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CONSTRUCTIVE ASYMPTOTIC BOUNDS OF LOCALLY
REPAIRABLE CODES VIA FUNCTION FIELDS

LIMING MA AND CHAOPING XING

ABSTRACT. Locally repairable codes have been investigated extensively in recent
years due to practical applications in distributed and cloud storage systems. However,
there are few asymptotical constructions of locally repairable codes in the literature.
In this paper, we provide an explicit asymptotic construction of locally repairable
codes over arbitrary finite fields from local expansions of functions at a rational place.
This construction gives a Tsfasman-Vladut-Zink type bound for locally repairable
codes. Its main advantage is that there are no constraints on both locality and
alphabet size. Furthermore, we show that the Gilbert-Varshamov type bound on
locally repairable codes over non-prime finite fields can be exceeded for sufficiently
large alphabet size.

1. INTRODUCTION

Because of practical applications in distributed and cloud storage systems, locally
repairable codes have been studied by many researchers [7, 10, 11, 13, 17, 19, 20, 21,
23, 25, 28]. A code is said with locality r if every erasure of a given codeword can be
recovered by accessing at most r other symbols of this codeword. Unlike in the classical
coding case, only a few papers study the asymptotical behavior of locally repairable
codes [3, 5, 15, 24]. The main purpose of this paper is to present a new explicit
construction of asymptotically good locally repairable codes via function fields.

1.1. Locally repairable codes and some bounds. Let ¢ be a prime power and let
[, be the finite field with ¢ elements. Let C' C Fy be a g-ary block code of length n. For
each a € F and ¢ € {1,2,--- ,n}, define C(i,a) := {c = (c1,...,¢,) € C : ¢ = a}.
For asubset I C {1,2,---,n}\{i}, we denote by C;(i, ) the projection of C'(7, ) on I.
Then C'is called a locally repairable code with locality r if, for every ¢ € {1,2,--- n},
there exists a subset I; C {1,2,---,n} \ {i} with |[;| < r such that Cp,(i,«) and
C1, (i, B) are disjoint for any a # 3 € F,.

A linear locally repairable code over F, of length n, dimension k, minimum distance
d and locality 7 is denoted to be a g-ary [n, k, d]-linear code with locality r. It is proved
in [10] that an [n, k, d]-linear code with locality r satisfies the Singleton type bound

k
(1) dgn—k—[——‘—kz

r
A code achieving the bound (1) is usually called an optimal locally repairable code.
There are many different techniques to construct optimal locally repairable codes. One
powerful method among them is to construct optimal locally repairable codes from

automorphism groups of function fields [2, 14, 15, 23].
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In this paper, we mainly focus on the asymptotical behavior of locally repairable
codes. The locality r is fixed, but the dimension and minimum distance are proportional
to the length n. Let R,(r,0) denote the asymptotic bound on the rate of ¢g-ary locally
repairable codes with locality r and relative minimum distance 4, i.e.,

log, M,(n,|dn|,r
R,(r,d) = limsup gy My(n, [9n] ),

Nn—00 n

where M,(n,d,r) is the maximum size of locally repairable codes of length n, minimum
distance d and locality 7.

There are various asymptotically upper bounds on locally repairable codes. The
Singleton type bound (1) gives

r
The asymptotic Plotkin type bound is given by
T q -1
0) < 1— <0 ) fi <o6<1l—q .
3 Ri(r0) € (1= 0] foro ’

The following bound (4) is derived from the linear programming bound given in [1]

(4) Ry(r.) < min, {7‘7“+ (1 - r(r+ 1)), (%)}

Sl

where f,(z) :== H, (% [ —1—a(¢g—2)—2y/(¢g— 1)z(1 - :L‘)]) and H,(x) is the g-ary
entropy function defined by

Hy(z) := zlog,(q — 1) — zlog,(z) — (1 — x)log, (1 — ).

For 0 < § < 1— ¢!, the asymptotic Gilbert-Varshamov bound of locally repairable
codes is given by

(5)
R,(r,6) > 1— min {

0<s<1

1 log, ([1 +(g— 18" + (g —1)(1 - s)’”“) —dlog, 3}

in [24].

1.2. Known results. Although there are several asymptotically upper bounds and
the asymptotic Gilbert-Varshamov bound on locally repairable codes, there is little
work on asymptotical lower bounds that are constructive.

