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Abstract

This paper examines the average age minimization problem where only a fraction of the network users can
transmit simultaneously over unreliable channels. Finding the optimal scheduling scheme, in this case, is known to be
challenging. Accordingly, the Whittle’s index policy was proposed in the literature as a low-complexity heuristic to
the problem. Although simple to implement, characterizing this policy’s performance is recognized to be a notoriously
tricky task. In the sequel, we provide a new mathematical approach to establish its optimality in the many-users regime
for specific network settings. Our novel approach is based on intricate techniques, and unlike previous works in the
literature, it is free of any mathematical assumptions. These findings showcase that the Whittle’s index policy has
analytically provable asymptotic optimality for the Aol minimization problem. Finally, we lay out numerical results

that corroborate our theoretical findings and demonstrate the policy’s notable performance in the many-users regime.

I. INTRODUCTION

Technological advances in wireless communications and the cheap cost of hardware have led to the emergence
of real-time monitoring services. In these systems, an entity is interested in knowing the status of one or multiple
processes observed by a remote source. Accordingly, the source sends packets to the monitor to provide information
about the process/processes of interest. The main goal in these applications is to keep the monitor up to date. In
fact, in such applications, information has the highest value when it is fresh since the outcome of the monitor’s
tasks is better when it is based on new rather than outdated data. To quantify this notion of freshness, the Age of
Information (Aol) was introduced in [[1]]. Ever since, the Aol has become a hot research topic, and a considerable
number of research works have been published on the subject [2[]-[9].

Among the most fundamental issues that the research community aimed to address is age-based resource
allocation. In most real-time applications, numerous sources share the same transmission channel where the available
resources are scarce. The scarcity can be a consequence of battery considerations for the devices involved or
physical interference that may limit the number of simultaneous transmissions. Consequently, a smart resource
allocation scheme has to be adopted to minimize the Aol and attain the desired timeliness objective. In [10], the
authors proposed both age-optimal and near age-optimal scheduling policies for the single and multi-server cases,
respectively. In particular, they have shown that a greedy policy is age-optimal under certain assumptions in the

single exponential server case. In [[11]], the authors examined a single-source scenario where the source’s update



rate cannot exceed a predefined limit due to battery considerations. In this case, they were able to propose an
age-optimal scheduling policy when the channel exhibit possible decoding errors. Age-optimal policies were also
proposed in various network settings such as distributed scheduling and random access environments [[12]]—[/14]].
Among the scheduling problems investigated in the literature, we cite the following: consider /N users commu-
nicating with a central entity over unreliable channels where, at most, M < N users can transmit simultaneously.
What is the age-optimal strategy in this case? The wide range of applications that this problem encompasses let it
emerge as a fundamental one that needs to be investigated. Unfortunately, this problem belongs to the family of
Restless Multi-Armed Bandit (RMAB) problems, which are generally difficult to solve optimally. To address this
difficulty, the authors in [[15]] have examined this problem and proved that a greedy algorithm is optimal when users
have identical channel statistics. For the asymmetric case, the authors proposed a sub-optimal policy, known as the
Whittle’s index policy. The Whittle’s index policy has been embraced by many works in various frameworks [16]-
[25] as it is recognized for its low complexity and its notable performance. For example, in [[17]], the Whittle’s index
policy was adopted to minimize the average delay of queues. In another line of work, the authors in [22] employed
a Whittle’s index-based policy to maximize the average throughput over Markovian channels. Although it is simple
to implement, the main challenge that arises when adopting this policy is characterizing its performance since its
analysis is known to be notoriously difficult. To attend to this difficulty, the authors in [24]] provided a sufficient
condition, dubbed as Weber’s condition, for the Whittle’s index policy’s asymptotic optimality in the many-users
regime. However, this condition requires ruling out the existence of both closed orbits and chaotic behavior of a
high-dimensional non-linear differential equation, which is extremely difficult to verify even numerically. To further
facilitate the analysis of the policy, the works in [17]], [22] have provided an approach based on a fluid limit model
for the delay minimization and throughput maximization frameworks. By leveraging this model, they proved the
asymptotic optimality of the Whittle’s index policy in these frameworks under a recurrence assumption that is
easier than Weber’s condition but still requires numerical verification. Following the same footsteps, the present
authors adopted the fluid limit model and provided proof of the asymptotic optimality of the Whittle’s index
policy in the Aol framework under similar assumptions [21]]. This raises the following important question: can we
prove the Whittle’s index policy’s asymptotic age-optimality in specific network settings without recoursing to any
assumptions? Answering this question is extremely difficult and has yet to be answered even for the standard delay
and throughput metrics. In this paper, we examine this question in the Aol framework, and we provide rigorous
theoretical results that showcase the validity of the Whittle’s index asymptotic optimality in certain network settings
without imposing any assumptions. Note that the importance of the asymptotic many-users regime stems from the
astronomical growth in the number of interconnected devices. For example, machine-type communications and the
IoT in 5G networks require supporting tens of thousands of connected devices in a single cell. To that end, we
summarize in the following the structure of the paper along with its key contributions:
o We start by formulating the problem of minimizing the average age of a network where M out of N users
can communicate simultaneously with the central entity. As previously explained, this problem belongs to the

class of RMAB problems, which are known to be notoriously difficult to solve. Accordingly, the Whittle’s



index policy has been proposed in previous works as a low-complexity solution, which is the main focus of

our work. To establish the Whittle’s index policy, the following steps have to be taken:

1) Provide a relaxed version of the original problem and tackle it through a Lagrangian approach.

2) Prove the indexability property of the relaxed problem and derive the Whittle’s index expressions.

These steps have been carried out in previous works by the authors in [[15]], and their main results are reported
in our paper for completeness.

o Next, we present a fluid limit model that approximates the Whittle’s index policy behavior. In the many-
users regime, we prove that the fluid limit can be made arbitrarily close to the actual network’s evolution.
Therefore, we mainly focus on the evolution of the fluid limit vector in our optimality analysis. The method
previously carried out in the literature to establish the Whittle’s index policy’s asymptotic optimality follows a
spectral analysis approach [22]. However, this approach is highly contingent on the initial state of the system.
Accordingly, to extend their results to any random initial state, the authors imposed a restrictive assumption,
which can only be verified numerically. In our paper, we take a different approach to analyze the fluid model.
Specifically, we propose a novel method based on intricate techniques (e.g., Cauchy criterion) to prove the fluid
model’s convergence to a fixed point. We stress that this step’s technical details are intricate and constitute
our paper’s main technical contribution. Note that, even for the standard delay and throughput metrics, such
proof was not provided in the literature, which further highlights our approach’s novelty. Afterwards, we
establish the global optimality of Whittle’s index policy leveraging the fact that the aforementioned fixed point
is nothing but the optimal system’s operating point in the many-users regime. Finally, we provide numerical
results that corroborate the theoretical results and highlight the Whittle’s index policy’s notable performance
in the many-users regime.

The rest of the paper is organized as follows: Section[[I]is devoted to the system model and the problem formulation.
Section |[1I] is dedicated to the establishment of the Whittle’s index policy. In Section we provide our main
results where we prove the asymptotic optimality of the Whittle’s index policy. Numerical results that corroborate

our theoretical findings are given in Section [V] while Section [VI] concludes the paper.

II. SYSTEM MODEL AND PROBLEM FORMULATION
A. System Model

We consider a time-slotted system with one base station, M uncorrelated channels, and N users (N > M). Time
is considered to be normalized to the slot duration (i.e, t = 1,2,...). We suppose that any of the M channels can
be allocated to at most one user. Hence, at most M users will be able to transmit in each time slot ¢. If a user is
scheduled at time ¢, it generates a fresh new packet and sends it to the base station. This packet is successfully
decoded by the base station at time ¢ 4+ 1 with a certain success probability. We consider that if a decoding error
takes place, the packet is discarded (i.e., users are not equipped with buffers). In practice, users may share similar
channel conditions. Accordingly, we suppose that the users can be partitioned into K = 2 different classes such

that users within the same class share the same decoding success probability. In other words, each user ¢ belonging



to class k € {1,2} has a decoding success probability pg, which is assumed to be known by the scheduler. We let
v, be the proportion of users belonging to class k. To that end, the following always holds: v; + 72 = 1.
A scheduling policy 7 is defined as a sequence of actions 7 = (a™(0),a”(1),...) where

a™(t) = (ay™(t),ay™ (1), ..., aX N (t), a3 ™ (t),a3 " (t),..., a2\ (1) is a binary vector such that a; " (t) = 1 if
user i of class k is scheduled at time ¢. We also let the binary random variable c¥(¢) denote the channel state of
user 4 of class k such that ¢¥(t) = 1 if no decoding error takes place. As per our system model, we always have
Pr(ck(t) = 1) = pi, and Pr(cF(t) = 0) = 1 — py, for any user i of class k. We let Bf’”(t) denote the time-stamp
of the freshest packet delivered by user 7 of class k to the base station at time ¢ under the scheduling policy 7. The

age of information, or simply the age, of user ¢ of class k is defined as []1]]:
s;(t) =t— By (t) (1)
By taking into account the variables defined, the age of this user under policy 7 evolves as follows:
1 if () =1,ck(t) =1
sPTE+1) =4 sPT@) 41 if () =1,k () =0 2)
ST +1 if ¥ () = 0,

We let s™(t) denote the vector of all users’ age s™(t) = (s;™ (t), - - 75#17}\,(16), STT(t), - - ,53;\,(1&)) under policy

m. With all these notations in mind, we can formulate the optimization problem that we focus on in our paper.

B. Problem Formulation

In this paper, we are interested in minimizing the total expected average age of information of the network under

the constraint on the number of users scheduled at each time slot ¢. The latter must be less than the total number

of channels aN where « is equal to % We let II denote the set of all causal scheduling policies in which the

scheduling decisions are made based on the history and current states of the system. To that end, and given an initial
system state s(0) = (s1(0), - ,s}hN(O), 880, - 7sffKN(O)), our problem can be formulated as follows:

1 T—1
e

K 'ykN

st Y a"(t)<aN, t=0,1,2,... 3)

k=1 i=1
This problems belongs to the family of RMAB problems, which are generally difficult to solve optimally (see

Papadimitriou et al. [26]). For this reason, one should aim to develop a well-performing sub-optimal policy. As it
has been mentioned, the low-complexity scheduling policy that we are interested in throughout this paper is the
Whittle’s index policy. To establish this policy and derive the Whittle’s indices expressions, one has to follow the
steps below:

1) Provide a relaxed version of the original problem and tackle it through a Lagrangian approach.

2) Prove the indexability property of the problem and derive the Whittle’s index expressions.



As previously mentioned, these steps have been carried out in previous works by the authors in [[15]]. For complete-
ness, and as we will use these steps later in our optimality analysis, we report them along with the main results of

[15] in the following section.

III. RELAXED PROBLEM AND WHITTLE’S INDEX POLICY
A. Relaxed Problem
The first step toward establishing the Whittle’s index policy consists of relaxing the constraint on the number of

scheduled users of the problem in (3). Specifically, instead of having the constraint satisfied at each time slot, we

consider that it has to be satisfied on average. Therefore, the relaxed problem can be formulated as follows:

PIDIPBEMC

t=0 k=1 i=1
T—1 K N

Zzaf” ] <aN (4)
0 k=11

To study this problem, one has to introduce a Lagrangian approach to transform the problem into an unconstrained

mm hm sup E”

T-1 K VN ]

s.t. lim sup E"

T—o0 =

one as will be detailed in the sequel.

B. Dual Problem

To circumvent the difficulty of studying the constrained problem in (), a Lagrangian approach has to be adopted.
In particular, let us denote by A > 0 the Lagrangian parameter. For a fixed A, the Lagrangian function of the relaxed
problem is:

F\7m) = hmsup E”

T—o0

DD s FAMaT() —a) | 5(0)

t k=1 1=1

o)

lTl K &N

Based on the dual approach, the next step consists of finding the policy 7 that minimizes F'(\, 7). Note that the

term t 0 e kel ZW’“N Aa, which is equal to N Ao, doesn’t depend on 7. Therefore, the policy that minimizes

T
the above function F'(\, ) also minimizes the following function:

f\m) = hmsup IE”

T-1 K &N
T— o0

DD ST + A (>|s(0)] ©)

t=0 k=1 i=1

Then, we can formulate the dual problem as follows:

7131611111]”()\ ) (7

C. Structural Results

To solve the problem in (7), it can be shown that this N-dimensional problem can be decomposed into /N one-
dimensional problems that can be solved independently [[15]. Therefore, we can drop the ¢ and k indices from (6)

and simply investigate the following one-dimensional problem:

min lim su IE’T )+ Aa™(t) | s(0 8)
mip i sup 7 g (t) | 5(0)



It turns out that the above one dimensional problem can be cast into an infinite horizon average cost Markov
Decision Process (MDP) that is defined as follows:
« States: The state of the MDP at time ¢ is the age of the user s(¢) that can take any integer value strictly higher
than 0. Therefore, the considered state space is countable and infinite.
« Actions: The action at time ¢, denoted by a(t), indicates if a transmission is attempted (value 1) or the user
remains idle (value 0).
o Transitions probabilities: The transitions probabilities between the different states have been previously
detailed in Section [
o Cost: The cost function at time ¢ is designated by C(s(t), a(t)) = s(t) + Aa(t).
To solve this MDP, the authors in [15] have leveraged the Bellman equation and studied the characteristics of the

value function involved. Based on the particularity of the value function, the following result was found:
Proposition 1. The optimal policy that solves problem is of a threshold nature.

Proof. See [ 15, Proposition 14]. [

The above results tell us that there exists an integer [, € N* such that by only letting users of class k with an age
larger or equal to Ij; to transmit, we attain the optimal operating point of (8). These results are pivotal to proceed

with establishing the Whittle’s index policy.

D. Indexability and Whittle’s Index Expressions

To proceed toward our goal, one has to analyze the behavior of the MDP when a threshold policy is adopted. To
that end, we note that for any fixed threshold n, the MDP can be modeled through a Discrete Time Markov Chain
(DTMC) where:

o The state is the age s(t).

« For any state s(¢) < n, the user is idle. On the other hand, when s(t) > n, the user is scheduled.

The DTMC is reported in Fig. [} To be able to prove the indexability property and find the Whittle’s index

Figure 1: The states transition when a threshold policy is adopted

expression, one has to find the average objective function in (8) when a threshold policy is adopted. To that end,

we provide the following propositions.



Proposition 2. For a fixed threshold n, the stationary distribution u™ of the DMTC when the decoding success

probability is equal to p is:

—L f1<i<n
u™ (Z = "10-‘1-1—:01‘7“ ) f ‘ - = 9)
(1 - p) np+1—p le >n
Proof. The results can be easily obtained by solving the full balance equations. O

The next step consists of calculating the average objective function in (§) when a threshold policy is employed.

Proposition 3. For a fixed threshold n, the average cost of the threshold policy of the problem is:

= =124+ (n—D)p*+2p(n—1) +2 A
Cln, ) = 2p((n—1)p+1) np+1-—p

(10)

Proof. The results can be concluded by leveraging the stationary distribution expressions and the fact that C(n, \) =
SO i (i) + A wn (i) -

Using the stationary distribution, and the average cost, one can then prove the indexability property of the problem,
which ensures the existence of the Whittle’s indices. Before providing these results, we first lay out the definition

of the aforementioned property.

Definition 1 (Indexability). For a fixed )\, consider the vector W) = (I1(A), ..., lx (X)) where l;.(\) is the optimal
threshold for the problem in (@for each user of class k. We define D¥()\) = {s € N* : s < [;.(\)} as the set of
states for which the optimal action is to not schedule the users belonging to class k. The one-dimensional problem
associated with these users is said to be indexable if D*(\) is increasing in \. More specifically, the following
should hold:

N < A= DF(\) C DF(\) (11)

The indexability property for the problem in (§) was established by the authors in [15]. With the Whittle’s indices
ensured to exist, one can then leverage the stationary distribution and the average cost reported in Proposition

and E] to derive the Whittle’s index expressions as previously done in [[15[] and [21]].

Proposition 4. For any given class k, the Whittle’s index expression of state i is:

Wk(i) = % +14 (12)

Proof. See [15} pp. 10]. O

With the Whittle’s index expression derived, we can now establish the Whittle’s index scheduling policy. This

can be summarized in the following algorithm description.

