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Asymptotic Behavior and Typicality Properties of
Runlength-Limited Sequences

Mladen Kovacevi¢ and Dejan Vukobratovié

Abstract—This paper studies properties of binary runlength-
limited sequences with additional constraints on their Hamming
weight and/or their number of runs of identical symbols. An
algebraic and a probabilistic (entropic) characterization of the
exponential growth rate of the number of such sequences, i.e.,
their information capacity, are obtained by using the methods
of multivariate analytic combinatorics, and properties of the
capacity as a function of its parameters are stated. The second-
order term in the asymptotic expansion of the rate of these
sequences is also given, and the typical values of the relevant
quantities are derived. Several applications of the results are
illustrated, including bounds on codes for weight-preserving
and run-preserving channels (e.g., the run-preserving insertion-
deletion channel), a sphere-packing bound for channels with
sparse error patterns, and the asymptotics of constant-weight
sub-block constrained sequences. In addition, the asymptotics of
a closely related notion—q-ary sequences with fixed Manhattan
weight—is briefly discussed, and an application in coding for
molecular timing channels is illustrated.

Index Terms—Constrained code, constrained sequences, RLL
sequences, constant-weight code, asymptotic rate, typical se-
quences, insertion, deletion, weight-preserving channel, timing
channel, Manhattan weight, analytic combinatorics.

I. INTRODUCTION

N MOST data recording and communication systems, some

data sequences are more susceptible to errors than others.
Constrained codes are used for the purpose of avoiding such
sequences and thereby reducing the possibility of an erroneous
symbol detection or a synchronization fault. Due to their
usefulness in designing reliable information storage systems,
constrained codes have found applications in hard disk, non-
volatile memories, optical discs, etc. [7], [[19], and they are
also projected for usage in future DNA storage systems [§].
This paper is devoted to an important class of constrained
sequences called runlength-limited (RLL) sequences, which
have been widely studied and applied in both line coding and
error control coding contexts [7], [19]. We note, however, that
the methods used in the paper are applicable to a wider class
of constraints; this will be illustrated on the example of the
so-called sub-block constrained sequences.
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The emphasis in the paper is placed on the asymptotic
analysis. By imposing additional constraints on RLL codes,
we shall refine the classical results about the achievable
information rates thereof and obtain more precise asymptotic
statements. In particular, the additional constraints we consider
are: 1) the constant-weight constraint, i.e., the requirement that
all the codewords have the same Hamming weight, and ii) the
constant-number—of-runﬂ constraint, i.e., the requirement that
all the codewords have the same number of runs of identical
symbols. Constant-weight and bounded-weight codes have
numerous applications in communications (see, e.g., [8], [9],
[14], [15] for a study of constant-weight codes in the context
of runlength constraints). Apart from these, the motivation
behind the above-mentioned constraints that we analyze here
is twofold: 1) on the theoretical side, to quantify precisely
the asymptotic behavior and derive the fypical values of the
relevant quantities in RLL sequences, and 2) on the application
side, to exhibit their usefulness in the analysis of various
communication scenarios.

The main results of the paper regarding the asymptotic
properties of RLL sequences are presented in Section
These include the asymptotic rates of constant-weight and
constant-number-of-runs RLL codes, probabilistic (entropic)
characterization of the corresponding information capacities,
properties of these capacities as functions of their parameters,
and the typical values of several relevant quantities concerning
RLL sequences. In Section [[II we describe three examples of
communication scenarios for which the results are relevant:
1) weight-preserving and run-preserving channels (in particu-
lar, the deletion channel with RLL inputs), 2) channels with
sparse error patterns (in which the noise sequences, rather than
the information sequences, are constrained), and 3) channels
with sub-block constrained inputs, which are relevant for,
e.g., simultaneous information and energy transmission. In
Section[[V]we discuss the asymptotics of g-ary sequences with
fixed Manhattan weight, objects which are, in a sense, dual to
constant-number-of-runs RLL sequences, and we demonstrate
their application in coding for Manhattan-weight-preserving
channels such as the molecular timing channel.

Notation

The Hamming weight of a string/sequence € = 1 --- 2, €
{0,1}™ is denoted by wt(x) = [{i : z; # 0} = Y.~ ;. By
a run of identical symbols in & we always mean a maximal
run, i.e., a substring of identical symbols that is delimited on

'The constant-number-of-runs condition can also be expressed as a
constant-weight condition in a different domain, see Remark [1] ahead.
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both sides either by a different symbol, or by the beginning/end
of the string . The number of runs in x is denoted by
run(x); for example, the string 0100011 has 4 runs. The string
consisting of ¢ identical symbols a € {0,1} is denoted by
a’. The symbol @ stands for the XOR operation (addition
modulo 2). H(X) = H(P) = —_, p;logp; is the Shannon
entropy of a random variable X having probability distribution
P = (p;), and log is the base-2 logarithm. In the Bernoulli
case, P = (p,1 — p), we shall abuse the notation slightly and
write H(p) for H(P). N = {1,2,...} is the set of natural
numbers. For a subset L C N and an integer s, we denote by
L+s={l+s:(e L} the translation of L by s. For two
non-negative real sequences (a,) and (b,): 1) a,, ~ b, means
lim,,— oo Z—Z =1;2) ap, 2 b, means liminf, Z—Z > 1;
3) an = O(bn) means limsup,,_,, 3 < 00; 4) a,, = 0(by)

means limg, o 3> =

II. ASYMPTOTICS OF RUNLENGTH-LIMITED SEQUENCES

Fix a subset L C N, |L| > 2. Let Sy (n) denote the set
of all sequences of length n that are built from blocks in
{0°: ¢ € L} and {1* : ¢ € L} in an alternating manner,
meaning that a block of zeros is followed by a block of ones
and vice versa. In other words, S (n) is the set of binary
sequences of length n in which the lengths of all runs of
identical symbols belong to L. These sequences are referred
to as runlength-limited (RLL) sequencesl. Hence, L is the
set of lengths of the allowed constituent blocks, the smallest
length being inf L € N, and the smallest upper bound on the
lengths being sup L € N U {co}. We shall assume hereafter
that gcd L = 1. This condition is equivalent to saying that all
but possibly finitely many elements of N can be obtained as
non-negative integer combinations of the elements of L and,
hence, that Sy, (n) is non-empty for all n > ng. If this is
not the case, the asymptotic statements we shall give remain
valid, but the condition n — oo is then to be understood over
the semigroup generated by L. E.g., if L = {2, 4}, then the
RLL sequences defined above are necessarily of even length.

Remark 1. By using the transformation & +— a’ defined
by a:; =x; ®xi_1, 1 =1,...,n, where we understand that
xg = 0, the set of RLL sequences is mapped to the set of
sequences with constrained runs of zeros [6]]. More precisely,
any two successive ones in @’ are separated by a run of zeros
whose length belongs to the set L —1 ={¢—1:¢ € L}.
Therefore, studying these two types of constraints are essen-
tially equivalent problems. Note also that

, Jrun(zx), if 11 =1
wi@) = {run(m) -1, if zy =0. W

We shall refer back to this fact in Section

Binary sequences in which successive ones are separated
by runs of zeros whose lengths are constrained to the set
{d,d +1,...,k}, for some 0 < d < k < oo, are called
(d, k)-sequences (here by k = oo we mean {d,d+ 1,...}).
In our notation, they correspond to the case L = {d + 1,d +
2,..., k+1}. A

2In Section -] we also discuss the more general case when the lengths
of runs of 0’s and those of 1’s have possibly different constraints.