For the classical codes, it is well known that the Tsfasman-Vladut-Zink bound can
improve upon the Gilbert-Varshamov bound in a certain interval for any square prime
power g > 49 (see [26] or [22, Theorem 8.4.7]). In order to construct asymptotically
good locally repairable codes, the algebraic geometry codes should be a good candidate.

Using asymptotically optimal Garcia-Stichtenoth tower of function fields, Barg et
al. [3] gave a construction of asymptotically good g-ary locally repairable codes with
locality r whose rate R and relative distance 0 satisfy

(1—5 5 ) r=a—1,

(6) R> aby

r+1
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and

r Va+r
(7) R>T+1(1 5 q_1>’ (r+ 1) (va+ 1).
It was further shown in [3] that for some values r and ¢, the bound (7) exceeds the
asymptotic Gilbert-Varshamov bound (5) on locally repairable codes.

Li et al. [16] generalized the idea given in [3] by considering more subgroups of auto-
morphism groups of function fields in the Garcia-Stichtenoth tower. This construction
allows more flexibility of locality. If r + 1 = up” with u|(p” — 1,,/g — 1), then there
exists a family of explicit ¢g-ary linear locally repairable codes with locality r whose
rate R and relative distance § satisfy

8) R> " (1_5_M>.
1+r q—/4

There are two shortcomings for the above bounds obtained from automorphism
groups of function fields in the Garcia-Stichtenoth tower. The first shortcoming is
that the alphabet size ¢ must be a square of prime power, and the second one is the
restriction on the locality 7, i.e., r + 1 must be a divisor of \/g+ 1 or \/g(\/g —1). In
this paper, we will overcome these shortcomings by using local expansions of functions
at a rational place.

1.3. Our results and comparison. In this paper, we provide a new asymptotic
construction of locally repairable codes via function fields. The underlying idea is based
on the technique of local expansions to construct algebraic geometry codes which was
initiated in [27]. The difficulty is how to endow algebraic geometry codes with the
additional structure of locality. Such locally repairable codes are obtained from parity-
check matrices whose columns are formed by coefficients of local expansions of carefully
chosen functions at a rational place. Our main results of this paper are summarized
below.

Theorem 1.1. Let q be a prime power and let A(q) be the Ihara’s constant. Then
there exists a family of q-ary linear locally repairable codes with locality r whose rate R
and relative distance & satisfy

r 1 T

r+1 AlQ)r+1

(9) R =

If ¢ = p" is a prime power with n > 2, then there exist explicit towers of function
fields which obtain a good lower bound of A(q) [4, 8, 9]. Hence, this construction is
explicit for locally repairable codes over non-prime finite fields. In particular, we have
the following results.

Corollary 1.2. (i) If q is a square, then there exists an explicit family of q-ary
linear locally repairable codes with locality r whose rate R and relative distance
0 satisfy
r 1 T
10 = — -0
(10) r+1 g—1r+1
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FIGURE 1. r = 63, ¢ = 2!2
(ii) If q is an odd power of prime, i.e., ¢ = p*™ " with m > 1, then there exists an
explicit family of q-ary linear locally repairable codes with locality v whose rate
R and relative distance d satisfy

r 1 1 1 r
11 R > — = — 9.
(11) r4+1 2<pm—1+pm+1—1)r—|—1

Proof. If q is a square, then the Garcia-Stichtenoth tower is the well-known explicit
tower of function fields such that A(q) = \/g — 1 from [8]. Thus, the item (i) follows
immediately from Theorem 1.1. If ¢ is an odd power of prime, then there is an explicit
tower of function fields such that

2(pmH — 1 —1
p+1+4+¢ pm—1
from [4]. Thus, the item (ii) follows immediately from Theorem 1.1. O

The main advantage of this construction is to allow arbitrary locality. The bound
(10) given in Corollary 1.2 is better than the bound (7) given in [3] if and only if
(r—1)r

qg—1
The bound (10) given in Corollary 1.2 is better than the bound (8) given in [16] if and
only if

o<

(r—1)r
4—\a
Hence, the bound (10) is better than the bound (7) or (8) if r > |/g.

