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Abstract

Consider a battery limited energy harvesting communication system with online power control.
Assuming independent and identically distributed (i.i.d.) energy arrivals and the harvest-store-use archi-
tecture, it is shown that the greedy policy achieves the maximum throughput if and only if the battery
capacity is below a certain positive threshold that admits a precise characterization. Simple lower and
upper bounds on this threshold are established. The asymptotic relationship between the threshold and

the mean of the energy arrival process is analyzed for several examples.
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I. INTRODUCTION

The problem of power control for energy harvesting communications has received significant
attention in recent years [1]-[17]. Though the exact problem formulation varies depending on
the system model and the performance metric, the essential challenge remains the same, which
is, roughly speaking, to deal with random energy availability. In this paper we consider online
power control for a battery limited energy harvesting communication system with the goal of
maximizing the long-term average throughput. The aforementioned challenge is arguably most
pronounced in this setting. Indeed, it is known that the impact of random energy arrivals can
be smoothed out if the system is equipped with a battery of unlimited capacity [6]], [16], and
offline power control can achieve the same effect to a certain extent. The standard approach to the
problem under consideration is based on the theory of Markov decision processes [|18]]. Although

in principle the maximum throughput and the associated optimal online power control policy can



be found by solving the relevant Bellman equation, it is often very difficult to accomplish this
task analytically. To the best of our knowledge, there is no exact characterization of the maximum
throughput except for Bernoulli energy arrivals [[14]. To circumvent this difficulty, we tackle the
problem from a different angle. Specifically, instead of directly solving the Bellman equation to
get the optimal power control policy, we use it to check whether a given power control policy
is optimal. This strategy effectively turns a hard optimization problem into a simple decision
problem for which more conclusive results can be obtained (see [[19] for the application of a
similar strategy in a different context). In particular, it enables us to establish a sufficient and
necessary condition for the optimality of the greedy policy, yielding an exact characterization of
the maximum throughput in the low-battery-capacity regime.

The rest of the paper is organized as follows. We state the main results in Section |[I} and present
the proofs in Section Section contains the asymptotic analysis for several illustrative
examples. We conclude the paper in Section [Vl Throughout this paper, little-o notation f(x) =

0510V (2)) (f(x) = 04t00(?(x))) means lim, g % = 0 (limgtoo f((i)) = 0), and the base of the

logarithm function is e.

II. MAIN RESULTS

Consider a discrete-time energy harvesting communication system equipped with a battery
of capacity c. Let X (t) denote the amount of energy harvested at time ¢, t = 1,2,---, where
{X;}5°, are assumed to be i.i.d. copies of a nonnegative random variable X. An online power
control policy is a sequence of mappings { f;};°, specifying the level of energy consumption G,

in time slot ¢ based on X* 2 (X,,---,X,) for all ¢
Gy = fi( X)), t=1,2,---.

Let B; denote the amount of energy stored in the battery at the beginning of time slot . We

havel]
Bt :min{Bt_l —Gt_1+Xt,C}, t = 1,27"' y
where By = 0 and Gy £ 0. An online power control policy is said to be admissible if

GtSBty t:1727

"Here we adopt the popular harvest-store-use architecture, which should be contrasted with the harvest-use-store architecture

in [T1].



The throughput induced by policy {f;}7°; is defined as

Zr(ft(Xt))] :

where 1 : [0,00) — [0,00) is a reward function that specifies the instantaneous rate achievable

1
v(c) £ liminf —E

nftoo N

with the given level of energy consumption. The maximum throughput is defined as

7*(c) £ supy(c),

where the supremum is taken over all admissible online power control policies.
In this paper, we assume that r is a monotonically increasing concave function with continuous

first-order derivative r’. Special attention is paid to the case
1
r(z) = 3 log(14+x), = >0, (1)

which is relevant to the scenario where the underlying communication system is capacity-
achieving for additive Gaussian noise channels.

An online power control policy {f;}7°, is said to be stationary if the resulting {G;}{°, and
{B:}2, satisfy Gy = f(B), t = 1,2,---, for some time-invariant function f. The following
Bellman equation provides an implicit characterization of the maximum throughput and the
associated optimal power control policy.

Proposition 1 (Bellman Equation [|14)]): 1f there exist a nonnegative scalar v and a bounded

function A : [0, ¢] — [0, 00) that satisfy

7+ h(b) = sup {r(g) + E[h(min{b — g + X, c})]} 2)

gE[O,b}
for all b € [0, ], then v*(¢) = ; moreover, every stationary policy f such that f(b) attains the
supremum in for all b € [0, ¢] is throughput-optimal.
The greedy policy is a simple stationary policy of the form
Gt:Bt, t:1,2,

The throughput induced by the greedy policy can serve as a lower bound on *(c):

77(e) = 7(c) = Elr(min{X, c})].
On the other hand, the concavity of the reward function implies the following upper bound on

v*(e) [14]:

7" (e) <7(c) = r(E[min{X, c}]).
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Let p(z) 2 P(X < z), z £ max{z > 0: p(z) = 0}, T £ inf{x > 0: p(z) = 1}, and p £ E[X].

We shall assumeﬂ r'(z) > r'(Z) since otherwise 7(c) = 7(c) for all ¢ > 0. It is clear that

clo 5(c)
In other words, the greedy policy is asymptotically optimal when ¢ | 0. To gain a better
understanding, we plo(ﬂ 7*(c), 7(c), and ¥(c) associated with the reward function defined in
for various distributionﬁ of X. It can be seen from the examples in Fig. |1] that, somewhat
surprisingly, y(c) coincides with v*(c) when c is below a certain positive threshold c* (as a
consequence, the greedy policy is in fact exactly optimal in that regime). This turns out to be
a general phenomenon, as shown by the following result, which also provides an analytical

characterization of c*.
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Fig. 1. Tlustrations of v*(c), vy(c), and F(c) for several different distributions.

2We let 7/ (00) £ limgpeo v’ (), which is well-defined since + is a monotonically decreasing function.
*Here v*(c) is obtained by numerically solving the Bellman equation (i.e., ).
*The definition of these distributions can be found in Section



Theorem 1 (Threshold c*): The greedy policy is optimal, i.e., 7*(c) = 7(c), if and only if

c < c*, where
¢ 2 max{c>0:7(c) > p(c)E['(X)|X < d]}.