A. Asymptotic Rates of RLL Sequences

The number of RLL sequences, denoted Sy, (n) = |SL(n)|,
obeys the recurrence relation Sz, (n) = >, Sr(n — £) with
initial conditions S;(0) = 1 and Sp(n) = 0 for n < 0,
which implies that Sp(n) ~ ¢A\™™ as n — oo, where A
is the unique positive solution of the characteristic equation
ZZGL 2t =1 (see, e.g., [6], [26]). Therefore, the number of
bits of information such sequences contain equals

log St.(n) = —nlog A+ O(1), 2)
and their “capacity”—the exponential growth rate of Sy, (n)
in base 2—equals lim, o = log Sz(n) = —log\ bits per
symbol. We shall refine this statement below by considering
RLL sequences with additional constraints on their Hamming

weight and the number of runs (building blocks) they contain.
Define

Sr(nw,r)={x € SL(n): wt(x) =w, run(z) =r} (3)

and Sp(n,w,r) =|Sr(n,w,r)|. We may assume that

rinf L <n<rsuplL “4)

and
|r/2)inf L w < [r/2]supl, (52)
|r/2]inf L <n—w < [r/2]sup L, (5b)

as otherwise S (n,w,r) is empty. In the asymptotic regime
n — 0o, w ~ wn, r ~ pn, for fixed w, p, @) and @) imply
that the parameters (w, p) are restricted to the region

1 1
<P ——, 6

sup L P inf L (6a)

max{ginfL, 1— gsupL} <w< (6b)

min{B supL, 1 — P inf L}.
2 2
This region, depicted in Figure Il can also be represented as

inf L

< sup L
inf L +supL

YS inf L +supL’
min{w, 1 —w}, (7b)

(7a)

max{w, 1—w} <p<

sup inf L

where it is understood that fbu# =1 when sup L = cc.
. in L-l—:al]pL . .

The following statement gives a characterization of the
asymptotic rate, or information capacity, of the RLL sequences
from S (n,w,r), as well as the second-order term in the
asymptotic expansion of their rate, for any point (w, p) in the
interior of the region (7). For simplicity, here and hereafter,
we write S (n,wn, pn) instead of, e.g., Sr(n, lwn], |pn]).

inf L sup L
inf L4sup L’ inf L4sup L) and p €

max{w, 1-— w}, ﬁ Inin{w, 1-— w}) As n — oq,

Theorem 1. Fix any w € (

( 2
sup L

log St (n,wn, pn) = nop(w, p) —logn + O(1), (8)
where

or(w, p)

=—(1-w)loga —wlogf + glog<za£ Z Be/) )

LeL el



infL
o (w*,p")
2
infL +sup L
1
sup L
infL 1 supL
infL + sup L 2 infL + supL

Fig. 1: The region of the allowed values (w,p) — relative
Hamming weight and relative number of runs — in binary
sequences with runlengths restricted to a set L C N (see
(6). The point (w*, p*) represents the typical values of these
parameters (see Section [[I=E] ahead).

and (o, ) is the unique pair of positive real numbers satisfy-
ing the equation

O
(%)

leL P

(10a)

(10b)

Proof: The following recurrence relation is valid for all
sufficiently large n,w,r:

=3 > Spn—t—tw—"0r—2). (11)

leL Vel

Sr(n,w,r)

This follows from the fact that every sequence in S (n,w,r)
can be obtained by appending the blocks 0° and 1Y to a
sequence in Sp(n — ¢ — ¢, w—{¢,r —2), and that the order
in which the two blocks are appended is uniquely determined
by the last symbol of the latter sequence. The statement we
are after can now be derived from the characteristic equation
of the relation (LI), namely

=1- Z Z erly[zQ =0,

leL el

G(z,y,2) (12)

by using the methods of multivariate analytic combinatorics.
In particular, [21, Theorem 1.3] implies that, in the asymptotic
regime under consideration,

log Si.(n,w,r) —1og<¥> + O(1), (13)

where (d, B , :y) is the unique triple of positive real numbers
satisfying the system of equations: G(z,y, z) = 0 (see (I2)),

3The dependence of a and 5 on w, p and L is not made explicit for reasons
of notational simplicity.

BG oG

= nza—, and ry =wzH7, i.e., the positive numbers

"or =
@, 3,7 are uniquely determlned by

Z Z O?EJFZIBE,’?Q -1 (143)
leL Vel
PN+ =2 N At Bt (14b)
leL el leLleL
PN AR = 2wy D RN (14
leL el leL Vel

As % — w, % — p, we have & — a,d-B%ﬁ,ﬁ%%where
(a, B,7y) is the unique triple of positive numbers satisfying

Doty sl = (152)
LeL verL
pZeo/ :2(1-@20/ (15b)
leL LeL
p> 0B =2y B (15¢)
erL el

((I3D) is obtained by subtracting (I4d) from (I4B)), and then
reduces to

af(lfw)nﬁfwn —pn

+0O(1).
(16)

Now just note that (I6) is equivalent to (8) (use (I3d) to
express v in terms of « and (3), and (I3B)-(I3d) to (1I0). m

To find the asymptotic rates of the sequences from
Sr(n,w,r) at the points (w,p) lying on the boundary of
the region (7), we turn this into a one-dimensional problem
wherein one of the parameters w, r is a function of the other.
For example, for the case w € (%, %), p = ﬁw
(the upper-left boundary in Figure [I)), consider the quantity
Sr(n,|r/2]inf L,r), which is the number of RLL sequences
in which every run of 1’s is of fixed length inf L. To simplify
the derivation, consider only even r, introduce auxiliary vari-
ables v’ = £ and n' = n — S inf L, and denote S"(n',r") =
St (n’ + 7 inf L, 7" inf L, 2T’§ =S5 (n, 5 inf L,T). It is then
easy to see that the bivariate sequence (S’(n/, r’))n%, satisfies
the recurrence relation

log St (n,wn, pn) = log (
n

S'(n',r") ZSn— ' —1), a7
LeL
the characteristic equation of which is
1= Z zly. (18)

Such a sequence is called a generalized Riordan array [22,
Section 12.2]. It follows from [22, Theorem 12.2.2] that, as
n’ — oo and r’ — oo with % (approximately) constant,

C ’ ~ ’ ~
s’ TLI,T/ -~ 9—n log a+r logv(oz), (19)
() v/
where v(z) =3, z* (see (I8)) and & is the unique positive

solution of the equation 7’/ :vg—” =n'v(x), ie.,
T

Z(e-%)dfzo.

leL

(20)



Now recalling what n/, v/, and S’ (n/, r’) stand for, we can find
from (19) and (20) the desired asymptotics. By carrying out
a similar analysis for the remaining boundaries of the region
(@), we obtain the following statement.

Theorem 2. As n — oo, the relation

1
log St (n,wn, pn) = noy(w, p) — 3 logn+0O(1) (21
holds for:
s wE (inf[lzrilt—sll/lpL’ %) P = in%Lw’ where

2 p—
I\ L) ~

—(1—-w)loga+ -
i

w ¢
nleogZa

LeL
(22)
and « is the unique positive real number satisfying
1—
Z <€ — @ inf L> af =0; (23)
teL w
« we (3 %) p= = (1—w), where
2
UL(“’vm(l—w)) Z—WIOgOH- IOgZa
leL
(24)

and o is the unique positive real number satisfying

3 (e ~ Y it L) al = 0; (25)
1l—w
teL
cw€& (infinisjﬁpp%)’ p = ﬁ(l —w), supL < oo,
where

logZa

teL
(26)

2
or, (w, supL(l - w)) = —wloga +

and « is the unique positive real number satisfying

3 <€ - Y sup L> ol = 0; 27)
1l-w
teL
e wE€ (2,%) p= ﬁw, sup L < oo, where
2
)= 1 1
L(w, supr> (1—-w) 0ga+ ogZa
leL
(28)

and o is the unique positive real number satisfying

S (-

LeL

@ sup L) al =0. 29)

In the last two cases, if sup L = oo the two boundaries
degenerate into one (p = 0), in which case we define

_ inf L sup L

oL (wa O) =0 fO'I' all w € [inf L+tsup L inf L+supL} .
At the corner-points of the region (@), we set

inf L 2 _ sup L 2 _
oL (inf L+sup L’ inf L+sup L) =0L (inf L+sup L’ inf L+sup L) -
oz mrr) = oLlss ﬁ) = 0 by continuous extension.
Finally, when it is necessary to assign value to o, (w, p) for
(w, p) outside the region (@), we may write o7 (w, p) = —c0.

Example (Unconstrained case). For L = N it is possible
obtain an explicit expression for the capacity By using the

identities Ze 1 zf = T Ze 1 b = (1 {igy7> one can solve
I to get =1 — W,ﬁ—l , and hence
on(w,p) = (1 — w)H | —L— +wH(ﬁ) (30)
’ 2(1 —w) 2w/’
for any w € [0, 1], p € [0,2min{w, 1 — w}]. A

B. Weight Only and Run Only Constraints

In this subsection we derive the asymptotic rates of RLL
sequences when only one of the parameters w, r is restricted.
These special cases are arguably more likely to be of relevance
in applications.

