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Abstract

We propose a new model of asynchronous batch codes that allow for parallel recovery of information symbols
from a coded database in an asynchronous manner, i.e. when queries arrive at random times and they take varying
time to process. We show that the graph-based batch codes studied by Rawat et al. are asynchronous. Further, we
demonstrate that hypergraphs of Berge girth larger or equal to 4, respectively larger or equal to 3, yield graph-based
asynchronous batch codes, respectively private information retrieval (PIR) codes. We prove the hypergraph-theoretic
proposition that the maximum number of hyperedges in a hypergraph of a fixed Berge girth equals the quantity
in a certain generalization of the hypergraph-theoretic (6,3)-problem, first posed by Brown, Erdés and Sés. We
then apply the constructions and bounds by Erd&s, Frankl and Rodl about this generalization of the (6,3)-problem,
known as the (3p-3,0)-problem, to obtain batch code constructions and bounds on the redundancy of the graph-based
asynchronous batch and PIR codes. We derive bounds on the optimal redundancy of several families of asynchronous
batch codes with the query size ¢ = 2. In particular, we show that the optimal redundancy p(k) of graph-based
asynchronous batch codes of dimension k for ¢t = 2 is 2v/k. Moreover, for graph-based asynchronous batch codes
with t > 3, p(k) = O (k¥/(2=9) for any small € > 0.

Index Terms

Primitive linear multiset batch codes, private information retrieval codes, extremal hypergraph theory, Turdn
theory, packing designs.

I. INTRODUCTION

Batch codes were originally proposed by Ishai et al. [14] for load balancing in distributed storage systems
with multiple servers. It was also suggested in [14] to use batch codes for private information retrieval. Different
constructions of these codes were presented therein. The usefulness of batch codes for load balancing in practical
distributed storage systems were further articulated in [1]], [L16l], [22]]. In [37]], [38]], the authors proposed to use the
so-called switch codes, which is a special case of batch codes, to facilitate the routing of data in network switches
(see also [I8]). A special class of batch codes called combinatorial batch codes was studied, for example, in [4],
(301, [32].

Another special class of batch codes, which is the focus of our study, is linear (or, computational) batch codes [20]],
[25]], 142], [36], [33], where the data is viewed as elements of a finite field written as a vector, and it is encoded
using a linear transformation of that vector.

Coding schemes for private information retrieval (PIR) were proposed by Fazeli, Vardy and Yaakobi [11]. The
authors showed that a family of codes called PIR codes, which is a relaxed version of batch codes, can be employed
in classical linear PIR schemes in order to reduce the redundant information stored in a distributed server system.
It was suggested therein to emulate standard private information retrieval protocols using a special layer (code)
which maps between the requests of the users and the data which is actually stored in the database.

In both of the above approaches (batch and PIR codes), typically, a distributed data storage system is considered.
The coded words are written across a block of disks (servers), where each disk stores a single symbol (or a group of
symbols). The reading of data is done by accessing a small number of disks. Mathematically, this can be equivalently
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represented by the assumption that each information symbol depends on a small number of other symbols. However,
the type of requested queries varies in different code models. Specifically, in PIR codes several copies of the same
information symbols are requested, while in batch codes any possible combination of different information symbols

could be requested. That is, PIR codes of dimension k support queries of the form (z;,z;,--- ,x;), i € [k], [k] =
N —_—
t
{1,2,--- |k}, whereas batch codes supports queries of the form (x;,,x;,, - ,;,), for possibly different indices
i1, L0 € [K].

Linear batch codes and PIR codes have many similarities to the locally-repairable codes [9]], which are used for
repair of lost data in distributed data storage systems. The main difference, however, is that in the locally-repairable
codes, it is the coded symbols that are to be repaired, while in the batch codes and PIR codes it is the information
symbols that are to be reconstructed [29]].

In this work, we observe that (classical) batch codes start serving the user requests only after a full batch of ¢
requests have been prepared. Since the arrival time of requests is random, some requests experience a longer waiting
time, which is not desirable in delay-sensitive applications. Thus, we propose a new model called asynchronous
batch codes, which is a variation of batch codes with some additional properties.

In the proposed asynchronous model, the code starts serving the requests immediately after they arrive. If at
least one of the initial ¢ request is served, the code is ready to take a next request without interrupting the servers
which are currently busy. Unlike regular batch codes, in the new model, one does not have to wait for a full
batch of requests to arrive, and hence it can be better suited for practical purposes. However, the redundancy of
asynchronous batch codes is slightly higher than that of (classical) batch codes with the same parameters, and the
analysis is more difficult.

This paper presents the first detailed study of asynchronous batch codes. We focus mainly on asynchronous
batch codes that are constructed from hypergraphs, analogous to the graph-based batch codes proposed in [25]. By
using results from hypergraph theory, we derive bounds on the redundancy of such asynchronous batch codes. We
also discuss properties of asynchronous batch codes, which supports smaller batch sizes and propose some explicit
constructions for any batch size ¢.

The paper is organized as follows: In Section [[IL we explain the notations and basic definitions. The model of
asynchronous batch code as well as the graph-based model are introduced in Section [[lIl Some examples and basic
properties are also discussed there. The connection between hypergraphs and asynchronous batch codes as well
as bound computations based on the results from hypergraph theory are discussed in Sections [VHVIl Finally, in
Sections and we consider asynchronous batch codes with batch size ¢ = 2 and ¢ > 2, respectively. Some
properties and explicit constructions are given in those sections.

II. NOTATION AND PRELIMINARIES

A. Batch and PIR Codes

We denote by N the set of natural numbers, and by [F a finite field. We use the notation Iy for a k£ x k identity
matrix over F. When the value of k is clear from the context, we may also use a notation I. In this work, we
consider only (primitive multiset) batch codes as defined in [36].

Definition IL.1 ([36]). An (n,k,t) batch code C over a finite alphabet 3 is defined by an encoding mapping
C : ¥F = %" and a decoding mapping D : X" x [k]" — X, such that
1) For any & = (x1,29, - ,x3) € 2F and iy,ia,--- iy € [K],
D(y - C(w)ailaiZWH 7it) = (xiﬂxiga"' 7xit)-

2) The symbols in the query (x;,,T;,, -+ ,x;,) can be reconstructed from t respective pairwise disjoint recovery
sets of symbols of y = (y1,Y2,* -+ ,Yn) € X" (the symbol x;, is reconstructed from the (-th recovery set for
each 0, 1 < ¢ <)

Definition IL.2. A recovery set of size one is called a singleton.



Let F = F, be a finite field with ¢ elements, where ¢ is a prime power, and C be a linear [n, k] code over F.
Denote the redundancy p £ n — k.

Definition I1.3. A linear batch code is a batch code where the encoding of C is given as a multiplication by a
k x n generator matrix G over F of an information vector x € F¥,

y=x-G; yeclF" (1)

A linear batch code with the parameters n, k and t over F,, where t is a number of queried symbols, is denoted as
an [n, k,t],-batch code. Sometimes we simply write [n, k,t]-batch code if the value of q is clear from the context.

Definition IL.4. An [n, k,t,7],-batch code (or, simply, [n, k,t,r]|-batch code) is an [n, k, t|,-batch code ([n, k,t]-
batch code, respectively) such that the size of every recovery set is less or equal to r.

Definition IL5. A linear batch code is called systematic if the matrix G has the form [Iy|A], where A is a
k x p matrix over F.

For a systematic code C, the encoding takes the form
y=x-G=(xz|z), wherez=x-A.

