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Finding compositional inverses of permutations
from the AGW criterion

Tailin Niu, Kangquan Li, Longjiang Qu and Qiang Wang

Abstract

Permutation polynomials and their compositional inverses have wide applications in cryptography, coding
theory, and combinatorial designs. Motivated by several previous results on finding compositional inverses
of permutation polynomials of different forms, we propose a general method for finding these inverses of
permutation polynomials constructed by the AGW criterion. As a result, we have reduced the problem of
finding the compositional inverse of such a permutation polynomial over a finite field to that of finding
the inverse of a bijection over a smaller set. We demonstrate our method by interpreting several recent
known results, as well as by providing new explicit results on more classes of permutation polynomials
in different types. In addition, we give new criteria for these permutation polynomials being involutions.

Explicit constructions are also provided for all involutory criteria.
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1. INTRODUCTION

Let ¢ be a prime power and F, be the finite field with ¢ elements. We call a polynomial f(x) € F,[x]
a permutation polynomial (PP for short) when the evaluation map f : a — f(a) is a bijection. The unique
polynomial f~!(z) over F, such that fo f~1 = f~lo f = I is called the compositional inverse of f(z),

where I denotes the identity map. Furthermore, if a PP f satisfies f o f = I, then f is called an involution.

Throughout this paper, for the multiplicative inverse function f(z) = x~!, we always define f(0) = 0.

Because PPs play important roles in finite field theory and they have broad applications in coding theory,
combinatorial designs, and cryptography [1-11], the construction of PPs over finite fields has attracted a

lot of attention. For recent surveys on constructing PPs, we invite the interested readers to consult [12],
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[13, Section 5], [14] and [15, Section 5]. Explicitly determining the compositional inverse of a PP is useful
because both a PP and its inverse are required in many applications. For example, during the decryption
process in a cryptographic algorithm with SPN structure, the compositional inverse of the S-box plays an
essential role. Moreover, explicitly determining the compositional inverse will advance the further research
of involutions, which are particularly useful (as part of a block cipher) in devices with limited resources
[16, 17]. For recent research of involutions and permutations with small cycles, we refer the readers to
[16-20].

In general, it is difficult to obtain the explicit compositional inverse of a random PP, except for several well
known classes of PPs such as linear polynomial, monomials [21, 22], and Dickson polynomials [23, 24].
In recent years, compositional inverses of several classes of PPs of special forms have been obtained in
explicit or implicit forms; see [17, 23, 25-35] for more details. A short survey on this topic can be found in
[32]. In 2011, Akbary et al. proposed a useful method called the AGW criterion for constructing PPs [36].
For the sake of convenience, when a PP is constructed using the AGW criterion or it can be interpreted
by the AGW criterion, we call it an AGW-PP. Many classes of AGW-PPs have been constructed up to
today and they can be divided into three types: multiplicative type [37—43], additive type [36, 44—46] and
hybrid type [36, 47-49]. Despite of recent progress on finding compositional inverses of several classes of
AGW-PPs, e.g. [18, 23, 25, 29], there are many other classes of AGW-PPs whose compositional inverses
are still unknown. This motivates us to explore a general method to find compositional inverses of these
AGW-PPs.

Inspired by the recent work in [18, 23, 25, 29, 30], we propose a general framework to solve the
compositional inverse of an arbitrary AGW-PP, say f on a finite set A. It is well known that there are
two surjective mappings A, A from A to finite sets S and S, respectively, and a bijection g from S to S

satisfying Ao f = g o A (i.e., Fig. 1 is commutative).
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Fig. 1: the AGW criterion
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In order to find the inverse of the given AGW-PP f, we can construct two other mappings 7,7 such that
¢o f=1pop, where ¢ = (\,n) and ¢ = (\,7) are bijections from A to two other sets ¢(A) and ¢(A)
respectively (see Fig. 2). Namely, we have the following commutative diagram and then the compositional

inverse of f is expressed by f~1 = ¢ Lo~ 0 ¢
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Fig. 2: a framework to obtain the inverse

Generally speaking, there are three types of AGW-PPs (multiplicative, additive, and hybrid) which are
classified based on the properties of A and \. The classes studied by Li et al. [23] belong to the multiplicative
case, while the classes studied by Wu [25, 30] and Tuxanidy et al. [29, 34] belong to the additive case. Our
general framework interprets all these recent results and provides a recipe to find compositional inverses
of many other classes of AGW-PPs. The key point of our approach is to design “suitable” mappings 7
and 7 such that both ¢ = (\,n) and ¢ = (A, 7) are bijections, and 7 can be computed easily. Moreover,
compositional inverses of ¢ and ) = (g,7) can be efficiently computed. To demonstrate our approach,
we propose several new explicit choices of 7 and 77 and use them to find the compositional inverses of
four classes of AGW-PPs in different types. As a consequence, we have reduced the problem of finding
compositional inverse of a permutation polynomial over a finite field to that of finding the inverse of a
bijection over a smaller set (see for example, Theorems 3.2, Theorem 4.2, Theorem 5.2, Theorem 5.7.)

The rest of this paper is organized as follows. In Section 2, we present this unified method to find
compositional inverses of any AGW-PP and recall some known results of computing compositional inverses
under our framework. As applications, we explicitly solve the compositional inverses of another four classes
of AGW-PPs. These results, as well as the characterization of involutions, are divided into multiplicative,

additive and hybrid cases, which are presented in Sections 3, 4 and 5 respectively.

2. THE UNIFIED METHOD

In this section, we present our unified approach to finding the compositional inverses of AGW-PPs. First

of all, we recall the following AGW criterion.

Lemma 2.1. ([36, Lemma 1.2], the AGW Criterion) Let A, S, and S be finite sets with #S = #5S, and let
f:A—A g:S—=S N:A—= Sand \: A— S be maps such that No f = go \. If both \ and X are
surjective, then the following statements are equivalent:

(1) f is a bijection and

(2) g is a bijection from S to S and f is injective on \~'(s) for each s € S.