1) Constant-Weight RLL Sequences: Define

):USL(n,w,T)

—{:BESL(

Sr(n,w,*
(31)

=w},
= }SL(n, w,*)|. Starting from the relation

=33 Sen—t—0 w—1%),

leLl' el

and Sp(n,w,*)

(n,w,*) (32)

and applying [21, Theorem 1.3], as we did in the proof of
Theorem [1} we obtain the following statement.

inf L sup L
inf L4sup L’ inf L+sup L

Theorem 3. Fix w € ( ). As n — o0,

1
log Si.(n,wn,*) = nop(w,*) — ilogn—l-(?(l), (33)
where
op(w,*x) =—(1—-w)loga —wlog s, (34)
and (o, B) is the unique pair of positive real numbers satisfy-

ing the system of equations:

Yooty gl =1 (35a)
(el el
wZéa Z Bl = (1-w Zaz Z o8, (35b)
3 veL teL Vel
We also define aﬂ%,*) = UL(%,*) =0
by continuous extension.
Example (Unconstrained case, continued). For L = N, the

solution to (33) is « = 1 — w, 8 = w, and hence on(w,*) =
H(w), as expected. A

It follows from the relation Sy (n,w,*) = >, Sp(n,w,r)
and the pigeon-hole principle, that the exponent oy, (w,x*),
which represents the information capacity of constant-weight
RLL sequences, can also be obtained as

o1 (w,*) = supor (W, p). (36)
P

The capacity of RLL sequences with no weight constraints

can then be obtained as

o (%, %) = sup o (w,*) = sup oL (w, p), (37)

w,p



which, as we already know (see (@), equals

oL (*7 *) = 1Og )‘7 (38)
where )\ is the unique positive number satisfying
X =1 (39)

LeL

2) Constant-Number-of-Runs RLL Sequences: Define

Sr(n,*,r) = Sr(n,w,r
L ) ij L( ) 40)
— {m € Sr(n) : run(zx) = T}a

and Sp(n,*,7) = |SL(n,*,7)|. SL(n,*,r) is the set of all
sequences of length n that are formed by concatenating exactly
7 blocks from {0°: ¢ € L} and {1°: £ € L} in an alternating
manner. Due to (d), studying the asymptotic behavior of
the sequences from Sy (n,x,r) is essentially equivalent to
studying the asymptotic behavior of constant-weight sequences
with constrained runs of zeros.

It is seen from the definition of S, (n, %, ) that the bivariate
sequence (S (N, *, r))n)r obeys the recurrence relation

Sr(n,*,r) = ZSL(n —lyx,r—1).

leL

(41)

from which the following statement can be obtained in the
same way as in (IZ)-@20).

1 1

Theorem 4. Fix pE (m, m) As n — o0,

1
log Si.(n,x, pn) =nor(*,p) — ilogn—l-(’)(l), (42)
where
or(x,p) = —1ogo¢+plogZo/ (43)
ter
and o is the unique positive real number satisfying
1
> (ﬁ - —) a' =0. (44)
P

LeL

We also define UL(*,ﬁ) = oy(* =) = 0. The
quantity o, (%, p) just introduced represents the information
capacity of constant-weight binary sequences in which suc-
cessive ones are required to be separated by runs of zeros
whose lengths are constrained to the set L —1 (see Remark [I).
This exponent was determined in [9] for the special case of
(d, k)-sequences, i.e., for L={d+1,...,k+1}.

Example (Unconstrained case, continued). For L = N, the
solution to @4) is « = 1 — p, and hence on(*, p) = H(p), as
expected. A

Analogously to 36), o1, (%, p) can be expressed as

or(*,p) =supor(w,p). (45)
As an aside, we note that it is also possible to express the
exponent oy, (w, p) in terms of o (%, p). To show this, first
note that Sp(n,*,7) = 2CL(n,r), where Cr(n,r) is the

number of r-part compositionﬂ of the number n, where the
parts are restricted to the set L (the factor 2 comes from the
fact that, given the lengths of the constituent blocks, the initial
symbol is left to be specified in order to identify the sequence
uniquely). Further note that the quantity S (n,w,r) can also
be expressed in terms of integer compositions as follows:

SL (TL, w, T) = CL (n —w, \_T/2J) : CL (’U}, (T/2~|) (46)
+Cr(n —w, [r/2]) - Cr(w, [r/2]).

Namely, if an RLL sequence starts with a 1 and is built from r
blocks, then it contains [r/2] blocks of 1’s and |r/2] blocks
of 0’s. The lengths of the blocks of 1’s sum to w, and those
of 0’s sum to n — w. This gives the first summand in #@6).
Similarly, the second summand counts the RLL sequences that
start with a 0. We conclude that

Sp(n,w,r) = %(SL(n —w,k, [7/2]) - Sp(w, %, [r/2])

+ Sun = w,x, [1/2]) - Sp.(w,x, [r/2])).
47
and therefore

o1 p) = (1 - wor (

p p
m) + woy, (*, E) s (48)

for every (w, p) in the region (@).

C. Probabilistic Characterization of the Capacity

The capacity function o, (w, p) can also be described by us-
ing probabilistic terminology customary in information theory.
It is known that finding the asymptotic rate of RLL sequences
is equivalent to maximizing the average number of bits (i.e.,
entropy) per symbol at the output of an i.i.d. source with
alphabet L [27, Theorem 1], that is,

=su H(L)
T =S

(49)
where L denotes a generic random variable taking values in L,
and P denotes its distribution. It is also known [27] that the
optimal distribution in is P*(¢) = M, ¢ e L, where )\ is
defined in (B9). Since we are imposing additional constraints
on the blocks of 1’s, and therefore also on the blocks of 0’s,
through the Hamming weight, we shall need a slightly different
way of writing @9), namely o (x,x) = supp ﬁ&‘ﬁﬁ,
where Lo, L; are independent random variables taking values
in L. The following proposition refines this statement and
gives the corresponding characterization for sequences with
fixed weight and number of runs.

4An me-part composition of the number n, with parts restricted to the set
L C N, is an m-tuple from L™ summing to n [5].



Theorem 5. Let Lo, Ly denote two generic independent
random variables taking values in L, and let P ,, P, denote
their distributions. For every (w, p) in the region (),

oL (wv p)
- sup M (50a)
PL07PL1 [LO] 2(1 ) ]E[L ]_Tw [LO + Ll]
= g sup H(Ly) + sup  H(Ly)
PLO:IE[LO]:ZO—;“) Py E[Ly]=22
(50b)

Proof: That the expressions in (30d) and (30b) are equal
follows from the fact that Ly and L; are independent and so
H(LQ, Ll) = H(LQ) + H(Ll), and that ]E[LQ] + E[Ll] = % by
the optimization constraint.

Consider a point (w, p) in the interior of the region (@).
The optimal distributions in (3QB) are by standard methods
(e.g., Lagrange multipliers, see [3 Section 12.1]) found to
be of the form PL (é) = caf, P, (é) = ¢18°, where

= (Cpep ) e = (e, 89" are the normalizing
constants, and «, [3 are determlned by the conditions

E[Lo] _COZea —7), (51a)
LeL

Bl =Y g =22 (51b)
LeL

After writing out the entropy of each of these distributions
explicitly, one finds that the expression in (3QB) is equal to
that in (9).