The subvector « of y is called the systematic part of y, and its symbols are called information symbols. The
subvector z is called a redundancy part of y, and its symbols are called parity symbols. Similarly, the submatrix
I of G is called the systematic part of G, and the submatrix A of G is called a redundancy part of G.

Definition IL.6 ([11]). Linear PIR codes are defined similarly to linear primitive multiset batch codes, with a differ-
ence that the supported queries are of the form (x;,x;, -+ ,x;), i € [k], (and not (x;,,zi,, -+ ,x;,), i1,12, "+ ,it €
[k] as in batch codes).

For constructions of PIR codes see, for example, [19], [35]. In what follows, we consider linear batch codes and
PIR codes over F = [y, yet most of the results hold for codes over larger fields too.

B. Graphs and Hypergraphs

Let W(Q), o > 2, denote the set of all unordered p-tuples of distinct elements of the set WW. An (undirected)
graph G(V, E) consists of a finite set V, called the vertex set and a finite set E C V@ of pairs of vertices, called
the edge set. The graph G(V, E) is bipartite with bipartition (or parts) (A,B) if AUB =V, ANB = &, and
|[ANel =1 and |BNe| =1 for every edge e € E. We denote the bipartite graph with distinguished parts A and
B as G(A, B, E) where we call A the left part and B the right part. A b-cycle in a graph G(V, E) is a cyclic
sequence of b vertices and b edges, alternatingly between vertices and edges, such that each edge consists precisely
of the two vertices on each side of it in the sequence. A bipartite graph G(A, B, E) is left-regular if all left degrees
d(a) £ |{e € E : a € e}|, where a € A, are equal.

More generally, a hypergraph G(V, E) consists of a finite set V' of vertices and a finite collection E of subsets
of V, called (hyper)edges. The hypergraph is p-uniform, or an g-graph, if each edge consists of the same number
o of vertices, that is, £ C V(). Thus, a graph can be viewed as a 2-uniform hypergraph.

A Berge cycle in a hypergraph is a sequence (e, v1, €2, v, ..., U, €p+1) Where e, eg, . .., e, are distinct hyper-
edges, v1,v9,...,vp are distinct vertices, v;_1,v; € e; for all ¢ (we have taken all indices modulo b when defining
the sequence) and e; = ep41. We define a Berge path in a hypergraph similarly to be an alternating sequence
of vertices and hyperedges that starts and ends with a vertex, where all hyperedges are distinct and all vertices
are distinct, and the vertices on each side of a hyperedge in the sequence belong to the hyperedge. A hypergraph
is Berge-connected if there is a Berge path from any vertex to any other vertex. Equivalently, a hypergraph is
Berge-disconnected if its vertex set V' can be partitioned into two non-empty sets V = V; U V5 such that, for each
hyperedge e, either eV} = & or eN Vo = O; it is Berge-connected if it is not disconnected. A hypergraph is said
have Berge girth equal k if (a) it contains a Berge cycle with k& hyperedges; (b) it contains no Berge cycles with
fewer than k£ hyperedges. If a subset of vertices is allowed several (a finite number of) times as a hyperedge, we



have a multihypergraph. We note that a multi-p-graph for o > 2 with Berge girth at least 3 is necessarily a simple
hypergraph, i.e. no subset of vertices appears as an edge several times.

The following definition of the correspondence between bipartite graphs and (multi)hypergraphs is instrumental
for the analysis in this paper.

Definition I1.7. With a (multi)hypergraph G(V, E) one can associate the bipartite incidence graph G(E,V, )
with left part E and right part V- where {e,v} is an edge, i.e. {e,v} € I in G, if and only if v € e in G. By
going backwards, given a bipartite graph G(E, V., I) we construct a (multi)hypergraph G(V, E) by identifying each
e € E with the set {v € V' |{e,v} € I}.

Therefore, multihypergraphs are in one-to-one correspondence with bipartite graphs. A multihypergraph is Berge-
connected if and only if its incidence graph is connected; there is a one-to-one correspondence between Berge cycles
with k£ hyperedges in the multihypergraph and cycles of length 2k in the incidence graph.

Extremal graph theory (or Turdn theory) is the study of maximal graphs with some properties. A typical question
is to find the maximum size of a graph (number of hyperedges) on n vertices, provided it contains no copy of a
fixed subgraph, such as the triangle.

A o-graph G'(V', E') is a sub-p-graph of a o-graph G(V,E) if V' C V and E' C {e € E|e C V'}. We say
that the sub-p-graph is induced by the vertex set V' if in addition E' = {e € E'|e C V'}. Similarly we say that a
subset of hyperedges E’ induces the vertex set | J,p €.

C. Graph-based Batch and PIR Codes

Construction II.1. Let C be an [n, k, |, batch (PIR) code defined by a systematic encoding matrix G = [I | A |.
Assume that all the used recovery sets of C contain a single parity symbol and any number of information symbols.
Note that, while other recovery sets may exist, we only allow the system to use such recovery sets. The following
bipartite graph representation of C was proposed in [25]].

Let G(A, B, E) be a bipartite graph, where A is the set of the information symbols, B is the set of the parity
symbols, and

E = {{u, v} :u € A,v € B, information symbol w participates in parity symbol v} .

Definition IL.8. An asynchronous [n, k, t]-batch code, which can be represented as in Construction is called
a graph-based asynchronous [n, k, t]-batch code.

Theorem IL.2. (/25| Theorem I and Lemma 2]) Let C be an |n, k] systematic code represented by the bipartite
graph G(A, B, E). Assume that there exists an induced subgraph H(A, B',E') of G, that is, B' C B and E' =
{e € E : |en B'| = 1}, such that:

(i) Each vertex in A has degree at least t in the bipartite graph H.
(ii) The graph H has girth > 8 (respectively, > 6).
Then, C is an [n, k,t] batch code (respectively, PIR code).

It follows from Theorem that constructions of left-regular bipartite graphs without short cycles yield con-
structions of batch and PIR codes. In what follows, we use this approach in order to construct batch and PIR codes
with good parameters. Specifically, we use known constructions of good hypergraphs, which can be mapped to
bipartite graphs without short cycles, in order to construct good codes.

III. ASYNCHRONOUS BATCH CODES

In this section, we introduce a new special family of batch codes, termed asynchronous batch codes. Assume that C
is a linear [n, k, t] batch code over F as in Definition[[I.3] used for retrieving a batch of ¢ symbols (zy,, x¢,, - , Xy, ),
¢; € [k], 1 € t, in parallel from a coded database that consists of n servers, such that at most one symbol is retrieved
from each server. To this end assume that the queries arrive at random times, and that the response time of the
servers for different requests varies, and thus some symbol z,, (w.l.o.g.) can be retrieved faster than the other
symbols. In asynchronous retrieval mode, once xy, was retrieved, it is possible to retrieve any other request wy, , ,,
li+1 € [k], in parallel to retrieving of (xg,,z¢,,  + ,Z¢,_,, Ty -, xy,), without reading more than one symbol
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from each server, and without changing (interfering with) the servers in use in retrieving the other symbols. In that
way, the asynchronous batch codes support (asynchronous) retrieval of ¢ symbols in parallel. We proceed with a
formal definition.

Definition IIL.1. An asynchronous (linear primitive multiset) [n, k, t|-batch code C is a (linear primitive multiset)
batch code with the additional property that for any legal batch of queries (z¢,,xg,,- - ,xy,), for any j € [t], it
is always possible to replace x¢, by some xy, ,, lyy1 € [k], such that xy, , is retrieved from the servers not in
use for the retrieval of Ty, ,T¢,, Ty, Ty, " , Ty, without reading more than one symbol from each server.

