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Abstract—In this paper, capacity bounds for the two-user
Interference  Channel (IC) with cooperative receivers via
conferencing links of finite capacities is investigated. The capacity
results known for this communication scenario are limited to a
very few special cases of the one-sided IC. One of the major
challenges in analyzing such cooperative networks is how to
establish efficient capacity outer bounds for them. In this paper,
by applying new techniques, novel capacity outer bounds are
presented for the 1Cs with conferencing users. Using the outer
bounds, several new capacity results are proved for interesting
channels with unidirectional cooperation in strong and mixed
interference regimes. A fact is that the conferencing link
(between receivers) may be utilized to provide one receiver with
information about its corresponding signal or its non-
corresponding signal (interference signal). As a remarkable
consequence, it is demonstrated that both strategies can be
helpful to achieve the capacity of the channel. Finally, for the case
of Gaussian IC, it is mathematically shown that our outer bound
is strictly tighter than the previous one derived by Wang and Tse.

Keywords-Interference Channel;
Decoders; Capacity; Outer Bound.

Cooperation; Conferecing

L INTRODUCTION

One of the main challenges to establish a reliable wireless
communication network with a satisfactory performance is
how to manage the interference effect caused by concurrent
signaling of different users. In network information theory,
this key aspect of wireless communication systems is basically
addressed by the Interference Channel (IC). Another important
feature of many practical wireless systems is the feasibility of
cooperation among different users that allows them to
exchange information. User cooperation has been shown to be
a crucial way of improving performance of communication
networks [1]. Specifically, it is an effective way to mitigate the
interference in networks [2].

One of significant ways to set up cooperation among
transmitters/receivers in a communication network is the use
of conferencing links of finite capacities. In particular, modern
cellular systems typically rely on some high capacity direct
link between base-stations. Such configurations fall under the
umbrella of channels with conferencing transmitters and/or
conferencing receivers. Cooperation via conferencing links
was first studied by Willems [3] for a Multiple Access
Channel (MAC). Willems characterized the capacity region of
the two-user MAC with conferencing transmitters. In the past
decade, various communication scenarios with conferencing
transmitters/receivers have been studied in network
information theory [4]-[15]. In this paper, we study the two-
user IC with conferencing receivers. This means, two clients,
forming a two-user IC, send data to their respective base-
stations, and the two base-stations are connected through links
of given capacities. This scenario has been previously
considered in several papers. Specifically, the capacity region
of the Gaussian IC with conferencing receivers was

established in [8] to within a constant gap. Other works in this
regard include [10-15]. Despite considerable work on the
cooperative interference channels with conferencing links, up
to our knowledge, the available capacity results are limited to
a very few special cases of the one-sided IC with
unidirectional conferencing between receivers [14, 15]. In fact,
the capacity of the two-user fully-connected IC with
conferencing users was not previously known even for any of
the special cases where the capacity is known for the IC
without cooperation, for example, the strong interference
channel [16].

Indeed, a major challenge to analyze cooperative networks
in general and the IC with conferencing users in specific is
how to establish efficient capacity outer bounds. In literature,
generally there exist three types of outer bounds for
cooperative interference networks: cut-set bounds [17], Sato
type outer bounds [18], [19], and genie-aided outer bounds [8,
9]. The cut-set bounds and Sato type outer bounds are usually
insufficient to derive capacity results or even to establish
capacity to within constant-gap results for Gaussian channels.
The outer bounds derived by genie-aided techniques, similar to
[8, 9], are useful to establish constant-gap results for Gaussian
channels; however, they still need to be tightened to derive
exact capacity results. In this paper, we present a novel outer
bound for the two-user IC with conferencing receivers. The
derivation of our outer bound is indeed involved in subtle
applications of the Csiszar-Korner identity [20] for
manipulating multi-letter mutual information functions to
establish consistent and well-formed single-letter constraints
on the communication rates. In fact, we derive our bound by
extending the constraints of the outer bound established in [21-
22] for the IC without cooperation (which was shown to be
useful to derive several capacity results) to the conferencing
settings as well as presenting constraints with new structures.
Using our outer bound, we prove several new capacity results
for the two-user (fully-connected) IC with conferencing users
for both discrete and Gaussian cases. In particular, we derive
four capacity results for interesting channels with
unidirectional cooperation in mixed and strong interference
regimes. It is a fact that a conferencing link (between
receivers) may be utilized to provide one receiver with
information about its corresponding signal or its non-
corresponding signal (interference). As a remarkable
consequence, we demonstrate that both strategies can be
helpful to achieve capacity for the IC with conferencing
receivers.

Finally, for the case of Gaussian IC, we show that the
derived outer bound can be tightened more by introducing
additional constraints which are derived by utilizing genie-
aided techniques as well. As a result, we obtain a new outer
bound for the Gaussian IC with conferencing receivers, which
can be mathematically shown that is strictly tighter than the
previous one obtained by Wang and Tse [9].



The rest of the paper is organized as follows. In Section II,
channel models and definitions are given. The main results are
presented in Section III and the paper is concluded in Section
IV. Due to limited space, some of the proofs are given in the
Appendix.

II.  CHANNEL MODELS

In this paper, a Random Variable (RV) is denoted by an upper
case letter (e.g., X) and a lower case letter is used to show its
realization (e.g., x). The alphabet of X is represented by X.
The notation [1: N] represents the set of integers from 1 to N,
and ||S|| denotes the cardinality of the set S.

Definition 1. The two-user IC is a communication scenario
where two transmitters send independent messages to their
corresponding users via a common media. The channel is
given by the input signals X; € Xj and X, € X,, the outputs
Y, €Y, and Y, € Y, and the transition probability function
P(y;,V,|%1,x,). The Gaussian channel is usually formulated
in the following standard form:

Vi =851 X1 + 512X, +Z;
Y, = 81X + 80X, + Z,
(D
where Z; and Z, are zero-mean unit-variance Gaussian RVs
and E[X?] < P, i=1,2.

Conferencing Decoders: The two-user IC with conferencing
decoders is depicted in Fig. 1. For this channel, a length-n
code with L; conferencing rounds, denoted by
C™"(Lg, Ry, Ry, D14, D,y) is described as follows.

The message M;, which is uniformly distributed over the set
M; = [1:2™Ri] | is transmitted by the i*" transmitter and
decoded by the i" receiver, i = 1,2. The code includes two
encoder functions as:

ViZML' g xi‘n' X" = Vi(Mi)' i E {1,2}

Each transmitter encodes its message by the respective
encoding function and sends the generated codeword over the
channel. The receiver Y; receives a sequence Y* € Y[*. Before
decoding process, the decoders hold a conference. The code

. . . L
consists of two sets of conferencing functions {1912,1}131 and
L . . L
{1921’1}151 with the corresponding output alphabets {vlzl}zi

and {VZl_l}lL‘:il, respectively, which are described below.