For the points (w, p) at the boundary of the region (@) the
analysis is similar, except the optimal distribution in one (or
both) of the suprema in will be a degenerate distribution
of zero entropy. For example, for p = Lw there is only
one distribution on L consistent with the requirement E[L,] =
2wp~! = inf L — the one with P (inf L) = 1, P* (£) = 0
for £ # inf L. Since H(P ) = 0, the second summand
in (50b) is equal to zero, and again by applying standard
optimization methods to the first summand, the expression
(30b) is shown to be equal to that in (22). The remaining
cases are analyzed in a similar way. ]

Informally, the expression in (30) arises as follows. Think of
random RLL sequences obtained by alternately drawing blocks
of zeros and blocks of ones, randomly and independently
of each other (as there is no inherent dependence between
blocks of zeros and ones). For simplicity, assume that the
sequences start with a block of zeros (this convention does not
affect the asymptotic rate). The information capacity of these
sequences, i.e., the number of bits per symbol they contain,
equals g[(l_l;“ﬁ_tﬁ = h&tﬁiﬁﬁ]ﬂ, where Lg, L, are the random
lengths of the corresponding blocks (to see this, recall that a
block of zeros is necessarily followed by a block of ones, so
for the purpose of determining the capacity one may think of
pairs (O'—O, 1'-1) as elementary building blocks). We are free to
choose the probability distributions P ,, F, so as to maximize
this expression, but these distributions must satisfy the stated
constraints. Namely, since the total number of blocks (runs)

in RLL sequences is required to scale as ~ pn, the number of
blocks of zeros and the number of blocks of ones both scale
as ~ £n. And since the total length of all the blocks of ones,
i.e., the Hamming weight, is required to scale as ~ wn, the
average length of blocks of ones should be 5. Similarly, the
average length of blocks of zeros should be ﬁ.

The special cases when only the weight or the number of
runs are constrained are easily obtained from Theorem [3

Corollary 6. Let Lo, Ly denote two generic independent
random variables taking values in L, and let P ,, P, denote

their distributions. For every w € [inf g’isLupL, — SL“fsﬁpL],
H(Lg, L
op(w,*) = sup (Lo.L) (52)

P, P, L ]=wE[Lo+L,] E[Lo + Li]’

For w € (= i“i L AR SL“}:S]LJ oI ), the optimal distributions

in (32) are given by P* (£) = (Y, ) of and Py (¢) =
(Yver ﬂe)ilﬁl, ¢ € L, where o, 3 are determined by (33).

Corollary 7. Let L denote a generic random variable taking
values in L, and let P, denote its distribution. For every p €

[su:)L’ in}L}’
—L] P

sup sup (53)

P :E[L]=p—1 P :E[L]=p—1
Hence, the requirement that the number of runs scales as
~ pn translates, in the probabilistic interpretation, into the
requirement that the average length of the runs be 1/p. For

p e (ﬁ, —+), the optimal distribution in (33) is of the

form P*(¢) = (ZéeL o/)f
by @4

or(xp) = H(L).

1 . .
of, ¢ € L, where « is determined

D. Properties of the Capacity

We next state some useful properties of the capacity as a
function of its parameters.

Proposition 8. (a) For every fixed p € [ﬁ, ﬁ] the

mapping w — or(w,p) is symmetric, continuous, and
strictly concave on the interval (Gb). It attains its maxi-
mum value at w* = 1/2, and this maximum value equals
or(1/2,p) = or(x, p) (see @3)).

(b) For every fixed w € [inf iriifslan’ infLJrsupL]’ the map-
ping p — or(w, p) is continuous and strictly concave on
the interval (I0). It attains its maximum value at

oon (Bt B

sup L

ZZEL af ZZ’EL pY

where («, B) is the unique pair of positive real numbers
solving the equations

Sty gl =1 (552)
el erL

W !N =(1-w)Y ot YUY, (55b)
telL el leL el

and this maximum value equals or(w, p) = or(w,*)

(see (34)).



(¢) The mapping w +— orp(w,*) is symmetric, con-

tinuous, and strictly concave on the interval w €
inf L sup L L .

[inf £n+supL, — zufsupL]. It attains its maximum value at
w* = 1/2, and this maximum value equals o, (1/2,%) =
or(*x, %) (see B3)).

(d) The mapping p — or(*,p) is continuous and strictly
concave on the interval p € [ 1 1 } It attains its

sup L inf L
maximum value at

-1
p* = PI/Q = <Z é/\€> )

LeL

(56)

where X\ is the unique positive number satisfying
Y oer X = 1, and this maximum value equals

or(x, p*) = oL (x,%) (see (B8)).

Proof: (a) Since Sp(n,w,r) = Sp(n,n — w,r) (this
is seen by replacing 0’s with 1’s, and vice versa, in all
sequences), the function o (w, p) is symmetric in the argu-
ment w, meaning that o (w,p) = or(1 — w,p). Further,
differentiating (@) with respect to w, and using (I0), we get

GoH @) =log 5, (57)
0? 1 10a 108
w%(%ﬂ)—m(aa—w—ga—w)' (58)

That the second derivative is negative, and hence that o, (w, p)
is concave in w, is shown by differentiating (I0), upon which
one obtains

2 L
1 -2 a
ag—i - o 2utet <0,  (5%)
2(1—w
ZZGL (g _ 2 . )) ot
108 22 e B
_90 0. 59b
7 0w > (59b)

= 2
EfeL ( - 27“)) Bt
Symmetry and concavity together imply that the maximizer of
wrop(w,p) is w* =1/2.
(b) Differentiating (@) with respect to p, we get

0 1 ,
500w p) =5 log<2 oy gt ) : (60)
P (el reL
0? 1 l—-wda w If
8—p20L(WaP)—E ( o 8_p+p_ﬂ<9_p) (61)

Equating the first derivative to zero and using (I0), we find
that the maximizer p}, is defined by the set of equations
and (33). That the expression in (1) is negative, and hence
that o7, (w, p) is concave in p, is shown by differentiating (T0),
upon which one obtains

—1 lat
lg—o‘ = s teL 7 <0,  (62a)
(6% 2(1l—w
P Sier (g _ %) ot
198 — e <0 (62b)

Bop v
ZEGL ( - 27) Bt
(c) Note that this does not immediately follow from (a)
because o (w,*) = or(w, pr,) and p¥ is itself a function of

w, but the proof is carried out in a similar way by noting
that St (n,w,*) = S (n,n —w,*), and therefore o (w,*) =
or(1 — w,*), and by differentiating and (33).

(d) Since o (*,p) = or(1/2,p), this statement follows
directly from (b). |

Therefore, the capacity function o, (w, p) is uniquely max-
imized at (w*, p*), and the maximum value is given by (38).
In other words, sequences of weight %n (which are called
“balanced”) and having p*n runs achieve the capacity of RLL
sequences with no weight or run constraints, namely

log Si.(n,w*n, p*n) ~ log Sy (n). (63)
However, comparing (2) with (8), we see that these additional
constraints incur a “penalty” of ~ 105 ™ bits per symbol (or
~ 102% in case only one of them is active, see (33) and (@2)),
meaning that the convergence to capacity is slower.

The following proposition states how the capacity depends
on L.

Proposition 9. (a) The mapping L — o (w,p) is strictly
monotone on the lattice of subsets of N, meaning that
or,(w,p) < or,(w,p) for any L1 C Ly C N and any
(w, p) in the region [) defined for the set Lo. The same
is true for the mappings L — o (w,*), L — or(*,p),
and L — o, (%, *). The corresponding limiting values are

on(w,p) =(1— w)H(ﬁ) —i—wH(%) , (64)
on(w,*) = H(w), (65)
on(x, p) = H(p), (66)
on (k%) = 1 (67)

(b) For every L C N, s € {—infL+1,—infL 4+ 2,...},
p € [m’s-ﬁﬁ}’ and w € [Inax{gs + Sinf L,
—8s—Lsup L}, min{4s+5supL,1-8s—5Linf L}],

2 2
—sp/2
OLps(w.p) = (1 sp)em(”l _Sf[f . _”Sp> . (69)
or+s(x,p) = (1 —sp)or, <*, . —psp) . (69)

(c) Forevery LCN, opy1(x,%) < or(x,*). In other words,
o 1+s(*, %) is @ monotonically decreasing function of s €
N. The limiting value is lims_, . o1,+5(x,*) = 0.

Proof: (a) Consider first the case L — o, (%, p). For any
¢' ¢ L, we have Sy (n,%,7) D Sr(n,,7), and therefore
oruqey(x,p) = or(x,p). That the latter inequality is strict
can be seen by considering and noting that « cannot
remain the same as L increases. The monotonicity of L +—>
or(w, p) now follows from, e.g., (@8), and it further implies
the monotonicity of L — or(w,x) and L — o (%, ). The
limiting value (64) was found in (30).

(b) Suppose for simplicity that r is even. A one-to-one cor-
respondence between S, (n, w,r) and S (n—l—sr, w+s3, r)
can be established by extending every run of every sequence
from Sy (n,w,r) by s symbols (here adding s symbols to an



existing run means removing |s| symbols from it if s is nega-
tive). This implies that Sy, (n,w,r) = Sp4s(n+sr,w+s%,7),
and hence

w+sp/2  p > a0

aL<w,p>—<1+sp>aL+s( e
This is equivalent to (68). By maximizing (68) over w, we get
(69).

