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Abstract

A multi-resolution quantizer is a sequence of quantizers where the output of a coarser quantizer can be deduced from the
output of a finer quantizer. In this paper, we propose an asymptotically scale-invariant multi-resolution quantizer, which performs
uniformly across any choice of average quantization step, when the length of the range of input numbers is large. Scale invariance
is especially useful in worst case or adversarial settings, ensuring that the performance of the quantizer would not be affected
greatly by small changes of storage or error requirements. We also show that the proposed quantizer achieves a tradeoff between
rate and error that is arbitrarily close to the optimum.

I. INTRODUCTION

A multi-resolution quantizer is a sequence of quantizers, where the output of a coarser quantizer can be deduced from the
output of a finer quantizer (without knowledge of the original data). It has been studied, for example, by Koshelev [1]], Equitz
and Cover [2]], Rimoldi [3], Brunk and Farvardin [4], Jafarkhani, Brunk, and Farvardin [5]], Effros [6], Wu and Dumitrescu
[7], [8] and Effros and Dugatkin [9]. There are two main uses of multi-resolution quantizers: to allow a coarser quantization
to be obtained from a finer quantization by discarding some information, and to allow a finer quantization to be obtained from
a coarser quantization by adding some additional information from the encoder (i.e., successive refinement). We first focus on
the first usage.

Consider the setting where a piece of data is relayed across a sequence of nodes, where each communication link has a
different capacity. Each node only has information about the capacity of its incoming and outgoing link, and therefore can only
compress the incoming data according to the capacity of the outgoing link and send it to the next node, if the outgoing link
has smaller capacity than the incoming link (otherwise the node can relay the incoming data exactly). If the data is a number
x € [0,1), a simple scheme, which we call the simple uniform quantizer, is that node ¢ would apply the uniform quantization
Yi+1 := (|kiyi] +1/2)/k; to its incoming data y; and send it to the node i + 1, where k; is the number of values that can
be sent through the link between node i and i + 1. This scheme is undesirable since if k1 = 4, ko = 3, and = = y; = 2/7,
then yo = 3/8, y3 = 1/2, giving an absolute error |ys — x| = 3/14 that is larger than as if k; = k2 = 3 (i.e., the data is only
compressed once according to the worse link), giving an absolute error 5/42.

To mitigate this problem, we can use a multi-resolution quantizer, where the output of a coarser quantizer can be obtained
from the output of a finer quantizer, and thus the final output of the relay would convey the same information as if the input
is only compressed once according to the link with the lowest capacity (by simply quantizing the final output again according
to the link with the lowest capacity). One simple scheme, which we call the binary multi-resolution quantizer (BMRQ), would
be to quantize only using step sizes that are powers of 2, i.e., y; 41 := 27 Hos2 kil (|2ll082 kil | 4 1/2). For the aforementioned
example k1 =4, ko = 3, x = 2/7, we have y2 = 3/8, y3 = 1/4, giving an absolute error |y3 — x| = 1/28.

Nevertheless, the BMRQ does not perform well in worst case or adversarial settings. Consider the setting where an adversary
can modify k; to increase the quantization error. If k; = 32 (the quantization step is 1/32), then the adversary can reduce k;
by 1 to 31, increasing the quantization step two-fold to 1/16 (and hence the average absolute error is also increased two-fold).
The BMRQ performs well only when the k;’s are powers of 2. The adversary can modify k; slightly off powers of 2 to
cause a significant degradation of the quantized data. We call this problem scale dependence, meaning that the multi-resolution
quantizer does not perform uniformly well for all choices of quantization step.

In this paper, we introduce an asymptotically scale-invariant multi-resolution quantizer, called the biased binary multi-
resolution quantizer (BBMRQ), that performs uniformly across any choice of average quantization step (BBMRQ is a non-
uniform quantizer), when the length of the range of input numbers tends to infinity. Therefore its performance degrades
gracefully when the adversary modifies the communication constraints. We show that the BBMRQ outperforms the BMRQ
except when the average quantization step is close to a power of 2 (see Figure [I)).

Asymptotically scale-invariant multi-resolution quantizers are also useful in successive refinement settings. Consider the
scenario where an encoder observes a number x and produces a sequence of bits. Due to storage or communication constraint,
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we only keep the first n bits and discard the rest, where n is chosen according to the storage constraint and the bit sequence.
The BMRQ corresponds to the scheme where the bit sequence is the binary representation of x, and n is chosen only according
to the storage constraint. For the BBMRQ, n also depends on the bit sequence (i.e., it is a variable length code), which allows
the performance of the quantizer to vary smoothly when the storage constraint changes. The bit sequence can be produced
according to the quantization tree (see Figure [2).