The AGW criterion can be illustrated in the commutative diagram of Fig. 1. This criterion is very useful
to explain many earlier constructions and to construct new classes of PPs. The key of AGW criterion lies in
transforming the problem of constructing permutations f of a finite set A into finding a bijections g from S

to S, whose cardinalities are both smaller than the size of A. Since A and ) both are surjective (normally



they are not bijective because we prefer the sizes of S and S are smaller), one can not simply obtain the
compositional inverse of f using only mappings A, A and g.

When A = Fyn and A = )\ are additive, Tuxanidy and Wang [29], [34] converted the problem of
computing the inverse of a PP over [, into that of computing two inverses of two other bijections over two
subspaces (one of them is A (F;»)) respectively. A key ingredient is to decompose F,» into two subspaces.
This generalized a result of Wu et al. [25] who focused on the case that A is the trace function. When
A =TF;and X\ = A\ are monomials, Li et al. [23] provided a multiplicative analogue of [25, 29, 34].
The main idea of Li et al. relies on transforming the problem of computing the compositional inverses of
permutation polynomials of the form z"h(z®) over IF, into computing the compositional inverses of two
restricted permutation mappings, where one of them is a monomial over I, and the other is the polynomial
x"h(x)® over a particular subgroup of F, with order (¢ — 1)/s. A key ingredient is a bijection from F, to
another set £, ; = {(z97%,2%) : € F,} whose inverse can be easily computed. A variant of this result can
be found in Niu et al. [18].

We note that the similar idea works for an arbitrary AGW-PP f. Namely, we can find the compositional
inverse of an arbitrary AGW-PP f over a set A by constructing two other mappings, i.e., 7 and 7 such that
(1) ¢ = (\,n),é = (\,7) become bijective from A to some subsets of A x A as shown by Fig. 2.

(2) Fig. 2 is a commutative diagram, i.e., ¢ o f = 1) 0 ¢.

Then, it is clear that the compositional inverse of f can be expressed as f~' = ¢! 09! o0 ¢. Here we
do not need to decompose the finite field into subspaces, as previously done for the additive case, neither
we have restrictions on special types of AGW-PPs. Instead, we emphasize that it is crucial to find simple
mappings 7 and 77 so that the compositional inverse of ¢ = (\,7) and the compositional inverse of ) = (g, 7)
can be computed easily.

To summarize the above discussion, we have the following theorem.

Theorem 2.2. Let A be a finite set, f : A — A, and let ¢ = (\,n) and ¢ = (\, 7)) be two bijective mappings
from A to some subsets of A x A, and denote by ¢, ¢~ their compositional inverses respectively. Let
Y = (g,7) : ¢(A) — ¢(A) be a mapping such that ¢ o f = 1) o ¢. Then f is bijective if and only if 1 is

bijective. Furthermore, if 1 is bijective and its compositional inverse is denoted by 1™, then
—1 -1 _ -1 _ 7
=00 009
is the compositional inverse of f on A.

We remark that the above theorem can be viewed as a special version of the AGW criterion, where the
mappings A and \ are both bijections and the cardinalities of S and S are both equal to that of A. However,
earlier constructions of AGW-PPs focused on bijections over smaller sets. This result can be viewed as a
new application of the AGW criterion in computing compositional inverses.

In fact, our method provides a possibility to solve the compositional inverses of all AGW-PPs and the

process can be summarized as follows:



(1) Design 7 and 7 such that ¢ = (\,7) and ¢ = (\,7) are both bijective, and compute the compositional
inverse ¢! of ¢.

(2) Compute the unique expression of ¢ such that ¢ o ¢ = $ o f.
(3) Compute the compositional inverses ¢~ of .
(4) Obtain the compositional inverse f~! of f by Theorem 2.2, ie., f~' =¢ Loy~ 0 ¢.

In the following, we demonstrate the explicit choices of ¢, ¢, 1) in several known results using Theorem 2.2.
In order to improve readability, we have adapted all the notations of these results in terms of Lemma 2.1
and Theorem 2.2.

Example 2.3. [23, Theorem 2.3] We take

(1) A=F,;

(2) f(z)=a"h(z*) permutes F,, where s | (q —1),gcd(r,q —1) =1 and h(0) # 0;
(3) d(x) = ¢(z) = (297°, 2°);

(4) ¢(A) = 6(A);

(5) P(y,z) = (y"h(2)17%, 2"h(2)%); and
(6) Let I(x) be the compositional inverse of g(x) = x"h(zx)® over po—1 = {x eFy: T = 1} and r' be
an integer which satisfies r7’ =1 (mod ¢ — 1).

Then it follows from Theorem 2.2 that

’

I @) = (a(@)h(U(B@)) )" UB@))
is the compositional inverse of f(x), where a(x) = 27% and B(z) =

Example 2.4. [18, Theorem 3.7] Assume that

(1) A=Fgn;

(2) f(x)=g (mqi —z+ 5) +cx € Fym|[x] permutes Fym, where q is a prime power, m, i be positive integers
withl <i<m—1,c€F, cuum and g(x) € Fg[z]. Then h(z) = 9(2)7 —g(z)+cx+(1—c)d € Fym[2]
permutes Fym (see [44, Proposition 3]), where 6 € Fym

(3) ¢(z) = p(z) = (—xqi,xqi —x+ 5);

(4) d(A) = o(A);

(5) Yl 2) = (4'y = g(2)7 , h(2) ) and

(6) Assume H (x) is the compositional inverse of h(x).

Then it follows from Theorem 2.2 that, for any § € Fym, the compositional inverse of f(x) is
f x)=c a2t —c g (H(:qu —x+ 5))q — H(z9 —z+6) + 0.

