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Shortened linear codes from APN and PN functions

Can Xiang, Chunming Tang and Cunsheng Ding

Abstract

Linear codes generated by component functions of perfect nonlinear (PN) and almost perfect nonlinear (APN)
functions and the first-order Reed-Muller codes have been an object of intensive study in coding theory. The
objective of this paper is to investigate some binary shortened codes of two families of linear codes from APN
functions and some p-ary shortened codes associated with PN functions. The weight distributions of these shortened
codes and the parameters of their duals are determined. The parameters of these binary codes and p-ary codes are
flexible. Many of the codes presented in this paper are optimal or almost optimal. The results of this paper show
that the shortening technique is very promising for constructing good codes.

Index Terms

Linear code, shortened code, PN function, APN function, ¢-design

I. INTRODUCTION

Let GF(g) denote the finite field with ¢ = p™ elements, where p is a prime and m is a positive integer.
A [v, k, d] linear code C over GF(q) is a k-dimensional subspace of GF(g)" with minimum (Hamming)
distance d. Let A; denote the number of codewords with Hamming weight i in a code C of length v.
The weight enumerator of C is defined by 1+ Az 4+ Axz> +--- +A,z". The sequence (1,A1,...,A,) is
called the weight distribution of C and is an important research topic in coding theory, as it contains
crucial information about the error correcting capability of the code. Thus the study of the weight
distribution has attracted much attention in coding theory and much work focuses on the determination of
the weight distributions of linear codes (see, for example, [14], [15]], [16], [17], [35], [33]], [39], [40], [46],
[47]). Denote by C* and (Aj,At,...,Ay) the dual code of a linear code C and its weight distribution,
respectively. The Pless power moments [28§]], i.e.,

Y A=Y (-1)Af ij!S<t,j>q"f<q—1>ff(v_i) : (1)

i=0 i=0 =i V—=J

play an important role in calculating the weight distributions of linear codes, where Ag =1, 0 <7 <v
and S(t,j) = %Z{ZO(—I)J'*"({)Z". A code ( is said to be a t-weight code if the number of nonzero A; in
the sequence (Aj,Az,---,A,) is equal to t. A [v,k,d]| code over GF(q) is said to be distance-optimal if
no [v,k,d'] code over GF(gq) with d’ > d exists, dimension-optimal if no [v,k’,d] code over GF(gq) with
k' > k exists, and length-optimal if no [V k,d] code over GF(g) with v/ <v exists. A linear code is said to
be optimal if it is distance-optimal, or dimension-optimal, or length-optimal, or meets a bound for linear
codes.
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Let C be a [v,k,d| linear code over GF(q) and T a set of ¢ coordinate positions in C. We use CT
to denote the code obtained by puncturing C on 7, which is called the punctured code of C on T. Let
C(T) be the set of codewords of C which are 0 on 7. We now puncture C(7T) on T, and obtain a linear
code Cr, which is called the shortened code of C on T. The following lemma plays an important role in
determining the parameters of the punctured and shortened codes of C.

Lemma 1. [28 Theorem 1.5.7] Let C be a [v,k,d] linear code over GF(q) and d* the minimum distance
of C*. Let T be any set of t coordinate positions. Then the following hold:

- (C)" = () and (7)) = (C)y.

o Ift <min{d,d"}, then the codes Cr and CT have dimension k—t and k, respectively.

The shortening and puncturing techniques are two important approaches to constructing new linear
codes. Very recently, Tang et al. obtained some ternary linear codes with few weights by shortening and
puncturing a class of ternary codes in [37]. Afterwards, they presented a general theory for punctured
and shortened codes of linear codes supporting t-designs and generalized the Assmus-Mattson theorem in
[38]]. Liu et al. studied some shortened linear codes over finite fields in [32]]. However, till now not much
work about shortened codes has been done and it is in general hard to determine the weight distributions
of shortened codes. Motivated by these facts, we investigate some shortened codes of linear codes from
almost perfect nonlinear (APN) and perfect nonlinear (PN) functions, and determine their parameters in
this paper. Many of these shortened codes are optimal or almost optimal.

The rest of this paper is arranged as follows. Section [I] introduces some notation and results related to
group characters, Gauss sums, -designs and linear codes from APN and PN functions. Section [l gives
some general results about shortened codes. Section [[V] investigates some shortened codes of binary linear
codes from APN functions. Section [V] studies some shortened codes of two classes of special linear codes
from PN functions. Section [VI concludes this paper and makes concluding remarks.

II. PRELIMINARIES

In this section, we briefly recall some results on group characters, Gauss sums, 7-designs, and linear
codes from APN and PN functions. These results will be used later in this paper. We begin this section
by fixing some notation throughout this paper.

o pisaprime and p* = (—1)P=1)/2p for odd prime p.
o {,=¢ v is the primitive p-th root of unity.

e ¢ is a power of p.

« GF(q)" = GF(¢q) \ {0}.

o Tr,/, is the trace function from GF(g) to GF(p).

e SQ and NSQ denote the set of all squares and nonsquares in GF(p)*, respectively.

o 1M and 7 are the quadratic characters of GF(q)* and GF(p)*, repsectively. We extend these quadratic
characters by letting 1(0) =0 and 7j(0) = 0.

A. Group characters and Gauss sums

An additive character of GF(g) is a nonzero function ¥ from GF(gq) to the set of nonzero complex
numbers such that x(x+y) = x(x)x(y) for any pair (x,y) € GF(q)?. For each b € GF(g), the function
Tr,,,(bx)
() =5 " )

defines an additive character of GF(g). When b =0, xo(x) = 1 for all x € GF(g), and 7 is called the
trivial additive character of GF(q). The character y; in @) is called the canonical additive character



of GF(g). It is well known that every additive character of GF(g) can be written as ¥, (x) = x1(bx)
Theorem 5.7]. The orthogonality relation of additive characters is given by

Z q fora=0,
X1 (ax) 0 for a € GF(g)".

x€GF(q)
The Gauss sum G(n,%1) over GF(q) is defined by
G, x1) = Z M =) n 3)
x€GF(q x€GF(q

and the Gauss sum G(7},%) over GF(p) is defined by
Ghx)= ) A= ) n )

x€GF(p)* xeGF(p

where % is the canonical additive character of GF(p).
The following four lemmas are proved in Theorems 5.15, 5.33, Corollary 5.35] and [16, Lemma
7], respectively.

Lemma 2. [3]|] Let g = p™ and p be an odd prime. Then

G) = ()" (VD g
_ {(—1)'"—1\/5 for p=1 (mod 4),
(—)mI(V=1)"/q for p=3 (mod 4).

and
G =v—17 = .

Lemma 3. [3]] Let , be a nontrivial additive character of GF(q) with q odd, and let f(x) = axx®> +a1x+
ap € GF(q)[x] with ay # 0. Then

) X (a0 — ai(4a2) " M(a2)G(n,x).

x€GF(g

Lemma 4. [3]] Let 7}, be a nontrivial additive character of GF(q) with q even and f(x) = ax* +a1x+ag €
GF(q)[x], where b € GF(q)*. Then

Z X (f { xp(a0)q if ar = ba?,

= 0 otherwise.

Lemma 5. [[I6] Let p be an odd prime. If m > 2 is even, then M(x) = 1 for each x € GF(p)*. If m> 1 is
odd, then n(x) =1M(x) for each x € GF(p).

Let e be a positive integer and (a,b) € GF(q)?, define the exponential sum

S(ab)= ¥ (axP +1 +bx) (5)
x€GF(q)

Then we have the following five known results.

Lemma 6. [[[2] Let e be a positive integer and m be even with gcd(m,e) = 1. Let p =2, g =2" and
a € GF(q)*. Then

S.(a,0) = (-1)222 if a o’ for any t,
ATV = (=1D)225 1 ifa= 0o for some t,

where o is a generator of GF(q)*.

(SN



Lemma 7. [8] Let e,h be positive integers and m be even with gcd(m,e) = 1. Let p =2, ¢ =2" and
a € GF(q)*. Then

Z (Se(a b))h | @e"— 1)2%'}’ if h is even and a # o for any t,
beGF(g)* AT @2 =120 i his even and a = o for some t,
where o is a generator of GF(q)*.