Note that a component of this definition is an algorithm that can specify at each step which available recovery set
will be used.

Example IIL.1. Consider the systematic [8,4, 3]s batch code C generated by the matrix
10001010

G — 01 001O0O01
{001 00110
0001O01O0T1

There are three disjoint recovery sets for each z;, i € [4]:

* T1=Y1, T1 =Y2+ Y5 T1=Y3+Yr;

* T2 =1Y2, T2 =Y1 1+ Y5 T2=Ys+Ys;

* T3 =Y3, T3 =Ys+ Y6, T3 = Y1+ Y73

* Ty =Ys, T4 =Y3+ Y6, T4 =Y2 1+ Ys -

We verity that C is an asynchronous batch code which supports any ¢ = 2 requests. We observe that irrespectively
of the first query z; and the corresponding recovery set which is being served, the system is able to serve any
additional query xzj, j € [4]. Indeed, any recovery set uses at most two different variables vy, and yy,, ¢1,{2 € [8].
Since the new query x; has three possible different recovery sets, at least one of these sets contains neither y,, nor
Ye,, and therefore it can be used without using the same server more than once.

We conclude that C is an asynchronous [8, 4, 2]-batch code. On the other hand, C is not an asynchronous [8,4, 3]-
batch code, since if the pair of requests (x1, x2) is being served using the recovery sets z1 = ys3+y7 and xo = y1+ys,
respectively, then an additional request z; can not be served without using the same server more than once.

There is a conceptually simple but computationally expensive (and thus difficult to use) necessary and sufficient
condition to check if a given k& X n generator matrix gives an asynchronous [n, k,t] batch code over F. It is as
follows.
Consider the hypergraph H(V, E') whose vertices are the columns of the generator matrix, and whose hyperedges
are the (containment-wise) minimal subsets of columns the elements of which modulo 2 sum to a unit vector, i.e. the
hyperedges correspond to the recovery sets of an information symbol. Give each hyperedge a label ¢, ¢ € [k]. This
label denotes the information symbol, which the edge recovers. Then the generator matrix generates an asynchronous
[n, k, t] batch code if and only if there exists a hypergraph H'(E, F’) such that:
1) o e F
(F' is non-empty),

2) For any f € F with |f| < t, and for any i € [k], there exists e € E' with label i such that f U {e} € F
(extension property),

3) For any f € F and and for any f' C f we have f' € F
(hereditary property),

4) Forany f € F and e, e’ € f with e # ¢’ we have e N e’ = & (pairwise disjointness).

The intuition is that the collection F' consists of sets of recovery sets that are allowed to be used simultaneously
in the system. Once a suitable H' = (FE, F) is found, this information can be provided to (hard-coded in) the
system that is using this batch code, in order to facilitate its operation and guarantee correctness.

This description as a hypergraph provides a way to algorithmically check whether a given binary matrix gives
an asynchronous batch code that supports any ¢ queries. The matrix has not be systematic in order to use the
algorithm. However, the computational complexity increases very fast as ¢ increases.



It is straightforward to see that any asynchronous [n, k,t], batch code is an [n, k, t], batch code. The opposite,
however, does not always hold.

Example III.2. Consider batch codes, which are obtained by taking simplex codes as suggested in [38]]. The
[7,3,4]-batch code C is formed, for example, by the generator matrix

100 1 101
G=10101011
0010111
is a [7, 3, 4] batch code. Assume that the query (z1,z1,21,21) was submitted by the users. Then, one copy of 1

is retrieved from y;, and for each of the remaining three copies of x1, at least two symbols of y have to be used.
Assume that the query that uses y; has been served, but the remaining queries are still being served. If the next
query xo arrives, it is impossible to serve it without accessing one of the servers containing yo,--- ,y7 at least
twice. Therefore, C is not an asynchronous [7, 3, 4]2 batch code.

We denote by A(k,t) and B(k,t) the minimal length n of the asynchronous and general linear [n, k, t]-batch
codes, respectively. Similarly, by A(k,t,r) we denote the minimal length n of the asynchronous [n, k, t, r]-batch
codes.

Example III.3. Consider the case k = 2 and ¢ = 2. It is known that 5(2,2) = 3, and the only generator matrix
G for such a code (up to a permutation of columns) is:

101
G_<011>

(it is straightforward to see that any binary 2 x 3 matrix G with repeating columns does not produce a batch code
with ¢ = 2).

This G does not correspond to an asynchronous batch code with ¢ = 2. To see that, consider the sequence of
requests x1,x1, xo. The first ¢ = 2 request are recovered as x1 = y; and 1 = yo + y3. Assume that x; = y; was
served first, and now try to assign a recovery set for x,. It is impossible. We conclude that A(2,2) > 4 > 3 =

B(2,2).
On the other hand, the code with
a_(1 100
- 0 1 1
is an asynchronous batch code, and therefore A(2,2) = 4.
Lemma IIL.1. (/25 Lemma 3]) Let C be an |n, k| systematic code represented by the bipartite graph G(A, B, E).

Assume that there exists an induced subgraph H (A, B, E') of G, thatis, B’ C Band E' ={e € E : |enB'| =1},
such that:

(i) Each vertex in A has degree at least t in the bipartite graph H.
(i) The graph H has girth at least 8.

Then, each message symbol has at least t disjoint recovery sets. Moreover, for any i,j € [k|, i # j, any one of
the disjoint recovery sets for the message symbol x; has common symbols with at most one of the disjoint recovery
sets for the message symbol x;.

It turns out, that the conditions in Theorem yield asynchronous batch codes. More formally:
Theorem IIL.2. Let C be an [n, k] systematic code represented by the bipartite graph G(A, B, E). Assume that
there exists an induced subgraph H (A, B', E') of G, that is, B' C B and E' = {e € E : |eN B'| = 1}, such that:

(1) Each vertex in A has degree at least t in the bipartite graph H.
(1) The graph H has girth at least 8.

Then, C is an asynchronous [n, k,t] batch code.



Proof. Assume that C is an [n, k] systematic code satisfying the conditions in the theorem. We prove that C is
an asynchronous [n, k, t] batch code. From Theorem C is an [n, k, t] batch code, and therefore there exist ¢
disjoint recovery sets for each of the information symbols z;, i € [k].

Assume that a set of t —1 queries z;,, x;,, ..., %;,_, is currently being served using the recovery sets S;,, Si,, - ,
Si,_,, respectively (if the number of queries being served is smaller than ¢ — 1, then exactly the same proof applies).
Let z; be the new query. We show that (irrespectively of the recovery sets used for the above ¢ — 1 queries) there
exists a recovery set for x;, which is pairwise disjoint with each of these ¢ — 1 recovery sets.

Consider ¢ recovery sets for x;: 17,13, ,T;. Due to Lemma each of the sets S;,, j € [t — 1], overlaps
with at most one of the sets Ty, ¢ € [t]. Therefore, due to the pigeon-hall principle, there exists a set Ty, ¢’ € [t],
which is pairwise disjoint with all of S;,,S;,,---,S5;,_,, and it can be used to recover x;. We conclude that C is
an [n, k,t] asynchronous batch code. O

The above theorem shows that the graph-based batch codes given as in Theorem are asynchronous with the
same parameters. We also present the following converse result.

