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Abstract

We study the relative entropy of the empirical probability vector with respect
to the true probability vector in multinomial sampling of k categories, which, when
multiplied by sample size n, is also the log-likelihood ratio statistic. We general-
ize a recent result and show that the moment generating function of the statistic is
bounded by a polynomial of degree n on the unit interval, uniformly over all true
probability vectors. We characterize the family of polynomials indexed by (k,n) and
obtain explicit formulae. Consequently, we develop Chernoff-type tail bounds, in-
cluding a closed-form version from a large sample expansion of the bound minimizer.
Our bound dominates the classic method-of-types bound and is competitive with the
state of the art. We demonstrate with an application to estimating the proportion
of unseen butterflies.

1 Introduction

Consider a multinomial experiment on an alphabet of size k > 2

(X1,..., Xg) ~ Mult(n; (p1,---,0k)), (1)

where (p1,. .., px) belongs to the unit simplex A*~!. The empirical measure is identified
with the probability vector (p1,...,pr) = (Xi/n,...,Xk/n). We are interested in its
entropy relative to the true probability vector p, namely

k
D(pllp) = _ Hilog(pi/pi), (2)
i=1

where conventions 0-log(0) = 0 and 0-1og(0/0) = 0 are adopted. The quantity D(p||p) is
also known as the Kullback-Leibler divergence of p from p. By the law of large numbers,
D(pllp) — 0 as n — oo almost surely.
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is also the log-likelihood ratio statistic (without the usual extra factor of 2). By standard
asymptotic arguments (see, e.g., van der Vaart [1, Example 16.1]), for fixed k and n — oo,
it holds that

k ~
nD(plp) = Xi log% = log
i=1 v

nD(pllp) —a Xi_1/2=a Ga((k —1)/2,1), (3)

which is a gamma distribution with shape (k — 1)/2 and rate one.

We are interested in upper bounding the probability that nD(p||p) exceeds a given
threshold. Tail bounds of this type are of interest to many problems in probability,
statistics and machine learning, including Sanov’s theorem in large deviations [2, §11.4],
goodness-of-fit tests [3, 4], construction of non-asymptotic confidence regions [5, 6] and
the performance guarantee of various learning algorithms [7, 8].

The classic bound of this type is

PGl >0 <en-0(" ;5T o0 (@)
obtained by the “method of types” [9, Lemma II.1]. For fixed k and ¢, this bound
is asymptotically tight as n — oo, in the sense that the exponent exp(—t) matches
the rate of the asymptotic gamma distribution in Eq. (3). Nevertheless, the bound
above is far from optimal. There are recent developments in the literature that provide
sharper results. In particular, Mardia et al. [10] and Agrawal [11] provide significant
improvements over the method-of-types result by gaining tighter control for the binomial
case (k = 2), and a reduction from multinomial (k¥ > 2) to binomial, although their
approaches are different. Additionally, bounds on the moments of D(p||p) have been
studied; see Jiao et al. [12], Mardia et al. [10], Paninski [13].

On a side note, by Pinsker’s inequality, a tail bound on the relative entropy implies

a bound on the total variation. For bounds on the latter, see also van der Vaart and
Wellner [14, Appendix A.6], Devroye [15] and Biau and Gyorfi [16].

2 Bounding the moment generating function

In a vein similar to that of Agrawal [11], we develop bounds with Chernoff’s method,
a classic workhorse for deriving exponential tail bounds; see, e.g., Vershynin [17, §2.3].
The key is to upper bound the moment generating function (MGF) of nD(p||p), which
is defined as

k(A p) :=Eexp (AnD(p|lp)) , (5)

where the expectation is taken over Mult(n,p = (p1,...,pk)).



It follows that
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where X1, ..., X are non-negative integers that sum to n.
Definition 1. Fork > 1,n>1, p€ A* 1 and ) € [0, 1], define
k
Gualhr) = 32 (0" %) [T Xi/m+ (= 7)

where the summation is over non-negative integers that sum to n.

By definition, Gy, (X, p) is a polynomial in X of degree at most n. For the trivial case
of k =1, it is easy to see that G1,(\) = 1.

The multinomial probability in Eq. (6) is log-concave in (p1,...,pk). For 0 < A <1,
by Jensen’s inequality, we have

(Pkyn()Vp) < Gk,n()\,p), pE Ak_l.

The obvious obstacle here is to obtain a bound on the RHS that does not depend on the
true probability vector p.