Example 2.5. [29, Theorem 1.2] Let
(1) A == Fqn N



(2) f(z) = h(vo(z))po(x) + go(vo(x)) permute Fyn, where po,1o € Fynlx] are additive polynomials,
q-polynomial <) satisfies pg o 1y = g © po and |1y (Fgn)| = |1/)0 o |, and polynomial h € F g [x]
such that h (1o (Fgn)) C Fg\{0};

(3) ¢(z) = by, (2) = (Yo(z), 2 — to(x)), ¢ = O (@) = (Yo(z),x — tho(x)) in [29, Lemma 2.10];

(4) (A) = by, (Fn) , 6(A) = ¢y (Fyn);

(5) ¥y, 2) = (My)eo(y) + volgo(y)), h(y)po(2) + 9o(y) — Yo(go(y))); and

(6) Assume that | S| = ‘S ‘ and ker (o) N 1o (Sy,) = {0}. Then o induces a bijection from S

S— Let f ' and 9001‘5_ € Fyn[z] induce the inverses of f‘w ® )( ) = h(z)po(z) + Po(g0(x)) and
Yo 0 (Fgn
goolswo respectively,

Then it follows from Theorem 2.2 that the compositional inverse of f(x) is given by
2= to(@) g0 (F ' Wol@))) + o (90 (7 (o))
n (7 @ola))

IM@) =T @ol@) + o5 [

Example 2.6. [25, Theorem 2.3] Let

(1) A= Fyn, where q is even and n is odd;

(2) f(x) = 2(L(Trgn/q(x)) + aTrgnq(w) + ax) permute ¥y, where xL(x) is a bilinear PP over ¥, for
a linearized polynomial L(z) € Fylz], a € 7, and the trace function from Fy» to F, is denoted by
Trgn /q(+) : x— Yl

(3) ¢(z) = ¢(x) = (Trgnjq(x ) ® + Trgn /(7))

(4) ¢(A) = ¢(A) =F, @ker(T Tgr/q)s

(5) ¥y, 2) = (yL(y), 02" + (L(y) + ay)z); and

(6) Let ¢ =2™ for a positive integer m. Assume the compositional inverse of xL(x) is go(x) € Fy[z].

Then it follows from Theorem 2.2 that the compositional inverse of f(x) is

f*l(x) _ a2m71—1x2nm—1 i gO(Trqn/q(Qj)) n a2m7171 Z x2(2k71)m71

_Trgy(@) a1
) <90(Trqn/q(x)) +a90(Trq"/q($)))

J
gm_gi+1 (25 ?

+mz:2a21 1 (L() + ago(Trym (;,;))) quzk
90(Trgn /q(2) /i i

Jj=

As illustrated above, the key step of this approach is to design suitable mappings ¢ = (), 1), ¢ = (A, 7)
satisfying the required properties. In the following we provide two new results which generalize the choices

of n and 7 in Examples 2.3-2.5.



Corollary 2.7. Let A be a finite set and f, g, \,\ be mappings satisfying the assumption of Lemma 2.1
(e.g., satisfy the commutative diagram in Fig. 1). We assume n(x) = P(x) — X\(z),7(z) = P(x) — \(x),
and T are mappings such that fjo f = T on, where P(x) permutes A. Then both ¢ = (\,n) and ¢ = (\,7)
are bijective mappings from A to some subsets of A x A and ¢~ (y,z) = P~y + 2), ¢ (o, ) =
P~Ya+ B) are their compositional inverses respectively. Moreover, f is bijective if and only if 1 = (g, 7)
is bijective. Furthermore, if both g, 1 are bijective and their compositional inverses are denoted by g~ ()
and v~ (o, B) = (g7 (), M(cv, B)) respectively, where M (e, 8) : Im(¢) — Im(n), then

fHz) =P (g7 (A(@) + M(X(z), P(z) — A(x)))
is the compositional inverse of f on A.

Proof. Assume ¢(z) = ¢(2’). Then A(z) = A(a') and P(z) — A\(z) = n(z) = n(z') = P(z') — X\(2').
Hence P(x) = P(2'). Because P(z) permutes A, we must have x = 2’ and thus ¢ is a bijection. Plug
y = Ma),z = P(x) — Mz) into P~!(y + z), one can obtain P~'(\(z) + P(x) — A(z)) = . Thus
¢~ (y,2) = P71 (y + 2). Similarly, ¢ is bijective and ¢~ (, 3) = P~!(a + ). The rest of proof follows
from Theorem 2.2. O

Corollary 2.8. Let A be a finite set and f, g, A\, A\ be mappings satisfying the assumption of Lemma 2.1 (e.g.,
satisfy the commutative diagram in Fig. 1). Let X(z), \(z) # 0 for any x € A. We assume n(x) = P (ﬁ),
xT

n(z) =P (m), and T are mappings such that njo f = 1o, where P(z) permutes A. Then both ¢ = (\,n)
and ¢ = (\,7) are bijective mappings from A to some subsets of A x A and ¢ (y,z) = yP~(2),
¢ Y, B) = aP~Y(B) are their compositional inverses respectively. Moreover, f is bijective if and only
if v = (g,7) is bijective. Furthermore, if both g, 1 are bijective and their compositional inverses are

respectively denoted by g~ (c), ¥~ (e, 8) = (97 (), M (e, B)), where M (e, 8) : Im(¢) — Im(n), then

o= G ! (31 (. (555))

is the compositional inverse of f on A.

’

Proof. Assume ¢(x) = ¢(2’). Then A\(x) = A(2') and P(+%) = n(z) = n(2’) = P(+%+). Because P(x)

() Alz’)

permutes A, the latter implies that ﬁ = %m/,) Since A(z) = A(z'), we must have x = 2’ and thus ¢ is
a bijection. Plug y = \(z),z = 1_3 <ﬁ> into yPil(z), one can obtain \(z)P~1(P (ﬁ)) = z. Thus
¢~ (y,2) = yP~1(2). Similarly, ¢ is bijective and ¢~!(a, 3) = aP~1(3). The rest of proof follows from
Theorem 2.2. O

We demonstrate more specific choices of n and 7 in the next few sections and explicitly compute
the compositional invereses of four more classes of AGW-PPs. In addition, we analyze the results of
compositional inverses to obtain conditions for being involutions. Furthermore, we provide at least one

explicit involutory construction for each involutory criterion for the purpose of demonstration, although we



believe that it may be not hard to find more general involutory constructions. In the sequel, we need the

following lemma on involutions over finite sets.