The figures 1 and 2 show that the bound (10) given in Corollary 1.2 can exceed the
asymptotic Gilbert-Varshamov bound (5) on locally repairable codes, the bound (6) or
(7) given in [3] and the bound (8) given in [16] for r = 63, ¢ = 2'? and r = 64, ¢ = 2'2,
respectively. The figure 3 shows that the bound (11) given in Corollary 1.2 can exceed

o<



ASYMPTOTIC CONSTRUCTION OF LRC 5

0.8
Bound (10): green

Bound (7): black
0.6

0.4 q LRC GV bound: red

0.24

T T T T
0.2 0.4 0.6 0.8

1
relative distance

FIGURE 2. r = 64, ¢ = 2!2

0.8 1

Bound (11): green

0.6 1

0.4 - LRC GV bound (5): red

0.24

T T T T T
0.2 0.4 0.6 0.8 1
relative distance

FIGURE 3. r = 64, ¢ = 23

the asymptotic Gilbert-Varshamov bound (5) of locally repairable codes for r = 64, q =
213 as well.

There are no constraints on locality r in Theorem 1.1 compared with the bounds
given in [3, 16]. The figure 4 shows that the bound (10) given in Corollary 1.2 can
exceed the asymptotic Gilbert-Varshamov bound of locally repairable codes given for
many localities for § = 0.5, ¢ = 2'%.

Furthermore, we can show that our bound (10) given in Corollary 1.2 always exceeds
the asymptotic Gilbert-Varshamov bound on locally repairable codes for some range
of locality r when ¢ is sufficiently large.

Proposition 1.3. Let I, be a non-prime finite field. If locality r lies in the range
[clog, q, +00) for any constant ¢ > 1, then the bound (10) given in Corollary 1.2
exceeds the asymptotic Gilbert-Varshamov bound (5) of locally repairable codes over F,
for all sufficiently large q.
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Explicit asymptotically good towers of function fields over I, are of great interest
for coding theory, since they can be applied to construct asymptotically good families
of linear codes over F,. But there doesn’t exist explicit towers of function fields over a
prime finite field in the literature. Using places with high degrees of function fields, the
method based on local expansions of functions at a rational place can be generalized
to construct asymptotic locally repairable codes over prime finite fields as well.

Theorem 1.4. Let q be a prime and let v be an integer. Let b be an integer which is
defined as follows:

T, if q is odd and r is even;
b=<r+1, ifr isodd,
r+2, ifq=2 andr is even.

Let e be an even divisor of b. Then there exists a family of q-ary linear locally repairable
codes with locality r whose rate R and relative distance 6 satisfy

r b 1

— c — ed.
r+1 r+1gz—-1

(12) R>

In particular, the rate R of locally repairable codes over Fy with locality » = 11 is
lower bounded by

227/252 — 126, if 0 < & < 4/189;
R > {65/84 — 64, if 4/189 < & < 2/21;
7/12 — 46, if 2/21 < 6 < 7/48.

The figure 5 gives a comparison of the bound (12) and the asymptotical Gilbert-
Varshamov bound (5) for r = 11, ¢ = 2. The main advantage of this explicit construc-
tion is that there are no constraints on locality over a prime finite field. Unfortunately,
it seems that the bound (12) given in Theorem 1.4 can’t exceed the asymptotical
Gilbert-Varshamov bound on locally repairable codes.
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1.4. Organization. This paper is organized as follows. In Section 2, we introduce
some preliminaries on function fields including Riemann-Roch space, local expansion,
Thara’s constant A(q) and Garcia-Stichtenoth tower. In Section 3, we present our
asymptotical construction of locally repairable codes from local expansions of functions
at a rational place over non-prime finite fields. This method via function fields is
generalized to construct asymptotical locally repairable codes over prime finite fields
in Section 4.

2. PRELIMINARIES

In this section, we present some preliminaries on algebraic function fields over finite
fields, such as Riemann-Roch space, local expansion, Thara’s constant and Garcia-
Stichtenoth tower. The reader may refer to [18, 22] for more details.

2.1. Riemann-Roch space. Let F/F, be an algebraic function field over the full
constant field F,. Let Pr denote the set of places of F' and let g(F') denote the genus
of F. The principal divisor of z € F* is defined by

()= 3 w(2)P,

where vp is the normalized discrete valuation with respect to the place P. Let G be a
divisor of F'. The Riemann-Roch space associated to G is defined by

LQ)={z€F :(2) = —-GYu {0}

It turns out to be a finite-dimensional vector space over [F, and its dimension, denoted
by ¢(G), is lower bounded by ¢(G) > deg(G) — g(F) + 1. If deg(G) > 2g(F') — 1, then
((G) = deg(G) — g(F) + 1 from Riemann-Roch theorem [22, Theorem 1.5.17].