2.1 Family of Gy, ()
First comes a surprising fact noticed by Agrawal [11] in the k = 2 case.
Proposition 1. Gy, (A, p) does not depend on p = (p1,...,Dk).

Proof. This is true for k = 1. Fix any k > 2, we prove by induction on n that Gy, (X, p)
does not depend on p. For the base case,

k
Gra(Ap) =Y A+ (L= Ap) =kA+1-A,
=1

which does not depend on p.
Suppose G m (A, p) = Gim(A) for m <n —1. We now show that G, (X, p) does not

depend on p. Since py =1 —p1 —--- —pi_1, it suffices to verify that 0Gy (X, p)/0p; =0
for i = 1,...,k — 1. Further, by symmetry, it suffices to show 0Gy (A, p)/Op1 = 0.
Replacing pp with (1 —py — -+ — px_1), we have
_ _ 1X;
Gt = 5 (i, " ) TL X,/ + (1 - Ayl
X1, Xk Jj=2
X AX1/n+ (1 =Np ] DX /n+ (1 =N —p1— - —pr_1)]
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Hence, it suffices to show

k—1

. /n X
XI;X;C <X1,...,Xk> E[AX]/ +(1 )\)p]]
X X1 [AX1/n+ (1= Np ] T AKX /n+ (1 - Npg M = Z <X1 " Xk)

X1,y X

H X /n 4 (1= Np; 5 X MX1/n+ (1= N DX /n+ (1= N)pp ¥t

We first simplify the LHS. Clearly, those summands with X; = 0 are zero and can be
-1 -

dropped. For X; > 1, Xl(Xl,..n.,Xk) = n(Xl—lfLXg,...,Xk)' Let A := A(n — 1)/n. For

7 =2,...,k, by setting p;- = ll:i‘,pj < pj, we have

AXj/n+ (1= Np;j = NX;/(n—1)+ (1 - X)pj.

Further, letting p} := 1 — Z;?:Q P it is easy to see that

X —1 X
Xﬁ + (1= X)ph = )\71 + (1 =Mp

Therefore, by introducing X] = X; — 1, we have

n—1 X
ts=n 3 (o) VR )+ (- ]
X1, X2,... Xk

H NX;/(n—1)+ (1 - X)p)] ™

= nCTYk:,n—l(A D )7

where the summation is over non-negative integers X{, Xo, ..., X} summing to n — 1.
For the RHS, similarly, let ¢; = 11_;){‘,]9]- forj=1,...,k—1land g, =1- Zf llq; With



X, = X — 1, it follows that

k—1
n—1 X,
RHS=n > ( ,) I VX/(n = 1)+ (1 = X)gj] ™
v Xy, X1, X3 ) 25
1yeey N p—1,4 J=
x [NX4/(n = 1) + (1= X)gp] ™
= nGk,n—l(/\lvq,)-
Finally, by the induction hypothesis,
LHS = nGypn—1(N,0') = nGrn-1(N,q) = RHS.
O]

In view of this fact, we shall write Gj () in place of Gj (X, p). The set of polyno-
mials {G},,(\)} are characterized by the following recurrence.

Proposition 2. For 0 < X <1, it holds that

ka(/\) = Gk*Ln(}‘) + )\ka,l <n; 1/\) , k>2, n>1 (8)

with G1p(X) =1 and Gy o(N) == 1.

By Proposition 1, we have the freedom to choose p in the definition to evaluate
Gkn(A). In particular, by choosing py, = 0 and p; + --- 4+ pr—1 = 1, we can decompose
Grn(A) into Gi—1 () and a remainder. By a similar manipulation used in the previous
proof, the remainder can be expressed in terms of Gy ,—1. We leave the detailed proof
to the Appendix.

Theorem 1. Fork>2, n>0 and 0 < X <1, it holds that

n

Grn(N) =Y nm(ﬂn'_m)‘ (m ]—:f; 2> AT (9)

m=0

Proof. We prove by induction. For the base case, the formula gives Gy o(A) = 1 for k > 2,
which matches the value imposed by Proposition 2.

First, supposing the formula holds for Gg,_1, we show that it also holds for Go,.
By Proposition 2, it is easy to check that

Gg,n()\) = Gl,n()\) + )\Gg’nfl()\(n — 1)/71)

n

(n—1)! 41 n!
= 1 )\m = 7}\”’7{.
+Z n™(n —m — 1)! mzonm(n—m)!