(c) Intuitively the statement is clear because increasing the
lengths of the allowed blocks reduces the number of length-n
sequences that can be built from those blocks. Formally, we
can write Y_,.; @' = x* Y, ; 2* and conclude from (39)
that A is a monotonically increasing (and hence o, (*, %) =
— log A\ monotonically decreasing) function of the shift s. H

Property (b) implies that one can find the asymptotic rates
or(w, p) and o, (x, p) for any L if the rates for the left-most
shift of L (i.e., L + 1 — inf L) are known. For example, the
asymptotic rates of constant-weight (d, k)-sequences can be
determined from those of (0, k — d)-sequences by using
(see Remark [I)). Furthermore, by using this property, (64) and
(66), one can obtain an explicit expression for the capacity
for the case L = {d+1,d+2, ...} (corresponding to (d, co)-
sequences). Namely, for every p € [0, ﬁ] and w € [5(d +
1),1—4(d+ 1)], we have

onvalw, p) = (1—‘“_dp/2>H<1 w/2dp/2>
p/2 )
~dp)2

) (72)

+ (w—dp/2) H< (71)

ontd(*, p) = (1 —dp)H (

E. Typical RLL Sequences

As noted in the previous subsection, RLL sequences of
1

weight w*n = 3n and having p*n runs (where p* was
defined in (36)) achieve the same asymptotic rate as RLL
sequences without additional weight or run constraints (see
(63)), but with a penalty of ~ 1"% bits per symbol. We wish to
emphasize here that this penalty can be avoided if one relaxes
the conditions w = %n, r=pntown~ %n, r ~ p*n. To be
more precise, there exists a sub-linear function f(n) = o(n)
such that, as n — oo,
Se(n) ~

Sr(n,w,r). (73)

>

w,r s w—w*n|+r—pn|<f(n)

Therefore, the number of RLL sequences whose weight and
number of runs satisfyll |w — w*n| + |r — p*n| > f(n) is
asymptotically negligible with respect to the number of all
RLL sequences. In fact, a stronger statement is true.

3The condition |w —w*n|+|r—p*n| > f(n) can be replaced by different
conditions stating that (w,r) is bounded away from (w*n, p*n) (e.g., using
42 instead of /7 distance), without affecting the validity of the statement.

Theorem 10. Let w* = 1/2 and p* = (3 ,c,, (), where
A is the unique positive number satisfying y . | X = 1. There
exists a sub-linear function f(n) = o(n) such that, as n — oo,

3 Su(n,w,r) = o(SL(m).

nlogn
w,r: |lw—w*n|+|r—p*n|>f(n)

(74)

Proof: The proof is analogous to that of [9, Lemmas
2 and 3]. From the relation Si(n) = > . Sr(n,w,r), the
pigeon-hole principle, and the fact that the exponent oz (w, p)
is uniquely maximized at (w*, p*) (see Proposition [B)), we see
that, for any given ¢ > 0, the number of RLL sequences
satisfying |w — w*n| + |r — p*n| > en is exponential with an
exponent strictly smaller than the exponent of Sy, (n) (which
is given in (@B8)—(39)). More precisely, for every € > 0 there
exists a (sufficiently small) y(e) > 0 such that, as n — oo,

Si(n)
<
SL(TL,’(U,T) ~ 27(5)77,'

(75)

w,r: lw—w*n|+|r—p*n|>en
This further implies that, for every e > 0 and large enough n,

Z SL(TL)

nlogn
w,r: lw—w*n|+|r—p*n|>en

Sp(n,w,r) <

(76)

Let ng(€) be the smallest positive integer such that (Z6) holds
for all n > ng(e). Now take an arbitrary sequence (e;)
satisfying 1 = €9 > €; > €2 > --- and lim; ,€¢; = 0,
define the function

f(n) = €;n, no(ei) <Kn< no(ei+1), (77)
and note that (76) and imply (Z4). [ ]

It should be clear from the proof that the statement remains
valid with any subexponential function placed instead of n'°&™
(i.e., a function of the form 29(™) with g(n) = o(n)), and
therefore also with o(-) placed instead of O(-) on the right-
hand side of (74).

We may paraphrase the relations and as follows:
almost all sequences in S (n) are balanced (in the sense that
their weight is ~ %n) and have ~ p*n runs. For this reason,
we say that w* = 1/2 is the “typical” relative weight, and
p* the “typical” relative number of runs in RLL sequences.
One application of the typicality property {Z4) that we shall
exhibit in Section [I[=Al is that, in the asymptotic analysis of
the cardinality of optimal codes correcting a given number (¢)
of errors, due to the fact that nt = o(nl"g"), one can assume
without loss of generality that all the codewords have ~ p*n
runs and are of weight ~ 1n.

RLL sequences exhibit typicality with respect to other
parameters as well. For example, almost all RLL sequences
(in the sense analogous to (74)) contain ~ B;n runs of length
¢ e L (ie., blocks 0¢ and 1¢), where

)\é
T e ON

Note that ), , B; = p* (see (Z8) and (39)), as it should
be because p* is the total typical number of blocks in se-
quences from Sp(n). The easiest way to derive (Z8) is by

By = \p* (78)



using the probabilistic interpretation from Section the
probability of length ¢ under the optimal distribution in
is P () = A%, so the expected number of blocks of length ,
in a sequence having p*n blocks in total, is A‘p*n. Based on
the probabilistic interpretation it is easy to find other typical
values that may be of interest: almost all sequences in S, (n)
have ~ P} (0)Pr(£')p*n = X+ p*n runs of length £ that are
followed by a run of length ¢’; almost all sequences in S, (n)
have ~ %ZKGL)Z%PL*(K);)*n = %ZéeL,Z}g Np*n runs of
zeros of length greater than or equal to ¢ (and as many runs
of ones of length greater than or equal to £); etc.

Example (Unconstrained case, continued). For L = N, we
have A\ = 1/2, p* = 1/2, Pr(¢) = 27, and 85 = 2771, for
any { € N. A

F. Separate Constraints on the Runs of 0’s and 1’s

To conclude this section, we note that the presented results
can be generalized to the case where runs of 0’s and runs
of 1’s have possibly different and independent constraints
[15]. Namely, let St z, (n, w,r) denote the number of binary
sequences of length n, weight w, and containing r runs of
identical symbols, where the length of each run of 0’s (resp.
1’s) belongs to Ly C N (resp. L1 C N). Then, for any (w, p)
satisfying

inf Ly sup L
inf Ly + sup Lg Sws inf Lo +sup Ly’ (792)
max{ 2w 2(1-— w)} e min{ 2w 2(1-— w)}
supLi’ supLg P inf Ly’ infLy [’
(79b)

we have, as n — 00,
log Sto.1, (n,wn, pn) = nor,. 1, (w, p) —logn+O(1), (80)
where

ULO-,Ll(wap) (1)

- P 1 ¢
_—(1—w)1oga—wlogﬂ+§log<za Zﬂ)
(eLy  LELy

and («, ) is the unique pair of positive real numbers satisfying
the equations

3 5

¢e Ly

_— (e—Q—‘“)ﬁf_o.
el P
(82)

The remaining statements can be generalized in a similar way.
E.g., in Theorem[3l P, and P, are probability distributions
over Ly and L; respectively.

III. APPLICATIONS

In this section we describe three communication scenarios
in which asymptotic properties of RLL sequences are used to
derive the optimal information rates, or bounds thereon.

A. Weight-Preserving and Run-Preserving Channels

Several important classes of communication channels pos-
sess the property of preserving certain qualities of input
sequences, such as their weight or the number of runs they
contain. Examples of weight-preserving channels include the
bit-shift channel [23]], which models a scenario in which an
electric charge may leak to one of the neighboring cells,
resulting in the 1 bit that it represents being “shifted” to the
left or to the right, as well as various other channels with
permutation/reordering and timing errors. An example of a
channel that is run-preserving (i.e., that preserves the number
of runs in input sequences) is a sticky-insertion channel [4],
which models a scenario with synchronization errors as a result
of which one or more copies of a symbol may be inserted next
to the original symbol in the input sequenceé

The weight (resp. number of runs) being unaffected by the
channel means that an optimal code can be represented as the
union of optimal constant-weight (resp. constant-number-of-
runs) codes over all possible weights (resp. numbers of runs).
Furthermore, by the discussion in Section for the purpose
of determining the asymptotic behavior of optimal codes one
may assume with no loss in generality that all the codewords
are typical. These facts together considerably simplify the
analysis (see, e.g., [9]]). We illustrate this below on the example
of a deletion channel with RLL inputs.