Algorithm 1 Whittle’s index scheduling policy

1: At each time slot ¢, calculate the Whittle’s index of all users in the network using @])

2: Schedule the M users having the highest Whittle’s index values at time ¢, with ties broken arbitrarily.




Although the above scheduling policy is easy to implement, it remains sub-optimal. Accordingly, characterizing its
performance compared to the optimal policy is important. Equipped with the above results and notations, we can

now tackle the main issue that we aim to address in our paper: the asymptotic optimality of this policy.

IV. ASYMPTOTIC OPTIMALITY OF THE WHITTLE’S INDEX POLICY
A. Optimal Solution of the Relaxed Problem

To be able to prove the asymptotic optimality of the Whittle’s index policy, one has to compare its performance
to the optimal policy that solves (3). However, as previously explained, the optimal policy of (3) is not known. To

circumvent this, and to have a benchmark performance to compare to, we note that the following always holds:
CRPN  QOPN  oWIPN

< <
N — N — N

13)

oWIPN
where N

. . . . OPN . .
is the average age per-user under the Whittle’s index policy, € ~— is the optimal expected average

age per-user of the original problem (3), and ¢ ~ " is the optimal average age per-user of the relaxed problem

(). Thus, in order to show the asymptotic optimality, it is sufficient to prove that for a large number of users NN,
CWIP N CRP,N
N

s N . . .
~ — converges to ¢ ~—- To that end, the next task is to find an expression of CRP = . For this purpose,

we provide the following proposition.

Proposition 5. The optimal solution of the relaxed problem is of type threshold for each class. More precisely, it
is a linear combination between two threshold vectors (I3,--- | 1%) and (12, -- 1% such that:
o There exists a unique real value W* € R, a class m and state p such that W* = W™ (p).

o The expressions of l,l€ and l% are as follows:

1L = argmax{W"(i) : W@ <W*}+1 Vke{l,...,K}
ieN*

2= argrgax{Wk( i) WEGE) < W* 41 Vke{l,...,K} (14)
iEN
o There exists a unique 0 < 0 < 1 that satisfies 02?21 Vi Z;ﬁ ug‘( )+ (1-9) Zk 1Yk Z 2 uf() =q,

where uy, is the stationary distribution of the age given a threshold n for class k.

Proof. See [21} Proposition 5]. O

Thanks to this proposition, we can conclude that the optimal per-user cost of the relaxed problem has the following

expression:
K
Z - Z Ol (i) + (1 — O)ulk (i))i (15)
=1

By leveraging these results, we can proceed with characterizing the performance of the Whittle’s index policy.



B. Global Optimality of the Whittle’s index policy

This section constitutes the main contribution of the paper where we show the asymptotic optimality of the
Whittle’s index policy. The idea is to show that the performance of this policy converges to C*¥ when N is large
and the ratio o = % is kept constant.

We let Zik’N(t) denote the proportion of users belonging to class k in state ¢ at time ¢. In other words, it
denotes the ratio of the number of users in class k£ having an age equal to ¢ to the total number of users V.

We have that Z™(t) = (Z"N (1), ..., ZN () with Z8N(8) = (27N (1), e, Ziill ) (), where mE (1) s the

mk(t

k(g
)Z;C,N

highest state at time ¢ in class k and Z;’;O( (t) = vy for each class k. We also denote by z* the proportion

corresponding to the optimal policy of the relaxed problem. Thus, the elements of the vector z* are exactly the set
{’yk(ﬁug‘ (1) + (1 — 9)11,? (1)} 1<h<K where 7 and k refer to the user i and class k respectively. This can be easily
concluded from the results previ(;lisly laid out in eq. (I3).

In the sequel, we will establish the global optimality for two different classes of users where p; and p, are the
successful transmission probabilities of class 1 and 2 respectively (p; > p2). In order to prove that, we show that

when the Whittle’s index policy is adopted, Z¥ (t) converges in probability to z* when N and ¢ are very large.

To that extent, we follow the steps below:

« We show that the fluid approximation of Z”(t), denoted by z(t), converges to z*. Such a convergence has
been proven in previous works under restrictive mathematical assumptions that can only be verified numerically
[22]]. We escape these assumptions as we will detail in the following.

« Since the relation between z(¢ + 1) and z(¢) is not linear, our approach to establish the convergence of z(t)
involves two terms: «;(t) and ay(t). These two proportions are nothing but the scheduled proportion at time
t of class 1 and 2, respectively. Note that we always have o4 (t) + as(t) = «. Based on Lemma (I} we show
that for a large enough time ¢, there exists 73 such that we can find a partial relation between each element

of the vector z(¢ + T;) and terms of the sequence {ay(t') . More precisely, we prove that for T3, we

} k=1,2
t/ <t+Ty

can express each proportion that is not scheduled at time ¢ + 73 in function of one term of {ay (')} r=1,2 .
t/ <t+Ty

This allows us to obtain 1 — «v as a linear combination between the terms of {oy () at time ¢ 4 7T5.

}ok=12
o/ <+ Ty

o Subsequently, we introduce in Definition [3] Tj,ax that satisfies these two following properties proven in
Propositions [7] and [§] using Lemma [2} the Whittle’s index alternates between the two classes from state 1
to Timax under a given assumption on «; the instantaneous thresholds I (.) and l2(.) are bounded by Ty at
time ¢ + T;.

« Based on that, we derive the relation between the instantaneous thresholds at time ¢+77 in Proposition 0] Taking
as initial time ¢ + Ty = Ty, we show by induction in Proposition that, for all T' > T}, the instantaneous
thresholds are less than 7,,,x and that all none scheduled proportions can be expressed in function of terms
of the sequence {ay (t/)}IZ/iITZ Next, we define for each class k a vector Ag(T) composed by «(T) (the
scheduled proportion at time T) plus the finite subset of the sequence {c(¢') }+ < such that for all proportion

of users in class k at a given state at time 7" that is not scheduled can be expressed by one element belonging

to this subset. After that, we provide the relation between the elements of the vectors Ag(T) and Ag(T + 1)



in Propositions [T1] and [12]

« As was mentioned in Introduction, our proof is based on Cauchy criterion which states that in the real number
space R, a given sequence h(T') is convergent if and only if its terms become closer together as T" increases.
To that extent, we show that the elements of the vector Aj(-) which are nothing but the terms of the sequence
ay(+) are getting closer when T increases. For that purpose, we prove that the highest and the smallest element
of Ax(T) converge to the same limit when 7' grows. To that end, we start by establishing the convergence
of the highest and the smallest element of Ax(7") in Theorem 1| Then, we demonstrate by contradiction that
the highest and the smallest element of Ay (7") must converge to the same limit in Proposition This last
result implies that «y(t) converges when ¢ scales. In light of that fact, we prove that z(¢) converges to z*
in Proposition Finally, using Kurth theorem, we show in Proposition that Z~ (t) converges to z* in

cWIP.N

probability. And finally we establish in Proposition |16| the convergence of “——— to CFP.

With the steps of our approach clarified, we can proceed with introducing the fluid limit approximation. The fluid
limit technique consists of analyzing the evolution of the expectation of Z”~ (t) under the Whittle’s index policy.

For that, we define the vector z(¢) as follows:
2(t+1) = 2(t)|syez =E | ZN(t+1) - ZV(1)|ZV(t) = 2 (16)

This above equation reveals to us that we have a sequence z(t) defined by recurrence for a fixed initial state
z(0) that we should study its behavior when ¢ is very large. Hence, we end up with a function z(¢) that depends on
two variables, ¢ and the initial value z(0). To that extent, our aim is to prove that z(¢) converges to z* regardless
of the initial state z(0). We let z(t) = (21(t), ....., 25 (t)) with 2¥(t) = (zF(¢), ...... , an’c(t) (t)) where z¥(t) is the

expected proportion of users at state 7 in class k at time ¢ with respect to the equation (T6). Accordingly we have

k
that 27 (9 2k (t) = ~y, for each class k.

One can notice that z* is a particular vector with respect to the equation (I6).

Proposition 6. z* is the unique fixed point of the fluid approximation equation. In other words, z(t) = z(t + 1),

if and only if z(t) = z*.
Proof. The proof follows the same methodology of the paper [22, Lemma 9] O

According to this proposition, it is sufficient to show that z(¢) converges starting from any initial state z(0), as

the only eventual finite limit of z(¢) when ¢ tends to 4o0 is the fixed point of the equation (I6), z*.

Remark 1. We highly emphasize that the proportion ay(t) and 1 — « refer to the scheduled users’ proportion at
time t in class k and the non scheduled users’ proportion either for class 1 or 2 respectively. Meanwhile, for any
other proportion A, it refers only to the number of users in this proportion over the total users’ number of the
system whatever the different states of users that contains. Having said that, A = B means that they are equal in

terms of proportion, while they can contain users in different states.



In the following, we prove that the fluid approximation vector of Z¥(t), z(t) under the Whittle Index Policy
converges starting from any initial state. We prove this result for 2 different classes of users where p; and py are
the successful transmission probabilities of the class 1 and 2 respectively (p1 > p2), given a sufficient condition
on «. Throughout this section, we denote by w1 (n) and ws(n), the Whittle’s index, whose expression is given in
Proposition 4} of state n in class 1 and class 2 respectively. We need to prove that z¥(t) converges for each state

7 in class k.

Now, focusing on the Whittle index policy, we can see it as an instantaneous threshold policy for each class,
where the thresholds vary over time ¢. Moreover, under the Whittle index policy, the proportion of users that are
scheduled at each time slot ¢ is fixed and equals to « since the number of scheduled users at each time slot ¢ is
aN. This proportion « contains the users with the highest Whittle index values. In that respect, we define o (t)
and ao(t) the proportion of users in class 1 and class 2 respectively at time ¢ with the highest Whittle index values
such that o () + a2 (t) = a. The remaining proportion of users which are not scheduled at each time slot ¢, which
is equal to 1 — «, contains the users with the smallest Whittle index values. Now, regarding this proportion, we
give its decomposition into proportions of users at different states in different classes. Denoting by [;(¢) and l2(t)
at time ¢ the instantaneous threshold integers under Whittle index policy, then there exists two real values between

0 and 1, 5(t) and ~(t), with v(t) =1 and 0 < B(t) < 1, or 0 < y(¢t) <1 and 3(t) = 1, such that:

L(t)—1 lo(t)—1

YA+ Y W) B0 (D) =1-a (7

i=1 i=1
and {2} }1<i<i, (1) U {22 Hi<i<io (v is exactly the set {2F : wy (i) < max(wy (I1(t), wa(l2(2))}-

In paper [21]], in order to prove the convergence of z(t), the authors assume that z(0) is within a precise
neighborhood of z* and they consider that the number of states is finite. These assumptions allow them to find an
easy linear relation between z(t) and z(¢t + 1) (z(t + 1) = Q=z(t) + ¢ see [21, Section IV-C]), and then deduce
the convergence of z by establishing that the spectral value of @ is less strictly than one. In our case, as we aim

to prove the convergence of z from any initial state, the relation between z(¢ + 1) and z(¢) is as follows
2(t+1) = Q(2(1)=(1) + c(t) (18)

This equation is not linear which makes studying the evolution of z(-) a hard task. Moreover, as the number of
state is infinite, then the dimensions of z(t) varies per time. Therefore, the matrix Q(z(¢)) is not square. Hence
we can not apply the same method as in [21]] since the spectral values are not defined for a non square matrix. For
these reasons, we proceed differently than [21]. Our method consists in fact on expressing each proportion z¥(t)
that belongs to a non scheduled users’ proportion at time ¢ in function of a term of a/(-) at a given time less than
t. By this way, we will obtain a part of the vector 2z(t) in function of {ax(t')} y<; ,and the sum of the other
part equal to «. Then, we show that ay(-) converges for k = 1,2. We will seeklea{tgirl}ihat it is sufficient to show
that «x(+) converges in order to conclude for the convergence of z(-). To find the partial relation between z(¢) and

{ar(t')} 1<; » we prove the following lemma.
ke{0,1}
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Lemma 1. Knowing z*(t), ay(t) and Iy (t), we have that:
Fori=1:

2i(t+1) = prou(2).

For 1 <14 <l(t):

Zia(t+1) = 2 ().

Proof. See Appendix [A] O

According to Lemma |1} after scheduling under the Whittle’s Index Policy, we get at time ¢ 4 1, a proportion of

pra (t) of users at state 1 in class 1 and paao(t) of users at state 1 in class 2 respectively (i.e. 21 (t+1) = praq(t)
and 27(t + 1) = paca(t)).
According to the same lemma, at time ¢ + 2, a proportion of pj«y () and poca(t) of users will go to state 2 in
class 1 and class 2 respectively and pyaq(t + 1), poaa(t + 1) of users will move to state 1 in class 1 and class 2
respectively (i.e. 21 (t +2) = prag(t+1), 22(t +2) = paas(t+ 1), 23(t +2) = praq (t) and 23(t + 2) = paaa(t)).
At time t + 3, a proportion of pyaq (t) and peaa(t) of users will go to state 3 in class 1 and class 2 respectively,
prag(t+1), paas(t+1) of users will move to state 2 in class 1 and class 2 respectively, py vy (t+2) and poan(t+2)
of users will move to state 1 in class 1 and class 2 respectively, (i.e. 21 (t+3) = pyay (t+2), 22(t+3) = paaa(t+2),
z4(t+3) = prai(t+1) and 23(t + 3) = paaa(t + 1), 23 (t +3) = prai(t), 23(t + 3) = p2aa(t))

Thereby, at time ¢ + to where the instantaneous threshold Iy (t + to) > to, we get a set of proportions
{pra1(t),p2aa(t), - ,pras(t + to — 1), paaa(t + to — 1)} that belong to the proportion 1 — a of users with
the lowest Whittle index values, such that 2 (t + to) = pray(t +tg — 1), 23(t +to) = peaa(t +to — 1), ---,
2t (t+to) = proa(t) and 22 (t+tg) = paca(t). Hence, we obtain a 2% (¢ + 1) which is well expressed in function

of terms of ay(+) (k =1,2) for i € [1,%0], k =1,2.

Remark 2. Considering Whittle index policy framework, the order of the different users’ proportions with respect
to their Whittle index values must be taking into account throughout this analysis. In fact, as we have already
mentioned, we need to give the expression of the non scheduled users’ proportions in function of the terms of a/(+)
for k = 1,2, which can not be done only if we consider the order of the Whittle index values. To that extent, since
the set of the non scheduled users’ proportions, according to the Whittle’s index policy, is exactly the set of users’
proportions with the lowest Whittle index values among all the different users’ proportions of the system, then the

form at time t of this specific set will be {zF(t) : wy(i) < wy(n)} for a given m and n that vary with t.

Based on this remark above, we need to find at time ¢ + to, a set of the form {zF(t +t¢) : wy (i) < wy,(n)} for
a given class m and state n, such all the elements of this set are well expressed in function of ay(-). We show in
the sequel that the highest Whittle index of this set could be w2 (o).

Indeed, given that the Whittle index function is increasing with n where n refers to a given age of information
state, then for any state in class 2 with Whittle index less than ws(t), belongs to [1, ¢y]. Moreover, considering the
state ¢ in class 1 such that wy(q) < wa(ty) < wi(to) (p1 > p2), then wi(q) < wi(to), which means that ¢ € [1, ¢o].

Hence, for any element in {2z (¢ +t¢) : wy (i) < wa(tg)}, can be expressed in function of terms of ay(+) (k = 1,2).
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Timet Timet+l Timet+2  Time t+t,

g L) | T+ | 22 Jay(E 4 o)

0(t) | [agt+n] 22042 |ag(t +1o)

| praa(?)

> > " paoa(®)

pro(t) :
pacia(t)

praa(t) | | maa(t+1) pay(t+tp-1

Pztl'z(t) pgag(t + 1) Pzﬁfz(t TR l)l

Figure 2: Evolution of 2F(-)) for different states i in function of «;(¢) and c(t) under the Whittle Index Policy

(the green and the yellow colors refer to class 1 and 2 respectively)

Accordingly, {zF(t + to) : wi(i) < wa(to)} equals to the set {paaa(t), -+, paca(t +to — 1), prou (t +to — I(t +
to)), - ,praq(t +to — 1)}, where I(t + to) is the greatest state ¢ in class 1 such that wq(q) < wa(tg). We note
that [(t + tg) < to because wa(I(t + o)) < wi(l(t + to)) < wa(to).