Lemma 2.9. Let A and S be finite sets, and let f : A — A, g: S — S, \: A — S be maps such that \ is

surjective and Ao f = g o \. Assume f is an involution on A. Then g is an involution on S.

Proof. We obtain A = Ao fof =golof =gogoA Since A is surjective, g is an involution on S
according to A =gogo \. U

This is a direct consequence of [18, Proposition 2.2]. From now on, we always assume ¢ is an involution

whenever we consider the involution f.

3. COMPOSITIONAL INVERSES OF AGW-PPS IN THE MULTIPLICATIVE CASE

In order to state our results we need the following terminology in [50]. For any nonconstant monic
polynomial f(z) € F,[z] of degree < ¢ —1 with f(0) = 0, let r be the vanishing order of f(z) at zero and
let fi(x) := f(x)/a". Let £ be the least divisor of ¢ — 1 with the property that there exists a polynomial
h(z) such that f(z) = h (z(9=Y/¢) . So f(x) can be written uniquely as z"h (2(9=1/%). The integer ¢ is
called the index of f. The AGW criterion is very useful to study PPs of the form z"h(2(?~1/¢) such that
{ < g — 1. More details can be found in [50, 51].

The following result was discovered independently by several authors, and we want to point it out that it
is actually the multiplicative case of the AGW criterion.

Lemma 3.1. [52, Theorem 2.3] [53, Theorem 1] [54, Lemma 2.1] Let q be a prime power and f(x) =
x"h (x®) € Fyz], where s = % and { is an integer. Then f(x) permutes F, if and only if

(1) ged (r,s) =1 and

(2) g(x) = a"h(z)® permutes s, where py = {x € Fy zt =1}

For any s | (¢ — 1), by Lemma 3.1, the key point to determine the permutation property of f(z) = z"h (z*)
over [, is to consider whether g(x) = 2"h(z)® permutes 1, or not. It should be noted that g(z) is always
restricted over pp. Also we always assume that h(z) # 0 for any = € py. Otherwise, it is easy to see that
f(z) = 2"h(2*) can not permute IF,.

Using our method introduced in Section 2, we can explicitly give the compositional inverse of a PP
f(z) = 2"h(x®) in terms of the compositional inverse of g(x) = z"h(x)®. This extends an earlier result
by Li et al. in [23], who transformed the problem of computing the compositional inverse of x"h (z*)
into computing the compositional inverses of two restricted permutation mappings, where one of them is
g(x) = x"h(x)%, and the other is 77 5. In terms of the language described in Theorem 2.2, Li et al. used
n =7 = 297 in order to assure that ¢ = ¢ = (x°, 297%) is a bijection. However, their result only works
when ged (r,g — 1) = 1. In fact, from Lemma 3.1, the permutation property of f only requires that g is

bijective and ged(r, s) = 1. Therefore we deal with this most general case and fill up the gap.



Theorem 3.2. Let f(z) = 2"h (2°) defined as in Lemma 3.1 be a permutation over ¥, and g=*(z) be the
compositional inverse of g(x) = x"h(x)® over pa—1. Suppose a and b are two integers satisfying as—+br = 1.

Then the compositional inverse of f(z) in Fylx] is given by
FH @) =g @) ath (g7 @)
Proof. Let ¢ be a map defined by
¢ :Fg = o(Fy),
z = (@), () = (2%, 27),

where ¢(F,) = {(z*,2"): x € F,}. Given one element (y,z) € ¢(F,), there exists zy € F, such that
y = z§ and z = z},. Furthermore, it is clear that y?2* = x83+br = x0. Thus ¢ is a bijection and ¢~ (y, z) =
yzb.

Next, we compute the expression of ) from the relation ¢ o ¢(x) = ¢o f(z). From a simple computation,
we get

b0 f(z) = (xsrh(ﬁ)s,x“h(ﬁ)r) . (1)
Substituting z° and " in Eq. (1) with y and z respectively, we obtain
(Y, 2) : ¢(Fq) = o(Fy),
(v, 2) = (Y h(y)*, 2" h(y)") -

Now we compute the compositional inverse of . For (y, z), (, B) € ¢(F,) with ¥(y,2) = (o, 8), we

have

Yy’ = a

Z"h(y)" = B.
Then we get

y=g "(a).
Moreover,

'

2" = Bh(y)”" = Bh (g7 (@) )

Clearly, for any given (a, 8) € ¢(IF,), there exists a unique element denoted by (4 gy € F, such that o =
T(a,p)® and B = x4 5" Therefore, 2" = Bh (g7 (av))
:r:(aﬁ)h (g—l(a:(aﬂ)s)) -1 is the unique solution to Eq. (2), it suffices to prove that Cﬂ(a,ﬁ)h (9_1(33((1,5)8)) -1 c

-

= Z(a,5) " (97 (@(a,p°)) - To show that z =

{z" ' x € Fg}. Since f is a PP, there exists a unique zo € F, such that z(, 3) = f(20) = zph (z§).
Furthermore, we have
g (f(@0)*) = g7 (@5°h(25)*) = g~ (9(x})) = =i



Plugging (. 5) = 2h () into z(, g)h (971(36(&7[3)3))*1’ we obtain

-1

Taph (97 @) = abh (@) g™ (f(20)*) ™" = aph («§) h ()™ = g,

which belongs to {z" : = € F}. Thus z = z(, g)h (gfl(ac(a?ﬁ)s))*1 and then

_ - - s\ —1
T (. B) = (9 Ha),zaph (97 (@(0s)°) ) :
According to Theorem 2.2, the compositional inverse of f(x) is
FHa)=o " ow  og(x) =g ()" = g7 (a*)a’h (g7 ()
O

Theorem 3.2 can be verified by f~!(f(z)) = « for any z € F}. First, it is clear that g~'(f(2)*) =
g Y@ h(2®)%) = g~ 1(g(2*)) = 2°. Then we have

FHF@) = g7 (F @) @ R @)Ph (g7 (f(2))
— xasxbrh(xs)bh(xs)—b

_ xas-i—br

=x.

