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Abstract

We give the first systematic study on the second order asymptotics of the operational task of coherence
distillation with and without assistance. In the unassisted setting, we introduce a variant of randomness ex-
traction framework where free incoherent operations are allowed before the incoherent measurement and the
randomness extractors. We then show that the maximum number of random bits extractable from a given
quantum state is precisely equal to the maximum number of coherent bits that can be distilled from the
same state. This relation enables us to derive tight second order expansions of both tasks in the independent
and identically distributed setting. Remarkably, the incoherent operation classes that can empower coher-
ence distillation for generic states all admit the same second order expansions, indicating their operational
equivalence for coherence distillation in both asymptotic and large block length regime. We then generalize
the above line of research to the assisted setting, arising naturally in bipartite quantum systems where Bob
distills coherence from the state at hand, aided by the benevolent Alice possessing the other system. More
precisely, we introduce a new assisted incoherent randomness extraction task and establish an exact relation
between this task and the assisted coherence distillation. This strengthens the one-shot relation in the unas-
sisted setting and confirms that this cryptographic framework indeed offers a new perspective to the study of
quantum coherence distillation. Likewise, this relation yields second order characterizations to the assisted
tasks. As by-products, we show the strong converse property of the aforementioned tasks from their second
order expansions.
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1 Introduction

A central problem of a general resource theory [CG19] is resource distillation: the process of extracting canon-
ical units of resources from a given quantum state using a choice of free operations. The usual asymptotic
approach to studying problems in quantum information theory is to assume that there is an unbounded number
of independent and identically distributed (i.i.d.) copies of a source state available and that the error measure
asymptotically goes to zero. However, for many practical applications there are natural restrictions on the code
length imposed, for example, by limitations on how much quantum information can be processed coherently.
Therefore it is crucial to go beyond the asymptotic treatment and understand the intricate tradeoff between
different operational parameters of concern.

In general, suppose a quantity of interest is given by R(ρ⊗n, ε) which is a function of the sequence of
states {ρ⊗n}n∈N and the error threshold ε. The typical information-theoretical study focuses on finding the
asymptotic rate R1(ρ) := limε→0 limn→∞ 1

nR(ρ⊗n, ε). Together with a strong converse property, this is
equivalent to expanding R(ρ⊗n, ε) = nR1 + o(n) where R1 is called the first order coefficient. An estimation
to the order o(n) is usually unsatisfactory in the case with limited resources, motivating us to further investigate
the second order expansion – a refined estimation of R(ρ⊗n, ε) to the order o(

√
n). More precisely, we aim to

find an expansion R(ρ⊗n, ε) = nR1 +
√
nR2 + o(

√
n) where R2 is called the second order asymptotics. To

achieve so, we shall first consider the one-shot scenario where the source is characterized by a single instance
of unstructured quantum state, and then the second order setting in which only a finite number of copies of
i.i.d. state is given.

The significance of second order expansions is multifold. First, second order expansions provide a use-
ful approximation for finite block length n, refining optimal rates that typically correspond to the first order
asymptotics in asymptotic expansions. Second, they determine the rate of convergence to the first order asymp-
totics, analogous to the relation between the Central Limit Theorem and the Berry-Esseen Theorem, as the
latter determines the rate of convergence in the former. Finally, second order expansions can be used to derive
the strong converse property, an information-theoretic property that rules out a possible tradeoff between the
transformation error and the rate of resulting resource of a protocol.

In this paper we focus on the resource theory of quantum coherence [SAP17] and investigate in depth
the second order asymptotics of the coherence distillation task under various settings. In the following two
paragraphs, we summarize individually the state-of-the-art research progress of both the unassisted and as-
sisted coherence distillation tasks, point out the major concerns, and present shortly our strategy to solve these
concerns and the obtained results.
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Unassisted coherence distillation and randomness extraction Quantum coherence is a physical resource
that is essential for various information processing tasks [Hil16, CML16, SCR+16, AJS18, DFW+18, LJR15,
FD11]. A series of efforts have been devoted to building this resource theory in recent years [Abe06, GS08,
LM14, BCP14, SAP17], characterizing in particular the state transformations and operational uses of coher-
ence in fundamental resource manipulation protocols [WY16, CSR+16a, SCR+16, CH16, RFWA18, FWL+18,
ZLY+18]. The task of coherence distillation in the asymptotic scenario has been first investigated in [WY16]
and has been recently completed in [Lam19]. In spite of their theoretical importance, the asymptotic assump-
tions become unphysical in reality due to our limited access to a finite number of copies of a given state, making
it necessary to look at non-asymptotic regimes. The first step in this direction is to consider the one-shot set-
ting that distills coherence from a single instance of the prepared state. Such a scenario has been investigated
in [RFWA18] and has been mostly completed in [ZLY+18]. These works estimate the one-shot distillable co-
herence under different free operations by their corresponding one-shot entropies. The one-shot entropies most
accurately describe the operational quantity, yet they tend to be difficult to calculate for large systems, even for
the independent and identically distributed (i.i.d.) case. This motivates further investigations of second order
expansions.

The usual approach to deriving the second order expansion of an information task is to combine the one-
shot entropy bounds on the information quantity and the second order expansion of the corresponding en-
tropies (e.g. [Hay08, TH13, Li14, DL14, TBR16, FWTD19, WFT19]). However, as second order expansions
have a strong dependence on the error parameter ε, the existing one-shot entropy bounds on distillable co-
herence [RFWA18, ZLY+19] are insufficient to get a tight second order expansion. That is, the second order
coefficients in the expansion of the one-shot entropy lower and upper bounds are often mismatched. To solve
this, we introduce a variant of randomness extraction framework in the context of quantum coherence theory
[YZCM15, HZ18] and build an exact connection of this task with coherence distillation. Such a connection
provides us a new perspective to the study of distillation process. Finally, expanding a one-shot entropy lower
bound on the extractable randomness and a one-shot entropy upper bound on the distillable coherence, we
obtain the desired second order expansion. The exact one-shot relation between randomness extraction and
coherence distillation builds a bridge between two seemly different information tasks, providing new perspec-
tives to the study of both problems. Moreover, our second order expansions initiate the first large block length
analysis in quantum coherence theory, filling an important gap in the literature.

Assisted coherence distillation and randomness extraction Chitambar et al. [CSR+16a] originally pro-
posed the assisted distillation task, arising naturally in bipartite quantum systems in which Bob aims to distill
coherent bits from the state at his hand, aided by the friendly Alice who possesses the other system [DFM+98,
GW03, HK04, SVW05, Win05, BCD05, Bus07, DH10, BD13, KMWY16a, KMWY16b, LTA20]. Streltsov
et al. [SRBL17] pushed forward this task by enlarging the set of free operation classes, mimicking the bipar-
tite operation hierarchy well studied in the entanglement resource theory [HHHH09]. They coined this the
resource theory of coherence in distributed scenarios. Subsequent works have been carried out both on the the-
oretical [ZMF17, ZMQ+19] and experimental [WHZ+17, WHZ+18, WTX+20] directions. Recently, Regula
et al. [RLS18] and Vijayan et al. [VCH18] independently studied the one-shot assisted coherence distillation
via different approaches, enhancing the asymptotic results [CSR+16b, SRBL17] to the one-shot realm. The
obtained results are not satisfactory due to the following reasons. Firstly, they assumed the bipartite state pre-
shared to be pure a priori. Practically, it is common that Bob holds an extension, rather than a purification, of
Bob’s state. Secondly, they considered a special class of free operations in which Bob perform measurements
and Bob perform conditional incoherent operations. It would be meaningful to explore the power of other free
classes in the distributed incoherent operation hierarchy. Lastly but most importantly, the obtained one-shot
bounds cannot lead to second order asymptotics. As we have argued, the seek for second order expansion is
necessary since it not only provides a useful approximation for the finite block length, but also determines the
rate of convergence to its first order coefficient.

Our approach towards these concerns is largely inspired by the ideas from the unassisted scenario. More
specifically, we propose a variant of randomness extraction framework within the context of distributed quan-
tum coherence theory, which we call the assisted incoherent randomness extraction. We establish an equiv-
alence relation between this task and the assisted coherence distillation in the one-shot regime. It uplifts the
relation between coherence distillation and incoherent randomness extraction in the unassisted setting to the
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assisted scenario. Then, we make use of this relation to draw a complete characterization on these two tasks
by proving an one-shot lower bound on the assisted extractable randomness and an one-shot upper bound on
the assisted distillable coherence, with matching dependence on the error threshold ε in the two bounds. This
bestows us with desired second order expansion for both tasks.

Assistance Characterization Reference

Unassisted case

one-shot equivalence
Theorem 2

Cεd,O(ρB) = `εO(ρB)

second order expansion

Theorem 4Cεd,O(ρ⊗nB ) = `εO(ρ⊗nB ) =

nD(ρB‖∆(ρB)) +
√
nV (ρB‖∆(ρB)) Φ−1(ε2) +O(log n)

Assisted case

one-shot equivalence
Theorem 5

Cεd,QIP(ρAB) = `εQIP(ρAB)

second order expansion

Theorem 14Cεd,QIP(ρ⊗nAB), `εF (ρ⊗nAB) =

nD (ρAB‖∆B(ρAB)) +
√
nV (ρAB‖∆B(ρAB)) Φ−1(ε2) +O(log n)

Table 1: List of results with references obtained in this work regarding both unassisted and assisted coherence
distillation and incoherent randomness extraction tasks. Here O ∈ {MIO,DIO, IO,DIIO} is a single partite
free operation class and F ∈ {LICC,LQICC,SI,SQI,QIP} is a bipartite free operation class.

Outline and main contributions The main contributions of this paper are listed in Table 1 for references and
can be summarized as follows:

• In Section 3, we first propose a variant of randomness extraction framework in the context of quantum
coherence theory, and then establish an exact relation between the task of randomness extraction and the
task of quantum coherence distillation in the one-shot regime. More precisely, we show that the maxi-
mum number of secure randomness bits (`εO) extractable from a given state is equal to the maximum num-
ber of coherent bits (Cεd,O) that can be distilled from the same state. That is, for any quantum state ρ, error
tolerance ε ∈ [0, 1], it holds Cεd,O(ρ) = `εO(ρ), where free operation class O ∈ {MIO,DIO, IO,DIIO}
whose definitions can be found in Section 3.1. We further give one-shot achievable and converse bounds
for `εO as well as Cεd,O in terms of hypothesis testing relative entropy, through which we get the second
order expansion of our information tasks.

• In Section 4, we first propose the assisted incoherent randomness extraction task within the quantum
coherence theory in distributed scenario, and then set up an equivalence relation between the assisted
coherence distillation and the assisted incoherent randomness extraction in the one-shot regime. That
is, we show that the maximum number of coherent bits (Cεd,QIP) that can be distilled from a bipartite
quantum state ρAB is equal to the maximum number of secure randomness bits (`εQIP) of the same
state, where QIP is the set of quantum-incoherent state preserving operations (cf. Section 4.1). Fi-
nally, we prove one-shot achievability bounds for `εF and one-shot converse bounds for Cεd,F , where
F ∈ {LICC,LQICC,SI,SQI,QIP}, in terms of the hypothesis testing relative entropy. These, together
with the established one-shot equivalence relation, yield an one-shot characterization to these two quan-
tities. Invoking the second order expansion of the hypothesis testing relative entropy, we are able to get
the second order expansion of these rates.

• In Section 5, we show the strong converse property of all these explored tasks – coherence distillation
and incoherent randomness extraction and their assisted versions – by using the established second order
expansions.
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• In Section 6, we establish a series of relations among various entropic quantities evaluated on the de-
phased tripartite state ∆B(ΨRAB), where |Ψ〉RAB is a purification of ρAB . These relations are essential
in the second order analysis and may find applications in other quantum information processing tasks.

• In Appendix B, we conceive an alternative formulation of the assisted incoherent randomness extraction.
The advantage of this alternative is that we can establish an equivalence relation between the assisted
coherence distillation (Cεd,F ) and the alternative assisted incoherent randomness extraction (̂̀εF ) for all
free operation classes under consideration.

