*), if I(U;W)+pu > R,

I: fe(l)=m,
wk(l)ET[];V]S

7 = m, otherwise.
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The decoder declares H = 0 if (wF,v%) € Tk 1. Else, H =1 is declared.

WVv]s
We next analyze the type I and type II error probabilities achieved by the above scheme.

Analysis of Type I error: A type I error occurs only if one of the following events happen.

Ere = {(Ukvvk) ¢ T[%V]S}
Epp = {39 je M) (US, WH(j)) € T[’?JWJs}

Eue = {(VF WH() & T, |

5

Enp = {3 Le M), £ T+ fll) = ful), WH(D) € Tl HWHOIVF) < He<Wk(")'Vk)}

Eop = {gt(v™) # M}

P(Erp|H = 0) tends to 0 asymptotically by the weak law of large numbers. Conditioned on &5, U* € Tvy,, and
by the covering lemma [23| Lemma 9.1], it is well known that for ¢ = O(9) chosen appropriately, P(Egg|E5 )
tends to 0 doubly exponentially with k. Given £E ;NES holds, it follows from the Markov chain relation V —-U —-W
and the Markov lemma [31], that P(Ey/p|ESE NEL ) tends to zero as k — co. Next, we consider P(Epg). Given
that £$,p N ESE N ESy holds, note that for k sufficiently large, H.(W*(J)|V¥) < H(W|V) + O(5). Thus, we

have (for sufficiently large k)

P(Epp| VF =" W) =w", E5p N EGE NELE)
M},
<S> (S = fe(), WHQ) = @] VF = o WH) = w5y N Ep N €6 )

— ~k ik
=1, ET[W]s:

1#£J
” H (" |v")
<H,(w"[v*)

M;, 1

= Z Z P(Wk(l) :@k| v :UkaWk(J) :wkvgzcwEﬁg%Eﬁg%E) kR
e
= b ﬁ}k k H
z;ﬁlJ €T
He (0" |v*) <He (w”|v*)

Mk
S Z Z 2. e_kRe_k(H(W)_O(é)) (72)

l;}j @FeThy,

He (@ [v%) < He (w¥ ")

M,
<Y (k4 DVIWVE FHWIVIFO®) g g=kRe—k(HW)=0(2)) (73)
=1,
oy
< e RR=I(UW|V)=61") (74)
where

1 1
sM = i+ 0(6) + VI log(k + 1) +
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To obtain (72), we used the fact that
PW*(1) = @"| €5y N EGE N EF, WH(T) = wh, VF = oF) <2.P(W*(1l) = a"). (75)

This follows similarly to (96), which is discussed in the type II error analysis section below. In order to obtain
the expression in (73), we first summed over the types P of sequences within the typical set T[};V}a that have
empirical entropy less than H, (w"|v*); and used the facts that the number of sequences within such a type is upper
bounded by e*(HWIV)+1(k) and the total number of types is upper bounded by (k 4 1)IVIPYl [23]]. Summing

over all (wk,v*) € T[’;W]g, we obtain (for sufficiently large k) that

]P(SDE|5§1E N S}:EE N E%E)
= Z ]P)(Wk(J) = wk7 vk = Uk|51i1E NELrNETR) e_k(R_I(U;WW)_‘SEk))
(wk ,vk)eTk

Wwvis

< ¢ MR-IUWV)=6{") < =k (76)

where, ([76) follows from by choosing 1 = O(4) appropriately.
Finally, we consider the event £-p. Denoting by Ecr, the event that the channel outputs corresponding to the
1" block does not belong to T[’}Dy‘s: 1s for some 1 <14 < |S], it follows from the weak law of large numbers and

the union bound, that

k
P(Ecr|€sp) 5 0. (77)

Also, it follows from [23| Exercise 10.18, 10.24] that for sufficiently large n (depending on y, 7, |X| and |)|),

P (Ecp|€gp NESy) < e nBe(FHinPsx), (78)

This implies that the probability that an error occurs at the channel decoder g((;k’”) tends to 0 as n — oo since

Ey(£ + £ Psx) > 0 for R < 7I(X;Y|S) — p. Thus, since I(U;W|V) + p < R < 7I(X;Y|S) — p, the
probability of the events causing type I error tends to zero asymptotically.
Analysis of Type II error: First, note that a type II error occurs only if Vk e Tﬁ/]g, and hence, we can restrict

the type II error analysis to only such V*. Denote the event that a type II error happens by Dj. Let
& ={U¢ T, }- (79)
Then, the type II error probability can be written as

8 (m, £, gk

= > P(U* = uf, VE = ok |H = 1) P(Do|U* = uF, VF = o%). (80)
(uk,vk)eUuk x VE

Let Eng = ELp N ES. The last term in can be upper bounded as follows.



22

P(Do|U* = u®, VF = o)
=P(Enp|U* = u*, VP =) P(Dy|U* = u*, VF =" Eng)
+ P(EGR|UF = uF VF = 0F) P(Do|U* = uF, VF =% &)
P(Do|U* = u*, VF = vk Enp) + P(Do|U* = uF, VF =% &5 ).