8 LIMING MA AND CHAOPING XING

2.2. Local expansion. For a rational place P of F, there exists an element t € F
with vp(t) = 1, which is called a local parameter at P.

For any nonzero function f € F, we can find an integer v such that vp(f) > v. Hence,
we have vp(f/t’) > 0. Put a, = (f/t")(P). Then a, € F, and vp(f/t’" —a,) > 1. It

follows that s
— a,t’
Vp (tUT) > 0.

Put a,y1 = (f — a,t¥)/t""™ + P. Then we have a,,; € F, and
vp(f — apt’ — app1t"™) = v+ 2.

By iterating the above process recursively, we can obtain an infinite sequence {a;}$°,

in F, such that
Vp <f—ZaltZ> > m—+1

for all m > v. The formal power series

f = i aitia

is called a local expansion of f at P.
Conversely, if {a;};>, is a sequence in F,, then the series > .~ a;t* converges in the
P-adic completion of F' and

Up (Z aiti> = min{: : a; # 0}
from [22, Theorem 4.2.6].

2.3. Thara’s constant A(g). For an integer g > 0, let N,(g) denote the maximum
number of rational places of all function fields over IF, of genus g. The real number
defined by
N,
A(q) = limsup _q(g)
g—00 g

is called Thara’s constant. If ¢ is a square of prime power, the lower bound

Alg) > Va1
was proved by Thara in [12] and Tsfasman et al. [26], using modular curves. By refining
Thara’s method, Drinfeld and Vladut [6] obtained a tight upper bound

Alg) < Vg — 1.
Hence, A(q) = \/q—1if ¢ is a square of prime power. For any non-square prime power,
the exact value of A(q) is unknown.
For applications in coding theory, one needs algebraic function fields over [, with
large genus and many rational places, which are given in explicit equations and their

rational places can be obtained explicitly as well. Garcia and Stichtenoth provided the
first explicit tower of function fields over F, with ¢ = ¢? such that the Drinfeld-Vladut
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bound is achieved [8]. For an odd power of prime p*™*! Bassa et al. [4] constructed
an explicit tower of function fields over I, such that the following lower bound can be

obtained )
2(pmTt — 1 —1

A 2m—+1 > )
P > S e pm—1

2.4. Garcia-Stichtenoth tower. Let ¢ = 2 be a square of prime power. The Garcia-
Stichtenoth tower of function fields F = (Fy, Fy, F3,---) is explicitly given by the
rational function field Fy = F,(y;) and F,, = F,,,—1(ysm) with

yﬁ@—l
Y1+ 1
recursively for m > 2. The main properties of the Garcia-Stichtenoth tower are sum-
marized in the following proposition [9].

Proposition 2.1. (i) The number of rational places of F,, is lower bounded by
N(F,) = (g —0O0m + 4.
(ii) The genus of F,, is given by

(07 —1)2 if m = 0(mod 2),
g(Fn) = m+1 m=1 . —
(=2 =)=z —1), ifm=1(mod?2).
(iii) The Garcia-Stichtenoth tower F = (Fy, Fy, F3,--+) is asymptotically optimal,

since it attains the Drinfeld-Viadut bound over F,, i.e.,

ON(E.)

3. THE ASYMPTOTIC TSFASMAN-VLADUT-ZINK BOUND FOR LRCSs

Let F//F, be a global function field of genus g and let P, be a distinguished rational
place of F. The dimension of the Riemann-Roch space L£((2g — 1)P.,) is equal to g
from Riemann-Roch theorem. Let {fi, f2,..., fg} be an Fy-basis of £((2g — 1)Px).
Then there exist g distinct pole numbers 0 = n; < ng < --- < ny < 2g — 1 such that
(fi)oo = njPs for 1 < j < g from Weierstrass gap theorem [22, Theorem 1.6.8]. Let
m € I be a local parameter of P,,. For 1 < j < n, the local expansions of f; at Py
are given in the following form
(14) fi=m2t Z ci s

i=0
where all coefficients ¢; ; € F,. For a non-negative integer ¢, consider the (2g +1¢) x g
matrix

Co,1 Co,2 T Co,g
C1,1 C1,2 Tt Ci,g

(15) A=

Cog—1+t,1 C2g—1+4t,2 " C2g—14tg
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Lemma 3.1. The matriz A defined in (15) has rank g.
Proof. Suppose that the rank of A is strictly less than g. Let aj,as,...,a, be the

columns of A. Then there exist elements A;, Ag, ..., Aq in Fy, not all are zero, such that
2 i1 A8 = 0. ‘
The local expansion of 2%, A;f; has the form 7201377,  c;n', where ¢; =