In particular, for the reward function defined in (]I[),

1 1

Remark 1: Tt is easy to see that r’(c) is a monotonically decreasing continuous function of ¢,

c*:maX{CEO:

and p(c)E[r'(X)|X < ¢] is a monotonically increasing left-continuous function of ¢; moreover,

r'(z) > P(X = 2)r'(z) = lim p(c)E[r'(X)| X < ],

clz

r'(z) < E[r'(X)] = h%lp(c)E[T’(X”X <c, z<oo,

cl

r'(T) < E[f'(X)] = lirgp(c)E[r'(XﬂX <c, z=o0.

cf

These facts imply that c¢* is well-defined and more generally
{c20:7(c) 2 p(0)E[F(X)[X <]} =[0,¢]

with z < ¢* <7 (the second inequality is strict if T = 00).
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Fig. 2. Characterization of ¢* for the case where X has a discrete distribution and the case where X has a continuous distribution.

Remark 2: To gain a deeper understanding of (3), it is instructive to consider the following

two cases separately (see also Fig. [2).



1) Let X be a discrete random variable with probability mass function px. For simplicity, we
assume the support of py is a countable set {&1,&s, -} with 0 < & < & < ---. In this case,
c* is the unique positive number satisfying one of the following two conditions.

i) ¢ € (&,&+1) for some j and

! —i L)
1+C*—i:11+€ip)( 1)

ii) ¢* = &4, for some j and

PREESTNCI PR
LN ST e S ATy

Jj+1

px (&)

2) Let X be a continuous random variable with probability density function fx. In this case,

c* is the unique positive number satisfying

*

1 <
1+c*:/0 o x(@)de “)

Proof: See Section |[II-Al Note that for the reward function defined in (1)),

1
2(1+x)’

from which (3) follows immediately. [ |

r'(x) = x>0,

Next we establish bounds on c* that are in general easier to evaluate than c* itself. For ¢ > z,

let F[Lc] (r' [LC]) denote the upper concave envelope (the lower convex envelope) of 7’ over [z, c|.

Proposition 2 (Lower Bound on c*):

¢* > c = sup{c€ (z,7) 1 7'(c) > p()rwa ()} )

where

£ {22 0= 02 ]

In particular, for the reward function defined in @)
c=sup{ce (z,7):c<((0)}, (6)

where




Remark 3: It is clear that
r'(z) > P(X = z)r'(z) = lim p(c)r'iz,q(§),

r'(z) <r'(z) = lmp(c)r'gq(§), T = oo.

T
Therefore, we must have x < ¢ < T (the second inequality is strict if T = 00).

Proof: See Section [[II-B| Note that for the reward function defined in (1)),

() = ltzte-w x € [z,
[z,c] 2<1+£)(1—|—C)’ EARAE
from which (6) follows immediately. [ |
Proposition 3 (Upper Bound on c*):
¢ <cEsup{ce (z,7):r'(c) > plo)r', 4(6)}, (7)

where

cs mm{u - <1p (—C)p<c>>c7c} |

In particular, for the reward function defined in (1)),

c=sup{ce (z,7):c<{(c)}, (8)
where
o) 2 1—P(C)+§
te) = p(c)

Remark 4: It is clear that

r(p) > PX < () = lim p(e)rlys (€).

Therefore, we must have @ < ¢ < 7. This implies that “c € (z,7)” in (7) and (8) can be replaced

by “c € (i, 7)”. In particular, we can write equivalently as

_ vkt ple) = pP(e)
c-sup{ce(,u,x).cg 1—p(c)+p2(c)}'

Note that ¢ = T may hold even if Z = co. As shown in Appendix [A] ¢ = oo if T = oo and

(1 — €) = r'(T) for some € > 0; on the other hand, if T = oo and 7'(u) > r'(Z), then ¢ < oc.
Proof: See Section Note that for the reward function defined in (),
1
/ —
Tea(®) = 5 gy

from which follows immediately. [ ]

T € [z,



We further establish semi-universal bounds on ¢* that depend only on z, 7, and .

Proposition 4 (Semi-Universal Lower Bound on c*):
¢t > c=sup{ce (z,7):7'(c) > X(0)}, 9)

where

(+2)@-g) _ 4 u<zrT—x—-1
c=¢ T R (10)
Remark 5: We let ¢ £ z if {c € (z,T) : 7'(c) > X(c)} = 0.
Proof: See Section [[II-D] u
Proposition 5 (Semi-Universal Upper Bound on c*):
¢t <t2sup{ce (z,7):7(c) > x(o)}, (11)
where
© l(réfzfu> IO<C)T/[$,C] (E)? ce (ga M]?
ple)e T—c
x(c) = | _
inf p(c>_/[x c] (5)7 ce (M? [L’)
ple(41)
In particular, for the reward function defined in (]I[),
_ min Claf ’ MS§£+1)
¢ = ter 7} S (12)
min{cy, T}, p > %g%— %,

where

Proof: See Section [[II-E| |



Consider the reward function defined in (I)) and assume that X is a Bernoulli random variable
with P(X =z) = 1—pand P(X =) = p, where p € (0, 1). For this special example, a simple

calculation shows that

zHp AP =
=L === 7
1—p° 1—p —
C* =c= p P
- x+p
T, i > T,
4
(A-—p)a+p)+pZ  z4p - =
_ 1,p+p2 ) 1—p S .ZU,
C =
= TP o =
\x, T > 7
4
z+ 2—p)z+1 =
1,57 ( 12p S z,
Q =
= _ 2— 1 . —
(1—p)z+pz, Copztl o 5
\ 1-p
4
. — 1+2 1 —
_ Il’llIl{Cl,.T}, % 2 €,
= P
¢ = K«
. — (1+2p)z+1
\mm{cz,x}, e <7,

where

(2=plz+pT V(2 —plz+pT)? — 4(2% + p(z — 7))

