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Multiple Access Channel Resolvability Codes from
Source Resolvability Codes

Rumia Sultana and Rémi A. Chou

Abstract—We show that the problem of code construction for
multiple access channel (MAC) resolvability can be reduced to
the simpler problem of code construction for source resolvability.
Specifically, we propose a MAC resolvability code construction
that relies on a combination of multiple source resolvability codes,
used in a black-box manner, and leverages randomness recycling
implemented via distributed hashing and block-Markov coding.
Since explicit source resolvability codes are known, our results
also yield the first explicit coding schemes that achieve the entire
MAC resolvability region for any discrete memoryless multiple-
access channel with binary input alphabets.

I. INTRODUCTION

The concept of multiple access channel (MAC) resolvability
has been introduced in [3] as a natural extension of channel
resolvability for point-to-point channels [4]. MAC resolvabil-
ity represents a fundamental primitive that finds applications
in a large variety of network information-theoretic problems,
including strong secrecy for multiple access wiretap chan-
nels [5], [6], cooperative jamming [5], semantic security for
multiple access wiretap channels [7], and strong coordination
in networks [8]. These applications are, however, restricted by
the fact that no explicit coding scheme is known to optimally
implement MAC resolvability. Note indeed that [3], [7] only
provide existence results and no explicit code constructions.
The objective of this paper is to bridge this gap by providing
explicit coding schemes that achieve the MAC resolvability
region [7]. While previous works have been successful in
providing explicit coding schemes for channel resolvability
over point-to-point channels,1 to the best of our knowledge,
the only known explicit constructions for MAC resolvability
are those of [13]. However, the explicit constructions in [13],
one based on invertible extractors and a second one based
on injective group homomorphisms, are limited to symmetric
multiple access channels, and do not seem to generalize to
arbitrary multiple access channels.

In this paper, we propose a novel approach to the con-
struction of MAC resolvability codes by showing that such
a construction can be reduced to the simpler problem of

Part of this work has been presented at the 2019 Annual Allerton Con-
ference on Communication, Control, and Computing [1], and the 2020 IEEE
International Symposium on Information Theory [2]. This work was supported
in part by NSF grant CCF-1850227. E-mails: rxsultana@shockers.wichita.edu;
remi.chou@wichita.edu.

1Explicit constructions based on polar codes for channel resolvability
have been proposed for binary symmetric point-to-point channels [9] and
discrete memoryless point-to-point channels whose input alphabets have prime
cardinalities [10]. Another explicit construction based on injective group
homomorphisms has been proposed in [11] for channel resolvability over
binary symmetric point-to-point channels. Low-complexity, but non-explicit,
linear coding schemes for channel resolvability over arbitrary memoryless
point-to-point channels have also been proposed in [12].

code construction for source resolvability [14]. Since ex-
plicit constructions of source resolvability codes are known,
e.g., [10], our results yield the first explicit construction
of MAC resolvability codes that achieve the entire MAC
resolvability region of arbitrary multiple access channels with
binary input alphabets. More specifically, our approach to the
construction of MAC resolvability codes relies on a combi-
nation of appropriately chosen source resolvability codes, and
leverages randomness recycling implemented with distributed
hashing and a block-Markov encoding scheme. In essence,
the idea of block-Markov encoding to recycle randomness is
closely related to recursive constructions of seeded extractors
in the computer science literature, e.g., [15]. We stress that
our construction is valid independently from the way those
source resolvability codes are implemented. Additionally, to
avoid time-sharing whenever it is known to be unnecessary,
we also show how to implement the idea of rate splitting,
first developed in [16] for multiple access channel coding,
for the MAC resolvability problem with two transmitters.
Note that the main difference with [13], is that our approach
aims to reduce the construction of MAC resolvability codes
to a simpler problem, namely the construction of source
resolvability codes, whereas [13] attempts a code construction
directly adapted to multiple access channels.

The remainder of the paper is organized as follows. The
problem statement is provided in Section II. Our main result
is summarized in Section III. Our proposed coding scheme
and its analysis are provided in Section IV and Section V,
respectively. While our main result focuses on multiple access
channels with two transmitters, we discuss an extension of our
result to an arbitrary number of transmitters in Section VI.
Finally, Section VII provides concluding remarks.