Although this provides a shorter proof of Theorem 3.2, we preferred to give the current proof so that we
can demonstrate how to use our approach to find the compositional inverse.

Theorem 3.2 provides the explicit compositional inverse of a PP of the form f(z) = z"h(z®) on F, by
computing the compositional inverse of g(z) = z"h(x)® on w«-1, extending the result [23, Theorem 2.3]
which needs an additional condition ged (r,q — 1) = 1. In the Sfollowing, we explain that Theorem 3.2 is
consistent with [23, Theorem 2.3] under the condition ged (r,¢ — 1) = 1. In [23, Theorem 2.3], the authors

obtained that the compositional inverse of f(x) = x"h(x®) is
FH@) = (@ (g~ @) ) g @), 3)

where ged (1, — 1) = 1 and 7’ be an integer satisfying 7/ = 1 (mod ¢ — 1). Let k be an integer satisfying
r'r 4+ k(¢ — 1) = 1. Since ged (1, s) = 1, we assume ks + kpr = 1. By letting a = 1 + k(1 — $)kq(q — 1)
and b= (1—s)r" + k(1 — s)ky(q — 1), one can verify as+ br = 1 and thus derive (3) using the expression
of f~!(x) in Theorem 3.2. As consequences, many explicit compositional inverses of PPs of the form
a"h(x®) given in [23] can be obtained without the assumption ged (r,q — 1) = 1.

We remark that an explicit expression of the compositional inverse of z"h(z*) in terms of roots of unities
was given in [55] and more generally the inverses of cyclotomic mappings were provided in [31, Theorem
2] and [56, Theorem 3.3]. In [31], a fast algorithm to generate cyclotomic PPs, their inverses, and involutions
was provided. In contrast, our method explores the connections between the inverses of f and g, sometimes,

it can help us to obtain simpler expression of the compositional inverse.



Next we demonstrate how to use Theorem 3.2 to obtain the compsitional inverses of PPs in [57, Theorem
1.2] or [58, Theorem 4.1]. There are many concrete examples satisfying conditions in Corollary 3.3, and

one of them can be found in Example 3.5.

Corollary 3.3. Let s | (¢ — 1),h(x) € Fy[z] satisfies that h(()* = (" for every ( € pg—1)s- Suppose
ged(r+n,(qg—1)/s) =1 and t,a,b be integers that satisfy (r +n)t = 1(mod (¢ —1)/s) and ar + bs = 1.
Then f(z) = z"h (z¥) permutes F,, g(¢) = ¢"h(¢)* = (™™, and g=1(¢) = ¢'. Moreover, the compositional
inverse of f(z) in Fyz] is

f_l(m) — posttby (xst)—b.

In addition, we give a criterion for PPs of the form z"h(z®) being involutions.

Corollary 3.4. The PP f(x) = z"h(z®) over F, defined as in Lemma 3.1 is an involution if and only if

(1) g(x) = 2"h(x)® is involutory on a1 and

2) o(z) = g(z®)*a""h (g(z*)) " h(z*)"' = 1 holds for any x € F*, where integers a and b satisfy
as+br = 1.

Proof. Since g(x) being involutory is necessary for f(z) being involutory by Lemma 2.9, we have g~ !(z) =

g(x) on pa-1. In this case, by Theorem 3.2, f~!(x) = f(z) if and only if
sya .b—r s\\—b s\—1 __
g9(®)*x” "h (g(z*)) " h(z®)"" = L.
O

Many explicit classes of involutions in [17, 18] can be constructed by Corollary 3.4. We give the following

example that has significantly simplified the earlier proof.

Example 3.5. [18, Corollary 2.17] Let q be a power of 2 and k be a positive integer such that ged(k, g+1) =
L. Then for any v, 3 € Fy such that Try/5(8) = 0, the polynomial f(z) = 2?72, (CEq_l) is an involution
on Fo2, where h(z) =~ (z7! + Ba="1 + Ba*~1).

Proof. According to the proof of [18, Corollary 2.17], we obtain h(x) # 0 and g(z) = 2~ 'h(z)?!
x, for any z € pgy1. Let a = —1,b = —¢,7 = —1,5s = g — 1 in Corollary 3.4. Then ¢(z) =

21790y (%) h(2®) 7! = 2179 (29T (297 )97 Y) = 21792971 = 1. Thus f is an involution. O

4. COMPOSITIONAL INVERSES OF AGW-PPS IN THE ADDITIVE CASE

As demonstrated in Section 2, our method can be used to find the compositional inverses for several
classes of AGW-PPs in the additive case. In this section, we further illustrate the new method by providing
explicit compositional inverse of one more class of AGW-PPs of this type. These PPs are of the form

g(x) + go(A(x)) which is specified in Lemma 4.1.



Lemma 4.1. [46, Theorem 6.1] Assume that F is a finite field and S, S are finite subsets of F with #S = #8
such that the maps \: F — S and )\ : F — S are surjective and X is additive, i.e.,

Az +y)=Xz)+Ay), z,y€F

Let go: S — F, and g : F — F be maps such that

Ao(g+gooA) =goA,

g(S) = S and X(go(\(x))) = 0 for every x € F. Then the map f(z) = g(z) + go(A(z)) permutes F if and
only if g permutes F'.

The commutative diagram for the above AGW-PP is as follows.

F f=g+gooA F

| :

§—2 -5

The compositional inverse of the PP in Lemma 4.1 can be found in the following theorem.

Theorem 4.2. Let the symbols be defined as in Lemma 4.1. Let f(x) = g(z) + go(A(z)) be a permutation
over F and g~'(x) be the compositional inverse of g(x) over S. Then the compositional inverse of f(x) is
given by

F @) = g (2 - golg~ (V)

Proof. Let L(x) be a linearized PP over F and ¢, ¢ be maps defined by

and

z— (Mz), L(z) — A(z)) .