Proposition IIL.3. Let C be a systematic asynchronous [n, k, t|-batch code generated by the matrix G with the
least number of ones, represented by the bipartite graph G(A, B, E). Additionally, let each recovery set be either
a singleton or a single column in the redundancy part together with columns in the systematic part. Assume that
there exists an induced subgraph H(A, B, E') of G, that is, B' C B and E' = {e € E : |eN B'| = 1}, such
that for each vertex a; € A there exists at least one neighboring vertex b/ € B’ with degree > 2 in H. Then, each
vertex in A has degree at least t in H.

Proof. Assume to the contrary that a vertex a; € A has degree ¢ — 1 in G. Then, row j in G has weight ¢. By
condition (i), there exists at least one column b’ in the redundancy part of G with weight larger or equal to 2, b’
has ones in rows j and i, 7 # j.

Next, assume that the information symbol z; (corresponding to the vertex a; € A) is currently being recovered
using the (non-singleton) recovery set R,,, which includes the column &' and the singleton column with one in
row j. Observe that if the column &' is never used to recover z;, we can replace one by zero in position i of b'.
The resulting batch code has the same parameters, but has a smaller number of ones in the generator matrix G,
thus yielding a contradiction to the minimality.

Notice that the two columns with ones in position j (the singleton column and b’) are currently busy recovering

x;. Therefore, if the additional ¢ — 1 queries are (x;,z;,--- ,2;), then there are not enough recovery sets for z;
available to serve all those requests. This is in contradiction to the fact that C is an asynchronous [n, k,t] batch
code. O

IV. HYPERGRAPH THEORY

In [6]], [[7], Brown, Erdés and S6s pose the following extremal combinatorial problems on p-graphs. Let f(¢) (n; K, s)
denote the smallest ¢ such that every p-graph on n vertices with ¢ hyperedges contains at least one sub-p-graph
on r vertices with s hyperedges. Therefore f(¢) (n;k,s) — 1 is the maximum size of an p-graph whose no set
of K vertices contain s or more hyperedges. The authors are interested in bounds on this quantity for fixed o, s
and s. The resolution of the first interesting open case f()(n;6,3), known as the (6,3)-problem, by Ruzsa and
Szemerédi [28]] is a classical result in extremal combinatorics. Erdds, Frankl and Rodl [10] extended this result to
any fixed p, also giving an easier construction for the lower bound, thus solving the so-called (3¢ — 3, 3)-problem.
There are various later generalizations of [28]] and [10]], see for example [2]] and the references therein, and the
survey [12].

In what follows, we show that finding the maximum size (the number of hyperedges) of a hypergraph with
a given Berge girth is essentially a generalization of the (6,3)-problem for 3-graphs which would be called the
(ko — K, k) problem for p-graphs in this terminology. Finally, we apply the resolution of the (3¢ — 3,3) problem
in [10] to batch codes.



Theorem IV.1. Let G\9 (n, k) be the maximum size of an o-graph with n = |V| containing no Berge cycle of
length K or less (i.e. of Berge girth at least k+ 1). Let F©(n:h,s) = f©(n;h,s) — 1 be the maximum size of an
o-graph, no h of whose vertices contain s or more hyperedges. Then F9 (n; ko — k, k) = GO (n, k).

We prove this theorem in more generality by using the following lemmas.

Lemma IV.2. For a Berge-connected hypergraph G(V, E) with |V | > 2 we have:

D Senllel = 1) 2 [V - 1.

2) G(V, E) contains no Berge cycles (is a Berge tree) if and only if )  p(le| —1) = [V| — L
3) G(V, E) contains exactly one Berge cycle if and only if )~ . p(le] —1) = [V].

Proof. Consider the bipartite incidence graph G(E,V,I) of G(V, E) where I = {{e,v}|v €e,vEV,e€ E}. Tt
is a connected graph with |V|+|E| vertices and at least |V |+ |E| —1 edges. The hypergraph G(V, E) does not have
cycles if and only if so does G(E,V,I). The hypergraph G(V, E) has one Berge cycle if and only if G(E,V,I)
has one cycle.

If G(E,V,I) has no cycle, then there exists an ordering on £/ = {e1, ez, - , €|z}, such that e; is incident
with ¢ vertices in V, es is incident with ¢ — 1 additional vertices in V, and e is incident with ¢ — 1 additional
vertices in V. By a simple counting argument we obtain Condition 1. Conditions 2 and 3 follow from the standard
graph-theoretic arguments about spanning trees with an added edge. O

Next, we introduce the following definition.

Definition IV.1. A hypergraph satisfies the condition of the (ko — k, k) problem (or (ko — K, k)-condition, in
short) if no set of ko — K of its vertices contains k or more hyperedges.

As we show in the sequel, an p-graph satisfying the (ko — &, x)-condition can be modified to additionally have
Berge girth at least x + 1 while keeping the same number of hyperedges; an g-graph of Berge girth at least x 4+ 1
already satisfies the (ko — K, k)-condition.

Lemma IV.3. An o-graph of Berge girth at least k + 1 satisfies the (ko — K, k)-condition.

Proof. Consider any « hyperedges of this graph. They do not induce any Berge cycles.

For each of the Berge-connected components (maximal connected subhypergraphs) G'(V', E’) of the hypergraph
induced by these  hyperedges, we have ) .. (le] = 1) = [V'| — 1 by Condition 2 of Lemma and therefore
> ecrlle|=1) = K(o—1) = [V|—c for the hypergraph induced by these x hyperedges, where ¢ > 1 is the number of
Berge-connected components. Hence the number of vertices induced by these x hyperedges is k(o—1)+c¢ > kp—k.
Thus the hypergraph satisfies the (ko — &, k)-condition. O

Lemma IV.4. An o-graph that satisfies the (ko — k, k)-condition can be changed (its hyperedges can be re-wired)
so that it still has the same number of hyperedges, still satisfies the (ko — K, k)-condition, and has Berge girth at
least Kk + 1.

Proof. If an p-graph satisfies the (ko — k, k)-condition, then from Definition the total number of vertices used
by any x hyperedges is at least k(o — 1) + 1.
We consider two cases.
Case 1: the graph induced by these hyperedges is connected.
In this case, the graph would not contain any Berge cycles by Lemma [[V.2l Therefore, there is an ordering
of the x hyperedges where the first edge would use o new vertices and each of the next edges would use
o — 1 vertices not used so far. Thus, there is no Berge cycle on < x hyperedges.
Case 2: the induced graph is disconnected.
Consider a Berge-connected component which has some small Berge cycles, i.e. the sub-hypergraph
G'(E', V') induced by the vertices of this component satisfies ) . (le| — 1) > |[V'| — 1, and there is a
cycle of k or fewer hyperedges. This component has fewer than s hyperedges. Otherwise, the hyperedges
of a small cycle together with possibly some other hyperedges forming a connected component of x
hyperedges violate the (ko — k, k)-condition. This is because there would have to be an ordering of  of



the hyperedges (which span a connected subhypergraph) where the first edge uses g new vertices, and each
next edge uses at most o — 1 new vertices, with one of them (the last hyperedge of a cycle) using strictly
fewer than ¢ — 1 new vertices. Thus, indeed, these x hyperedges would violate the (ko — &, k)-condition.
Take any hyperedge e of a cycle of x or fewer hyperedges and re-wire it by deleting one of its vertices
and adding in another vertex: there are at least two vertices of this hyperedge shared with the union of
the other hyperedges of the cycle. Delete one of them from e and add into e a vertex from outside the
connected component. The procedure either strictly reduces the number of connected components of size
smaller than s hyperedges, or strictly increases the total number of vertices in such components, therefore
we can only repeat it a finite number of times, and eventually, when it can not be repeated anymore we
will have no Berge cycles with « or fewer hyperedges (see Lemma .