This paper is organized as follows. In Section [[I} we give the criteria of multi-resolution quantizers and define the cell size
cdf for measuring the performance of a quantizer. In Section [[V] we define the BBMRQ and present the main result regarding
the performance of BBMRQ. In Section we show that the BBMRQ achieves a tradeoff between rate and error that is
arbitrarily close to the optimum.

A. Previous Work

The seminal work by Equitz and Cover [2] concerns the problem of successive refinement of information, where the lossy
reconstruction is iteratively refined by supplying more information. It is also studied by Rimoldi [3]. Also see [[1] for a related
setting. Another line of research is multiple description coding [10]], [11], [12]], where several descriptions are produced from
the same source, and the distortion of the reconstruction depends on which subset of descriptions is available to the decoder.
Also see [13] for a related setting. Note that the aforementioned papers concern the asymptotic rate-distortion problem, whereas
this paper focuses on the one-shot scalar quantization setting.

Vaishampayan [14] studied multiple description scalar quantizers. Brunk and Farvardin [4] and Jafarkhani, Brunk, and
Farvardin [3]] studied multi-resolution scalar quantizers (or successively refinable quantizers), and provide algorithms for
designing quantizers with small error given the distribution of the input. Effros [6] and Effros and Dugatkin [9] studied
multi-resolution vector quantizers. Algorithms for multi-resolution quantization were studied by Wu and Dumitrescu [7]], [8].
Note that the aforementioned papers concern the setting where the distribution of the input is known, and the quantizers
are designed accordingly (as in the classical Lloyd-Max algorithm [[15], [[16]). In this paper, we do not design the quantizer
according to the input distribution, but rather assume the input is (loosely speaking) uniform over a long interval.

II. MULTI-RESOLUTION QUANTIZER

In this paper, quantizer can refer to any measurable function @ : R — R, where the range Q(R) is a finite or countable
set. We call @ a centered quantizer if each reconstruction level is the center of its corresponding quantization cell, which is
formally defined below.

Definition 1. We call a function Q : R — R a centered quantizer if it is non-decreasing, the range Q(R) is a finite or
countable, and

1/,
Q) = 5 (inf{y : Q) =Q@)} +sup{y : Qy) =Q@)})
for all z € R.
We give the criteria of multi-resolution quantizers below.

Definition 2. We call {Qs}s~0 a multi-resolution quantizer (MRQ) if the functions Qs : R — R are measurable and satisfy

Qs,(Qs, (7)) = Qs, ()

for any s; > s; > 0 and x € R. The parameter s (that can be any positive real number) usually corresponds to the (maximum or
average) quantization step. We call {Qs}s>0 a centered multi-resolution quantizer if the functions Qs are centered quantizers.

This definition ensures that Qs, (z) can be computed using Qg, (z) for so > s; > 0, simply by quantizing Qs, () using
Qs,. As aresult, if s, > s; forall i =1,...,n, then Q, (Qs,_, (- Qs,(x)--+)) = Qs, (x), i.e., we can quantize the final
output of the relay again by the coarsest quantizer to obtain a result the same as if the input is only compressed once by the
coarsest quantizer.

We remark that this definition is different from the previous definitions (e.g. [4], [S], [7]), which also concern how the
quantized number is represented (e.g. by a bit sequence). Here we only concern the mapping from the input number to its
reconstruction level, and assume that a suitable compression algorithm is applied to the reconstruction levels if the multi-
resolution quantizer is to be used in practice.

Note that the simple uniform quantizer Qs(z) := s(|x/s] +1/2) is not a multi-resolution quantizer, since )3(x) cannot be
deduced from Qs (x). Nevertheless, if we restrict the step size to powers of 2, i.e., Q™ (z) := 2llog2 sl (|2~ legasly| 4 1/2),
then this is a MRQ, which we call the binary multi-resolution quantizer (BMRQ).

A downside of the BMRAQ is that it is scale-dependent. The average absolute error of the binary multi-resolution quantizer is
2llog2 51=2 (when the input is uniformly distributed over a long interval), which must be a power of 2. Therefore, the quantizer



is suitable if the maximum allowed average absolute error is a power of 2, but not suitable if the maximum allowed average
absolute error is slightly smaller than a power of 2. Scale-dependence is particularly undesirable in worst case or adversarial
settings, where the quantizer must work well for any maximum allowed average absolute error (or other error metrics).