Now, for any k£ > 3 and n > 1, suppose the formula holds for Gj_; , and G}, ,,—1. We
show that it also holds for G}, ,,. By Proposition 2, we have

Gk,n()‘) = Gk—l,n()‘) + )‘Gk,n—l()‘(n - 1)/”)
n n—1
n! <m+k—3> (n—1)! (m+k—2> 1
“S (T e S e
L=nm(n—m)!\ k-3 f=nm(n—m—1I\ k-2
= n! m4+k—3\ ., < n! m+k—3\ .,
_mz::()nm(n—m)!< k—3 )A +mzzlnm(n—m)!< k—2 >)\

_zn: n! m+k—2 \m
N nm(n—m)'\ k-2 ’

m=0

where in the last step the addition formula (}) = (";") + (7__11) is used [18, §5.1]. O

Remark 1. Gy, (\) can be rewritten as

Gin) = mZ:O (2 )= 1o,

where 2™ = z(z + 1)...(z +m — 1) is the rising factorial.

Lemma 1. Fork > 2,

1 d"? s
CrnlN) = (g axee (V#Gan)
Proof.
1 d"? s ~ (n m! A2 ke
B (M2Gan () = 2 <m> o (k— 2)l A2
_i n m! (m+k—2)!)\m
_m:O m/) nm(k —2)! m!
=30 (M) =) = G
m=0 m "

O]

Remark 2. For k > 2, G}, ,()) is not a moment generating function of some distribution.
To see this, suppose Gy ,,(A) is the MGF of some random variable Y. Since Gy, (\) is

a polynomial of degree n, then EY?" = GS:)(O) = 0, which implies Y is zero almost
surely. However, the MGF of zero is identically one.

A few polynomials G}, () are listed in Table 1.



Table 1: Polynomials Gy, ()

n=1 n=2 n=23 n=4
k=2 1+X 14A+3X2 1T4HA+224+20 14+ A+3024+ 3034 2\
k=3 142X 14204327 14+2X0+2X 2450 1420+ 227 + 333 4+ B!
k=4 143X 1+3X43)A 14+3X+4A2+ 2003 14304+ 224+ 2203 4 350

2.2 Asymptotic properties

We consider the asymptotic behaviors of Gy, ,,(A), which can inform how well it captures
the right dependence on k£ and n.

2.2.1 n — oo under fixed k

Lemma 2. For k > 2, G, »(\) increases in n.

Proof. By Theorem 1, it suffices to show that

n! (n—1)!
n™(n—m)! — (n—1)"(n —m —1)!
for m = 0,...,n. By canceling factors from both sides, this is equivalent to (1 — %)m >
1 — 2, which holds by Bernoulli’s inequality. O

Proposition 3. For 0 < A <1 and any fired k > 2, we have
Grn(N) 2 Groo(N) == (1 =NV gsn — oo, (10)
Proof. For k=2 and X € [0,1),

n

n! m N 1
ConN = > i SZOA BTy

m=0

where we used
n! nx(n—l)x...(n—m+1)<1

nm(n —m)! nXx---xn
Further, by Lemma 2, G ,,(\) must converge as n — oo for A € [0,1). Suppose the limit
is G2,00(A). Clearly, G2,00(A) = lim, G2, () = sup,, G2.n(A) is lower-semicontinuous.
Taking limits on both sides of Eq. (8), we have

G2,00(A) =14+ AG2,00(A7),

where we note ”T_l)\ ' A. Meanwhile, by Theorem 1, G () is increasing in A. Hence,
we have G2 o (A7) = G2,00(A) by lower-semicontinuity and monotonicity of G oo(A). It
follows that Ga . = (1 —A)~1. Applying the same reasoning to k = 3, we have

G3,00(A) = G200 (A) + AG3 50 (),

7



and hence G5 o, = (1 — \)72. Tterating this process, we get Gy ,(\) 7 (1 — \)~*=1 for
A€ [0,1) and k > 2. O

Note that G, o (A) = (1— )~V is the moment generating function of Ga(k — 1, 1).
Further, n D(p||p) —q4 Ga((k —1)/2,1). This means, for fixed k and n — oo, Gy ,(N) is
asymptotically tight in the exponent (rate parameter of gamma), but loose by a factor
of 2 in the polynomial term (shape parameter of gamma).

2.2.2 k — oo under fixed n

In the following, for two sequences a, and b, that are positive for large enough v, we
write a, 2 b, (or b, < a,) as v — oo if there exists ¢ > 0 such that a, > cb, for all v

~

large enough. If a, < b, and a, 2 b,, we write a, < b, as v — oo.