Therefore, in that regards, for a fixed ¢, we associate for each ¢y the corresponding sum Z“HW 1( + to) +
Z] RAGANE ZWHO) prog(t+to—j)+ ZJD 1 P202(t +to — j). To that extent, we define in the following

the time ¢, when this aforementioned sum exceeds 1 — c.

Definition 2. Starting at time t, we define T; such that t + Ty is the first time that verifies:

1(t+Ty) T
Y. mait+Ti—j)+ Y past+Ti—j)>1—a (19)
j=1 i=1

l(t+ 0)

In other words, the first time when Z prag(t+to—j )—i—zlo | P2a(t+to—j) exceeds 1 —ais t+ty = t+ T

Then, at time ¢+ 17, there exists I (t+7T;) < I(t+T}), ly(t+T;) < Ty, such that the set {z} (t+T1) }1<i<y (t41,) Y
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{22(t + To) h<i<iy(itmy) 1s exactly the set {zf(t + T;) : wy(i) < max(wi(lf(t + T1), wa(l5(t + Tt))}EI, and
yt+Ty)=1land 0 < B(t+Ty) <1,0r 0 <~y(t+Ty) <1and B(t+ T;) =1 such that:

U (t+T)—1 (4T —1
S open(tHT—i)+ Y paaa(t+Ti—j)+B{A+T)pron (AT =1 (t+T0)+y (4T paca (T —ly (t4T1)) = 1—a,
j=1 j=1

(20)
with 1 (¢t + T}) and I5(¢t + T}) being the instantaneous thresholds in class 1 and 2 respectively at time ¢ + T5.
a1(t+T;) and aa(t + T}) are the users’ proportions with the highest Whittle index values, and their sum is equal

to a. Without loss of generality, we let [} (t + T3) = [ (t + T3).

a, (t+T¢)
-
{1 - ﬁ(t =+ Tt}}p]_ﬂ?l[t + T — Il [r + Tg}}
L(E+T,) =
Bt +Topa,(t+T; — L (E+T,))
L(t+T:)
— 1 —a
state 1 =1
state 1

Figure 3: The proportions of users at different states at time ¢ +7; when y(t+T1;) =1land 0 < B(t +T3) < 1

! According to RemarkB the form of this set means that it contains the users’ proportions with the lowest Whittle index values among all

users’ proportions of the system
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a, (t+T.)
—
B S ]
2 t
'i:l (t+ Tt) pay(t+ T, — L (t+T}))
!2 (t + Tt) - 1

=— 1—a

state 1 piay(t+ T, — 1)

state 1

Figure 4: The proportions of users at different states at time ¢ + 73 when S(t+7;) =1 and 0 < v(t +T3) <1

As we can see, at time ¢ + 7}, all the expressions of the users’ proportions that belong to the 1 — « of users with
the smallest Whittle index values, are in function of a (¢) or a(t) at various time. In fact, at time ¢+ 73, we end up
with 2} (t+T3) = proqa(t+ Ty — 1), 23 (t+Ty) = paaa(t+T; — 1), - - -, zlll(tJth)(t—i-Tt) =proa(t+T, -l (t+T11))
and Zli(t+Tt)(t +T3) = paaa(t + Ty — l2(t +T3)), and the rest of the proportions belongs to ay (t + T3) for class 1
and s (t + T3) for class 2. For this reason, we work only with «1(-) and aw(+) in order to prove the convergence.
As we have mentioned earlier, the proof of the optimality is valid under an assumption on «. This later relies on
the maximum value that can take the instantaneous thresholds Iy (¢ 4+ T3) at time ¢ + T3 for k& = 1, 2. To that extent,
we start by defining and bounding a certain constant 71,,x. Then under an assumption on «, we show that the order
of Whittle index alternates between the two classes in the set [1, Tiax + 1] (this will be detailed later). Based on
this, we establish that T}, is an upper bound of I (t + T3).

First of all, we give a lemma which will be useful to prove the propositions [8] 0] and

Lemma 2. There exists a time ty such that for all t > ty, ay1(t) > 0.

Proof. See appendix O
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Tmux B
- 11—«
3
2
1 e —

Figure 5: Graphical representation of T},

In this following definition, we define Tj,.x, and we check later that it coincides with the upper bound of 15, (t+77%)

for k =1,2.

Definition 3. Starting at time t, we define Ty,.x as T} defined in Definition |2} that verifies the following:

. Eé‘(:{Tt)p1a1(t+Tt —J)+ Z?=1p2a2(t+Tt —i)z1-a
o ai(t+14) =0 forall i €0, Tax — 1]

In the next lemma, we determine the upper and the lower bound of T;,.

Lemma 3. T}, doesn’t depend on t and satisfies: g—g‘ < Tax < ;—g + 1.

Proof. See appendix O
We say that the order of the Whittle index strictly alternates between the two classes in [1,n] or from state 1 to
n, if we have wa(1) < w1(1) < w2(2) < w1(2) < w2(3) < w1(3) < --- < wa(n) < wi(n). To that extent, the

proof of ay () convergence is feasible when the alternation condition is satisfied from 1 to I (¢ +T3) + 1 for all ¢.

We note that this condition will be relevant in the proof of the proposition [I2] To that end, we start by introducing
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the assumption on «a. Then, we demonstrate effectively that under this assumption the condition of alternation is

satisfied from 1 to Iy (t + T3) + 1.

Assumption 1. Denoting ﬁ( % + \/ 2(p1 — p2) + M) by D. Then, the users’ proportion scheduled

2

at each time « satisfies:

1

o> ——
1+(D—2)p2

2y

If Tinax is the highest value that [, (¢ +73) can take, (this will be shown later in proposition , then it is sufficient
to prove that the hypothesis of the Whittle index alternation is satisfied from 1 to T},,x + 1. This will be shown in

the next proposition.

Proposition 7. Under Assumption (1)), the order of the Whittle index alternates between the two classes from state

1 to state to Ty,ar + 1.

Proof. See appendix [D}] O

Now we prove that the instantaneous thresholds of the two classes can not exceed T}q4-

Proposition 8. Denoting by lp,q, the highest instantaneous threshold in the sense that ¥t > ty, max (1 (t+13), la(t+

Tt)) < lmaz) then Tma:z: = lmaa:~

Proof. See appendix [E] O

According to the last proposition, Ti.x is truly the upper bound of [ (¢t + T3) for all ¢ and &k = 1,2. As
consequence, the order of the Whittle index alternates between the two classes in the set [1,l; (¢ + T;) + 1]. The

next goal is to find a relation between I1(t + T;) and I (t + T3). To do so, we recall that we have at time ¢:

I (t)—1 Io(t)—1

Z 2 () + Z 2 () + B8z, 1y (1) + ()2 1y () = 1 — (22)

i=1 i=1
with 11 (¢) and [3(¢) being the thresholds in class 1 and 2 respectively at time ¢, and 5(¢) =1 and 0 < v(¢) < 1,
or v(t) = 1 and 0 < B(t) < 1. Thereby, the first step consists of establishing the relationship between I, () and
Io(t) when max(l1(t),l2(t)) < Tmax depending on two different cases that we will explain thereafter in order to
give a generalized expression of the aforementioned equation (22) where the index of the class is not specified in

the expressions of the thresholds {1 (¢) and I5(¢).

Remark 3. It is worth mentioning that, as we have defined lyax in Proposition [8) it refers to the highest value
that can be attained by the thresholds of the class 1 or 2 at time t 4T} for t > t; where ty is a given in Lemma
Whereas, at any time t > ty, max(li(t),l2(t)) < lmax might not be true since we don’t have necessary a given

t' such that t' + Ty =t for any t > ty.
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Proposition 9. Az any time t > t¢, if max(l;(t),12(t)) < Tmax = lmax, then there exists [(t) < lmax and, f(t) =
and 0 < y(t) <1, or 0 < B(t) <1 and ~(t) = 1 such that:

1(t)—1 1(t)—1
Z )+ 2 ()21 () + (D)2 (H) =1 — @ (23)

=1 =

=

Proof. See appendix [G] O

Starting at time ¢ > ¢y, we have that at time ¢ + T3, the thresholds I1(t + T;) and lo(t + T3) are less than Iy ax.

Hence, according to Proposition (9)), there exists (¢ + T}) such that:

L(t+Ty)—1 1(t+T) 1
> paa(tHT=i)+ D paaa(tHTi—j)+B(+T)pron (tHT,—=1(t4+T)) +y(t+T)pocs (4T —1(t+T))) = 1—a
j=1 j=1

(24
where B(t +713) =0and 0 < y(t+T;) <1l,or 0 < B(t+T3) <1 and v(t +1;) = 1.
Denoting t + T; by Tp, we obtain:
U(To)— 1(To)—1
Z praa(To—5)+ D peaa(To — 5) + B(To)pron (To — UTv)) + 1(To)paa(To — U(Tp)) = 1 —a (25)
= =

where 8(Tp) =0 and 0 < y(Tp) < 1, 0or 0 < B(Tp) <1 and y(Tp) = 1.

Now, we prove by induction that this latter expression is valid for all T' > Ty, and that [(T), the instantaneous

threshold at time 7', is less than ly,,.

Proposition 10. For all T > Ty, there exists [(T) < lymax, B(T) and ~(T), such that:
UT)—1 UT)—1
> paa(T - Z paa(T — §) + B(T)pron (T — U(T)) +~A(T)pran(T —I(T)) =1 —a (26)

where (T) =0 and 0 < W(T) <Lor0<p(T)<1landv(T)=1

Proof. See appendix O

According to the latter proposition, we can now define at each time 7" > Tj, for each class k, the vector

Ap(T) = (ap(T), (T — 1), ,ax(T = I(T))), such that, there exists 3(T") and v(T):
UT)—1 UT)—1
Z praa(T — Z p202(T = j) + B(T)praa (T = U(T)) + y(T)p2aa(T = U(T)) = 1 — 27

where 8(T) =0 and 0 < fy(T) <1,0r0< B(T) <1and~(T) = 1. We note that as we have explained previously,
the relation between A (T) and 2*(T) is: proy (T — 1) = 25(T), prag(T — 2) = 25(T), - - - , prax(T — (T)) =
ZZI?T)(T).

Remark 4. We emphasize that in the following analysis, T is always considered greater than Tj.
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We prove in the sequel that max A (7T') is decreasing and min A, (T) is increasing (with the max and min
referring to the element of the vector with the greatest value, and the smallest value respectively). After that, we
conclude the convergence of max Ay (7)) and min Ag(7T) when T tends to +oo. Then, we prove that they must
converge to the same real number. In order to prove that max Ay (7T) is decreasing and min A (7)) is increasing,

we first demonstrate this following proposition.

Proposition 11. All the elements of the vector Ay (T + 1) belong to the elements of the vector Ay(T) except
o (T + 1).

Proof. See appendix [l O

With the intention of proving the monotony of max A1 (7T") and min A;(T"), we still need to prove that the value
of a1(T + 1) must be less than max A;(T") and greater than min Ay (7). For that, we introduce the following
proposition.

Before doing that, we note that, as a4 (t) + as(t) = « at each time slot ¢, then it is sufficient for us to prove that

aq(+) is converging. To that extent, we study only the vector function A;(7") in order to prove the convergence.

Proposition 12. Under assumption|l| for a given vector A1(T) = (a1 (T), a1 (T—1), -+ , a1 (T =UT)))(T > Tp),

we have four possible cases of inequalities:
a1(T) < ay(T+1) < ay (T — U(T))
ar(T = UT)) < ar(T +1) < ay(T)
ar(T=UT)+1) <ar(T+1) < en(T)
al(T) <oq(T+1) <o (T - UT) +1)
Moreover: If a1 (T) < oy (T + 1) < (T — U(T)), then:
ar(T+1) = ar(T) < pi(en(T = UT)) — e (T))
If ar(T = U(T)) < ay(T + 1) < i (T), then:
a1(T) — a1 (T + 1) < pi(en(T) — (T — U(T)))
If ar(T = UT) 4+ 1) < ar (T + 1) < oy (T), then:
a1(T) — ar(T+1) < pr(ar(T) — er (T = U(T) + 1))
If ar(T) < oy (T +1) < ay(T — I(T) + 1), then:
a1(T +1) — a1 (T) < pr(ar (T = U(T) + 1) — ay(T))

Proof. See appendix [J} O
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Theorem 1. min A;(7T") and max A1(T') converge and we denote their limits respectively by 1y and ls.

Proof. According to Proposition|l 1} the elements of the vector A;(7'+1) except the first element which is a; (T'+1)
belong to the elements of the vector A; (7). Hence, the values of these elements (except the first element of
A (T + 1)) is less than max A;(T) and greater than min A, (7). According to the first result of Proposition
we deduce that o1 (T +1) is between two values of two elements of the vector A, (7). Hence, combining the results
of Proposition [11] and [12} max A (T + 1) < max A;(T) and min A (T + 1) > min A; (7). Then max A;(T) is
decreasing with T and min A4 (7") is increasing with T'. Given that for all 7', 0 < ay(T) < «, then max A;(7T)
and min A, (T") are bounded by 0 and «. Therefore, we can conclude that min A;(7") and max A;(7T") converge
and we denote their limits by /; and ls respectively. Moreover max A;(T") is lower bounded by ls and min A;(T")

is upper bounded by ;. O

However, in order to have «;(7") converges to a unique point, we need to establish that max A;(7T) and
min A;(T') converge to the same limit. In other words, we need to prove that [y = l5. For that, we will use
the second result of Proposition To that extent, we proceed by contradiction, i.e. we suppose that I; # l5. More
specifically, given that I; < [, by definition, the two possible cases satisfied by [y and Iy are: I} < Iy or I} = Io,
then to show that [; = [, it is sufficient to find a contradiction considering /1 < [s.

In fact, we prove that if [; < o, there exists Ty such that all the elements of A;(Ty) are less strictly than [, that
contradicts with the fact that max A, (7") is lower bounded by .

As max A;(T) converges to I, then for a given € > 0, there exists a given time slot that we denote by T. > Ty
such that for all T > T, max A{(T) < ly 4 €. Our proof consists of showing that for a small enough e, there
exists T > T, max A1 (T) is less strictly than lo. We need first to determine an upper bound of the number of the
elements of the vector A;(T") whatever 7. In fact, as we have demonstrated that at each time 7', the instantaneous
threshold I(7T') is less than li,ax. Then the number of the elements of A;(7) will not exceed lpax + 1. In the

following proof, we denote l;,,x by L.

Proposition 13. If I < Iy, for e < (I3 — ll)%, there exist Ty > T, such that all the elements of A1(Ty)

are less strictly than ls.

Proof. See appendix [K] O

Providing that /5 is a lower bound of max A;(7T") which contradicts with the result of the above proposition.
Hence, the supposition of I; # I is not valid.
Therefore, I; = lo. Consequently, max A1 (7)) and min A, (7T) converge to the same limit denoted . Given that
min A1 (T) < aq(T) < max A;(T) for all T, then «o;(T) also converges to aj. Similarly, aa(7") converges to

a — af = 3. In the following proposition, we prove that z(¢) converges.
Proposition 14. If oy, (t) converges to o, then for each state i and class k, 2F(t) converges to zf ’*.

Proof. See appendix O
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However, we still have to establish that the stochastic vector Z~ (t) converges to z* in probability when N
scales. For that, we introduce the following proposition inspired from the discrete-time version of Kurtz Theorem
in [27]. Before that, knowing that the norms on the infinite dimension vector space are not equivalents, we work
only with a specific norm which will be useful to show the optimality of the Whittle index’s policy. Accordingly,

we define || - || as follows:
—+oo +oo
||v||:Z|v}|z'+Z|v?|i (28)

where v¥ is the i-th component in the class k of the vector v. The reason behind chosen a such norm will be

revealed in the proof of Proposition [T6

Proposition 15. For any p > 0 and finite time horizon T, there exists positive constant C' such that

C
Pol sup 127 (1) =zl > w) <
0<t<T
where Py, denotes the probability conditioned on the initial state Z™ (0) = z(0) = @. Furthermore, C' is independent

of N.