Loosely speaking, the BMRQ is the optimal uniform multi-resolution quantizer (where for each s, @ divides the real line
into intervals of the same length) [H Nevertheless, scale-dependence is an inherent disadvantage of uniform multi-resolution
quantizers. In order to overcome this disadvantage, we consider non-uniform quantizers, where each quantization cell can have
different size. The distribution of cell sizes is captured by the following definition.

Definition 3. For a (not necessarily centered) quantizer () : R — R, define its cell size cumulative distribution function (cell
size cdf) on the measurable set S C R with positive measure as
_ Az e S A{yeS: Qly) =Q@)}) < 2})

Fos(z) = NG ;

where X denotes the Lebesgue measure. Define its asymptotic cell size cdf Fg to be the cdf that is the limit (with respect to
the Lévy metric) of FQ,[%,%J as 1 — xg — 00, i.e., Fg is a cdf and

lim sup dr(FQ [z0,2:]: F@) = 0, (1)

1200 (3,21 ):m1 —20 21

where dp,(F,G) :=inf{e > 0: F(z —¢) —e < G(z) < F(x+¢) + eV € R} is the Lévy metric. Note that Iy may not exist
for some Q.

We then give the criteria for asymptotic scale invariance.

Definition 4. For a multi-resolution quantizer {Qs}s>0, if Fg, exists for any s > 0, define
Fia.). (&) = sup{Fo, (s5)}.
Fiq.). () = inf {Fg, (zs)).
We call {Qs}s>0 asymptotically scale-invariant if F(g y, = Fqq.y,. ie., the functions z — F_(xs) are the same for all
s> 0.
One way to improve the BMRQ is to add more intermediate steps between Q5 and Q5'",,, where only some of the adjacent
pairs of quantization cells of Q5" are merged.

Definition 5. Define the dithered binary multi-resolution quantizer (DBMRQ) as

) |log, s]+1 ( |.27 llog, s 71xJ + 1/2)
QYi(z) := if frac(¢| 2718251 =1 g ]) < 2—2llos2sl+1 /4
llogz s] (|2~ logz sy | 4-1/2) otherwise,

where frac(y) := v — |7v], and ¢ := (1 + v/5)/2 is the golden ratio (or any irrational number works).

See Figure [2| for an illustration of DBMRQ. The quantizer Q% has two cell sizes: 211°82 5] and 2l1°82 541, The choice of
which cell size to use is determined by the frac function in the definition. It can be checked that the cell size cdf of Q4! is

Foai(z) = (2 - gllogz sJ+1 /g)q folllogz s]+1) < 4}
+ (2llog2 s+l /g q)1{ollosas] < 41,
Note that the BMRQ and the DBMRQ are not asymptotically scale-invariant.

ITI. QUANTITIES OF INTEREST

The cell size cdf provides some information about the quantizer (). We define the following useful quantity.

Definition 6. For a quantizer () where F{, exists, define its Rényi entropy rate as

Ry(Q) = — log, /O 1 dFg ()

1—n
for n € Ruo\{1}, and .
Ri(Q) = [ lomy( P,

'We can, for example, use step sizes that are powers of 3, i.e., Qs(z) := 3l°8s sJ (|3~ Uogs sl x| 4 1/2), though it provides less control over the step
size, since {31983 )} are spaced farther apart than {2l1982 5]}



We call Ry(Q) the log-rate of Q.

Several quanities of interest can be obtained from the Rényi entropy rate. If X ~ Unif[zg, 2], then:
o The number of reconstruction levels (possible values of QQ(X) with positive probability) is

{z: PQ(X) = 2) > 0}] = (a1 — m0) / T Fg e ().

The reason is that for a quantization cell of size ~, the probability that X is in that cell is v/(x1 — z¢), and hence its
contribution to (21 — 20) [y ¥ AFQ,[ng,21) () i (21 — o)y~ (v/(x1 — x0)) = 1. Hence, the number of bits needed to
encode the levels (using fixed-length code) is [log,((z1 — o) fooo Y 1dFQ (20,4, (7))]- Therefore, the log-rate

Ro(Q) = log, /0 v ldFg(y)

is the logarithm of the rate of increase of the number of reconstruction levels as the interval [zg, 21] becomes longer.
o The entropy of the output is

H(Q(X)) = / logy(7~ (&1 — 20))dF g fag.e0)(7)-
Therefore,

Ri(Q) = / " logy (v dFo(7)

describes how H(Q(X)) increases as the interval [z, x1] becomes longer.

o The average L” error is lower-bounded by
= (/2P

EIX-QU0)P] > [ LRy ). @

The reason is that for a quantization cell of size ~, the expected L? error conditioned on that X is in that cell is at least
(v/2)?/(p + 1) (equality holds if the quantization cell is an interval, and the reconstruction level is its midpoint). The
following proposition shows the relation between the asymptotic L? error and R,11(Q).