O
Lemmas imply Theorem

V. PIR CODES FROM HYPERGRAPHS OF BERGE GIRTH AT LEAST 3

In what follows, we remark that optimal hypergraphs of Berge girth at least 3 can be used in constructing PIR
codes.

Definition V.1. A 7 — (n, 0, \) packing design is an o-graph consisting of n vertices (called points) and of edges
(called blocks) such that each T-tuple of vertices (points) is contained in at most \ edges (blocks).

Consider an p-graph G(V, E), where V is a point set and F is a block set, |V| = 7. If G(V, E) has Berge girth
at least 3, then it is also a so-called 2 — (1, o, 1) packing design. When each pair of points is contained in a unique
block, we have a Steiner 2-design, also known as a combinatorial 2 — (n, o, 1) block design, or a (n,V,1)-BIBD
(balanced incomplete block design).

The maximum size D(7, ¢) of a packing design (i.e. the maximum number of blocks in it) is bounded from
above by the well-known improved 1st and 2nd Johnson bounds [[15]], see also [23]]. It follows from the result on
the existence of designs [[17]], that for all sufficiently large 7, there is a packing design attaining either the improved
Ist or 2nd Johnson bound, see also [13] referring to an earlier version of [17].

This means that, for large enough 7, PIR codes constructed using packing designs following the ideas of
Theorem always exist, as it is stated in the following theorem.

Theorem V.1. It holds
i 2010 _
im

e (3)/(3)

The existence of Steiner 2-designs for all admissible large enough 7, i.e. large enough 7 satisfying some simple
necessary divisibility conditions, follows from earlier works of Wilson [39], [40], [41]. In these works, however,
there is no attempt to understand the size of the lower bound on such 7.

We obtain constructions of families of PIR codes with k information symbols, whose redundancy p = p(k) is

close to a solution of the equation:
P / 9\ i
2 2

In particular, we obtain p = @(\/E) for t = 4,5,6 (equivalently, for o = 3,4,5). For ¢ > 7 (equivalently, for
o > 6), the existence of the optimal PIR codes follows from the existence of the optimal Steiner-2-designs.

To this end, we note that Fazeli, Vardy and Yaakobi in [11] also use Steiner 2-designs to construct PIR codes.
In this work, however, we obtain similar results by using Theorem
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VI. BATCH CODES FROM HYPERGRAPHS OF BERGE GIRTH AT LEAST 4

Bounds and constructions for p-graphs G(V, E) with n vertices of Berge girth at least 4 can be given via the
(30 — 3, 3)-problem in the language of the (6, 3)-problem, as seen from Theorem and Lemmas Bounds
apply directly, while constructions may need to be modified slightly to lose small Berge cycles. Erdds, Frankl and
Ra&dl [10] address precisely the (3¢ — 3, 3)-problem. The authors modify the celebrated construction of Behrend [3]]
of a large subset of {1, ..., N} which contains no 3-term arithmetic progression (3AP-free), that is, no three distinct
numbers of the form a, a 4+ b and a + 2b. This way, the authors of [10] construct g-graphs with the number of
hyperdges asymptotically larger than n2~¢ for any ¢ > 0. The construction produces a hypergraph of Berge girth
at least 4, so there is no need to modify the construction. The authors also prove an upper bound o(n?) on the
maximum number of hyperedges, using an early version of the Szemerédi’s Regularity Lemma, see for example [[18]]
and [27].

For the sake of completeness, we recall the construction in [10] for large ¢-graphs of Berge girth at least 4. This
construction gives rise to primitive multiset linear batch codes. The authors of [10] prove the following Lemma,
with the proof closely related to Behrend’s original construction of large 3AP-free sets in [3]].

Lemma VL1. There exists a set of positive integers A C {1,2, ..., n} not containing three terms of any arithmetic
progression of length ¢, such that n
|A] > clogovionn
for some absolute constant ¢ > (.
Proof. Omitted. Please see [10] and [3] for more details. |

In [10], the authors construct an |n/p|-by-o rectangular grid of vertices, and lines of cardinality o, intersecting
each column, are hyperedges. The set of ‘slopes’ is restricted to a set A satisfying Lemma so that the
hypergraph has Berge girth larger or equal to 4, see [10] for more details. However, the hypergraph might have
Berge girth larger or equal to 3 if we do not restrict the set of slopes, thus giving rise to good PIR codes.

By mapping the hypergraph G(V, E) constructed in [10] back onto its bipartite incidence graph G(E,V,T), and
by using the notation for batch codes, we obtain a bipartite graph of girth at least 8 with (n — k)2~ left vertices
and n — k right vertices. The corresponding graph-based asynchronous batch code has k = (n — k)%7¢, and so its
redundancy is bounded from above by p(k) =n — k = O (k'/(279)) for any € > 0, and for any fixed ¢ > 3.

We note that the upper bound in [10] similarly yields the lower bound

lim —=% — o 3)

for the optimal redundancy p(k) of the graph-based asynchronous codes, for any fixed ¢ > 3.

We compare these results with their counterparts for (non-asynchronous) batch codes in [36], where it was shown
that for any ¢ > 5 the optimal redundancy of general (multiset primitive) linear batch codes behaves as O(\/E log k),
while for t € {3,4} the corresponding redundancy is O(v/k). It is worth mentioning that for ¢ € {3,4} there is a gap
between the optimal redundancy O(\/E) of the codes studied in [36] and the lower bound (3) for the graph-based
batch codes presented in this work. It remains an open question what is the exact asymptotics for the graph-based
asynchronous batch codes for various values of ¢, and whether the lower bound (@) actually matches for some
values of ¢ the upper bound O(\/E log k) obtained in [36], or there is a gap between the optimal redundancy of
these two families of codes.

VII. PROPERTIES AND BOUNDS OF t = 2 ASYNCHRONOUS BATCH CODES

In this section, we focus on a special case ¢t = 2. We first present simple lower and upper bounds on the
redundancy for (general) asynchronous batch codes. In the second part of this section, we derive lower and upper
bounds on the optimal redundancy of graph-based asynchronous batch codes and show their tightness. We also
define an additional class of asynchronous batch codes, and derive bounds on their optimal redundancy.

We start with the following two simple lemmas, in which we give estimates on the size of A(k,t = 2).
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Lemma VIL1. We have A(k,t =2) > k+ 1 for any k > 1.

Proof. Assume that a pair of requests (z;,z;) is to be served, where ¢, j € [k], and assume that z; has been served
first. Denote by V' the vector space spanned by the columns of G, which are not used for recovery of z;. Since

any of the symbols x1,zo, - -,z should be recoverable from the remaining columns of G, V' should contain the
unity vectors e, eo, - - , €k, and therefore its dimension is at least k. Therefore, there should be at least k£ such
columns. O

Lemma VIL2. We have A(k,t =2) < A(k,t =2,7r =2) <2k —1 for k> 3.