Proof. See appendix O

According to the Proposition above, the system state Z'¥ (t) behaves very close to the fluid approximation model
z(t) when the number of users NV is large and starting from any initial state. To that extent, in order to establish the

optimality of Whittle’s index policy, we give first this following lemma which is a consequence of the Proposition

Lemma 4. For any p > 0, there exists a time Ty such that for each T' > Ty, there exists a positive constant s with,

Po( sup ||ZN(t) - z*[| = p) < N
To<t<T

Proof. See appendix O

We remind that starting from an initial state x, our objective is to compare the total expected average age per user
under Whittle index policy which can be expressed as +E™ [ Zk LSk ZEN ()i | ZN(0) = x| where
zN (t) evolves under Whittle index policy, with the optimal age of the relaxed problem per user whose expression
in function of z* is, CFF = Chiskid 21 Zj‘of zk "4, when the number of users N as well as the time duration

T grow.

According to Lemma [d] we are ready now to establish the asymptotic optimality of the Whittle index policy.

Proposition 16. Starting from a given initial state Z™ (0) = z(0) = @, then:

T—1 K oo k N K +o k
lim  lim —IEIW zZPN ()i | ZN(0) = 2% (29)
T~l>+oo Nooo T ; I; ; ’; ;

Proof. See appendix O
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Table I Evaluation of B, for a Figure 6: Average age per-user under the Whittle’s index policy

wide range of channel statics

V. NUMERICAL RESULTS

A. Verification of assumption [I|

In this section, we compute the value of the lower bound on « given in Assumption [I] We denote this lowerbound
by B,. For a wide range of parameters p; and p2, we provide an exhaustive table that represents the lower bound
on « in function of p; and ps. As can be seen, the lowerbound decreases when p; and p, are close one to the
other. Moreover, it grows even smaller when p; and p, have relatively high values. According to table [, we can
notice that in most cases of (pi1,p2), the lower bound of « doesn’t exceed 0.5. This implies that the interval of «

where the assumption |1| is satisfied, is enough wide for different values of p; and ps.

B. Implementation of the Whittle’s index policy

In this section, we evaluate the Whittle’s index policy’s performance by comparing the per-user average age of
the Whittle’s index policy to the optimal per-user average age of the relaxed problem C"P. To that extent, we let
the number of users in class 1 and class 2 to be equal to % The probability of successful transmission of class 1
and class 2 are set to 0.8 and 0.5, respectively. At each time slot ¢, at most, M = % of users can be scheduled
per each time slot, i.e., « = % = % As seen in Figure @ the gap between the two policies tightens as the number

of users NV grows. Indeed, these numerical results corroborate our theoretical analysis and show that the Whittle’s

index policy is effectively globally asymptotically optimal.

VI. CONCLUSION

In this paper, we have examined the average age minimization problem where only a fraction of the network

users can transmit simultaneously over unreliable channels. We presented and derived a novel method based Cauchy
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criterion to prove the Whittle’s index policy’s optimality in the many-users regime. Compared to the state of the

art methods, our approach does not require imposing strict mathematical assumptions, which can be challenging

to verify. We also provided numerical results that corroborate our theoretical findings and highlight the Whittle’s

index policy’s performance. Moving forward, the next research direction is to extend our proof to various other

scheduling problems under different system models and objective functions.
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APPENDIX A

PROOF OF LEMMA[I]

We can formulate the fluid limit equation (T6) as follows:
2(t+1)=E [ZN(t + 1)’ZN(t) = z(t)

At time ¢ + 1, applying Whittle index policy, in average exactly a proportion of piay(t) of users will be at state

one since vy (t) refers to the proportion of users in class k that are scheduled. Accordingly, 2% (t + 1) = prax(t).
k

While for 1 < i < [(t), the users’ proportion z; () is not scheduled. Therefore at time ¢ 4 1, since prescribing

k

idle action to a given user implies that its state will be increased by 1, the proportion z;(t) at state ¢ in class k

will be at state ¢ + 1. Thus, E [Zﬁf(t + 1)’ZN(t) = z(t)} =zF (t+1)=2F0).

APPENDIX B

PROOF OF LEMMA

First of all, we provide an useful lemma.
Lemma 5. We have for all integer © and for k = 1,2:
wi (1 + 1) —wy (i) = ipx + 1
Proof. renewcommand 1M The result can be obtained directly by replacing wy (i) by its expression. O

In order to prove the present lemma, we proceed in two steps:

« We prove first by contradiction that there exists a given time ¢, such that oy (¢;) > 0.

o We prove that if a;(t;) > 0, then oy (¢) > 0 for all ¢ > ¢5.

1) For the first point, we suppose that for all ¢, we have that a; (t) = 0. Consequently, we get that 21 (t +T}) =
0,2 (t+1) (t+T) = 0, and ay (t+T;) = 0. This means that, the proportion of all users in class 1 is equal

to 0. However, the users’ proportion of class 1 is 1 # 0. That is, there exists a given time ¢ such o (t5) > 0.
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2) Before addressing the second point, we recall that v (t) refers to the scheduled users’ proportion in the class
1. Thereby, 1 (t) contains all users with the highest Whittle index values among all users in class 1. To that
extent, at time ¢, the Whittle index of av; (¢5) is greater than the Whittle index of the users’ proportion 1 —«
that we denote by C. We let S;,(C) be the set of pair (state,class) at time ¢y in the users’ proportion C.
Denoting by ¢ the smallest state of a1 (ty), n and m a given state and class respectively such that 2" (¢)
belongs to C' at time ty, then w,,(n) < wi(g). Under the Whittle index policy, at time ¢; + 1, the states
of a users’ proportion that equals to (1 — p1)ai(tf) among the users’ proportion cv(¢5), will be increased
by one in comparison with the time slot ¢;, as well as the users’ proportion C. Accordingly, the smallest
state of the proportion (1 — py)ay(ts), is ¢ + 1. S¢,41(C) is shifted of one with respect to S;,(C), i.e.,
(n,m) € 8¢,(C) & (n+1,m) € S, 11(C). We compare w; (g + 1) with the Whittle index of 7 in class m
such that (n,m) € S, +1(C). In that direction, we let (n,m) € S, 11(C), and we distinguish between two
cases:

o m = 1: Leveraging the fact that (n — 1,m) € S;,(C), then wi(q) > wi(n — 1). That implies that
n — 1 < ¢ since wy(.) is increasing. Hence n < ¢ + 1. As consequence, wi(n) < wq(q+ 1)

o m = 2: Again we distinguish between two case:

- If n—1<gq, then wa(n) < wi(n) <wi(qg+1).
Therefore, we obtain our desired result for the first case.
-Iftn—-1>g¢q:
We have that:

wi(g+1) —wa2(n) = (wi(g +1) —wi(g)) — (wa(n) — wa(n — 1)) + wi(g) — wa(n - 1)

Applying Lemma |5, we obtain: (wq(q+ 1) —w1(q)) — (w2 (n) —wa(n—1)) = gp1 — (n — 1)py. Given

that wy(n — 1) < wy(g), therefore replacing by their expressions we get:
(n=2)(n = 1)p2/2+n—1<(q-1)gp/2+¢

As n—1 > q, then:
(n=2)(n = 1)p2/2 < (¢ — 1)qp1/2
Hence:
(n = 1)p2 < qp

Therefore, (w1 (q+1) —w1(q))— (w2 (n) —wa(n—1)) > 0. Hence, knowing that w1 (q) —wa(n—1) >0

we end up with our desired result for this case, i.e. wy(g+ 1) — wa(n) > 0.
Thus, we have proved that at time ¢ + 1, all the users’ proportions in C' whose sum is equal to 1 — « have a
Whittle index less than that of (1 — p1)ay(ts) defined in the beginning of this proof. That means that there

exists at least a users’ proportion that equals to 1 — o with Whittle index values less than those of the states

of the users’ proportion (1 — p1)aq(ty). Then surely, the users’ proportion (1 — pq)a (¢s) that is different



26

from O belongs to the users’ proportion o with the highest Whittle index values. This implies that surely at
time ¢y + 1, there will be at least one queue in class 1 belonging to o with the highest Whittle index values.
Therefore, we have that o (¢ r+ 1) > 0. This result can be generalized for all ¢t > ¢ ¢- In other words, we

have for all t > t¢, oy (t) > 0.

APPENDIX C

PROOF OF LEMMA 3]

As a1(j) + a2(j) = « for all integers j, then, if oy (t +4) =0, az(t +1i) = a. For j € [1, Tihax), we have that
Tinax —J € [0, Timax — 1]. This means that o (t + Tinax — J) is equal to 0, which implies that ao(t + Tiax — J) = .
Moreover, knowing that I(t+Tmax) < Tmax, then for all j € [1,1(t4+Tmax)]s Tmax—J € [Tmax — 1 (t+Tmax)s Tmax —
1] € [0, Timax — 1]. Hence, we get that a1 (¢t + Tinax — j) = 0, for all 5 € [1,1(t + Tiax)]-

Therefore, according to the definition @, Tmax Satisfies:

Tmaxp2a 2 1-— (67 (30)
1 _
Toaw > —— 31)
P2y
l(t+Tmax)

Providing that Ty,,,x by definition is the first time when Z proq (t+ Tmax — )—i—z iy poas(t+Tmax—J)
exceeds 1 — q, then at time ¢ + Tipax — 1, ZZ(HT‘“” p1oz1(t+TInax 1—j) +Z e p2a2(t+TInax_ 1—-j) <

1 — «. This latter sum is equal to (Tiax — 1)pecr which is less than 1 — «. Therefore, we have as result that

l—o

Tax < p—a + 1. As there is one integer value between o

and = =~ + 1, then Ti,ax doesn’t depend on ¢, and

satisfies: ; & < Thax < =2 41

APPENDIX D

PROOF OF PROPOSITION[7]

We have that wy (n) = % +n, and wy(n) = % + n. We start first by finding the set of states for
which the Whittle index alternate between the two classes. As we can see from the expression of the Whittle index,
for a given state n, wy(n) < wi(n) as pa < p1. In order to have the condition of alternation strictly satisfied for
any given state n, we must have wy(n) < wa(n + 1). Hence, denoting by f(n) the difference wa(n + 1) — w1y (n),

we study the sign of f(n) to see for which n f is strictly positive.
Lemma 6. For all n € [1,D[, f(n) >0

Proof. We have that:
n2

f(n) = 7(172—191)4-%(191 +p2) +1 (32)

Hence:
7'(n) = n(ps = p1) + P2 (33)
The derivative is equal to zero for n = 2122 which is greater strictly than 0. This means that f is strictly

2(p1—p2)°’

increasing in [0, 2(’;11*71’;2)] since f'(n) > 01in [0, 2(”;1t’22) [. Providing that f(0) = 1, then surely f is strictly positive
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in [0, 72222 ] This means that, the unique positive solution for f(n) = 0 must be in the interval [s2-722 1 o],

? 2(p1—p2) 2(p1—p2)’
as liT f(n) = —oco. Indeed, the unique solution ng of f(n) = 0 in [Q(I);Itple),-FOO[ is the biggest root of the
n—-—+oo

polynomial (32) which is exactly the value D introduced in Assumption [I} As the function f is decreasing in

[Qg’;lt’;i),—koo[, then f is strictly positive in [0, D[. Therefore, f(n) > 0 for n € [1, D[, which concludes the

proof. ]
According to Lemma @ the order of the Whittle index strictly alternates between the two states when n € [1, D].

Therefore, we need to prove that T}, + 1 is upper bounded by D in order to prove that the alternation condition

is satisfied from state 1 to Tpax + 1.

Indeed, as we have found an upper bound of T},,x which is equal to g—g + 1 (according to Lemma , we just

need to prove that g—(‘j + 2 is strictly less than D.

Under assumption (T)), we have that:

1

1T D=2 G4
a(l+po(D —2)) > 1 (35)
apea(D—-2)>1—« (36)
p_2>17@ 37

y2xe
D>17% 19 (38)

y2xe

Hence, from state 1 to Ti,ax + 1, the order of the Whittle index strictly alternates between the two classes.

Accordingly, the proof is concluded.

APPENDIX E

PROOF OF PROPOSITION[§]

We present first a lemma which will be helpful in proving this proposition as well as the next ones.

Lemma 7. For any state q, at any time t, we have that:

wi(q) < wa(l2(t)) = wi(q) < wi(l1(t))

and

wa(q) < wi(lh (1) = wa(q) < wa(l2(?))
Proof. See appendix [F] [ |

We consider ¢ > t¢. After time T}, we have that:

L(t+Ty) T,
Y. mart+T—j)+ Y past+T—j)>1—a (39)

Jj=1 Jj=1
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Then, as it has been showcased, at time ¢ + T3, there exists Iy (t + T3) < I(t + Ty), Lb(t+T3) < Ty, y(t+T3) =1
and 0 < B(t+T;) < l;0or 0 <~(t+T;) <1and B(t+ T;) = 1 such that:

ll(t-'th)—l l2(t+Tt)—1
Z proa (T —j)+ Z pac2(t+Te—j)+B(A+Ty)pron (4T~ (t4+T))+y (4T ) peae (4T — 1 (1+17)) = 1—a
i=1 i=1

(40)
with [1(t + T;) and l2(t 4+ T}) being the instantaneous thresholds in class 1 and 2 respectively at time ¢ + T;.
Now, we prove by contradiction that max(ly (¢t + T3), l2(t + T3)) < Trmaz-
We prove first that [5(t + T3) is greater than Iy (¢t + T}).
As we have that wo(l1(t + T3)) < wi(l1(t + T})), then according to lemma [7, wo(l1(t + T3)) < wa(la(t + T3)).
This implies that lo(¢ + T}) is greater than Iy (¢t + T}).
Reasoning by contradiction, we suppose that ls(¢t + T3) > Timax (2(t +T3) = max(l1(t +T3),l2(t +T3)) > Trax)-
Based on this, we have that w1 (Tiax) < wa(l2(t+T3)) because w1 (Tax) < Wo(Tmax +1) < wa(l2(t+T})) since
the order of the Whittle index alternates between the two classes as it has been proved in Proposition [§] To that
extent, we distinguish between two cases:
1) First case: If (¢t + T3) = 1:
We have that wi (Tinax) < wa(la(t 4+ T3)). Then, according to Lemma [7] we have that w (Tinax) < wi (I (¢ +T%)).
Hence, we can conclude that T,ax < {1(t + T}) as wy is an increasing function with the age of information.
Moreover, since we have that pya; (t + T3 — j) + peaa(t + T3 — j) > paa (the strict inequality is due to the fact

that c (t) > 0 as ¢ > t; according to Lemma , then according to Lemma (3] we obtain:

l1(t+Tt)71 lg(t+Tt)71
Yo ma(tHT=i)+ D peaa(t+Ti—j) BT pran (T =l (tH4T)+y (t+T))poca (4T, —la (t+T3)) = 1—a
=1 j=1
41)
ll(t+Tt) lQ(tJth)*l
= Y pat+Ti—i)+ D poa(t+Ti—5) +y(t+ T)peca(t +To — ot +Th))  (42)
j=1 j=1
Trmax Trmax
> pron(t+Ti—§)+ Y paoa(t+Ti— j) > Traepor > 1 — a1 (43)
Jj=1 j=1
The last inequality comes from the fact that 71, > ;—2‘. This implies that:
l—-a>1—-a«a (44)

This gives us an illogical statement. Consequently, in this case, the assumption lo(t + T;) > Tinax iS not true.

2) Second case: If 5(t + 1) < 1:

As we have that 5(t + T3) < 1, then (¢ + T;) should be equal to 1. Therefore, all users at state l5(t + T%) in
class 2 are in the users’ proportion 1 — o with the smallest Whittle index values. However, there exists users in

state 11(t + T3) in class 1 in the users’ proportion « that has the highest Whittle index values. That is, we have
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wy (L1 (t+Ty)) > wa(l2(t+T3)). As it has been established before tackling the first case, wi (Timax) < we(l2(t+13)),
then w1 (Tinax) < w1 (l1(t + T¢)). This means that Iy (¢t + T}) > Tinax. Therefore, we have that:

ll(tJth)*l lz(tJth)fl
Yo patHTi=+ Y peaa(t+Ti— )+ BT pran (T —h (HT3)+y (T peas(t+ Tyl (t+T1)) = 1-a
j=1 j=1
(45)
Tmax Tmax
> Z proa(t+ Ty —j) + Z p2az(t +T; — j) > Tnaxpea > 1 —«a (46)
j=1 j=1
This implies that:
l—-a>1—-« (C))

Consequently, in this case, the assumption l3(t 4+ T3) > Tinax is not true.
Hence, in both cases, lo(t + T;) must be less than Tyax, i.e. max(ly(t + T3),la(t + Tt)) < Timax for all ¢.