CcCl =

2 2 ’
4 1
- 2((1 = =) o =
2= 3((1=p)z+p7) + 5
Moreover, it can be verified that ¢ = ¢* if %}’j > T, c= * if M < 7Z,and ¢ = ¢*

T < min{% ¢} or % <z< 21”_f2p1 Therefore, the bounds in Proposmons I II
and [5| are tight for non-trivial cases. Plots of ¢*, ¢, ¢, [ and ¢ against p with z =0 and T = 5

can be found in Fig. 3]

III. PROOFS

A. Proof of Theorem ]|

The main difficulty in solving the Bellman equation (i.e., (2)) is that the function h associated
with the optimal power control policy is in general unknown. However, since we only aim
to check the optimality of the greedy policy, it is easy to construct a candidate function h.
Specifically, in view of Proposition [I] the greedy policy is optimal if

sup {r(g) + E[h(min{b — g + X, c})]} = 7(b) + E[p(min{ X, c})] = y(c) + (D)

g€[0,0]
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Fig. 3. Plots of ¢, ¢, ¢, [ and ¢ against p with z = 0 and Z = 5.

for all b € [0,¢|, and the second equality naturally suggests that h(z) = r(z) for x € [0, ¢|.
Therefore, it suffices to check whether the supremum of ¢(g) £ r(g) +E[r(min{b — g + X, c})]
over [0, b] is attained at g = b for all b € [0, ¢]. We show in Appendix [B| that for g € (0, b],
o1
lim =(¢(g) — d(g — €)) =7'(g) = plc = b+ g)EF'(b— g+ X)|X <c—b+yg],  (13)

el0 €

and for g € [0,b),

lim L (6(g + ©) — 6lg)

el0 €

=7(g) —plc—=b+gEr'b—g+ X)X <c—b+g]|—P(X =c—b—g)r'(c). (14)

Therefore, ¢ is semi-differentiable and consequently is continuous over [0,b]. Note that for

ce[0,c"], b€ |0,¢, and g € [0, ],
F(g) — ple— b+ QI (b — g+ X)|X < c— b+ g] > () — pOEF' (X)X < > 0.

So ¢ is a monotonically increasing functiorﬂ over [0,b] for all b € [0,¢] when ¢ < ¢*. This

proves the “if” part of Theorem [I]

SHere we have invoked the fact that a continuous function f with nonnegative left derivative must be monotonically increasing.
This fact can be proved as follows. Assume there exist @ < 3 such that f(a) > f(8). Let k = % and 7 £ max{z €
[, B] = f(x)—f(B) > k(B—=) for all 2’ € [, z)}. It follows by the continuity of f that 7 € (o, 3] and f(7)— f(8) = k(8—T).
Since the left derivative of f is nonnegative at 7, there exists 7" € [, 7) such that f(7") — f(7) < k(7 — 7). Therefore, we

have f(7') — f(B) = f(t") — f(7) + f(7) — f(B) < k(B — '), which is contradictory to the definition of .



To prove the “only if” part of Theorem [I| we shall construct an online power control policy
that outperforms the greedy policy when ¢ > c*. To this end, we modify the greedy policy as
follows: fort =1,2,---,

By 1 —€, X1 > min{Z, c} —¢,
Gor1 =
By _1, otherwise,

GQt = BQt;

where € € (0, 3 min{Z, c}]. As compared to the greedy policy, the modified policy incurs a rate
loss E[r(min{ X1, c})]—E[r(Ga-1)] in time slot 2¢—1, but gains E[r(Ga)|—E[r(min{ Xy, c})]

in time slot 2¢. It can be verified that
Elr(min{ X1, c})] = E[r(Gae-1)]
= P(X9—1 > min{7, ¢} — €)E[r(min{Xo;_1, c}) — r(min{Xy;_1, ¢} — €)| X1 > min{Z, ¢} — ¢
=P(min{Z,c} — e < X9y 1 < O)E[r(Xoi—1) — r(Xo—1 — €)| min{Z, ¢} — e < X9y 1 < (]
+ P(Xo1 = 0)E[r(c) — r(c — €)|Xa—1 = (]
< P(min{7, ¢} — € < Xo 1 < ¢)E[r/(min{Z, ¢} — 2¢)e| min{7, ¢} — e < Xo 1 < ]
+P(Xy 1 > o)E[r'(min{Z, ¢} — 2¢)e| Xp_1 > ]
=P(X > min{Z, ¢} — €)r'(min{Z, c} — 2¢)e,
and
Elr(Gar)] — E[r(min{ Xy, c})]
= P(X9_1 > min{Z, ¢} — €)E[r(min{ Xy + €, c}) — r(min{ Xy, c})]
=P(Xo1 > min{T,c} — €)(P(Xg < ¢ — e)E[r(Xos + €) — r(Xo)| Xot < ¢ — ¢
+Pc— € < Xoy < 0)E[r(c) — r(Xa)|e — e < Xop < ])
> P(Xo 1 > min{Z, ¢} — €)P(Xg < ¢ — €)E[r(Xo +€) — r(Xop)| Xor < ¢ — ¢
> P(Xy 1 > min{Z, ¢} — €)P( Xy < ¢ — €)E[r'(Xos + €)€| Xop < ¢ — €
=P(X > min{Z,c} — €)p(c — e)E[r'(X + €)| X < ¢ — €]e.
Clearly, we have

P(X > min{Z,c} —€) >0, €>0.



Moreover,
hﬁ)l r'(min{T, ¢} — 2¢) = ' (min{7, c}),
€

and it follows by the monotone convergence theorem that

1551 plc— B[ (X +€)|X < c— € =p(c)E[r(X)|X < d.

If c <7,
r'(min{z, ¢}) = r'(c)
< p(OEF (X)X <], (15)
where (I3)) is due to the assumption that ¢ > ¢*. If ¢ > 7,
r'(min{z, c}) = r'(T)
< E[r'(X)] (16)
= p(OEF (X)X <],

where is due to the assumption that 7'(x) > r/(Z). Therefore, when ¢ is sufficiently close
to 0,

E[r(min{ Xo_1, c})] — E[r(Gar—1)] < E[r(Ga)] — E[r(min{ Xy, c})]

and the overall throughput is improved. This proves the “only if” part of Theorem [I]

Remark 6: The proof of the “if” part can be slightly modified to show that as long as 7’ is
continuous and positive (or constantly zero) over [0,v] for some v > 0, the greedy policy is
optimal when c is sufficiently close to 0. Characterizing the sufficient and necessary condition
for the optimality of the greedy policy under relaxed assumptions on the reward function is left
for future work.