Proposition 4. For fited 0 <A <1 andn > 1, as k — oo we have
log G n(A) < nlogk. (11)

Proof. By Theorem 1, for fixed n and A, the leading term should be the largest term

of {(m,:rf;Q) : 0 < m < n}, which is when m = n. To see this, note that (mljf;2) =

(k—1)xkx--x(k4+m—2)/m!l It then follows from log (”;gff) = nlogk. O

The following shows that, as k — oo, the logarithmic dependence on k for an upper
bound on the logarithm of MGF is also necessary.

Proposition 5. Suppose Hy ,,(A) > @i n(X;p) for all p and all X € (0,1). For fized
0<A<1andn>1, we have lower bound log Hy, ,(\) 2 Anlogk as k — oo.

Proof. Let p= (1/k,...,1/k). It follows from Eq. (6) that

) n k X)\ X;
Spk’n()\jp) - Z (X17 cee 7Xk> H <k1_>\> .

X1, X i=1

We claim that ¢ ,(\,p) < k*. Consider the configurations of (Xi,...,X}) such that
n of them are one and the rest are zero. As k — oo, the sum over these configurations

becomes " . N
—An An
n (n)n!<k1>‘) = k.

Remark 3. Agrawal [11] uses the upper bound G2 (A) on G2, () to further bound
Grn(A) for k> 2, by appealing to the chain rule of relative entropy [2, §2.5]. This leads
to the following bound:

O

eV < (1 =NV =g, (N (0<A<1). (12)

However, observe that for fixed n and large k, the logarithm of the above bound above
grows linearly in k. In contrast, as we have shown via a direct approach, the bound
log Gi () has the right logarithmic dependence.



3 Chernoff bound

To highlight the dependence on (k,n), let py, denote the empirical probability vector
under k categories and n samples. For any A € [0, 1], we have

P (0 D(penllp) > 1) < exp(—A)Grn(N). (13)

3.1 Exact bound
Minimizing the above over A € [0, 1] yields the tightest bound.

Theorem 2. Fork > 2,n > 1, let P, be the empirical probability vector from Mult(p, n)
forp e A¥=1. Fort >0, it holds that

P(nDlicalp) > 1) < min exp(—M)Gia(M). (14)
S )

Proposition 6. The bound in Theorem 2 is meaningful (RHS < 1) ift > min(log G, (1), k—
1).

Proof. Let frn(A,t) = exp(=At)Grn(N). Let ¥y ,(t) := minygp 1) f(A, 1) be the RHS
of Eq. (14). First, suppose t > min(log Gy »(1),k — 1) and we show that vy, (t) < 1.
Clearly, either ¢ > log G (1) or t > k — 1. If t > log G}, (1), then ¥y, (t) < fen(1,t) =
exp(—t)Grn(l) < 1. If t > k=1, ¥y n(t) < g 0o(t) by Proposition 3. One can show that

0, t<k—-1

Veoolt) = exp(k — 1 — 1) (ﬁ)k_l L t>k—1

Writing t =k — 1+ 6 for § > 0, it follows that

wk,n(t) < wk,oo(k -1+ 5) = €xp {(k - 1) log(l + k%) - 6} <1

by log(1l + z) < z for > 0. O

We have verified that the converse also holds at least for k < 500.

Let Agn(t) be the minimizer in Theorem 2. Unfortunately, in general, A ,(t) does
not permit a closed-form solution. In fact, finding Ay ,,(¢) is a non-convex problem and
exp(—At)Gg »(A) can have more than one local minima on the unit interval. In the
following, we develop a simple closed-form approximation to A ,,(¢) that leads to a bound
that is only slightly looser than Theorem 2, when n is relatively large compared to k.

3.2 Large n expansion of the minimizer

By Proposition 3, when n — oo we have

exp(—At)Grn(N) = exp(=At) (1 — \)~F71) = g=At=(k=1)log(1=4)



Note that A — —At — (k — 1)log(1 — A) is convex. The previous display is uniquely
minimized at

k-1
Mioolt) = 1= ==, fort >k —1. (15)

Plugging in A, oo (t) into Eq. (13) yields the following bound.

Corollary 1 (without correction). Fort >k —1, it holds that
- —t k—1 k-1
P(nD(prnlp) >t) <e ‘e "Grn(1l— — ) (16)

Ak,oo(t) is the zeroth-order large n approximation to Ag,(t). Yet, the bound can be
significantly tightened by a further correction.