Thus, we end up with T}« = lmax, Which concludes our proof.

APPENDIX F
PROOF OF LEMMA 7]

We prove only the first statement as the proof steps for both cases are exactly the same. By definition of /; (¢) and
I2(t), we have that {z] (£)}1<i<i, (1) U{22 (t) b1<i<io (1) 18 exactly the set {25 () : wy, (1) < max(wy (I (), we(l1(¢))}.
Hence, if a given ¢ verifies w1 (q) < wa(la(t)), then wi(q) < max(wi(l1(t), wa(l2(t)), that implies that z](t) €
{25 () : wi(i) < max(wi (11 (£), wa(l2(t))} = {2} (6) h<i<iy ) U {22 (1) }1<i<io(+)- Knowing that the highest users’
proportion’s state of the aforementioned set in class 1 is I1(t), then ¢ < l1(t). Therefore as wi(.) is increasing,

wi(q) < wi(l1(t)).

APPENDIX G

PROOF OF PROPOSITION

We have that:

L(t)—1 la(t)—1
Z z () + Z 2 () + B1) 2, 1y (1) + ()20 1y () = 1 — (48)
=1 i=1

with [y (¢) and l5(t) being the thresholds in class 1 and 2 respectively at time ¢, and 3(¢) = 1 and 0 < ~(¢) < 1,
ory(t)=1and 0 < B(t) < 1.

Our aim in this proof is to show that there is a link between [ (¢) and l>(¢) when they are less than 7},,,. By doing
so, we find a general form of the aforementioned equation. To that end, we prove first that 4 (¢) is less than la(t).
Indeed, as we have wa(l1(t)) < wy(l1(t)), then according to lemma [7} wa(l1(t)) < wa(l2(t)). Consequently, we
can conclude that [1 (t) < l2(t).

Secondly, we prove that I5(t) < I1(¢)+1. As the order of the Whittle indices alternates between the two classes from
I>(t) — 1) < wa(l2(t)). Hence, according to lemma [7, we have that wy (I2(t) — 1) <
—1<U1(t).

Given that [1(t) < (t) <Iy(t) + 1, then [;(¢) can be either I5(t) or l3(¢) — 1.

state 1 to state Tyax + 1, wq

~—

wy (11(t)). Consequently, la(t

The second step consists of deriving the value of 3(t) or v(¢) depending on the value of {1 (¢) and I2(¢).
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o If 11(2)) = 1a(t):

We prove that y(t) = 1 if 27 ) > 0. Indeed, if y(t) # 1 and 27, > 0, thus there is at least a non
empty set of users in class 2 at state [o(¢) that belongs to the users’ proportion « with the highest Whittle
index values. However there exists always a non empty set of queues in class 1 at state [;(¢) that belong to
1 — « users’ proportion with the least Whittle index values, since 3(¢) > 0. Then, we have that w2 (l2(t)) >
wi (11(t)). However, we know that wa(l2(t)) = wa(l1(t)) < wi(l1(¢)). This later inequality contradicts with
what precedes. Thus, the statement that (¢) # 1 is not true, i.e. y(¢) = 1.

In this case we denote [(t) = 11 (t) = la(t).

We end up:
P 1(t)—1 1(t)—1
ST+ D )+ Bz ) + 2y () =1—a (49)
j=1 i=1

If zi (1) = 0, the last equation still valid since zfz(t) = 0 whatever the value of (¢), namely when ~(t) = 1.
If Iy (t) + 1 = l2(t):

We prove that 3(t) = 1 if 2/, > 0. Indeed, if 5(t) # 1 and 2], ,) > 0, there is at least a set of users in
class 1 in state /;(t) that belongs to the users’ proportion o with the highest Whittle index values. However
there is always a set of queues in class 2 at state l5(¢) that belong to 1 — « users’ proportion with the least
Whittle index values, since (t) > 0. Then, we have that w;(I1(t)) > w2(l2(t)). However, we know that
wa(la(t)) = wa(l1(¢) + 1) > wi(l1(t)) since the order of Whittle index alternates between the two classes
from state 1 to Tynax + 1 according to Proposition [8| Thus, ws(I1(¢t) + 1) > w1 (l1(t)) > wa(l1(t) + 1), which
gives us an obvious contradiction. Therefore, we can assert that 5(¢) = 1.

In this case, we consider that I(t) = [1(t) + 1 = l3(¢) and we get:

1(t)—1 1(t)—1
)+ > Z) vyt =1-a

i=1

1=

—

(50)

Similarly to the first case, if lel( n =0 the last equation still valid since Zzll w =0 whatever the value of §(t),

namely when () = 1. Subsequently, combining the two cases, there exists /(¢) such that:

1(#)—1 1(t)—1

DA+ Y Z )+ Bz 1) + v () =1 -« (51)
i=1 i=1
where 8(t) =0 and 0 < v(t) < 1,0r 0 < B8(t) <1 and v(¢) = 1.
APPENDIX H
PROOF OF PROPOSITION

We prove the Proposition by induction:

e For T'=Tj, we have already proved our claim.

» We suppose that the statement is valid for a given T, i.e. there exists I(7T"), S(T) and (T') such that:

WT)—1 WT)—1
Z pray(T —j) + Z p2a(T = j) + B(T)pron (T = UT)) + v(T)p2ca(T = U(T)) =1 - (52)

j=1 j=1
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where S(T) =0 and 0 < y(T) < 1,0r 0 < 8(T) <1 and v(T') = 1. Then, at the next time slot, among the
users’ proportion scheduled, «, exactly pyaq (T) and paao(T) will go to state one for each class, while for the
rest, their states will be incremented by one. Likewise, for the other users for which the action taken is passive,
their states will be incremented by one. As consequence, the decreasing order according to the Whittle index
value for these proportions of users at the next slot is S(T)p1cay (T — U(T)), v(T)p2aa(T — I(T)), proa (T —
UT)+1),paa(T —UT)+1),pra1(T —U(T) +2), paax(T —UT)+2), proa (T — U(T) + 3), peaa (T — U(T) +
3), - ,praa1(T), paaa(T) (As we have mentioned before, the order of the Whittle indices alternates between
the two classes because I(T) + 1 < lnax + 1). Moreover, the states of the users’ proportion (1 — py)aq (%)
and (1 — po)aa(t); which are scheduled but they don’t transit to the state 1 with respect to their classes; will
be increased by one. Leveraging the above results, we provide the decreasing order of all users’ proportions
according to the Whittle index value depending on two cases of 5(t).

If 3(T) = 0, then the smallest state’s value among the users’ proportions (1 — p;)aq(¢) and (1 — pa)as(t) at
time T'+ 1 is I(T) 4+ 1. Hence, their Whittle index values will be higher than wy(I(7') 4+ 1), and consequently,
they will be higher than those of users’ proportion of v(T)paas(T — I(T)) at state I(T') 4+ 1 in class 2.

If 3(T) # 1, the smallest state value among the users’ proportions (1 — py)ay (¢) and (1 — p2)as(t) at time
T +1 is respectively I(T') + 1 and I(T") + 2. Then, their Whittle index values will be higher than w; (I(T") + 1)
(w1 (I(T) 4+ 1) < wa(I(T) + 2) as the alternation condition is satisfied from 1 until /;yax + 1). Consequently,
their Whittle index values will be higher than the Whittle index of users’ proportion S(T)p1c (T — I(T')) at
state [(T) + 1 in class 1.

Thus, the decreasing order of all users’ proportions according to the Whittle index value whatever the value of
BIT) at T+ Lis: (1 pr)aa (8), (1 — pa)as(t), BT)pras (T — U(T)), 7(T)paaa(T — UT)), prou (T — I(T) +
1), p2aa(T = UT) + 1), proa (T — UT) + 2), paao(T = UT) + 2),p1oa (T — UT) + 3), p2ca(T — U(T) +
3), -+, praa(T), paaa(T).

As we have that (1 — p1)ai(t) + (1 — p2)as(t) < «, then surely the thresholds at time 7"+ 1 in class 1
and in class 2 are less than the state of the users’ proportion 5(T)p1aq (T — I(T)) and (T)paaa(T — I(T))
respectively. Therefore, there exists I1(T'+ 1), lo(T'+ 1), B(T+1) and v(T'+ 1) such that 0 < S(T+1) <1
andy(T+1) =1 orf(T+1)=1land 0 <~y(T+1)<1:

L(T+1)—1 12(T+1)—1
Z prag(T+1-j)+ Z P20 (T+1=j)+B(T+1)pray (T+1-1 (T+1))+y(T)p2ae(T+1-12(T+1)) = 1-«
Jj=1 Jj=1 (53)

Now we prove by contradiction that max(l1(7" + 1),1o(T + 1)) < Trrax-

We prove first that Io(T + 1) is greater than Iy (T + 1).

As wo(l1(T + 1)) < wi(l1(T + 1)), that means according to lemma [7} I5(7 + 1) is greater than {1 (T + 1)

(wo (I (T + 1)) < wa(l2(T + 1))).

Reasoning by contradiction, if I3(T + 1) > Tyaz, then we distinguish between two cases:

— First case: If B(T'+ 1) = 1:

we have that w1 (Tinaz) < w2(la(T 4+ 1)) (w1(Tmaz) < Wa(Tmazr + 1) as the alternation condition is
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satisfied in [1, Tinax + 1)), i.e., according to lemma [7, we have that [, < I3(T + 1). Hence, according

to lemmas [2] and 3] we have that:

ll(T+1)71 12(T+1)71
> pea(T+1=j)+ Y peaa(T+1=)+B(T+D)pray (T+1=l (T+1))+y(T+1)pss(T+1—lo(T+1))
j=1 j=1
(54
Tz Trnaz
=l-a> Y poa(T+1-5)+ > peoa(T+1—j) > Tpaepor > 1 - (55)
Jj=1 j=1
Therefore we end up with:
l-a>1-a (56)

Hence, the assumption that lo(T + 1) > T4, leads us to an illogical statement. Consequently, the

hypothesis of Io(T + 1) > la. is not valid for the first case.

— Second case: If 5(T'+ 1) < 1:
Then we have that (7 + 1) = 1. Therefore, all users at state [5(7" + 1) in class 2 are in the proportion
1 — « with the smallest Whittle index values. However, there are users in state /1 (7 + 1) in class 1 of the
a proportion with the highest Whittle index values. In other words, wy(l1(T + 1)) > wa(lo(T + 1)) >
w1 (Tinaz)- This means that I3 (T + 1) > T,4.. Therefore, according to lemmas [2| and

L (T+1)—1 Io(T+1)—1
Z pray(T+1—j)+ Z pac(T+1=5)+B(T+1)pron (T+1-11 (T+1))+(T+1)p2az(T+1-1>(T+1))
i=1 i=1
j j 7
TTn(IJJ TMrﬂ/m
=1l—-a> Z pra(T+1—3)+ Z poa(T+1—3) > Thazpra > 1 —« (58)
j=1 j=1
l-a>1—-a (59)

Therefore, the hypothesis of I5(T + 1) > Ty,a. is not valid for the second case.

Consequently, we have that [5(T + 1) < T4z, i.e. max(li(T + 1),12(T 4+ 1)) < Tinae. Then, according to

Proposition [9] there exists [(T + 1), and v(T + 1) and 3(T + 1) such that:

(T+1)—1 (T+1)—1

S pa(T+H1-4)+ Y paoa(T+1—5)+B(T+1)proa (T+1-1(T+1))+9(T+1)paca(T+1-1(T+1)) = 1-a

Jj=1 j=1
(60)

where 3(T+1)=0and 0 <~y(T+1) <1, or 0< (T +1)<landv(T+1)=1

To conclude, we have proved by induction, that for all 7' > Ty, there exists {(T"), 8(T") and ~(T'), such that:

(T)—1 (T)—1
Z pray (T — j) + Z paca(T — §) + B(T)proa (T — U(T)) + v(T)paaa(T — I(T)) =1 — « ©61)

where S(T) =0 and 0 < v(T) <1,0r 0 < 8(T) <1 and v(T') = 1, which concludes our proof.
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APPENDIX [

PROOF OF PROPOSITION [T1]

We proceed by the same method used to prove the Proposition [10]

We consider at time 7'
(T)—1 (T)—1
Z pron (T Z p20a(T = ) + B(T)praa (T — U(T)) + A(Tpaas(T — UT)) =1 —a,  (62)

where ﬂ( )=0and 0 < 'y(T) <1,0or 0 < B(T) <1 and v(T) = 1. Among the users’ proportion scheduled a,
exactly pya1(T') and paas(T') will go to state one for each classes, and (1 — p;)aq (T) and (1 — p2)ae(T) will go
to the next state.

For the other users for which the action taken is passive, their states will be increased by one, then the de-
creasing order according to the Whittle index value at the next time slot is 3(T)p1oq (T — I(T)),v(T)pac2(T —
U(T)),proa(T—UT)+1),paa(T —UT)+1),proa (T = UT) +2), paaa(T —U(T)+2) - - - praa (T), p2c2(T) (As
we said before that the order based on the value of the Whittle indices, alternate between the two classes from
state 1 to I(T") < lmax + 1). Moreover, the users’ proportion scheduled (1 — p1)aq (T') and (1 — p2)as(T) will be
at states that have Whittle index values higher than those of S(T)p1a1 (T —I(T')) and v(T)p2c2(T —U(T')) (as we
have explained in the proof of Proposition [I0).

Hence, the global decreasing order according to the Whittle index value is (1—p1)aq (T), (1—p1)aa(T), B(T)p1a1 (T —
UT)),v(T)p2ez(T — UT)), proa(T — UT) + 1), p2a2(T — UT) + 1), proa(T — UT) + 2), poca(T — U(T) +
2) - proa(T), paaa(T).

Providing that (1 — p1)as(t) + (1 — p2)as(t) < a, then at time T + 1:

UT)—1 UT)—1
> pea(T=j)+ Y paaa(T—§)+B(T)praa(T—=UT))+y(T)paca(T—1(T))+pron (T) +paasa(T) > 1—a
- =

(63)
Then, there exists 5 =0and 0 <y <1,0or 0 < 3 <1and~y =1, and sub-set {a(T), aa(T),1(T — 1), as(T —
1) an(T—m),as(T—m)} C{aa(T—UT)), (T —UT)), a1 (T —UT)+1),00(T = UT)+1), a1 (T = U(T) +
2),a0(T —U(T)+2) a1 (T),a2(T)}, such that:

(m+1)—-1 (m+1)—1
Z pray(T+1-j)+ Z p2aa(T+1—=j)+Bpron (T+1—(m+1))+yp2ae(T+1—(m+1)) = 1—a (64)
=1 =1

Indeed, m + 1 is effectively I(T'+ 1), 8 = B(T + 1), v = (T + 1), and the elements of the set {a1 (T'), a1 (T —
1), -ar (T —m)} U {1 (T + 1)} and the set {aa(T), as(T — 1), - ,a2(T — m)} U{az(T + 1)} are exactly
the elements of the vectors A; (T + 1) and A2(T + 1) respectively. Given that {1 (T), a1 (T — 1), a1 (T —m)}
and {ao(T), (T — 1), -+ ,a2(T — m)} are included in the set of elements of the vector A;(T") and A5 (T)
respectively, then for k£ = 1,2, all the elements of the vector A (T + 1) except ay (T + 1) belong to the elements

of vector A(T).
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APPENDIX J

PROOF OF PROPOSITION [12]

According to Proposition |10} the elements of the vectors A1 (7) and Ay (T) satisfy:

uT)-1 uT)-1
Z prax(T —j) + Z p2a2(T = j) + B(T)proa (T — UT)) + y(T)p2c2(T = UT)) =1 — a, (65)
=1 =1

where 0 < B(T) <1 and y(T) =1, or B(T) =0 and 0 < v(T") < 1. We distinguish between two cases depending

on the values of 5 and -y (we drop the index 7 on B(T) and v(T) to ease the notation):

e Firstcase: 0 < < 1,and vy=1:

Hence:
(T)—1 (T)-1
Z pray(T —j) + Z p2a(T = j) + B(T)pron(T = UT)) + p2oe(T = U(T)) =1 — « (66)
j=1 j=1

Our aim is to derive the expression of « (T4 1) for class 1 and class 2. Among the users’ proportion scheduled
a, exactly praq (T) and paas(T') will go to state one for each class, and the rest will go to the next state.