Proof. Let y = G, where the vectors « and y have length k£ and n, respectively. We construct G by defining the
entries y;, i € [n], of y, for n = 2k — 1. Specifically,

yi o= xS isay fori=1,2- k-1
k
Yok—i = -Z'Q‘i‘zzgiéwg fori=1,2,--- ,k—1

where the empty sum is assumed to be equal zero. Then, we have the following reconstruction sets of sizes 1 and
2, two recovery sets for each x;:

1 = Y1 = Yk — Yk+1
2 = Yk —Yr—-1 = Y2k-1
Ti = Yi-1—Yi-2 = Yok—i+1 — Yok—it2 fori=3,--- k

Specifically, we see that for each i € [k], one copy of z; is recoverable from a subset of size at most two of
{y1,y2, - ,yr}, and a second copy of x; is recoverable from a subset of size at most two of {yx, Yx+1, " ,Yok—1}-
Moreover, yi is used in recovery of one copy of z; and one copy of x5 only. By checking all the possibilities, it
is straightforward to verify that for each choice of a recovery set .S; for z;, i € [k|, there exists a recovery set S
of x;, for any j € [k], such that S; N.S; = @. O

Next, we focus on the graph-based asynchronous batch codes. For the sake of completeness of the discussion,
we remark that the lower bound p > v/2k 4+ O(1) on the optimal redundancy of PIR codes (for ¢ > 3) was obtained
by Rao and Vardy in [24]. This result implies analogous lower bound on the redundancy of (regular) batch codes
for ¢ > 3. It is also shown that the bound is tight for PIR codes. Moreover, for ¢ = 2, the optimal redundancy
for batch codes is just one bit [36]. By contrast, we show a lower bound p > 2v/k for graph-based asynchronous
batch codes (for all ¢ > 2), and present an explicit construction of asynchronous batch codes for ¢ = 2 that attain
this bound.

Theorem VIL3. Let C be a graph-based asynchronous [n, k,t > 2| batch code. Then, its redundancy is p > 2k

Proof. Let G = (A, B, E) be a bipartite graph that corresponds to the code C. Then, the girth of G is > 8, and
d(a) > 2 for a € A. Also, k = |A| and n — k = |B)|.

First, we delete edges of G such that after deletion d(a) = 2 for a € A, and denote the new graph G (note that we
change the code). We construct a new (non-bipartite) graph, G’ = (V', E’), from G, by following the correspondence
in Definition [L.7l Since the left degree of G is 2, the result is indeed a graph (rather than hypergraph). Specifically,
take V' = B. For each u € A, replace u and two edges {u,v1} and {u,vs} incident with it by a new edge
ey = {v1,v2}. The construction implies that there is a cycle of length 2¢ in G if and only if there is a cycle of
length ¢ in G’. Thus, G has girth > 8 if and only if G’ has girth > 4.

By Mantel’s Theorem [21]] (see also: Turdn’s Theorem [34]), this implies that the number of edges |E’| satisfies
|E'| < |V'|?/4 . Since |A| = k and |B| = n — k, we obtain that |V’| = n — k and |E’| = k. Therefore, the
redundancy p = n — k > 2v/k. The redundancy of the original code is at least as large. O

This bound is in fact tight.
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Example VIL1. Consider a complete bipartite graph G’ with a vertex set V' = A’'UB’, AAnB’' = @, |A'| = |B/|.
This graph has |V’|?/4 edges in total, and girth 4. Moreover, this graph has the largest possible number of edges
for any girth-4 graph with |V’| vertices, as seen by Mantel’s Theorem [21]].

Next, we convert this graph into a bipartite graph G by using the inverse of the above mapping. Namely, each
edge is replaced by a triple “edge, vertex, edge”. We obtain that G is a left regular bipartite graph of left degree
2 with |A| = |[V'|?/4 and |B| = |V’|. The graph G has girth 8 and hence it yields an asynchronous batch code
having length n = |V’|2/4 4 |V’|, number of information symbols k = |V'|?/4, redundancy p = 2v/k = V'], and
t=2.

Next, we turn to defining another class of asynchronous batch codes. In the sequel, we derive bounds on their
optimal redundancy.

Definition VIL.1. Assume that an asynchronous [n, k,t|-batch code C satisfies the following conditions:

Cl. The code is systematic.
C2. Every recovery set consists of either

Type (a): one symbol from the systematic part, or
Type (b): one symbol from the check part and some symbols from the systematic part.

Then, we call C a code satisfying conditions C1 and C2.

We remark that the codes satisfying conditions C1 and C2 are a variation of graph-based batch codes. However,
graph-based codes use only recovery sets of Type (b), while the codes satisfying conditions C1 and C2 can also
use singleton recovery sets (the sets of Type (a)).

As we show in the sequel, it is possible to show a tighter upper bound on the code redundancy when compared
with its counterpart in Theorem Thus, in this case we show that the optimal redundancy is v/2k + O(1).

Under conditions C1 and C2, we are able to find the shortest possible length of an asynchronous batch code with
t = 2. For k € N, let my, be the smallest positive integer such that (";*) > k. This is equivalent to my(my—1) > 2k,
thus implying that my > v/2k + O(1).

Lemma VII4. &k — 1+ mp_1 > (k+my) —2

Proof. We need to prove that my_q1 > my — 1. The conclusion follows immediately by using an expression for the
number of combinations ("5’“) ]

Proposition VILS5. Let C be an asynchronous [n,k,t = 2| code satisfying conditions CI1 and C2. Then the
shortest possible length of C is n = k + my, i.e. the optimal redundancy is p = my.

Proof. In light of Lemma we may assume that in the redundancy part of the generator matrix GG there is no
column of weight one.

Indeed, assume to the contrary that there is a column (1,0, ...,0)” in the redundancy part of G. Together with
the systematic part, there are now two such columns. To recover the symbol z;, we are now able to choose either
or both of those columns: for this we need to show that we may assume none of these columns will have to be
used to recover any other symbol. To achieve this, change the code by replacing any other ones in the first row
by a zero, such that the weight of the first row is now two. At the same time note that any recovery set for any
symbol other than z; can be modified by removing any of the two copies of the symbols corresponding to the
column (1,0,...,0)” from the recovery set. In effect this means that we split the recovery task into two disjoint
recovery tasks: use any copies of (1,0,...,0)” to recover symbol x1 and use columns among the other columns
to recover any other symbol. Thus, we can now use the relation D(k,t = 2) < D(k —1,t = 2) + 2, where D(k, t)
denotes the minimal length of the code satisfying conditions C1 and C2 of dimension £ that supports ¢ queries.
Therefore, we have reduced the problem to using a code for information vectors of length k£ — 1.

It follows from Lemma by strong induction, that we may assume that in the redundancy part of G there
is no column of weight-1. Now we formulate the main result of this section.

The algorithm for choosing the recovery set for the incoming request x; acts as follows.
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o If the column ¢ from the systematic part is available then choose this column as a singleton recovery set;
« otherwise choose an available recovery set of Type (b).

Under these assumptions we prove the following claims.
Claim VIL6. We may assume that the weight of each row in the generator matrix is at least three.

Assume to the contrary that w.l.o.g. the weight of the first row is two. It has to be at least two since each recovery
set of x;1 uses at least one of the respective columns. Now, observe that the respective column in the redundancy
part can only be used to recover the symbol ;. Indeed, assume it recovers a symbol x;, ¢ # 1. This means that both
columns whose first entry is 1 are in use for this recovery task. When this recovery task is ongoing, no additional
available recovery set can be found for the symbol x;. This is a contradiction to the assumption that the code can
satisfy any ¢ asynchronous requests, for ¢ = 2.

Next, note that we can modify the code by replacing the entries in the rows other than the first row in these two
columns by zeros, and by changing the recovery sets for the symbol x; to be the singletons. To this end, we can
use Lemma and the strong induction to conclude that we can assume that the weight of every row is at least
three.

Claim VIL7. Suppose that the column b in the redundancy part of G is used to recover any of the distinct
symbols z;,, i, , ..., xz;, and no other symbols. Then we may assume that this column has weight h and has ones
precisely in positions i1,13, ..., 1.