2 Preliminaries

In this section we define several quantities and set the notation that will be used throughout this paper. We label
different physical systems by capital Latin letters (e.g. A,C,L). We often use these labels as subscripts to guide
the reader by indicating which system a mathematical object belongs to. We drop the subscripts when they are
evident in the context of an expression (or if we are not talking about a specific system). The corresponding
Hilbert spaces of these physical systems are denoted asHA,HC ,HL respectively. The corresponding alphabet
sets are denoted by the same letters in mathcal font (e.g. A, C,L). For example, A := {1, 2, · · · , |A|} where
|A| is the dimension of Hilbert space HA. Let {|a〉}a∈A be the computational basis on Hilbert space HA. The
set of positive semidefinite operators onHA is denoted as P(A). The set of quantum states, which are positive
semidefinite operators with unit trace, on HA is denoted as S(A). Denote the completely mixed state on HA
as πA. The identity operator and the identity map are denoted as 1 and id respectively. A quantum operation
ΛA→C is a completely positive trace-preserving (CPTP) map from S(A) to S(C). All logarithms in this work
are taken base two.

For any ρ, σ ∈ P , the purified distance P is defined in terms of the generalized quantum fidelity F as
P (ρ, σ) :=

√
1− F (ρ, σ)2 with F (ρ, σ) := ‖√ρ√σ‖1 +

√
(1− Tr ρ)(1− Trσ) [Tom15]. For any ρ ∈ S

and σ ∈ P , their quantum hypothesis testing relative entropy is defined as Dε
H(ρ‖σ) := − log min{TrMσ :

TrMρ ≥ 1 − ε, 0 ≤ M ≤ 1} [WR12]. The smooth max-relative entropy is defined as Dε
max(ρ‖σ) :=

minP (ρ̃,ρ)≤ε inf{λ : ρ̃ ≤ 2λσ} [Dat09]. The second order expansions of quantum hypothesis testing relative
entropy [TH13, Li14] and smooth max-relative entropy [TH13] are, respectively, given by

Dε
H(ρ⊗n‖σ⊗n) = nD(ρ‖σ) +

√
nV (ρ‖σ) Φ−1(ε) +O(log n), (1)

Dε
max(ρ⊗n‖σ⊗n) = nD(ρ‖σ)−

√
nV (ρ‖σ) Φ−1(ε2) +O(log n), (2)

where D(ρ‖σ) := Tr[ρ(log ρ − log σ)] is the quantum relative entropy, V (ρ‖σ) := Tr[ρ(log ρ − log σ)2] −
D(ρ‖σ)2 is the quantum information variance and Φ−1 is the inverse of the cumulative distribution function of
a standard normal random variable. The logarithms are in base 2 throughout this paper.

For any σ ∈ P , we denote the number of distinct non-zero eigenvalues of σ by ν(σ). Let λmax and λmin be
the maximum and minimum non-zero eigenvalues of σ, respectively. Set λ(σ) := log λmax(σ)− log λmin(σ).
The following θ function is commonly used in one-shot information quantities:

θ(σ) := min{2dλ(σ)e, ν(σ)}. (3)

3 Quantum coherence distillation and incoherent randomness extraction

In this section we first review the resource theory of quantum coherence and the operational task of quantum
coherence distillation. We then introduce a variant of randomness extraction framework in the context of
quantum coherence theory.

3.1 Resource theory of quantum coherence

The resource theory of coherence consists of the following ingredients [BCP14]: the set of free states and the set
of free operations, that is, a set of quantum operations that do not generate coherence. The free states, so-called
incoherent states, are the quantum states which are diagonal in a given reference orthonormal basis {|b〉}b∈B.
We will use ∆B(·) :=

∑
b∈B |b〉〈b| · |b〉〈b| to denote the diagonal map (completely dephasing channel) in this
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basis 1. Then the set of incoherent states is denoted as I(B) := {ρ ∈ S(B) : ρ = ∆B(ρ)}. For convenience,
we will also use the cone of diagonal positive semidefinite matrices, which is denoted as I∗∗(B) := {X ∈
P(B) : X = ∆B(X)}. The maximal resource state on HB is the maximally coherent state (MCS) |ΨB〉 :=

1/
√
|B|∑|B|b=1 |b〉 with dimension |B|. Denote its density operator as ΨB := |ΨB〉〈ΨB|. The resource theory

of coherence is known not to admit a unique physically-motivated choice of allowed free operations [WY16,
CG16, MS16, DVS16, SAP17]. The relevant choices of free operations that we will focus on are: maximally
incoherent operations (MIO) [Abe06], defined to be all operations Λ such that Λ(ρ) ∈ I for every ρ ∈ I;
dephasing-covariant incoherent operations (DIO) [CG16, MS16], which are maps Λ such that ∆ ◦Λ = Λ ◦∆;
incoherent operations (IO) [BCP14], which admit a set of incoherent Kraus operators {Kl} such thatKlρK

†
l ∈

I∗∗ for all l and ρ ∈ I; the intersection of IO and DIO is denoted as DIIO := DIO∩IO [ZLY+19]. Another two
classes of free operations commonly studied are strictly incoherent operations (SIO) [WY16] and physically
incoherent operations (PIO) [CG16]. We do not investigate further details of SIO and PIO, as it has been
recently shown that quantum coherence is generically undistillable under these two classes [LRA19, Lam19].
Finally, the inclusion relations between free operation classes can be summarized as DIIO ( IO ( MIO,
DIIO ( DIO ( MIO, while IO and DIO are not contained by each other.

3.2 Framework of quantum coherence distillation

The task of coherence distillation aims to transform a given quantum state ρB to a maximally coherent state ΨC

such that the obtained maximally coherent state has dimension as large as possible and that the transformation
error is within a given threshold. More formally, for any free operation class O, any given state ρB ∈ S(B)
and error threshold ε ∈ [0, 1], the one-shot distillable coherence is defined as

Cεd,O(ρB) := max
{

log |C| : P (ΛB→C(ρB),ΨC) ≤ ε,Λ ∈ O
}
. (4)

Note that some previous works (e.g. [RFWA18, FWL+18, ZLY+19]) estimate the performance of distillation
by the error criterion P (ΛB→C(ρB),ΨC) ≤ √ε. Here we use the definition in (4) for convenience.

3.3 Framework of incoherent randomness extraction

|ψ〉BR

R

B C

E

C L

UΛ
B→CE

∆ f

ρ[Λ] ρ[Λ,∆] ρ[Λ,∆, f ]

Figure 1: Schematic diagram of an incoherent randomness extraction protocol given by (Λ,∆, f). |ψ〉BR is a purification
of ρB . UΛ

B→CE is the Stinespring representation of ΛB→C ∈ O. ∆ is a completely dephasing channel and f is a hash
function from alphabet C to L. ρ[Λ], ρ[Λ,∆] and ρ[Λ,∆, f ] are respectively the output states in each step of the protocol.
The systems in blue belong to Bob and the systems in red belong to Eve.

The task of incoherent randomness extraction aims to obtain as many random bits as possible in Bob’s
laboratory that is secure from the possible adversary Eve. A general incoherent randomness extraction protocol
is characterized by a triplet (Λ,∆, f), where Λ is an incoherent operation in a certain class, ∆ is a completely
dephasing channel and f is a hash function. A detailed procedure of randomness extraction by (Λ,∆, f) is
depicted in Figure 1. Here, we assume that Eve has unlimited power in her system and all the information of

1 In this section we assume that Bob instead of the commonly used Alice is the main party of all the operations, thus the symbol of our
notations starts from the letter B. We do so to keep consistent with the later assisted scenario in which Alice serves as an assistance.
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Eve about Bob’s systems is encoded in a purification. That is, for any given quantum state ρB held by Bob, we
denote its purification as 2

|ψ〉BR :=
∑
b∈B

√
pb|b〉B|ψb〉R with TrR |ψ〉〈ψ|BR = ρB, (5)

where R is the reference system held by Eve. Then the extraction protocol follows by three steps:

1. Bob first performs a free operation ΛB→C ∈ O on his part of the system. If he uses a quantum operation
whose final state is always a specific incoherent state, say the maximally mixed state πC , the resulting
conditional entropy equals log |C|, which increases unlimitedly as |C| increases. To avoid such a trivial
advantage for Bob, similar to the study of quantum key distribution [TLGR12, SP00, Hay06] and private
capacity in quantum Shannon theory [LWZG09], we assume that the environment systemHE of the free
operation Λ is also controlled by Eve. This is because it is not easy to exclude the possibility that Eve
accesses a system that interacts with Bob’s operation. Hence Eve has control over two systems HR and
HE in total. To cover such a worst scenario, we consider the Stinespring representation UΛ of Λ, where
UΛ is the isometry fromHB toHC ⊗HE . 3 After the action of Λ, the total output state is a pure state

ρ[Λ]CER := UΛ|ψ〉〈ψ|(UΛ)†. (6)

2. Next, Bob performs an incoherent measurement, with respect to the computational basis, on his part of
the state. The output state is then given by

ρ[Λ,∆]CER := ∆C(ρ[Λ]CER). (7)

3. Finally, a hash function f is applied on his part of the system to extract the randomness that is secure
from Eve. For any deterministic function f : C → L, and any classical-quantum (CQ) state ρCR =∑

c∈C tc|c〉〈c|C⊗ρR|c, denote ρf(C)R :=
∑

c∈C tc|f(c)〉〈f(c)|L⊗ρR|c. Then the output state in the final
step is given by

ρ[Λ,∆, f ]LER := ρ[Λ,∆]f(C)ER. (8)

To quantify the security of randomness in a quantum state ρBR with respect to the reference system HR,
we employ the following measure:

dsec(ρBR|R) := min
σR∈S(R)

P (ρBR, πB ⊗ σR). (9)

This measure quantifies the closeness of a given quantum state ρBR to an ideal state πB which contains perfect
randomness and is decoupled from the reference system HR. Based on this security measure, the one-shot
extractable randomness under given free operation Λ ∈ O is defined as

`εΛ(ρB) := max
f

{
log |L| : dsec(ρ[Λ,∆, f ]LER|ER) ≤ ε

}
. (10)

The one-shot extractable randomness under free operation class O is then defined by optimizing all possible
choices of operation Λ in O:

`εO(ρB) := max
Λ∈O

`εΛ(ρB). (11)

Note that the identity map id is always free in coherence theory. Thus (id,∆, f) is a valid incoherent
randomness extraction protocol for any f , which was studied in [TH13, Section III]. That is, Bob directly
performs an incoherent measurement ∆ on his given state ρB . In this case, the environment systemHE reduces
to trivial and systemHC = HB . It has been shown in [TH13, Theorem 8] that for any η ∈ (0, ε],

Hε−η
min (B|R)σ + 4 log η − 3 ≤ `εid(ρB) ≤ Hε

min(B|R)σ, (12)

2 Note that |ψb〉 are not necessarily orthogonal to each other.
3 Note that a free operation does not necessarily admit a free dilation [CG16]. Thus UΛ is not necessarily incoherent though Λ is free.

7



where

Hε
min(B|R)ρ := max

ωR∈S(R)
−Dε

max(ρBR‖1B ⊗ ωR) (13)

is the conditional min-entropy and σBR := ρ[id,∆] is the dephased classical-quantum state in the protocol.

Remark 1 On the one hand, the randomness extraction protocol without using incoherent operations (e.g. the
one considered in [ZLY+19, Figure 1.(b)]) is too restrictive, as such a framework does not make good use of
free resources at hand. On the other hand, an extraction protocol that does not consider Eve’s attack on the free
operation Λ is too trivial because Bob can generate an arbitrary amount of randomness by using a free replacer
channel Λ(·) = πC . Hence, the setup in Figure 1 contributes to a reasonable randomness extraction framework
in the context of quantum coherence theory.