Then ¢ and ¢ are bijections, and for (y, z) € ¢(F), we have ¢~ (y,2) = L' (y + z), where ¢~ ! and
L~ denote the compositional inverses of ¢ and L respectively. Here is the commutative diagram as stated

in Theorem 2.2.



Next, we find the map 1) such that 1) o ¢ = ¢ o f. After direct calculation, we have

do f(z) = (9(A(@)), L (g(x)) + L (g0(A(2))) — g(A())) - “)
To compute 9(y, z) accordingly such that ¢ o f(z) = 1 o ¢(x), we substitute A\(z) and L(z) — A(z) in Eq.
(4) with y and = respectively. We obtain
U(y,2) : ¢(F) = &(F),
(y,2) = (9(y), L(g(L™ (y + 2))) + L(90(y)) — 9(1)) -

Clearly 1 is a bijection, since 1) o ¢p(x) = ¢ o f(x). Now we compute the compositional inverse of ).

Since f permutes F, g permutes F, and we assume that g—!

(y,2) € ¢(F) with ¥(y, 2) = (o, B) € $(F), we have

is the compositional inverse of g. For any

L(g(L™ (y + 2))) + L(go(y)) — 9(y) = B.
Clearly,
y=g ().

Moreover,
L(g(L™ (y +2))) = a+ 8 — L(g(y))- )

Composing L o g~ o L~! on Eq. (5) and simplifying it, we have

2=L(g " (L (a+B) —golg " ())) — g (a).

Hence we have

v a, B) = (g7 (), L (g7 (L7 a+B) —golg () —g~ (@) .

Finally we compute the compositional inverse of f(z). According to Theorem 2.2, together with o = \(x)

and 8 = L(z) — A(z), we obtain the compositional inverse of f(x) is

JHa)=¢ oy od(z) =g (LTHa+B) —glg (@) = g7 (2~ golg™ (A=) -
O

Theorem 4.2 can be checked directly by f~!(f(x)) = « for any x € F (we omit the details here). The
compositional inverse of f(z) = g1(A(z))® + g(z) in [46, Corollary 6.2] is given in Corollary 4.3, as an
example of Theorem 4.2. Since g is a linearized PP on [Fy», its compositional inverse g !

obtained (see [59]).

can be explicitly



Corollary 4.3. Let n and k be positive integers such that ged(n,k) = d > 1, let s be any positive
integer with s (qk - 1) = 0 (mod ¢" — 1). Let g(x) € Fylx] be a linearized polynomial permuting Fn,
Mz) = XNx) be a q¥-polynomial with A\(1) = 0 and gy(x) € Fyu[z]. Then the compositional inverse of
f(@) = (91(A(2)))" + g(x) over Fg is

i) =g (z = g1(g7 (M @)))%) -
In addition, we give a criterion for PPs of the form g(z) + go(A(z)) being involutions.

Corollary 4.4. In Lemma 4.1, let X\ = \, S = S be a finite subset of F such that \(F) = S, and let g
be a bijection from S to S. Then, the PP f(x) = g(z) + go(A(x)) over F defined as in Lemma 4.1 is an
involution if and only if ¢(x) = g~' (x — go(9(A(z)))) — g(x) — go(A\(x)) = O holds for any x € F.

Proof. Tts proof can be easily derived by applying Theorem 4.2 and thus we omit the details. U
Below, we provide some explicit constructions of involutions from Corollary 4.4.

Corollary 4.5. Let g be an even prime power and \(go(A(x))) = 0 hold for any x € F = F defined as
in Lemma 4.1, with \ = \ being additive. Then the PP f(z) = x + go(\()) is an involution on F .

Example 4.6. Let g be a power of 2, S = F,, and gy be any polynomial such that go(F,) C F,. Assume
n is an even integer, N(w) = Tryn/o(x). Thus we have Tryn (1) = 0 and Trgn/q(go(Trgn /q())) =
Trgn /q(1)g0(Trgn sq(x)) = 0 holds for any x € F = Fyn. Then f(x) = x + go(Trgn/q(2)) is an involution

on Fgn.

5. COMPOSITIONAL INVERSES OF AGW-PPS IN THE HYBRID CASE

In this section, we use our method to study AGW-PPs in the hybrid case, and to obtain the compositional
inverses of xh(A(x)) in Lemma 5.1 and x +~vG(A(x)) in Lemma 5.6 as examples. For each class, we obtain
the inverses of these PPs and present some explicit classes. We also provide an involutory criterion and

demonstrate some involutory constructions.

Lemma 5.1. [36, Theorem 6.3] Let q be any power of the prime number p, let n be any positive integer,
and let S be any subset of Fy containing 0. Let h,k € Fy» be any polynomials such that h(0) # 0 and
k(0) =0, and let \N(x) € Fyn[z] be any polynomial satisfying

(1) h(A(Fgn)) € S; and

(2) AMaa) = k(a)X(«) for all a € S and all o € Fyn.

Then the polynomial f(x) = xh(\(z)) is a permutation polynomial for F g if and only if g(x) = xk(h(x))

induces a permutation of \(Fgn).



The above AGW-PPs can be illustrated by the following commutative diagram.

f@)=ah(A\@))
Fopn —— s R

Al lA
g(z)=zk(h(z))
AF ) LD ) ).
Using our unified approach, we choose n(xz) = x — A(x) such that ¢(z) = (A(x),z — A(z)) is bijective

and thus obtain the compositional inverses in the following theorem.

Theorem 5.2. Let the symbols be defined as in Lemma 5.1. Let f(x) = xh(\(z)) permute F . and g~ ()
be the compositional inverse of g(x) = xk(h(z)) over N(Fy»). Then the compositional inverse of f(x) is

given by
v —AMax) +k(h (g7 (M) g7 (M=)
h(g=! (A(z))) '

Proof. Let n(x) = x — A\(x) and ¢ be a map defined by

fH ) =

¢ :Fgn — ¢(Fgn),
z = (AMx),z — A(x)).