Thus, we have

B (k, n, ), g(k,n))

< Y PO =PV =0FH = 1) |P(D|UF = uF, VF =" Enp)

(u” %)
e UFxV*
P(Do|U* = u*, VF =o* £S5 81
First, we assume that £y g holds. Then,
P(Do| U* = u*, V¥ =", Enp) Z Z = j, fB(J) = m| U* = u", V¥ = o*, Enp)
j=1m=1
P(Do|U" = u*, V¥ =" J = j, fp(J) = m, Enp). (82)

By the symmetry of the codebook generation, encoding and decoding procedure, the term P(Dy|U* = v VF =
vk, J =34, fs(J) =m, Exg) in (82) is independent of the value of J and fz(J). Hence, w.l.o.g. assuming J = 1

and fp(J) =1, we can write

P(Do| U" = u*, V¥ =¥ Eng)
M *R

_ZZ *.7 fB ) m| Uk:ukavk:UkagNE)P(DO‘Uk:ukvvk:UkaJ:]-va(J):L 5NE')

j=1m=1

=P(Do|U* =u*, VE =k, J=1,f5(J) =1, Exg)

= > PWHQ) =whUr = VE =0F, T =1, f5(]) = 1, Enk)
wfewr

P(Do|U* = u?, V¥ =%, J =1, f5(J) = 1, W*(1) = w*, Enp). (83)

Given &y g holds, Dy may occur in three possible ways: (i) when M # 0, i.e., E&p occurs, the channel decoder
makes an error and the codeword retrieved from the bin is jointly typical with V'*; (ii) when an unintended wrong
codeword is retrieved from the correct bin that is jointly typical with V*; and (iii) when there is no error at the
channel decoder and the correct codeword is retrieved from the bin, that is also jointly typical with V*. We refer

to the event in case (i) as the channel error event Ec g, and the one in case (ii) as the binning error event Egg.
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More specifically,

Ecp = {E&p and M = g™ (Y™) £ M}, (84)

C

and Epp = {I1€ (M), 140, fll) = M, WHQ) € Ty, (VEWHD) € Thyypy, | (85)

5

Define the following events

F={UF=uF VF=2F J=1,fp(J)=1,WrkQ1) = w"*, Exg}, (86)
Fi={UF=uk VF=0* T =1, f5(J)=1,W*1) =k, Exp, Ecr), (87)
Fo={UF =uF VF =" J=1,fp(J) =1, WF1) =wF, Eng, &Y, (88)

For ={UF =P VE =0k J=1,fp(J) =1,WFQ1) = w”, Eng, E4ny EBEY, (89)
Foo = {UF =P VF =0k J=1, fg(J) = 1,WFQ) = w", Eng, EEpy ESp)- (90)

The last term in (83) can be expressed as follows.
P(Do|F) = P(Ecr|F) B(DolF1) + P(Ecp|F) P(DolF2),
where
P(Dy|F2) = P(Esr|F2) P(DolFar) + P(EgE|F2) P(Do|Faz). o1
It follows from (78) that for sufficiently large k,

P(Ecp|F) < e7nPe(FHdnPox) — o=hrBa(S4 47, Pox), (92)

Next, consider the type II error event that happens when an error occurs at the channel decoder. We need to consider
two separate cases: I(U; W)+ u > R and I(U; W) + u < R. Note that in the former case, binning is performed
and type II error happens at the decoder only if a sequence W¥(I) exists in the wrong bin M # M = fp(J)
such that (V¥ Wk(1)) € T[’;W]g. As noted in [28], the calculation of the probability of this event does not follow
from the standard random coding argument usually encountered in achievability proofs due to the fact that the
chosen codeword W*(.J) depends on the entire codebook. Following steps similar to those in [28], we analyze the
probability of this event (averaged over codebooks C and random binning) as follows. We first consider the case

when I(U; W) + > R.

P(Do|F1) <P(IWHE) . fp(l) =M #1, (WE(I),0%) e T[’;W]gm)
M,Q

<D P(M = m|F) P(WE(D), ") € Ty, = fr(l) = mlF)
1=2 m#£1

My,
=> > P(M =m|F) S PWEQ) =a*: fe(l) =m|F)
=2 m#1 B

("I}kvvk)eT[];VV]s
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MI
& N . 1

= Z Z P(M = m|F1) Z P(W*(1) = @"|F) kR

1=2 m#l @k

(ﬁ)k,vk)ET[’;VV]S

Mj, 1
= Y. POV =a"F) g (93)

1=2 B

("Dkavk)eT[’:/VV]s
Let i, = C\{W*(1), W¥()}. Then,
PWH(1) = ok F) = Y P(Cy, = | F)PWH(1) = a*| Fy,Cp, = o). (94)
C;l:c

The term in (94) can be upper bounded as follows:

P(W*(l) = @"|F1, C, =0
P(WF(1) = w*|Wk(l) = @%, UF = ub VF = vk,Cil =)
P(Wk(1) = wk|UF = uk, Vk = vk,Cil =c)
P(J = 1WH(1) = wk, Wh(l) = @%, Uk = ub, VF = ok, Cf, = )
P(J = 1{WF(1) = wh,UF = uk, Vk =0k, C = ¢)
P(fp(J) = 1|J = 1, WF(1) = w*, W¥k(l) = @k, U* = uF, VF = oF, Cii= c)
P(fp(J)=1|J = 1,WkQ1) = wk, Uk = uk Vk = vk,Cil =c)
P(Eng, Ecelfa()) =1,J = 1,Wk1) = wk Wk(l) = @% U* = u* VF = oF, Cli=0
P(Eng, Ecrlfp(J)=1,0 =1, Wk(1) =wk, Uk =k, Vk =0k C/") = ¢) i