Proposition 7. Fix p > 0 and a quantizer ) where Fg exists. Let X ~ Unif[x, x1]. We have
1

liminf E[|X — Q(X)[P] > —— 9 PRp+1(Q)+1)
z11—na}olgoo H Q( )| ] - p_|_]_
Moreover, if Q) is centered, then
1
lim E[|X - Q(X)|P] = = 9= p(Rp1(Q)+1)
xT1—To—00 p + 1

Proof: For the first part, if x1 — zg — oo, then FQ,[zo,xl] — Fg (in Lévy metric), and hence by @),
liminf E[|X—-Q(X)|"]
xT1—To—XQ

- = (/2
>t [ Rl 1)

< (/2
2/0 pTdFQ(’Y)
1

— = 97 P(Rpt1(Q)+1)
p+1
For the second part, assume that () is centered. We first show that there exists b > 0 such that each quantization cell has
size upper-bounded by b. Assume the contrary that the quantization cells can be arbitrarily large. Then there exists a sequence
{(z0,i;21,:)}i such that 21 ; — 29, — oo and FQ (4, 2, ,1(7) = H{y > w15 — 20} (take 20,71, to be the end points of
cells in a sequence of cells with sizes tend to o). This contradicts (I) since Fi) |4, , .« ) does not have a limit. Hence such
b > 0 exists. For X ~ Unif[zg, 1], we have

E[X - Q(X)[]

< B[L{X € o0+ b, 1 —HHX — QUOP)+ P (X ¢ fon +b, 5, — 0) 20
o0 2)p 2b b/2)P

[ s 2 02
> (v/2)7 _ b onmen@i

_>A p_i_ldFQ(’Y)_p_’_lz p(R Q)+1
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Figure 1. Plot of the asymptotic L error against the log-rate (more precisely, plot of inf {27 R2(Qs)=2: 5 > 0, Ro(Qs) < z} against z) for the BMRQ
{Qbin} (black), the DBMRQ {Q%i} (red), and the BBMRQ {QY'*'®} for a close to 1/2 (blue). We can see that the BBMRQ provides a smoother trade-off
between the error and the rate (the log plot is a straight line due to scale invariance). Also, the BBMRQ outperforms the BMRQ and DBMRQ except when
the log rate is close to an integer.

as r1 — xg — 0. |

IV. BIASED BINARY MULTI-RESOLUTION QUANTIZER
We now state the main result in this paper, which is proved later in this section.

Theorem 8. For any € > 0, there exists an asymptotically scale-invariant centered MRQ {Qs}s>0 with F{Qs}s (1/2—¢€) =0,
F{Qs}s(l) =1, and dL(F{QS}S,FQUnif[—l,(J]) < €, where

Fyuniei-1,0 () := min {max{log,(z) + 1, 0}, 1},
i.e., Fyuniti—1.0) is the cdf of 2% where Z ~ Unif[—1,0].

As a result, the Rényi entropy rate R, (Q),) can be arbitrarily close to

1 1—2t=n
1_77log2< — logge> —logy s 3)

for n # 1, and R;1(Qs) can be arbitrarily close to 1/2 —log, s. We will show in Corollary |11|that this tradeoff between log-rate
and LP error can be arbitrarily close to optimal.
To prove Theorem [8] we introduce the following construction.

Definition 9. We define the biased quantization tree with parameter 0 < « < 1 recursively as follows. For any n € Z and
sequence {z;}i<n (2 € {0, 1}, the index ¢ is over Z N (—oo, n]) with finitely many 1’s, define

ias.a —bias,a
(T2 ({ziti<n), T (2iti<n))
(0, a™) ifzp=24_1=---=0
=0 (L1, 0Ty 1+ (1—a)T,,_y) elseif z, =0
(ozTn_H—(l—a)In_l,Tn_l) otherwise.

.= bias,a o .
where we write T',,_; = Tnqula({zi}ign,l) (likewise for I, ;) for brevity. Note that the first case above serves as the base
case of the recursive definition.

