
IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 68, NO. 6, JUNE 2022 3989

Comments on and Corrections to “When Is the Chernoff
Exponent for Quantum Operations Finite?”

Nengkun Yu and Li Zhou

I. INTRODUCTION

IN THE above article [1], we add some missing citations in
the Notations and Preliminaries section. The new Notations and

Preliminaries section is as follows.

II. NOTATIONS AND PRELIMINARIES

We use the symbols H,X ,Y,Z to denote finite-dimensional
Hilbert spaces over complex numbers and L (H) to denote the set of
linear operators mapping from H into itself. For Hermitian matrices
A,B, we use �A,B� = Tr(A†B) = Tr(AB) to denote their inner
product. Let Pos(H) ⊂ L (H) be the set of positive (semidefinite)
matrices, and D(H) ⊂ Pos(H) is the set of positive matrices with
trace one. A pure quantum state of H is just a normalized vector
|ψ� ∈ H, while a general quantum state is characterized by a
density operator ρ ∈ D(H). For simplicity, we use ψ to represent
the density operator of a pure state |ψ� which is just the projector
ψ = |ψ��ψ|. A density operator ρ can always be decomposed into a
convex combination of pure states:

ρ =
n�

k=1

pk|ψk��ψk|,

where the coefficients pk are strictly positive numbers and add up
to one. The support of ρ is defined as supp(ρ) = span{|ψk� : 1 ≤
k ≤ n}. We say two pure states |ψ� and |φ� are orthogonal if and only
if their inner product �ψ, φ� is equal to zero, and the orthogonality
of two density operators ρ and σ is defined by the orthogonality
of their supports, namely, ρ and σ are orthogonal if and only if
supp(ρ) ⊥ supp(σ). Two density operators ρ and σ are said to be
disjoint if supp(ρ)∩ supp(σ) = {0} and joint if the intersection of
their support contains some non-zero vectors.

There are two commonly used measures to characterize the dif-
ference between the quantum states: trace distance and fidelity. The
trace distance D between two density operators ρ and σ is defined as

D(ρ, σ) ≡ 1

2
Tr|ρ− σ|

where we define |A| ≡
√
A†A to be the positive square root of A†A.

The fidelity of states ρ and σ is defined to be

F (ρ, σ) ≡ Tr
�√

ρσ
√
ρ.

For pure states |ψ� and |φ�, F (ψ,φ) = |�ψ|φ�|.
The strong concavity property for the fidelity is quite useful, which

can be formalized as
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Fact 1 [4]: For quantum states ρi, σi and probability distributions
(p0, p1, · · · , pn) and (q0, q1, · · · , qn)

F

��
i

piρi,
�

i

qiσi

�
≥

n�
i=0

√
piqiF (ρi, σi).

If ρi = ψi and σi = φi are all pure states, we obtain

F

��
i

piψi,
�

i

qiφi

�
≥

n�
i=0

√
piqiF (ψi, φi)

=
n�

i=0

|�√piψi|√qiφi�|.

Definition 1: We say that a pure state |ψ� ∈ HA ⊗ HB is a
purification of some state ρ if trA(ψ) = ρ.

Fact 2 (Uhlmann’s Theorem, [5]): Given quantum states ρ, σ, and
a purification |ψ� of ρ, it holds that F (ρ, σ) = max|φ� |�φ|ψ�|, where
the maximum is ranging over all purifications of σ.

The following fact connects the trace distance and the fidelity
between two states.

Fact 3 (Fuchs-van de Graaf Inequalities [3]): For quantum states
ρ and σ, it holds that

1 − F (ρ, σ) ≤ D(ρ, σ) ≤
�

1 − F (ρ, σ)2.

For pure states |φ� and |ψ�, we have

D(φ, ψ) =
�

1 − F (φ, ψ)2 =
�

1 − |�φ|ψ�|2.
The trace distance is a static measure quantifying how close two

quantum states are and is closely related to the discrimination of
quantum states. Let us consider the two hypotheses, H0 and H1.
Hypothesis H0 assumes that a given unknown quantum state is equal
to ρ0, and Hypothesis H1 assumes that a given unknown quantum
state is equal to ρ1. We assume that the prior probability distribution
of ρ0 and ρ1 are Π0 and Π1, respectively, which add up to one.

A physical strategy to discriminate between these two hypotheses
is to perform a positive-operator valued measure (POVM) on the
quantum state with two outcomes, 0 and 1. Such a POVM has two
elements {E0, E1} satisfying E0, E1 ∈ Pos(H) and E0 +E1 = I ,
where I is the identity matrix of H. The aim of quantum state
discrimination is to find the elements E0 and E1 that minimize the
total error Perr , which is

Perr = Π0Tr[E1ρ0] + Π1Tr[E0ρ1].

This optimal error has been identified by Helstrom as expressed
in the following equation

Perr,min =
1

2
(1 − Tr|Π1ρ1 − Π0ρ0|) .

A quantum operation E from L (H) to L (Z) is a completely
positive and trace-preserving map used to describe the evolution of
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an open quantum system. A quantum operation E can always be
represented using the Kraus representation as

E(ρ) =
k�

i=1

EiρE
†
i ,

where {Ei}i=1,··· ,k are the Kraus operators of E satisfying�k
i=1E

†
iEi = I , the identity of H.