Lemma 8. [[9] Let p be an odd prime, ¢ = p™, and e be any positive integer such that m/gced(m,e) is
odd. Suppose a € GF(q)* and b € GF(q)*. Let x,} be the unique solution of the equation

apeXPZe +ax+bpe _ 0
Then
Se(a,b) = (_1)’"—1\/@](_61)7(1(_axg,bﬂ)? if p=1 mod 4,
’ - _ 3m o )
e (1 VT (- (—ad ), if p=3 mod 4

Lemma 9. [44)] Let the notation and assumptions be the same as those in the previous lemma. Write
A=Y ccR(p)* Se( ac, bc). Then we have the following results.

e If mis odd, then

0, ifTrq/p(a(xa?b)Pe“) =0,
A— n(a)n(Trq/p(a(xmb)"e“))\/6_1\/3_*, if p=1mod 4 and Trq/p(a(x%b)l?"’ﬂ) #£0,
n(CZ)n(Trq/p(a(xmb)peJrl)) V-1 m\/a\/_*v if p=3 mod 4 and Trq/p(a(xa7b)pe+1> #0.

e If m is even, then

—(p—1)n(a)\/q, if p=1mod 4 and Trq/p(a(x%b)pzﬁ) =0,
Ao T](a)\/ﬁm, l:fp =1 mod 4 and Trq/p(a(xa7b)pe+1) # 0,
—\/——ml (p—1)n(a)\/q, if p=3 mod 4 and Trq/p(a(xal,)"’eJr ) =0,
V—=1"n(a)yq, if p=3 mod 4 and Try,(a(xap)” +th£o0.
Lemma 10. [44] Let p be an odd prime, m and e be positive integers such that m/ gcd(m,e) is odd. Let
q = p". Define
No(a,b) = t{x € GF(q) : Tr,,(ax" ' + bx) = 0}.
Then we have the following results.
e Ifa=0 and b =0, then No(a,b) =q.
e Ifa=0 and b #0, then Ny(a,b) = p"~!.
e Ifa#0 and b= 0, then
pl if mis odd,
No(a,b) = %(q—(p—l)n(a)\/é), if m is even and p =1 mod 4,
% (g—v=1"(p—1)M(a)\/q). if mis even and p=3 mod 4.

o Ifa#0 and b +#0, then No(a,b) = %(q—I—A), where A was given in Lemma



B. Combinatorial t-designs and related results

Let k, t and v be positive integers with 1 <t <k <v. Let P be a set of v > 1 elements, and let B
be a set of k-subsets of P. The incidence structure D = (P,B) is said to be a 7-(v,k,\) design if every
t-subset of P is contained in exactly A elements of B. The elements of P are called points, and those of
‘B are referred to as blocks. We usually use b to denote the number of blocks in B. A t-design is called
simple if B has no repeated blocks. A 7-design is called symmetric if v =5 and trivial if k =¢ or k =v.
When ¢ >2 and A =1, a r-design is called a Steiner system and traditionally denoted by S(z,k,v).

Linear codes and 7-designs are companions. A ¢-design D = (P, B) induces a linear code over GF(p)
for any prime p. Let P = {py,...,pyv}. For any block B € B, the characteristic vector of B is defined by
the vector ¢g = (cy,...,cy) € {0,1}Y, where

o 1, if p; € B,
%= o0, if pi¢B.

For a prime p, a linear code C,(ID) over the prime field GF(p) from the design D is spanned by the
characteristic vectors of the blocks of B, which is the subspace Span{cp: B € B} of the vector space
GF(p)". Linear codes C,(ID) from designs D have been studied and documented in the literature (see, for
example, [, [17]], [41]], [42]).

On the other hand, a linear code C may induce a t-design under certain conditions, which is formed by
supports of codewords of a fixed Hamming weight in C. Let P(C) be the set of the coordinate positions
of C, where #P((C) =v is the length of C. For a codeword ¢ = (¢;)iep(¢) in C, the support of ¢ is defined
by

Supp(c) ={i:c; #0,i € P(C)}.

Let B,,(C) = {Supp(c) : wt(c) =w and ¢ € C}. For some special C, (P(C),B(C)) is a t-design. In this
way, many t-designs are derived from linear codes (see, for example, [1]], [18]], [19], [20], [25], [26],
(291, [36], [41], [42]). A major approach to constructing ¢-designs from linear codes is the use of linear
codes with #-homogeneous or ¢-transitive automorphism groups (see Theorem 4.18]). Another major
approach to constructing 7-designs from codes is the use of the Assmus-Mattson Theorem [3]], [28]. The
following Assmus-Mattson Theorem for constructing simple ¢-designs was developed in [2].

Theorem 11. Let C be a linear code over GF(q) with length v and minimum weight d. Let d* denote
the minimum weight of the dual code C+ of C. Let t (1 <t < min{d,d"'}) be an integer such that there
are at most d+ —t weights of C in the range {1,2,...,v —t}. Then the following hold:

e (P(C),B(C)) is a simple t-design provided that Ay # 0 and d < k < w, where w is defined to be
the largest integer satisfying w <V and

-2
W‘{%J <d
g—1

o (P(ChH),B(Ch)) is a simple t-design provided that A= # 0 and d*+ < k < wr, where w' is defined
k
to be the largest integer satisfying w < v and

L _
WL_{LMJ gt
q—1

We will need the following results about the punctured and shortened codes of C documented in
Lemma 3.1,Theorem 3.2] .

Lemma 12. [38] Let C be a linear code of length v and minimum distance d over GF(q) and d* the
minimum distance of C*. Let t and k be two positive integers with 0 <t < min{d,d"} and 1 <k <v—t.



Let T be a set of t coordinate positions in C. Suppose that (P(C),B;(C)) is a t-design for all i with
k<i<k+t. Then

LD ENDE)
achy =y LYW, e,
i=0 (kftﬂ') (r)
Theorem 13. [38] Let C be a [v,k,d] linear code over GF(q) and d* be the minimum distance of C*.
Let t be a positive integer with 0 <t < min{d,d"}. Let T be a set of t coordinate positions in C. Suppose
that (P(C),Bi(C)) is a t-design for any i with d <i <V —t. Then the shortened code Cr is a linear
code of length v —t and dimension k —t. The weight distribution (Ak(CT>)Z;6 of Cr is independent of the
specific choice of the elements in T. Specifically,

k\ (v—t
Ar(Cr) = MAk(C)'

C. Linear codes from APN and PN functions
Let m, i be two positive integers with m >/ and F be a mapping from GF(p™) to GF(p™). Define

8r = max{3r(a,b) : a € GF(p™)*,b € GF(p™)},
where 8 (a,b) = #{x € GF(p™) : F(x+a) — F(x) = b}, a € GF(p™) and b € GF(p™). The function F(x)

is called PN function if 87 = p ", and it is called APN function if m = s and 8 = 2. From the above
definition one immediately sees that F(x) is PN if and only if F(x+a)— F(x) is balanced for each
a € GF(p™)*. Currently, all known PN and APN functions over GF(p™) are summarized in [4], [6], [7],
(10N, [d10, (130, [14], [22], [45]. It is known that PN and APN functions are very important functions for
constructing linear codes with good parameters (see, for example, [5]], [34]], [43], [44]).

Let g = p™ and let C denote the linear code of length ¢ defined by

C= {(Trq/p(af(x) —l—bx-i—c))xeGF(q) a,b,c e GF(q)}, (6)

where f(x) is a polynomial over GF(q). Then we can regard GF(q) as the set of the coordinate positions
P(C) of C. 1t is known that C has dimension 2m+ 1 and the weight distribution in Table [l when p = 2,
m >5 is odd and f(x) =x* is an APN function, where s takes the following values [[14].

o 5 =2°+1, where gcd(e,m) =1 and e is a positive integer.

o §=2%_2°41, where e is a positive integer and gcd(e,m) = 1.

e s=20m"1/2 13

o s=20m=1)/2 4 2m=1)/4_ | where m=1 (mod 4 ).

o 5=20m=1/2 4 20m=1/4 _1 \where m=3 ( mod 4 ).

When f(x) =x>*!, p=2 and m > 4 is even with ged(e,m) = 1, the code C defined in () has dimension
2m-+1 and the weight distribution in Table [ [14].

TABLE 1
THE WEIGHT DISTRIBUTION OF C FOR m ODD

Weight Multiplicity

0 1
om—1_»(m—1)/2 (me 1)2’"71

2m71 (zm_l)(2m+l _m +2)

om—1 +2(mfl)/2 (zm _ 1)2m71

2m 1

It is known that the code C defined in (6) has dimension 2m + 1 and a few weights when p is an odd
prime and f(x) =x* is a PN function. If s takes the following values [14],



TABLE II
THE WEIGHT DISTRIBUTION OF C FOR m EVEN

Weight Multlphcity
0
om—1_om/2 ( 1)2m 2/3
om—1_»(m=2)/2 ( 1)2m+l/3
om—1 2(2m—1)(2" 2 +1)
om—1 +2(11172)/2 ( 1)2m+1/3
o=l om/2 (2m—1)2"2/3
2m 1

o 5= 2,

o 5s=p°+1, where m/gcd(m,e) is odd,

e s=(3°+1)/2, where p =3, e is odd and gcd(m,e) =1,
then f(x) =x* is a PN and also planar function, Tr,/,(Bf(x))) is a weakly regular bent function [23],
for any f € GF(q)* , and the code C defined in (6) has four or six weights [30].