Hence:

a1(T+1) =1 —=p1)oa(T) + Bi(T) (67)
Oég(T + ].) = (1 — pg)ag(T) + BQ(T) (68)

such that B1(T) + B2(T) = pra1(T) + p2aa(T).

Attime T'+1, the decreasing order according to the Whittle index value is (1—py)aq (T), (1—p2)aa(T), Sproq (T—
UT)),pea2(T = UT)),proa(T — UT) + 1),p2a2(T = UT) + 1), proa(T — UT) + 2), paa2(T — U(T) +
2),++,proa(T), p2oa(T).

In order to get By (T) and Bo(T), we sum the users’ proportions at different states starting from the users’
proportion Spia; (T — I(T')) following the decreasing order of the Whittle index until we get the sum that
equals to p1a1(T) + paas(T). We distinguish between six sub-cases and for each sub-case, we prove that
a(T + 1) is surely between two elements of the vector A (7). In fact, if we prove it just for one class, the
result will be true for the other one, since aq(T) + as(T) = « for all T. In the following, we derive the
expression of ay (T + 1) for £k = 1,2, in function of the elements of the vector A;(T") and A5(7T') and we
show that o1 (T + 1) is surely between two elements of the vector A;(T).

D) If p1ai(T) + peas(T) < p1Sar (T —I(T)):

In this case pya(T) + paca(T) is less than p; By (T — I(T')). Therefore, we will take a proportion of users
from p; Bo (T —1I(T)) that equals to pyay (1) +paaz(T') denoted by C'. This users’ proportion exactly equals
to B1(T) + B2(T) that we add to (1 — p1)as(T) and (1 — pa)as(T). Thus, By(T) + B2(T) = C. However,
since all the users of the proportion C' belong to pySaq (T —I(T)), then C contains only the users of the class

1. Consequently, B1(T") = C' and Bz(T) = 0. Hence:

OéQ(T + 1) = (]. - pg)ag(T) (69)
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As oan (T + 1)+ (T + 1) = a, then:
a(T+1)=a—a(T+1) (70)

Now we find the upper bound of as(T) — (T 4 1):

ax(T) — (T + 1) =poa(T) (71)
<P (T = UT))p1 — ar(T)p (72)
<p1(ar(T = U(T)) = aa(T)) (73)
=p1(2(T) — az(T' = U(T))) (74)

The first inequality comes from the fact that pyo; (T) + peaa(T) < p1far(T — I(T)) and the second one
comes from the fact that g < 1.

Given that as (i) — aa(j) = a1(j) — a1 (4) for all integers ¢ and j, thus:

ar(T+1) —ai(T) < pi(aa(T = U(T)) — s (T)) (75)

Moreover, we have that ay (T+1)—aq (T) > 0 because ao(T+1)—ao(T) < 0. Therefore, oy (T) < a1 (T+1).
On the other hands, as p1 (a1 (T — U(T)) — a1(T)) > a1 (T + 1) — a1 (T) > 0 then a1 (T — I(T)) — a1 (T) >
a1(T + 1) — a1 (T'). This means that a1 (T — I(T)) > a1 (T + 1). Consequently, we end up with:

a1 (T) < oy (T +1) < oy (T - I(T)) (76)

2) If By (T — U(T))p1 < pras(T) + paas(T) < Bar (T — UT))p1 + ax(T — U(T))pa:

Hence:

a1 (T +1) =(1 = p1)ea(T) + Bpra (T — I(T)) (77
(T +1) =a— oy (T +1) (78)
Then:
ay (T +1) = ar(T) =Bpras (T = (T) = proa(T) (79)
<pi(en(T = UT) — ea(T)) (80)

On the other hand, we have according to the right inequality of sub-case’s assumption:
(T +1) — ar(T) =Bpraa (T = UT') — praa(T) (1)
>paaa(T) — p2az(T — U(T)) (82)

=p2(a1(T = U(T)) — a1 (1)) (83)
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Hence :
p2(a1(T = UT)) — ai(T)) € (T + 1) — e (T) < pi(aa(T = UT)) — e (T)) (84)

Knowing that po < p1, the later inequalities imply that o (T — I(T')) — a1 (T") > 0.
As a result we have that:

ar(T) < oy (T +1) < oy (T - I(T)) (85)

And
ar(T +1) — ax(T) < pr(an(T — U(T)) - au(T) (86)

3) If Bar(T — U(T))p1 + (T — U(T))p2 < proq(T) + paae(T) < Bar (T — U(T))p1 + ao(T — I(T))p2 +
plozl(T — l(T) + 1)2

Hence:
az(T 4 1) =(1 — p2)aa(T) + paas(T — U(T)) (87)
a1 (T +1) =a — aa(T + 1) (88)
Therefore:
ax(T +1) — ax(T) = p2(aa(T = I(T)) — a2(T)) (89)
And:
oy (T) — ar(T + 1) = pa(ar(T) — en (T = I(T))) (90)

This means that if aq(7T) < a1 (T + 1):

a1 (T) < a1 (T +1) < ay (T - U(T)) 1)
And
a1 (T +1) = ar(T) < pr(ar(T = UT)) — ax(T)) ©2)
If oy (T +1) < ay(T):
ar(T = U(T)) < ar(T +1) < ay(T) (93)
And
a1(T) —ar(T'+1) < pr(aa(T) — ea (T = U(T))) 4

4 If Bay (T —U(T))p1 + (T = UT))p2 + prars (T —U(T) +1) < proa(T) + peaa(T) < Bay (T —U(T))p1 +
OéQ(T — Z(T))pQ +p10£1(T — l(T) + 1) +p2042(T — Z(T) + ].) :
Hence:

o (T 4+ 1) =(1 — pr)aa(T) + paBon (T — I(T)) + pro (T — I(T) + 1) ©3)

a(T+1)=a—o(T+1) (96)



Therefore:

ar(T+1) = ay(T) = —praa(T) + pr1foa (T — UT)) + pras (T — I(T) + 1)

According to the left inequality of the assumption of this case, we have that:
a1 (T +1) — a1(T) <p2as(T) — paaa(T —U(T))
=p2(ar(T = U(T)) = au(T))
On the other hand, we have that:
a1 (T +1) = a1(T) = = pras (T) + p1 fas (T — I(T)) + praa (T — U(T) +1)

>pi(ar(T = UT) + 1) + o (T)

Hence:

pi(a(T = U(T) +1) = ar(T)) < (T + 1) — e (T) < pa(en(T = UT)) — (7))

Thus:
If a1(T) < oy (T+1):

ay(T) < ar (T + 1) < o (T — U(T))
And

o1 (T +1) — ay(T) <pz(ar(T — UT)) — aa(T))

<p1(ea(T = UT)) — e (T))

If a1 (T+1) <aq(T):

a(T—-UT)+1)<a1(T+1) <an(T)
And
oy (T) — on (T + 1) <p1(a1(T) — an(T = UT) + 1))

5) If there exists m > 1 such that:
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7

(98)

99)

(100)

(101)
(102)

(103)

(104)

(105)

(106)

(107)

(108)

(109)

ﬁal(T—l(T))pl +042(T—Z(T))p2 —|—p10{1(T—l(T)—|—1)+ . +p1a1(T—l(T)+m) —|—p2a2(T—l(T)—|—m) S
ploq(T) +p20[2(T) S ﬂal(T — l(T))pl + Oég(T — Z(T))pg +p10&1(T - Z(T) + 1) + . +p10&1(T — l(T) +

m) + poaa(T —U(T) +m) + praa (T —=U(T)+m+1):
This means that:
as(T+1) =(1 — p2)oa(T) + praa(T — U(T)) + - - - + p2aa(T — U(T) + m)

a1 (T+1)=a—ax(T+1)

(110)

(111)
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We have that:

as(T + 1) = as(T) = —paas(T) + paaa(T — UT)) + poas (T — U(T) + 1) + - + paas(T — I(T) +m)
(112)

= p2(a2(T = UT) + 1) — ax(T)) (113)
On the other hand:

aa(T + 1) — aa(T) = —paas(T) + paca(T — I(T)) + paaa(T — U(T) +1) + - - + poa(T — I(T) +m)

(114)
< pra(T) = Bpran (T — I(T)) - Zmlploq(T —U(T) +1) (115)
<pi(a(T) —ea(T = U(T) + 1)) (116)
=pi(a(T = UT) +1) — ax(T) (117)

Thus:
pa(ar(T) = ar(T = U(T) +1) € aa(T) — aa (T + 1) < py(aa(T) — au (T = U(T) +1)) (118

Therefore:

a1 (T —U(T) +1) < (T +1) < a1 (T) (119)

And:
o1 (T) — ay (T +1) < py(ay(T) — ay (T — I(T) + 1)) (120)

6) If there exists m > 1 such that:
Bay (T = UT))p1 + az(T — U(T))p2 + proaa(T — UT) + 1) + paaa(T = U(T) + 1) + -+ + proa (T = U(T') +
m) + paae(T = U(T) + m) + proa(T = UT) + m +1) < praa(T) + peaa(T) < Bar(T = UT))p1 + a2 (T —
UT))p2 +praa(T = UT) +1) + -+ proa(T = UT) +m) + paca(T = U(T) +m) + proa (T = U(T) +m +
1)+ peas(T—UT)+m+1):
Hence:
oar(T'+1) =(1 = p1)as(T) + p1Boa (T = UT)) + -+ - + proa (T = U(T) + m +1) (121)
(T + 1) =a — ay (T + 1) (122)

We have that:

a1(T+1) = ay(T) = —pras(T) + 1B (T — U(T)) + pras (T — U(T) +1) + -+ + praa (T — I(T) +m + 1)
(123)

Z pr(ar(T = U(T) +1) = (7)) (124)
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On the other hand:

a1 (T+1)— a1 (T) = —praa(T) + p1Bar (T — (1)) + pran (T = UT)+ 1)+ -+ praa (T = U(T) + m+1)

(125)
< p20a(T) = > paaa(T — U(T) +1i) (126)
i=0
< pa(ea(T) — ax(T = UT) + 1)) (127)
=po(a(T—UT)+ 1) — a1 (1)) (128)
Thus:
p1lar(T—=UT)+1)—a1(T)) a1 (T+1) — a1 (T) < p2(aq (T = UT) + 1) — a1 (T)) (129)
Therefore:
(T —=UT) +1) < (T +1) < ay (T) (130)
And:
a(T) = (T + 1) <pr(a(T) — (T = U(T) + 1)) (131)
Second case: f =0and 0 <~y < 1:
Hence, we have that:
UT)—1 UT)—1
Z pray(T —j) + Z peoa(T — j) + yp2ca(T = I(T)) =1 -« (132)
j=1 j=1

Then, at time 7' + 1, the decreasing order according to the Whittle index value is (1 — p1)ai(T),(1 —
p2)aa(T), yp2aa(T — UT)), praa (T — UT) + 1), p2aa(T — U(T) + 1), praa (T — UT) + 2), p2aa (T = U(T) +
2),-++ ,p1a1(T),paca(T). In order to obtain By(T) and By(T), we sum the users’ proportions at different
states starting from the users’ proportion ypoca (T —I(T')) following the decreasing order of the Whittle index
until we get the sum that equals to pyaq (T') + peaa(T). For this case, we distinguish between five sub-cases,

and for each sub-case, we prove that a1 (T + 1) is surely between two elements of the vector A;(T).

D If prag(T) + paaa(T) < yao(T — I(T))p2:
Hence:

a1 (T+1)=(1-p1)ar(T) (133)

as(T+1)=a—ay(T+1) (134)



We have that:
a1(T)— o (T +1) =proa(T)
<aa(T = I(T))p2 — aa(T)p2
<p2(aa(T = U(T)) — ax(T))
=p2(1(T) — an (T = (T)))

Thus:
a1 (1) —ea (T +1) < pi(ea(T) — ea(T = UT))

And:
a1 (T =1UT) <ar(T+1) <ay(T)

2) If youo (T — U(T))p2 < prou(T) + p2aa(T) < yao(T — U(T))p2 + a1 (T — U(T) + 1)ps

Consequently:
(T +1) =(1 — p2)az(T) + ypaca(T — I(T))
oy (T +1) =a — ap(T + 1)
Hence:
(T + 1) — az(T) = — paas(T) + ypaas(T — I(T))

<pa(aa(T = UT)) — aa(T))

On the other hand, according to the right inequality of the assumption of this case, we have that:

az(T + 1) — az(T) = — pras(T) + yp2ca(T — U(T))
>p1(ea(T) — ar(T = U(T) + 1))
=p1(e2(T = U(T) +1) — o2(T))
That means:
pilea(T = UT) +1) — aa(T)) < a2(T + 1) — aa(T) < pa(e2(T — UT)) — a2(T))

i.e.

pir(ai(T) — a1 (T = UT) + 1)) <aa(T) — ar(T' + 1) < pa(ar(T) — ar (T = U(T)))

Therefore:

If 1(T) < a1 (T + 1):

a(T) <on(T+1) <o (T —U(T)+1)
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(136)
(137)

(138)

(139)

(140)

(141)

(142)

(143)
(144)

(145)

(146)

(147)

(148)

(149)

(150)

(151)
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And:

ar(T+1) —ai(T) < pi(ar(T = UT) + 1) — ar(T)) (152)
If o (T+1) <ay(T):
0r(T = I(T)) < ar(T +1) < n (T) (153)
And:
ar1(T) —ar(T+1) < pi(ar(T) — aa(T = UT))) (154)

3) If yao (T — UT))p2 + ar (T — UT) + 1)p1 < proa(T) + peas(T) < yao(T — U(T))pe + ar (T — UT) +
Dp1 + peae(T — U(T) + 1).

Hence:
or(T'+ 1) =(1 = p1)oa(T) + praa(T — U(T) + 1) (155)
as(T+1)=a—a1(T+1) (156)
We have that:
(T +1) —ay(T) = pr(aa(T = U(T) + 1) — ar(T) (157)
If al(T) < al(T—l— 1)
a(T) <ar(T+1) <aa(T-UT)+1) (158)
And:
al(T+1) —a(T) <pi(a(T - UT) + 1) — a1 (T)) (159)
If 051(T+ 1) S Otl(T)Z
And:
a1(T) —ar(T+1) < pi(ai(T) —aa(T = UT) + 1)) (161)

4) If there exists m > 1 such that:
Yoo (T — U(T))p2 + - -+ + a1 (T = U(T) + m)pr + pac2(T — U(T) + m) < proa(T) + paoa(T) < yoo(T —
UT))p2+ -+ a1 (T =UT) +m)p1 + peaa(T — UT) + m) + praa (T = U(T) + m + 1):
Hence:
as(T + 1) =(1 = p2)as(T) + peyas(T —UT)) + - - + paaa(T — U(T) + m) (162)

a1(T+1)=a—ax(T+1) (163)
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aa(T + 1) — aa(T) = —p2as(T) + pryas(T — UT)) + paaia(T — UT) + 1) + -+ + paas(T — U(T) + m)
(164)

> pa(aa(T —U(T) + 1) — a2(T)) (165)
On the other hand:

ax(T + 1) = aa(T) = —paca(T) + p2yaa(T — U(T)) + poaa(T = U(T) + 1) + - - + p2aa(T = U(T) +m)

(166)
< pron(T) - iplalw —UT) +i) (167)
< pr(a(T) - ar (T~ U(T) + 1)) (168)
= pr(s(T — UT) + 1) — ax(T)) (169)

Thus:
P21 (T) = on (T~ U(T) +1) € aa(T) = ax(T +1) < pa(aa(T) —en (T~ (T) +1))  (170)

Therefore:

o (T—U(T)+1) <oy (T +1) < oy (T) (171)

And:
o1 (T) — ay (T +1) < py(ay(T) — oy (T — I(T) + 1)) (172)

5) If there exists m > 1 such that:

Yao(T = UT))ps + - + an(T — UT) + m)py + paaa(T — UT) + m) + praa (T — UT) +m + 1) <
pra1(T) + peaa(T) < vyao(T —U(T))p2 + -+ + a1 (T = UT) + m)p1 + peaa(T — U(T) +m) + pron (T —
UT)+m+1) 4+ paao(T = I(T) + m +1):

That implies that:

(T +1) =1 =p)oa(T)+ -+ prar (T = U(T) +m) + pray (T — I(T) +m + 1) (173)
as(T+1)=a—ay(T+1) (174)
a(T+1)—an(T) = ——proaa(T) + proa(T = UT)+ 1)+ -+ pra(T = U(T)+m+1) (175)
> pr(n(T = UT) +1) — s (T)) (176)

On the other hand:

a1(T+1)— a1 (T) = —praa(T) +praa(T - UT)+ 1)+ -+ prag (T —U(T)+m+1) (177)
< p2as(T) = yp2ca(T = UT)) = Y poca(T = UT) + 1) (178)
< p2(aa(T) — (T = U(T) + 1)) (179)

=p2(a(T = UT) + 1) — a(T)) (180)
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Thus:
pi(ai(T=UT)+1) —ar(T) € ar(T+1) — a1 (T) < paea(T = UT) + 1) — au(T)) (181)

Therefore:

(T —UT)+1) <on(T+1) <au(T) (182)

And:
a(T) = (T + 1) <pr(aa(T) — (T = U(T) + 1)) (183)

In conclusion, all these six sub-cases when v = 1 and 0 < 8 < 1, plus the five sub-cases when 8 = 0 and

0 < < 1, can be summarized in four cases:
1) a1 (T) < a1 (T + 1) < ay (T = U(T)), and a1 (T + 1) — a1 (T) < pi(aa (T = (T)) — ay (T)).
2) ay(T = T)) < (T +1) < au(T), and a(T) — (T + 1) < pr (e (T) — (T — [(T))).
3) on (T — UT) + 1) < ay (T + 1) < on(T), and a1 (T) — a1 (T + 1) < py (a1 (T) — ar (T — I(T) + 1)).
4) a1(T) < oan (T +1) < 4y (T = I(T) + 1), and (T + 1) — a1 (T) < p1(er (T = I(T) + 1) — ay (T)).