Proposition 7. Suppose k > 2 andt >k —1. Asn — oo, we have

B kot—k+1 »
A (t) = Moo (t) + R — o(n™"). (17)

Proof. Fix k > 2 and t > k— 1. Let fi,, := exp(—At)Gjn(A). First, we claim that there
exists N(k,t) such that f; (Ag,) =0 for n > N(k,t) at the minimizer Ay . To see this,
note that asymptotically )\kn cannot be 0 or 1. In particular, (i) Ay, = 0 would imply
RHS = 1 for Eq. (14), and (ii) Ay, — 1 would imply RHS — oo for Eq. (14) — both
contradict Proposition 6. Given

fllc,n(Ak,n) = f};,n()\k,oo) + fllg/,n()\k,oo)()\k,n - )\k,oo) + 0(’)\k,n - )\k,oo|)7
it follows that ,
fkyn()‘k,oo)

Ak,n = )‘k,oo — < o T 0(|)\1€,n - )‘k,oo|)
fon (Ak,o0)

Since fin = froo = eXP(—At)Gro0(A), it is easy to check that

fn(Moo) = Froo(Akoo) +0(1)
= (k= De Mt (1 = A o0) " 4 0(1),

where the limit (k—1)e™ (1 — X\t oo)~**1) is non-zero and finite. Meanwhile, we have

f]lg,n()‘k,oo) = e_/\k’mt ( z,n()\k,oo) - tka()\k,oo)) .

Using A\g oo =1 — (k—1)/t, it follows that

e~ (t=k+1) |:1,k)\_kloo Gk,n()‘k,oo) - G;mn()‘k,oo)}

)\k,n = Ak,oo + —
(k — 1)e==kt1) (=) ~FD o)

+ 0(’)\19,11 - )\k,ooD

It is easy to check that the proof is complete given the following lemma. O

10



Lemma 3. For k> 2 and A € (0,1), it holds that

n <lf__;l\Gkn()\) — 217,()‘)) - m’ as 1 = 0. (18)

The proof relies on asymptotic expansions of the incomplete gamma function and is
left to the Appendix.

Remark 4. The correction in Proposition 7 can be viewed as a one-step Newton’s
iteration based on Ay o (%).

correction
(o]

deviation t

Figure 1: The ideal correction limy, oo (Mg n(t) — Ak oo(t)) (dots, fitted from numerical
values) and the theoretical first-order correction k(t —k+1)/(k —1) (lines), both plotted
against the deviation t.

In Fig. 1, we compare the correction term (the n~! term) from Proposition 7 to
the numerical values. The numerical value corresponding to a pair (¢, k) is obtained by
numerically finding Ay ,(¢) for a sequence of n varying from 200 to 2 x 10, then fitting
log(Agn — Akoo) against —logn in least squares, and finally taking the intercept and
exponentiating.

Plugging the correction into Eq. (13) yields the following bound.

Corollary 2 (with correction). Let 5\/.37” ‘= min {1 - % + %t_ffl, 1}. Forn > 1,
k>2andt>k—1, it holds that

P (nD(Prnllp) > t) < exp(—Aont)Grn(Min)- (19)

4 Discussion

In this section, we discuss the behavior of our bound and compare to bounds previously
proposed in the literature.

11



4.1 Comparison

We briefly compare the bounds for several sample sizes under k£ = 6 in Figure 2; see
Fig. B.1 in the Appendix for k = 20. First, our bound is always tighter than Agrawal
[11], since Agrawal [11] uses Chernoff bound based on G, ~, which upper-bounds G, .
Second, in the settings plotted, our bound is tighter than that of Mardia et al. [10] for ¢
smaller than some T}, ,, and vice versa for ¢ > T}, , — an explanation for this phenomenon
is provided in the following section. Third, the closed-form correction-based bound is
significantly tighter than the bound without correction, and is in fact very close to the
exact bound, with the difference between the two only noticeable when both n and t are

small.

k=6,n=10 k=6,n=20 k=6,n=30
exact
. . correction

£q £q £q w/o corr.
39 394 3 94 :
§ o % o % o Agravyal
g g ] g ] Mardia et al.