Let f(x) be a function from GF(g) to GF(p), the Walsh transform of f at a point B € GF(g) is defined

by
Z Cp Trq/p BX
x€GF(q

The function f(x) is said to be a p-ary bent function, if | W (B)| = p? for any B € F,. A bent function

f(x) is weakly regular if there exists a complex u with unit magnitude satisfying Wy (B) = up%Cf(B) for
some function f*(x). Such function f*(x) is called the dual of f(x). A weakly regular bent function f(x)

satisfies . (B)
W B) =& V p* CP 9

where € = £1 is called the sign of the Walsh Transform of f(x). Let R ¥ be the set of p-ary weakly
regular bent functions with the following two properties:

e f(0)=0; and
e f(ax) =da"f(x) for any a € GF(p)* and x € GF(q), where & is a positive even integer with ged(h —
Lp—1)=1.

We will need the following results about p-ary weakly regular bent functions in [39].
Lemma 14. [39] Let B € GF(q)* and f(x) € RF with W;(0) = &\/p™". Define
Nyp =#{x € GF(q) : f(x) =0 and Try,(Bx) = 0}.
If f*(B) =0, then

P24 e 2(=1)(p—1)p=22 if mis even;
NfB - m—2 . .
’ prTe, if mis odd.

Lemma 15. [39] Let B € GF(q)* and f(x) € RF with Wy(0) =e\/p™". Let
Ny, p = #{x € GF(q) : f(x) € SQ and Tr,;,(Bx) = 0},

and
Nygqp = #{x € GF(q) : f(x) € NSQ and Tr,;,(Bx) = 0}.

We have the following results.
o If mis even and f*(B) =0, then

p—l m— =m m—
quﬁ - anqﬁ - T <p 2 —€n /2(_1>p( 2)/2) .



e If mis odd and f*(PB) =0, then

p—1/ ,._ —
]vsq,B = 2 (P 2 + &4/ p* l)
and

p—1 _ _
anq,[?): —2 (pm 2—8 p*m 1).

III. SHORTENED BINARY LINEAR CODES WITH SPECIAL WEIGHT DISTRIBUTIONS
In this section, we give some general results on the shortened codes of linear codes with the weight

distributions in Tables [l and [
Let T be a set of ¢ coordinate positions in C (i.e., T is a t-subset of P(()). Define

A7, (C) = {Supp(c): c€ C, wt(e)=w, and T C Supp(c)}.

and A7, (C) = #A7,,(C).
We will consider some shortened code Cr of C for the case m >4 andt > 1 .

A. Shortened linear codes holding t-designs

Let p =2 and g = 2™. Notice that if a binary code C has length 2" and the weight distribution in
Table [l (resp. Table [I)), then the code C holds 3-designs (resp. 2-designs) ([14]], [21]]). The following two
theorems are easily derived from Theorem Tables [l and [l and we omit their proofs.

Theorem 16. Let m > 5 be odd, and C be a binary linear code with length 2™ and the weight distribution
in Table [l Let T be a t-subset of P(C). We have the following results.
o Ift =1, then the shortened code Cr is a 2" — 1,2m, 21 —2('”_1)/2] binary linear code with the
weight distribution in Table [
o If t =2, then the shortened code Cr is a [2™ —2,2m— 1,21 —20"=1/2] binary linear code with
the weight distribution in Table [IV]
e If t =3, then the shortened code Cr is a [2" —3,2m — 2,21 —20"=1/2] pinary linear code with
the weight distribution in Table [}

TABLE III
THE WEIGHT DISTRIBUTION OF (r FOR m ODD AND ¢ =1

Weight Multiplicity
0 1
om=1_»(m—1)/2 2(m75)/2(2m7 1)(2+2(1+m)/2)
2m71 —1 +2mfl _~_22mfl

om—1 +2(mfl)/2 2(m75)/2(2m_1)(_2+2(1+m)/2)

Example 17. Let m =5 and T be a 1-subset of P(C). Then the shortened code Cr in Theorem [[8 is a
[31,10,12] binary linear code with the weight enumerator 14+310z'%2 4527710 4 186720, The code Cr is
optimal. The dual code of Cr has parameters [31,21,5] and is optimal according to the tables of best
known codes maintained at http://www.codetables.de.

Example 18. Let m =5 and T be a 2-subset of P(C). Then the shortened code Cr in Theorem [[8 is a
[30,9,12] linear code with the weight enumerator 1+ 190z!2 + 255716 + 66720, The code Cr is optimal.
The dual code of Cr has parameters [30,21,4] and is optimal according to the tables of best known codes
maintained at http.://www.codetables.de,


http://www.codetables.de
http://www.codetables.de

TABLE 1V
THE WEIGHT DISTRIBUTION OF Cr FOR m ODD AND ¢ = 2

Weight Multiplicity
0 1

om—=1 _o(m—1)/2 2(m77)/2(_4+22+m+2(1+3m)/2)

2m71 71+22m72
2m71+2(m71)/2 2(m77)/2(4_22+m +2(l+3m)/2)

TABLE V
THE WEIGHT DISTRIBUTION OF (r FOR m ODD AND t =3

Weight Multiplicity
0 1

om—=1_o(m=1)/2  _n(m=3)/2 +3. 2(3m=17)/2 4 om=3 4 p2m—4

2mfl (_1+2m72)(1+2m71)
om—=1 . 2(m—1)/2 2(m=3)/2 _3.9(3m=17)/2 + om=3 4 p2m—4

Example 19. Let m =5 and T be a 3-subset of P(C). Then the shortened code Cr in Theorem is
a [29,8,12] binary linear code with the weight enumerator 1+ 114712 +119z'© +227%°. The code Cr is
optimal. The dual code of Cr has parameters [29,21,3] and is almost optimal according to the tables of
best known codes maintained at http://www.codetables.de.

Theorem 20. Let m > 4 be even, and C be a binary linear code with length 2™ and the weight distribution
in Table [[ll Let T be a t-subset of P(C). We have the following results.
o Ift =1, then the shortened code Cr is a 2" — 1,2m,2m! —2’”/2] binary linear code with the weight
distribution in Table [V]
o If t =2, then the shortened code Cr is a [2" —2,2m—1,2"=1 —2"/2] binary linear code with the
weight distribution in Table [VII|

TABLE VI
THE WEIGHT DISTRIBUTION OF (7 FOR m EVEN AND ¢ = 1

Weight Multiplicity
0 1

am=l_gm/21/3.073m/2 (04 om/2)(—1 4 2m)
am=l_pm=2)/2 1/3.0m/2(—142m/2)(1+2m/2)?
21 2" —1)(1+2m2)
o=l p(m=2)/2 q/3.0m/2(—142m/2)2(14-2m/2)
am=lypom/21/3.073m/2 (4 2m/2) (1 +2™m)

Example 21. Let m =4 and T be a 1-subset of P(C). Then the shortened code Cr in Theorem 20 is a
[15,8,4] linear code with the weight enumerator 1+ 15z* +100z° +75z8 4+ 60z'° 4-57'2. This code Cr is
optimal. Its dual CTL has parameters [15,7,5] and is optimal according to the tables of best known codes
maintained at http.://www.codetables.de,


http://www.codetables.de
http://www.codetables.de
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TABLE VII
THE WEIGHT DISTRIBUTION OF Cr FOR t = 2 AND m EVEN

Weight Multiplicity
0 1

om=1_om/2 1/3 ,2m/274(2+2m/2)(2m +21+m/2 _2)
om=1_ »(m=2)/2 1/3 .om/2—1 (1 +2m/2)(zm + om/2 _ 2)
2m-1 @t —1)(142m72)

om—1 +2(m72)/2 1/3.2m/271(71+2m/2)(2m72m/272)
om—1 +2m/2 1/3.2m/274(4+21+m/2 +23m/2722+m)

Example 22. Let m =4 and T be a 2-subset of P(C). Then the shortened code Cr in Theorem 20 is a
[14,7,4] binary linear code with the weight enumerator 1+ 11z* + 60z +35z8 +20z'9 4212, This code
Cr is optimal. Its dual C’TL has parameters [14,7,4] and is optimal according to the tables of best known
codes maintained at http.://www.codetables.de,

B. Several general results on shortened codes

Lemma 23. Let m > 5 be odd (resp., m > 4 be even), and C be a binary linear code with the length
2™ and the weight distribution in Table [l (resp., Table [Il). Then the dual code C+ of C has parameters
[2". 2" —2m — 1,6].

Proof. The weight distribution in Table [l (or [I) means that the dimension of C is 2m+ 1. Thus, the dual
code C* of C has dimension 2" —2m — 1. Since the code length of C is 2™, from the weight distribution
in Table [l (or M) and the first seven Pless power moments in (D), it is easily obtain that Ag(C*) > 0 and
Ai(Ct) =0 for any i € {1,2,3,4,5}. The desired conclusions then follow . O

Theorem 24. Let m > 4, and C be a binary linear code with length 2™ and the weight distribution in

Table [l for odd m and Table [l for even m. Let T be a 4-subset of P(C) and Are(C*H) =N, then A =0

or 1. Furthermore, we have the following results.