To see this, note that the i-th column of G, b, is involved only in recovery sets of Type (b), where all the
remaining columns of each recovery set come from the systematic part. It is clear that if the entry g;, ; in row i,
and column 7 of G is equal to zero, then the symbol x;, cannot be recovered using column b, therefore b has ones
in all the positions 1,42, ...,7,. The columns in the systematic part, which are used in each recovery set, that
involves the column b, are as follows: to recover x;,, the columns 7y,...,%;_1,%41,...,%, have to be used. On
the other hand, if b had any additional ones, the respective recovery sets would be supersets of these. Therefore we
may assume that all other entries in column b are zeros, possibly reducing recovery sets (throwing out columns)
in the process.

In what follows we make the assumption of the preceding claim about the columns in the redundancy part.

In the following observation, we consider which symbols these columns are used to recover.

Observation VILS8. Two equal weight-2 columns can be replaced by weight-1 columns by replacing a single one
by a zero in each of the corresponding rows. Thus, we may assume that this case does not occur by the preceding
Lemma and strong induction.

Observation VIL.9. Two columns which both have ones in the same three (or more) rows cannot be in use at
the same time.

Observation VIL.10. Two columns for which there are exactly 2 rows © and j in which both have an one, can
only be in use at the same time to recover the symbols x; and x;.

Observation VIL11. Suppose two of the same requests x; and x; come in after each other. If the first request
is recovered by a set of Type (a), then the second one is recovered by Type (b). If the first is recovered by a set of
Type (b), then the second is recovered by Type (a). Thus, in principle, we are allowed to fix such a recovery set of
Type (b) for the first situation in the description of the algorithm, however, it is not necessary in our considerations.

Lemma VIIL.12. Consider the set of columns in the redundancy part of G. For a column of weight h, there are
at least h other columns in the redundancy part whose support intersects the support of the given column.

Proof. Suppose that the column is able to recover the distinct information symbols z;,, z;,, ..., Z;, . Therefore its
nonzero entries are exactly in positions 41, i, . . . , 75. Suppose that, w.l.o.g., the column is in use to recover a symbol
other than z;,, and that a new request for z;, comes in (more generally, we may have any symbol x;,, z;,, ..., Z;,
in the role of x;,). Due to Observation there are two possibilities:
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1) There is a column in the redundany part whose support intersect the support of the given column only in
position 1.

2) There is no column as in 1), but there are h — 1 other columns whose supports intersect the given column in
exactly two positions, say, 1 and io, 41 and i3, ..., 1 and ¢j, respectively.

Let us show that in each case the claim of the lemma holds.

o If h =2, then the only way the claim of the lemma may not hold is if there is another column whose support
contains {41,172}, and there is no column in the redundancy part whose support intersect the support of the
given column in a single position. If the support for that column equals {i;,i2}, we reach a contradiction by
Observation Alternatively, its support includes another position, assume it is ¢3. Now suppose that that
column can be used for recovering symbol z;, (otherwise, we have a contradiction to Claim [VIL7). In this
case, the request for neither x;, nor x;, can be recovered: indeed, each of the remaining columns has the same
symbol in positions 7; and i which means that only z;, + x;, can be found but none of the individual bits.
This is a contradiction. Therefore for h = 2 at least two other columns have to exist whose support intersects
the support of the given column.

o If h > 3, we consider the following cases. If all positions 1,49, ...,7, obey possibility 1), then the claim is

true. Otherwise, w.l.o.g., let ¢; be a position obeying possibility 2). This implies that there are at least h — 1
columns whose support intersects the support of the given column.
Let us show that there exist an additional column in the redundancy part of G whose support intersects the
support of the given column. Indeed, if any of the positions is,...,%, obeys possibility 1), we are done.
Therefore, we may assume that they all obey possibility 2). This means, however, that the total number of
columns whose support intersects the support of the given column is at least (g) > h for h > 3.

O

We turn now to completion of the proof of Proposition We do that by bounding from below the total
number of unordered pairs of different columns in the redundancy part of G. Obviously, this number is larger or
equal to the total number of pairs of columns whose supports intersect. By applying Lemma this number
is larger or equal to the total weight of all columns in the redundancy part, divided by two. From Claim we
have that this number is larger or equal to 2k/2 = k. This completes the proof of the proposition. O

In the following example, we note that the bound in Proposition is tight for infinitely many values of k.

Example VIL.2. Consider the asynchronous [n, k,t = 2]-batch code C satisfying C1 and C2 with n = k + my,
k > 2, whose generator matrix is defined as G = [I | A ], and A is a k X my, binary matrix that consists of all
possible different rows of weight two, and y = xG. It is straightforward to see that the following four cases hold:

(a) z; is being served using a systematic part, and a new requests x; comes in;
(b) x; is being served using a redundancy part, and a new request x; comes in;
(c) x; is being served using a systematic part, and a new request x;, ¢ # j, comes in;
(d) x; is being served using a redundancy part, and a new request x;, i # j, comes in.

We note that the supports of any two columns intersect only in one position. Then, it is straightforward to check
that in the cases (b) and (c), the new request can always be served using a singleton recovery set in the systematic
part. The request in the case (a) can be served using a recovery set in the redundancy part.

In the case (d), if the information symbol y; = x; is available, then it can be used for the recovery of the request.
Otherwise, if the singleton y; is currently being used for recovering x;, then the symbol corresponding to the other
parity column, say g, with one at position j, is free and can be used along with some singleton columns. Since
supports of these two columns in the redundancy part intersect only in a single one in position j, the recovery set
for x; is disjoint with the existing recovery set of x;.

We remark that it was shown in [24] that the code C is also a non-asynchronous [n = k + my, k, 3] batch code.

Table [l summarizes the lower and upper bounds on the redundancy for different models of codes.
We remark that the upper bound of v/2k + O(1) in Example provides a tighter upper bound on the optimal
redundancy of general asynchronous batch codes than the counterpart in Lemma .
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TABLE 1
LOWER AND UPPER BOUNDS ON THE REDUNDANCY p(k) FOR DIFFERENT MODELS OF ASYNCHRONOUS BATCH CODES, t = 2.

Code type Lower bound Upper bound
General asynchronous batch codes 1, Lemma [VIL1 k — 1, Lemma [VIL.2

V2k + O(1), Example
Asynchronous batch codes satisfying C1 and C2 | v2k 4+ O(1), Proposition V2k + O(1), Example
Graph-based asynchronous batch codes 2v/k, Theorem 2k, Example

VIII. SOME OBSERVATIONS ON ¢ > 2 ASYNCHRONOUS BATCH CODES

In this section, we present several additional results. We start with the following lemma.

Lemma VIIL1. Suppose that the generator matrix G of an [n, k,t| batch code contains an p x s submatrix A
consisting either of all zeros or of all ones, for some s € N and for p > 2. Then, n > s + t.

Proof. Let i and j, i # j, be indices of the rows of G which overlap with A. Denote by S4 and T4 the subsets
of rows and columns of G, respectively, which overlap with A. Consider two information vectors x, & € F¥, such
that x; = x; =0, &; = 2; = 1, and xp = ¢ for £ ¢ Sa \ {4, j}. Denote y = G and y = GZ.

Assume that ¢ users query ¢ copies of x;. Then, for each copy of z;, at least one symbol in the recovery set
should differ in y and in g. Therefore, y and in ¢ must have at least ¢ different symbols outside the positions
corresponding to 74. We conclude that n > s + t. O

Proposition VIIL2. Let G = [I}|A, (k)] where A, (%) is a binary k x (g) matrix with all possible columns of

weight two, k > 2. Then G generates an asynchronous batch code which supports any t = k — 1 queries.