Remark 7: Intuitively, it makes sense to save energy only when the expected future return
exceeds the current loss; with a small battery, one has no impetus to keep some energy for
later because there is a good chance that the next energy arrival by itself will get the battery
fully charged, rendering the saved energy wasted. This intuitive explanation also suggests that
the optimality of the greedy policy is specific to online power control. Indeed, for offline power
control or, more generally, power control with the knowledge of future energy arrivals in a look-
ahead window [20], one can effectively avoid the situation that the saved energy gets wasted due
to battery overflow and consequently the greedy policy is in general strictly suboptimal (even in

the low-battery-capacity regime).



B. Proof of Proposition
For ¢ € (z,7),
E[r'(X)|X < ] <E[r5,q(X)|X <
< ea (BIX[X < d), a7
where (17) is due to Jensen’s inequality. Note that
p=p(e)E[X|X <+ (1= p(c) E[X|X = o < p(c)E[X]X <+ (1 - p(c))T,

which implies

p—(1—p(c)T
p(c) '

Moreover, we have E[X|X < ¢| > z. Since ', 4(z) is a monotonically decreasing function of

E[X|X < >

x over [z, c|, it follows that
e (BIX|X < c]) <171,9(8). (18)
Combining (I7) and (I8) gives
E[r' (X)X < < 7' q(§)-
Therefore,
{ee (@) () 2 ple)Tma(©)} € {c€ (2.7) () = pOEIF(X)|X < d},
which, together with the fact (see Remark [I)) that
sup{c € (z,7) : 7'(c) > p(c)E[r(X)|X < ]} = ¢,

proves ().

C. Proof of Proposition 3]
For ¢ € (z,7),
E[r'(X)X < = E[r, (X)X <]
where (19) is due to Jensen’s inequality. Note that

= p(e)E[X|X <+ (1= p(c)) E[X|X > ] > p(c)E[X]X <] + (1 - p(c))c,



which implies
p— (1= ple)e
p(c)
Moreover, we have E[X|X < ¢] < c. Since ', 4(z) is a monotonically decreasing function of

E[X|X < d <

x over [z, c|, it follows that
e g (EIX]X < ) 2 1) 4 (6)- (20)
Combining (19) and (20) gives
E[r' (X)X < > 1/, 4(8).
Therefore,
{ce (@) :r'(c) 2 p(o)r1q(§)} 2 {c € (x,7) : 7(c) = p(c)E['(X)|X < ]},
which, together with the fact (see Remark |ID that
sup {c € (z,7) : r'(c) = p()E[r'(X)|X < ]} = ¢,
proves (7).
D. Proof of Proposition
For ¢ € (z,7), we have p(c) € (0,1) and
ple)z + (1= p(c))e < p < p(c)e+ (1 - p(c))7,

which can be written equivalently as

Therefore, we have

{ce(z,m):1(c) 2X(e)} € {c € (x,7) :7(c) 2 p()1" ()}

and consequently ¢ < c. Invoking Proposition |Z| proves @)
Now we proceed to prove @ It suffices to consider the case T < oo since otherwise ¢ =z
and is obviously true. Clearly, 7'(c) > X(c) if and only if
inf (o), cé (zul,
plae(0.5=2)

inf  C(o), ce (n7),
ple)e(=4 1)



where

1+x T
_ gL ple) € (0.222]
e)=4"" 1+ N e
. (o) +7—z—1, p(C)G <%>1>-
For ¢ € (z, u,
irlf; C(C) :min infﬁ +£—1, Lnf _ w_,_f_g_l
p(0)€(0.54) plee(0,224] p(c) poe(z=,z=e)  plc)
~-T 1
= if TAIY . g1 Q1)
poe(z=t =) ple)

(t+2)E-g) 4 p<zT—z-1

= o (22)
(u%%i)(x%) +T—x =

where (21)) is due to the fact that

l=—"T=" " 47—2-1 . (23)

For ¢ € (i, T),

- 1 -7 1
inf  ((c¢) = min inf +z_ 1, inf w%—f—g—l
ple)e(=2.1) poe(ze.zzt] p(e)  poe(zz£a) (o)

c—z’'T—x

T—z

w—7T+z+1

= inf — s tT—-z-1 .
ple)e(E=41) ple)
(1+§)7(Ef£) -1, p<T—2-1,
_ ; (25)
i p>T-z—1,

where (24) is due to (23). One can readily prove (I0) given (22) and (25).

E. Proof of Proposition 5]

We shall only prove since the proof of is similar to that of (9). Clearly, 7'(c) > x(c)
if and only if

sip ((0), c€ (z .
CS p(c)G(O,ﬂ) (26)
sup (), € (7).
o) (1)




where

e 17 cE (&7 /L],
Q(C) N i(lf (e))(p(e)—=c)
e )

For ¢ € (z, 1,

sup g(c) =00
p()e(0.34)

and consequently trivially holds. For ¢ € (i, ™), we have

(c—z)(1tz) 4
c—p )

sup () = g

c<2x+1,

: ce (2z+1,2u+1],

W, c>2u+1,

which is a monotonically decreasing function of c. For ¢ > p,

- 1
oo lemo)dta)
C—
has a unique solution ¢ = ¢;, and

B o
4(c — p)
has a unique solution ¢ = c,. Note that
(c—z)(1+z) _ (1+0)
c—p T Ale—p)
Therefore, co < 2z +1 (i.e., p < %g + %) implies ¢; < 2z 4+ 1. Now one can readily complete

the proof of (12).

c e (u,2p+1].