Define the biased binary multi-resolution quantizer (BBMRQ) with parameter 0 < o < 1 as follows. For x > 0, define

ias,a 1 ias,o Frpias,a
Qi (@) 1= 5 (T ({ahizn) + T (zi}izn) )
where {2 }i<,, satisfies 2 € [T25% ({z;}icn), To ™" ({21 ticn)) and To™ ({ziticn) — T2 ({z;}i<n) < 5. and we select
the {z;}i<, with the smallest n satisfying these two constraints. For z < 0, define Qb#:%(z) := —QPlas:@(—z).

Intuitively, the BBMRQ repeatedly divides an interval into two subintervals of proportion o and 1 — «, until the lengths of
the intervals fall below s (see Figure [2). It is clear that the BBMRQ is a centered MRQ.
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Figure 2. The quantization tree of BMRQ, DBMRQ and BBMRQ (from left to right). The x-axis is the input x, and the y-axis is the parameter s. A rectangle
in the figure means that each point (z, s) in the rectangle has the same quantized value Qs (z).

We then use the BBMRQ to prove Theorem [g]
Proof: Fix any 1/2 < a < 3/4 such that (Ina)/(In(1 — «)) is irrational. Write Q, = Qb for brevity. Let X ~
Unif|0, 1], and
Wi = 2'A({y + Qo+ (y) = Q2-+(X)})

for t > 0, where A denotes the Lebesgue measure. Note that — log, W, is the residual life of a renewal process with interarrival
time distribution ad_ logy o T (1—a)i_ log, (1—a)»> Where 0, is the degenerate distribution at w (as ¢ increases, each time the
quantization cell containing X splits into two, there is a probability o for X to be in the cell with proportion «, and a
probability 1 — « for X to be in the cell with proportion 1 — «). Since (In«)/(In(1 — «)) is irrational, the interarrival times
have a non-lattice distribution. Denote the Markov kernel (conditional distribution of Wy, given W) as nta. By the key
renewal theorem [17]], we have

dL (5351, Fbias,a) -0

as t — oo, where r!,d; denotes the distribution of W; conditioned on Wy = 1, and Fiias,o 1s the cdf of the stationary
distribution of the process {W;}, given by

Foias,a(7) := (—alogy o — (1 — ) logy (1 — o)t
. (a max {log,(min{~, 1}/a), 0}
+ (1—a) max {log,(min{7, 1}/(1-a)), 0} ). @

For 7 > 0, let €, be such that dy,(k%,01, Fhias,a) < €, forall t > 7, and e, — 0 as 7 — 0.

Fix any s > 0,7 > Land ! > 727+3s. Fix any z¢, 2 such that z1—z¢ > . Let X ~ Unif[zg, z1]. Let [T,y (z?), T,y (2(V))
be the quantization cells of Q- +2, that are subsets of [z, z1], where n(*) € Z and 2(» € {0, 1}2”(‘0"7”“)] fori =1,2,...,N.
Since X is not in one of [T, (2?), T, (2(?)) only when X is in a quantization cell of Qy-+2, that includes z¢ or z;, and

each quantization cell of Qy-+2, has length between 27s and 2725 (since 1/2 < a < 3/4), we have

N T42
P<X ¢ Ul[lnm (), T (Z(i)))> = 2x(12—+x?
<1/t

Let Wy := 2'A({y : Qa-+¢(y) = Qo-+(X)}). Conditioned on X € [T,y (), T,y (2)) (et L := T, (D) =T iy (2)),
we have W_ 1,5, 1 = 1, and {Wt}tz— log, L 18 @ stochastic process with Markov kernel ng, and thus W_ 54, 5 ~ Iila?gQ ~log> 561,
and d, (k% 71251 Fhiasa) < € since logy L —logy s > logy 27s —logy s = 7. Let W := s ' A({y € [zo, 1] : Qs(y) =
Qs(2)}). Since W = W_jog, 5 if X € UZN:l[In@) (), T, (2D)), we have dp,(Fyy, Fias.a) < € + 1/7. Therefore
Fir — Fhias,o 8 T — 00, and thus {Q,} is asymptotically scale-invariant with cell size cdf Fias o The result follows from
the fact that dp,(Fhias,as Founiri-1,0) — 0 as o — 1/2. [



V. CONVERSE RESULTS
In this section, we show a fundamental tradeoff between the log-rate and the LP error of asymptotically scale-invariant

multi-resolution quantizers, and that BBMRQ can be arbitrarily close to optimal in this regard. We first show an inequality
that must be satisfied by all asymptotically scale-invariant multi-resolution quantizers.