=P(WH(l) = " |U* =", VF =oF, ¢ =)

95)

Since the codewords are generated independently of each other and the binning operation is independent of the

codebook generation, we have

PW*(1) = w*[WH(l) = &%, U* = ub, VF =, Cr) = o) = PIWH(1) = w*|U* =", VF =¥, CT = ¢),
and

P(fp(J) =10 = 1,W*1) = w*, W*() = o", U* = u*, VF = vk,c;l =)

=P(fp(J) =1]J = 1L,WFQ1) =w*,U" = u*, V¥ =¥ C1 = o).

Also, note that

P(Eng, Eonlfp(J) =1,0 =1,WFQ1) = w", W) = @", U* =u*, V¥ =¥, ) =¢)

=P(Enp, Eoplfp(J) =1, =1, WFQ1) =", U* =u*, V¥ =0, C = o).

Next, consider the term in (03). Let N(u*,Cy;) = [{w"(I') € C; : I # 1, I # 1, (W), u") € Ty, H-
Recall that if there are multiple sequences in codebook C that are jointly typical with the observed sequence U,
then the encoder selects one of them uniformly at random. Also, note that given F7, (wk, uk) S T[’EVU](;' Thus, if

(wk,uk) e T[@VU]S, then
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P(J = 1Wk(1) = wk, W) = @F, UF = u*, VF = v*, Enp, Ecp, Cr, = c)
P(J = 1|wk(1) =wk, Uk =uk,Vk = vk’Cil = C)

1
P(J = 1[WE(1) = wh, UF = ok, VF = oF, ;) = o)

1
B [N(uk,cl_,l) +2
- N(uk,C;l) +2
T N(@F.Cp)+2
If (@, u¥) ¢ Thy 1y, then

P(J = 1Wk(1) = wh, W) = @, UF = uk, V¥ = o CT) = o)
P(J = WH(1) = wh,UF = ub, VF = vk, C) = c)

1
P(J = LWE(1) = wh, UF = vk, VF = oF ;) = o)

1
- [N(uk,c;l)ﬂ
N(uk,Cl_,l) +2
k.C

< —~ <
N(u* Cry) +1

Hence, the term in (94) can be upper bounded as

P(W*(1) = @"|F1)

< > Py, =cF) 2 PWH) = a*|UF = uF, VF =0F, ¢ =)

Cr=c

=2 P(Wk(l) = @*|U* = uF, VF = o) = 2 POWH (1) = o). (96)

Substituting (96) in (O3), we obtain

M,
P(Do|F1) < Z Z 2 P(WH(l) = ") P
=1 o

(w’“,v’“)eT[’;Vv]s

s 1
_ Lo~ k(HW)-0(0)) _—
= ; ; 2-e P
(@* o) Ty
B P 1
—9 M,; FHWIV)+8) —k(H(W)=0(9)) R
< e—k(R—I(U;WlV)—égk))7 7

where 6#}) =0(0)+ %. For the case I(U; W)+ 1 < R (when binning is not done), the terms can be bounded

similarly using (96) as follows.

P(DolF1) = Y B(M = 1| Fi) P(W* (1), v*) € Ty, | F1)
£l
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< Y P(M =m|Fy) > 2PWHm) = o)
m#l @k

(w’“,v’“)eT[’;VV]s

< e~ RI(VW) =60y (98)

Next, consider the event when there are no encoding or channel errors, i.e., Eyg N E& . For the case 1 (U; W)+
@ > R, the binning error event denoted by £z happens when a wrong codeword W¥(1), I # J, is retrieved from
the bin with index M by the empirical entropy decoder such that (W*(I),V*) € Tl . Let Py denote
the type of Pyrykyyr(s). Note that Py € ﬁlkJW]s when Ey g holds. If H(W|V) < H(W|V), then in the bin
with index M, there exists a codeword with empirical entropy strictly less than H(W|V'). Hence, the decoded
codeword W is such that (W*, V¥) ¢ T[%V]S(asymptotically) since (W*, VF) e T[]f/vv]g necessarily implies that
H (W¥|V¥) > H(W|V) — O(6) (for § small enough). Consequently, a type II error can happen under the event
Epp only when H(W|V) > H(W|V) — O(6). The probability of the event g can be upper bounded under this

condition as follows:

P(EpE|F2)

<P (3 [#1, 1€[M]: fz(l)=1and (WF(I),o") € T[’§,VV15|]-'2>
M,

<) P ((Wk(l)yv’“) € Tﬁvv]ﬂf?) P (fB(l) = 17, (WD), ") € TﬁVV]s)
=2

M|,
-y P ((W’“(l)m’“) c T[’;mgpfz) ¢ kR

M;,
<> > 2 P(WH() = oF) e *F (99)
=2 ok

— o~ h(R=I(UW|V)=3{") (100)
In (99), we used the fact that
P (Wh(l) = w*|F2) < 2 P(WH() = @), (101)

which follows in a similar way as (96). Also, note that, by definition, P(Dg|F21) = 1.
We proceed to analyze the R.H.S of (§81)) which upper bounds the type II error probability. Towards this end, we

first focus on the the case when Eyp holds. From (83), it follows that

> P(U* = ok, VF = ok |H = 1) P(Do|U* = u*, VF =% Exp) (102)