IV. ASYMPTOTIC RELATIONSHIP BETWEEN ¢* AND

We shall focus on the reward function defined in and provide a detailed analysis of c*
for a few examples, with a particular interest in understanding how ¢* scales with p as p | 0

or 41 T oo. In the sequel we write ¢* ~q (1) (¢* ~ ¥ (@)) to indicate that lim, m =1

c*



A. Discrete Distribution

« Geometric distribution:
px(k)=(1—-p)*p, k=0,1,---, pe(0,1).
Note that 1 = %. Clearly,
" =up, pe01]

which implies ¢* ~¢ p.

For any a > 0,

| | (u)k

: afi (1=pPp . ( au) [
lim 1+ UZPP i (14
J§< bg) Lo Thk e\ logp ;;(L+mu+k)
Lls;u 1
. ap
= lim 1+ 27
ulTrglo( logu) Z (14+p)(1+k) @7)

k=0

1
=lim |1+ o log | 1+ an
prtoo logp) 1+ p log 1t

— lim —2 log an
oo log p log 1t

:a’

where (27) is due to the fact that

k Ton;
12(JL) E(JL)gﬂ k:QL“W{a“J’
14+ np 14+ p log 1

ap

log
lim (L) - 1.
phoo \ 1 4+ p

Therefore, we must have ¢* ~ ﬁ.

and

o Poisson distribution:

e ANF

Note that u = E[(X — p)?] = \. Clearly,

kE=0,1,---, XA>0.

cF=et—1, pe(0,log2],

which implies ¢* ~q pu.



It is shown in Appendix [C] that for any a > 0,

2
lp+p3 ] S\
lim(1 + ap Z ——=a (28)
uToo( ) (1+ k)(k!) ’
k=[p—p3]
o0 —A\k
e A
lim(1+ap) > e =0 (29)
uToo( ) (L4 E)(KY ’
k=|ptp3]+1
2
[n—p31-1 —A )k
lim(1+ap) Y e =0. (30)
uToo( ) prd (1+ E)(k!)
Therefore, we have
| ( ) Lan efA)\k 0, a < 1,
im(1+ ap Z —_— =
1+ k)(k!
oo = (L+E)(RY) a, a>1,
which implies ¢* ~, .
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Fig. 4. The relationship between ¢* and p for some discrete distributions

We plot ¢* against y in Fig. [] for the geometric distribution and the Poisson distribution,

which confirms our asymptotic analysis.

B. Continuous Distribution

o Uniform distribution:

=z €[0,w],
w > 0.

0, z¢][0,w],



We can write () equivalently as

1+c*

log(14¢*) = 1.

Note that ;4 = %. For any a > 0,

. L1+ap . 1+ap a
1 log (1 =1 log (1 =-.
lim ———log (1 + ap) = lim og(l+ap) =3
Therefore, we must have c* ~( 2.
For any a > 0,
_ap_ _ap
1Hnj1+_bg“10g 14+ ) = lim H_“’g“log 1+ ) —fim =2 og [ ) = &
ptoo W log 1 ptoo 24 log 1t ptoo 2log log 1 2
Therefore, we must have ¢* ~ %.
Exponential distribution:
ne ™. x>0,
fx(z) = n > 0.
0, x <0,
We can write () equivalently as
o [ e
1 dr =1.
1+e) [ Fa
Note that 4 = ;. For any a > 0,
(1 | )/a,ulog,u ne—n:pd (1 | )/aulog,u 67% 1
—aplo x=(1—aplo —dx
plog o) | e plog ) | T 7)
—aplogp =

=(1—aubguﬁ/

0

(1 — 24 0g50(z))dx.

(31)

It can be verified that

—aplogp =y
/ der =1-—p%, (32)
0 2
and
—aplogu .., —+
/ xeu “de = ap™ M log p — ! + (33)
0

Substituting (32) and (33)) into (31) gives

—aplog p ne="®

(1—a,u10g,u)/ . de =1—aplogp — p* + o,y0(plog p).
0 +x
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When g is sufficiently close to 0,

. <1, a<l,
1 —aplog p — p* + opy0(plog 1)
>1, a>1
Therefore, we must have ¢* ~y —u log .
For any a > 0,
ap x

a oz e~
lim (1 + A ) / 1 dz = lim
ptoo IOg M 0 1 +x putoo

. af lcilguy 1
B LILITI?o (1 * log ,u) /0 p(l+ x)dx (34

where (34) is due to the fact that

126_%26_$, T € {O, ar ],
log 11

and
lim ¢ Ter = 1.
ptoo
Therefore, we must have ¢* ~, Eﬁ'
« Rayleigh distribution:

Ix(x) = N 6 > 0.

We can write (4) equivalently as

2

< re
1+ [ 222 gz =1
e | o)



Note that y = ,/%9. For any a > 0,

21

apy/=Togh 4o~ %o
1 —1 —d
(1 + apy/ ogu)/o T
2
T
=(1 —1 —
(L +apy/ ogu)/ I
2
apy/=Togp =5, 7
= (1 + aur/—log ) / 22 (x — 2 + 040(2?))d. (35)
0
It can be verified that
2
ap/~log 7% a2
/ %dz — 1, (36)
0
and
22
ap/=Togp 02, 3,7 a2 ay/=logp 2
/ TQud —ap +1\/ —IOgM+M/ _%dy (37)
0 0

Substituting (36) and into (35) gives

apy/=Togp .o~ 55
(1—|—a/m/—log,u)/ 0T )dx—l—ka,u\/ log 1
0

When p 1s sufficiently close to O,

z

7ra2
— 1+ oyyo(py/ —log ).

ra? <1, a< %,
L+ apy/—logp — p " + 0,10(py/—log 1)
>1, a> \%
Therefore, we must have ¢* ~ \%u\/— log p.
For any a > 0,
ap 2?
xre 20
lim(1+a / —dx
7F(L‘2
W rxe w2
=lim(l+a / ———dx
moo( 2 o 2u*(l+x)
2 2
g rrpe™ a2 W rre” w?
=lim(l +a / —dx + lim(1 +a / —dz. 38
moo( ) o 2p*(1+2) uToo( ) logu 21°(1 + ) %)