. n
V1200 YT X Vo110 X oo X V11 2 Vg
_ -1
V12,l - 1912,1(Y1n; V21 ):
. n
Vo100 Y2 X Vigq X oo X Vg9 = Voq

Vari = 921, (Y2, Viz 1)
The conference is said to be (D;,, D,1)-permisible if

Lq

Lgq
Z log”vlll” < nDy, Z 10g||1721,l|| <nD,,
=1 =1

)
The receivers exchange information by holding (D5, Dy,) -
permisible conference. After the conference the first receiver
knows the sequence V2L1d = (V21_1, Va1,2, Va1 d) and the
second receiver knows the sequence Vled = (V12,1, v Vion d).

M, = X Yy : o,
_.,| ENC-1 DEC-1
Py, yalxy, x2) Dy Dy,
M, e Xy ¥ Hz
ENC-2 DEC-2

Fig. 1: Interference Channel with Conferencing Decoders.

Lastly, the code includes two decoder functions as follows:

Dy YR XV s My, My = A (Y x v

Dy YR XVE - My, My =0, (Y x V32

Thus, each decoder decodes its message by the respective
decoder function.

The capacity region for the two-user IC with conferencing
decoders is defined as usual.

III.  MAIN RESULTS

This section is divided into two parts. We present our
results for the general two-user IC with cooperative users in
Part III.LA. Then in Part III.LB, we specifically consider the
Gaussian channel given in (1).

A. General IC with Conferencing Decoders

We begin by presenting our novel outer bound for the general
two-user IC with conferencing decoders.

Define RIC~CP as the union of all rate pairs (R;,R,) € R2
such that
Ry < min{I(U, X1;Y11Q) + Dy, I(Xy; Y11X5, Q) + D2y}
Ry < 1(Xy; 111Y2, X2, V, Q) + 1(X1; Y2|X2, Q)
Ry < 1(Xy; Y2lY1, X2, V, Q) + 1(Xy; Y11X2, Q)
Ry < min{l(V, X3; Y21Q) + D12, [(Xy; Y21X1, Q) + Dy2}
R, < 1(X,; Y5V, X1, U, Q) + I1(X,; V41X, Q)
Ry S 1(Xp; Y1lY2, X1, U, Q) + 1(Xp; Y2l X1, Q)
Ry + Ry < 1(Xy; 111V, X3, Q) + I(V, X3; Y2|Q) + D13 + Doy
Ry + Ry < 1(X3;Y2|U, X1, Q) + I(U, X1;Y11Q) + D1z + Dyy
Ry + Ry < 1(Xy; V11Y2, X5, V, Q) + 1(X1, X35 Y21Q) + Dy
Ry 4+ Ry < 1(X2; Y1Y1, X1, U, Q) + 1(Xy, X35 Y11Q) + Doy
Ry + R, < 1(Xy, X511, Y21Q)
3)

for some joint PDFs PyPx, oPx,|0Puvix,x,0- The following
theorem holds.

Theorem 1. The set RIC~CP constitutes an outer bound on the
capacity region of the two-user 1C with decoders connected by
the conferencing links of capacities D, and D,;, as shown in
Fig. 1.

Proof of Theorem 1: The proof is given in Appendix 1. m

Next, using the outer bound (3), we prove four capacity results
for IC with unidirectional conferencing between receivers. We
highlight that a conferencing link (between receivers) may be
utilized to provide one receiver with information about its
corresponding signal or its non-corresponding signal (the



interference). Our following theorems reveal that both
strategies can be helpful to achieve the capacity of the channel.

Theorem 2. For the two-user IC with unidirectional
conferencing between decoders, where D,; = 0, if

1(X1; Y11X,) < 1(X4;Y,1X,) forall Py Py,
X, = Y, X, = Y, (Markov chain)
“4)

then, the outer bound (3) is optimal. The capacity region is
given by the union of all (R, R,) € R2 such that:

Ry < 1(Xy; 111X3,Q),
Ry < min{l(X3; Y21X1, Q) + Do, I(X2; V11X, @)}
Ry + R, < min{l(Xy, X2; Y21Q) + Do, 1(X1, X2; Y11Q)}
)
for some joint PDFs Py Py, |0 Px,|q-

Proof of Theorem 2: Let first prove the achievability of (5).
Without loss of generality, assume that the time-sharing
variable is null Q = @. We present a coding scheme in which
both messages are decoded at both receivers. Consider the
independent random variables M; and M, uniformly
distributed over the sets [1: 2™F1] and [1: 2"R2], respectively.
Partition the set [1:2"F2] into 2™F1z cells each containing
2R2~R12) elements, where R;, = min{R,, D;,}. Now label
the cells by ¢ € [1: 2"R12] and the elements inside each cell by
K € [1:2MR27R12)] Accordingly, we have c(M,) = @ if M, is
inside the cell 8, and k(M,) = B if M, is the B*" element of
the cell that it belongs to.

Encoding at the transmitters is similar to a MAC. For
decoding, the first receiver decodes both messages M; and M,,
by exploring all codewords Xj* and X' which are jointly
typical with its received sequence Y;*. This receiver then sends
the cell index of the estimated message of the second
transmitter, i.e. C(Mz) , to the receiver Y, by holding a
(D45, 0)-permissible conference. The second receiver applies a
jointly typical decoder to decode the messages, with the caveat
that the cell which M, belongs to is now known. Clearly, given
c(M,), the second receiver detects the message M, and x(M,)
by exploring codewords X{* and X7 which are jointly typical
with its received sequence Y3*. One can easily show that under
the conditions (4), this coding scheme yields the achievability
of the rate region (5).

Next, using the outer bound (3), we show that under the
conditions (4), the achievable rate region (5) is in fact optimal.
Based on (3) for D,; = 0 we have:

RZ S I(XZI Y2|Y11X1! UI Q) + I(XZ! Y1|X11 Q)
a
=1(X5; V11X, Q)
Ry + R, < I(X; V1|V, X5, Q) + I(V, X5; 12|Q) + Dy

b
SIX; Y|V, X5, Q) + 1(V, X5 Y21Q) + Dy
= I(Xszi Y2|Q) + Dy,

Ry + R, < I1(X3; Y,|Y1, X1, U, Q) + 1(X1, X5; Y11Q)
= I(X1,X2; Y11Q)

where equalities (a) and (c) are due to the second condition of
(4) (given Xy, Y, is a degraded version of Y;), and inequality
(b) is due to the first condition of (4) (see [21-22]). Note that
the other constraints of (5) are directly given by (3) when
D,; = 0. The proof is thus complete. m

Corollary 1. Consider the following Gaussian IC with
unidirectional conferencing between decoders (D,; = 0).

Yl = 511X1 + 512X2 + Zl

Y, =85,X, + S, + 7,
(6)
where Z; and Z, are independent unit-variance Gaussian
2 _ o2
noises. If (h=sh) < S,,, then the capacity region is given by
2811521
®).
Proof of Corollary 1: First note that the channel (6) satisfies
the second condition of (4) by definition. Moreover, one can
easily see that for this channel the first condition of (4) is
(sh=sh) _
—_— 22 .