II. PROBLEM STATEMENT AND REVIEW OF SOURCE
RESOLVABILITY

A. Notation

For a, b ∈ R, define Ja, bK , [bac, dbe]∩N. The components
of a vector X1:N of size N are denoted with superscripts,
i.e., X1:N , (X1, X2, . . . , XN ). For two probability dis-
tributions p and q defined over the same alphabet X , the
variational distance V(p, q) between p and q is defined as
V(p, q) ,

∑
x∈X |p(x)− q(x)|.

B. Problem Statement

Consider a discrete memoryless multiple access channel
(X ×Y, qZ|XY ,Z), where X = {0, 1} = Y , and Z is a finite
alphabet. A target distribution qZ is defined as the channel
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output distribution when the input distributions are qX and
qY , i.e.,

∀z ∈ Z, qZ(z) ,
∑

x∈X

∑

y∈Y
qZ|XY (z|x, y)qX(x)qY (y). (1)

Definition 1. A (2NR1 , 2NR2 , N) code for the memoryless
multiple access channel (X × Y, qZ|XY ,Z) consists of

• Two randomization sequences S1 and S2 independent
and uniformly distributed over S1 , J1, 2NR1K and
S2 , J1, 2NR2K, respectively;

• Two encoding functions f1,N : S1 → XN and f2,N :
S2 → YN ;

and operates as follows: Transmitters 1 and 2 form f1,N (S1)
and f2,N (S2), respectively, which are sent over the channel
(X × Y, qZ|XY ,Z).

Definition 2. (R1, R2) is an achievable resolvability rate pair
for the memoryless multiple access channel (X×Y, qZ|XY ,Z)
if there exists a sequence of (2NR1 , 2NR2 , N) codes such that

lim
N→+∞

V(p̃Z1:N , qZ1:N ) = 0,

where qZ1:N ,
∏N
i=1 qZ with qZ defined in (1) and ∀z1:N ∈

ZN ,

p̃Z1:N (z1:N ) ,
∑

(s1,s2)∈S1×S2

qZ1:N |X1:NY 1:N

(
z1:N |f1,N (s1), f2,N (s2)

)

|S1||S2|
.

The multiple access channel resolvability region RqZ is de-
fined as the closure of the set of all achievable rate pairs.

Theorem 1 ( [7, Theorem 1]). We have RqZ = R′qZ with

R′qZ ,
⋃

pT ,qX|T ,qY |T

{(R1, R2) : I(XY ;Z|T ) ≤ R1 +R2,

I(X;Z|T ) ≤ R1,

I(Y ;Z|T ) ≤ R2},

where pT is defined over T , J1, |Z|+3K and qX|T , qY |T are
such that, for any t ∈ T and z ∈ Z ,

qZ(z) =
∑

x∈X

∑

y∈Y
qX|T (x|t)qY |T (y|t)qZ|XY (z|x, y).

Note that reference [7] provides only the existence of a
coding scheme that achieves any rate pair in RqZ . By contrast,
our goal is to provide explicit coding schemes that can achieve
the region RqZ by relying on source resolvability codes,
which are used in a black box manner. The notion of source
resolvability is reviewed next.

C. Review of Source Resolvability

Definition 3. A (2NR, N) source resolvability code for
(X , qX) consists of

• A randomization sequence S uniformly distributed over
S , J1, 2NRK;

• An encoding function eN : S → XN ;

and operates as follows: The encoder forms X̃1:N , eN (S)
and the distribution of X̃1:N is denoted by p̃X1:N .

Definition 4. R is an achievable resolution rate for a discrete
memoryless source (X , qX) if there exists a sequence of
(2NR, N) source resolvability codes such that

lim
N→+∞

V(p̃X1:N , qX1:N ) = 0, (2)

where qX1:N ,
∏N
i=1 qX . The infimum of such achievable

rates is called source resolvability.

Theorem 2 ( [4]). The source resolvability of a discrete
memoryless source (X , qX) is H(X).