It can be verified that

7I'I2

log p 1
0< lim(l—i—au)/ mre W
0

ploo 2,U/ (]. +.I‘)

ptoo 2042

logp -
dz < lim(1+ au)/ ——dz = lim
0

m(1 + ap)log
212

putoo

=0,
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which implies

7TIL'2

logr rye” a2
lim(1+a / ——dx =0. 39
st [ i) e
Moreover,
o qxe w? Wome w?
lim (1 + au)/ ———dz = lim(1 + ap / dx (40)
“TOO( log 2:“2(1 + SL’) “TOO( ) log p 2,u2

:lim(l—l—au)/ - dy

oo logu 244
I
a Tr 2
= ey, (41)
2 Jo
where is due to the fact that

1
B T W z € [log i, apl,

I+logp — 1+x = 1+au

and

log . ap
im ————— = lim =
ptoo 1 +logu  ptoo 1+ ap

Substituting (39) and (1)) into (38) gives

2
W re~ 9 ma [ =2
Iim(1 + — dz = — T dy.
HleOO( au)/ﬂ 0(1+ ) T /o ‘ /

Therefore, we must have c¢* ~., a*u, where a* ~ 0.875 is the unique positive number

ra* (¢ a2
e 4 dy=1.
2 /0 Y

We plot ¢* against y in Fig. [5] for the uniform distribution, the exponential distribution, and

satisfying

the Rayleigh distribution, which confirms our asymptotic analysis.

V. CONCLUSION

We have studied the problem of online power control for battery limited energy harvesting
communications. The main finding of this work is that the greedy policy achieves the maximum
throughput if and only if the battery capacity is below a certain threshold. It is worth noting
that this threshold depends on the distribution of the energy arrival process although the greedy
policy itself does not. In fact, there does not exist a positive threshold on the battery capacity

below which the greedy policy (or any other universal policy) is throughput-optimal for all energy



23

./ 100
0.1 Uniform Distribution d 1 Uniform Distribution
) — — - Exponential Distribution e 90 I' |~ — - Exponential Distribution 1
0.09 Rayleigh Distribution - 80 Rayleigh Distribution ]
0.08 ¢ e @'
‘ 70t \ ]
0.07
60 [ % 4
0.06 ~ logp
- w50 \
0.05 7
" g —plogp // 40 r 1
0.04 s
7 2 S -
0.03 | ¢~y .ﬁ;r\,'—lru; it 30 i} ;\_ -
0.02 20 - u ]
¢ IcJ;;u‘
001, e~y 2p 107 1
0 . s s L L L . . s 0 . s L N L L . . s
0 0005 0.01 0.015 002 0.025 0.03 0.035 0.04 0045 0.05 0 10 20 30 40 50 60 70 80 90 100

I

Fig. 5. The relationship between ¢* and p for some continuous distributions.

H

arrival processes. Nevertheless, as shown in , it is possible to define certain weakened notion

of universality and optimality, and construct the associated online power control poicy. Further

progress along this line of research can be found in [21].

APPENDIX A

PROOF OF A STATEMENT IN REMARK [4]

We assume T = oo throughout this proof.

First consider the case (i — €) = r/(Z) for some ¢ > 0, which implies

Note that for ¢ > p,

T > W — €.

<

POy (&)

Moreover, in view of (42) and the fact that

we have

(1 ple)e

lcl%l p(c) —

/ :u_(l_p(C))C —r’f
() =

(42)

(43)

(44)

(45)
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for all sufficiently large c¢. Combining {3)), @4), and @3] proves ¢ = oc.

Next consider the case /(1) > r/(Z). There must exist € > 0 such that r'(x + €) > r/(Z). For
¢ >z and z € [z, min{u, c}], it is easy to establish the following uniform lower bound:
. € w—z
/ > / / / .
o) 2 min { )+ EE o) o))
Clearly, we have ¢ € [z, min{y, c}] for ¢ > z. Now it can be readily verified that

. = . € n— _ _

lim p(c)r’ > min{ ——r'(p) + ———"(7), 0’ +e}>r’x,
i e ©) 2 min {0+ A E @)k 0 b > @)
which implies T < oc.

APPENDIX B

PROOF OF (13]) AND ([T4))

Note that

o(g) — ¢(g —€)

r(g)—r(g—e€)+plc=b+g)E[r(b—g+ X)| X <c—b+g]

—ple=b+g—eEr(b—g+e+ X)X <c—b+g—¢—-Plc—b+g—e< X <c—b+g)r(c)
r(g)—r(g—e)+plc—=b+ g)E[r(b—g+ X)|X <c—b+g]

—plc=b+gE[r(b—g+e+ X)X <c—b+g]+plc=b+gE[r(b—g+e+ X)X <c—b+yg]

—plc—=b+g—eErb—g+e+X)| X <c—b+g—¢—-Plc—b+g—e< X <c—b+g)r(c)
r(g)—r(g—e€)+plc—b+gErb—g+X)—rb—g+e+ X)X <c—b+¢g]

+Plc—b+g—e<X<c—b+gErb—g+e+X)—r())c—b+g—e< X <c—b+yg].
Therefore,

1
zlifgz(r(g)—r(g—e))+lif(r)12p(c—b+g)]E[r(b—g+X)—r(b—g—l—e—i—X)|X<c—b—|—g]
—i—liir(r)l—IED(c—b—i-g—eg)(<c—b+g)E[r(b—g+e+X)—r(c)\c—b+g—e§X<c—b+g].
el0 €

(46)
Clearly, we have

lim =(r(g) = r(g = €)) =7'(9). (47)
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Moreover, in light of [22, Theorem 9.1, p. 481],
1
liglzp(c—b+g)E[r(b—g+X) —rb—g+e+ X)X <c—b+ (]

=—plc=b+gE[r(b—g+ X)X <c—b+yg].