Theorem 10. For any asymptotically scale-invariant multi-resolution quantizer {Qs}s=o with finite log-rate (i.e., Ry(Q1) =
log, fo v~ 1dF(y) < oo, where we write F = F {Q.}. ) the distribution given by the cdf F is a continuous distribution, and
its pdf f satisfies

/O Tt (1 +1{f(z) = (f(zQ)}) (f(a) = (f(x¢))dz <0 (5)

for any > 1. As a result,

fo) < [ a7 (141 > ) flops ©)
for almost all y > 0.

Proof: Let ps , be the probability mass function corresponding to the cdf Fy_ [_, ) for v > 0 (note that it is a discrete
distribution so pmf exists). The number of quantization cells of Qs in [—v,7] of size x is 2yz~!p, ,(x). Let n, (resp. 7iy)
be the number of quantization cells of Q, (resp. QQ5/) in [—7,7] of size x that are not quantization cells of @/, (resp.
Qs)- We have ng — 7ty = 272~ (ps () — ps/¢.(2)). Since each cell of Q, is split into 2 or more cells in Q,,.,, we have
23, nz <), N, (the summation is over x in the support of p; ., or p,/¢ ), and hence

2 Z xil(ps,'y(x) —ps/gﬁ((ﬂ))

@ ps,~ (2)>Ps /¢, ()

:27_1 Z (ng — z)

TNy >Ny

-1 (227% - 2Zmin{nx,ﬁx}>

L (Z Py — 2Zmin{nx,ﬁx}>
< 771 Z (ﬁ"c - ”T)

TNy <My
= Z m_l(ps/g,y(m) — Ps (). (7

x: psw(x)<ps/c,'y(z)

Let v be the signed measure induced by F(z) — F(z() (i.e., v(B) = [, d(F(x) — F(x())). Fix any € > 0. Let A C R
be a measurable set. Since the measure B — [, ™ *d(F () + F(x()) is a regular measure over R~ 2| there exists an open
set A" such that A C A’ and [\ , 2~ 'd(F(z) + F(2()) < e. Since A’ is open, it can be expressed as a countable disjoint
union of open intervals A’ = U (az, b;). Let A§ := U, (a; +9,b; — ) for § > 0 (where (a; +9,b; —6) = 0 if a; +0 > b; — 9).
Let gs(z) := min{(z — a;)6 7, (b; — )61, 1} if = € (a4, b;) (gs(x) = 0 if z is not in any of those invervals). Then gs is
continuous and 1{z € A} < g5( < 1{z € A’}. Hence,

IA \\_/

/ L(dz) + / 2 d(F(x) + F(0))
ANA
< /x g(;( W (dx)+/,4'\Ag T d(F(z)+ F(z€)) + €

—>/l‘ gs(w)r(dr) + e

2We can reparameterize the space by y = Inz. Then [, = 1d(F(2)+F(x()) fln(B) e~ Yd(F(e¥)+F(e¥()). We have [, e "Vd(F(e¥)+F(e¥()) <
2e~ " B’ and hence the measure B’ [ e7Vd(F(e¥) + F(e¥()) is locally finite, and hence regular.



as 0 — 0 since A5 " A’. Also,

> / rgseian) — [ a7aF @)+ Fac)

=+ [+ ga(ao)

as § — 0. Therefore, we can let g := g5 for a 6 > 0 small enough that

/A e (dz) — / 2~ Lg(z)v(dz)

Since FQ =, _lf as v — 00, and x — 1+ g(z) is bounded and continuous, we have [z~ (1+ g(x))dFg, [—y(z) —
Ja7 1+ g(@))dF(2). Also, [ 27 (1+ g(2))dFg, (. [—y.(x) = [27 (1 + g(x))dF (). Asafesult

@710+ g@)A(Fa 1)) ~ Foy e r1(®)
— / (1+g(x (F(x) — F(a:())
= [0+ g@pwian). ©)

< 2e. ®)

It can be deduced from (7) that
Y2 (14 (@) (psn (@) = Py (@) <0
xT

for any g : Ruo — [0, 1], where the summation is over z in the support of p, - or p,,. . (because to maximize the above
expression, we should assign g(x) = 0 to x’s where p, /¢ (2) — ps(x) > 0, and g(x) = 1 otherwise). Substituting § = g,

/$71(1 + g(x))d(FQu[—%’v} (z) — FQI/Cv[_’Yv’Y} (x)) <0.

By @,
/arlu + g(2))v(dz) <0

/ac_lz/(dx) —&-/Am_lu(dx) < 2e.