Then ¢ is a bijection and for (y, z) € ¢(Fy»), ¢~ 1(y,2) = y+ 2. Let us consider the following commutative

diagram.

f(@)=zh(A(z))
]Fqn ———Fp

J/qb(km)

First we determine the expression of 1 to establish the connection ¢ o f(x) = 1) o ¢(z). After direct

computation, we have
¢ o f(z) = (M@)k(h(A(2))), zh(A(2)) — k(h(A(2)))A(2)) - (6)
Then, substituting A(z) and z — A(z) in Eq. (6) with y and z respectively, we obtain
Py, 2) - o(Fgn) = ¢(Fgn),
(y,2) = (yk(h(y)), (y + 2)h(y) — k(h(y))y) -

Since f(x) = xzh(A(x)) permutes Fy», we have that both ¢ and g(z) = zk(h(z)) are bijective. Recall
that g~ ' denotes the compositional inverse of g(y) = yk(h(y)) over A(F,»). In the following, we compute



the compositional inverse of 1. Let (y, 2), (o, B) € ¢(Fqn ), satisfy (y, z) = (a, B), ie.,

yk(h(y))
(y + 2)h(y) — k(h(y))y

)

= a’
= 8.
Then, we have

y=g "(a).

Moreover, for z, we firstly explain h(y) # 0 for any y € A(F;»). Assume that there exists some yo € A(Fgn)
such that h(yo) = 0. We have g(yo) = yok(h(yo)) = 0 and g(0) = 0. Since g(y) is bijective, we have
yo = 0, which is conflict with 2(0) # 0. Thus h(y) # 0 for any y € A(F;»). Then it follows from Eq.(7)

that
_BHk(m)y

nw)
Hence, we have 1 1
¥ (0,8) = <g—1<a>,5 +k(hh((ggff;f))))g = —g—1<a>>-

Finally, we compute the compositional inverse of f(z). From Theorem 2.2, together with the compositional

inverses of ¢, and o = A(x), 8 = = — A(z), the compositional inverse of f(x) is

O

Theorem 5.2 can also be verified by f~!(f(x)) = « for any € F (we omit the details here). A special
case of Theorem 5.2 with k(z) = 22 and S = F, (see [60, Proposition 12]) is given in the following
corollary.

Corollary 5.3. Let \(x) be either A\a2(x) = S 2Pt oor Ty(z) = Tr

0<i<j<n—1
such that h(0) # 0. If the polynomial g(z) = z(h(x))? permutes F,, then the polynomial f(z) = zh(\(x))

permutes I, and the compositional inverse of f(x) is given by

o=@+ (b g7 (@)
R T (N@)

In addition, we propose a criterion for PPs of the form xh(A(z)) being involutions, and give some

o p(@?). Let h(z) € Fpla]

f_l(.%') g ()\(.YJ))

involutory constructions.



Corollary 5.4. Let f(x) = zh(\(z)), g(x) = zk(h(z)) and h,k, \ defined as in Lemma 5.1. Let 0(x) =
k(h(x)) for any x € Fyn. Then f is an involution over F g if and only if

(1) 0(0(y)y) 0(y) = 1 holds for any y € \(F}.), and
(2) ¢(y) = h(g(y)) h(y) — 1 =0 holds for any y € A(Fy.).
Proof. Since f(0) = 0, we only need to consider the nonzero situation. Assume f is an involution. By Lemma
2.9, we have g is an involution, which is equivalent to 6 (0(y)y) 0(y) = k (h (k(h(y))y)) k(h(y)) = 1 for
y € A(F;.). From now on, we assume (1) hold and prove that f is an involution if and only if ¢(x) = 0.
Plugging

k (h (k(h(y))y)) k(h(y)) =1

for y € A(F}.), g1 (z) = g(z) and f~!(x) by Theorem 5.2 into o(z), we have
zp(x) = h(k(h(A2)))A(2)) zh(A(z)) — 2

= h(k(h(A@)A) Ax)—wH() A )k (b ((BA)A@)) k(R(A@)))
(mh _ e Ma) k(A (g A(w))))g*(x(x)))
N (/@

(
h(g=! (M=)

)

for z € .. Note h(y) # 0 because f(z) = zh(A(z)) permutes F;» and f(0) = 0. Hence f(z) is an

involution if and only if ¢ = 0. O

Example 5.5. Let g = 3". Then, f(x) = x(\(x)>+1) is an involution over By, where \(z) = Y. o¥+%,
0<i<j<n—1

Proof. Let h(z) = #* + 1, S = F3 in Lemma 5.1. We have k(z) = x? and A(F}) = F3. One can obtain

9(y) = y(y*+1)* = y and 0(y) = (y>+1)> = 1 for y € F3. Hence 0(6(y)y)0(y) = 0(g(y))0(y) = 0(y)* =

and ¢(y) = h(9(y)) h(y) — 1 = h(y)? — 1 = 0. By Corollary 5.4, f(z) is an involution. O

In the following, we will give explicitly the compositional inverse of a PP containing a b-linear translator.
For S C Fy,v,b € F; and a map A : F, — F,, ~ is called a b-linear translator [36, 47, 61] of A with
respect to S if A(x + uy) = A(x) + ub for all z € F, and uw € S.

Lemma 5.6. [36, Theorem 6.4] Let S C Fy and X : F; — S be a surjective map. Let v € Fy be a b-linear
translator with respect to S for the map \. Then for any G € F (x| which maps S into S, we have that
f(z) =z +~yG(\(z)) is a permutation polynomial of Fy if and only if g(z) = x + bG(x) permutes S.

It can be illustrated by the following commutative diagram.

!

- - -

F q

AIlF iA

A( q)—>)‘( q)-

Q



Below, we describe how to obtaining the compositional inverses of PPs f(z) = = + vG(\(x)). The
fundamental idea of our approach is the following commutative diagram, where we design n(x) = = — A(z)
such that ¢(z) = (A(z),z — A(z)) is bijective, see Theorem 5.7.