Proof. Let y = (y1,v2, -+ ,yn) = xG. It is sufficient to restrict ourselves to the recovery sets that consist of
two symbols, one symbol corresponds to a column of weight one in the systematic part of G, and one symbol
corresponds to a column of weight two in the redundancy part of G.

Assume that the k£ — 2 requested symbols (x;,, x;,, ..., x;, ,) are being served, and an additional symbol z; is
requested by the user. There are k — 1 columns h of weight two in G, which have h; = 1. Since k£ — 2 symbols
are being served, then only £ — 2 symbols in the systematic part are used. There are two cases.

Case 1: if the symbol y; in the systematic part is not used, then there are at most k — 2 other symbols in the
systematic part, which are used. Let y; be an unused symbol in the systematic part, ¢ # j. Then, the
symbol y, corresponding to the column h of weight two with h; = h; = 1 is also not used. We then use
Tj = Yi+ Y

Case 2: if the symbol y; in the systematic part is used, then it is used together with a symbol y;, corresponding
to a column h of weight two in the redundancy part, h; = 1. In that case, additional k£ — 3 symbols in the
systematic part other than the symbol y; are used. Let , be an index of an unused symbol in the systematic
part. Consider the column g that has two nonzero entries g; and g,. The symbol y, corresponding to that
column is not used since the symbol y, is not used, and the symbols y; and y;; are combined together.
Then, we can use for the recovery z; = yy + yp.

O

The next result shows a way for constructing an asynchronous [n’, k, ¢ = 3] batch code, n’ = n+k, from a given
[n, k,t = 3] batch code by appending an identity matrix on the right of G.

Proposition VIIL3. Let G = [ I, | A ]| be a k x n generator matrix of a systematic (non-asynchronous)
[n, k,t = 3|-batch code C that satisfies Conditions C1 and C2. Then G' = [ I}, | A | I} | generates an asynchronous
[n', k,t = 3]-batch code, n' =n + k.

Proof. Let C be a batch code as in the condition of the proposition, and let G = [ I, | A ] be its generator matrix.
Let C’ be a code generated by the matrix G' = [ I, | A | I} ].
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Denote y = xG. Assume that the value of symbol z; is requested. There are three non-overlapping recovery
sets for x; in C, denote them R; 1, R;2 and R;3, where R;; is a singleton in the systematic part. Additionally,
there is a singleton recovery set in the block of the k right-most positions of y (we call such recovery sets to be in
the right part). We use only one of these four subsets for the recovery of z;. We assume the following algorithm
for the recovery of the requested information symbols.

1) If the symbol z; is available in the systematic part of y, use it as a singleton recovery set.
2) Otherwise, if the symbol x; is not available in the systematic part, use any of the recovery sets I, ;, j = 2, 3.
3) Otherwise, if the sets R; j, j € [3], are not available, use the singleton recovery set in the right part of y.

We show that this algorithm always succeeds to satisfy any three requests in an asynchronous manner. We
consider the following cases.

o If the three requested symbols are three copies of the same symbol, say (z;, x;, x;), then the four corresponding
recovery sets are all disjoint, and therefore there are available recovery sets.

o If the three requested symbols are (x;,x;,x¢), where 4, j and ¢ are all different, then assume that the requests
arrive in the order x;, x;, z4. Independently of the choice of the recovery set for x;, there is always an available
disjoint recovery set for x; in the right part of y. Independently of the choice of the recovery sets for x; and
x;, there is always an available disjoint recovery set for x, in the right part of y.

o If the three requested symbols are (z;, z;,2;), @ # j, then consider different orders of arrivals of these requests.

— If the first two requests are x; and x;, then the third request z; can be recovered using the right part of
Y.

— If the first two requests are x; and x; in any order, and the third request is x;, then assume to the contrary

that the last x; cannot be recovered. In particular, this means that the symbol z; in the right part of y
is used as a singleton recovery set, and that x; is recovered using the recovery set .S of Type (b), which
contains y; in the systematic part of y.
The set .S should intersect both R; 2 and R; 3, otherwise we could use one of them for recovery of z;.
Since R;2 and R; 3 are disjoint, this means that S is different from each of them. Therefore, S is never
used for recovery of x;. However, since S contains the systematic symbol y;, but is used for recovery of
x, then it contains some symbol y,, which corresponds to a column g of G, which has g; = 1. However,
by Claim it should hold g; = 0, since column g is not used for the recover of z;. We obtain a
contradiction, thus completing the analysis of all possible cases.

O

Proposition VIIL4. An [n, k,t,r| batch code (with the restricted size T of the recovery sets), 2 < r < t, is an
[n, k, L%H asynchronous batch code.

Proof. Let C be an [n, k,t,r] batch code, and 2 < r < t. Then, for each information symbol z;, i = 1,2,--- , k,
there exist at least ¢ disjoint recovery sets.

Consider a batch of requests of size |¢/r], denote it (3:2-1,3:2-2, T, J). Since there exist ¢ disjoint recovery
sets for any choice of ¢ queries, we have a disjoint collection of recovery sets for this batch, say R;,, R;,, -+ , R;,,,,

where |R;,| < r for any j € [[t/r]].

Next, assume that one of the symbols z;,, h € [|t/r]], has been recovered, and that another query x4, ¢ € [k],
comes in. We show that there exists a recovery set for x, which is pairwise disjoint with all the recovery sets R; ,
jellt/r]l.

Let Ry, Ry,,--- , Ry, be the t disjoint recovery sets for x,. Since |R;,| < r, each R;,, j € [|t/r]], has a
nonempty intersection with at most r recovery sets Ry,, ¢ € [t]. Then, the maximum number of recovery sets for
x¢, which overlap with the currently used recovery sets R;,, is 7 - ([t/r] — 1). Therefore, there exists at least

t_r.<H_1>zt_r.<§_1>zr>1

recovery sets for xy, which do not intersect the currently used sets R;,. Hence, C is an asynchronous [n, k,r, |t/r|]-
batch code. O
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IX. CONCLUSIONS

In this work, we considered a model of distributed data storage system employing batch codes for improved
load balancing. We introduced a concept of asynchronous batch codes, which are suitable for serving the user
requests immediately upon their arrival. We showed that hypergraphs of Berge girth at least 4 yield asynchronous
batch codes, which we called graph-based. We derived lower and upper bounds on the optimal redundancy p(k)
of various types of asynchronous batch codes of dimension & with the query size t = 2. For a general fixed value
of t > 3, we showed that the optimal redundancy of graph-based asynchronous batch codes is p(k) = O (k/(2=9)
for any small € > 0, and that limy_,, p(k)/Vk = oco.

This work poses a number of open questions. Below, we list some of them:

1)

2)
3)
4)

5)
6)

(1]
(2]
(3]
(4]

(3]
(6]

(7]
(8]
(9]
(10]

(11]
(12]

(13]
(14]

(15]
(16]

(17]
(18]

(19]

(20]
[21]

What is the optimal value of redundancy p(k) for asynchronous (graph-based or non-graph-based) batch codes
of dimension k, for specific values of ¢ > 3?

What is the effect of the maximum size of the recovery set r on the redundancy?

What are the shortest length asynchronous batch codes for specific small values of k?

Given a non-asynchronous batch code of a certain length, what is the minimum increase in redundancy required
to obtain an asynchronous batch code with the same parameters?

Find optimal and sub-optimal constructions of asynchronous batch codes.

Propose batch codes and algorithms that allow for efficient recovery of the requested symbols in the practical
settings.
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