Note that explicit low-complexity source resolvability codes
can, for instance, be obtained with polar codes as reviewed in
Appendix A.

III. MAIN RESULT

Our main result is summarized as follows.

Theorem 3. The coding scheme presented in Section IV,
which solely relies on source resolvability codes, used as black
boxes, and two-universal hash functions [17], achieves the
entire multiple access channel resolvability region RqZ for
any discrete memoryless multiple access channel with binary
input alphabets. Moreover, time-sharing is avoided whenever
it is known to be unnecessary.

As a corollary, we obtain the first explicit construction of
multiple access channel resolvability codes that achieves the
entire multiple access channel resolvability regionRqZ for any
discrete memoryless multiple access channel with binary input
alphabets.

Corollary 1. Since explicit constructions for source resolv-
ability codes and two-universal hash functions are known,
e.g., [17], [18], Theorem 3 yields an explicit coding scheme
that achieves RqZ for any discrete memoryless multiple access
channel with binary input alphabets.

IV. CODING SCHEME

We explain in Section IV-A that the general construction of
MAC resolvability codes can be reduced to two special cases.
Then, we provide a coding scheme for these two special cases
in Sections IV-B, IV-C.

A. Reduction of the general construction of MAC resolvability
codes to two special cases

Definition 5. For the memoryless multiple access channel
(X × Y, qZ|XY ,Z) we define

RX,Y , {(R1, R2) : I(XY ;Z) ≤ R1 +R2,

I(X;Z) ≤ R1,

I(Y ;Z) ≤ R2},
for some product distribution pXpY on X × Y .

To show the achievability of R′qZ , it is sufficient to
show the achievability of RX,Y . Indeed, note that if RX,Y
is achievable, then Conv(

⋃
pXpY

RX,Y ) is also achievable,
where Conv denotes the convex hull. Hence, R′qZ is achiev-
able because Conv(

⋃
pXpY

RX,Y ) ⊃ R′qZ by remarking that
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the corner points of R′qZ are in Conv(
⋃
pXpY

RX,Y ). For
instance, the point (I(X;Z|T ), I(Y ;Z|XT )) ∈ R′qZ belongs
to Conv(

⋃
pXpY

RX,Y ) since

(I(X;Z|T ), I(Y ;Z|XT ))

=
∑

t∈T
pT (t)(I(X;Z|T = t), I(Y ;Z|X,T = t)).

Similarly, all the corner points of R′qZ also belong to
Conv(

⋃
pXpY

RX,Y ). Next, we consider two cases to achieve
the region RX,Y for some fixed distribution pXpY .
• Case 1 (depicted in Figure 1): I(XY ;Z) > I(X;Z) +
I(Y ;Z). In this case, it is sufficient to achieve the
dominant face D of RX,Y , where

D , {(R1, R2) : R1 ∈[I(X;Z), I(X;Z|Y )],

R2 =I(XY ;Z)−R1}.
• Case 2 (depicted in Figure 2): I(XY ;Z) = I(X;Z) +
I(Y ;Z). In this case, only the corner point C needs to be
achieved. Note that it is impossible to have I(XY ;Z) <
I(X;Z) + I(Y ;Z) by independence of X and Y .

B. Encoding Scheme for Case 1

Consider the region RX,Y for some product distribution
pXpY on X × Y such that I(XY ;Z) > I(X;Z) + I(Y ;Z).
Since RX,Y is a contrapolymatroid [19], to achieve the region
RX,Y , it is sufficient to achieve any rate pair (R1, R2) of
the dominant face D of RX,Y . We next show that D can
be achieved through rate-splitting using the following lemma
proved in Appendix C.

Lemma 1. Consider f : Y × Y → Y , (u, v) 7→ max(u, v),
and form (Y × Y, pUεpVε), ε ∈ [0, 1], such that pUεVε =
pUεpVε , pf(Uε,Vε) = pY , for fixed (y, u), pf(Uε,Vε)|Uε(y|u) is a
continuous function of ε, and

Uε=0 = 0 = Vε=1, (3)
Uε=1 = f(Uε=1, Vε=1), (4)
Vε=0 = f(Uε=0, Vε=0). (5)

The above construction is indeed possible as shown in [16,
Example 3]. Then, we have I(XY ;Z) = R1 + RU + RV ,
where we have defined the functions

R1 : [0, 1]→ R+, ε 7→ I(X;Z|Uε),
RU : [0, 1]→ R+, ε 7→ I(Uε;Z),

RV : [0, 1]→ R+, ε 7→ I(Vε;Z|UεX).