Thus, the proof is concluded.

APPENDIX K

PROOF OF PROPOSITION

In all the proof, we consider that ¢ < (I — ll)%.
Before tackling the proof, we give a brief insight about the procedure adopted to establish the desired result: We start
by finding a given time denoted 75 > T, where «1(7%) is less than l;. Then, we show that a1 (T%),- -+ , 1 (T2 + L)
are strictly less than [5. To that end, we start first by defining a relevant sequence u,, in function of €, 1, Iy and p;
when n € [0, L]. After that, we prove that w,, is increasing with n and strictly less than lo. Next, we establish that
Uy is an upper bound of a;(+) in [T5, 7> 4+ L]. More precisely, we show that «; (T 4+ n) < w, for n € [0, L]. For
that purpose, we proceed with two following steps: The first one consists of deriving an inequality verified by two
consecutive terms of the sequence oy (+), namely «;(T") and o4 (T + 1) using the Proposition [12| given that T' > T..

As for the second step, we use essentially the aforementioned result to demonstrate by induction that w,, is indeed an

upper bound of o (T»+n). Finally, based on these results, we show that there exists Ty such that max 4 (Ty) < lo.

To find a time T5 > T, such that o (T%) is less than l;, we use the fact that min A;(¢) <[y for all ¢. At time
T. + L, we have the vector Ay (T + L) = (1 (Te + L), (Te + L — 1), -+ ;a1 (Te + L — (T + L))). Providing
that min A; (7. + L) <[4, then there exists an element from the vector A; (7. + L) less than I; denoted by ay (72).
According to we have for all T > Ty, I(T) < lmax = L, then I(T. + L) < L. That is, T, is greater than T
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since To > T, + L — (T, + L) > T.. Therefore, we find an element of the sequence ay(-) at time T5 > T, such
that a (T2) < I;. To that extent, we are interested in proving that oy (T5), -, a1(T5 + L) are strictly less than Is.

To do so, we define a sequence w,, which will constitute an upper bound of the function a; (7).

Definition 4. We define a sequence u,, by induction:
Ug = ll an =0
Unt1 =p1lla+e)+ (1 —p1)u, ifn>0

(184)

Next, we prove that the L first terms of this sequence are strictly less than 5. We detail this in the following.
Lemma 8. For n € [0, L], u,, <l
Proof. renewcommand[ M In fact, the sequence u,, satisfies for all n:
U = A1 —p1)" + (Ia +¢) (185)

where A = —(e 4+l — 11).

uy, is clearly increasing with n, then for all n € [0, L]:

un, <up = A1 —p) o+ = e(1—(1 —p)E) 41— (I — I1)(1 —pl)L (186)
We have that:
(1-p)*

Given that 1 — (1 — p;)¥ > 0, then:

(1-1=p)"e<(la—1L)A—-p)* (188)
(1= (@ =p)")etlz = (2= L)1 —p)* <l (189)
Therefore, uy, < ls.
O
Based on the lemma above, we prove that for any element of the set {aq(T3), - ,a1(T2 + L)} must be less

than up,.

For that, we introduce a useful Lemma:

Lemma 9. [f for T € [T2,T> + L — 1], we have that:

Then, we have that:

a1(T+1) <pi(lo+€)+ (1 —p1)oa(T) (191)
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Proof. Before starting the proof, we recall that, according to the first result of Proposition [I2] the four possible

inequalities satisfied by a1 (T"), a1 (T 4+ 1), a1 (T — I(T)), ar (T — I(T) + 1) are:

an(T) < o (T + 1) < g (T = U(T)) (192)
(T = U(T)) € ay (T +1) < s (T) (193)
(T =1U(T)+1) <or(T+1) <o (T) (194)
on(T) < a1 (T +1) < ar (T = UT) + 1) (195)

Therefore, the two cases for which oy (T) < a; (T + 1) are:

e ai(T) < ar(T +1) < ay(T — I(T)).
. 041(T) S Oél(T—|— 1) S al(T - Z(T) + 1)

Hence, according to the results of Proposition [12} the inequalities satisfied by a1 (T + 1) — a1 (T") are:
If a1(T) <1 (T+1) <aq(T—UT)), then:

a1 (T+1)—ay(T) <p1(ar (T =UT)) —ar (T)) (196)
If a1(T) <oy (T+1) <oy (T —I(T) + 1), then:
a1 (T +1) —ar(T) < pr(aa(T = UT) + 1) — aa(T)) (197)

Since, by assumption of the Lemma, T' > T5 > T, then max A, (T") < lo +¢€. As a consequence, a1 (T —I(T) + 1)
and o (T — I(T)) which are elements of the vector A;(T'), are less than I + e.
Hence, for T € [T, T5 + L — 1]:

a1(T+1) —ay(T) <pi(la + e — ar(T)) (198)

Therefore:
a1 (T+1) <pi(la+€) + (1 —p1)ar (T) (199)
|

Now we should prove that for all possible sequences of a; in [T5, 75 + L], their values can not exceed A(1 —

p)E + (o + e2) = ur.
Lemma 10. For all sequences of a; when T € [T, To + L], oy (T) < ur—_,

Proof. We prove this result by induction.
For T' = T5, we have that:
a1(To) <l =up (200)
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We suppose that at time T, a1(7T") < up_7,, then at time T + 1:
If a1 (T+1) < ay(7):

Then as ur_7, is increasing in 7™

a1 (T+1) <ur—p <ur—m41 (201)
If al(T + 1) > o (T)

Then, according to Lemma Et
ar(T+1) <pi(la+¢€) + (1 —p1)a(T) (202)
<pi(la+e€) + (1 —pur_m, (203)
= up_7y41 (204)

Therefore, a1 (T + 1) < up_7y41.

Hence, we have proved by induction that for all T' € [T, 7o + L], a1 (T) < up—_m, [ |

As up_r, is less than uy, for T € [Ty, To+ L], then according to Lemma the elements oy (To+1), - -+, a1 (Ta+
L) are less than uy, < lo.
Thus, we have found T > T, such that ay (T3), a1 (To + 1), -+ , a1 (To + lmax) are strictly less than ls. We denote
T5 + lmax by Ty and we verify that max A;(Ty) < l. Indeed, we now that T; — I[(Ty) > Ty — lmax = T5, then the
elements of the vector A;(Ty) are included in the set of elements {1 (T5%), a1 (T2 + 1), -+, @1 (T2 + lmax) }- That
is max A1 (Ty) < la.

Hence, we have found T; > T, such that max A;(Ty) < lo.

APPENDIX L
PROOF OF PROPOSITION [T4]

In this proof, we show that for each state 7 in class k, z¥(t) converges. To that end, we start first by specifying

the eventual limit of 2¥(¢) for each i. To do so, we decompose 1 — « as follows:
lprag + p203) + yp20; + Bpra) =1 -« (205)

where [ is the biggest integer such that: I(p1af + pead) <1 —a,and 0 < vy < land 8 = 0; or v = 1 and
0 < B < 1. Then, we proceed with these following steps:
« We prove by induction that for all states 1 < i <[+ 1, z¥(¢) converges to pya.
« Based on the theoretical findings of the first step, we prove that z/, ,(¢) converges to (5+(1—p1)(1—0))p1e
and 27, ,(t) converges to (v + (1 — p2)(1 —7))p2ars.
« Finally, we show that for all states i > [ + 2, z} (t) converges to (1 —p;)*~'=2(8+ (1 — p1)(1 — B))p1as and
%7 (t) converges to (1 — p2)"~' (v + (1 — p2)(1 — 7))p20j
1) For all states 1 <i <[+ 1, 2F(t) — praj:

We prove this result by induction
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o Fori =1, we have that 2¥(t) = pray (t—1). Therefore, 2¥(t) converge to praj as ay(t) converges to a}.

o We consider that for a certain j < [, for each 1 < ¢ < j, zf (t) converges to pro; and we show that
zF 1 (t) converges also to pjaj.

Given that j <

Jj(pral +p2a3) <1—-a

We consider 0 < € < 1 —a — j(p1a} + paci). Providing that zF(t) converges to praj for all 1 <i < 7,

that means there exists ¢; such that for ¢ > ¢;, for 1 < ¢ < j:

k * €
S(t) — < =
Hence: . .
J J
Z |2} (t) — praj| + Z |27 (t) — pacis| < €
i=1 i=1
That is,
J J
S+ 2 < e+ j(pat + paai)
i=1 i=1
As consequence, for all ¢ > t;, we have that:
J J
Zzzl(t) + sz(t) <l-a
i=1 i=1
Thus, for all ¢ > t;, the action prescribed to the users’ proportion z;“ (t) is the passive actionlﬂ Then, for

all £ > t;:

Therefore, zf +1(t) converges to proy.
Consequently, we prove by induction that for all 1 < i <[+ 1, z¥(¢) converges to PLO,.
2) 2ipo(t) = (B+ (1 —p1)(1 = B))praf and 27,5(t) = (v + (1 — p2)(1 — 7))p20s.
To avoid redundancy , we will be limited to the first case when 0 < v < 1 and 8 = 0, since the proof’s steps

for both cases are exactly the same. We have that:
lprag + p2og) +yp2o; =1 -«

As Zizl 2H(t) + Zi’:l 22(t) converges to [(p1af + pacy) which is strictly less than 1 — «, then there exists

t; such that for all ¢ > ¢;, we have that:

2Knowing that the order of the proportions of the users according to the Whittle’s index value alternates between the two classes in the set
[1,lmax + 1] as was established in then for all integer b € [1, lmax], the set {zf 1k =1,2;1 << b} is the set of users with the lowest
Whittle’s index value. Therefore, ?:1 zll (t) + Zle zf (t) < 1 — « implies that the actions prescribed to the users belonging to the set
{ziC 1k =1,2;1 <4< b} is the passive action. By definition of [, I < Lg—g, then, | < lmax (see Lemma . Hence, the above reasoning can
be applied as well when b = [.
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As Y 21(t) + S0 22(t) converges to (I+ 1)(pia} + paad) which is strictly greater than 1 — a, then
there exists ¢;4; such that for all £ > ¢;;,, we have that:

+1 +1

Zz}(t) +sz(t) >1—a«

For t > max{¢;, t;4+1}, we have that:

l 1+1 1+1
Yo +d 2t <l-a<d 2t + > 21
=1 =1 =1 =1

Denoting (t) and 3(t) the users’ proportion of z7 ,(t) and z}, () respectively which are not scheduled,

therefore, the relation that links 2/ ,(t 4+ 1) and 27 ,(t + 1) to 2}, (t) and z}, | (t) when ¢ > max{t;, t;41}:
Zpa(t+1) = B(t)z) 1 () + (1= p1)(1 = B())z 11 (1)
Ayt +1) = 920 () + (1= p2) (L — (1) 24 (1)

with 0 < (t) <1 and B(t) = 0; or ¥(t) = 1 and 0 < (t) < 1. To that extent, we show that 5(t) tends to
B =0 and ~(t) tends to ~. For that purpose, we give the following equation which is always satisfied when

t > max{t;, t;41}:
!

Do)+ 2 + ()2 () + BBz () =1—a (206)

=1 i=1

Tending ¢ to +oco in the equation 206 we obtain:

lim [y(t)271 () + B(H)z141 ()] = p203

t——+4o00
We consider the set {¢ : 8(t) # 0}. If this set is infinite, then there exists a strictly increasing function n(.)
from N to {t € Nj3(t) # 0}, such that 3(n(t)) is a sub-sequence of 3(t). As B(n(t)) # 0, then v(n(t)) = 1.
Therefore, we get:

lim [27,(n(t)) + B(n(t)) 241 (n(t))] = yp20s

t——+oo

Since z7,,(n(t)) converges to pyars, then:

im [B(n(t)z) 1 (n(t)] = (v — 1)p2cs

t——+oo

(v — 1)p2as is less than 0, and 3(n(t))z},(n(t)) is greater than O for all ¢. Thus:

lim [B(n(t))zi4 (n(t)] = (v = D)pzaz = 0

t——+o0
This implies that v = 1 = y(n(t)), and . 1ir+n B(n(t)) = 0 because z{,, (n(t)) converges to p1erj # 0. Hence
— 400
t_lg{loob’(t) =0=0, ie. tl>1+moov(t) =v=1
If {¢t: B(t) # 0} is finite, then there exists ¢, such that for all ¢ > t., §(t) = 0. Therefore, for all ¢ > ¢., we

have that:

lim [y(t)z71 ()] = vpacis

t—+oo
That means lim S(¢t) =0, and lim ~(t) = 7. Hence, in both cases, 3(t) — 8 = 0 and ~(¢) — 7.
t—~4o00 t—+o00

Consequently, combining the last result with the one derived in the first step, we conclude that zll+2(t)
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converges to (8 + (1 —p1)(1—B))praf and 27, ,(t) converges to (y+ (1 —p2)(1 —7))p2s. Similar analysis
can be applied to come with the aforementioned result when (¢) = 1 and 0 < B(t) < 1.

3) For i > 142, 21(t) > (1= p1 )= 2(8+ (1= p1)(1 - B))pra and 22(t) — (1—pa)i~'2(7+ (1 - pa)(1 —
7))p20ss:
For ¢ > max{#;,t;,1}, we are sure that the action prescribed to z¥(t) for all i > [ + 2 is the active action.

As consequence, zF (¢ + 1) satisfies:
2 (t+1) = (1= pr)2f(t)

Therefore, as z}, ,(t) converges to (8+(1—p1)(1—03))pra] and 272, ,(t) converges to (y+(1—p2)(1—7))p20s,
one can easily establish by induction that z}(t) converges to (1 — p;)*"=2(8 + (1 — p1)(1 — 8))p1a} and
22(t) converges to (1 — p2)" ! 72(y + (1 — pa)(1 — 7))pec for all 4 > 1 + 2.
We conclude that for all states i and k = 1,2, z¥(¢) converges. On the other hands, according to Proposition @ the
only possible limit of z(t) is z*. As consequence, for each k and i, z¥(¢) converges to zzk -

**here®*

APPENDIX M

PROOF OF PROPOSITION [T3]

For a given z, let m(z) and m2(z) be the highest states of the class 1 and the class 2 respectively and {1 (z)
and l5(z) be the thresholds of class 1 and 2 respectively at time ¢ when zN (t) = z. Given that, we introduce the

following lemma.