(uk,vk)eUk x VE

= > P(U* = uP, VF = oF|H = 1) P(Do|U* = u*F, VF =% J =1, f5(J) = 1,EnE). (103)
(uk vk)eUr xVE
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Rewriting the summation in (I03) as the sum over the types and sequences within a type, we obtain

P(Dy| Ene, H = 1)

Z Z [PU* = b,V = o |H = 1) P(Do|F)

UVW (uf v w")

€Tivw ETP
P(WF(1) = w®|U* = b VP =0k T =1, fg(J) = 1,EnE)|. (104)

We also have

P(U* = uk, VF =% H = 1) POW*(1) = w*|UF =P, VE =% T =1, f5(J) = 1,EnE)

HQUV(ui,m)] P(Wk(1) = w*|U* = u* VF =0k J =1, f5(J) = 1,EnE)

i=1

IN

k
[HQUV(WJ%)] | 1 | < o KHUV)+D(Pgy||Quv)+H(WI|U)— & UVl log(k+1)) (105)
Py

where Py, denotes the type of the sequence (u®,vF, w").

With (92), (©7), ©8), (I00) and (T03), we have the necessary machinery to analyze (I04). First, consider that

the event Exp NEE R N ER holds. In this case,

P(Do|Faz) = P(Do|U* = uF, VF =0k T =1, f5(J) = 1, WF(1) = v, Enp, E8 5, EE)

1, if Pyryr € Tk and Pk € Tk, .,

0, otherwise.

Thus, the following terms in (T04) can be simplified (for sufficiently large k) as follows:

Z Z [P(Uk = b VE = oF|H = 1) P(ES 5| F) P(ES 5| F2) P(Do|Faz)

UVW (u U wk)

€Tivw ETP

P(WH(1) = w*|UF = uF, VE = o% ] =1, f(J) = 1,5NE)}

<Yy ¥ {IP(U’“ — uF, V* = oF|H = 1) P(Do|Fas)

UVW(uvw)

ETH v €TPs o
B(WH(1) = wh U =, VF =0, T =1, fu()) = 1,Enp)]
< (b + DV g RHOVW) kHOV)4D(Popl|Quv )+ HVID)~ 4 U log(k+1))
B . Pyywe
ﬂ(k)(PUVIMPVW)
= e hE, (107)
where,

ﬁ(k) (Pow, Pyw) == A{Pgyw : Pow € T[UW} and Py, € T[VW] h (108)
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Povw €

t(k)(PUW;PVW)

_ . . 1
and By, := min H(UV) + D(Pyv||Quv) + HW|U) — HUVW) — EluHVHW' log(k + 1)

1
— LU log(k + 1), (109)

To obtain (T07), we used (T03) and (T06). Note that for § small enough,

- (k) 1 P
B = Povw 6 ZPUVW (QUV Py P~U~ PUVW) - 0(5)
Ti(Puw,Pvw) oV tow
= Pmin D(PUVWHQUVW) - O((S) = E1 (PW|U) - 0(5), (110)
ovw €

Ti(Puw,Pvw)
Next, consider the terms corresponding to the event Exg N EEp N EpE in (]]T_ﬂ:[) Note that given the event
For ={UF =k VF =0k J =1, fs(J) = 1,WF1) = wk, Enp, E&p, Epr} occurs, Py € T[@W]é. Also,
Dy can happen only if H,(w*|v¥) > H(W|V) — O(5), and Py € T[Ii/]s. Using these facts to simplify the terms

corresponding to the event Exg N EEE N Epp in (104), we obtain

Z Z []P’(U’“ — P, VE = 0| H = 1) P(E& | F) P(Epp|Fa) P(Do|Far)

UVW (u® vk w")

€Thvw €Try o

B(WH(1) = wh U =, VF = 0¥, T =1, fu()) = 1,Enp)]

Z 3 [p(m —uF V¥ = o H = 1) P(Epp|Fa) P(Do|Far)

UVW (u v ,wk)

€Tivw GTP Vi

P(Wk(l) = wk‘Uk = uk)vk = ’Uka‘] = 17fB(J) = 178NE):|

max  eFHOVW) —k(HUV)+D(Pyy||Quv)+H(W|U)+R—I(U;W|V)—~0(5))
_ Poywe
T8 (Pyw ,Py)

UUIVIIW] log(k+1)+[U|[W]log(k+1))

_ e—kEzk, (111)

where,

T (Pyw, Pv) = {Pgoyr : Py € Ty, Py € Ty, and H(W|V) > H(W|V) — 0(8)}, (112)

and

Eyy, = min_ H(UV) + D(Pyy||Quv) + HW|U) + R — I(U; W|V) — %IUHVIIWI log(k +1)
T2(Puw,Pv)

1
- %\UHW\ log(k +1) — O(9)

(k)
> Es(Pw v, Psx, R) — O(6). (113)
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Also, note that Egg occurs only when I(U; W) + u > R.