Remark 2 Note that performing incoherent unitary operations in the first step does not make any differ-
ence with the protocol by identity map id. This justifies our consideration of general incoherent operations.
More precisely, for any incoherent unitary U , it holds `εid(ρB) = `εU (ρB) with U(·) := U(·)U †. To see
this, recall that any incoherent unitary on HB can be written as UB =

∑
b∈B e

iθb |g(b)〉〈b| with a permu-
tation g and phase factors eiθb [SAP17, Section II.A.2]. Then a direct calculation gives that ρ[U ,∆, f ] =∑

b∈B pb|f(g(b))〉〈f(g(b))| ⊗ |ψb〉〈ψb| = ρ[id,∆, f ◦ g], implying the equivalence of extraction protocols
(U ,∆, f) and (id,∆, f ◦ g). Then `εid(ρB) = `εU (ρB) follows by definition.

Remark 3 The randomness extraction framework proposed here is also closely related to the one in [HZ18].
But we should note the following subtle differences: (i) the independence of the resulting randomness is quanti-
fied using the trace distance in [HZ18] instead of the purified distance we use in (9). Though the trace distance
can give us the nice property of universal composability (see e.g. [Ren05]), the choice of purified distance
in (9) is crucial for obtaining the exact relation between coherence distillation and randomness extraction in
the next section, which then becomes a key ingredient to proving the second order expansions; (ii) while the
paper [HZ18] has a discussion on the large block length regime, its analysis is focused on the exponential de-
creasing rate for the amount of the leaked information ε, but we will put more focus on the rate of extractable
randomness in the one-shot and large block length regime with constant ε.

The references [YZCM15] and [HZ18, Section VI] also address the randomness extraction via incoherent
operations but with additional constraints on Eve, which are different from our setting here.

3.4 Relation between coherence distillation and randomness extraction

In this section we present an exact connection between incoherent randomness extraction and coherence distil-
lation, the proof of which showcases a nice one-to-one correspondence between protocols in these tasks.

We first present a method of constructing a coherence distillation protocol from a given randomness extrac-
tion protocol with the same performance, which will be used in showing the one-shot connection. We note that
this method has essentially been proposed in the proof of [ZLY+19, Theorem 4], using the trace distance in the
security measure. Whereas in our formulation, the purified distance is preferred and is crucial in establishing
tight second order asymptotics.

Proposition 1 For any quantum state ρB ∈ S(B), error tolerance ε ∈ [0, 1] and incoherent randomness ex-
traction protocol (id,∆, f) such that dsec(ρ[id,∆, f ]LR|R) ≤ ε, there exists a quantum operation Γ : S(B)→
S(L) such that Γ ∈ DIIO and P (ΓB→L(ρB),ΨL) ≤ ε.

The proof can be found in Appendix A.

Theorem 2 (Exact one-shot connection) For any quantum state ρB ∈ S(B), error tolerance ε ∈ [0, 1] and
free operation class O ∈ {MIO,DIO, IO,DIIO}, the following equation holds

Cεd,O(ρB) = `εO(ρB). (14)
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Remark 4 Recall that there is an exact characterization of one-shot distillable coherence under MIO and DIO
operations [RFWA18, Proposition 2]. Together with the above (14), we have the following chain of equalities:

Cεd,MIO(ρB) = Cεd,DIO(ρB) = `εMIO(ρB) = `εDIO(ρB) = min
X=∆(X)
TrX=1

Dε
H(ρB‖X)− δ, (15)

where the minimum is taken over all Hermitian operators X on HB satisfying the conditions and δ ≥ 0 is the
least number such that the solution corresponds to the logarithm of an integer.

Remark 5 A one-shot relation between distillable coherence and extractable randomness has appeared in [ZLY+19,
Equation (80)]. Unlike the precise equation in (14), the relation in [ZLY+19] is given in the form of one-shot
lower and upper bounds with unmatched error dependence and additional correction terms. However, the clean
form in (14) plays a pivotal role in deriving the second order expansions where the error dependence matters.

[Proof of Theorem 2] We first show the direction `εO(ρB) ≥ Cεd,O(ρB). Denote Cεd,O(ρB) = log |C| and
suppose that this rate is achieved by a free operation Λ : S(B) → S(C) such that P (Λ(ρB),ΨC) ≤ ε.
Consider a randomness extraction protocol (Λ,∆, id). Note that ρ[Λ]CER is a purification of Λ(ρB). By
Uhlmann’s theorem [Uhl76] there exists an extension of ΨC , denoted as ΨC⊗σ∗ER, such that P (Λ(ρB),ΨC) =
P (ρ[Λ]CER,ΨC ⊗ σ∗ER). Then we have

dsec(ρ[Λ,∆, id]CER|ER) = min
σER∈S(ER)

P
(

∆C(ρ[Λ]CER), πC ⊗ σER
)

(16)

≤P
(

∆C(ρ[Λ]CER), πC ⊗ σ∗ER
)

(17)

=P
(

∆C(ρ[Λ]CER),∆C(ΨC ⊗ σ∗ER)
)

(18)

≤P
(
ρ[Λ]CER,ΨC ⊗ σ∗ER

)
(19)

=P
(
Λ(ρA),ΨC

)
(20)

≤ε, (21)

where the second equality follows by ∆C(ΨC) = πC , the second inequality follows by the data-processing
inequality of purified distance, the third equality follows from the assumption of σ∗ER. Thus we know that
log |C| is an achievable randomness extraction rate, which implies `εO(ρB) ≥ log |C| = Cεd,O(ρB).

For the other direction, we denote `εO(ρB) = log |L| and suppose that this rate is achieved by an extraction
protocol (Λ,∆, f) with Λ ∈ O. Notice that applying the protocol (Λ,∆, f) on quantum state ρB is the same as
applying a protocol (id,∆, f) on Λ(ρB) with purification ρ[Λ]CER and reference systemER. By Proposition 1
there exists a quantum operation Γ : S(C) → S(L) such that Γ ∈ DIIO and P (Γ(Λ(ρB)),ΨL) ≤ ε. Since
Γ ∈ DIIO ⊆ O and Λ ∈ O, we have Γ ◦ Λ ∈ O and this operation achieves the distillation rate log |L|. This
implies Cεd,O(ρB) ≥ log |L| = `εO(ρB) and completes the proof. �

3.5 Second order analysis

In this section we discuss the second order expansions of distillable coherence and extractable randomness.
For this, we first show a one-shot characterization of distillable coherence by the hypothesis testing relative
entropy.

Proposition 3 (One-shot characterization) For any quantum state ρB ∈ S(B), free operation class O ∈
{MIO,DIO, IO,DIIO}, error tolerance ε ∈ (0, 1) and 0 < η < ε, 0 < δ < min{(ε− η)2/3, 1− (ε− η)2}, it
holds

D
(ε−η)2−2δ
H (ρB‖∆(ρB))− c(ρB, ε, δ, η) ≤ Cεd,O(ρB) ≤ Dε2

H (ρB‖∆(ρB)), (22)

where c(ρB, ε, δ, η) = log θ(ρB)+log θ(∆(ρB))+log((ε−η)2−δ)−log(δ5η4(ε−η)2(1−(ε−η)2 +δ))+11.

Proof The upper bound follows from a known result in [RFWA18, Proposition 2] (see also (15)). Choosing a
feasible solution X as ∆(ρ), we have Cεd,O(ρB) ≤ Cεd,MIO(ρB) ≤ Dε2

H (ρB‖∆(ρB)) where the first inequality
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follows by the fact that O ⊆ MIO. As for the lower bound, we have Cεd,O(ρB) = `εO(ρB) ≥ `εid(ρB) ≥
Hε−η

min (B|R)σ + 4 log η − 3 where the first equality follows from Theorem 2, the first inequality follows since
id ∈ O, the second inequality follows from (12). By (93d) of Proposition 15 we can further lower bound the
conditional min-entropy by the hypothesis testing relative entropy. This gives us the one-shot lower bound
stated in (22). �

Now we are ready to present our main result in this section.

Theorem 4 (Second order expansion) For any quantum state ρB ∈ S(B), error tolerance ε ∈ (0, 1) and free
operation class O ∈ {MIO,DIO, IO,DIIO}, the following second order expansions hold

Cεd,O(ρ⊗nB ) = `εO(ρ⊗nB ) = nD(ρB‖∆(ρB)) +
√
nV (ρB‖∆(ρB)) Φ−1(ε2) +O(log n), (23)

where Φ−1 denotes the inverse of the cumulative distribution function of a standard normal random variable.

Proof The first equality follows from the one-shot relation in Theorem 2. We now prove that the second
order expansion holds for Cεd,O(ρ⊗nB ). This can be seen as a direct consequence of expanding the one-shot
characterization in Proposition 3. Given the i.i.d. state ρ⊗nB , we have

Cεd,O(ρ⊗nB ) ≤ Dε2

H (ρ⊗nB ‖∆(ρB)⊗n). (24)

Expanding the r.h.s. via formula (1) we have the second order upper bound. On the other hand, we have

Cεd,O(ρ⊗nB ) ≥ D(ε−η)2−2δ
H (ρ⊗nB ‖∆(ρB)⊗n)− c(ρ⊗nB , ε, δ, η). (25)

By definition (3), θ(σ⊗n) ≤ 2dλ(σ⊗n)e = 2dnλ(σ)e which scales at most linearly in n. Choosing η and δ
proportional to 1/

√
n, we know that the correction term c(ρ⊗n, ε, δ, η) ∈ O(log n) and Φ−1((ε− η)2 − 2δ) =

Φ−1(ε2) +O(1/
√
n). Thus expanding the r.h.s. of (25) via formula (1) leads to the second order lower bound

which matches exactly with the upper bound. �

Remark 6 From Proposition 15 in Section 6, the first and second order asymptotics can also be written as
conditional entropyH(B|R)σBR and conditional information variance V (B|R)σBR respectively, where σBR =
ρ[id,∆] is the dephased classical-quantum state from the randomness extraction protocol.

Remark 7 Comparing the second order expansion of `εid(ρ⊗nB ) in [TH13, Corollary 16] and the result above,
we can conclude that a general incoherent randomness extraction protocol (Λ,∆, f) has no advantage over the
protocol (id,∆, f) in the sense that they lead to the same first order asymptotics [HZ18] and the second order
asymptotics of extractable randomness. However, this does not rule out a possible advantage in the third or
higher order terms.

Remark 8 The distillable coherence under MIO/DIO/IO/DIIO not only have the same first order asymptotics
as observed in [WY16, RFWA18, ZLY+19] but also have the same second order asymptotics, indicating that
they are equivalently powerful for coherence distillation in the large block length regime. The same argument
goes to the incoherent randomness extraction.

Remark 9 For any quantum state ρB =
∑

i,j ρij |i〉〈j|B written in the computational basis, we can assign it
to a bipartite maximally correlated state ρmc :=

∑
i,j ρij |i〉〈j|A ⊗ |i〉〈j|B . The second order expansion of

distillable entanglement of ρ⊗nmc under local operations and classical communication (LOCC) is also given by
nD(ρ‖∆(ρ)) +

√
nV (ρ‖∆(ρ)) Φ−1(ε2) + O(log n) [FWTD19, Proposition 10]. Together with the result in

Theorem 4, the coincidence of these second order expansions leads to a new evidence to the long-standing
conjecture (see e.g. [SAP17, Section II.D]) that any incoherent operation acting on a state ρB is equivalent to a
LOCC operation acting on the associated maximally correlated state ρmc.

Remark 10 Compared with the one-shot estimation in [ZLY+19, Equations (37,46,47)], we can verify that
their upper and lower bounds on the one-shot distillable coherence agree in the first order term but disagree
in the second order term. In particular, the dependence on ε is qualitatively different in their upper and lower
bounds. Thus, one could certainly argue that the bounds in [ZLY+19] are not as tight as they should be in the
asymptotic limit.
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4 Assisted coherence distillation and incoherent randomness extraction

In this section we first introduce the resource theory of quantum coherence in the distributed scenario and
then formally define two different resource processing tasks with assistance from the environment within this
resource theory. The first is the assisted quantum coherence distillation originally investigated in [CSR+16b,
SRBL17]. The second is an variant of randomness extraction task adapted into the distributed scenario. It plays
a crucial role in establishing the second order characterization of the former task.