RLL Insertion/Deletion Channels: Consider the deletion
channel with inputs from S, (n), where L = {d+1,..., k+1}.
If the maximum possible number of deleted symbols is ¢ < d,
then the channel is run-preserving as it cannot delete entire
runs of identical symbols. This fact was used in [20] to
devise a construction of codes correcting ¢t < d deletions. In
the following theorem we give the asymptotic scaling of the
construction from [20], thus obtaining a lower bound on the
cardinality of optimal ¢-deletion-correcting RLL codes, and
we also derive an upper bound on this quantity. For ¢ = 1 and
k = oo, the bounds coincide and give the exact asymptotic
scaling of the cardinality of optimal single-deletion-correcting
codes. We emphasize that the presented bounds are also valid
for ¢ > d in the restricted (run-preserving) deletion channel
in which an additional assumption is adopted that the channel
cannot delete all bits from a given run, i.e., that it cannot delete
entire runs.

Denote the size of an optimal t-deletion-correcting code
in the space Sp(n) (resp. Si(n,*,r)) by Dr(n;t) (resp.
Dr(n,r;t)). Thus Dy (n,r;t) is the size of an optimal code
having the property that all the codewords contain exactly
r runs. If the channel is run-preserving, it must hold that

Dp(n;t) =), Dr(n,r;t).
Theorem 11. Fix t,d, k with0 <t < d < k < 00, and denote
L={d+1,...,k+1}. Asn — oo,
SL (TL) SL(TL) )\tt!
(o) (o m) L= AT

< Di(nit) < (83)

As an aside related to sticky-insertion channels and RLL sequences, we
note that the set S, (n), for L = {%((h +1)7 — 1) : j € N}, constitutes
an optimal zero-error code for the channel in which each individual symbol
may be copied at most A times [10].



where p* = ML N _1, and X is the unique positive
t=d+1

number satisfying ZEI;H No=1.

Fork=occandt =1,
DL(TL,l) n d+1_)\ .

Proof: The lower bound in (83)) can be obtained either by
using the construction from [20], or by generalizing the con-
struction from [[16] to (d, k)-constrained inputs and using [1]]
(see [12]] for details). Either construction implies that, for fixed
t,as n — oo and r ~ pn, Dp(n,r;t) 2 5 Sp(n,*,r). From
this and the typicality properties discussed in Section [[IE] we
get

(84)

Dy (n;t) = ZDL(n,T;t) (85a)
r=0
p*n+f(n)
> > Di(nmit) (85b)
r=p*n—f(n)
. Pt f(n)
P — Z Sp(n,,r)  (85¢)
(p*n+f(n)) r=p*n—f(n)
S1(n)
~ . (85d)
(p*n)*

The upper bound in (83) is obtained by a packing argument.
Let D C Sy (n) be an optimal code correcting ¢ deletions,
|D| = Dy (n;t). Consider a typical codeword € D having
r~p*nrunsand b~ B3, n= A4+ p*n runs of length d + 1
(see (Z8)). Consider the patterns of ¢ deletions such that at
most one deletion occurs in each run of length > d + 2 in
x. The number of different sequences that can be produced
after z is impaired by such a pattern is (",°) ~ & (r — b)t ~
»(a- /\d“)p*n)t, and all such sequences live in S (n —t)
(since deletions occur in runs of length >d + 2, the resulting
runs are of length > d+1). Now, since D is assumed to correct
t deletions, the sets of output sequences that can be obtained
in this way from any two distinct codewords must be disjoint.
Therefore,

(A=At pn)’ <

DL(TL;t) SL(TL—t) ~ )\tSL(n),

t! ~
(86)
which proves the stated upper bound. .,
oo +1
When k = oo, we have > 52, A = 43— = 1 and

prh =300 O = d+ {15 I, in addition, t = 1, the
two bounds from (83) coincide and give (84). [ ]

The constant factor in the upper bound in (83) can be
improved for ¢ > 2 by using the fact that a deletion-correcting
code is also an insertion-deletion-correcting code [20] (see [12}
Theorem 4]), but we satisfy ourselves here with the fact that

the two bounds have the same asymptotic scaling, namely
log Dy, (n;t) =log Sr.(n) — tlogn + O(1) &7
=nlog\~! —tlogn + O(1),

where )\ is the unique positive number satisfying
lei; 11 A = 1. In words, redundancy of ~ tlogn bits
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is necessary and sufficient for achieving communication
resilient to ¢ < d deletions. We emphasize again that the
same holds for ¢ > d in the run-preserving deletion channel.
For example, in the unconstrained (L. = N) run-preserving
deletion channel we have, for any ¢ > 1,

2n+t n—+t

< Dn(nit) S

#, (88)

nt nt

and hence, for t = 1, Dy(n; 1) ~ 2"”: For comparison, recall
that the size of an optimal code correcting a single deletion
(with no run-preserving assumption) scales as % (7).

To conclude this subsection, let us reiterate the main idea
behind the above proof: in addition to using the fact that the
channel is run-preserving, we have restricted the analysis to
typical codewords only, a restriction which simplified the proof
while not incurring any loss in generality. In particular, we
have exploited the fact that the sets of output sequences are
of the same size for all codewords having the same number
of runs r, and that we may freely take r ~ p*n.

B. Channels with Sparse Error Patterns

Consider the binary symmetric channel (BSC), in which
an output sequence is produced by flipping some of the
symbols/bits in the input sequence, but with an additional
constraint that, in any contiguous segment of d 4 1 bits, only
one bit may be flipped. This channel models a communication
scenario in which the error patterns are “sparse” in the sense
that two input bits may be affected by noise only if they are
sufficiently far apart. Denoting the input, output, and noise
sequences by x,y,e € {0,1}", respectively, we can write
y = x @ e, where the requirement that the error patterns are
sparse is equivalent to saying that any two 1’s in the sequence
e are separated by at least d 0’s. In other words, the sequence e
is a (d, oo)-sequence{?] (see Remark[T)). Hence, in this scenario,
the noise sequences, rather than the information sequences, are
constrained.

Let Vy(n,r) be the number of different output sequences
that can be produced by a given input sequence x € {0,1}",
assuming that at most r errors have occurred in the channel,
and define

1
va(p) = lim —log Vy(n, pn), (89)
n—oo M
for p € [O, ﬁ]
Lemma 1. For any d € {0,1,...},
valp) = {(l ~dD)H (), <0< ity
Y
—log A, m <p< ﬁv
(90)

where X is the unique positive solution of the equation N3+ +
A—1=0.

Proof: Vy(n,r) is equal to the number of different noise
sequences of length n and Hamming weight < r. Since

"Note that not all run-lengths of zeros in e are constrained to the set {d, d+
1,...} — the first (if e; = 0) and the last (if e, = 0) run can be shorter.
Since allowing the first and/or the last run to violate the given constraints
does not affect the asymptotic rate of constrained sequences, we do not pay
particular attention to these boundary conditions.



the noise sequences are (d,oco)-sequences (with boundary
conditions different from those assumed in Remark [I)), and
since the boundary conditions do not affect the asymptotic rate,
we conclude that log Va(n, pn) ~ log} ., Snia(n,*,t)
(see Remark [1 and the first paragraph of Section [IEB2). We
then have

1.
lim — log Z Sntd(n, x, t)

va(p) = (91a)
n—oo N
t=0
. 1
= nlgxgo - logoggn SNtd(n, *,t) (91b)
= max ontd(*,T) 91c¢)
T€[0, p]
0< 4
_ Jonralxp), ; p<p . ©1d)
O'Ner(*a*)v prEp < a+1
where follows from the pigeon-hole principle; (91d)

follows from the definition of o, (%, p) (see and (@3));
and follows from the fact that the mapping p — o, (%, p)
is concave and maximized at p* (see Proposition [§(d)). Now
recall from ([Z2) that the function o, (x, p) has an explicit form
for L = N+ d, namely onia(x,p) = (1 — dp)H(25).