11921
result of Theorem 2. m

equivalent to Therefore, we can apply the

Based on Theorem 2, for the channel satisfying the conditions
(4) the optimal scheme to achieve the capacity region is to
decode both messages at both receivers and the optimal
cooperation strategy is to provide one receiver with
information about its corresponding signal via the
conferencing link. In fact, the conditions (4) could be
interpreted as a strong interference regime for the IC with
unidirectional cooperation between receivers. Note that if the
channel satisfies (4), it will also satisfy the standard strong
interference regime [16] as well.

Theorem 3. For the two-user IC with unidirectional
conferencing between decoders, where D,;, = 0, if

1(V; Y2|Xz) < I(V; Y1|X2)
X, > Y, X1 -V,

fOf a” PX1PX2PV|X1X2

(Markov chain)
(7

then the outer bound (3) is sum-rate optimal and the sum-
capacity is given by

{I(Xﬁ Y1|X2’ Q) + I(Xzi Y2|Q) + DIZ'}

min
I(Xl,Xz; Y1|Q)

PoPx,1ePxz10
®)
Proof of Theorem 3: The coding scheme that achieves the
sum-rate (8) is similar to that given in the proof of Theorem 2,
except for the decoding of the second receiver. Here, the
second receiver only decodes its own signal. Given c(M,), the
second receiver detects k(M,) by exploring codewords X7
which are jointly typical with its received sequence Y;'. One
can see that the sum-rate (8) is achieved by this scheme. Now
consider the outer bound (3) where D,; = 0. Under the
conditions (7), we have:

Ry + R, S IXy; 11|V, X5, Q) + 1(V, X5 Y2|Q) + Dy
=1(X;; 1|V, X5, Q) + 1(V; Y21X5, Q) + 1(Xy; Y2|Q) + Dy
a
S IXp NV, X5, Q) + I(V; Y11X,, Q) + 1(Xy; Y2[Q) + Dy

= 1(X1i Y1|X2,Q) + I(Xzi Y2|Q) + Dy,
)



where inequality (a) is due to the second condition of (7).
Moreover,

Ry + R, < I1(Xy; Y,|Y1, X1, U, Q) + 1(Xy, X5; Y11Q)

2 1(Xy, X5 Y41Q)
(10)

where equality (b) holds because of the second condition of
(7), i.e., given Xy, Y, is a degraded version of ¥;, and thereby
the first mutual information on the left side of (b) is zero.
Therefore, (8) is in fact the sum-rate capacity of the channel
and the proof is thus complete. m

Corollary 2. Consider the Gaussian IC given in (6) with
unidirectional conferencing between decoders, where D,; =
2 _¢2
0. If (511-51) > S,,, then the sum-rate capacity is given by (8).
2511521
Proof of Corollary 2: The Gaussian channel (6) satisfies the
second condition of (7) by definition. Furthermore, for this
2 _ 2
channel the first condition of (7) is equivalent to % =
11°21

S,,. Thus, we can apply the result of Theorem 3. m

According to Theorem 3, for the channel given in (7) the
optimal scheme to achieve the sum-rate capacity is to decode
interference at the receiver which is the source of the
conferencing link, and to treat interference as noise at the
receiver which is the destination of the conferencing link.
Moreover, the optimal cooperation strategy is to provide the
receiver that treats interference as noise with information
about its corresponding signal via the conferencing link. The
regime (7) could be indeed interpreted as a mixed interference
regime for the IC with unidirectional cooperation between
receivers.

In the next theorem, we derive another mixed interference
regime for the channel where, unlike Theorem 3, the optimal
scheme to achieve the sum-capacity is to treat interference as
noise at the receiver which is the source of the conferencing
link and to decode interference at the one which is the
destination of the conferencing link; also, the optimal
cooperation strategy is to provide the receiver that decodes
interference with information on its non-corresponding signal
(the interference) via the conferencing link.

Theorem 4. For the two-user IC with unidirectional
conferencing between receivers, where D,, = 0, if

I(Xl; Y1|X2) < I(Xl; Y2|X2) fOf a." PX1PX2
X, = Y5, X, =Y, (Markov chain)
(11

then, the outer bound (3) is sum-rate optimal and the sum-rate
capacity is given by

I(Xzi Y2|X1, Q) + I(Xl; yllQ):}

min
{ 1(X1,X5;Y,1Q) + Dy

PoPx,10Px;l0
(12)

Proof of Theorem 4: The achievability of (12) is indeed
derived by treating interference as noise at the first receiver
and decoding interference at the second receiver. Moreover,
the conferencing link is used to provide information about the
interference for the second receiver. Let assume Q = Q.
Consider two independent messages M; and M,, uniformly
distributed over the sets [1: 2™F1] and [1: 2"R2], respectively.

Partition the set [1:2"F1] into 2™F1z cells each containing
2n(R1~R12) elements, where R;, = min{R;,D;,}. Now label
the cells by c € [1:2"(R1~R12)] and the elements inside each
cell by K € [1:2™R12]. Accordingly, we have c(M;) = a if M
is inside the cell a, and k(M) = B if M, is B** element of the
cell that it belongs to.

Encoding at the transmitters is similar to a MAC. For
decoding, the first receiver simply decodes its own message by
exploring all codewords X' which are jointly typical with its
received sequence Y;*. This receiver then sends the cell index
of the estimated message, i.e. C(Ml), to the second receiver by
holding a (D;,,0) -permissible conference. The second
receiver applies a jointly typical decoder to decode both
messages with the caveat that the cell index which M; belongs
to is known. Clearly, given c(M,), the second receiver detects
k(M,) and M, by exploring codewords X{* and X7 which are
jointly typical with its received sequence Y3'. One can easily
show that this scheme yields the achievable sum-rate (12).

Next using our outer bound (3) we prove that under the
conditions (11), the sum-rate capacity of the channel is
bounded by (12). Based on (3), when D,; = 0, we have:
Ry + Ry < 1(X3; Y21Y1, X1, U, Q) + 1(X1, X2; 111Q)
=1(X3; Y1, V21X1, U, Q) — 1(X3; Y11X1, U, Q)
+H (X2 Y1lXy, Q) + 1(Xy; 111Q)
=1(Xy; Y1, V21X, U, Q) + 1(U; V11X, Q)
+1(X3; Y11Q)
=1(X2; Y21X1, U, Q) + 1(X3; Y1Y2, X1, U, Q)
+I(U; Y11X1, Q) + 1(X1; Y11Q)
1(X3; V21X, U,Q) + 1(U; 11X, Q) + 1(X1; Y11Q)

b
< I(Xy; V21X, U, Q) + 1(U; Ya1X1, Q) + 1(X1; Y11Q)
=1(X3; Y21X1, Q) + 1(X1; Y11Q)

where equality (a) holds because by the Markov chain given in

(11), the second mutual information on the left side of (a) is

zero; similarly, inequality (b) holds because the Markov chain

in (11) implies that I(U; Y;1X1, Q) < I(U; 51Xy, Q). Moreover,
we have:

Ry + R, < I(X1; Y11V, X5, Q) + I(V, X5, Y2|Q) + Dy

c
SIX; Y|V, X5, Q) +1(V, X35 Y,|Q) + Dy
=1(X1,X2;Y2|Q) + Dy
where inequality (c) is due to the first condition of (11), (see
[21-22]). The proof is thus complete. m
Corollary 3. Consider the following Gaussian IC with
unidirectional conferencing between decoders (D,, = 0).
Y1 = 511X1 + 512Y2 + Zl
Yz = 521X1 + Sszz + Zz
13)
where Z; and Z, are independent unit-variance Gaussian
2 _¢2
noises. IfM > S, then the sum-rate capacity is given
2511521
by (12).