(M) If m>5 is odd and L =0, then the shortened code Cr is a [2" —4,2m — 3,2m=1 2(’"_1)/2] binary
linear code with the weight distribution in Table [VIII

() If m>5 is odd and ). = 1, then the shortened code Cr is a [2" —4,2m— 3,2 —2(’”’1)/2] binary
linear code with the weight distribution in Table [[X

TABLE VIII
THE WEIGHT DISTRIBUTION OF (7 FOR A =0

Weight Multiplicity
0 1

om=1_o(m=1)/2  _»(m=3)/2 4om=3 4 92m=5 | 2(3m=5)/2

2m71 1= 2m72 +4m72
om—1 . 2(m—1)/2 2(m=3)/2 + om=3 + 22m=5 _ »(3m=5)/2

Proof. By the definition of A7 ¢(Ct), we have

h=Aro(Ch) = #{Supp(c) LeceCh, wi(e)=6and T C Supp(c)} .
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TABLE IX
THE WEIGHT DISTRIBUTION OF Cr FOR A = 1

Weight Multiplicity
0 1

om—=1 _o(m=1)/2 3 om—4 _»(=3+m)/2 _~_275+2m + 2(=5+3m)/2

o=l 274(—84+2M)(24-2™m)
om—1 _~_2(m71)/2 3% 2m74+2(73+m)/2 4 p—5+2m _o(=5+3m)/2

If A > 2, there would be Supp(c;),Supp(¢z) € Ar6(C*). Then ¢; +¢, € C* and the weight wr(e; +¢2) < 4.
This is a contradiction to the minimum distance 6 of ¢+ in Lemma Thus, A =0 or 1.

We treat the weight distribution of Cr according to the value of A as follows.

(I) The case that A =0 and m is odd.

By Lemma the minimum distance of C+ is 6. Thus,

Ay ((&)T) — Ay ((&) T) =0, A1 ((en*) =42 ((en*) =0 (7

and the shortened code Cr has length n=2"—4 and dimension k = 2m — 3 from Az (C) =0 and Lemma
0l By definition and Lemma we have A; (Cr) =0 for i & {0,iy,ip,i3}, where iy = 2"~ 1 —20m=1)/2,
i» =2"1 and i3 = 21 4-20m=1/2 Therefore, from (@) and (), the first three Pless power moments
A +A, A, =223 1
llAll + 12A12 + l3A13 = 22m 3 l(zm 4)
TA; +3A;, +3A;, =223 72(2m —4)(2m — 4+ 1).
yield the weight distribution in Table [VIIIl This completes the proof of (I).

(IT) The case that A =1 and m is odd.
The proof is similar to that of (I). Since Ar¢(C*) =1 and the minimum distance of C* is 6, from

Lemma [Tl we have
ai((e9)) =0 a((er)') =1

ar((ert) =0, a2 ((en*) =1 ®)
Then the desired conclusions follow from (8)), the definitions and the first three Pless power moments of
(. This completes the proof. ]

Lemma 25. Let m > 4 be even, and C be a binary linear code with length 2" and the weight distribution
in Table [l Let T be a 3-subset of P(C). Suppose Ar.6(C+) =\, then A, ((CL)T> =A; ((CL)T) =0,

As((cH)") =rand as((cH)") =2- 272 =12 =30

Proof. By Lemma[23] the minimum distance of C is 6. Thus, from #7 = 3 and the definition of Ar6(C ),
we have A ((CL)T> =A; ((CL)T) =0 and A3 ((CL)T) = A. Note that the code C has length 2" and
dimension 2m + 1. By Lemma 23] Table [l and the first seven Pless power moments of (1), we have

1
Ag(CH) = — - 2" 2m —4)2 (2"~ 1).
Further, from Theorem [[T, Lemmas [[2] and 23] we conclude deduce that (P(C1), Bs(Ct)) is a 2-design

45
and 6
A4 ((CL) {tl,tz}) (?1) (CJ_) % (zm—Z_ 1)2

3
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for any {t1,10} C P(C). Let T = {t1,15,13}. Since #T = 3 and the minimum distance of C* is 6, an easy
computation shows that

Ay ((CL)T> = Li<i<j<3 <A4 ((CL){tiytj}> _}”T’6(CL>>
G-

Then the desired conclusions follow. [l

Theorem 26. Let m > 4 be even, and C be a binary linear code with length 2™ and the weight distribution
in Table [l Let T be a 3-subset of P(C). Suppose Aro(CT) = A, then the shortened code Cr is a
(27 —3,2m—2,2"~' —2"/2] binary linear code with the weight distribution in Table [X]

Proof. The proof is similar to that of Theorem 24l From Lemma [l and #7 = 3, the shortened code Cr
has length n = 2" — 3 and dimension k = 2m — 2. By definition and the weight distribution in Table [}
we have A; (Cr) =0 for i & {0,i1,i2,i3,i4,i5}, where iy = 2"~V —2m/2 j, —pm=1 _p(m=2)/2 i — pm—1
ig =2m=1 4 2m=2)/2 gnq js = 2m=1 4 2m/2 Moreover, from Lemmas [I and 23] we have A, ((CT)L) =

A ((CT)L) =0, A%(CT)L) = A and Ay ((C’T)L =2.(2""2 —1)2 — 3. Therefore, the first five Pless
power moments of yield the weight distribution in Table [XI This completes the proof. O

TABLE X
THE WEIGHT DISTRIBUTION OF Cr FOR 7»776(Ci) =2

Weight Multiplicity
0 1
om—1_om/2 1/3 .om/2=5 (8 +23+m/2 + 23m/2 4 2+m 127\‘)

am=t_o(m=2)/2 1 /3.0m/2=3((242m/2)(—8+3.2m/2 4 214m) —6))
om-1 —144m~2
om=l 4 p(m=2)/21/3.9m/2=3 (2 4-2m/2)(—8 —3.2M/2 4 21+m) L 6))
om=1 4 om/2 1/3.2m/275 (g 4-23+m/2 4 23m/2 _p2+m _12))

IV. SHORTENED LINEAR CODES FROM APN FUNCTIONS

Let p =2 and g = 2". In this section, we study some shortened codes (Cr of linear codes C defined
by (6) and determine their parameters for the case that f(x) is an APN monomial function XTIt s
known that C has the weight distribution in Tables [l (resp. Tables [Il) when m is odd (resp. m is even).

Let T be a t-subset of P(() := GF(q). We will consider some shortened codes Cr of C for the cases
t=3or4.

A. Some shortened codes for the case t =4 and m odd

We notice that it is difficult to determine the value of A7 (C") in Theorem 24l for general APN function
f. We will determine A7 6(C*) for APN function f(x) = x**!. To this end, the following lemma will be
needed.
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Lemma 27. Let e and m > 4 be positive integers with ged(m,e) = 1. Let ¢ =2" and {xl,XQ,X3,X4} a
4-subset of GF(q). Denote S; = xi + x5 +x +xi. Let N be the number of solutions (x,y) € GF(q)? of the
system of equations

x o+ y =81,
AL Y =8y, 9

#{x1,x2,x3,x4,x,y} =6.
Then N =2 if §1 #0 and Tr, <S§Zﬂ + 1) =0, and N =0 otherwise.

Proof. Let us denote by C the linear code from f(x) = x**! given in (€). By Lemma 23] the minimum
weight of the dual code C* is equal to 6. Consequently, (O) is equivalent to the following system of
equation

x  + y =8
2¢41 2¢41 (10)
X + = Sze1-

Substituting y = x+ S into the second equation of (I0) leads to

x2e+l + (X+Sl)ze+l +SZ€+1

=X (2 ) (x+851) 4 Sae y1

=S ST X+ ST 4 Spe g

=0. (11)
We claim that S; # 0 if N # 0. On the contrary, suppose that N # 0 and S; = 0. Now (II) clearly forces
S2e41 = 0. It follows that the four coordinate positions xi,xp,x3,x4 give rise to a codeword of weight 4
of C*t. This contradicts the fact that the minimum weight of C* equals 6. Therefore Sy # 0 if N # 0. In

particular, N =0 if §; =0.
When S; # 0, Equation (1) is equivalent to

S1x2 + 8% x4+ 82 155 x\ % Soe
1 1 S2e+11 2¢+1 _ + X +1+ 241
1

5 =0. (12)

Sl S%e-i-l

If §1 #0 and Tr,/» (Sgﬁﬂ 1) # 0, it may be concluded that there is no solution in GF(g) to Equation
{2). Thus N = 0.
If §; #0 and Tr,), Séiﬁ +1) =0, we see that Equation (I2) has exactly two different solutions

x,x+ 81 € GF(g) from gcd(m e) = 1. This means that Equation (I0) has exactly two different solutions
(x,x+S1) and (x+S1,x) in GF(g)?. Therefore N = 2. This completes the proof. O

Lemma 28. Let e and m > 4 be positive integers with ged(m,e) = 1. Let ¢ =2", f(x) =x* ! and C
be defined in (6). Let T = {x1,x2,x3,x4} be a 4-subset of P(C) . Then Ars(Ct) =1 ifZl-le, #0 and
Tr, ) (Z 1x2 Tt ) 1) =0, and Ar6(C*) = 0 otherwise.