4.1 Resource theory of quantum coherence in distributed scenarios

Motivated by the local operations and classical communication known from entanglement theory [HHHH09],
Chitambar et al. [CSR+16b] seminally introduced the framework of local incoherent operations and classical
communication (LICC) in the distributed resource theory of quantum coherence which was later further ex-
plored by Streltsov et al. [SRBL17]. In this scenario there are two separated parties, Alice and Bob, that are
connected via a classical channel and restricted to performing local incoherent operations. We think of Alice
as assistant who helps Bob to manipulate coherence. Here we briefly summarize several sets of free bipar-
tite quantum operations widely studied in the distributed resource theory of coherence and refer the interested
readers to [SRBL17, YVH19] for more details:

• LICC: the set of local incoherent operations and classical communication [CSR+16b]. That is, Alice and
Bob perform local incoherent operations and share their outcomes via a classical channel. Throughout
this work, we assume without loss of generality that the free local operations are chosen to be MIO4;

• LQICC: the set of local quantum-incoherent operations and classical communication [CSR+16b]. That
is, Alice can adopt arbitrary quantum operations while Bob is restricted to quantum incoherent opera-
tions, and they share the outcomes via a classical channel;

• SI: the set of separable incoherent operations [SRBL17]:

ΛAB→A′B′(·) :=
∑
i

(Ai ⊗Bi)(·)(Ai ⊗Bi)†, (26)

where both Ai and Bi are incoherent Kraus operators satisfying
∑

iA
†
iAi ⊗B

†
iBi = 1AB;

• SQI: the set of separable quantum-incoherent operations [SRBL17] of the form (26), where Bi are
incoherent Kraus operators satisfying

∑
iA
†
iAi ⊗B

†
iBi = 1AB .

The two free classes LQICC and SQI lead to the same set of free states, which is called the quantum-incoherent
states [CSR+16b, SRBL17] (system A is quantum and system B is incoherent) and bears the form

QI(A:B) :=

{
σAB =

∑
b∈B

pbσ
b
A ⊗ |b〉〈b|B

∣∣∣∣∣ pb ≥ 0,
∑
b∈B

pb = 1, σbA ∈ S(A)

}
. (27)

This motivates us to define the maximal set of free operations that preserveQI – the set of quantum-incoherent
state preserving operations QIP [YVH19]:

QIP :=
{

Λ ∈ C(AB → A′B′)
∣∣ ∀σAB ∈ QI, ΛAB→A′B′(σAB) ∈ QI

}
. (28)

By definition the following inclusion relations hold:

LICC ⊆ LQICC ⊆ SQI ⊆ QIP, LICC ⊆ SI ⊆ SQI ⊆ QIP. (29)

In what follows we assume F ∈ {LICC,LQICC,SI,SQI,QIP} be some chosen free bipartite operation
class, which is different from the free class O ∈ {MIO,DIO, IO,DIIO} in the previous section.

4 One may choose other sets of local incoherent operations – say SIO or IO – but all of these free local operations lead to the same result
in the distributed setting [RLS18, Section III]. We choose MIO due to the fact that QIP reduces to MIO in the single partite scenario.
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4.2 Framework of assisted coherence distillation

In the task of assisted coherence distillation, Alice and Bob work together to transform a given quantum state
ρAB (not necessarily pure) to a MCS in systemB such that the error is within certain threshold and the obtained
MCS has rank as large as possible, under the constraint that the available quantum operations are chosen from
F . We call this task the assisted coherence distillation since we can think of Alice as a helpful environment who
holds an extension ρAB of ρB possessing certain amount of quantum coherence. See Figure 2 for illustration.
More formally, for any free operation class F , any given state ρAB ∈ S(AB) and error tolerance ε ∈ [0, 1], the
one-shot assisted distillable coherence of ρAB is defined as

Cεd,F (ρAB) := max
{

log |B′| : P (TrA′ ΛAB→A′B′(ρAB), |ΨB′〉〈ΨB′ |) ≤ ε,Λ ∈ F
}
, (30)

where system A′ is at Alice’s hand, system B′ is at Bob’s hand, and |ΨB′〉 is a MCS in B′.

ρAB

≈ |ΨB′〉

ΛAB→A′B′ ∈ F

A

B

A′

B′

MA→X

Λx
B→B′

Figure 2: Schematic diagram of the assisted coherence distillation. Alice and Bob together perform a free
bipartite quantum operationDAB→A′B′ ∈ F to distill a MCS |ΨB′〉. The system in red belongs to Alice and the
system in blue belongs to Bob. The shaded box depicts an one-way LQICC strategy in which Alice performs
a measurement MA→X and sends the outcome x to Bob. Conditioned on x, Bob performs an incoherent
operation ΛxB→B′ to distill |ΨB′〉.

4.3 Framework of assisted incoherent randomness extraction

The task of assisted incoherent randomness extraction aims to obtain as many random bits as possible at Bob’s
laboratory that is secure from possible attackers such as Eve, under the assistance of a helpful friend Alice. In
the beginning, Alice and Bob preshare a bipartite quantum state ρAB with purification |ψ〉RAB such that the
reference system R held by Eve. A general assisted incoherent randomness extraction protocol is characterized
by a triplet (Λ,∆, f), where Λ ∈ F , and is composed of three steps:

1. Alice and Bob perform a free operation ΛAB→A′B′ ∈ F on their joint system. Let UAB→A′B′E be a
Stinespring isometry representation of Λ. We assume the environment system E of Λ is also controlled
by Eve. Since Alice is a friend of Bob, Eve has no access to system A′. Hence Eve has control over two
systems ER. After the action of Λ, the whole system is in a pure state

ρ[Λ]A′B′ER := UAB→A′B′E(|ψ〉〈ψ|RAB)U †AB→A′B′E . (31)

2. Bob dephases system B′ via the dephasing channel ∆B′ . This yields the classical-quantum state

ρ[Λ,∆]A′B′ER := ∆B′(ρ[Λ]A′B′ER) =
∑
b∈B

pb|b〉〈b|C ⊗ σbA′ER, (32)

where pb := Tr〈b|ρ[Λ]A′B′ER|b〉 and σbA′ER := 〈b|ρ[Λ]A′B′ER|b〉/pb.

3. A hash function f is applied on B′ to extract the randomness that is secure from Eve, leading to the final
output state

ρ[Λ,∆, f ]A′LER := ρ[Λ,∆]A′f(B′)ER =
∑
b∈B

pb|f(b)〉〈f(b)|L ⊗ σbA′ER. (33)

12



|ψ〉ABR

R

B

A

B′

A′

E

R

L

A′

E

UΛ
AB→A′B′E

∆B′→B′ fB′→L

ρ[Λ] ρ[Λ,∆] ρ[Λ,∆, f ]

Figure 3: Schematic diagram of an assisted incoherent randomness extraction protocol given by [Λ,∆, f ]. The
system in red belongs to Alice, the system in blue belongs to Bob, and the systems in gray belong to Eve.

A detailed procedure of the assisted randomness extraction via (Λ,∆, f) is depicted in Figure 3.
Using the security metric (9), the one-shot assisted extractable randomness of ρAB via Λ is defined as

`εΛ(ρAB) := max
f
{log |L| : dsec (ρ[Λ,∆, f ]LER|ER) ≤ ε} . (34)

Correspondingly, the one-shot assisted extractable randomness of ρAB is defined as

`εF (ρAB) := max
Λ∈F

`εΛ(ρAB). (35)

Notice that the identity map idAB→AB is free in this distributed framework, thus (idAB→AB,∆B, f) is an
valid assisted incoherent randomness extraction protocol for any hash function f . In this protocol, Bob does not
perform any assisted incoherent operation and directly dephases his state ψB ≡ TrRA ψRAB via ∆B . Hence,
the environment systemHE ceases to exist and we concern with the extractable randomness in state ∆B(ψRB)
that is secure from R. Following the argument around (12), we conclude for any η ∈ (0, ε] that

`εF (ρAB) ≥ Hε−η
min (B|R)σ + 4 log η − 3, (36)

where σRAB := ∆B(ψRAB) is the dephased classical-quantum state and Hε
min is defined in (13).

Remark 11 In the above assisted randomness extraction framework, we do not require that the extracted ran-
domness by Bob is secure from Alice. That is, it is possible that L andA′ are classically correlated in the output
state ρ[Λ,∆, f ]A′LER (cf. the shaded area of Figure 3). This assumption is reasonable, since we regard Alice
as a benevolent friend of Bob and aims to help him extracting randomness. We only require that the extracted
randomness is secure from the malicious Eve who has control over the systems ER.

Remark 12 Assume that Bob ignores the assistance from Alice, i.e., Bob performs a free operation ΛB→B′ ∈
DIIO (which is also free in the assisted framework) to extract randomness without touching A, we recover a
slightly more general randomness extraction framework than that was investigated in Section 3.3 by allowing
the state preshared between B and the reference system R to be a mixed state ψRB = TrA ψRAB . Whereas in
Section 3.3, ψRB is assumed to be pure a priori.

Remark 13 Recently, Yang, Horodecki, and Winter initiated the research of distributed private randomness
distillation [YHW19], in which Alice and Bob trust each other and collaborate to extract independent random-
ness private against Eve. Our assisted randomness extraction task is different from theirs mainly in two aspects:
First, we do not require that Alice and Bob share independent randomness – all we need is that Bob possesses
randomness private against Eve; Second, our free operations are naturally motivated within the resource theory
of quantum coherence towards the distributed scenario, which are different from their closed local operations
and dephasing channel communication. Actually, they mentioned in the Outlook section that the distributed
randomness extraction under the framework of coherence theory is a notable topic to pursue. Our assisted
randomness extraction task investigated here is a first step towards this target.
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4.4 Relation between assisted coherence distillation and assisted randomness extraction

We present an equivalence between the assisted coherence distillation and the assisted incoherent randomness
extraction described above on the one-shot regime, extending Proposition 1 to the assisted scenario.

Theorem 5 (Exact one-shot connection) Let ρAB be a bipartite quantum state and ε ∈ [0, 1]. It holds that

Cεd,QIP(ρAB) = `εQIP(ρAB). (37)

The proof of Theorem 5 is divided into two pieces – we first conclude the “≤” direction in Lemma 6 and
then prove the “≥” direction in Lemma 8. Actually, for the “≤” direction, we can obtain a much stronger state-
ment that Cεd,F (ρAB) ≤ `εF (ρAB) for arbitrary F . That is, the optimal rate of assisted randomness extraction
is always larger than the optimal rate of assisted coherence distillation.

Lemma 6 Let F ∈ {LICC,LQICC,SI,SQI,QIP}. Let ρAB be a bipartite quantum state and ε ∈ [0, 1]. It
holds that

Cεd,F (ρAB) ≤ `εF (ρAB). (38)

Proof This is shown by the same technique employed in proving Theorem 2. Nevertheless, we write down
the details for completeness. Let Cεd,F (ρAB) = logM and let ΛAB→A′B′ ∈ F achieves this rate, i.e.,
P (TrA′ ΛAB→A′B′(ρAB),ΨB′) ≤ ε and |B′| = M . Consider the following assisted randomness extrac-
tion protocol (Λ,∆, id), where the hash function is chosen as the identity map id. Since ρ[Λ]A′B′ER puri-
fies ΛAB→A′B′(ρAB) (it also purifies TrA′ ΛAB→A′B′(ρAB)) and ΨB′ is a pure state, the Uhlmann’s theo-
rem [Uhl76] guarantees that there exists a quantum state σ∗A′ER in A′ER such that

P (TrA′ ΛAB→A′B′(ρAB),ΨB′) = P (ρ[Λ]A′B′ER,ΨB′ ⊗ σ∗A′ER). (39)

Consider the following chain of inequalities regarding state ρ[Λ]LER:

dsec(ρ[Λ,∆, id]LER|ER) := min
σER∈S(ER)

P (ρ[Λ,∆, id]LER, πL ⊗ σER) (40)

(a)

≤ P (ρ[Λ,∆, id]LER, πL ⊗ σ∗ER) (41)
(b)
= P ((∆B′ ⊗ TrA′)(ρ[Λ]A′B′ER), (∆B′ ⊗ TrA′)(ΨB′ ⊗ σ∗A′ER)) (42)
(c)

≤ P (ρ[Λ]A′B′ER,ΨB′ ⊗ σ∗A′ER) (43)
(d)
= P (TrA′ ΛAB→A′B′(ρAB),ΨB′) (44)

≤ ε, (45)

where σ∗ER := TrA′ σA′ER in (a), (b) follows from L ≡ B′ and ∆B′(ΨB′) = πB′ , (c) follows from the data-
processing of purified distance, and (d) follows from (39). That is, logM is an achievable assisted randomness
extraction rate, yielding the desired inequality. �

The “≥” direction in (37) turns out to be more difficult. We first present a technical result that is utilized in
the proof of the this direction. This result is of independent interest as it offers a systematic method to construct
an assisted coherence distillation protocol from a given assisted randomness extraction protocol (that does not
use free operations) with the same performance.