Proof of Corollary 3: The Gaussian channel (13) satisfies the
second condition of (11) by definition. Moreover, for this
(s31-s%1) >

25118521
S12- Thereby, we can apply the result of Theorem 4. m

channel the first condition of (11) is equivalent to

Finally, we characterize the capacity region of the one-sided
IC with unidirectional conferencing from the non-interfered
receiver to the interfered one in the strong interference regime.
This result is given in the following theorem.

Theorem 5. Consider the two-user one-sided IC where
P_()’l:)’z_b_ﬁ:xz.) = 1]:’)()’1|9C1)_]P)(y2|x1'x2) . EOI’ the Chann?'
with unidirection conferencing between receivers, where Y; is
connected to Y, by a conferencing link of capacity D, ,, if

1(Xy;111X,) < I(Xy; YylXy) forall Py Py,
(14)

then the outer bound (3) is optimal and the capcity region is
given by the union of all rate pairs (R,, R,) € R2 such that

Ry <1(Xy;111Q),
RZ < I(Xz; Y2|X1; Q)

Ri+R, < 1(X1'Xzi Y2|Q) + Dy,
(15)

for some joint PDFs Py Py, o Px,o-

Proof of Theorem 5: The achievability proof is similar to the
one presented in Theorem 4. The first receiver simply decodes
its own message while the second receiver jointly decodes
both messages. The conferencing link is utilized to provide
information about the interference (non-desired signal) for the
second receiver. For the one-sided channel, this scheme
achieves the rate region (15). Then we prove the converse part.
Based on (3), when D,; = 0, we have:

Ry < 1(Xy; 11X, Q) = 1(Xy; 111Q)

Ry, S I(Xy; Y15, X1, U, Q) + 1(X3; Y| X1, Q)
£ 1(Xy; Yol X1, Q)

Ry + R, S I(X; Y|V, X5, Q) +I(V, X35 Y5[Q) + Dy

b
S IX; Y|V, X5, Q) +1(V, X5 Y,1Q) + Dy
= I(Xl!XZ; Y2|Q) + Dy,

where (a) holds because for the one-sided IC, the first mutual
information on the left side of (a) is zero; the inequality (b) is
due to the condition (14) (see [21-22]). Thus, the proof is
complete. m

Corollary 4. Consider the Gaussian one-sided IC which is
given by S;, = 0in (1). If S,; = S;4, then the capacity region
of the channel with unidirectional conferencing between
receivers is given by (15). This recovers a result of [14, Th.1].

Based on the proof of Theorem 5, the optimal coding scheme
to achieve the capacity region (15) is to decode both messages
at the interfered receiver and the optimal cooperation strategy
is to provide the interfered receiver with information about its
non-corresponding  signal (the interference) via the
conferencing link.

B. Gaussian I1C with Conferencing Receivers

In this section, we show that for the Gaussian IC one can
tighten the outer bound by utilizing genie-aided techniques as
well. Consider the two-user Gaussian IC in (1) with decoders
connected by conferencing links of capacities D;, and D, .
Define genie signals G;, G5, G;, and G, as follows:

Gy 2 Sy X, + 7,
Gy 2 S1,X, + 74
Gy 2 S, X, + 7,
Gy 2 S,X, +7,
(16)

where Z, and Z, are unit-variance Gaussian noises
independent of other variables. Let mg’(@;)“’ denote the set of
all rate pairs (R;, R,) € RZ which satisfy the constraints (3) as

well as the following:

Ry + Ry < I1(X1, X2 111Gy, Q) + 1(Xy, X5 Y216, Q)
+Dy, + Dyq
2Ry + Ry S IX; Y11V, X5, Q) + 1(V, X35 121G, Q)
+1(X1, X35 Y11Q) + Dyp + 2Dy
R, + 2R, < I(Xy;Y,|U, X, Q) + 1(U, Xy; Y|G4, Q)
+1(X1,X2; Y21Q) + 2D15 + Doy

2Ry + R, < I(X; Y1, 1o|V, X5, Q) + I(V, X5; Y5 Gy, Q)
+1(X1,X2;Y11Q) + D1z + Doy
Ry 4 2R, < 1(Xz;: Y1, V21U, X1, Q) + 1(U, X33 111Gy, Q)
+1(X1,X2; Y21Q) + D1z + Doy
2Ry + Ry < 1(X1, X35 Y3, Y5 |Gy, Q) + I(Xy, X35 Y41Q) + Dy
Ry + 2Ry < I(X1, X231, V2| Gy, Q) + I(Xy, Xo3 Y2|Q) + Dy
a7

for some joint PDFs PyPx, oPx,10Puvix,x,0- The following
theorem holds.

Theorem 6. The set RS /75" constitutes an outer bound on the

capacity region of the two-user Gaussian IC (1) with
conferencing decoders.

Proof of Theorem 6. Refer to Appendix I1.m

In the following theorem, we present an explicit
characterization of the outer bound given in Theorem 6. For
this purpose, we indeed apply several novel techniques to
optimize the bound over its auxiliary random variables.

Theorem 7: Let REIC~CD denote the set of all rate pairs
(R, R;) € RZ which satisfy the constraints (18) given on the
top of the next page for some a, B € [0,1]. The set RG/¢~CP
constitutes an outer bound on the capacity region of the
Gaussian IC (1) with decoders connected by the conferencing
links of capacities D,, and D,,, as shown in Fig. 1.