- - - asymp.

o o o

QI) T T T T T (ll) - T T T T T (ll) - T T T T T

— 5 10 15 20 25 — 5 10 15 20 25 — 5 10 15 20 25

deviation deviation deviation
k=6,n=100 k=6, n =200 k=6, n =500

> > 1 > 1
] & | &1 ] &1 AN
o 2 o 2 Q 2
[ [ [
o o - o -

N~ ~ N~

o o o

GI) T T T T T GI) B T T T T T GIJ B T T T T T

~ 5 10 15 20 25 ~ 5 10 15 20 25 ~ 5 10 15 20 25

deviation deviation deviation

Figure 2: Comparison of probability bounds on P(nD(py . |lp) > t) for k = 6 and t >
min(log Gy ,(1),k — 1). The y-axis is in logarithmic scale. The methods compared
include: “exact” (Theorem 2 from numerical minimization), “correction” (Corollary 2),
“w/o corr.” (Corollary 1), Agrawal [11, Theorem 1.2], Mardia et al. [10, Theorem 3], and
the asymptotic bound that is the exact probability when n — oo. Note that “asymp.”
might not be a valid bound and is for reference only.

4.2 Combinatorial scaling

Recently Mardia et al. [10] consider a bound of the form

P (nD(prnlp) > t) < C(k,n) exp(—t), (20)

12



where C(k,n) captures the combinatorial dependence on k and n. This is motivated by
the classic method-of-types inequality Eq. (4), which holds with

Cr(k,n) = <”Zf;l>

Note that Cp(k,n) is the number of ways that {1,...,n} can be partitioned into k
groups, and hence counts the “types” of possible empirical distributions. Mardia et al.
[10] showed that Ct(k,n) can be improved to

ra 27
1=0
where _
Tm)? (i is even)
Ki= Gk K=l
Txaxoxq (118 odd)

are constants. It can be shown that Cyi(k,n) is smaller than Cr(k,n) for all k,n > 2
10, §1.2]

Since the choice of A\ that tightens our bound depends on ¢, the bounds presented
in the previous section do not take the form of Eq. (20). For comparison, we use the
following bound from setting A = 1 in Eq. (13), which is not the tightest bound except
for very large t.

Corollary 3. Forn > 1,k > 2 and t > 0, it holds that

P (nD(prnllp) > 1) < Gen(1) exp(=1).

Like Cnvi(k,n) the resulting combinatorial factor G (1) is also uniformly smaller
than the method-of-types combinatorial factor Cp(k, n).

Proposition 8. For k> 2, n>1, Gy (1) < Cr(k,n).

Proof. By Theorem 1,

n

Gk,n(l)zznx(n_1>X"'X(n—m+1)<m+k—2>

nm k—2
m=0
n
m+k—2 n+k—1
<Z< k2 >_< k-1 >
m=0
where the last equality follows from the “parallel summation” [18, Eq. (5.9)]. O

In fact, the improvement can be significant when n is large.

Proposition 9. For fized k > 2, as n — oo, % — 1/2.

13



This basically says, in the regime of fixed k and large n, Gj,(1) is a square-root
improvement over the method-of-types combinatorial factor. We leave its proof to Ap-
pendix A.3. In fact, C\i(k,n) achieves the same rate of improvement in the same regime;
see Mardia et al. [10, §1.2]. For other regimes, we do not have an explicit comparison.
Instead, in Fig. 3 we graphically compare the combinatorial factors for a few (k,n). We
observe: (i) log Gj (1) and log Ci(k, n) scale quite closely; (ii) for a fixed k, one can
check that Gj (1) < Cm(k,n) for small n, and vice versa for large n. Note that (ii)
explains why in Fig. 2 the bound of Mardia et al. [10] becomes tighter than our bound
for very large deviations when n € {100,200,500} — the tightening Ag,(t) = 1 for ¢
large enough and the exact bound reduces to Corollary 3.

k
50

_ 100 5

= 10 Gonl(1)

L log Gyn(1) 200 4 /// Cu(8, n)
L log Cy(k,n) 10

I log Cr(k,n)
100 1000
) 100
0 " 20 40 60 80 100 120 140

Figure 3: Comparison of combinatorial scaling factors Gy, ,,(1) (ours), Cn(k,n) [10] and
Cr(k,n) (method of types).

Finally, we stress that the improved combinatorial factors are by no means optimal.
To see this, note that as n — 0o, Gy (1) = oo for any fixed & > 2 and Cn(k,n) — o0
for any fixed k > 3, which would render the bound in the form of Eq. (20) meaningless
(for fixed k and t). However, by Proposition 3 because Gy, oc(A) only diverges at A =1,
our bounds stated in Theorem 1, Corollaries 1 and 2 do not suffer from this problem.
Nevertheless, we expect future improvements on C(k,n) such that C(k,00) < oo for
k> 2.