It can also be verified that

(48)

1
Oglirrig)nf—P(c—b+g—6§X<c—b+g)E[r(b—g+e—i—X)—r(c)]c—b—i—g—eSX<c—b—i—g]
o €
<limsup-Plc—b+g—ec< X <c—b+gErb—g+e+X)—r()c—b+g—e< X <c—b+yg]
elo €

1
<limsup-Plc—b+g—e< X <c—b+gE[lr(c)b—g+e+X —¢c)lc—b+g—e< X <c—b+(]
elo €

<limsupP(c—b+g—e< X <c—b+g)r'(c)
el0

=0,

which implies

liﬁ)l—IP’(c—b—l-g—egX<c—b+g)E[r(b—g+e+X)—r(c)|c—b—i—g—e§X<c—b—|—g]
cl0 €

= 0. (49)

Substituting @7), (@8)), and @9) into @6) proves (13).

Note that

o(g+€) —¢(g)
=r(g+e)—r(g)+plc—b+g+eErb—g—ec+X)| X <c—b+g+¢
—ple=b+gErb—g+X)| X <c—b+yg]-Plc—b+g< X <c—b+g+e)r(c)
r(g+e)—r(g)+plc=b+g+e)Erb—g—e+ X)X <c—b+g+¢
—p(c—b+QEr(b—g—e+ X)X <c—b+gl+plc—b+gE[r(b—g—e+ X)|X <c—b+g]
—ple—b+QE[r(b—g+ X)X <c—b+g|—-Plec—b+g<X <c—b+g+er(c)
=r(g+e)—r(g) +plc—b+gErb—g—e+X)—rb—g+ X)X <c—b+g]
+Plc—b+g<X<c—b+g+eErb—g—e+X)—r()c—b+9g<X<c—b+g+¢
=r(g+e)—r(g)+plc—b+gEr(b—g—e+X)—r(b—g+X)|X <c—b+g
+Plec—b+g<X<c—b+g+eErb—g—e+X)—r(c)c—b+g< X <c—b+g+¢
+P(X =c—b+g)(r(c—¢€) —r(c)).
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Therefore,

lim L (6(g + ©) — 6lg)

el0 €

1 1
zlifglz(r(g+6)—r(g))+1iigzp(c—b+g)E[r(b—g—e—i-X)—r(b—g+X)|X<c—b+g]

1
+lim-Plce—b+g< X <c—b+g+eErb—g—e+X)—r)c—b+g< X <c—b+g+¢€

el0 €
1
+ hfgl “P(X =c—b+g)(r(c—¢) —1(c)). (50)
el0 €
Similarly to (7)), @8), and (@9), we have
1 ,
lim =(r(g +¢) —r(g)) =1'(9), (51)

1
liiglgp(c—b—l—g)]E[r(b—g—e—i-X)—r(b—g—I—X)|X<c—b+g]

=—plc=b+gE[r'b—g+ X)|X <c—b+ g, (52)

1
liﬁ)l—P(c—b+g<X<c—b+g+e)E[r(b—g—e+X)—r(c)|c—b+g<X<c—b+g+e]
elo €

= 0. (53)

Moreover,

13{61 %IP)(X =c—b+g)(r(c—e€)—r(c)) =—-P(X =c—b+g)r'(c). (54)

Substituting (51)), (52)), (33)), and (54)) into (50) proves (T4).

APPENDIX C

PROOF OF (28)), (29)), AND (30)

We have

P([p—p3] < X < [+ p3]) = P(X = pa| < p15)
= 1=P(X — | > p3)

o, EIX =)

> 7 (35
ME

:1_:U’ 3,

wl=

where (53) is due to Chebyshev’s inequality. Therefore,

1i¢m1P’(M—#§1 <X < |ptpi))=1.
ploo
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It can be verified that

UH'#%J oM\ UH'H%J oM\
lim(1+a ———— =lima 56
(o) 3 D 2 . K )
k=[p—p3] k=[p—p3]

= lim aP([p = pi] < X < [+ pt))
ptoo
:a’

where (56) is due to the fact that

1+ap <1—|—a,u< 1+ap

< < cok=lu—pil e s,
Ll ps] = 14k 7 14 [u— ]

and

This proves (28).

It can also be verified that

= e Mk > e \F
lim (1 — < i 57
AL+ ap) ZQ T+ k) (k1) = e 22 K (57)
k=[p+p3]+1 k=p+p3|+1
= lim aP(X > [yt pii ] + 1)
pnToo
< lima(1 = P([p— pi] < X < [p+pt)))
pnToo
=0,

where is (57) due to the fact that

1+a,u< 1+ ap

k> ps]+1
L+k = |p+pd|+2 = T ’

and

: 1+ ap
lim —— =a
wroo |+ ps | +2

This proves (29).
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Finally, note that

fM—H%1—1 “A\k fM—M%1—1 —u, k
e A e "u
lim(1+a ———— =lim(l1+a —_
pm 1+ ap) 2o (11 k)(K) AL+ o) 2o (11 k(R
ln—pd -1 e_“uk

< lim(1
- ulTro%( +an) k!

o

=0

9 e—M’u\_N—M%J

< lim(1 +ap)|p — p3 ] —, (58)
ufoo Lp— p3 ]!
where (58)) is due to the fact that
k -3 |
pEop 2
e k=01, [p—pi] -1
2
Let § = @ We have
2
' 3 efulutufugj . e*uuu(l%)
lim(l+a — 3| —————=1lim(l +a 1—0)——
lim (1 +ap) s — p ) PR fim(1+ap)u(l =0 im =,
—u8(1 — §)~r(1-0)—3
—lim(1 + ap)p(l — o)L= - (59)

oo V2T ’
where is a consequence of Stirling’s approximation ((1—6))! ~s /27p(1 — §)e *1=9) (p(1—
§))*1=9)  Since

log(1 = 8)4=%2) = (u(1 — ) + 3) log(1 ~ )

1 &2
= (11 = 8) + 5)(=0 = 5 + 0510(3”))
116° 1
= —p0 + -+ Oupeo(p3),
it follows that
(1 _ 5)—#(1—5)—% _ 6M5—‘L2ﬁ+0woo(u%). (60)
Substituting (60) into (59) and taking the limit gives
1 2 eilu'LLLLLi/‘L%J l 1 5 6_#"_0”?00(“%) 0
im (14 ap)|p—ps | =~ —lim(l +a _ ~0,
lim (1 +ap) | — p ) PR fim(1+ap)p(l = 0)——

which, together with (58), proves (30).