Proof of Theorem 7. We need to optimize the outer bound
established in Theorem 6 over the auxiliary random variables
U and V, which is indeed a complicated problem. To solve it,
we apply novel techniques including several subtle
applications of the entropy power inequality. Let present our
approach. First note that some of the mutual information
functions given in (3) and (17) can be re-written as follows:
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I(XZ;Y2|Y1'X1:U,Q)

=1(X;; Y1, 1|0, X,,Q) —
1(X; Y11Y2, X1, U, Q)

= I(XZ' Yl' YZ|U!X1v Q) - I(XZ’ YZIUI Xl! Q)
I(X1iY1|Y2,X2;V, Q)

= I(Xl' Yl' YzIV,Xz, Q) - I(X]J YZIVIXZF Q)

I(X21 Y1|U'X1l Q)

1(X; V5|V, X,,V,Q)

=I1(X;; Y, Y1V, X,5,Q) — I(X1; 11|V, X5, Q)

19)
In general it is difficult to directly treat expressions such as
[(Xy; Y1, Y5V, X5, Q) or [(Xy; Y, Y5 U, X.,Q). To make the
problem tractable, we apply the following technique. Let
define two new outputs ¥, and ¥, as follows:



vV a SlZYI + SZZYZ — 511512 + 521522
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= =X, + X, +7Z
2781117 + 1S5, |2 R e N e 2
(20)

X, +X,+ 7,

where Z; and Z, are given as:
Zl A SlZZI +SZZZ2
51217 + |S22/?
5 a 81121 + 5512,
2718112 + 1S 12
@n

It is clear that the mapping from (Y;,Y;) to (¥,Y,) and also to
(Yl, }72) is one-to-one. Now we have:

521(512521 - 511522)

hi=sulkt 11112 + 152112 Xti
o S12(812521 — 511522) =
Y2 =52l + [S1212 + [S221? it 2,
(22)
where
7z 521(821Z1 — 511Z3)
PT1SuP + 187
7 a S12(812Z5 — S32Z4)
2T 180212 + 1S5, 12
(23)

One can easily check that Z=1 is independent of Z; and also Z=2
is independent of Z,. Therefore, the following equalities hold:

1(X5; Y1, 51U, X1, Q) = 1(X; 71, Y2|U, X4, Q)
=1(X5 %1|U, X1, Q)

I(XI’ Yll YZ |Vf Xz, Q) = I(Xll Yl' ?2|VI XZ; Q)
=1(Xy; 1|V, X2, Q)
(24)

for any arbitrary input distributions. Next fix a distribution
PoPxioPxloPuvixyxze With E[XZ] < P,i=12. In what
follows, we present the optimization for the auxiliary random
variable U. The optimization over V/ is derived symmetrically,
and therefore we do not present the details to avoid repetition.

Let divide the problem into two different cases. First consider
the channel with weak interference at the first receiver where

[S12] < 18321
(25)

It is clear that:

%logZHe = H(Y,|U, X1, X5, Q)
< HY,|U, X, Q)
= H(S22Xz + Z,1U, X1, Q)
< H(Sp2 X, + 2,1Q) < 5log 2me (IS, 2P, + 1)
(26)

Comparing the two sides of (26), one can deduce that there is
a € [0,1] such that:

H(Ylel le Q) = H(SZZXZ + ZzIU, Xll Q)
= Elog 2me(|Sy;]%aP, + 1)

@7
Then by considering (27) and also (19) and (24), one can
easily verify that the optimization is equivalent to maximize
H(Y1|U, X, Q) and minimize H(Y;|U, X, Q), simultaneously.
For this purpose, we apply the entropy power inequality. This
inequality implies that for any arbitrary random variables X, Z,

and W, where X and Z are independent conditioned on W, the
following holds:

exp(2H(X + Z|W)) = exp(2H(X|W)) + exp(2H(Z|W))
(28)
Therefore, assuming that H(Z|W) is fixed, given
H(X + Z|W), one can derive an upper bound on H(X|W), and
given H(X|W) , one can derive a lower bound on

H(X + Z|W). This fact is the essence of our arguments in
what follows.

Let Z{ be a Gaussian random variable, independent of all other
151212

variables, with zero mean and a variance equal to ———-——.
[S1212+S22]

One can write:
H(%,|U,X,,Q)

_ <S12Y1 + 55,1,
[S121% + 152212

= H(X, + Z1|U, X1, Q)

U,Xl,Q>

N 1 5
= H(Szzxz + 52221|U' X1, Q) - 510g|522|

exp (2H(S;2X; + Sp22 + 2|0, X,,Q) )

—exp (2H(2i|U, X,,Q))

A=
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1
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PO NIS 2 + 155217

1
_510g|522|2
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= —log| 2me (aP +—>>
2 g( 2T 1S + (S5, 12
(29)

where (a) is due to the EPIL, (b) holds because S,,7Z; + Z; is a
Gaussian random variable with zero mean and unit variance
(the same as Z,), and (c) is given by (27). Next let Z; be a
Gaussian random variable, independent of all other variables,

|S2212 1. We have:
|512|2 — 1. € nave:

c

with zero mean and a variance equal to

H(Y1|U'X1:Q) = H(S12X2 + Z1|U.X1, Q)
S22 17
|S1212

522 1
= H<522X2 + S Zl U,Xl, Q) _Elog

12
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277 8a]

1 (exp(2H(SpX, + Z;]U, X, Q))
= — 10,
2 +exp(2H(Z§|U,X1,Q))

1oglSzl
2018,

exp(log 2me(|S,,%aP, + 1))

c1
=21 S,,1%
2 %8 +exp <log 2me (% - 1))
|S12]

L glSl
ARG
1
= EIOg(2”9(|512|2“P2 +1)
(30)
where (a) holds because Z, +Z; is a Gaussian random
variable with zero mean and a variance equal to :zz:i, i.e., the

same as zz—zZl, (b) is due to the EPI, and (c) is given by (27).
12

Thus, we applied the entropy power inequality twice: once to
establish an upper bound on H(?1|U, Xl,Q) as in (29) and
once to establish a lower bound on H(Y;|U, X, Q) as in (30). It
is important to note that one may also apply the principle of
“Gaussian maximizes differential entropy” to obtain an upper
bound on H (?1|U, Xy, Q), however, the upper bound derived
by that approach does not necessarily relate to a (which is
specifically determined by (27)) and thereby we cannot
establish a bound consistent to other entropy functions
including the auxiliary random variable U.

Let again consider the derivations in (30). One can easily see
that all of the relations given in (30) hold only for the channel
with weak interference at the first receiver where |S;,| <
[S,2|. As the second case, we need to consider the Gaussian IC
with strong interference at the first receiver where

|S12] = 1522
(31)

For this case, the derivations in (30) are no longer valid. The
fact is that when |S,,| = |Sy1], by fixing H(Y,|U, X3, Q) as in
(27), we cannot establish a lower bound on H(Y;|U, X;, Q)
using the EPI because given X, , the output Y; is not a
stochastically degraded version of Y, anymore. Therefore, we
need to change our strategy for the optimization. For this
purpose, first note that the strong interference condition (31)
implies the following inequality (see [21]):

1(X5; V51U, X1, Q) < I(Xy;Y411U, X1, Q) for all PDFs Pyyy, x,

(32)
Considering (32), we can derive:
1(X3; 21U, X1, Q) + 1(U, X; Y1|Q)
=< I(Xzi Y1|U’X1‘ Q)+ I(U;Xﬂ Y1|Q)
=1(Xy, X2; 111Q)
(33)

[(X5; Y2|U, X1, Q) + 1(U, X1; V116G, Q)
< I(XZ' Y1|U’X11 Q) + I(U'X]J YlIG]J Q)

= I(X1:X21 Y1|G1: Q)
(34

Then, we evaluate H (171 | U, X, Q). We can write:

1log <2TL’€ (é))