5 Application

The bound developed can be used to obtain a conservative non-asymptotic critical value
for the multinomial likelihood ratio. The bound in Theorem 2 can be determined nu-
merically by searching for the minimizer over the unit interval, which is a non-convex
but smooth, univariate optimization. Further given a level o € (0,1) (e.g., @ = 0.05),
by a binary search, a critical value ¢j (o) can be determined such that the bound at
trn () evaluates to a. The critical value on the likelihood ratio can be inverted to form
a convex confidence region on p, which is guaranteed to contain p with probability at
least (1 — «). This can be applied to the cases where k is comparable to n, and the
standard large-sample x? approximation is unlikely to be accurate (see Frydenberg and
Jensen [19]). We demonstrate with the following example.
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Proportion of the unseen butterflies Table 2 shows the famous dataset [20] that
naturalist Alexander Steven Corbet presented to Ronald Fisher in the 1940’s. Corbet
spent two years trapping butterflies in Peninsular Malaysia, and his intriguing question
to Fisher was how many new species would he discover had he spent another two years
on the islands. Corbet’s original question led to the fruitful investigation of estimating
the number of unseen species; see Fisher et al. [21], Good and Toulmin [22], Orlitsky
et al. [20].

Table 2: Butterflies recorded by Corbet

Frequency 1 2 3 4 5 6 7 & 9 10 11 12 13 14 15
Species 118 74 44 24 29 22 20 19 20 15 12 14 6 12 6

However, here we pose a different question — what percentage of butterflies in Malaya
belonged to the species that Corbet had not seen? That is, we want to estimate the
proportion of butterflies from all the unseen species. Clearly, the MLE is zero based on
the sample. Instead, we ask for an upper bound with 95% confidence. Let k = 435 + 1,
where 435 is the number of species observed by Corbet. Let p = (¢,0), where ¢ is the
empirical distribution corresponding to Table 2. The sample size is n = 2,029 and the
corresponding critical value is ¢y, (a)) = 481.20. The upper bound is given by the convex
program

maxpy st p € A nD(pllp) < thn(),

which evaluates to 21.1%. See also Robbins [23], Bickel and Yahav [24] related to this
problem.

6 Conclusion

We have shown that for a multinomial experiment with alphabet size k and sample size
n, the moment generating function of the entropy of the empirical distribution relative to
the true distribution (scaled by n) can be uniformly bounded by a degree-n polynomial
Gi.n(A) over the unit interval. We generalize Agrawal’s result [11] on £ = 2 and char-
acterize the family of G}, ,(A). The result gives rise to a one-sided Chernoff bound on
the relative entropy for deviations ¢ > min(log Gy ,(1),k —1). The bound significantly
improves the classic method-of-types bound and is competitive with the state of the art
[10]. Further, since the tightest Chernoff bound does not permit a closed-form, we have
developed a first-order large-n expansion of the minimizing A\, which provides a good
approximation to the tightest bound in closed form. On a technical note, our approach
directly constructs bounds for a generic k, in contrast to some other approaches [10, 11]
that are based on a reduction from multinomial to binomial via the chain rule of relative
entropy.
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A Proofs

A.1 Proof of Proposition 2

Proof. By Proposition 1, G ,(X) = Grn(A,p) for p, = 0 and p; +--- +pr—1 = 1. By
Eq. (7), we split Gi ,(A\) = A+ B, where A sums over those X with X = 0, and B sums
over those with X > 1. Clearly,

k—1

n X
A= ) T xx/n+ (1= 2p)™
le s 7Xk3—1 .
X1y Xg—1 Jj=1
where the summation is over non-negative integers X7, ..., Xx_1 such that they sum to

n. Further, (p1,...,pr—1) forms a probability vector. Hence, A = Gj_1 ,(N).
Now we evaluate
k

> 2 (Xl, nXk> [T X5/ + (= Mps] ™

Xp=1X14++Xp_1=n—Xy, Jj=1

Using the fact that (X1 " Xk) = (XLJ (X1 )?1;11 kal) and p, = 0, we have

n n—1 AX + 1)\ KRt A] |
B= 2 X’+1<X X X’)( " [T X5/m+ (0= Aps)™
Xla-n,Xk—l:X;; k 1y Ak—1, AL j=1

=X > <X1,..7X:_1,X,;> <W)Xélﬁ[)\Xj/n+(l—)\)pj]ij

X100, Xpom1,X} j=1
(21)

where X := X}, —1 € {0,...,n— 1} and the summation is over (X1,..., X1, X},) such
that they sum ton — 1. Let \ := ”T_l)\ and