Proposition 7 Let idAB→AB is the identity map. Given an assisted randomness extraction protocol (id,∆, f)
such that dsec(ρ[id,∆, f ]LR|R) ≤ ε, we can construct from the protocol a quantum operation Γ : AB → L
such that Γ ∈ QIP and P (ΓAB→L(ρAB),ΨL) ≤ ε, where L is in Bob’s possession.

The proof is given at the end of this section.

Remark 14 We emphasize that this technical result holds for the QIP class, i.e., we are only able to show
that the devised quantum operation Γ belongs to QIP. This limits us to enhance Theorem 5 (more concretely
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Lemma 8 below) to other free classes of operations. It remains as an interesting problem whether one can
further construct a distillation operation Γ that belongs to a less powerful free class such as LICC. As a
possible solution, we conceive an alternative definition of the assisted incoherent randomness extraction task
in Appendix B. For this new variant, we are able to establish the equivalence relation (37) for all free operation
classes under consideration. However, we have difficulty in obtaining one-shot achievability bound for that
new task – the lower bound concluded in (36) does not hold any more. We left it as an open problem to obtain
complete characterization (one-shot, second order, and asymptotic analyses) for that task.

Lemma 8 Let ρAB be a bipartite quantum state and ε ∈ [0, 1]. It holds that

Cεd,QIP(ρAB) ≥ `εQIP(ρAB). (46)

Proof Let `εQIP(ρAB) = log |L| and let the randomness extraction protocol (Λ,∆, f) with ΛAB→A′B′ ∈ QIP
achieves this rate, i.e., dsec (ρ[Λ,∆, f ]LER|ER) ≤ ε. The key observation is that applying the randomness
extraction protocol (Λ,∆, f) on quantum state ρAB is the same as applying the randomness extraction protocol
(id,∆, f) on quantum state σA′B′ ≡ ΛAB→A′B′(ρAB) with purification ρ[Λ]A′B′ER and reference systems
ER. For the latter protocol, Proposition 7 guarantees that there exists a quantum operation ΓA′B′→L such that
Γ ∈ QIP and P (Γ(σA′B′),ΨL) ≤ ε. Compositing these two quantum operations Λ and Γ yields

P (ΓA′B′→L ◦ ΛAB→A′B′(ρAB),ΨL) = P (ΓA′B′→L(σA′B′),ΨL) ≤ ε. (47)

That is to say, the composite operation Γ ◦ Λ distills a MCS of rank |L| such that the error is bounded by ε.
Since Λ ∈ QIP, Γ ∈ QIP, and the class QIP is closed under composition [YVH19], we have Γ ◦ Λ ∈ QIP. As
so, we have constructed an operation in QIP that distills MCS at rate log |L| and thus complete the proof. �

Now we proceed to prove the method declared in Proposition 7. The following lemma is utilized, whose
proof can be checked by definition.

Lemma 9 Let |ui〉 and |vi〉 be the purification of ρi and σi such that F (ρi, σi) = 〈ui|vi〉. Then we have

F

(∑
i

pi|i〉〈i| ⊗ ρi,
∑
i

qi|i〉〈i| ⊗ σi
)

=
∑
i

√
piqiF (ρi, σi) = F

(∑
i

√
pi|i〉|ui〉,

∑
i

√
qi|i〉|vi〉

)
. (48)

[Proof of Proposition 7] Let σ∗R be a quantum state that attains the minimum in

dsec(ρ[id,∆, f ]LR|R) := min
σR∈S(R)

P (ρ[id,∆, f ]LR, πL ⊗ σR) (49)

= P (ρ[id,∆, f ]LR, πL ⊗ σ∗R) ≤ ε. (50)

The relation between purified distance P and fidelity F gives

F (ρ[id,∆, f ]LR, πL ⊗ σ∗R) ≥
√

1− ε2. (51)

We decompose the pure tripartite state |ψ〉RAB into the basis B of system B as

|ψ〉RAB :=
∑
b∈B

√
pB(b)|b〉B|ψb〉RA, (52)

where pB a probability distribution and {|ψb〉} a set of pure states in RA which are not necessarily mutually
orthogonal. Define the incoherent isometry Uf fromHB toHLB such that

∀b ∈ B, Uf |b〉B := |f(b)〉L|b〉B. (53)

Notice that

Uf |ψ〉ABR =
∑
b∈B

√
pB(b)Uf |b〉B|ψb〉RA =

∑
b∈B

√
pB(b)|f(b)〉L|b〉B|ψb〉RA. (54)
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Since the mapping f : B → L is non-injective, where L is the alphabet of L, each new basis `may corresponds
to several bases b such that f(b) = `. As so, we can equivalently write Uf |ψ〉ABR as

Uf |ψ〉ABR =
∑
`∈L

√
r`|`〉L ⊗ |φ`〉RAB, (55)

where the normalized vectors |φ`〉RAB and normalization factors r` for ` ∈ L satisfy
√
r`|φ`〉RAB :=

∑
b∈B:f(b)=`

√
pB(b)|b〉B ⊗ |ψb〉RA. (56)

Let |φ∗〉RAB onHRAB be a purification of σ∗R. By the Uhlmann’s theorem [Uhl76], for each |φ`〉RAB there
exists a unitary U` onHAB such that

F (TrAB |φ`〉〈φ`|RAB, σ∗R) = F (U`|φ`〉RAB, |φ∗〉RAB). (57)

Define the conditional unitary U :=
∑

`∈L |`〉〈`|L ⊗ U`. We have

F (UUf |ψ〉RAB, |Ψ〉L ⊗ |φ∗〉RAB) (58)

(a)
= F

(∑
`∈L

√
r`|`〉L ⊗ U`|φ`〉RAB,

∑
`∈L

1√
|L|
|`〉L ⊗ |φ∗〉RAB

)
(59)

(b)
=
∑
`∈L

√
r`
|L|F

(
U`|φ`〉RAB, |φ∗〉RAB

)
(60)

(c)
=
∑
`∈L

√
r`
|L|F (TrAB |φ`〉〈φ`|RAB, σ∗R) (61)

(d)
= F

(∑
`∈L

r`|`〉〈`|L ⊗ TrAB |φ`〉〈φ`|RAB,
∑
`∈L

1

|L| |`〉〈`|L ⊗ σ
∗
R

)
(62)

(e)
= F (ρ[id,∆, f ]LR, πL ⊗ σ∗R) , (63)

where (a) follows by definition, (b) and (d) follow from Lemma 9, (c) follows from Eq. (57), and (e) follows
from the fact that

ρ[id,∆, f ]LR = TrAB Uf∆B (ΨRAB)U †f =
∑
`∈L

r`|`〉〈`|L ⊗ TrAB |φ`〉〈φ`|RAB. (64)

Now we construct the required quantum operation ΓAB→L as

ΓAB→L(·) := TrAB

[
UUf (·)U †fU †

]
. (65)

See Figure 4 for illustration of this construction. First we show that ΓAB→L can transform ρAB to a MCS ΨL

within error ε. Consider the following chain of inequalities:

F (ΓAB→L(ρAB), |Ψ〉〈Ψ|L) = F
(

TrAB

[
UUfρABU

†
fU
†
]
, |Φ〉〈Φ|L

)
(66)

(a)

≥ F (UUf |ψ〉RAB, |Φ〉L ⊗ |φ∗〉RAB) (67)
(b)
= F (ρ[id,∆, f ]LR, πL ⊗ σ∗R) (68)
(c)

≥
√

1− ε2, (69)

where (a) follows by the data-processing inequality of the fidelity F under TrABR, (b) follows by (63), and (c)
follows from (51). This implies that P (ΓAB→L(ρAB),ΨL) ≤ ε. It remains to check that ΓAB→L ∈ QIP. Note
that Γ admits the following Kraus decomposition

Γ(·) =
∑
b∈B

KbUf (·)U †fK
†
b (70)
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with operators Kb := 〈b|U . This is indeed a Kraus decomposition since

∑
b∈B

(
U †fK

†
b

)
(KbUf ) = U †f

(∑
b∈B

K†bKb

)
Uf = U †fU

†
(∑
b∈B
|b〉〈b|B

)
UUf = U †fU

†UUf = 1. (71)

On the other hand, one can verify that for any bases b, b′ ∈ B and any quantum state ρb
′
A in A,

KbUf

(
|b′〉〈b′|B ⊗ ρb

′
A

)
U †fK

†
b = Tr

[
Kbρ

b′
AK
†
b

]
|〈b|Uf(b′)|b′〉|2|f(b′)〉〈f(b′)|B ∈ I∗∗(B). (72)

That is to say, Γ transforms arbitrary quantum-incoherent state in QI to some incoherent state in I, which in
turn is a strict subset of QI. Thus we can conclude that Γ ∈ QIP. We are done. �

ρAB

B

A

ΓAB→L

L

B

Γ(ρAB)

Uf

Ul

Tr

Tr

U

Figure 4: Schematic diagram of the QIP distillation protocol in Proposition 7. The system in red belongs to
Alice and the system in blue belongs to Bob. The isometry Uf and conditional unitary U in the dashed box are
not necessarily incoherent. The shaded area depicts the designed operation ΓAB→L, which belongs to QIP.

4.5 Second order analysis

We now give second order characterization to both the assisted coherence distillation and the assisted random-
ness extraction. We do so by first establishing one-shot achievability and converse bounds for these two tasks
in terms of the hypothesis testing relative entropy. These two bounds have matching dependence on the error
threshold ε. Then we derive a second order characterization by invoking the second order expansion of the hy-
pothesis testing relative entropy. As a direct corollary, we show that the ultimate rate in the asymptotic setting
is uniquely determined by the quantum incoherent relative entropy of coherence.

Theorem 10 (One-shot characterization) Let F ∈ {LICC,LQICC,SI,SQI,QIP}. Let ρAB be a bipartite
quantum state and ε ∈ (0, 1). For arbitrary η ∈ (0, ε) and δ ∈ (0,min{(ε − η)2/3, 1 − (ε − η)2}), it holds
that

D
(ε−η)2−2δ
H (ρAB‖∆B(ρAB))− c(ρAB, ε, δ, η)

¬
≤ `εF (ρAB) (73a)
­
≤ `εQIP(ρAB) (73b)

®
= Cεd,QIP(ρAB)

¯
≤ Dε2

H (ρAB‖∆B(ρAB)) , (73c)

where the correction term c is defined as

c(ρAB, ε, δ, η) := log θ(ρAB) + log θ(∆B(ρAB))

+ log((ε− η)2 − δ)− log(δ5η4(ε− η)2(1− (ε− η)2 + δ)) + 11. (74)

The proof of Theorem 10 is divided into the following pieces: the achievability part ¬ is drawn in Lemma 11;
the inequality ­ follows directly from the inclusion relation (29); the equality ® has already been shown in
Theorem 5; and the converser part ¯ is proved in Lemma 12. However, we note that the one-shot characteriza-
tion for the assisted coherence distillation Cεd,QIP(ρAB) cannot be generalized to other classes of free operations
due to that ® holds only for QIP.
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Lemma 11 (Achievability) LetF ∈ {LICC,LQICC,SI,SQI,QIP}. Let ρAB be a bipartite quantum state and
ε ∈ (0, 1). For arbitrary η ∈ (0, ε) and δ ∈ (0,min{(ε− η)2/3, 1− (ε− η)2}), it holds that

`εF (ρAB) ≥ D(ε−η)2−2δ
H (ρAB‖∆B(ρAB))− c(ρAB, ε, δ, η). (75)

where the correction term c is defined in (74).