Moreover, R1 is continuous with respect to ε and
[I(X;Z), I(X;Z|Y )] is contained in its image.

When the context is clear, we do not explicitly write the
dependence of U and V with respect to ε by dropping the
subscript ε.

Fix a point (R1, R2) in D. By Lemma 1, there exists a joint
probability distribution qUVXY Z over Y×Y×X×Y×Z such
that R1 = I(X;Z|U), R2 = RU + RV with RU = I(U ;Z)
and RV = I(V ;Z|UX). We provide next a coding scheme
that will be shown to achieve the point (R1, R2). The encoding

D
<latexit sha1_base64="NgT1BcoRhS6Rx7lZvSHyyT54CZ8=">AAAB83icbVBNTwIxFHyLX4hfqEcvjWDiieziQY4kevCIiSAJuyHd0oWGtrtpuyZkw9/w4kFjvPpnvPlv7MIeFJykyWTmvbzphAln2rjut1Pa2Nza3invVvb2Dw6PqscnPR2nitAuiXms+iHWlDNJu4YZTvuJoliEnD6G05vcf3yiSrNYPphZQgOBx5JFjGBjJb/uC2wmBHN0Wx9Wa27DXQCtE68gNSjQGVa//FFMUkGlIRxrPfDcxAQZVoYRTucVP9U0wWSKx3RgqcSC6iBbZJ6jC6uMUBQr+6RBC/X3RoaF1jMR2sk8ol71cvE/b5CaqBVkTCapoZIsD0UpRyZGeQFoxBQlhs8swUQxmxWRCVaYGFtTxZbgrX55nfSaDe+q0bxv1tqtoo4ynME5XIIH19CGO+hAFwgk8Ayv8Oakzovz7nwsR0tOsXMKf+B8/gC+CJDM</latexit>

D
<latexit sha1_base64="NgT1BcoRhS6Rx7lZvSHyyT54CZ8=">AAAB83icbVBNTwIxFHyLX4hfqEcvjWDiieziQY4kevCIiSAJuyHd0oWGtrtpuyZkw9/w4kFjvPpnvPlv7MIeFJykyWTmvbzphAln2rjut1Pa2Nza3invVvb2Dw6PqscnPR2nitAuiXms+iHWlDNJu4YZTvuJoliEnD6G05vcf3yiSrNYPphZQgOBx5JFjGBjJb/uC2wmBHN0Wx9Wa27DXQCtE68gNSjQGVa//FFMUkGlIRxrPfDcxAQZVoYRTucVP9U0wWSKx3RgqcSC6iBbZJ6jC6uMUBQr+6RBC/X3RoaF1jMR2sk8ol71cvE/b5CaqBVkTCapoZIsD0UpRyZGeQFoxBQlhs8swUQxmxWRCVaYGFtTxZbgrX55nfSaDe+q0bxv1tqtoo4ynME5XIIH19CGO+hAFwgk8Ayv8Oakzovz7nwsR0tOsXMKf+B8/gC+CJDM</latexit>

R1
<latexit sha1_base64="oHnBRhRnldpNoE988AjF3zW4mkw=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsspCSxsUTjIQlcyN6ywIa9vcvunAm58BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEhh0HW/ncLG5tb2TnG3tLd/cHhUPj5pmzjVjPsslrHuhNRwKRT3UaDknURzGoWSP4aTm7n/+MS1EbF6wGnCg4iOlBgKRtFKfvW+71X75Ypbcxcg68TLSQVytPrlr94gZmnEFTJJjel6boJBRjUKJvms1EsNTyib0BHvWqpoxE2QLY6dkQurDMgw1rYUkoX6eyKjkTHTKLSdEcWxWfXm4n9eN8VhI8iESlLkii0XDVNJMCbzz8lAaM5QTi2hTAt7K2FjqilDm0/JhuCtvrxO2vWad1Wr39UrzUYeRxHO4BwuwYNraMIttMAHBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucPh9yNzg==</latexit>