2 [S121% + 155212
= H(7,|U, X1, X5, Q)
< H(%,|U, X, Q)

_ (512Y1 + 55,1,
[S121% + 152212

= H(X, + Z1|U, X1,Q)
< H(X, +Z,|Q)

1 1
S—lO 27'[8 (P +—>>
2 g( 2T S + 1S,

U,Xl,Q)

(35

Comparing the two sides of (35), we can argue that there is
a € [0,1] such that:

~ 1 1
H(Y,|U, X, =-1 2 ( P. +7)
( 1| ! Q) 2 0g< re\ra [S121% + |S521? >

(36)

Now by substituting (33-34) in (3) and (17) and considering
(19) and (24), one can readily verify that the optimization is
reduced to minimize H(Y;|U,X;,Q) and H(Y,|U,X;,Q) ,
simultaneously. Moreover, given X; , both Y; and Y, are
stochastically degraded versions of ¥;. Therefore, considering
(36), one can successfully apply the EPI to establish lower
bounds on H(Y;|U,X;,Q) and H(Y,|U, X;, Q). Clearly, let 27
and Z% be two Gaussian random variables, independent of all

other variables, with zero mean and variances
1S2212 1S1212 .
Sl s P ris) And W have o iy Tespectively.
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2T, T E) T2 OB s
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1
exp | log 2me (aP +—>)
p (108 2T IS0 + 15512
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151212 (15121 + 1S2212)

1
= 5 log(2me(ISy;|*aP, + 1)

€0

where (a) holds because Z; + Z7 is a Gaussian variable with

. 1. 1 .
zero mean and variance o e the same as s_Zl’ (b) is due
12 12

to the EPI, and (c) is given by (36). Similarly, we can derive:



H(Y2|U;X1, Q)
= H(Sszz + ZZ|U: Xy, Q)

H(X 1z Q) Log—t
= — ——0 —
Y HOAE
. 1
= H(Xy + 2, + 22|U, X, Q) — long E

b 11 exp (ZH(XZ +21|UvX1’ Q)) 1 1

= ~log . —log——>
2 +exp (2H(28|U,%,,Q)) | 2 1Szl
1
. 1 exp <10g271'€ (C{PZ +W)>
12 22
R A 151212
exp | log 2me
P\ IS, PSP + 15,219
11 1
0
B,
1
= Elog(Zne(ISZZIZaPZ + 1))
(38)

where (a) holds because Z; + Z4 is a Gaussian variable with

1 1 .
zero mean and Varlance| ey i.e., the same as S_ZZ’ (b) is
22

due to the EPI, and (c) is given by (36). Therefore,
H(Y;|U, X;,Q) and H(Y,|U, X;, Q) are minimized by the right
side of (37) and (38), respectively. The proof is thus complete.
[

As indicated earlier, an outer bound was also established by
Wang and Tse in [9] for the Gaussian IC with conferencing
decoders. In the following, we argue that ours is strictly tighter
than that of [9].

Remark. For all channel parameters, the outer bound
RGIC=CD given by (18) is strictly tighter than that of [9,
Lemma 5.1].

In fact by a straightforward comparison via simple algebraic
computations, one can verify that each of the constraints given
in (18) is tighter than the corresponding one of [9, Page 2920].

We conclude our paper by providing some numerical results.
In Fig. 1, 2, and 3, we compare our new outer bound for the
Gaussian IC with conferencing decoders and that of [9] in the
weak, strong, and mixed interference regimes, respectively. As
shown in these figures, for all cases our new outer bound
could be strictly tighter.

CONCLUSION

In this paper, we investigated capacity bounds for the two-
user Interference Channel (IC) with cooperative receivers via
conferencing links of finite capacities. By applying new
techniques, we presented novel capacity outer bounds for this
channel. Using the outer bounds, we proved several new
capacity results are proved for interesting channels with
unidirectional cooperation in strong and mixed interference
regimes. A fact is that a conferencing link (between receivers)
may be utilized to provide one receiver with information about
its corresponding signal or its non-corresponding signal
(interference). An interesting conclusion of the paper was to
show that both of these strategies can be helpful to achieve the
capacity of the channel. Finally, for the case of Gaussian IC,
we showed that our outer bound is strictly tighter than the
previous one derived by Wang and Tse [9].
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Fig. 2: Comparison of the new outer bound for the Gaussian IC (1) with
conferencing decoders and that of [9] in the weak interference regime
(Py =P, =1, Diz =Dy =.5, S11 = Sz = 100, Sy, = Sz; = 60).

14 T T T T T T
Wang- The Outer Bdund ! !
-+ +

R2 (bits/use)

R, (bits/use)

Fig. 3: Comparison of the new outer bound for the Gaussian IC (1) with
conferencing decoders and that of [9] in the strong interference regime
(Py =P, =1, Diz = Dyy = .5, $11 = S = 60, S15 = 55y = 100).
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Fig. 4: Comparison of the new outer bound for the Gaussian IC (1) with
conferencing decoders and that of [9] in the mixed interference regime
(Py =P, =1, D1z = Dyy = .5, S11 = S31 = 60, S12 = S5, = 100).

In our ongoing work, we are investigating the interesting
question that whether our new outer bound for the Gaussian
channel could be used to obtain a better approximation of the
capacity region compared to the result of [9].

APPENDIX |
PROOF OF THEOREM 1

Consider a length-n code with vanishing average probability
of error. Define new auxiliary random variables:

Up 2 (My, Yi7 V)

Ve 2 (My, Y{ LYy ), for t=1,..,n
(A.1)

Let first derive some bounds on R;. By Fano’s inequality,

nR; < 1(My; Y7, V,:2) + nel



= I(My; Y + I(My; V2 |Y) + ned

< I(My; Y |M,) + H(V2 4) + net
S 1(My; Y |M,) + nD,, + nek
S Y0 I(Xy 45 Yy 0| Xoy) + Dy + nel

(A.2)

where inequality (a) holds because conditioning does not
reduce the entropy, and inequality (b) is due to (2). Moreover,

nR; < I(Ml, YV ) + ne;
= 1(My; Y*) + I(My; V, 2|V + neb
< Ty I(My; Y| Viyy) + H(Vps?) + mel
> n n t—1 Lg
S T I(My, Y, VA1 X Ve e) + H (Vg
< Y0, (U, Xy Vo) + nDyy + nel

) + nei

(A3)
where inequality (a) holds because conditioning does not
reduce the entropy. Next we derive some bounds on R,. By
Fano’s inequality we have:
nR, < I(My; Y, V,5%) + ne?