Next, consider that the event Eyp N Ecr holds. As in the case above, note that given F; = {U ko= b , vk =
v T =1, fp(J) = 1,Wk1) = vk, Eng, Ecr}r Purwr € T[’;]Wb and Dy occurs only if P,. € T[’;]S. Using
these facts and eqns. (97), (98) and (92), it can be shown that the terms corresponding to this event in (T04) results
in the factor E3(Py |y, Psx, R, 7) — O(6) in the error-exponent.

Finally, we analyze the case when the event £5 5 occurs. Since the encoder declares H if M =0, it is clear

that Dy occurs only when the channel error event £cr happens. Thus, we have

P(Do| UF =¥ VF =k, £%p) =P(Ecp| UF = u*, VE =k, £51)

P(Dy| UF = u* VF =% E5nn Eop). (114)
It follows from Borade et al.’s coding scheme [25]] that asymptotically,

P(EcE| Uk = uk7Vk = vk7 Ep) < e M Em(Psx)=0(8)) — o—k7(Em(Psx)=0(5)) (115)

When binning is performed at the encoder, D, occurs only if there exists a sequence W* in the bin M # 0 such
that (Wk, V) € T["C/Vv]g' Also, recalling that the encoder sends the error message M = 0 independent of the

source codebook C, it can be shown using standard arguments that for such v* € T[’i,]g,
P(Do| U* =¥, VF =, £4pn Eop) < e HE-IUWIVI=0(9), (116)

Thus, from (114), (T13) and (T16), we obtain (asymptotically) that,

> PUF =uf, VF = ok H = 1) P(Dy| U* = u*, VF =¥, £5pn Eci)

uk vk

< e~ HER=IUW|V)+D(Py [|QV)+7Em(Psx)-0(5) 117)

On the other hand, when binning is not performed, Dy occurs only if (W* (M ), VF) € T[?/VV]; and in this case,

we obtain (asymptotically) that,

> PUF =t VF = oF|H = 1) P(Do| U* = b, V¥ =¥, €5pn Eci)

uk vk

< e RU(VW)+D(Py [|Qv)+7Em (Psx)—0(3)) (118)

This results in the factor Ey(Pw v, Psx,R,7) — O(d) in the error-exponent. Since the error-exponent is lower
bounded by the minimal value of the exponent due to the various type II error events, the proof of the theorem is

complete by noting that § > 0 is arbitrary.

APPENDIX B

PROOF OF THEOREM

We only give a sketch of the proof as the intermediate steps follow similarly to those in the proof of Theorem

2] We will use the random coding method combined with the expurgation technique as explained in the proof



30

of Theorem [2] to guarantee the existence of at least one deterministic codebook that achieves the type I error
probability and error-exponent claimed in Theorem [5] For brevity, we will denote information theoretic quantities
like I5(U, S; W), Tl ool
(I19) by I(U, S; W) [USW] , etc.

Fix distributions (Ps, Py s, Px/|us, Pxjusw) € Br and a positive number 6 > 0. Let 4 = O(J) subject to

, etc., that are computed with respect to joint distribution va swx’xy given below in

constraints that will be specified below. Let 5= (W6, & = g, 5= \%I’ 5 =26, and

Pyvswxixy (Ps, Pivjus, Pxjs, Pxusw) = Puv Ps P s Pxus Pxjusw Prix- (119)

Generate a sequence S™ i.i.d. according to [];; Ps(s;). The realization S™ = s™ is revealed to both the encoder
and detector. Generate the quantization codebook C = {@"(j), j € [e"!(U:SiW)+1)]} where each codeword @ (5)

is generated independently according to the distribution H:L:l PW, where

W= Z Py (u)Ps(s) Py s (w]u, s).
(u,s)EUXS

Encoding: If (u™,s™) is typical, i.e., (u”,s") € Ty g),,» the encoder first looks for a sequence w™(7) such
that (u™, s, @w"(j)) € T[’g] SW]s If there exists multiple such codewords, it chooses one among them uniformly at
random. The encoder transmits X" = x” over the channel, where X" is generated according to the distribution
ITisy Pxjwsw (@ilui, si,wi(5)). I (u”,s™) ¢ T[@S]S, or such an index j does not exist, the encoder generates the
channel input X’” = 2/ randomly according to [Ti—; Pxrjus(@)|us, s;).

Decoding: Given the side information sequence V" = v", received sequence Y = y" and s™, the detector
first checks if (v™,s™, y") € T[’{/ syl; 5 > &. If the check is unsuccessful, H=1. Else, it searches for a typical
sequence w" = w"(j) € T, [];V]s’ in the codebook such that

j= argmin H.(@"(l)|v",s", y").

1B} (l)ET[W]

If (v, s™, 4", ") € T H =0. Else, H = 1.

[VSYW]s
Analysis of Type I error:

A type I error occurs only if one of the following events happen.