1—-A , A/n
p}:zﬁpj (J=1,...,k—1), p%:zl_)\/
such that Z§:1 Py = lle)‘, 1’\%:, = 1. Then we have
A(X]:,’—"_ 1) / X]:,’ / /
=) 1—A

and

X.
AXj/n+(1—A)pj:Xn_J1+(1—A’)p; G=1,....,k—1).

Hence, by Eq. (7) and Proposition 1, Eq. (21) becomes

k
-1 |
B=2 Z <)(17,,?FLAX1g LX/)H[)\’XJ-/TL1+(1)\/)pﬂXﬂ

X1, X1, X}, VIR k7 j=1
-1
— AGhn 1 (N) = AGrn (” A)
Putting A and B together, we have Gy ,(A) = Gi—1,(X) + AGjn—1 ("T_l)\) O
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A.2 Proof of Lemma 3

We will use the following two properties of the incomplete gamma function

I(a,z) := / t* et dt.
Lemma A.1 (DLMF [25, §8.8]). It holds that
Ia+1,z) =al'(a,2z) + 2% %,

and
I'(a)

S )

Dla—n,2)+207e Yy —L 7k

where n is a non-negative integer.

Lemma A.2 (DLMF [25, §8.11(iii)]). For fixzed v > 1, as a — oo, it holds that

no(_ 1)k
D(a,70) = (ya)"e ™" {Z U o<|a\—”—1>} ,
k=0
where bo(y) =1, bi(y) =7, b2(y) =v(2y+ 1), and for k=1,2,...,
b(v) = (1 = N1 (7) + (2k — Dyb-1(7).

Proof of Lemma 3. We first express G2, () in terms of the incomplete gamma function:

n!
_\n —(n—m)
Y A (22)
=n""A"'n! Z /A" =n""A" D (n+ 1,n/\),

where we used the fact [25, Eq. 8.4.8] that

n k
r(n+1,z):n!e*22%, n=0,1,2,....
k=0

Using Lemmas A.1 and A.2, as n — oo, we have
Gan(N)
= (\/n)"e™> {nF(n,n/)\) + (n/)\)”e_”/)‘}
=14 (A/n)""*nl(n,n/N\)

n-! -1
=14 (A\/n)"e n(n/\)"e ™/ { T A_? ~ 1)3n_2 + O(n-3)}

1 A2 _
= 17)\—(17)\)371 L+ o(n™).
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For k > 2, it follows from Lemma 1 that

Gk,n(/\)
1 dk—2 )\k:—2 Ak ) 9

= (k- 2)l 2 <1 X Tt Ton )>

(b k(k—1)A2 _ _
_ _ (k—1) _ M ™ JA 1 2
=(1-2MX) 2(17)\)“171 +O0(n™%),

where we used the relation (twice)
dk—2 NE kN2
d\k—2 [(1 - )\)3} C2(1 = MR

which can be shown via induction.
Finally, we have

TG = G N
- (1—1A)’“‘1;A [—(1 - /\)k_lem()\)}
) (1—1A)’f—1;x [ —(= W‘l((l — ) M”_
- o [ A o)
B mn‘l +0(n™?),
and hence

k(k — 1)A

n (23600 = G ) >

A.3 Proof of Proposition 9
Lemma A.3 (DLMF [25, §8.11(v)]). As z — oo, it holds that

[(z,2) = 2° te™? <\/§zl/2 + 0(1)> :

Proof of Proposition 9. For k = 2, we have

Gan(1) 2 (e/n)"T(n + 1,n)

i (e/n)"nl(n,n) + 1

(1D \/anﬂ +O(1),

18

1+ O(n_2)>]



where (i) follows from Eq. (22), (ii) from Lemma A.1 and (iii) from Lemma A.3. And

hence,
logGo (1) . log n'/?

li = =1/2.
nl_)Ing log (”‘1"1) n—oo logn /
By a similar computation for £k = 3,4, ..., one can show that

. logGrn(1) . lognk=1)/2
hm _— = lm —

n—o0 Jog (n}L‘EIl) " n—soo log nk-1

=1/2.

B Additional plot
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Figure B.1: Comparison of probability bounds on P(nD(py|p) > t) for K = 20 and
t > min(log Gy (1), k — 1). The y-axis is in logarithmic scale. The methods compared
include: “exact” (Theorem 2 from numerical minimization), “correction” (Corollary 2),
“w/o corr.” (Corollary 1), Agrawal [11, Theorem 1.2], Mardia et al. [10, Theorem 3|, and
the asymptotic bound that is the exact probability when n — oco. Note that “asymp.”
might not be a valid bound and is for reference only.
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