Proof. By definition, the dual code C* of € has minimum distance 6. By definition we have A7 ¢(C+) = 2

N
Ta
where N was defined in Lemma 271 Then the desired conclusions follow from Lemma 271 0

By Theorem [24] and Lemma 28] we have the following theorem, which is one of the main results in
this paper.
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Theorem 29. Let m > 5 be odd and e be a positive integer with ged(m,e) = 1. Let g =2", f(x) = x> 1!
and C be defined in (6). Let T = {x1,x2,x3,x4} be a 4-subset of P(C) . Then Cr has the weight distribution

of Table VITI if Y, x; # 0 and Tty (Z?:lxl-ze+l/( ?:lxl-)zmrl) =1, and Table [[X otherwise.

Example 30. Let m =5, g =2 and o be a primitive element of GF(q) with minimum polynomial
o +02+1=0. Let e=1 and T = {o!,0?,0*,0°}. Then y= a!”, Tr, (%) =0 and Aro(CH) =0,
where y=a! + 0%+ ot + o and Y=o +a +o'?2 +ald. The shortened code Cr in Theorem 29 is a

[28,7,12] binary linear code with the weight enumerator 1 +66z'2 455710 +62°0. The code Cr is optimal
according to the tables of best known codes maintained at \http://www.codetables.de.

Example 31. Let m =5, ¢ =2° and o be a primitive element of GF(q5 with minimal polynomial o +

0> +1=0. Let e=1and T = {a!,0?,03,0*}. Then y= o, Tr, (% =1, and Ar6(CH) = 1, where
y=a'+o?+ o’ +a* and y= o + 0 + o’ + a'?. The shortened code Cr in Theorem 29 is a [28,7,12]
binary linear code with the weight enumerator 1 +68z'2 +51z'° 48720 The code Cr is optimal according

to the tables of best known codes maintained at http://www.codetables.de,

B. Some shortened codes for the case t =3 and m even

For any T = {x1,x2,x3} C P(C), we notice that it is difficult to determine the value of A in Theorem
We will study a class of special linear codes  from the APN monomial functions x> *! defined by
(6). In the following, we will determine the value of A and the parameters of the shortened code Cr. We
need the result in the following lemma.

Lemma 32. Let e be a positive integer, m be even with gcd(m,e) = 1, and g =2™. Let N be the number
of solutions (x1,x3,x3) € GF(q)? of the system of equations

X1 + X2 + X3 =da, (13)
x%e-ﬁ-l + x%e-i-l + X%e—H = b,

where a,b € GF(q) and a* ' #b. Then N = 2"+ (=2)"2 =2 if a**+' +b is not a cubic residue, and
N =274 (=2)"* 1 _2 if >+ 4 b is a cubic residue.

Proof. Replacing x; with x+a, x, with y+a and x3 with z+a, we have

x + y + z = 0,
2¢41 241 241 241 (14)
X + + y + + z + — a + +b
Substituting z = x+y into the second equation of (I4) yields to
xzey-l-yzex: a1 4b. (15)
Thus, N equals the number of solutions (x,y) € GF(q)? to Equation (I3).
Since a® ! 4+ b # 0, replacing y with xy’ in Equation (I3) gives
xzey/-l—ylzex _ x2€+1y/+y/29x2€+1 _ x2¢+1(y/+y/2€) _ a2€+1 +b. (16)
A rearrangement of Equation (I6) yields
y/+y/2e — (a2e+1 +b)x7(26+1). (17)

Then
Tr ((azeH +b)x*(2"+1>> ~0. (18)
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Further, from Lemma [6] we get
#{xeGF(q)*:Tr(( 241y )y 2D ) }
:#{XGGF( )*:Tr((ZH-l-b ) }
Z Z 2 +l+b)

ucGF(2) xeGF(q)
1 <q 2 Z @+ b)) +1))>
2 xeGF(q
3 (q -2+ (—1)’"/22’"/2> : if a®*! +b is not a cubic residue,

. (19)
% <q—2— (_1)m/22m/2+1> . if a* '+ b is a cubic residue.

Since ged(m,e) = 1, it follows easily that if T ( X4 L p)x ze“)) =0, where x € GF(q)*, then there

exactly exist two y' in GF(q) satisfying y' +y2" = (a* ' +b)x~ (1) Then the desired conclusions follow
from Equation (19). O
Theorem 33. Let e be a positive integer and m > 4 be even with gcd(m,e) = 1. Let g =2", f(x) = x>+
and C be defined in (6). Let T = {x1,x2,x3} be a 3-subset of P(C). Then
. : (q— 2+ (—1)M/22m/2) —1, if @1+ b is not a cubic residue
A=Aro(C*) = 0

1 (q_z_ (_1)m/22m/2+1) —1, ifa®* ' +bis a cubic residue,

where a = Z 1 Xi and b= Z 1x2 1 Moreover, the shortened code Cr is a 2" —3,2m— 2,2m=1 2’"/2]
binary linear code with the weight distribution in Table [X|

Proof. By definition, the code C has parameters [2"",2m + 1,2m=1 —om/ 2] and the weight distribution in
Table [I By Lemma the minimum distance of C* is 6. Consider the system of equations given by

{x+y+z:a,

e . . 21

Since (x1,x2,x3) must be the solution (x,y,z) € GF(g)? of Equation 1)), by definition we have A7 ¢(Ct) =

1\§ — 1, where N was defined in Lemma Then the desired conclusions follow from Lemma and
Theorem O

Example 34. Let m =4, g =2* and o be a primitive element of GF(q) with minimal polynomial o* +
0+1=0. Let e=1 and T = {a!,0%,0*}. Then (! +o® +o*) + (P +ab+a?) =1, A =0 and
the shortened code Cr in Theorem is a [13,6,4] binary linear code with the weight enumerator
1 +77* +362° + 1528 + 4710+ 212, This code Cr is optimal. Its dual C has parameters [13,7,4] and is
optimal according to the tables of best known codes maintained at |http://www.codetables.de.

Example 35. Let m =4, g =2* and o be a primitive element of GF(q) with minimal polynomial o* 4
a+1=0 Lete=1and T = {0?,0°,0’}. Then (0> 4+ o’ +a’)? + (a® +al®> +o?!) = al!, A =2 and
the shortened code Cr in Theorem is a [13,6,4] binary linear code with the weight enumerator
14+ 8z% +3476 4+ 1528 4+-62'0. This code Cr is optimal. Its dual CTL has parameters [13,7,3] and is almost
optimal according to the tables of best known codes maintained at |http://www.codetables.de.
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Let T = {x1,x2,x3,x4} be a 4-subset of P(C). Magma programs show that the weight distributions
of Cr for the codes C from APN functions are very complex. Thus, it is difficult to determine their
parameters in general. In this subsection, we will study a class of special linear codes C with the weight

distribution in Table [l and determine the parameters of Cr for certain 4-subsets 7' in Theorem

In order to determine the parameters of Cr, we need the next two lemmas.
Lemma 36. Let m > 4 be even and q = 2. Define

Rz, = #{x € GF(¢)" :Trq/z(x) =i and x is a cubic residue}

R34 =#{x € GF(q)" : Try»(x) =i and x is not a cubic residue} ,

where i =0 or i = 1. Then
( Rig) =1 (2'" -2+ (—2)'"/2“) :
Rap =251 <2m_2+(_2>m/2+1) ,

R =@2"1—1)— (2m_2+(—2)m/2+1>,

m 2)m/2

{ Ran =% -

Proof. By definition, we get
1
R30) = 3 #{x € GF(q )" : Tr,n(x’) =0}
l y Z 1)Tra/2(e)
ZGGF (2) xeGF(q)
1 Tr, 1 (3)
= — — _ /2
g <q 2+ ) (-1 :
x€GF(q)

Then the value of R3¢ follows from Lemma [l Note that there are ‘13 cubic residues in GF(q)*. This

gives
#{x € GF(q)" : Tryp(x) = 0} = g ~1

Then the desired conclusions follow from

This completes the proof.