S Ajcig for all i > 2g +¢. This means that vp (375, A;f;) = 1+¢ > 0. On
the other hand, >7%_| A; f; is a function of £((2g — 1)P.). This forces that >3%_, \; f;
is the zero function, because it is easy to see VPOO<Z§:1 A;fi) < 0 from the choices of
fjfor 1 < j < g. Hence, \; =0 for all 1 < j < n which lead to a contradiction. U

Remark 1. (i) From the proof of Lemma 3.1, it is easy to see that the submatrix
of A defined in (15) consisting of the first 2g rows has rank g.
(ii) By using Gaussian elimination, one can efficiently find an invertible g x g sub-
matrix of A.

Let r be a fixed positive integer. Let {P; : 1 < i < m,1 < j < r} be a set of
distinct rational places of F' which are different from P.,. For each F;;, we extend
{f1, fas. .., fo} to an F-basis { f1, fo, ..., fg gij } of L((2g — 1) P + P;;). Furthermore,
we have vp, (gij) = —1for 1 <i<m,1<j<r.

Without loss of generality, we assume that the submatrix of A defined in (15) con-
sisting of the first g rows has rank g. Denote by A; the submatrix of A consisting of
the first g rows. Assume that g;; has the following local expansions at P.:

o0
(16) gij == 7T_29+1 Z bpij’/Tp.
p=0
Let (aiij, 94, - - -, Qgij) € [F§ be the unique solution of the system of linear equations

A1XT = (bOija blija e bgfl,i,j)T- Put fz’j = Gij — Z?y:l awijfw- Then it is casy to Verify
that local expansions of f;; are given in the form

o0
(17) fig =m0y ap?,

P=g

— 0 , :
where a,;; = bpij — D 5 1 QuyijCpw- Furthermore, we have the following results.

Lemma 3.2. One has the following facts:
(i) fij € L((29 — 1) P + Pyj) and vp,(fi;) = =1 for all 1 <i<m and 1 < j <7y
(ii) vp,,(fij) = 0 whenever u # i or v # j;
(i) {fi; : 1 <i<m,1 < j<r} are linearly independent over IF,.
Proof. (i) It is easy to see that fi; = gij — D o1 Qwijfuw € L((2g —1)Ps + P;;) and
vp,(9i5) = —1. From the strict triangle inequality [22, Lemma 1.1.11], we have

g

vp,(fi;) = min {VPU (i), VPij(Zamjfw)} =t

w=1

(i) It follows directly from fi; = gi; — >0 _| Qwijfw € L((2g — 1) P + Pyj).
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(ili) Suppose that there exist \;; € F, for 1 < i < m,1 < j < r, not all are zero,

such that S
Z Z Aij fi; = 0.

i=1 j=1
Assume that \;, j, # 0 for some 1 < iy < m and 1 < jo < r. Using the strict
triangle inequality, we have

(B

i=1 j=1

from items (1) and (2). Hence, we obtain a contradiction.

Foreach 1 <i<m,let 1 #q; € F7, fir+1 = a; fi1 and define the matrix

ag)i’l ag’7412 U ag7iaT Oélagﬂ,l
(18) D — Ag+1,i,1 Ag+1i2 0 Qgtlir QiGg+1,i,1
1T . . . . .
g—1+t,2, g—1+t,1, g—1+t,i,r 1A2g—1+t i,
A2g—1+4t,i,1 A2g—1+4¢,4,2 *°°  A2g—1+t: QA2g—1+t,1

The j-column of D; is obtained from local expansions of f;; for each 1 < j < 7+ 1.
Furthermore, we define the matrix

0 1 0
(19) H=| ||| |,

0 0 1

D, | Dy|--- D,

where 1 and 0 stand for the all-one vector and the zero vector of length r + 1, respec-
tively.