(U™, vr,.8") & Tipv g, }
el { n(1(U,S; Ww} S(UT, ST WN(4)) € T['&svv]g}
(V8" wn(J)) ¢ T[er/SW]g}

(V™ 8" Wn(J),Y") ¢ T{{,SV—VY]S}

s ={
e ={
s ={
s ={

Epp = {3 e [enTWSWIRI] g g W) € Thgy  Ho (W OIVT, S, Y™) < H (W (D)|V™, S",Y”>}

By the weak law of large numbers, Erp tends to 0 asymptotically with n. The covering lemma guarantees that

EppN f:'%  tends to 0 doubly exponentially if © = O(J) is chosen appropriately. Given f:'ﬁ; B ﬂfjﬁi  holds, it follows



31

from the Markov lemma and the weak law of large numbers, respectively, that P(€yx) and P(Ec ) tends to zero

asymptotically. Next, we consider the probability of the event Epp. Given that £ N S, N ESy N ES holds,
_ (n) _

note that H.(W"(J)|V"™, 8™, Y") > H(WIV,S,Y) — O(d). Hence, similarly to (74) in Appendix , it can be

shown that
P(ppléén NEspNEfp N ELE) < e~ ULp(WiV.SY)~Ip(U.SW)=6")

where 5§n) ﬂ)—> O(9). Hence, for 6 > 0 small enough, the probability of the events causing type I error tends to
zero asymptotically since I(U; W|S) < I(W;Y,V|9).

Analysis of Type II error: The analysis of the error-exponent is very similar to that of the SHTCC scheme
given in Appendix [A] Hence, only a sketch of the proof is provided, with the differences from the proof of the
SHTCC scheme highlighted.

Let

Eo = {(U™,8™) ¢ Titrsy,, - (120)
Then, the type 2 error probability can be written as

ﬁ (nV n? f(n,n)ﬂ g(n7n))

< > P(U™ =u™, V" = o"|H = 1) |P(Epp N ESU™ = u™, V™ = ™)
(un ) eUn xyr

+ P(Do|U™ = u™, V" = 0", Eng) + P(Do|U™ = u™, V" =™, &), (121)

where, & NE = 5’% N 6_’5. It is sufficient to restrict the analysis to the events é‘N g and & that dominate the type

2 error. Define the events

Ers = {31 e [rTOSWIW] 1 g Wh1) € Ty, (V0,8 Y™) € gy, | (122)
F={Ur=u" V" =" J=1W"1)=a",5" =s"Y" =y" Enp}, (123)
Fi={U"=u" V" =0, J=1,W"(1) =", 8" =s",Y" = y",Enp, Efu ) (124)
Fo={U" =u™, V" =0",J =1,W"(1) = a",8" = s, Y" = y",Enp, Era}- (125)

By the symmetry of the codebook generation, encoding and decoding procedure, the term P(Dy|U™ = u™, V™ =

v J =7, é:NE) is independent of the value of J. Hence, w.l.o.g. assuming J = 1, we can write

]P(DO| Un = unvvn = ’UnvgNE)
en(I(U,S;W)+p)

= Y P(J =j| U™ =u™, V" =v", Eng) P(Do|U™ =u™, V" =0, J =1, Enp)
j=1

<

= P(D()'Un = un7vn = Un>J = 17 gNE)
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— > P =", S =" Y =y U =u", V" =0", ] =1, ng)

P(Do|U" = u™, V" =v",J = 1,W"(1) =", 5" = s",Y" =y", Enp)

= Yoo P =", 8" =" Y =y U =u" V" = 0", ] =1, Eng) B(Do| F). (126)
(1_1)”757171}”)
€ W'xS"xYy"

The last term in (126) can be upper bounded using the events in (123)-(123) as follows.
P(Dy| F) < P(Do| F1) + P(Era| F) P(Do| Fa).
We next analyze the R.H.S of (I21)), which upper bounds the type 2 error probability. We can write,

1, if Pyngngn € T

5wy, ad Porgngnyn € Tk

[VSWYl;s’

P(Do| F1) = (127)
0, otherwise.
Hence, the terms corresponding to the event Fi in (T2T) can be upper bounded (in the limit 5,0 — 0) as
3 [PU" = ", V" =" H = 1) B(DolF1)
(" 0" " " ")
€ U XV XWT XS XY™
P(W”(l) = IDn,Sn = s",Y" = yn|Un = un7vn = vn7 J = 1’ gNE)]
< ¥ > [P = v =0 = 1) B(DolF)
Poyswy (u™u™,@",s",y")
€Tivwsy € TPgpswy
P(S" = s", W"(1) =" |U" =u",J =1, Eng)
P(Y™ = y"|U™ = ", 8" = s",J = 1, W"(1) = @, SNE)]
< Z Z {P(DO|-7:—1) o~ (HOV)+D(Py4|1Quv))
P[.]"\:/SV.VY/ (u’IL’U’rL’Uf]’ILVS’IL,y’n)
ETuvwsy  Trgpswy
e—n(H(S'W|(7)—%|MHWHS|10g(n+1)) e—n(H(f’\ljS'W)-&-D(P{,lUgW\\ﬁY‘U5W|P0§W))}
< max [e—n(H(UV)+D(Pov\Iqu)) o~ (HEWIT)— % U] WV]|S|log(n+1))
B Pyyswy €
T (Pusw Pvswy)
e—"(HO’WSVVHD(Pmswllﬁmsw\Pasw))en(HwVéW?)—%Hunvuv’vusuwlog<n+1>)]
— e "Fin (128)
where
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and
Ef, = min__ H(UV) 4 D(P5¢||Quv) + H(SW|U) + H(Y|USW) — H{UVWSY)
oW
T (Pysw Pvswy)
. 1 _ _
+ D(Pygsw 1 Pyiwsw | Posw) — - (MY + UIVIWIIS]IY]) log(n +1)
(n) ) 1 Pyy Py 1 Pyosw
2 _min Z Py gvy log P [ Py | —O(09)
Povswy € T ov Quv Posw Pyiosw Pyjusw
T{(Pusw,Pyswy)