(1]

(2]

(3]

(4]

(3]

(6]

(7]

(8]

(9]

(10]

(11]

[12]

[13]

(14]

(15]

[16]

(17]

(18]

(19]

[20]

29

REFERENCES

V. Sharma, U. Mukherji, V. Joseph, and S. Gupta, “Optimal energy management policies for energy harvesting sensor
nodes,” IEEE Trans. Wireless Commun., vol. 9, no. 4, pp. 1326-1336, Apr. 2010.

0. Ozel, K. Tutuncuoglu, J. Yang, S. Ulukus, and A. Yener, “Transmission with energy harvesting nodes in fading wireless
channels: Optimal policies,” IEEE J. Sel. Areas Commun., vol. 29, no. 8, pp. 1732-1743, Sep. 2011.

J. Yang and S. Ulukus, “Optimal packet scheduling in an energy harvesting communication system,” /[EEE Trans. Commun.,
vol. 60, no. 1, pp. 220-230, Jan. 2012.

K. Tutuncuoglu and A. Yener, “Optimum transmission policies for battery limited energy harvesting nodes,” IEEE
Trans. Wireless Commun., vol. 11, no. 3, pp. 1180-1189, Mar. 2012.

C. K. Ho and R. Zhang, “Optimal energy allocation for wireless communications with energy harvesting constraints,”
IEEE Trans. Signal Process., vol. 60, no. 9, pp. 4808-4818, Sep. 2012.

0. Ozel and S. Ulukus, “Achieving AWGN capacity under stochastic energy harvesting,” IEEE Trans. Inf. Theory, vol. 58,
no. 10, pp. 6471-6483, Oct. 2012.

P. Blasco, D. Gunduz, and M. Dohler, “A learning theoretic approach to energy harvesting communication system
optimization,” IEEE Trans. Wireless Commun., vol. 12, no. 4, pp. 1872-1882, Apr. 2013.

Q. Wang and M. Liu, “When simplicity meets optimality: Efficient transmission power control with stochastic energy
harvesting,” in Proc. IEEE INFOCOM, Turin, Italy, Apr. 14 - 19, 2013, pp. 580-584.

R. Srivastava and C. E. Koksal, “Basic performance limits and tradeoffs in energy-harvesting sensor nodes with finite data
and energy storage,” IEEE/ACM Trans. Netw., vol. 21, no. 4, pp. 1049-1062, Aug. 2013.

J. Xu and R. Zhang, “Throughput optimal policies for energy harvesting wireless transmitters with non-ideal circuit power,”
IEEE J. Sel. Areas Commun., vol. 32, no. 2, pp. 322-332, Feb. 2014.

R. Rajesh, V. Sharma, and P. Viswanath, “Capacity of Gaussian channels with energy harvesting and processing cost,”
IEEE Trans. Inf. Theory, vol. 60, no. 5, pp. 2563-2575, May 2014.

S. Ulukus, A. Yener, E. Erkip, O. Simeone, M. Zorzi, P. Grover, and K. Huang, “Energy harvesting wireless communica-
tions: A review of recent advances” IEEE J. Sel. Areas Commun., vol. 33, no. 3, pp. 360-381, Mar. 2015.

Y. Dong, F. Farnia, and A. Ozgiir, “Near optimal energy control and approximate capacity of energy harvesting
communication,” IEEE J. Sel. Areas Commun., vol. 33, no. 3, pp. 540-557, Mar. 2015.

D. Shaviv and O. Ozgiir, “Universally near optimal online power control for energy harvesting nodes,” IEEE J. Sel. Areas
Commun., vol. 34, no. 12, pp. 3620-3631, Dec. 2016.

A. Arafa, A. Baknina, and S. Ulukus, “Online fixed fraction policies in energy harvesting communication systems, /EEE
Trans. Wireless Commun., vol. 17, no. 5, pp. 2975-2986, May 2018.

A. Zibaeenejad and P. Parhizgar, “Optimal universal power management policies for channels with slow-varying harvested
energy,” in Proc. IEEE IEMCON, Vancouver, BC, Canada, Nov. 1 - 3, 2018, pp. 1192-1199.

A. Zibaeenejad and P. Parhizgar, “Power management policies for slowly varying Bernoulli energy harvesting channels,”
in Proc. Iran Workshop on Communication and Information Theory (IWCIT), Tehran, Iran, Apr. 25 - 26, 2018, pp. 1-6.

A. Arapostathis, V. S. Borkar, E. Ferndndez-Gaucherand, M. K. Ghosh, and S. I. Marcus, “Discrete-time controlled Markov
processes with average cost criterion: A survey,” SIAM J. Control Optim., vol. 31, no. 2, pp. 282-344, 1993.

C. Tian, J. Chen, S. N. Diggavi, and S. Shamai (Shitz), “Matched multiuser Gaussian source channel communications via
uncoded schemes,” IEEE Trans. Inf. Theory, vol. 63, no. 7, pp. 41554171, Jul. 2017.

A. Zibaeenejad and J. Chen, “The optimal power control policy for an energy harvesting system with look-ahead: Bernoulli

energy arrivals,” in Proc. IEEE Int. Symp. Inform. Theory (ISIT), Paris, France, Jul. 7 - 12, 2019, pp. 116-120.



30

[21] S. Yang and J. Chen, “A maximin throughput-optimal online power control policy for energy harvesting communications,”
preprint.

[22] R. Durrett, Probability: Theory and Examples, 2nd ed. Belmont, CA: Duxbury, 1995



	I Introduction
	II Main Results
	III Proofs
	III-A Proof of Theorem 1
	III-B Proof of Proposition 2
	III-C Proof of Proposition 3
	III-D Proof of Proposition 4
	III-E Proof of Proposition 5

	IV Asymptotic Relationship Between c* and  
	IV-A Discrete Distribution
	IV-B Continuous Distribution

	V Conclusion
	Appendix A: Proof of a Statement in Remark 4
	Appendix B: Proof of (13) and (14)
	Appendix C: Proof of (28), (29), and (30)
	References