Proposition 3.3. Let H be the matriz defined in (19). Let C' be the linear code with
H as a parity-check matriz. Then C is a g-ary [n, k, d|-linear code with locality r and

n
= 1), kz2n————g—t, d=>t+1.
n=m(r+1) n | g +

Proof. 1t is obvious that the length of C'is n = m(r 4 1). Since the number of rows of
the parity-check matrix H is m + g + ¢, the dimension of C' is at least n — m — g — ¢.
It is sufficient to prove that any ¢ columns of H are linearly independent over .
Choose any ¢ columns {h;; }1<i<m;jes; of H, where S; are subsets of {1,2,...,r+ 1}
satisfying > " |S;| = ¢. Define the subset I = {1 < i < m : |S;| > 2}. Let
{Nijhicicmijes; be the elements of Fy such that 337", >, o Ajjhi; =0, ie.,

DD Aihiy == by

iel jGSi ig] jGSi
Firstly, we claim that \;; = 0 for all ¢ € {1,2,...,m} \ I and 5 € S;. Otherwise, we
may assume that \;, ;, # 0 for some iy ¢ [ and jo € S;,. In this case, we must have
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|Sio| = [{jo}| = 1. Hence, the io-th position of — 3 ,,; 37 Aijhyj is =y, j,, while the
ip-th position of » . _; Zjesi Aijh;; is 0. This is a contradiction. Thus, we have

> Ayhi=0.

i€l jES;

This implies that the local expansion of the function » ;.; > . o Aijfij is

DV 0 3) VP E
p=2g+t \ i€l jES;

Therefore, Z/POO(ZiEI Zjesi )\l]flj) 2 1+ ¢. On the other hand, Zie] ZjESZ' )\ijfij be-

longs to the Riemman-Roch space £((2g — 1)Ps + > ,; Zjesi P,;j). Hence, we have

SIS Nifse£(-0+0Pe+ Y By).

i€l jES; i€l jES;

As deg (—(1 + 1) Poo + D icr Djes, B-j> = —(14+t)+ 2,15 <=1 +1t)+t = -1,

we have
Z Z Nij fij = 0.
iel jes;
It remains to show that A;; = 0 for all 2 € I and j € S;. If there doesn’t exist u € [
such that 1,7 + 1 are in S, at the same time, then it is easy to see that \;; = 0 for all
i€l and j € S; from Lemma 3.2(iii). Otherwise, we have

- Z Z Nijfij = Z Aujfuj = (Aup + o dyri1) fur + Z Auj fuj-

ieI\{u} j€S; JESu j€SL\{1,i+1}

Case 1: If there exists some jy € S, \ {1,7 + 1} such that A, ;, # 0, then we have
vp, (= Eid\{u} Zjesi Nijfij) = 0 and Vpuyjo(zjesu Ayjfuj) = —1 from Lemma 3.2.
This is impossible.

Case 2: Otherwise, A\, ; = 0 for all j € S, \ {1, + 1}. If A\y1 + ayAyr11 # 0, then
we have vp, , (= X icn fuy 2ojes, Mifij) 2 0 and vp, , (D7 cs, Aujfuj) = —1 from Lemma
3.2. This is impossible. Thus, we have A, 1 4+ a, Ay 41 = 0. Moreover, it is easy to see
that ZjeSu Au,j = 0 from the parity-check matrix H. Note that o, # 1. Thus, A, ; =0
for all j € S,. Recursively, we can show that \;; =0 for all i € [ and j € S;. O

By employing asymptotically good towers of function fields [4, 9], we can obtain
an explicit construction of asymptotical Tsfasman-Vladut-Zink type bound for locally
repairable codes over non-prime finite fields.

3.1. The proof of Theorem 1.1. With all preparations in this section, we are now
able to prove Theorem 1.1.

Proof. Let Fy, Fy,--- be a sequence of function fields over F, such that g; = g(F;) and
N; = N(F;) satisfy

N,
lim g; = co and lim — = A(q).

i—00 i—oo g
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Let m; be the integer part of (N; — 1)/r, and n; = m;(r + 1). From Proposition 3.3,
there exists a sequence of g-ary [ny, k;, d;]-linear codes with locality r,

n;

r+1

It is easy to see that

_'2 _ %1
i r+1 n; 1
> roo 9 b
r+1 my(r+1) n;
T 9 Nz dz—l

Without loss of generality, we can assume that the following two limits exist:

ok . d;
R = lim — and § = lim —.
Hence, we have
r 1 r

> - )
“r4+1 AlQ)r+1 o

O

3.2. The Proof of Proposition 1.3. We provide a proof for Proposition 1.3 in this
subsection.

Proof. Let F, be a non-prime finite field. Put § = 1/2 and

(= DB (L @D g D= 9™)