ﬂ/(PUSﬁ/vPVSWY)

= E1(Ps, Py us, Pxjusw) — O(9). (129)

Here, (T29) follows from the fact that Pgyi, 7 — Py u given Eng, as § — 0.
Next, consider the terms corresponding to the event Fy in (I2I). Given o, Pgaw € T[’;] S5 and Dy occurs
only if (V", 8", Y") € Tl gy,,,,» 0" = | W3, and H(W|V,S,Y) > H(W|V,S,Y) = O(3). Thus, we have,
3 [IP(U” — ", V" = o"|H = 1) P(Dy|Fs) B(Epa|F)
(u™, 0™, @™, s™,y")

E U XV XWX S™ x Y™

PW"™(1) = @", S" = s, Y" = y"|U" = o™, V" =", J = 1, SNE)]

< 3 > [Pt =wt v = 0" |H = 1) P(Do|F2) P(Ers|F)
Poyswy € (uv™@",s"y")
TrUXVXWXEXY)  €TPgc a5+

P(Sn _ Sn,Wn(l) _ wn‘Un — ’U,n7J =1, gNE) ]P)(Yn _ yn|Un _ un’Sn — Sn,J — 1,Wn(1) _ ,J)n’ CC:‘NE)}

< Z Z {efn(H(fJf/)wLD(Pm;||QUV))P(DO|ﬁ2) 9. e~ (I(W3V.8,Y)—I(U,S;W)~0(3))
Poyswy € (u™ ™ w",s™y")
TrUXVxWXSXY)  €TPye oz o
e—n(H(S‘W\U)—%\L{HWHS\ 108:(”+1)) e—"(H(?WSW)"‘D(P?\OSW||PY\USW\P0§W))} (130)
< max [e—n(H(UV)+D(PU‘7\\QUV)) o~ (HSW[T) =L [U|WV||S|log(n+1))
- Povawy €
Tgl(n)(PUW,PVSWY)
efn(I(W,V,S,Y)ff(U,S,W)70(5)77%) ein(H(?‘ g ~VT/)‘FL)(PYHI:TSVT/HT}Y|US\/T/IPI:IS‘\/T/))
en(H(ﬁVSW?)—iIIMHV\\VVHSIIJJIlog(n+1))}
= e*”E;n, (131)
where,

B/(n)(PUSWa Pyswy) =A{Povawy € Tuvswy : Pogw € Tvswy,» Prawy € T[T\L/SWY]s

and H(W|V,S,Y) > H(W|V,S,Y) — 0(5)},
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Ej, > min D(Pyi 537 1Quv Py Pyiusw) + LW; V,Y|S) = I{U; W|S) — O(5)
Povswy€
T3 (Pusw Pyswy)
= Ey(Ps, Py us, Pxjusw) — O(9). (132)

In (I30), we used the fact that

P(Eps| F) < 2- e—n(I(W;V,Y|S)—I(U;W\S)—0(6))’
which follows from
P (W”(l) - w"|ﬁ) <2 P(W"(l) = a"). (133)

Eqn. (I33) can be proved similarly to (96).

Finally, we consider the case when 50 holds.

S PWUT =u" V" =0"|H =1) P(Dy| U" = u", V" =v", &)

=Y PU"=u"V'=10"H=1) Y P(S"=s"Y"=y"Do| U"=u", V" =0", &)
un’vn S’n7y7l

=) PU"=u"V"=0"|H=1) [ SRSt =" Y =y U =0V =0, &)
um™,um s Lyn

P(Dy| U™ =", V" =", 8" =" Y" =y", é_’o)}
= > RO =t V= H = 1) Y RS =Y =y U =, )
un’v'll sn’y’”.

P(Do| U™ = u®, V" = o™, 8" = s, Y™ = ¢, 5’0)} (134)

The event Dy occurs only if there exists a sequence (W™(1), V", 8™ Y™) € T for some [ € [enU(U:SW)+m)],

WVSY];
Noting that the quantization codebook is independent of the (V",S™,Y™) given that & holds, it can be shown

using standard arguments that
]P;(DO| U™ = un7 v = ,Unv‘svn _ Sn’Yn _ yn7 gO) < efn(I(W;V,Y\S)fl(U;W|S)7O(5)). (135)
Also,

P(S" = 5", V" = yn| Un — u",go) < e_n(H(gfjlﬁ)"!‘D(PS}?\UHQSY\U‘P[})). (136)

Hence, using (133) and (136) in (134), we obtain

S OPWUT =u" V"t =0"|H =1) P(Dy| U =u", V" = 0", &)

n
u™,v
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< (n4 )UIVISIVE oy nHOVSY) (—n(HOV)+D(PyyllQuv)) (=n(H(SYI0)+D(Psy gl|Qsv i |Po))

Poysy:

Pysy=Pvsy

oUWV, [S)=1(U;W]8)-0(5))

*
—nkE
— 3
e n,

where,

By, = min  D(PpgyllQvsy) + I(W;V.Y[S) = I({U; W|S) — [U|[VIS||¥|log(n + 1) — O(6)

Py gy =Pvsy

(n)
—= B3 (Ps, Pirus, Px/jus: Pxjpsw) — O(9).