Proof In (36) we already obtained the following lower bound for arbitrary free class F in terms of the smooth
conditional min-entropy:

`εF (ρAB) ≥ Hε−η
min (B|R)σ + 4 log η − 3, (76)

where σRAB := ∆B(|ψ〉〈ψ|RAB) is the dephased classical-quantum state. Moreover, we establish in Propo-
sition 15 a relation between the smooth min entropy Hε

min and the hypothesis testing relative entropy Dε
H

regarding state σRAB . Adapting (93d) into (76), we reach the desired (75). �

Our converse bound proved below asserts that the quantum-incoherent hypothesis testing relative entropy
of coherence upper bounds the one-shot assisted distillable coherence of ρAB via arbitrary free operations
F ∈ {LICC,LQICC,SI,SQI,QIP}. This result can be viewed as an one-shot analog of [SRBL17, Theorem
2], in which Streltsov et al. showed that the quantum-incoherent relative entropy of coherence upper bounds
the asymptotic assisted distillable coherence of ρAB . Note that ¯ in (73c) is immediately concluded from
Lemma 12 by choosing σAB ≡ ∆B(ρAB) in (77).

Lemma 12 (Converse) Let F ∈ {LICC,LQICC,SI,SQI,QIP}. Let ρAB be a bipartite quantum state and
ε ∈ (0, 1). It holds that

Cεd,F (ρAB) ≤ min
σAB∈QI

Dε2

H (ρAB‖σAB) . (77)

Proof Assume Cεd,F (ρAB) = logM , that is, there exists a free operation DAB→C ∈ F such that

P (DAB→C(ρAB),ΨM ) ≤ ε. (78)

By the definition of purified distance P , the above condition is equivalent to

Tr [DAB→C(ρAB)ΨM ] ≥ 1− ε2. (79)

Set MAB := D†(ΨM ), where D† is the adjoint of D. Since D is completely positive, so is D†. This gives
MAB ≥ 0. On the other hand, condition (79) guarantees that MAB ≤ 1AB . Now we have

Tr [ρABMAB] = Tr
[
ρABD†(ΨM )

]
= Tr [D(ρAB)ΨM ] ≥ 1− ε2. (80)

That is to say, MAB is a feasible solution for Dε2

H (ρAB‖σAB). Then

Dε2

H (ρAB‖σAB) ≥ − log Tr [σABMAB] (81)

= − log Tr
[
σABD†(ΨM )

]
(82)

= − log Tr [D(σAB)ΨM ] (83)

≥ − log
1

M
(84)

= Cεd,F (ρAB), (85)

where the second inequality follows from that D is quantum-incoherent state preserving and thus D(σAB) is a
incoherent state in C. This, together with Lemma 13, leads to the desired inequality. We are done. �

Lemma 13 Let σ ∈ I be an incoherent quantum state. It holds that 〈ΨM |σ|ΨM 〉 ≤ 1/M .
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The matching dependence on the error parameter ε of the achievable and converse bounds in Theorem 10
yields a second order expansion of the assisted distillable coherence and also the assisted incoherent extractable
randomness. The result is useful in refining the optimal rate and determining the convergence rate of the assisted
distillable coherence to its first order coefficient.

Theorem 14 (Second order expansion) Let F ∈ {LICC,LQICC,SI,SQI,QIP}. Let ρAB be a bipartite
quantum state and ε ∈ [0, 1]. The following second order expansions hold:

Cεd,QIP
(
ρ⊗nAB

)
= nD (ρAB‖∆B(ρAB)) +

√
nV (ρAB‖∆B(ρAB))Φ−1(ε2) +O(log n), (86a)

`εF
(
ρ⊗nAB

)
= nD (ρAB‖∆B(ρAB)) +

√
nV (ρAB‖∆B(ρAB))Φ−1(ε2) +O(log n). (86b)

Proof The proof follows from Theorem 10 and a similar argument of the proof of Theorem 4. �

Remark 15 From Proposition 15 in Section 6, the first and second order asymptotics can also be written
as conditional entropy H(B|R)σABR and conditional information variance V (B|R)σABR respectively, where
σABR = ρ[id,∆] is the dephased classical-quantum state from the assisted randomness extraction protocol.

Remark 16 As a consequence of Theorem 14, we find the quantum-incoherent relative entropy of coherence,
defined as CA|BR (ρAB) := minσAB∈QI D (ρAB‖σAB) = D (ρAB‖∆B(ρAB)) [CSR+16b, Eq. (4)], quantifies
the ultimate power of assistance in both the coherence distillation and incoherent randomness extraction tasks,
in the sense that it is the best distillation and extraction rates that can be achieved using the largest free class
QIP in the distributed scenario. This empowers the quantum-incoherent relative entropy of coherence measure
a new operational meaning.

Remark 17 Our results – the single-shot in Theorem 10, the second order in Theorem 14, and its corollary in
Remark 16 – together paint an ‘almost’ complete picture for the assisted coherence distillation task. What’s
more, they cover many known results as special cases:

1. When ρAB = ρA ⊗ ρB is a product state, our results reduce to the single partite coherence distilla-
tion [WY16]. This is so because QIP reduces to MIO in single party setting. Theorem 14 matches the
second order results for the coherence distillation without assistance in Theorem 4.

2. When ρAB is pure or maximally correlated, Remark 16 enhances the results of Theorem 5 and Propo-
sition 6 in [SRBL17] by stating that the quantum-incoherent relative entropy of coherence CA|BR (ρAB)
is the ultimate rate that can be achieved in the assisted coherence distillation even if we make use of the
largest free operation class QIP. Note that the same conclusion was previously obtained in [YVH19,
Proposition 19] for the pure state case.

5 Strong converse property

The direct part of resource distillation states that for any rate below the optimal rate, there is a corresponding
distillation protocol that accomplishes the task successfully. More precisely, if we denote the transformation
error in the protocol for n uses of the underlying resource by ε, then for any rate below the optimal rate there
exists a protocol, whose transformation error ε vanishes in the asymptotic limit n → +∞. Such rates are
called achievable, and the optimal rate is defined as the supremum over all achievable rates. In contrast, the
converse part states that for any distillation protocol with a rate above the optimal rate, the error does not
vanish asymptotically, that is, it is bounded away from 0 in the asymptotic limit n → +∞. This is usually
called weak converse. In principle, it leaves open the possibility of a trade-off between error and rate of a
protocol. However, the strong converse property rules out such a possibility, stating that for any distillation
protocol with a rate above the optimal rate, the corresponding transformation error ε incurred in the protocol
converges to one. In other words, such protocols become worse with increasing block length n, and eventually
fail with certainty in the asymptotic limit. In this part we showcase a standard argument how a second order
result automatically implies the strong converse property.
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As a concrete example, we consider the unassisted coherence distillation whose strong converse property
has been pointed out by [ZLY+19, Theorem 16]. Here we give an alternative proof. For simplicity, we denote
Cr(ρ) := D(ρ‖∆(ρ)) and Vr(ρ) := V (ρ‖∆(ρ)). For any achievable rate Rn, we have Rn ≤ 1

nC
ε
d,O(ρ⊗n). By

Theorem 4, we have

Rn ≤ Cr(ρ) +

√
Vr(ρ)

n
Φ−1(ε2) + f(n) with f(n) ∈ O

(
log n

n

)
. (87)

Rearranging (87) and using monotonicity of Φ yields

ε2 ≥ Φ

(√
n

Vr(ρ)
(Rn − Cr(ρ)) + g(n)

)
with g(n) = −

√
nf(n)√
Vr(ρ)

. (88)

Thus limn→+∞ g(n) = 0. Note that limx→+∞Φ(x) = 1. For any achievable rate Rn > Cr(ρ), the argument
in (88) diverges to +∞ and thus we have ε → 1 as n → ∞. This implies the strong converse property of co-
herence distillation underO ∈ {MIO,DIO, IO,DIIO}. Similar argument works for the incoherent randomness
extraction.

Moreover, following the same argument outlined above, we can conclude from Theorem 14 that both the
assisted coherence distillation via QIP and the assisted incoherent randomness extraction via arbitrary free
operation class F ∈ {LICC,LQICC,SI,SQI,QIP} satisfy the strong converse property. This promises the
unique role of CA|BR (ρAB) in the two assisted tasks.

6 Relations among entropies of a dephased tripartite quantum state

Let ρAB be a bipartite quantum state with purification |ψ〉RAB , i.e., TrR ψRAB = ρAB . Assume the following
decomposition into the basis B of system B:

|ψ〉RAB :=
∑
b∈B

√
pB(b)|b〉B|ψb〉RA, (89)

where pB a probability distribution and {|ψb〉} a set of pure states in AR which are not necessarily mutually
orthogonal. By definition, we have ρAB = TrR ψRAB . Dephasing B yields the classical-quantum state

σRAB := ∆B(ψRAB) =
∑
a∈B

pb|b〉〈b|B ⊗ |ψb〉〈ψb|RA. (90)

Notice that σAB = ∆B(ρAB). In the following, we establish a list of relations among the various entropies
evaluated on the dephased quantum state σRAB . These relations are essential in the above second order analysis.
We regard these relations are of independent interests and may find applications in other quantum information
processing tasks.

Before presenting the relations, we first introduce some notations. For two Hermitian operators X and Y ,
we denote by {X ≥ Y } the projector onto the space spanned by the eigenvectors of X − Y with non-negative
eigenvalues. Let ρ ∈ S(H), σ ∈ P(H), and ε ∈ [0, 1]. The information spectrum relative entropy of ρ w.r.t. σ
is defined as [TH13, Definition 8]

Dε
s(ρ‖σ) := sup

{
x
∣∣ Tr ρ{ρ ≤ 2xσ} ≤ ε

}
. (91)

The Nussbaum and Szkoła’s distributions are used intensively in the analysis that follows. Assume the eigen-
value decompositions ρ =

∑
x rx|vx〉〈vx| and σ =

∑
y sy|uy〉〈uy|. Their Nussbaum and Szkoła’s distribu-

tions [NS09] are defined as Pρ,σ(x, y) := rx|〈vx|uy〉|2 and Qρ,σ(x, y) := sy|〈vx|uy〉|2. These distributions
satisfy the property that

D(Pρ,σ‖Qρ,σ) = D(ρ‖σ) and V (Pρ,σ‖Qρ,σ) = V (ρ‖σ). (92)
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Proposition 15 Let ε ∈ (0, 1) and δ ∈ (0,min{ε2/3, 1− ε2}). We have the following relations regarding the
dephased tripartite quantum state σRAB (90):

Dε
s(PσBR,1B⊗σR‖QσBR,1B⊗σR) = −D1−ε

s (PρAB ,∆B(ρAB)‖QρAB ,∆B(ρAB)), (93a)

D(σBR‖1B ⊗ σR) = −D(ρAB‖∆B(ρAB)), (93b)

V (σBR‖1B ⊗ σR) = V (ρAB‖∆B(ρAB)), (93c)

Hε
min(B|R)σ ≥ Dε2−2δ

H (ρAB‖∆B(ρAB))− c(ρAB, ε, δ), (93d)

where the correction term is defined as

c(ρAB, ε, δ) := log θ(ρAB) + log θ(∆B(ρAB)) + log(ε2 − δ)− log(δ5ε2(1− ε2 + δ)) + 8. (94)

[Proof of Eq. (93a)] For reduced state σR assume the spectral decompositions σR =
∑

r qr|vrR〉〈vrR|, For the
reduced states {ψbR}b, assume the spectral decompositions