It is easy to see that the numerator of the derivative

B(s) = (1+(—1s)"((g=Ds—1)—(¢g=1D(1 = s)"(1 + )
25[(1+ (¢ = 1)s)"" + (¢ = 1)(1 = 5)"*'] - Ing

is increasing in the interval (0, 1] and has a unique critical point sy € (0, 1] such that
h'(sp) = 0. It follows that h(s) is decreasing in the interval (0, so] and increasing in

the interval [sg, 1]. Hence, h(s) achieves the minimum value at the point s = sg. It is
easy to verify that sq € (q%l, qu1 +¢) with € = 27" from the derivative /'(s). From the

mean value theorem, there exists s; € (q%l, So) such that

—dlog, s.

h(so) = h(ﬁ) 4R (s1) (so - qu1>

> h(q%) +h/<qil>€'
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Hence, for any constant ¢ > 1 and r > clog, ¢, we have

min h(s) = h(so)

0<s<1

> h(;)_ﬁ

q—1 Inq
B N | 1 qg-27"

> e (- 0(=) ) —oes (=) -

r+1 8 +la—1) qg—1 8 qg—1 Ingq
1 1

S I (. R
08,2+ 0 +olog, q ¢ Llng
1 . r 1 np
r+1 r+1AGq)

provided that ¢ is sufficiently large. O

4. ASYMPTOTIC BOUND OF LRCS OVER PRIME FINITE FIELDS

In the above section, we provide an explicit asymptotic construction of locally re-
pairable codes which depends on the use of local expansions at a rational place and
a parity-check matrix formed by some coefficients of local expansions over non-prime
finite fields. Instead of using only rational places of a global function field in Section 3,
we will also employ places of function fields with high degrees in this section. It turns
out that this method can be generalized to construct asymptotic locally repairable
codes over prime finite fields.

Let F/IF, be a global function field of genus g and let Py, be a rational place of F.
Let {fi1, fo,..., fg} be an F,-basis of £L((2g — 1)P). First, assume that ¢ is an odd
prime and r is an even integer. Let e be an even divisor of r. Let D; be a divisor
of degree r for 1 < i < m. Each D; = ZZ/:G | Qi is a sum of effective divisors @,
with degree e. Each @);, is a sum of distinct places whose degrees are divisors of e.
Furthermore, the support of @;, are pairwise disjoint for 1 < ¢ < m and 1 < u <
r/e. We extend {fi, fo,..., fo} to an Fg-basis {fi, fo, ..., fq, Giu—1)et1> - - - » Giue} Of
L((2g — 1)Px + Qi) for each 1 < u < r/e. Thus, {f1, fa,. .., fg:Gi1, Gi2s- -1 Gin}
is a basis of L((2g — 1)Px + Z:/ze | Qiw). Here we assume that g;; are chosen from
L((2g — 1) P + P, ;) for some place P, ; for each 1 <7< m and 1 < j < 7. If we put
fij = Gij — D0 _| Quij fu In the same way as in Section 3, then the local expansions of
fi; are given in the form

oo
_ —2g+1
fis = 7Y " gt
p=g

Lemma 4.1. Similarly, one has the following facts:

(i) fij € L((29 — 1) P + D;) and vp,(fij) = —1 forall1 <i<m and 1 < j <.
(ii) For any place P # Py and P;;, we have vp(f;;) = 0.
(i) {fi; 1 <i<m,1 < j<r} are linearly independent over IF,.

Proof. The proof is the same as Lemma 3.2. We omit the details. O
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Let t be a non-negative integer. For each 1 <i < m, let 1 # a; € F7, firs1 = ifin
and define the matrix

Ag,i,1 (g,i,2 T Qg,i,r QiQg,i,1
a . a/ . o« o o a . O{a/ .
g+1,3,1 g+1,2,2 g+1,%,r 1Ug+1,4,1
A2g—1+tei, 1 A2g—14tei,2 ~°°  A2g—1+4teir Xil2g—1+4tes,l

Furthermore, we define the matrix

10 0
0 1 0
(21) H = : : . :
olol.-- 1
Hl H2 Hm

Proposition 4.2. Let H be the matriz defined in (21). Let C' be the linear code with
H as a parity-check matriz. Then C is a q-ary [n, k, d]-linear code with locality r and

n
n=m(r+1), n o g —te +

Proof. The dimension of C'is at least n —m — g — te. It is sufficient to prove that any
t columns of H are linearly independent over F,.