simplify (36) to p* = (372, E)\E)fl = #_)‘/\)d, where \ is
the unique positive number satisfying Z;’; d N = 1’\_d/\ =1,
and recall from (B8) that oy yq(*,*) = —log \. |

Denote the maximum cardinality of a code of length n
correcting r errors (as defined above) by My(n,r). Then,
by the sphere packing argument, we must have M4(n,r) <
#ZT) Consequently, the maximum asymptotic rate of codes
correcting a fraction p of errors is upper bounded by

1
lim —log M4(n, pn) < 1 —v4(p). (92)
n—oo M
For d = 0 (unconstrained BSC), (O0) reads
H(p), 0<p<3}
= 93
UO(p) {17 % <p<17 ( )

and hence (92) reduces to the classical sphere packing bound.
The maximum asymptotic rate of codes correcting a given
fraction p of errors is a quantity of fundamental importance
in coding theory, the exact value of which is still unknown
for any non-trivial p. Upper bounds better than the sphere-
packing bound are known [18], and the best known lower
bound is the Gilbert—Varshamov bound. Whether arguments
used for deriving these bounds can be applied in our scenario
with sparse error patterns will be investigated elsewhere; the
derivation of was given here only as an illustration.

C. Sub-block Constrained Sequences

We conclude this section by presenting another type of
constrained sequences. Their analysis does not represent an
application of the above results per se, but rather an illustration
that a wider class of problems can be analyzed by using similar
methods.

For fixed ¢, w, with wy, < fp, define B = {w € {0,1}% :
wt(x) > wb}, and consider the set of binary sequences of
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length n and weight w obtained by concatenating blocks from
B, namely

SseC(n’w) — {.’1} c Bﬁ : Wt(x) = ’LU} ; (94)

where it is assumed that n/¢, is an integer. (We omit the
parameters £, wp from the notation for reasons of simplicity.)
Denote also, as before, 5°(n, w) = |S°(n, w)|.

Sequences built from blocks of length ¢, and weight > wy,
are called sub-block energy constrained (SEC) sequences,
and they have been studied in the context of simultaneous
information and energy transfer, as well as in several other
applications [24]], [25]. From the definition it follows that
the quantity S%°(n,w) obeys the recurrence relation

Ly
SSCC(TL, U)) — Z (ib) SSCC(n — éb, w — _]), 95)

J=wp

the characteristic equation of which is

£y
1 Ly by J —
- Z p v’ =0.

J=wp

(96)

Applying [21, Theorem 1.3], we obtain the following char-
acterization of the asymptotic rate of constant-weight SEC
sequences.

Theorem 12. Fix ly, wy, and w € (%,1). Afi n — oo,

log S*¢(n, wn) = no***(w) — % logn 4+ O(n),

(ZF’) B, (98)
)

and B is the unique positive number satisfying Zﬁb:wb (ZJ") (j—
wﬂb)ﬁj =0.

We also set o°(wy/lp) = 0°°(1) = 0. The exponent
0**¢(w) is a continuous, strictly concave function of w €
[12’—:, 1], maximized at

T

o7)

where

£y
1
o**(w) = —wlog 8 + 7 log Z

J=wp

= —————"— 99)
12 ?
b Zjb:wb (?J)
with the maximum being equal to
Ly
1 éb>
o (w*)=—1lo o). (100)
@) 6 ® Z <J

J=wp

The last equality can also be obtained directly as o%¢(w*)
must be equal to the exponential growth rate of SEC se-
quences without the constant-weight requirement, namely
limy,— oo % log ’B@ ‘

The exponential growth rate of quantity
Y wswn 5°¢(n,w)  (bounded-weight SEC  sequences),
which is also naturally of interest in this context, can be
found from the above by using the fact that o%¢(w) is
uniquely maximized at w*, similarly as in (OT).

the

8The condition n — oo is here understood over £,N = {£ym : m € N}.



IV. CONSTANT-MANHATTAN-WEIGHT SEQUENCES

There are many scenarios in coding theory where other
definitions of sequence weight are more appropriate than the
Hamming weight, an important example being the ¢; (or
Manhattan) weight. We wish to point out here that g-ary se-
quences with fixed /; weight are, in a sense, dual to sequences
with constrained runs of zeros and that, consequently, their
properties can be inferred from the results of Section [

Denote A, = {0,1,...,¢q— 1},

A@mmg_{meAyE:m_w}, (101)
=1

and My(n,w) = ‘Mq(n,w)’. Interpreting the sequences in
M ,(n,w) as n-part compositions of the number w, with
parts restricted to A,, we can writd] My(n,w) = Cy,(w,n).
We can then deduce the following claim from [22, Theorem
12.2.2], in the same way as, e.g., Theorem [l

Theorem 13. Fix w € (O,q — 1). As n — oo,

1
log My(n,wn) = n pe(w) — 510gn+(9(1), (102)
where
qg—1
pg(w) = —wloga—i—logZai, (103)
i=0
and « is the unique positive real number satisfying
q—1
(i —w)a’ = 0. (104)
i=0

By continuous extension, we set 14(0) = pq(¢ — 1) = 0.

Proposition 14. The mapping w — pg(w) is continuous,
symmetric, and strictly concave on the interval w € [0, q— 1]
g—1

It is maximized at w* = 5 and the maximum is equal to

pg(w*) =logg. (105)

The “typical” Manhattan weight of a g-ary sequence of
length n — oo is ~ %n. The typical number of occurrences
of each of the symbols a € A, in such a sequence is ~ in;
the typical number of non-zero symbols that are followed by
a zero symbol is ~ %%n = qq;;n; etc.

Note that we are analyzing here sequences with fixed
Manhattan weight but with no RLL constraints. Deriving the
asymptotics for the case when both these kinds of constraints
are taken into account is also an interesting problem and will
be investigated elsewhere.

Recall that Sp(w,x,n) = 2Cp(w,n), but we cannot write here
My(n,w) = %SAq (w, *,n) because 0 € Ag, and in the definition of
Sr(-,-,-) we have assumed that 0 ¢ L (it is meaningless to speak of runs of
length O in this context). However, the fact that 0 € Ag does not affect the
analysis [22]. We note that integer compositions in which 0’s are valid parts
are called weak compositions.
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Application: Molecular Timing Channels

In this subsection we present an example of a Manhattan-
weight-preserving channel (that is not Hamming-weight-
preserving) and an application of the typicality properties just
mentioned.

Consider a communication channel described by the follow-
ing assumptions: 1) an input sequence = x1 -z, € Af,
S, x; = w, is thought of as describing w identical particles
transmitted over n time slots, where x; particles are transmit-
ted in the 7’th slot; 2) all particles reach the receiver, but their
relative positions at the receiving side may differ from the ones
they had at the moment of transmission, i.e., the delay of each
of the particles may vary with respect to the expected/mean
delay. This channel is meant to model a type of molecular
communication systems [2]], [L1], and it can also be seen as a
generalization of the bit-shift channel to g-ary alphabets.

Note that every input sequence x can be uniquely repre-
sented by another sequence & € ZY satisfying 1 < 71 <

- < Ty < n, where ; represents the time slot in which
the j’th particle is sent. For example, if = (2,1, 0, 2), then
Z =(1,1,2,4,4). A shift by one position of the j’th particle
in x (i.e., its delay being one slot less or one slot greater than
the mean delay) corresponds to a =1 error on the j’th location
in &. We say that ¢ particle shifts (or timing errors) have
occurred in the channel if || — g, = >0, T — | = ¢,
where y is the integer representation of the corresponding
received sequence. This representation of input and output
sequences implies that a code correcting ¢ particle shifts can be
constructed from a code in Z* of minimum distance > 2t + 1
under the Manhattan metric [9]].

Let Ty(n;t) (resp. Tq(n,w;t)) denote the cardinality of
an optimal code in A} (resp. M ,(n,w)) correcting ¢ timing
errors. Hence, T, (n, w; t) is the cardinality of an optimal code
all of whose codewords have Manhattan weight w. Since
the channel is Manhattan-weight-preserving, we must have

Ty(nst) =3, Ta(n,wit).
Theorem 15. Fix g > 2 andt > 1. As n — oo,

n 2t t n 2tt!
q" 2%ce(t) < Tyt < L1

e T 1
Wg—1)y "~ Swarg-pe U0

where ¢(1) = 3, ¢(2) = 1, and c(t) = # fort = 3.