Since the error-exponent is lower bounded by the minimal value of the exponent due to the various type 2 error

events, this completes the proof of the theorem.

APPENDIX C

OPTIMAL SINGLE-LETTER CHARACTERIZATION OF ERROR-EXPONENT WHEN C'(Py|x) =0

The proof of achievability follows from the one-bit scheme mentioned in Remark [4] which states that for 7 > 0,

k(T,€) > Ko(T), V € € (0,1]. Now, it is well-known (see [23])) that C(Py|x) = 0 only if
P;' ::PY|X::D:PY‘X:$'7 VZI;,LEIGX. (137)
From (137), it follows that E.(Py|x) = 0. Also,

Bo > D(Pv||Qv) + gnn D(P0|V||QU|V|PV)
Pﬁ:PU(,J‘ED\'/:PV

> D(Py||Qv),

which implies that xo(7) > D(Py||Qv).

Converse: We first show the weak converse, i.e., 5(7) < D(Py||Qv ), where x(7) is as defined in (@6). For any
sequence of encoding functions f(%"*) and acceptance regions Ak, for Hy that satisfy nj, < 7k and (58), it
follows similarly to (39), that

, -1 (knx) (ki) : 1
lim sup — log (5 (k,nk,f ) g (ko )) <limsup - D (Pyrgyr||Qynep) - (138)
k—oo k k—o00 k

The terms in the R.H.S. of (T38) can be expanded as
1
ED (PY”kV’CHQY"kV’C)

1 Py e (™ |0")
= D(P - Pyrieyny (VF, )1 : 1
(Pv]|Qv) + - Z veyne (07, y"*) log (Qynkwk(y"’“vk) (139)

(0 y"k)

eVkxymk

Next, note that
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Pymue (™ [0*) = 37 Puugyr (wF|o") Poe e (@ [u¥) Py xonn (37 ™)
(u* k)
€ Uk xx"k
n
= <HP§(yi)> Z Pyrejy (WP 10F) Py (2™ [u) (140)
=1 (uk,:bnk')
€ Uk x X"k
Nk
=117 ), (141)
=1

where, (T40) follows from (@) and (I37). Similarly, it follows that
Qy e ye (Y™ |0F) H Pi(y:). (142)

From (138), (139), (141) and (142), we obtain that

lim sup %1 log (ﬂ (k,nk, f(k’”’“),g(k’"’“))> < D(Pyl||Qv).

k—o00
This completes the proof of the weak converse.
Next, we proceed to show that D(Py||Qyv) is the optimal error-exponent for every € € (0,1). For any fixed
e € (0,1), let f (kmk) and A(k,n,) denote any encoding function and acceptance region for Hp, respectively, such
that n;,, < 7k and
lim sup « (k‘,m€7 f(k’”’f),g(k’”’“)) <e. (143)

k—o0

The joint distribution of (V*,Y™*) under the null and alternate hypothesis is given by

ng
Pyuyn (0%, <HPV m) [P, (144)
j=1

and Qyeyny (v°, y"™ <H Qv (v ) ﬁ Py (y;) | (145)
j=1
respectively. By the weak law of large numbers, for any § > 0, (144) implies that
lm Py, (T[’;V} X Tk ) — 1. (146)
Also, from (T43), we have
liminf Pyayne (Agrng) = (1= €). (147)

From (146) and (147), it follows that

Pyoym (At VT, % T, ) 21 ¢ (148)
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for any € > € and k sufficiently large (k > ko (6, V], |V])). Let

A(w*,6) = {ynk LW,y € Ay N Ty, X T[’;g]a} , (149)

and D(n, §) := {vk € Ty, : Prow (A, 6)) = 77} . (150)
Fix 0 <7’ <1 — €. Then, we have from (148) that for any § > 0 and sufficiently large F,
1 _ 6/ _ n/
Py (D(0,0)) 2 ———— I (151)
From [23, Lemma 2.14], (I31) implies that D(7’, ) should contain atleast 1_15_%;,"/ fraction (approx.) of sequences
in T%, . and for each v* € D(1/,d), (I50) implies that A(v¥, ) should contain atleast 7’ fraction (approx.) of

[Pv]s

sequences in Tﬁj’i]é, asymptotically. Hence, for sufficiently large k£, we have
Y

Quiyre (Ammn) = Y. Que@®) D Pra(y™) (152)

vk eD(n’.5) Yk EA(vR,5)

log 176/7,71/ ,
—k (D(Pva) ( o ) — los(n >O(6)>
>e

(153)
Here, (T33) follows from [23, Lemma 2.6].
Let A/(k,nk) = T[’}VL; X T[TILJIC;](;' Then, for sufficiently large k,
Pyiyns ( ?k,nm) W, (154)
and Queyny (A’(k,nk,)) < ¢ HD(PvIQV)-0(8) (155)

where, (I54) and (T33) follows from weak law of large numbers and [23, Lemma 2.6], respectively. Together (I53),

(I54) and (I53) implies that
k(7€) = £(7)] < O(9),

and the proposition is proved since J > 0 is arbitrary.
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