/xil(l + 1{z € A})v(dz) <0, (10)

By (),

Taking € — 0 and rearranging the terms,

/OO L1+ 1{z € A})dF(z) < g/ L1 + 1{z/¢ € A})dF(x),

/Oooa; (14 1{z € A} — ¢ — C1{z/¢ € A})dF(z) < 0.

Substituting A = {z : = > y},

oo

0> 1+ 1{z >y} — ¢ — 1 {x > y¢})dF(z)

(=)

[ e <o <00 - €0 0+ 1o > 40 dF@)

0
F ?JC) ( ) * -1 =
e R 1)/0 + (1+ 1z > y¢)) dF ().
Hence,

F( <</ 1+ 1 > 40} dF ().



Since the right hand side is bounded by ¢2F0+!, f exists and (@) holds for almost all y > 0. Therefore, (I0) becomes
/x71(1 +1{z € A}) (f(z) — (f(x()) dz < 0.

We can obtain (5) by substituting A = {z : f(z) > (f(x()}. [ |
As a result, we can bound the log-rate and the L? error of an asymptotically scale-invariant multi-resolution quantizer using
the following corollary and Proposition

Corollary 11. For any asymptotically scale-invariant multi-resolution quantizer {Qs}s~o with finite log-rate, for any s > 0,

p >0,
1—27P

Ro(@2) = Rys(@2) = © o, ( (log, e>p+1) . an

Recall that for the BBMRQ, by (@), Ro(Qs) can be arbitrarily close to log, log, e —log, s, and R,11(Qs) can be arbitrarily

close to
1 | (1 —27P | ) |
——log 0g, e | — log, s.
2 2 2

Therefore the lower bound in (TI)) can be approached. This shows that the tradeoff between log-rate and L? error of BBMRQ
can be arbitrarily close to optimal.

Nevertheless, it is unknown whether the lower bound in can be attained exactly. It can be tracked in the proof of
Corollary 11| that the equality in (TT) holds if and only if there exists s > 0 such that Fq y (7) = Fyunir-1.01(ys) for all v,
i.e., Theorem [§] can be attained exactly. We conjecture that this is impossible.

Conjecture 12. There does not exist an asymptotically scale-invariant centered MRQ {Q}s~0 with F{QS}S = Fhunif[-1,0]-

We now prove Corollary [T1]
Proof: By Theorem for any pdf ¥ : Roo — R,

/ F)d)dy < / h / T 1 1 > ) Fa)de - b)dy

= [T (14 [ vty e
/Ooo (Il <1 + /Om w(y)dy> - w(x)> f(x)dz > 0. (12)

(1-27P)logoy —y? +1

_ 1—log, e 1—92—(p+1) :
(1_2p)< 22)_ p+1 +1/2

Substitute

Y(y) =1{1/2<y <1}

For1/2 <z <1,

! (1 - mw<y>dy> — ()

Ly T (O 2 oy g+ Dy — (12 ) logyr —a” 1)

=z
(1—2-7) (1—lcz>g2 e) _ 172p—+(111+1> +1/2
) r! ((1 —27P) (—zlogy e + xlogy x + (logy e)/2+1/2) — %}WH) +x— 1/2) —((1=27P)loggx — 2P + 1)
=T (1—2-7) (171c2>g2 e) _ 1—27<111+1> +1/2
pt
o, (@=277) (—logy e +logy x + (logy )zt /2 +271/2) — % +1—271/2—(1—-2"P)logyx + 2P — 1
=T (1—2-7) (1—1;g2 e) _ 1—27(11#1) +1/2
P+
_o—p)(_ -1 -1 L Al e | p
L (1=2 ) (—logy e + (logy e)z™! /2 + 271 /2) s, x 24w
=x "+
(1—2-7) (1—lgg2 e) _ 1—2p;<zl>+1> +1/2
_ —(p+1) _ P
- (1-277)((logy€)/2+1/2) + 25— —1/2 1 (1—-277)(—logy €) — ;i +a”

_ 1—log, e —2—(p+1) _ 1—log, e —2—(p+1)
(1—27p) (Hgmae) - 12000 1o (1—27p) (Lgiae) — 12000 4 1o



_ erl(1—2 P) o (1—27P)(—logy €) + P p+1

_ 1-1 e 1—2—(p+1) _ 1-1 e 1—2—(p+1)
(1f2p)( ZgQ)* o +1/2 (pzp)( ZgQ)* i +1/2

p+1 (1—=27P)z7t +aP) — (1—27P)logy €
(1—2-7) (1—1;g2 e) _ 1721;(11&1) +1/2
p+1 (1=27P)z7t +aP) — (1—27P)logy €