ψbR =
∑
r

pR|B(r|b)|vr|b〉〈vr|b|R, (95)

where pR|B is a conditional probability distribution, and {|vr|b〉} is an orthonormal basis of R for each b. Set
pBR := pR|BpB , we have the following spectral decompositions

1B ⊗ σR =
∑
b,r

qr|b〉〈b|B ⊗ |vr〉〈vr|R, (96)

σBR =
∑
b,r

pBR(b, r)|b〉〈b|B ⊗ |vr|b〉〈vr|b|R. (97)

Notice that σR and ρAB are two marginal states of pure tripartite state ΨABR and thus they have the same
eigenvalues due to the Schmidt theorem. That is, we can denote the eigenvalue decomposition of ρAB as
ρAB =

∑
r qr|ur〉〈ur|, where {|ur〉} is an orthonormal basis of AB. What’s more, since each conditional sate

|ψb〉RA (90) is pure, the two marginal states ψbR and ψbA has the same eigenvalues from the Schmidt theorem.
That is, there exists {|ua|b〉} is an orthonormal basis of A for each b such that

|ψb〉RA =
∑
r

√
pR|B(r|b)|ur|b〉A|vr|b〉R. (98)

Correspondingly, we can decompose σAB as

σAB = ∆B(ρAB) =
∑
b,a

pBR(b, a)|b〉〈b|B ⊗ |ua|b〉〈ua|b|A, (99)

Consider the Nussbaum and Szkoła’s distributions for the operators σBR and 1B ⊗ σR:

PσBR,1B⊗σR((b′, r′), (b, r)) := PBR(b, r′)|〈vb′r′ |vr〉|2δbb′ = PBR(b, r′)|〈vbr′ |vr〉|2, (100a)

QσBR,1B⊗σR((b′, r′), (b, r)) := qr|〈vb
′
r′ |vr〉|2δbb′ = qr|〈vbr′ |vr〉|2, (100b)

and the Nussbaum and Szkoła’s distributions for the operators ρAB and σAB:

PρAB ,σAB (r, b, a) = qr|〈ur|b, ψba〉|2, (101a)

QρAB ,σAB (r, b, a) = PB,R(b, a)|〈ur|b, ψba〉|2. (101b)

Since |Ψ〉ABR =
∑

r

√
qr|urAB〉|vrR〉, it holds 〈vr|Ψ〉〈Ψ|vr〉 = qr|ur〉〈ur|. On the other hand, Eqs. (89)

and (98) together imply that

|ψ〉ABR =
∑
b,a

√
pBR(b, a)|ua|b〉A ⊗ |b〉B ⊗ |va|b〉R. (102)
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This leads to

PρAB ,σAB (r, b, a) = qr|〈ur|b, ψba〉|2 (103)

= qr〈b, ψba|ur〉〈ur|b, ψba〉 (104)

= 〈b, ψba, vr|ψ〉〈ψ|b, ψba, vr〉 (105)

= Tr[(|b, ψba〉〈b, ψba| ⊗ 1R)|ψ〉〈ψ|]|〈vr|vba〉|2 (106)

= PB,R(b, a)|〈vba|vr〉|2 (107)

= PσBR,1B⊗σR(b, a, r). (108)

Hence we can check that

Dε
s(PσBR,1B⊗σR‖QσBR,1B⊗σR)

(a)
= sup

{
x
∣∣ PσBR,1B⊗σR{(b, a, r)| logPσBR,1B⊗σR(b, a, r)− logQσBR,1B⊗σR(a, r) ≤ x} ≤ ε

}
(109)

(b)
= sup

{
x
∣∣ PσBR,1B⊗σR{(b, a, r)| logPB,R(b, a)− log qr ≤ x} ≤ ε

}
(110)

(c)
= sup

{
x
∣∣ PρAB ,∆B(ρAB){(b, a, r)| logPB,R(b, a)− log qr ≤ x} ≤ ε

}
(111)

(d)
= sup

{
x
∣∣ PρAB ,∆B(ρAB){(b, a, r)| logQρ,∆(ρ)(b, a, r)− logPρ,∆(ρ)(b, a, r) ≤ x} ≤ ε

}
(112)

(e)
= −D1−ε

s (PρAB ,∆B(ρAB)‖QρAB ,∆B(ρAB)), (113)

where (a) and (e) follow by definition, (b) follows by (100), (c) follows by (108), and (d) follows by (101).
This concludes (93a). �
[Proof of Eqs. (93b) and (93c)] We first show (93b). Consider the following chain of equalities:

D(σBR‖1B ⊗ σR)
(a)
= D(PσBR,1B⊗σR‖QσBR,1B⊗σR) (114)
(b)
=
∑
b,r

PσBR,1B⊗σR(b, r)[logPσBR,1B⊗σR(b, r)− logQσBR,1B⊗σR(b, r)] (115)

(c)
=
∑
b,r

PρAB ,σAB (r, a)[log pa − log qr] (116)

(d)
=
∑
b,r

PρAB ,σAB (r, a)[logQρAB ,σAB (r, a)− logPρAB ,σAB (r, a)] (117)

(e)
= −D(PρAB ,σAB‖QρAB ,σAB ) (118)
(f)
= −D(ρAB‖σAB), (119)

where (a) and (f) follow from the property of Nussbaum and Szkoła’s distributions (92), (b) and (e) follow
by definition, (c) and (d) follow by (100), (101), (108). This completes the proof of (93b). We can then
prove (93c) in a similar way. �
[Proof of Eq. (93d)] First notice that σR and ρAB are two marginal of the pure tripartite state ψABR, thus they
have the same eigenvalues. This gives θ(σR) = θ(ρAB). Consider the following chain of inequalities:

Hε
min(B|R)σ := − inf

τR
Dε

max(σBR‖1B ⊗ τR) (120)

≥ −Dε
max(σBR‖1B ⊗ σR) (121)

(a)

≥ −D1−ε2+δ
s (PσBR,1B⊗σR‖QσBR,1B⊗σR)− log θ(ρAB) + log(δε2) (122)

(b)
= Dε2−δ

s (PρAB ,∆(ρAB)‖QρAB ,∆(ρAB))− log θ(ρAB) + log(δε2) (123)
(c)

≥ Dε2−2δ
H (ρAB‖∆B(ρAB))− c(ρAB, ε, δ), (124)

22



where (a) follows from [TH13, Eq. (29)] and the fact that θ(1A ⊗ σR) = θ(σR) = θ(ρAB), (b) follows
from (93a), and (c) follows from [TH13, Eq. (27)] with the correction term c(ρAB, ε, δ) given in (94). Note
that the constraints δ < 1−ε2 and δ < ε2/3 are imposed in (a) and (c), respectively. This completes the proof.

�

7 Conclusions

Our work initiated the first systematic second order analysis on coherence distillation with and without assis-
tance, filling an important gap in the literature. In the unassisted setting, we introduced a variant of randomness
extraction framework in the context of quantum coherence theory, establishing an exact relation between this
cryptographic task and the operational task of quantum coherence distillation. Based on this relation, we gave a
finite block length analysis on these tasks, providing in particular explicit second order expansions of distillable
coherence and extractable randomness under a diverse range of free operations. We then lifted the obtained
results to the assisted setting in which Alice served as an assistant to help Bob do the manipulations. A crucial
step for our second order expansions was the hypothesis testing characterizations of the one-shot rate with
almost tight error dependence. These one-shot characterizations could be suitable for analysis even beyond
the i.i.d. assumption of the source state if combining with a more refined result of hypothesis testing relative
entropy (e.g. [DPR16] and the references therein).

Many interesting problems remain open. First, in the unassisted setting the coincidence of the second
order expansions of `εO and `εid indicates that optimizing the free incoherent operations before the incoherent
measurement can improve the extractable randomness by the orderO(log n) at most. One may explore whether
there is any advantage of performing incoherent operations in the third or higher order terms. Second, as a
reverse problem of coherence distillation, the coherence cost considers the minimum number of coherent bits
required to prepare a quantum state. It is known that the first order asymptotics of coherence cost under IO
operations is given by the coherence information [WY16]. But what is the second order expansion? Recall the
important role of randomness extraction framework in our second order analysis. For coherence cost, we may
consider a randomness extraction scenario with Eve having limited power. Such a scenario has been studied
in [YZCM15] and [HZ18, Section VI] and the corresponding randomness extraction rate happens to coincide
with the coherence information. Finally, regarding the assisted scenario it would be interesting to extend the
exact one-shot relation between Cεd,QIP and `εQIP to other free operation classes. It is also appealing to further
explore the alternative formulation in Appendix B and identify achievable rate in terms of hypothesis testing
relative entropy with ε-square error dependence.
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Appendix A Proof of Proposition 1

[Proof] Let σ∗R be a quantum state that attains the minimum in

dsec(ρ[id,∆, f ]LR|R) = min
σR∈S(R)

P (ρ[id,∆, f ]LR, πL ⊗ σR). (125)

Let |φ∗〉BR onHB ⊗HR be a purification of σ∗R. Thus we have

F (ρ[id,∆, f ]LR, πL ⊗ σ∗R) ≥
√

1− ε2. (126)

Define the incoherent isometry Uf fromHB toHL ⊗HB as

Uf |b〉B := |f(b)〉L ⊗ |b〉B. (127)

We choose normalized vectors |φ`〉BR and normalization factors r` such that

Uf |ψ〉BR =
∑
`∈L

√
r`|`〉L ⊗ |φ`〉BR and

√
r`|φ`〉BR :=

∑
b∈B:f(b)=`

√
pb|b〉B ⊗ |ψb〉R. (128)

By Uhlmann’s theorem [Uhl76] there exists a unitary U` onHB such that

F (TrB |φ`〉〈φ`|BR, σ∗R) = F (U`|φ`〉BR, |φ∗〉BR) = 〈φ∗|U`|φ`〉. (129)

Take U :=
∑

`∈L |`〉〈`|L ⊗ U`. We have

F (UUf |ψ〉BR, |ΨL〉 ⊗ |φ∗〉BR)
(a)
= F

(∑
`∈L

√
r`|`〉 ⊗ U`|φ`〉,

∑
`∈L

1√
|L|
|`〉 ⊗ |φ∗〉

)
(130)

(b)
=
∑
`∈L

√
r`

1√
|L|

F (U`|φ`〉, |φ∗〉) (131)

(c)
=
∑
`∈L

√
r`

1√
|L|

F (TrB |φ`〉〈φ`|, σ∗R) (132)

(d)
= F

(∑
`∈L

r`|`〉〈`| ⊗ TrB |φ`〉〈φ`|,
∑
`∈L

1

|L| |`〉〈`| ⊗ σ
∗
R

)
(133)

(e)
= F (ρ[id,∆, f ]LR, πL ⊗ σ∗R), (134)

where (a) follows by definition, (b) and (d) follow from Lemma 9, (c) follows from Eq. (129) and (e)
follows from the fact that ρ[id,∆, f ]LR =

∑
`∈L r`|`〉〈`| ⊗ TrB |φ`〉〈φ`|. We construct a quantum opera-

tion ΓB→L(·) := TrB[UUf (·)U †fU †], whose schematic diagram is given in Figure 5. Then ΓB→L(ρB) =

TrBR[UUf |ψ〉〈ψ|BRU †fU †] and we can check that

F (ΓB→L(ρB),ΨL) ≥ F
(
UUf |ψ〉BR, |ΨL〉 ⊗ |φ∗〉BR

)
= F

(
ρ[id,∆, f ]LR, πL ⊗ σ∗R

)
≥
√

1− ε2, (135)

where the first inequality follows by the data-processing inequality of quantum fidelity under TrBR, the equality
follows by (134) and the second inequality follows from (126). This implies that P (ΓB→L(ρB),ΨL) ≤ ε.