0

Lemma 37. Let m > 4 be even, e be a positive integer with gcd(m,e) =1, and g =2". Let No,1) be the

number of solutions (x,y,z,u) € GF(q)* of the system of equations

x +y +2 +u =0,
L 2 2 a0l
#{x,y,z,u} =4

Then N(()J) =q (q_z _ (_1)m/22m/2+1> )

(22)
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Proof. Let us first observe that (22)) is equivalent to the following system of equations
{ X +y +z +u =0,

e e e e (23)
Set §; = x/ 4+ y/ 47/ 4+ u/, where x,y,z,u € GF(q) and j is a positive integer. An easy computation shows
that

1

No1) = —3 Z X1(bS1)%1 (a(S2eq1—1))

q a,b,x,y,z,ucGF(q)
4
1 e
=5 L Xl( ( )3 Xl( 2“+bx)>
9" 4.beGF(q x€GF(q
4
1 241 )
= X X1 +
Pz o B )
4
Y Z (- ( )3 Xl( 26“+bx)>
acGF(q)* beGF(q x€GF(q

1 ) )
=2 (¢*+ (R(3,0> —Ri3,1) 2"+ (Ri30)— Riay) 2"+

(Ra.0)—Ren) (2772 =2 + (R 0) — Rzpy) (27— 1)27")

where R(37O),R(371),R(37O) and R(371) were defined in Lemma [36] and the last equality holds due to Lemmas
and [7l Then the desired conclusions follow from Lemma O

Theorem 38. Let m > 4 be even and e be a positive integer with gcd(m,e) = 1. Let g =2", f(x) = x> *!
and C be defined in (6). Let T = GF(4) = {0,1,w,w*} C GF(q), where w is a generator of GF(4)*. Then
the shortened code Cr is a [2™ —4,2m —3,2"~1 —2"/2] binary linear code with the weight distribution
in Table X1

TABLE XI
THE WEIGHT DISTRIBUTION OF Cr IN THEOREM[3§]

Weight Multiplicity
0 1

om—1 _ 2m/2 1/3 . 2m/276 (_16+23m/2 _om+l (_4+ (_1)m/2) _ 24+m/2(_1 + (_1)m/2))

om=1 _ »(m=2)/2 1/24. <2m/2+2 +2m> <2m + (_1)171/22111/2 _2)
2m71 -1 _~_22m75 _ (_1)m/223m/274
om—1 +2(m72)/2 1/24. (72m/2+2 +2m) <2m+ (71)m/22m/2 72>
om—1 +2m/2 1/3 .om/2—6 (16—5—23’”/2 _2m+1(4+ (_1);11/2) +24+m/2(1 + (_1)111/2))

Proof. By Lemma Cisa[2™2m+1,2m"1 — om/ 2] binary code with the weight distribution in Table
[ and the minimum distance of C* is 6. Note that A7 ¢(C*) =0 by Lemma 28] and the definition of 7.

.. . T . .
Thus, the minimum distance of (CL) 18 at least 3. This means that

Al ((CL)T) — A, ((CL>T) —0. (24)
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Further, from Theorem [33] and the definition of 7', we have

A o(CH) = é (q—z— (—1)'"/22'"/2“) —1 (25)

for any T = {%1,%2,%3} C T. Therefore,

As ((CL)T) - (:) - (é (4-2—(-n%2¥+1) - 1) . (26)

Note that the solutions of the system (22) have symmetrical property and (x,y,z,u) = (0,1,w,w?) is a
solution of the system (22)). From Lemma 37 we get

N, 4
Mrs(Ch) == =1 (3) A (Ch), 27)

where N(g ) was defined in Lemma 37 and Az 4(C 1) was given in (23). By the proof of Lemma 23] we

have
{Z1,%} 2
Ay ((CL> o ) =3 @217 (28)

where {X],%} CT. It is obvious that for any {x1,%} C T there exist only two 3-subsets 7 of T such
that {x;,%} C T C T. By definition we have

(@)= (@) D)o

where T = {0,1,w}. Combining Equations (23)), 7) and 28) with Equation @9) yields

Ad ((CL> T) —a(2m2o1) - g (2’” _o (—1)'"/22'"/2“) + % 415, (30)

Note that the shortened code Cr has length 2™ —4 and dimension 2m — 3 due to #7' = 4 and Lemma [1l
By definition and the weight distribution in Table [l we have that A; (Cr) = 0 for i & {0,iy,i2,i3,i4,i5},
where i = 2m"1 —2m/2 ) = om=1_pm=2)/2 jy = om=l iy = gm=1 4 2(m=2)/2 gng j5 = 2m 14 2m/2,
Using Lemma [1] and Equations 24), 26) and (30) and applying the first five Pless power moments of
(D) yields the weight distribution in Table [XIl This completes the proof. U

Example 39. Let m =4 and e = 1. Then the shortened code Cr in Theorem 38 is a [12,5,4] binary
linear code with the weight enumerator 1+ 3z* + 2420 + 378 + 212, This code Cr is optimal. Its dual
CTL has parameters [12,7,4] and is optimal according to the tables of best known codes maintained at
http://www.codetables.de.

V. SHORTENED LINEAR CODES FROM PN FUNCTIONS

In this section, we study some shortened linear codes from certain PN functions and determine their
parameters.

Let p be odd prime and ¢ = p™. Let f(x) = x*> and C be defined by (6). Note that we index the
coordinators of the codewords in C with the elements in GF(g). It is known that the code C is a [g,2m+ 1]
linear code with the the weight distribution given in [30]. Note that the code (C is affine invariant, and
thus holds 2-designs. Then the following theorem is easily derived from the parameters of the codes C
in [30] and Theorem [13] and we omit its proof.

Theorem 40. Let p be an odd prime, m and t be positive integers. Let ¢ = p™, f(x) = x> and C be defined
in (6). Suppose T is a t-subset of P(C) := GF(q). We have the following results.

o It t =1, then the shortened code Cr is a [p™ — 1,2m] linear code with the weight distribution in
Table XII (resp., Table [XIV) when m is odd (resp., even,).
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TABLE XII
THE WEIGHT DISTRIBUTION OF Cr FOR m ODD AND ¢ = 1

Weight Multiplicity
0 1
P p—1) (P"=1D)(1+p")

Pl p-1) fpm% 1/2-(p—1)pm=3/2(pm —1) <p+p<l+m>/2>
i

P =1+ 1/2-(p= 1)pln IR — 1) (—p+ plH2)

TABLE XIII
THE WEIGHT DISTRIBUTION OF Cr FOR m ODD AND ¢ = 2

Weight Multiplicity
0 1
PHp-1) Pl
-1 -p" (p—1) (—p<’"’”/2 + pHm=? +2p(3’"’3>/2> /2
-1 +p" (p-1) (p('”’”/z +p2 - 2p<3’”’3)/2) /2

o It t =2, then the shortened code Cr is a [p™ —2,2m— 1] linear code with the weight distribution in
Table [XIII (resp., Table [XV) when m is odd (resp., even).

Example 41. Let m=3, p=3 and T be a 1-subset of P(C). Then the shortened code Cr in Theorem
400 is a [26,6,15] linear code with the weight enumerator 1+ 312z +260z'8 + 15622, This code Cr is
optimal. Its dual C’TL has parameters [26,20,4] and is optimal according to the tables of best known codes
maintained at http.://www.codetables.de,

Example 42. Let m=4, p=3 and T be a 1-subset of P(C). Then the shortened code Cr in Theorem
is a [80,8,48] linear code with the weight enumerator 1+ 1320z* 4-2400z°! +80z>* + 192077 4- 8407,
This code Cr is optimal. Its dual C’TL has parameters [80,72,4] and is optimal according to the tables of
best known codes maintained at http://www.codetables.de.

Example 43. Let m =35, p=3 and T be a 2-subset of P(C). Then the shortened code Cr in Theorem
is a [241,9,153] linear code with the weight enumerator 1+ 80102173 + 6560792 + 51122171, This code
Cr is optimal. Its dual C’TL has parameters [241,232,3] and is optimal according to the tables of best
known codes maintained at http://www.codetables.de.

Example 44. Let m =4, p=3 and T be a 2-subset of P(C). Then the shortened code Cr in Theorem
40 is a [79,7,48] linear code with the weight enumerator 1 +5287* 4-87077! +267°* 4- 552277 + 210,
This code Cr is almost optimal. Its dual C’TL has parameters [79,72,3| and is almost optimal according
to the tables of best known codes maintained at http://www.codetables.de,

In the following, we will consider the shortened code Cr of C for the case T = GF(p). In order to
determine the parameters of Cr, we need the next lemmas.

Lemma 45. [24)] Let g = p™ with p an odd prime. Then
t{a € GF(¢q)" :n(a) = 1 and Tr,,(a) = 0}

2 (p=1)m
2
= 2

(V=1 , if mis even,
pm7171 . .
R if mis odd.

m

P =1-(p=1)p
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TABLE XIV

THE WEIGHT DISTRIBUTION OF Cr FOR m EVEN AND ¢ = 1

Weight Multiplicity
0 1
<pm m 2)/2) pm/271 <p+pm/2_1> (pm—l)/z
(p—1)p"" (p=1)p">1 (p2=1) <1+p’”/2>2/2

(p—1Dp"

(P 1)pm 1+pnz 2)/2
(p )(pm 1+pnz 2)/2)

pr—1
(p—1)pm/2-1 <pm/2 _ 1>2 (1 _H,m/Z) /2
/21 (_p+pm/2 n 1) (p"—1)/2

TABLE XV

THE WEIGHT DISTRIBUTION OF (7 FOR m EVEN AND t =2

Multiplicity

Weight
0
(-1 (p’”*‘
(p—Dp" ' —p
(p—1)p!