(1_2_,,)(1 1og2e> 4 p/2=(/2)(1=27)

p+1
. 21 (1=27P)z=t +aP) — (1 -27P)log, e
B 2-277)—(1—-277)log, e

p+1<

For x > 1, we have
p>(1—-277)logye,

p+1

(1 -27P)log, e,

hS
»s‘+

b P _ 1) > _ 9P __p e
L@ -0z (-2 ome - L) 0o,
((1—2p)logze—l>x1 %x” (1 )logae >0

Therefore,

. S5 (1 =2P)z7h +aP) — (1 -277)logy e - (x_l (1 . /Ozw(y)dy) - 1/)($)>

p+1(2—2 Py —(1—-2"P)log,e
—1 —
. p+1((1—2 P74+ 2P) — (1 -2 p)10g26_2x_1

(2=277) = (1-277)log, e
) ((1 —27P)log, € — pf—l) x4 el —(1=277)logy e
- Lr(2-27)— (1-27)logy e
> 0.

For 0 < z < 1/2, by the concavity of y — ylog,(1/y),
p27P =27Plog, 2P < (1 —27P)log, e,
1 1
Pty <1'H (1-277)log, e,
p 2p?

q1_pt1 - 1 _
P < sz(l—Q p)10g26—52 P

1
pit < P 9pyig, e — P oo
x — 2p2 (( ) 0go € p+1 )

2 2
B (1-27P)logy e — P op 2,
p+1 p+1

Integrating both sides from x to 1/2,

2
]%(2_1) —a) < ((1 —277)logy e — pf_ﬂ_p) (7' =2),



2
((12 p)longf?Q p) 1+%xp72(172*p)10g2620.
p

Therefore,

g g (Z 27 ) - (1 -2 ) logze (e (1+ [ vtway) - v

(2—27P)—(1—-27P)logye

T
S (L=27P)z !t aP) — (1 —27P)logge |

p+1(2 —27P) — (1 —27P)log, e
((1 —27P)logy e — L2*p) i+ Q_flxp —2(1—-2"P)log, e

#1(2-27P) = (1-27P)logye

> 0.
Hence, for any = > 0,

N (-2 4 a7) (127 o e
<1+/0 w(y)dy> ) <= ﬁ(?—QiP) —(1—=27P)logye ’

By (12). g e .
miosn | e e o [ e = (-2 ogye
oo _ _ p+ 1
(1- 2"’)/ x ! f(x)dx +/ aP f(x)de > ——(1 —27P) log,e.
0 0 p
Therefore, 1
(1 —27P)2F0(@1) 4 9=PRy1(Qu) > Pl 27P) log, e.
p
Note that the above also holds when ()¢ is replaced b s. Since R = R,(Q1) — log, s, we have, for any s > 0,
p y n g2 y
(1- 2—p)2Ro(Q1)—1Og2 s 1 9= P(Rp+1(Q1)~logy 5) ptl (1 —27P)logye,
p
(1-— 2*1’)5*1230((‘?1) + SPQ*PRP-H(Ql) p+1 PT 21 —27P)log,e.
p
Substituting
s = (1(1 — 2_P)2R0(Q1)+pRp+1(Q1)) " .
p
we have
1
&(1 —27P)log, e
p

<(1- 2*?)5*1230(621) + sP2PRy+1(Q1)

+1

_1
—(1-277) (1(1 - 2p)230(Q1)+PRp+1(Q1)> T gRe@) <1(1 - 21’)2R°<Q1>+PRP+1<Q1>) T 9 PRe (@)
p p
=(1- 2*17)%[)#Q#Ro(Ql)—ﬁle(Ql) +(1— 2*17)%1)—%Q,fﬁRo(Ql)—p’ﬁRpﬂ(Ql)

= ((1 _ 27p)2R0(Q1)7R:D+1(Q1))m (pﬁ —|—p_r1;1) .

Hence,

((1 - 2_P)2R0(Q1)—Rp+1(Q1)>P% S 1)(1 —277)logye
p +p+1 —|—pv
= pfﬁ(l —27P)log, €,

p+1

(1 —277)2R0Q@)=Ro1(@) > =3 (1 —27P)logye) 7

p+1

2R0(Q1)=Rp1(Q1) > =5 (1 — 27P) 5 (log, €) >

)
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