Lemma 11. For any u, there exists positive constant C(z) such that:

PIZY @+ 1)~ ) 2 pl2¥ () = 2) < CF Qo)
where C(z) is independent of N and z' = Q(z)z = E(ZN (t +1)|ZV (t) = 2)
Proof. By definition of m1(2z) and my(2), we have that z = (2{,- - ,z}nl(z), 22 ,zfnz(z)). On can easily show

that m;(2z’) = my(z) + 1 and m2(2’) = ma(z) 4 1 since the users’ proportions at states mq(z) and my(z) in
class 1 and class 2 will become at states m4(z) 4+ 1 and ms(2) + 1 at the next time slot respectively. To prove this

lemma, we use the Chebychev inequality presented as follows:

Var(X)

P(X ~E(X)| > p) < = (208)

for any p > 0 and random variable X.

As 2/ = E(ZN (t+1)|Z" (t) = z), we can apply the Chebychev inequality. However we need to find the distribution
of Z™(t + 1) knowing Z" (t) = z in order to derive the expression of Var(Z" (t +1)|Z™ (t) = z). It is more
simple to study the parameters of one dimensional random variable than multi-dimensional random variable. Hence,

instead of investigating Z™¥ (¢ + 1), we look into ZZ-N **In this regard, we have that:

N . N o N . N.k _ k), H
{ZV(t+1): |27V (t+1) z||2u}c,gi{z t+1): [|Z(t+1)— 2 ||Z>m1(z’)+m2(z’)} (209)
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Therefore:

PIZY(E+1) = 21 2 W20 = 2) < POIIZS 1) = M > st 1280 = 2h) @10

<SPEIZN 1) = 2l > — L2V (1) = 2))
ki
211)
Now, we look for the distribution of Z¥ *(t 4 1) knowing ZN () = z.
For 2 < i <lj(z), as all the users at state ¢ — 1 less strictly than [;(z) will transit to the state ¢ at the next time

slot, then we have ZiN’k(t +1) =2k, = z;k. This implies that:

N,k _ Ry H Ny = 21) =
PUIZY @+ 1) = M > o s 120 = 2D =0 e12)

For ¢ = 1, defining a;(z) and ay(z) as the proportions of the scheduled users in class 1 an class 2 respectively
when Z™ () = z, then NZ{"*(t+1)|Z" (t) = z follows a binomial distribution with parameters py, and ay(z)N.
Therefore, Var(NZY "t +1)|ZV () = z) = pr(1 — pr)ar(z)N, which means that Var(Z " (t + 1)| 2N (t) =
z) = p’“(l_pi;,)a’“(z). As a results, according to Chebychev inequality, we have that:

PN 4 1) = ¥ > 1270 = =) < BEEPE ) g 219
For i > Iy(z) + 2, NZF(t +1)| 2N (t) = z follows a binomial distribution with parameters 1 — py and z | N.
Hence, Var(ZiN’k(t +1)|ZNt)=2) = %. Thus:

— )2k
Pz (t+1) — ¥ > r 1ZN(t) = 2}) < pk(lj\,};’;)z“l(ml(z’) +ma(2))%2 (214)

i(ma(2) +ma(2'))

Denoting S (2) the users’ proportion of zlkk(z) that will not be transmitted, then for ¢ = [ (z) + 1, Nva’k(t I
D|(ZN(t) = z) = Br(2)NzF | + X, where X follows a binomial distribution with parameters 1 — p;, and
(1 — Br(2))2F_| N, then:

pr(1—pe)(1 — Br(2))zF,
Np?

(ma (') +ma ()%

(215)

N,k _Z{k M Nip) = »

We end up with:
P(|Z%(t+1) = 2'l| > p|Z¥ (1) = 2) <

p1(1—pr)ai(z)  p2(l —p2)az(z) . Z 1)1(1—191)1'22’1'171_F

(ml(z/) —l—mg(z/))Q.[ N2 N2 Np2

i>0 (2)+2
(L= p)22, mi(1—p)((®) + D21 — By pll— po)(a(z) + DAL — fa(2)22,
N2 + N2 + Np? ]

by

i>l2(z)+2
Knowing that o (z) < 1, ZiZlk(z) 2F <1,1-Bx(z) < 1, and for all state i in the vector 2’, i < my(2')+ma(2')

then:
(ma(2') +ma(2"))*
N

P|1ZY(t+1) = 2| > ulZV(t) = 2) < 2p1(1 — p1) + 2p2(1 — p2)]
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Hence, denoting by C(z), W—?“W[Qm(l—mH%a(l—pz)] = (ml(z)+1:?2(z)+l)4 [2p1 (1—p1)+2p2(1—

p2)], we obtain as a result:
C(z)
N

P(|Z2Y(t+1) = 2| > ulZN(t) = ) < (216)

Now, we give a lemma that bounds the probability knowing the initial state z(0) = «. One can easily verifies that
mq(z(t)) = my(x)+t and mo(z(t)) = me(x)-+t by induction. Without loss of generality, we let m(z(t)) = my(t)
for k =1,2.

Lemma 12. For any p, there exists positive constant C(t + 1) such that:

Ot +1)

Po(llZ (6 +1) = 2t + 1)]| 2 p) < =

(217)

where C(t + 1) is independent of N.

Proof. We recall from Lemma |11| that for any p > 0, there exists a constant C'(z) independent of N such that:

P1ZN(t+1) = Q(2)z]| > plZN(t) = 2) < %

(218)
Before proving the present lemma, we give an important lemma that will helps us in the later analysis.
Lemma 13. For any proportion vector z, there exists o > 0 such that if || Z" (t)—z|| < o, then Q(Z™ (t)) = Q(z).

Proof. One can deduce from the analysis done in [21, Section IV-C] that there exists & > 0 such that if Z" (t) €
Qs (2), Q(ZN (1)) is constant and doesn’t depend on Z™ (t). Therefore, there exists o > 0 such that Q(Z™ (¢))

Q(z). That concludes the proof.

Corollary 1. For any v > 0, there exists p such that || ZN (t)—z(t)|| < p = ||Q(ZN (1)) Z™ (t)—Q(=(t))z(t)|| < v

Proof. According to the previous lemma, if ||Z” () — z(t)|| < o, then Q(Z™ (t)) = Q(2(t)). This implies that

1QZY (1) 2™ (1) — Q(=(t)=z(®)]| = [IQ(=(1)Z™ (1) — Q(z(1)z(t)l| < [|Q(=N)IIIIZ¥ () — =(¢)||. That is,

choosing p = min{m, o}, we get [|Q(ZYN (1) ZN (1) — Q(z(t)z(t)|| < v. [ |
With the above corollary being laid out, we prove the statement by a mathematical induction.

For ¢ = 1, applying Lemma the following holds:

C(z
Pro((127(1) — 2(U]| 2 ) =P(1Z”(t + 1) - Qa)a]| > pl 2" (1) = z) < T2
cQ)
= 219
N (219)
and the desired result holds for ¢ = 1 by simply choosing C(1) = (ml(z)+1:§r‘2(m)+1)4 [2p1(1 —p1) + 2p2(1 — p2)].

Let us suppose that the statement holds for any ¢ > 1. We investigate the property for ¢ + 1. To that end, let us

consider v < p. Therefore, according to Corollary [T} there exists p such that:

127 (t) = 2(t)]| < p= 1Q(ZY (1) ZV (1) - Q(=(1)2(t)]| < v (220)
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Bearing that in mind, we have that:
Pro([[ZV(t+1) — 2(t +1)|| = p) =Pra(||ZV(t + 1) — 2(t +1)|| > u‘I\ZN(t) —z(t)[| > p)Pra(||ZV (1) — 2(1)[] = p)

+Pro([ZV(t+1) — 2(t+ 1) 2 M‘IIZN(t) —z(t)l| < p)Pra(||1Z7V (1) — 2(1)] < p)

<@ 4 pr 2%+ 1) - 2+ )l 2 120 - 20l <) @21

where (a) follows from Prg(||ZY (t+1) — z(t+1)|| > u|||Z™ (t) — 2(t)|| > p) < 1 and C’(t) being the constant

related to the statement holding for ¢ and for p. Next, we tackle the second term of the inequality in (Z21):
Pro(||ZY (¢ + 1)—2(t + 1)|| = p|[|Z7 (1) — 2(1)]] < p)
=Pro([|ZV(t +1) = Q(Z™ (1)) 2V (1) + Q(ZV (1) Z™ (1) — 2(t + 1)|| = u‘IIZN(t) —z(t)|l <p)
<WPrg (|1 ZY(t +1) = Q(ZY (1)) ZY (D] + 11Q(Z™ (1) 2™ (1) — Q(=()=(t)]] = M‘HZN(t) —z(t)|| <p)
<OPrg (|2 (¢ +1) = QZN ) ZN ()| = = v|[|ZV(t) — ()] < p)

= Y Pz =2[2V 1) € Q) P12V + 1) - Q)2 24— 1 ZV () = 2)
2€Q,(2(t))
my(z)<my(2(t))
k=1,2

Y P2V = 2|2V(1) € Q,(=(0)Pra 12V (t 4+ 1) - Q(2)z]| = i~ vIZN (1) = 2)

2€Q,(2(t))
ml(z)>07;11(z(t))

mao(z)>ma(2(t))

(222)
where (a) and (b) follows from the triangular inequality and the relationship in (220). One can notice that at any
time slot ¢, mg(ZY (t)) < my(z(t)). In light of that fact, the second term of the equation (222) is equal to 0.

Bearing that in mind, We have for z € ,(z(t)) such that my(z) < mg(2(t)):

Pra(|2"(t +1) - Q)2 2 - v]ZV (1) = 2) < DD (223)
where C(t) = (ml(z(t))(::"j)(f(t))+2)4 2p1(1 —p1) +2p2(1 —p2)] = %[%1(1 —p1) +2p2(1 —p2)].
By substituting the above results in (222), we get:

Pro(l 2™+ 1) — 2+ DI > 1112V () — 20l < p) < T (224)

Combining this with , we can conclude that there exists a constant C'(¢ 4 1) such that:
Pry 12V (4 1) - 2+ 1) 2 ) < CEED 25)
which concludes our inductive proof. ]

Knowing that:
T—1
Po( sup [|ZN(t) = z@)]| = p) < Y P(IlZV () — 2(8)]] = )
0<t<T o
Therefore, from Lemma [I2] there exists a constant C' which doesn’t depend on N such that:

C
Pa sup 1Z7(t) — 20 2 ) < &
0<t<T

Which concludes the proof.
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APPENDIX N
PROOF OF LEMMA ]
We show first of all that z(t) converges to z* with respect to our considered norm, i.e. tligloo Zj:f |2E(t) —
zzk *|i = 0 for k = 1,2. For that purpose, we use the limit inversion theorem which states that:
o If the series Y, fi(¢) is uniformly convergent on R

o If for each integer 4, f;(t) admits a finite limit r; when ¢ tends to +oo.

. + +oo 1 +
Therefore, tl}linoo IR =30 t_1:+moo fit) =X m.
By letting f;(t) denotes |2 (t) — 2*|i for a given k, proving the result above is equivalent to establish that:
—+oo —+oo
. k _ k),* . . k o ({;’* .
i S 1aE0) — <= 3 i o0 - 2
= i=

kx| -

To that extent, we check if the aforementioned conditions are satisfied for this specific function f;(t) = [2F(t)—z;""|i.

o Uniform convergence: According to Weierstrass criterion, ), f;() is uniformly convergent if for each ¢ the
function f;(t) is bounded by a constant ¢; such that ) . ¢; is convergent. Based on the proof of the Proposition
[[4] one can deduce that for large enough ¢ denoted by t;, the following induction relation always holds for
t>t and ¢ > lpax + 10

Zia (E+ 1) = przf(t)

That is, choosing t( greater than ¢;, and denoting by ig = my(to) the highest state of the vector z(¢y) which

is greater than [, + 1, we have that for each i > ig:

0 if to<t<to+i—i
d)y=4 fiost<to 0 (226)
pr 2k (t—(i—id0)) if t>to+i—io

i

Based on the above equation, for each i > iy, zf(t) is less than pi_io for all ¢ > ty. To that extent, we

investigate the evolution of the series of interest only when ¢ > ¢, (the limit inversion theorem still applicable

since +00 > ty). Moreover, we have that for all ¢ > #,:

20 “+o0 +oo
Do) =z =Y 1) = 2 i+ Y [ (@) =l < g+ D (i 42
i i=1 i0+1 i=ip+1

k

This last sum is known to be a finite sum since .7°F 2]

"1 is the optimal average age of the relaxed problem

for the class k£ which is finite, and Z;"f p'i is a finite sum for any 0 < p < 1. Hence, the uniform convergence
can be accordingly concluded.

« Existence of the limit of f;(t) = |2 (t) —zf* li: According to the result of Proposition we have tll+moo|zf (t)—
zf *|z = 0 which is finite. Therefore, the second condition is satisfied.

Leveraging these findings, we can inverse the order between the limit and the sum. Subsequently:

+oo +oo

lim Y |28 () — 250 = lim |25(t) — 25*i=0
1

t——+o00 4 2 t—+oo
i= i=1



In other words, for k = 1,2, 327 [25(t) — 2}

with respect to our defined norm.

k,*

Therefore, for 0 < v < p, there exists T such that for any ¢ > Tp:

By leveraging Proposition [13] we have:

which concludes the proof.

We have that:
|l]Ew2 T—1 K oo
T

t=0 k=1 i=1

SN A

To<t<T

l2(t) — 2" <w

Pro( sup [|Z7(t) — 2| > p)

< Pra( sup [|ZV(t) — z(1)|| + ||z(t) — 27|| = p)
To<t<T

< Pro( sup [|ZV(t) - z(t)|| = p—v)
To<t<T

< Pro( sup [|ZV(1) ~ 2(0)]| = - v) <

0<t<T

il
N

APPENDIX O

PROOF OF PROPOSITION

zN(0) = :c]

We start by bounding (230). We have that:

To—1 K 4o

K +oo

S k] | g

k=11i=1

y% Y3y E {Zf’N(t)z’ - zf’*i‘ZN(O) = :c} |

t=0 k=1 1i=1

IN
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7 tends to 0 when ¢ grows. Consequently, z(¢) converges to z*

(227)

(228)
2P 2N (0) = m] |

(229)
2FilZN(0) = m} |

(230)
2Pl ZN(0) = :c} |

231)
)ZN (0) = 2

(232)

1
t=0 k=11=1
(233)
A ! TO?IORP
(0) =] + 7 g



As my(.) is increasing with ¢, then denoting m(t) = max{m1(t), m

To*l K max{m(t),mz(t)}

[RIPIIpS

We denote Yy the event sup |[Z7V(t) —
To<t<T
T-1 K 4o
L3S e (2 ]2 0) - o] -

t=Ty k=1 i=1

where (a) results from:

T—-1 K +oo

7 S0 S E 2V @i - il 27 (0) =

t=Tp k=1 i=1

Ev [vaN (t)z"ZN (0)

2(t)}, we get:

To—1
1 wp _ (m(Ty) + CEPYT,
= — <
m} T ; s T

T—-1 K +oo

SUSTES 3D 9) D FARIC!

t=Ty k=1 i=1

T—-1 K +oo

Lk Y Y SB[

t=Tp k=1 i=1

il vy, 2V (0) = w} I+

z*|| > p, and we proceed to bound the second term (23T]).

— il vy, 2V (0) = a:] |
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(235)

(236)

(237)
_ RP
<@ (T TO)(mT(THC )Pw(YN)-i-(l—Pw(YN))M
(238)
K +oo
< Evt ZEN ()i — 2% Y, 27 (0) =
=< s [ZD 2"l (0) m]
(239)

=E"" | sup [[Z7(t) - 2"

To<t<T

Yv, 2% (0) = w] <p

(240)

According to Lemma [4] we have limpy_,o, Px(Yy) = 0. Thus, combining the result (233) and (238), we obtain:

T—1 K +oco K +oo (T ) +CRP)
Jim LR SIS 2V (il 2V 0) w] 2wt s 0 +u
e t=0 k=1 i=1 1 =1
This inequality is true for all x> 0, then:
T—1 K +oo K 4o RP
*. T C
i 17 [ 3233 20020 - 2] - 3 b < T O
N=reo t=0 k=1 i=1 k=1 i=1
Finally we have:
T—1 K +oo K 4o
| i 1] 27(0) = | - g =
Tl_r)réoj\}gnoc’ —E Z Z7N () Z7(0) = ZZzl i|=0
t=0 k=11i=1 k=11i=1
As consequence:
T-1 K +oo K 4o
. . wi kN N _ _ Ky -
i 5 |58 2 020 - o] - 33
t=0 k=1 1i=1 k=11:=1

(241)

(242)

(243)

(244)
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