F, —f>[[?q

¢=(An) l J{qﬁ(km)
¢=(977)
¢(Fq) - ¢(Fq)-

We obtain the compositional inverses in the following theorem:

Theorem 5.7. Let f(z) = x + YG(\(x)) defined as in Lemma 5.6 be a PP on F, and g~1(z) be the

compositional inverse of g(x) = x + bG(x). Then the compositional inverse of f(x) is given by
F7H@) = (0 =G (g7 (M=) + 97 (A(@)) = Az) + 2.
Proof. Using the same notation and assumptions of Lemma 5.6, let ¢ be a map defined by
¢ : Fgr = ¢(Fgn),
z = (AMx),z — A(x)).

Then ) is a bijection and for (y,2) € ¢(Fyn), vy, 2) =y + 2.
Next, we determine the expression of ¢ from the equation ¢ o f(x) = 1) o ¢(x). After direct computation,

we have

po f(x) = (AMx) +bG(A(2)), x — Az) + (v = )G(A(z))) - ®)
Substituting A(z) and  — A(z) in Eq. (8) with y and 2 respectively, we obtain
P(y, 2) : o(Fgn) = ¢(Fgn),
(y,2) = (y +0G(y),z + (v = b)G(y)) .

Since f(z) = x +yG(A(z)) is a PP on Fy, ¢ and g(z) = x + bG(z) are both bijective. We assume
that g~ ! denotes the compositional inverse of g(z) = x + bG(x) over S. In the following, we compute the
compositional inverse of . Let (y, 2), (o, B) € ¢(Fyn), satisty ¥(y, z) = (a, 5), ie.,

y+Gly) = o,
2+ (y=0)Gy) = B
We have
y=9 '(a).



Moreover,
z=B+0-7)G (g7 ().

Hence, we obtain

v, B) = (97 (), B+ (0= 7)G (97 (@)

Finally, we compute the compositional inverse of f(z). From Theorem 2.2, together with the compositional

inverses of ¢, and o = A(x), B = = — A(z), the compositional inverse of f(x) is

fl@)=¢top  og(a)
=g o)+ B+ (-G (g ()
=(b—7)G (g7 (M) + g (M@) — A(z) + =
O

Theorem 5.7 can be verified drectly by f~1(f(z)) = « for any = € F,. Firstly, for any = € F,, we have

g Af(@)) = g7 (Mz +1G(A\(2))))
g~ (\2) +0G(A\(2))) = g7 (9(A(x))) = M),

where the second equality is due to the fact that ~ is a b-linear translator with respect to S for the map .

Therefore we obtain

FHf@) = (0=7)GA@) + A@) — Az +79G(A\(@)) + = +1G(A(z))
= (b=—7)GA(2)) + Az) — (A(z) + bG(A(2))) + 2+ vG(A(z)) = x.

Note that [29, Theorem 1.2] requires its ¢ to be additive. However, we focus more on A(x) such that it
has a b-linear translator with respect to S, especially the case when A(x) is not additive and even A\(0) # 0.
Specifically, when A(z) = Tryn /4 (x) or G is a g-polynomial, Theorem 5.7 is consistent with [29, Corollary
1.6].

A special case of Theorem 5.7 with G(z) = x (see [36, Corollary 6.5]) is the following corollary:

Corollary 5.8. [47, Theorem 3] If b # —1, then the compositional inverse of the permutation x + y\(x) on

Fy is 575\ (@) + .

Furthermore, we propose a criterion for PPs of the form z + yG(\(x)) being involutions, and give some

involutory constructions.

Corollary 5.9. Suppose vy € ;. Then the PP f(x) = x +~G(\(x)) over I, defined as in Lemma 5.6 is an
involution if and only if

(1) bG(y) + bG(y +bG(y)) =0, for y € M(Fq) and

(2) anyone of the following holds:
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(i) b+#0;
(ii) q is even;

(iii) G(A(z)) = 0 when q is odd and b = 0.

Proof. Assume f is an involution. By Lemma 2.9, we have bG(y)+bG(y+bG(y)) = 0 for y € A(F,), where
g(x) = x+bG(x) is defined as in Lemma 5.6. From now on, we assume Condition (1) holds. Then, it suffices
to prove that f is an involution if and only if p(z) = 0. Let ¢(z) = YG(A(z)) + 7G (A(x) + bG(A(x))).
Plugging bG(y) +bG(y +bG(y)) = 0 for y € A(F,), g~ (x) = g(x) and f~!(x) by Theorem 5.7 into ¢ (),
we have f(x) is an involution if and only if ¢(z) = 0 holds for any = € F,. If b # 0, then Condition (1)
implies that G(A(z)) = —G(A(z) + bG(A(z))) and thus p(x) = 0 for any = € F,. If b = 0 and ¢ is even,
then ¢(x) = 29G(A(z)) = 0 as well. If b =0 and ¢ is odd, then

p(x) =1G(A(@)) +1G(A(x) + 0G(A(2))) = 29G(A(7)).

In this case, ¢(x) = 0 if and only if G(\(x)) = 0.
U

When we consider O-linear translator in a finite field of even characteristic, the following explicit involution

can be obtained easily.

Corollary 5.10. Let q be a power of 2. Assume S C F, and X\ : Ty, — S is a surjective map. Let v € I,
be a 0-linear translator with respect to S for the map \. Then for any G € F,[x] which maps S into S, we
have that f(x) =z +~yG(\(z)) is an involution on F,,.

We provide a specific construction as an example of Corollary 5.10.

Example 5.11. Let q be a power of 2 and n > 2 be any integer. Let S = Fyand \(z) = Y. Bi(z% +29) €
1<i<j<n
Fyn[z]. Clearly, each v € Fy is a O-linear translator with respect to ¥, for the map \(x). Then for any
G € Fyn[x] which maps F, into F,, we have that f(z) =z +~G S Bz + xqj)> is an involution
1<i<j<n

on Fyn.
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