The following fact states that the fidelity between two states is
non-decreasing under quantum operations.

Fact 4 [4]: For states ρ, σ, and quantum operation E(·), it holds
that

F (E(ρ), E(σ)) ≥ F (ρ, σ).

Quantum operations E and F are said to be perfectly distin-
guishable with finite uses if there exists a strategy illustrated as
Figure 1 such that σn and ρn are orthogonal.

Two conditions introduced by [2] characterize the perfect distin-
guishability between quantum operations.

Definition 2 [2]: Two quantum operations, E and F , acting on
the same principal system, denoted by Q, are said to be disjoint if
there is an auxiliary system R, and a pure state

��ψRQ
�
, such that

(IR ⊗ EQ)(ψRQ) and (IR ⊗FQ)(ψRQ) are disjoint, where IR is
the identity operation on R, and the superscripts only identify which
systems the operations acted on. Otherwise, they are called joint.

Intuitively, this disjointness guarantees that the outputs do not have
a common part with the carefully chosen input. This disjointness is
necessary to achieve perfect distinguishability. Otherwise, according
to an inductive argument, there is always a non-zero common part
between the outputs for an arbitrary strategy with finite uses.

Another relationship is to ensure that non-orthogonal states,
ρ and σ, exist such that (IR ⊗ EQ)(ρRQ) and (IR ⊗ FQ)(σRQ)
become orthogonal, then one can distinguish (IR ⊗ EQ)(ρRQ) and
(IR⊗FQ)(σRQ) without error. This is the final step of any strategy
to achieve perfect distinguishability between E and F .

Interestingly, these two conditions are not only necessary but
also sufficient for the perfect distinguishability between quantum
operations [2].

Proposition 1 [2]: Two quantum operations E and F are perfectly
distinguishable if and only if: 1). They are disjoint; 2). They can map
some non-orthogonal states into orthogonal states.

We remark here that ancillary systems are also allowed to achieve
perfect discrimination.

In the following, we give an analytical characterization of the
negation of the second condition, i.e., that E and F cannot map
some non-orthogonal states into orthogonal states even with the help
of ancillary system.

Remark 1[2]: For E(·) =
�

i Ei ·E†
i and F(·) =

�
j Fj ·F †

j , Con-
dition 2) of Proposition 1 is equivalent to I /∈ span{(Ei

†Fj); 1 ≤
i, j ≤ m}.

We want to emphasize this proof of the characterization is precisely
the same as given in [2]. We provide the following argument for the
readers’ convenience.

Without loss of generality, we assume that E and F have the
same number of Kraus operators by adding zero Kraus operators,
if necessary. That is, E(·) =

�m
i=1Ei ·E†

i and F(·) =
�m

j=1 Fj ·F †
j ,

cannot make non-orthogonal states orthogonal. That is, if ρRQ and

σRQ are not orthogonal, then (IR⊗EQ)(ρRQ) and (IR⊗FQ)(σRQ)
are not orthogonal. Equivalently, if pure states ρRQ = |ψRQ��ψRQ|
and σRQ = |φRQ��φRQ| are not orthogonal, then (IR ⊗EQ)(ρRQ)
and (IR ⊗ FQ)(σRQ) are not orthogonal. In other words,

Tr[(IR ⊗ EQ)(ψRQ)(IR ⊗ FQ)(φRQ)] = 0

implies
�ψRQ|φRQ� = 0.

That is, if ∀1 ≤ i, j ≤ m,

(IR ⊗ EQ
i )|ψRQ��ψRQ|(IR ⊗ EQ

i )†

is orthgonal to

(IR ⊗ FQ
j )|φRQ��φRQ|(IR ⊗ FQ

j )†],

then

�ψRQ|φRQ� = 0.

The above condition is equivalent to for
��ψRQ

�
and

��φRQ
�
, if

�ψRQ|(IR ⊗ EQ
i )†(IR ⊗ FQ

j )
���φRQ

	
= 0

for all 1 ≤ i, j ≤ m, then

�ψRQ|φRQ� = 0.

That is, if ∀1 ≤ i, j ≤ m

�ψRQ|(IR ⊗Ei
†Fj)

���φRQ
	

= 0,

then
�ψRQ|φRQ� = 0.

For any M ∈ L (HQ), one can find
��φRQ

�
and

��ψRQ
�

such that
M = TrR |φRQ��ψRQ|. We know that ∀1 ≤ i, j ≤ m

Tr(MEi
†Fj) = �ψRQ|(IR ⊗ Ei

†Fj)
���φRQ

	
= 0,

implies
TrM = 0.

That is satisfied if and only if IRQ ∈ span{(IR ⊗ Ei
†Fj); 1 ≤

i, j ≤ m}, which in turn is equivalent to I ∈ span{E†
i Fj ;

1 ≤ i, j ≤ m}.
Therefore, E and F can map some non-orthogonal states into

orthogonal states, Condition 2) of Proposition 1, is equivalent to
I /∈ span{(Ei

†Fj); 1 ≤ i, j ≤ m}.
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