(P 1)pm 1+p(nz 2)/2
([)—1) P 1+p(n1 2)/2)

_ plm=2/2
(m=2)/2

1

pm/272 pm/Zil *1+[7+Pm/2 (p+pm/2)/2

(p=1)p"22 (14 p/2) (=p+ /24 p7) /2
Pl

(p—1 —14p"2) (=p—p"/2+p™) /2
prA? (p’"/2+1> (1—p+p’"/2> (Pm/Z—P> /2

)pm/272

and

#{a € GF(q)"

P =1+(p=1)p

:N(a) =—1 and Try,(a) =0}

m—2 (p=L)m

Lemma 46. [24] Let g = p™ with p an odd prime and (a,b) € GF(q)?

R VA ) . .

> V=D , if mis even,
pn171—1 . .

— if mis odd.

. Denote

No(a,b) = t{x € GF(q) : Trq/p(ax2 +bx) =0}.

Then the following results follow.
e If mis odd, then

No(a,b) =
m
pm—l
Pl p T (-1
Pl p T (-1

if (a,b) = (0,0),

ifa=0, b0, 0ra7é0 Trq/p(bZ) 0
if a#0, Trq/p(4a #0, n(a ( Trg/p(
ifa#0, Trq/p(4a #0, n(a ( Try/p

Y

IN

Q

S A%

)
)=~

1,

20

€1y

(32)
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e If m is even, then

( p" if(a7b):(070>7
P, ifa=0, b0,
m—1 m=2 m(p—1)+4
P +<p_ )P 2 (_1) a, ifa#0, Trq/p(4a) =0, ﬂ(a) =1,
— m— m(p—1
Nol@b) =3 et (™2 ()™ a0, Trp(l) =0, n@=—1, &
o m— m(p—1) X
pm l+p 22(_1>< 14) ) lfa#oa Trq/p(%) 7&07 T](“) - 17
m—2 m(p—1)+4 2
\ pm_l—i—PT(_l) p4 ) ifa%(L Trq/p(i_a) %07 n(a) =—1

Lemma 47. Let g = p™ with p an odd prime and a € GF(q)*. Define f(x) =Try,(— —a x?). Then the dual
of f(x) is f*(x) = Trq/p(axz) and the sign of the Walsh transform of f(x) is

e=n(a)(-1)" T
Proof. Note that f(x) is a weakly regular bent function. By definition and Lemma [3] we have

p(—3ax7)—T Bx) T ,aBz 1 * om
Wf(B) _ Z C Tq/p(— Tq/p(Bx) Cprq/z( ).n <_@) G, %) :C£ B) e. \/17 .

x€GF(q)

Then the desired conclusions follow from Lemma [l

Lemma 48. Let g = p™ with p an odd prime, a € GF(q)* and e be any positive integer such that

m/ gcd(m,e) is odd. Define f(x) = Trq/p(axpeH). Then the dual of f(x) is f*(B) =Try,, (—a (xaﬁf,)pe“)
and the sign of the Walsh transform of f(x) is

| —)mq@), ifp=1 mod 4,
€= L5 o
(=) 2" (a), fp=3 mod 4,
where B € GF(q) and x, _g is the unique solution of the equation
a” X7 +ax+ (—B)*" =0.

Proof. The proof is similar to that of Lemma 47, and we omit it here. Note that f(x) is a weakly regular
bent function. Then the desired conclusions follow from the definitions and Lemma [§ O

Lemma 49. Let g = p™ with p an odd prime, a € GF(q)*, Yy € GF(p) and e be any positive integer such
that m/ gcd(m,e) is odd. Define

NY: #{b € GF(q) :Trq/p(b) =0 and Try, (anglfl) = 'Y}

where x,, is the unique solution of the equation a? P> +ax+ b = 0. IfTrq/p(a) =0, then

P24 ey 2 (=1)(p—1)p"=22 if y=0 and m is even,
P2, if y=0 and m is odd,
NY — pT_l (Pm_z - Sﬁm/z(_l)l?(m_z)/2> , IfY#0 and m is even,
pl(pm2epe™),  ifyYESQand mis odd
prl pri—e P*m_l . if YENSQ and m is odd,

\

where € was given in Lemma

Proof. By the definition of x,;, we have

2e

e 2e e —e p .
a’ Xl +axap + b7 = (ap xa,b> +axgp+ b7 =0.
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This gives
Try, (@ +a)rap+b) =0.
Since a” x”* +ax is a linear permutation polynimial over GF(g), we have
Ny = # {x € GF(q) : Tr,,(ax? ') =y and Tr,, ((al”e + a)x> - 0} . (34)
Note that x =1 is the unique solution of the equation
ape(x)pze +ax+(—a? " —a)” =0.

By Lemma (48] we get

fH(a” " +a) =Try,(—a) =0 (35)
where f* is the dual of Tr, /p(axpeH). By Equations (34) and (33)), the desired conclusions follow from
Lemmas [14] [T3] and 48] 0

Theorem 50. Let p be an odd prime and m be a positive integer. Let ¢ = p™, f(x) = x*> and C be
defined in (6). Let T = GF(p). Then the shortened code Cr is a [p™ — p,2m — ZJ linear code. If m is odd,

p—1)(m—1
PP 12, i > 2 s
m—2 (P*zl)m

the weight distribution of Cr is given in Table where B = (—1)%+(
p’"’l—l—(p—l)p2 2 (V=1)

and

even, the weight distribution of Cr is given in Table [XVII where By =

By = (—) T+ (p— 1)plnD2

TABLE XVI
THE WEIGHT DISTRIBUTION OF Cr FOR m ODD

Weight Multiplicity
0 1

P p—1) (P ="+ 1)
m— (p—1)(m+1) m—1__
/ + P 1'(17—1)(17’”72'5‘3)

Pl p—1)—p"T (=) T
P p-D)+p T (=) L (p-1)(p"2-B)

m—1 (p*])im#»l) |

TABLE XVII
THE WEIGHT DISTRIBUTION OF Cr FOR m EVEN

Weight Multiplicity
0 1
Pl p—1) . pri-1
m=2 m +

P p—1)—(p—1)pT (-1 ° Bi-(p"2+B,)
n=2 - _ _
P p—1)—(p—1)p= (*(12] 7 (P" ' —=1-By)-(p" %2 —By)

P 1) -t (-1 By (p" ! —p" 2 - By)

ma b _ B 2
P p-D)-pT (1) (P —1=B))-(p" ' = p" 24 B,)

(p—
m(p

Proof. Denote
H = {(a,b) € GF(q)* : Tr,/,(a) = Tr,/,(b) =0} . (36)

By definition, the shortened code Cr has length p” — p. The desired conclusion on the dimension of (Cr
will be clear after the weight distribution of (Cr is settled below.
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Since T = GF(p), the weight distribution of Cr is the same as the subcode

C(T) = {(Trq/p(ax2 +59)) rg © (@:b) € H} . 37)
For each (a,b) € H, define the corresponding codeword
c(a,b) = (Trq/p(axz-l-bx))xeGF(q) € C(T).
Then the Hamming weight of ¢(a,b) is
wt(c(a,b)) = g—No(a,b)

where Ny(a,b) was defined in Equation (3I). We discuss the value of wt(c(a,b)) in the following two
cases.

(I) The case that m is odd.