Choose any ¢ columns {h;; }1<i<m;jes;, of H, where S; are subsets of {1,2,...,r+ 1}
satisfying > 7", [S;| = t. Define the subset I = {1 < i < m : |S;| > 2}. Let
{Nijfi<icmijes; be the elements of Fy such that 3 37" > . o Aijhiy; =0, ie.,

DY Ajhy ==Y Ajhy.
i€l jes; il jES;
It is easy to see that A\;; =0 for all i € {1,2,...,m} \ I and j € S;. Thus, we have
> ) by =o0.
i€l jes;
This implies that the local expansion of 3, ;> Aijfij 1s

77294»1 i <Z Z )\ijapij> 7P,

p=2g+te i€l jES;

Therefore, vp (D ;cr D jes, Nijfij) = 1+ te. On the other hand, > ;> s Nijfi
belongs to the Riemman-Roch space £((2g — 1) Poc + D i D e, @ij)- Hence, we have

S Nify € £~ (1t P+ DD Q)

i€l jES; i€l jES;

As deg (—(1 +te)Poo + D icr Djes, Qij) = —(1+te)+D icr Djes, € < —(1+te)+te =

—1, we have
D Nifi=0.

el jESi
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It is easy to show that \;; = O for all ¢ € [ and j € S; by mimicking the proof of
Proposition 3.3 from Lemma 4.1. 0

If r is an odd integer, then D; are chosen as an effective divisor of degree r 4+ 1. If
g = 2 and r is an even integer, then D; can be chosen as an effective divisor of degree
r 4+ 2. Let e be an even divisor of 4+ 1 or r + 2. We extend {f1, fa,..., fy} to an
F,-basis {fi, f, - [q, Gi1s Gizs - - -+ Girt1} Of & subspace of L£((2g — 1)Px + D;). If we
put fij = gij — Yo _1 Cwij fw, then the local expansions of f;; are given in the form

[e.9]

_ =2 +1§ :
fij =T 9 (lpijﬂ'p.

p=g

For a non-negative integer ¢t and each 1 < ¢ < m, define the matrix

Qg,i,1 Qg,i,2 T Qgi,r+1
a . a . .« o o a .
g+1,3,1 g+1,4,2 g+1,i,r+1
2g—1+tei, 1  A2g—1+tei,2  ~°°  A2g—1+teir+1

Similarly, we define the matrix

1 0 0
0 1 0
(23) H = : : - :
0 0 l.-. 1
Hl H2 Hm

Let C be the linear code with H as a parity-check matrix. Then C'is a g-ary [n, k, d]-
linear code with locality r» and

n=m(r+1), k>2n————g—te, d>t+1
r

by mimicking the proof of Proposition 4.2.
Now we can provide a proof for Theorem 1.4.
The proof of Theorem 1.4:

Proof. Let b be the integer defined as follows:

T, if ¢ is odd and r is even;
b=<r+1, ifrisodd;
r—+2, if ¢g=2 and r is even.

Let e be an even divisor of b and let ¢ = ¢2. Let I}, Fy,--- be a sequence of function
fields which is recursively defined over F, by the equation

0
Z I

Yy +y:$z+1'
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Consider the constant field extensions F; = F;F . In fact, E, Es, - - - are a sequence of
function fields in the Garcia-Stichtenoth tower over Fe. Let g; := g(£;) be the genus
of E; and let N(E;) be the number of rational places of F;. Then we have

ME) _ Ay =gt -1

lim g; = oo and lim

from Proposition 2.1. Let m;b+1 = 3, d - Bq(Fi). Note that By(F;) = {P € Py, :
deg(P) = d}|. There is a close relationship between By(F;) and N(E;), namely

Zd - By(Fi) = N(E;)
dle

from the theory of constant field extensions [22, Lemma 5.1.9]. From Proposition 4.2,
there exists a sequence of g-ary [n, k;, d;]-linear codes with locality r and

ny;

+1

ni:[mi](r—f—l),ki?ni— —gi—teand d; >t + 1.
r

It is easy to see that

S e rD m
S L N(E;) . (di = 1)e
“r4+1 N(E) [mi(r+1) n;

Without loss of generality, we can assume that the following two limits exist:

R = lim ks and 0 = lim %
71— 00 ni 71— 00 ni
Hence, we have
r b 1
ed.

2 - e -
r+1 r+1gz—-1
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