It remains to check Γ ∈ DIIO. Note that Γ admits a Kraus decomposition Γ(·) =
∑

b∈BKbUf (·)U †fK
†
b

with operators Kb = 〈b|U . For any computational basis |x〉 and any b ∈ B, we have

KbUf |x〉〈x|U †fK
†
b = |〈b|Uf(x)|x〉|2|f(x)〉〈f(x)| ∈ I∗∗, (136)

by direct calculation. Thus Γ ∈ IO. For any computational basis |x〉 and |y〉, we can first check that

Γ(|x〉〈y|) = 〈y|U †f(x)Uf(y)|x〉|f(x)〉〈f(y)|. (137)

Thus it holds

Γ(∆(|x〉〈y|)) = Γ(δx,y|x〉〈x|) = δx,yΓ(|x〉〈x|) = δx,y|f(x)〉〈f(x)|, (138)

and

∆(Γ(|x〉〈y|)) = δf(x),f(y)〈y|U †f(x)Uf(y)|x〉|f(x)〉〈f(x)| = δf(x),f(y)δx,y|f(x)〉〈f(x)| = δx,y|f(x)〉〈f(x)|.
(139)

Combining (138) and (139), we have Γ ◦∆ = ∆ ◦ Γ, indicating that Γ ∈ DIO. Finally we have Γ ∈ DIIO. �
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Figure 5: Schematic diagram of the DIIO distillation protocol in Proposition 1. The isometry Uf is incoherent.
The unitary U , represented by the inner dashed box, is a controlled unitary but is not necessarily incoherent.
The overall operation ΓB→L, represented by the dashed box, belongs to DIIO.

Appendix B An alternative formulation of assisted incoherent randomness ex-
traction

In this appendix, we consider an alternative formulation of the assisted incoherent randomness extraction frame-
work that is different from the one discussed in Section 4.3. In this formulation, Bob is more discreet in the
sense that he accepts the assistance from Alice but does not allow her to possess any information about the
extracted randomness.

B.1 Task description

In the beginning, Alice and Bob preshare a bipartite quantum state ρAB with purification |ψ〉RAB such that the
reference system R held by Eve. A general assisted incoherent randomness extraction protocol is characterized
by a triplet (Λ,∆, f), where Λ ∈ F a free operation and f a hash function. The protocol has three steps:

1. Alice and Bob first perform a free operation ΛAB→C ∈ F on their joint system, where C is in Bob’s
possession. That is, there is no output system at Alice’s hand any more. This can be done by performing
a partial trace operation. Let UAB→CE be a Stinespring isometry representation of Λ. We assume the
environment system E of Λ is also controlled by Eve. After the action of Λ, the whole system is in a
pure state

τ [Λ]CER := UAB→CE(|ψ〉〈ψ|RAB)U †AB→CE , (140)

where we use τ instead of ρ in (140) to indicate that we consider an alternative formulation here.

2. Bob dephases system C into the incoherent basis via ∆C .

3. Bob performs the hash function f to extract randomness. These two steps lead to the final output state

τ [Λ,∆, f ]LER := τ [Λ,∆]f(C)ER =
∑
b∈B

pb|f(b)〉〈f(b)|L ⊗ σbER, (141)

where pb := Tr〈b|τ [Λ]CER|b〉 and σbER := 〈b|τ [Λ]CER|b〉/pb.

A detailed procedure of this alternative assisted randomness extraction via (Λ,∆, f) is depicted in Figure 6.
Likewise, the one-shot assisted extractable randomness via F of the quantum state ρAB in this alternative
formulation is defined as

˜̀εF (ρAB) := max
ΛAB→C∈F

max
f
{log |L| : dsec (τ [Λ,∆, f ]LER|ER) ≤ ε} . (142)

Remark 18 As one can tell, the essential difference between this formulation and the original definition in
Section 4.3 lies in what kind of incoherent operation Λ ∈ F that Alice and Bob can use. In the original
definition, Alice and Bob can adopt operations of the form ΛAB→A′B′ such that the output A′ is at Alice’s
hand and B′ is at Bob’s hand. As a result, Alice has some information on Bob’s extracted randomness that
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is secure from Ever. However, in this alternative formulation, we rule out this possibility by only allowing
operations of the form ΛAB→C such that the output system C is under the full control of Bob. Apparently, Bob
in the alternative formulation is more stringent since he solely makes use of Alice while does not allow her to
possess any secrecy. However, this difference does not cause any trouble in the assisted coherence distillation
scenario, since ΛAB→A′B′ can be converted to ΛAB→C by doing an extra partial trace TrA′ without affecting
the distillation rate.

|ψ〉RAB

R

B

A

C

E

R

L

E

UΛ
AB→CE

∆C→C fC→L

τ [Λ] τ [Λ,∆] τ [Λ,∆, f ]

Figure 6: Alternative formulation of the assisted randomness extraction framework given by [Λ,∆, f ]. The
system in red belongs to Alice, the system in blue belong to Bob, and the two systems in gray belong to Eve.
In the shaded area, we illustrate an incoherent randomness extraction protocol [id,∆, f ] (without assistance!)
for the state τC with purification τ [Λ]CER.

Based on the argument in Remark 18, we conclude that Bob in the original assisted randomness extraction
framework (cf. Section 4.3) can extract more randomness than in this alternative framework.

Proposition 16 Let F ∈ {LICC,LQICC,SI,SQI,QIP}. Let ρAB be a bipartite quantum state and ε ∈ [0, 1].
It holds that ˜̀εF (ρAB) ≤ `εF (ρAB). (143)

B.2 New equivalence relation

The main advantage of this alternative assisted incoherent randomness extraction framework is that we are able
to establish an equivalence relation between the assisted coherence distillation described in Section 4.2 and
the alternative assisted incoherent randomness extraction described here, for all free operation classes under
consideration. This equivalence hence is much stronger than that was concluded in Theorem 5, holding only
for the QIP class.

Theorem 17 (Equivalence relation II) Let F ∈ {LICC,LQICC,SI,SQI,QIP}. Let ρAB be a bipartite quan-
tum state and ε ∈ [0, 1]. It holds that

Cεd,F (ρAB) = ˜̀εF (ρAB). (144)

Proof “≤”: This direction can be shown using similar argument in Lemma 6.
“≥”: Let `εF (ρAB) = log |L| and let [Λ,∆, f ] achieves this rate such that ΛAB→C ∈ F . The key ob-

servation is that an assisted incoherent randomness extraction protocol [ΛAB→C ,∆C , f ] for state ρAB can be
regarded as an incoherent randomness extraction protocol [idC→C ,∆C , f ] (without assistance) for the state
τC ≡ ΛAB→C(ρAB), with purification τ [Λ]CER defined in (140) and joint reference system ER (cf. the
shaded area of Figure 6). That is, for the state τC , there exists a hash function f such that

dsec (τ [id,∆, f ]LER|ER) ≤ ε. (145)

Recalling the one-to-one correspondence between coherence distillation protocol and incoherent randomness
extraction protocol in Proposition 1, we conclude from (145) that there exists a quantum operation ΓC→L ∈
DIIO such that P (ΓC→L(τC),ΨL) ≤ ε. Compositing these two quantum operations yields

P (ΓC→L(τC),ΨL) = P (ΓC→L ◦ ΛAB→C(ρAB),ΨL) ≤ ε. (146)
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That is to say, the composite operation Γ ◦ Λ distills a MCS of rank |L| such that the error is bounded by ε.
It then suffices to show that Γ ◦ Λ ∈ F . In the following, we handle case by case to show that the conditions
Λ ∈ F and Γ ∈ DIIO together indeed imply that Γ ◦ Λ ∈ F .

Cases that F ≡ LICC or F ≡ LQICC. We only consider F ≡ LQICC since the other case F ≡ LICC
can be shown in a similar way. We focus on the last round of classical communication in the local incoherent
operations and classical communication operation ΛAB→C ∈ LQICC. It must be that Bob sends her outcome
to Bob. More specifically, in the last round, Bob performs a POVM {ExA} such that ExA ≥ 0 and

∑
xE

x
A = 1.

She sends the outcome x to Bob. Conditioned on x, Bob performs an operation DxB→C ∈ MIO on the post-
measurement state. After that, he continues to do the operation ΓC→L. Since ΓC→L ∈ DIIO, we know
Γ ◦ Dx ∈ MIO as DIIO ⊆ MIO and MIO is closed under composition. As one can tell, the only difference
between Λ and Γ ◦ Λ is that in the last round Bob performs different conditional operations – for the former
Dx is taken, while for the latter Γ ◦ Dx is adopted. They are both free local incoherent operations. Hence,
Γ ◦ Λ ∈ LQICC.

Cases that F ≡ SI or F ≡ SQI. We only consider F ≡ SI since the other case F ≡ SQI can be shown in
a similar way. Assume the incoherent operations ΛAB→C ∈ SI has the form

ΛAB→C(·) =
∑
i

(Ai ⊗Bi)(·)(Ai ⊗Bi)†, (147)

where both Ai and Bi are incoherent Kraus operators. Since DIIO ⊂ IO, ΓC→L admits an incoherent Kraus
decomposition as ΓC→L(ρ) =

∑
lKlρK

†
l , where Kl are incoherent Kraus operators. Thus, Γ ◦ Λ admits the

decomposition

ΓC→L ◦ ΛAB→C(ρAB) =
∑
l

Kl

(∑
i

(Ai ⊗Bi)ρ(Ai ⊗Bi)†
)
K†l (148)

=
∑
l,i

(Ai ⊗KlBi) ρAB (Ai ⊗KlBi)
† . (149)

The completeness condition holds since

∑
l,i

(Ai ⊗KlBi)
† (Ai ⊗KlBi) =

∑
i

(Ai ⊗Bi)†
(∑

l

K†lKl

)
(Ai ⊗Bi) (150)

=
∑
i

(Ai ⊗Bi)†(Ai ⊗Bi) = 1AB. (151)

What’s more, the Kraus operators KlBi are incoherent since incoherent Kraus operators are closed under
composition. Hence Γ ◦ Λ ∈ SI.

Cases that F ≡ QIP. Notice that DIIO preserves the free incoherent states I. On the other hand it holds by
definition that I ⊂ QI. Thus DIIO preserves QI. This implies that Γ(QI) ⊂ QI. Since Λ ∈ QIP and QIP is
closed under composition, we conclude Γ ◦ Λ ∈ QIP. �

B.3 Comparison among various assisted tasks

We have considered three assisted tasks concerning a bipartite quantum state ρAB in this work:

1. The assisted coherence distillation task introduced in Section 4.2 and the corresponding one-shot optimal
rate Cεd,F (ρAB) (30),

2. The assisted incoherent randomness extraction task introduced in Section 4.3 and the corresponding one-
shot optimal rate `εF (ρAB) (35), and

3. An alternative formulation of the assisted incoherent randomness extraction task introduced in Ap-
pendix B and the corresponding one-shot optimal rate ˜̀εF (ρAB) (142).
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The following relation holds among these quantities as a consequence of Proposition 16 and Theorem 17:

Cεd,F (ρAB) = ˜̀εF (ρAB) ≤ `εF (ρAB). (152)

Specially, for the class of QIP we obtain an equivalence relation due to Theorem 5 and Theorem 17:

Cεd,QIP(ρAB) = ˜̀ε
QIP(ρAB) = `εQIP(ρAB). (153)

To prove or disprove that the inequality in (152) is an equality for other free classes is left as future work.

31


	1 Introduction
	2 Preliminaries
	3 Quantum coherence distillation and incoherent randomness extraction
	3.1 Resource theory of quantum coherence
	3.2 Framework of quantum coherence distillation
	3.3 Framework of incoherent randomness extraction
	3.4 Relation between coherence distillation and randomness extraction
	3.5 Second order analysis

	4 Assisted coherence distillation and incoherent randomness extraction
	4.1 Resource theory of quantum coherence in distributed scenarios
	4.2 Framework of assisted coherence distillation
	4.3 Framework of assisted incoherent randomness extraction
	4.4 Relation between assisted coherence distillation and assisted randomness extraction
	4.5 Second order analysis

	5 Strong converse property
	6 Relations among entropies of a dephased tripartite quantum state
	7 Conclusions
	Appendix A Proof of Proposition 1
	Appendix B An alternative formulation of assisted incoherent randomness extraction
	B.1 Task description
	B.2 New equivalence relation
	B.3 Comparison among various assisted tasks