< 1(My; Y, V3L V52) + ne
2 [(My; Y, YT + ne?
< I(My; Y4, Y3 M) + nef;
(A.4)

where (a) holds because Vled is given by a deterministic
function of (Y{*,Y5'). Now consider the mutual information
function on the right side of the last inequality of (A.4). We
can write:

I(My; Y, Y7 M) = 1(My; Y3 IMy) + 1(My; YT |Y7, My)
= Xi=1 I(Xz,ti YZ,t|X1,t' M1)
F 0 I (X Vi Yoo Xo oo My, Y0 Vg, Vi)
= N1 (Ko Yoo |Xo e M)
+ Z?=1 I(Xz,t; Yl,t|Y2,t' X1,t' U, Y21,15+1)

b
< X I(Xz,ti YZ,t|X1,t) + X I(Xz,ti Yl,t|Y2,t' Xt Ut)
(A.5)

where (a) holds because X;. is given by a deterministic
function of M;; the inequality (b) holds because conditioning
does not reduce the entropy and also given the inputs X; ¢, X5 ¢,
the outputs Y. Y,, are independent of other variables.
Similarly, we can derive:

I(My; Y, Y7 M) = I(My; Y' M) + I(My; Y3 YT, M)
< X I(Xz,ti Yl,t|X1,t) + X I(Xz,ti Yz,tlyl,t' X1t Ut)
(A.6)

Now by substituting (A.5) and (A.6) in (A.4), we obtain:

nR, <
) Z?=1 I(Xz,ti Yz,t|X1,t) + I(Xz,ti Y1,t|Y2,t' Xl,t' Ut) ,
min
Xi=1 I(Xz,ti Yl,t|X1,t) + I(Xz,ti YZ,t|Y1,t' X1t Ut)
(A.7)
Finally, we establish constraints on the sum-rate. Based on

Fano’s inequality, one can write:

n(Ry + Ry) < I(My; V{4 V8) + 1(My; Y, V52) + n(el + €2)
< T(My; Y + I(My; Y3 + I(My; V2| v)
+I(M2' 12 dlyzn) +n(ey +€7)
< I(My; YY) + I(My; Y IMy) + H(Vys
+H(V5Y) + n(eh + €2)
Yln) + 1(M22Y2n|M1)
+n(Dy, + Dyy) + n(e} + €2)
(A.8)

The sum of the two mutual information functions on the right
side of (A.8) can be bounded as follows:

= I(M1i

I(My; YP) + [(My; Y2 M)
= Y0 I(My; Yy |[Viy) + X I(My; Yo o | My, YY)
< S IV My Yy |V r) — S IV Y My, Yy
+ 20 (Y yq, My Yo o[ My, VA7)
= X0 IV My Yy | Yy)
=X IV Y | My, Y 4)
A 2P (Vg Yo My, YY)
+ X0 I(My; Yy | My, YETL YT L)
S 1YY, My; Yy |V s1)
+ 20 I(My; Yo [ My, YL Y4 )

% Yi=1 I(th_l' Y1, My Yl,t)
+ X0 I(My; Yy | My, YEL YT L)
= Z?:1 I(Ut’XLt; Yl,t) + Z?:1 I(Xz,:; Yz,tlUt’ Xl,t)
(A.9)

where (a) holds because due to the Csiszar-Korner identity the
second and the third mutual information functions on the left
side of (a) are equal; (b) holds because conditioning does not
reduce the entropy. Then by substituting (A.9) in (A.8), we
derive:

n(Ry + Ry) S Xt (U, Xoi Vo) + Xiea I (Ko Yo |Up, Xo )
+n(Dy5 + Dy,) + n(e} + €2)
(A.10)

Also, we have:

n(Ry + Ry) < I(My; Y4 V8) + 1(My; Y, V52) + n(eh + €2)



< I(My; Y] )+I(M2'Y1’Y2‘ 12 )

+I(My; Vst |V) + nel + €2)

% I(My; YY) + I(My; Y, YT
+n(el +€2)

S I(My YY) + [(My; Y1, Y3 M) + nDsyy
+n(el + €2)

= I(My; Y") + I(My; Y7 M)
+1(My; Y Y2, M) + nDyq + n(el + €2)

)+ H(V,y

b
SV I(Up X165 Yee) + Ziea I (Xp 5 Yo |Un Xo )
+ 00 I(Xp Vi Voo X160 Ue)
+nDy; +n(e; + €2)
=X I(Ut'XI,t; Yl,t) + I(Xz,t; Yie Yz,t|X1,t' Ut)
+nDy; +n(ey, + €2)
= Z?:l I(Ut'XI,t; Yl,t) + Z?=1 I(Xz,ti Yl,tlut' Xl,t)
+ 00 I(Xp5 Yo |Yie X1 Ur)
+nDy, + n(el + €2)
= Z?=1 I(Xl,t' X Yl,t)
+ 00 I(Xp5 Vo | Yoo X1 Ue)
+nDy, + n(el + €2)
(A.11)

where the inequality (a) holds because Vled is given by a
deterministic function of (¥{%,¥3') and also conditioning does
not reduce the entropy; the inequality (b) is derived by
following the same lines as in (A.9) and (A.5). Lastly, we can
derive:

n(Rl + RZ) < I(le MZ; Ylnf YZn’ Vzlid’ 12 ) + n(en + en)
= I(My, My; Y1 Y]) + (el + €2)
< Z?:lI(Xl,t' Xoe Vit YZ,t) + n(frll + 6721.)
(A.12)

where (a) holds because V@ and V¥ are given by
deterministic functions of (Y7*, ¥3*). By collecting (A.2), (A.3),
(A.4), (A7), (A.10), (A.11), (A.12) and applying a standard
time-sharing argument, we derive desired constraints of (3)
including those given by the auxiliary random variable U. The
remaining constraints of (3) can be indeed derived
symmetrically. The proof is thus complete. m

APPENDIX 11
PROOF OF THEOREM 6

Consider a length- n code with vanishing average error
probability for the Gaussian IC (1) with conferencing
decoders. Consider also the auxiliary random variables defined
in (A.1). We need to derive the constraints in (17). Define the
genie signals Gy ¢, Gy, G~1't, and G, as follows:

(61 t 2 S21eX1e + 25
Gop = S12¢X00 + 21
Gre 2 Sp1eX1e + Zay
Goe 2 SizeXoe + 2oy

> 1>

(A.13)

~ n ~ n . .
where {21 t} and {Zz t} are zero-mean unit-variance
=1 =1

Gaussian random processes which are independent of all other
random variables. Based on Fano’s inequality we have:

n(R, + Ry)
S 1My Y2 V0) + I(My; YR, VSE) + el + €2)
< I(Mg Y, G V) + 1(My; Y3, G2, VSY) + (el + €2)
= 1(My; Y, GI) + [(My; Y3, G3) + I(My; V2| YT, GP)
+1(My; Vi |¥3,G3) + n(eh + €2)
S TXE YR GR) + IXE Y, GE) + n(Dyp + Dyy)
+n(e} + €2)
= I1(XT; G + (X35 G3) + I(XT5 Y GT)
+I(XY; YRIGH) + n(Dy, + Dyy) + n(e} + €2)
= H(GP) — H(GIIXD) + H(YP|G) — H(Y X
+H(GF) — H(GZ|X]) + H(YZ'|GZ)
—HY}XE) + n(Dyp + Dyy) + n(el +€2)
= H(GT) — H(Z]) + H(Y{'|GT) — H(G})
+H(GF) — H(ZT) + H(Y;'|GZ)
—H(GT) + n(Dyz + Dyy) + n(eq + €7)
= HOYPIGR) — HOGRIXD, XD) + HORRIG)
—HYP X X)) + n(Dy, + Dyy) + n(el + €2)
= H(Y'|GT) — H(Y'|XT, X7, GT)
+H(Y7'G}) — H(YZIXT, X2, G)
+n(Dy5 + Dyy) + n(e} + €2)
=I1(XT, X3 YT'IGT) + 1(XT, X35 Y7'1G)
+n(Dy, + Dyy) + n(e} + €2)
<Y I(Xy e Xops Yag|Gir)
+ 20 I(Xy 0, X 15 Yo r|Ga) + (D1 + Dyy)