From Equation (32)), we get

wt(c(a,b)) = q_NO(avb>

(0, if (a,b) = (0,0)
Pl p—1), if a=0and b0, or a#0 and Try () =0
e m=1 (p-1)(m+1) } >
T =)= ()T i a0, Try,(5) £0, m(a) (<Try, () =1
_ m—1 (p=1)(m+1) . 2 _ 2
PN p— 1)+ ()T i a0, Ty, (5) £ 0, @i (<Tryp(5)) = -1
(0, with 1 time,
P p—1), with (p"~ ! —1)(p™ 24 1) times,
= pmfl(p— 1) _mefl(_D(pfl)imﬂ)’ with pmlefl . (p_ 1>(pm72 +B) times,
L = D)+ p™ () with Zb (p 1) (p 2 - B times,

when (a,b) runs through H, where
1

- m— - —1)(m—
B= (=15 o () )2

and the frequency is obtained from Lemmas [14] [I5] 45 and 471 We first compute the frequency A,, of the
nonzero weight w, where

m— —1)(m+1
. | (p=1)m+1)

w=p" (p-1)—p 7 (-1)
T e emaro 1o, (2) 4o @ (1o, (2)) =1

a

Clearly, the number of a € GF(¢)* such that Tr,/,(a) = 0 and n(a) = 1, is i, = © mle = Lemma B3}, if
we fix a with Tr,/,(a) = 0 and (@) = 1, the number of b such that Tr,/,(b) =0 and {|(—T q/p(ii)) 1, is
fip = L (p" 2 4 (— 1) 14 /") by Lemmas 3l and 471 Meanwhile, the number of a € GF(g)*
such that Try/,(a) =0 and n(a) = —1, is A, = Lemma @3 if we fix a with Try/,(a) =0
and Mn(a) = —1, the number of b such that Trq/p( ) =0 and f](—Trq/p(%)) —1, is A = P21<pm—2+
(—l)m_H% /P ") by Lemmas [[3] and &7 Hence,

_ A A pm—l —1 m—2 m—l-i-qf71 *mil
AW:nanb-l—nanb:T(p—l) (p +(=1) T .\/p )

The frequencies of other nonzero weights can be similarly derived.
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(IT) The case that m is even.
From Equation (33), we get

wt(c(a,b)) = q— Ny(a,b)

(0, if (a,b) = (0,0)
P p—1), ifa=0, b0
_ m-2 m(p—1)+4 2
— pm 1<p_1)_(p_l)p 2 <_1) ( 4) ) 1fa7é(), Trq/p(fi_a):(L n(a)zl
_ m=2 m(p—1 2
pm l(p_1>_( _1)p 2((_)1) o, 1f617£0, Trq/p(i_a>:()7 n(a):_l
_ m—2 m(p—1 P
pm l(p_1>_p 2 (_1 (4 )7 1fa7£07 Trq/p(%l)?éov n(a)zl
m— m(p—1 4
L - - p T ()T it a#0, Try,(2) #0, n(a) = —1
(0, with 1 time,
P p—1), with p”~1 —1 times,
P p-1D+(p- 1)Pm772(—1)m<a71), with By - (p"~2 + By) times,
— pmfl(p_1>_( _l)p#(_l)mﬂifl), Wlth (pmfl_l_Bl>(pm*2_Bz) times,
pmil(p _ 1) _meZ (_1>m(1:1)’ with B - (pmfl _pmfz _BZ> times,
\ pm—l<p_ 1) _i_me*Z(_l)m(frl), with (pm—l -1 _Bl) . <pm—1 _pm—2 +B2) times,

m—2 (p=L)m

where (a,b) runs through H, B| = pmil_l_(p_l)pz 2 (VoD 2 ,

By = (= 1) (1) (p— 1)pln DN = (—1) 5 (p = 1)l 22,
and the frequency is easy to obtain from Lemmas [14] and {71 The weight distribution of Cr can
be handled in much the same way as the case that m is odd. Details are omitted here.
By the above two cases, the weight distributions in Tables [XVI and [XVII| follow. This completes the
proof. U

Example 51. Let m = 3 and p = 3. Then the shortened code Cr in Theorem is a [24,4,15] linear
code with the weight enumerator 1+48z" +32718. This code Cr is optimal. Its dual CTL has parameters
[24,20,3] and is optimal according to the tables of best known codes maintained at http://www.codetables.de.

Example 52. Let m =4 and p = 3. Then the shortened code Cr in Theorem 50 is a [78,6,48] linear code
with the weight enumerator 1 +240z*8 +2402°1 +262°* 4+ 1922°7 3020, This code Cr is almost optimal.
Its dual CTL has parameters [18,72,2] and is almost optimal according to the tables of best known codes
maintained at http.://www.codetables.de,

Theorem 53. Let p be an odd prime, m and e be positive integers such that m/gcd(m,e) is odd. Let
g=7p" f(x)=x""*1 and C be defined in (6). Let T = GF(p). Then the parameters of the shortened code
Cr are the same as that of Cr in Theorem

Proof. The proof is similar to that of Theorem Recall that the code C has length ¢ and dimension
2m+ 1. By definition, the shortened code Cr has length p”* — p. The desired conclusion on the dimension
of Cr will be clear after the weight distribution of Cr is settled below. Since T = GF(p), the weight
distribution of Cr is the same as the code

C(T) = {(Trq/p(axpe+l -l—bx))

where H was defined by (36).

(ab) e H}, (38)

x€GF(q)


http://www.codetables.de
http://www.codetables.de

25

For each (a,b) € H, define the corresponding codeword
7b - (T pe+1 b ) € ( .
c(a,b) ty/p(ax? " +bx) - C
Then the Hamming weight of ¢(a,b) is

wt(e(a,b)) = q—No(a,b), (39)

where No(a,b) was defined in Lemma

We determine the value of wt(c(a,b)) and its frequencies according to the parity of m and the residue
of p modulo 4 as follows.

e )misoddand p=1 mod 4.

e (I) mis odd and p=3 mod 4.

e (Il) mis even and p=1 mod 4.

e IV) miseven and p=3 mod 4.

Next we only give the proof for the case (I) and omit the proofs for the other there cases whose proofs
are similar.

Suppose that m is odd and p=1 mod 4. From Equation (39) and Lemma we get

wt(ce(a,b)) = q—No(a,b)

(0, if (a,b) = (0,0)
P Hp-1), if ab =0, (a,b) # (0,0)
— or ab # 0,Tr, ), (a(x.p)? 1) =0
P (p—1) = pmPTIpE it ab # 0, Ty, (a(xap)” ) # 0,m(a)(Trgp(a(x )P 1)) = 1
L P (p— D) +p" 2 NpT it ab # 0, Tryy,(a(xap)” ) # 0, (@) (Try p(alxap)” ) = 1
(0, with 1 time,
P lp—1), with (p" ' —1)(p" 2 +1) times,
- pmfl(p—l)—pmzil, with A “(p—1)(p"™ 2 +B) times,
| P (p—D)+p" T, with 2= (p—1)(p" 2 — B) times,

when (a,b) runs through H, where B = (—1)"’_14“(1;2l -/ p*m_1 and the frequency is obtained by Lemmas
and 48] . As an example, we just compute the frequency A,, of the nonzero weight w, where

m—1

p—1)—p 2.

w=p"!(

Thus
Aw=1t{(a,b) €H: ab#0,Try,(alxep)” ") # 0.n(an(Tr, p(a(xqp)” 1)) = 1}.

Clearly, the number of a € GF(q)* such that Tr,/,(a) =0 and n(a) = 1, is i, = pmle_l by Lemma 43}, if we
fix a with Tr,;,(a) =0 and n(a) = 1, the number of b such that Tr,/,(b) = 0 and n(Trq/p(a(xmb)pe“)) =
1, is fip = %l <p’"’2—|— (—1)’"*1“_51 . 1/p>|<m*1> by Lemma Meanwhile, the number of a € GF(q)*
such that Tr,/,(a) = 0 and M(a) = —1, is A, = pm;_l by Lemma if we fix a with Tr,/,(a) =0
and M(a) = —1, the number of nonzero b such that Tr,,,(b) = 0 and T](Trq/p(a(xa’b)pe“)) =—1, is
Ap = pT_l (pm_z—f— (—1)’”_”%1 /p*m_1> by Lemma (49l Hence,

_ A A pm_l -1 m—2 m—l—&—ﬂ *m_l
AW:nanb-i—nanb:T-(p—l)(p +(=1) T \/p )
The frequencies of other nonzero weights can be similarly derived. This completes the proof of the weight
distribution of Table in [XV]] for the case m odd and p =1 mod 4.

The proofs of the other three cases are similar. The desired conclusions follow from Equation (39),
Lemmas and This completes the proof. O
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VI. CONCLUDING REMARKS

In this paper, we mainly investigated some shortened codes of linear codes from PN and APN functions
and determined their parameters. The obtained codes have a few weights and many of these codes are
optimal or almost optimal. Specifically, the main contributions are summarized below.

o For any binary linear code C with length ¢ = 2™ and the weight distribution in Table [, we determined

the weight distributions of the shortened codes Cr for #T € {1,2,3} (see Theorem [16) and gave a
general result on the shortened codes Cr with #T =4 in Theorem Meanwhile, when m is odd,
the parameters of the shortened codes Cr of a class of binary linear codes from APN functions were
determined in Theorem

For any binary linear code C with length ¢ = 2" and the weight distribution in Table [[I, we settled
the weight distributions of the shortened codes Cr with #7 € {1,2} (see Theorem 20) and developed
a general result on the shortened codes Cr with #7 = 3 in Theorem Further, the parameters
of the shortened codes Cr from certain APN functions were determined for #7 — 3 and #7 — 4 in
Theorems 33] and

Two classes of p-ary shortened codes Cr from PN functions were presented and their parameters
were also determined in Theorems [30] and 53] where p is an odd prime.

Furthermore, the parameters of the shortened codes look new.

In addition to the works in and this paper, other linear codes with good parameters may be produced
with the shortening technique. However, it seems hard to determine the weight distributions of shortened
and punctured codes in general. The reader is cordially invited to join the adventure in this direction.
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