Proof: As in the proof Theorem [I1] (Section MI=A), the
idea is to use the fact that the channel is Manhattan-weight-
preserving, and to restrict the analysis to typical codewords
only (which incurs no loss in generality).

As explained above, by using a different (integer) repre-
sentation of input and output sequences, a code correcting ¢
shifts can be constructed from a code of minimum distance
> 2t + 1 under the Manhattan metric. Since the best known
packing of balls of radius ¢ (in the Manhattan metric) in
Z" has center-density 2> % [9, Lemma 10], it follows that
Ty (n,w;t) 2 My(n, w)% By using the typicality argument
and letting w ~ w*n = q%ln, the lower bound in (106)
follows by the same reasoning as in (83).

Let us now establish the upper bound. Let C' C A7 be
an optimal code correcting ¢ timing errors, |C| = T,(n;t),



and consider a codeword & € C'. Every pattern of ¢ shifts
that can impair « in the channel consists of s right-shifts and
t — s left-shifts, for some s € {0,1,...,t}. We consider only
shifts (from non-empty slots) to slots which are not “full”, i.e.,
which have < g — 1 particles, so that the resulting sequence
at the channel output also belongs to Aj. The typical number
of non-empty slots with a “non-full” slot immediately to their
. . . —1\2 .
right is easily shown to be y7*n = (qT) n, and the same is
true for the number of non-empty slots with a “non-full” slot
immediately to their left. Based on this, one concludes that the
number of different sequences in A7 that can be obtained after
x is impaired by ¢ shifts is (asymptotically) lower-bounded by

SE() o

s=0 ’

(107)

Since C corrects t shifts by assumption, we must have

Ty(ns ) i—f (%)m n' S q" (108)

which is what we needed to show. ]
Consequently, as n — oo,

log Ty(n;t) = nlogq — tlogn + O(1). (109)

REFERENCES

[1] R. C. Bose and S. Chowla, “Theorems in the additive theory of
numbers,” Comment. Math. Helv., vol. 37, no. 1, pp. 141-147, 1962.

[2] L. Cui and A. W. Eckford, “The delay selector channel: Definition and
capacity bounds,” in Proc. 12th Canad. Workshop Inf. Theory (CWIT),
pp. 15-18, Kelowna, British Columbia, Canada, May 2011.

[3] T. M. Cover, J. A. Thomas, Elements of Information Theory, 2nd ed.,
Wiley-Interscience, John Wiley and Sons, Inc., 2006.

[4] L. Dolecek and V. Anantharam, “Repetition error correcting sets: Ex-
plicit constructions and prefixing methods,” SIAM J. Discrete Math.,
vol. 23, no. 4, pp. 2120-2146, 2010.

[51 S.Heubach and T. Mansour, Combinatorics of Compositions and Words,
CRC Press, 2010.

[6] K. A. S. Immink, “Runlength-limited sequences,” Proc. IEEE, vol. 78,
no. 11, pp. 1745-1759, 1990.

[7] K. A. S. Immink, Codes for Mass Data Storage Systems, 2nd ed.,
Shannon Foundation Publishers, Eindhoven, The Netherlands, 2004.

[8]

[9]

[10]

(1]

[12]

[13]

[14]

[15]
[16]

(171

[18]
[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

13

K. A. S. Immink and K. Cai, “Properties and constructions of con-
strained codes for DNA-based data storage,” IEEE Access, vol. 8,
pp. 4952349531, 2020.

M. Kovacevi¢, “Runlength-limited sequences and shift-correcting codes:
Asymptotic analysis,” IEEE Trans. Inf. Theory, vol. 65, no. 8, pp. 4804—
4814, 2019.

M. Kovacevi¢, ‘“Zero-error capacity of duplication channels,” [EEE
Trans. Commun., vol. 67, no. 10, pp. 6735-6742, 2019.

M. Kovacevi¢ and P. Popovski, “Zero-error capacity of a class of timing
channels,” IEEE Trans. Inf. Theory, vol. 60, no. 11, pp. 6796-6800,
2014.

M. Kovacevi¢ and V. Y. F. Tan, “Asymptotically optimal codes correcting
fixed-length duplication errors in DNA storage systems,” I[EEE Commun.
Lett., vol. 22, no. 11, pp. 2194-2197, 2018.

M. Kovacevi¢ and D. Vukobratovi¢, “Asymptotics of constant-weight
constrained sequences with applications,” in Proc. 2021 IEEE Inf.
Theory Workshop (ITW), 6 p., Kanazawa, Japan (virtual), Oct. 2021.
O. F. Kurmaeyv, “Constant-weight and constant-charge binary run-length
limited codes,” IEEE Trans. Inf. Theory, vol. 57, no. 7, pp. 4497-4515,
2011.

O. F. Kurmaev, “Enumeration of constant-weight run-length limited

binary sequences,” Probl. Inf. Transm., vol. 47, no. 1, pp. 64-80, 2011.
V. L. Levenshtein, “Binary codes correcting deletions and insertions of

the symbol 1” (in Russian), Probl. Peredachi Inf., vol. 1, no. 1, pp.
12-25, 1965.

V. I. Levenshtein, “Binary codes capable of correcting deletions, in-
sertions, and reversals,” Sov. Phys.—Dokl., vol. 10, no. 8, pp. 707-710,
1966.

J. H. van Lint, Introduction to Coding Theory, 3rd ed., Springer, 1999.
B. H. Marcus, R. M. Roth, and P. H. Siegel, An Introduction to
Coding for Constrained Systems, 5th ed., 2001. Available online at:
http://www.math.ubc.ca/ marcus/Handbook/.

F. Palunci¢, K. A. S. Abdel-Ghaffar, H. C. Ferreira, and W. A. Clarke,
“A multiple insertion/deletion correcting code for run-length limited
sequences,” [EEE Trans. Inf. Theory, vol. 58, no. 3, pp. 1809-1824,
2012.

R. Pemantle and M. C. Wilson, “Twenty combinatorial examples of
asymptotics derived from multivariate generating functions,” SIAM Re-
view, vol. 50, no. 2, pp. 199-272, 2008.

R. Pemantle and M. C. Wilson, Analytic Combinatorics in Several
Variables, Cambridge University Press, 2013.

S. Shamai (Shitz) and E. Zehavi, “Bounds on the capacity of the bit-shift
magnetic recording channel,” IEEE Trans. Inf. Theory, vol. 37, no. 3,
pp- 863-872, 1991.

A. Tandon, M. Motani, and L. R. Varshney, “Subblock-constrained codes
for real-time simultaneous energy and information transfer,” IEEE Trans.
Inf. Theory, vol. 62, no. 7, pp. 4212-4227, 2016.

A. Tandon, H. M. Kiah, and M. Motani, “Bounds on the size and
asymptotic rate of subblock-constrained codes,” IEEE Trans. Inf. Theory,
vol. 64, no. 10, pp. 6604-6619, 2018.

D. T. Tang and L. R. Bahl, “Block codes for a class of constrained
noiseless channels,” Inf. Control, vol. 17, no. 5, pp. 436461, 1970.

E. Zehavi and J. K. Wolf, “On runlength codes,” IEEE Trans. Inf. Theory,
vol. 34, no. 1, pp. 45-54, 1988.


http://www.math.ubc.ca/~marcus/Handbook/

	I Introduction
	II Asymptotics of Runlength-Limited Sequences
	II-A Asymptotic Rates of RLL Sequences
	II-B Weight Only and Run Only Constraints
	II-B1 Constant-Weight RLL Sequences
	II-B2 Constant-Number-of-Runs RLL Sequences

	II-C Probabilistic Characterization of the Capacity
	II-D Properties of the Capacity
	II-E Typical RLL Sequences
	II-F Separate Constraints on the Runs of  0 's and  1 's

	III Applications
	III-A Weight-Preserving and Run-Preserving Channels
	III-B Channels with Sparse Error Patterns
	III-C Sub-block Constrained Sequences

	IV Constant-Manhattan-Weight Sequences
	References