+n(el + €2)
(A.14)

where equality (a) holds because GI' - X' - Y, i=12
forms a Markov chain, and equality (b) holds because
HY X XE) = H(ZM),i = 1,2. We next derive constraints
on the linear combination of the rates R; + 2R,. We can write:

n(Ry + 2Ry) < I(My; Y2, V52) + I(My; YT, V,-4)
+I1(My; Y, 12d) + n(e} + 2€2)
= I(My; Y*) + I(My; VS|V + 1(My; Y]
HI(My; V| Y1) + T(My; Y + 1(My; V5 Y3
+n(el + 2€2)



< I(My; Y, M) + I(My; Y, G + 1(My; YY)
+n(2D;5 + Dy1) + n(el + 2€2)
= 1(My; Y7'|My) + I(My; Y| GT) + I1(XT; GT)
+HI(XE; YY) + n(2D;, + Dyy) + n(el + 2€2)
(A.15)

Then, for the first two mutual information functions on the
right side of the last equality in (A.15) we have:

I(My; Y3 |My) + 1(My; YT*|GT)
= H(Y7' M) — H(Y{"|My) — H(Y;'|My, M) + H(Y;*|GT")
= By H( YoMy, Y7 YY)
= Xt H(Yae| My, Yi70 V)
—H(Y;'|My, M,) + H(Y"|GT")
b
S Nty H(Ype| My, Y71 Y 4)
= Xt H (Y| My, Y575 V)
= Xty H (Yo |My, My, Y574 Vi) + iy H (V|G )
o Z?=1 I(Xz,t; YZ,t|Utl Xl,t) + I(Ut' Xl,t; Y1,t|G1,t)
(A.16)

where (a) is derived by [22, Lemma 2]; (b) holds because
Y5 LYy > My, M, > Y,, forms a Markov chain and
conditioning does not reduce the entropy; (c) holds because
X;. is given by a deterministic function of M; and G,, —
Uy, X1t — Yy forms a Markov chain. Now by substituting
(A.16) in (A.15), we obtain:

n(R; + 2R,)
< Z?:lI(XZ,t; YZ,tluthLt) + I(Ut!Xl,t; Y1,t|61,t)
+I(XT; G + (X5 Y3 + n(2Dy, + Dyy) + n(ey + 2€2)
= Xi=1 I(Xz,ti YZ,t|Ut' Xl,t) + I(Ut'Xl,t; Y1,t|Gl,t)
+H(GT) — H(Z7) + H(Y;") — H(GT)
+n(2D;, + Dyq1) + n(el + 2€2)
= it [ (Xo6 Vo Ue Xo.6) + 1(Up Xo65 Ve G )
+I(XT, X35 YY) + n(2Dy; + Dyy) + nley + 2€3)
< Z?=1 I(Xz,ti YZ,t|Ut' Xl,t) + I(Utixl,t; Yl,t|Gl,t)
+ 201 1(X e Xo 5 Vo) + (2Dy5 + Dyy) + n(ep + 2€3)
(A.17)
We can also derive:
n(R; + 2R,)
< I(My; YL, V52) + 1(My; YT, V8
+I(My; YL Vi) + (el + 2€2)
< T(M; Y1V + 1My V) + 1(My; Vit | V)
FI(My; Y3 + I(My; VY + nlel + 2€2)
< I(Mg; Y, Y3', My) + I (My; Y1, GT)
+1(My; YY) + n(Dy, + Dyyp) + n(el + 2€2)

= I(My; Y'|Y3', My) + 1(My; Y3 [ My) + 1(My; YT |GT)
+I(XT; G + (X YY)
+n(Dy, + Dyy) + n(el + 2€2)
< St I (Ko Yae| Voo Xoo Mo, Y78 Y0, Yiern)
+ 2= I(Xz,ti YZ,t|Ut'X1,t) + I(Ut: X1t5 Yl,thl,t)
+HI(XT; G + (X35 YY)
+n(Dy, + Dyy) + n(el + 2€2)
=Xl I(Xz,ti Yl,t|Y2,t' X160 U, Y21,1t+1)
+ Z?=1 I(Xz,ti YZ,tlut!Xl,t) + I(Utlxl,t; Yl,thl,t)
+H(GT) — H(Z7) + H(Y;") — H(GT)
+n(Dyy + Dyy) + n(el + 2€2)

< S I(Xy s Yee| Yo, X160 Ur)
+ 50 I(Xo Yo [Us Xop) + 1(Up, Xo 3 Vet |Gre)
+ X0 I(Xye Xo 5 Vo)
+n(Dyy + Dyy) + n(el + 2€2)
= Yol (Xos Yoo Yar |Us Xo )
+ X0 I(Up, X165 Yae|Gre) + 2en I(Xue X5 Vo)
+n(Dyy + Dyy) + n(el + 2€2)
(A.18)

where (a) is due to (A.16), and (b) holds because conditioning
does not reduce the entropy. Finally, we can write:

n(Ry + 2R;) < I(My, My; Y\, Y3, V54, V@
+I(My; YL, V52) + n(el + 2€2)
= 1(My, My; Y1, Y3Y) + 1(My; Y3")
+1(My; VlLZ"’|Y2n) + n(el + 2€2)
< I(XP, X5 YR, YR, GI) + 1(X35 Y3
+nD,, + n(el + 2€2)
= I(X] X3 YR, YR GE) + 1(XT, X35 G1)
+I(XZ; YY) + nDyy + n(el + 2€2)
= I(X] X3 YR, Y2 G + H(GE) — H(ZR)
+H(Y$) — H(GI') + nD;, + n(el + 2€2)
= [(XP, X35 Y Y GR) + T(XT, X35 Y3
+nD;, + n(el + 2€2)
< X I(Xl,tJ XV YZ,t|61,t)
+ X0 1(Xy 0 Xo 5 Yo ) + nDyy + (el + 2€2)
(A.19)

Finally, by applying a standard time-sharing argument to
(A.14), (A.17), (A.18), and (A.19), we derive 15¢,37¢, 5,
and 7" constraints of (17), respectively. The remaining
constraints of (17) could be symmetrically derived (similar to
(A.17), (A.18), and (A.19)). The proof is thus complete. m
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