R2
<latexit sha1_base64="3AGOXShm9AD17XUCLDiflnOLeag=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRNp6kCOJF49oLJJAQ7bLFjbsbpvdrQlp+A1ePGiMV3+QN/+NC/Sg4EsmeXlvJjPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTjk4yRWhAEp6oboQ15UzSwDDDaTdVFIuI08docjP3H5+o0iyRD2aa0lDgkWQxI9hYKajfD/z6oFpzG+4CaJ14BalBgfag+tUfJiQTVBrCsdY9z01NmGNlGOF0VulnmqaYTPCI9iyVWFAd5otjZ+jCKkMUJ8qWNGih/p7IsdB6KiLbKbAZ61VvLv7n9TITN8OcyTQzVJLlojjjyCRo/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwVl9eJx2/4V01/Du/1moWcZThDM7hEjy4hhbcQhsCIMDgGV7hzZHOi/PufCxbS04xcwp/4Hz+AIlhjc8=</latexit>

I(XY ; Z)
<latexit sha1_base64="QhE/VZAMEGYPMCTnY4ZydI00eRE=">AAAB8HicbVA9TwJBEJ3zE/ELtbTZCCbYkDssJLEhsdEOE/kSLmRv2YMNu3uX3T0TQvgVNhYaY+vPsfPfuMAVCr5kkpf3ZjIzL4g508Z1v5219Y3Nre3MTnZ3b//gMHd03NBRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN3M/OYTVZpF8sGMY+oLPJAsZAQbK7ULd8VW+/rxotDL5d2SOwdaJV5K8pCi1st9dfsRSQSVhnCsdcdzY+NPsDKMcDrNdhNNY0xGeEA7lkosqPYn84On6NwqfRRGypY0aK7+nphgofVYBLZTYDPUy95M/M/rJCas+BMm48RQSRaLwoQjE6HZ96jPFCWGjy3BRDF7KyJDrDAxNqOsDcFbfnmVNMol77JUvi/nq5U0jgycwhkUwYMrqMIt1KAOBAQ8wyu8Ocp5cd6dj0XrmpPOnMAfOJ8/ovKO9A==</latexit>

I(XY ; Z)
<latexit sha1_base64="QhE/VZAMEGYPMCTnY4ZydI00eRE=">AAAB8HicbVA9TwJBEJ3zE/ELtbTZCCbYkDssJLEhsdEOE/kSLmRv2YMNu3uX3T0TQvgVNhYaY+vPsfPfuMAVCr5kkpf3ZjIzL4g508Z1v5219Y3Nre3MTnZ3b//gMHd03NBRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN3M/OYTVZpF8sGMY+oLPJAsZAQbK7ULd8VW+/rxotDL5d2SOwdaJV5K8pCi1st9dfsRSQSVhnCsdcdzY+NPsDKMcDrNdhNNY0xGeEA7lkosqPYn84On6NwqfRRGypY0aK7+nphgofVYBLZTYDPUy95M/M/rJCas+BMm48RQSRaLwoQjE6HZ96jPFCWGjy3BRDF7KyJDrDAxNqOsDcFbfnmVNMol77JUvi/nq5U0jgycwhkUwYMrqMIt1KAOBAQ8wyu8Ocp5cd6dj0XrmpPOnMAfOJ8/ovKO9A==</latexit>

I(Y ; Z)
<latexit sha1_base64="me5at2af0sjJOyZEIuwvWlpX0WQ=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hgQ+6gkMSGxEY7TORD4UL2lj3YsLd37u6ZkAt/wsZCY2z9O3b+Gxe4QsGXTPLy3kxm5nkRZ0rb9reVWVvf2NzKbud2dvf2D/KHRy0VxpLQJgl5KDseVpQzQZuaaU47kaQ48Dhte+Ormd9+olKxUNzpSUTdAA8F8xnB2kid4k3p/vLhvNjPF+yyPQdaJU5KCpCi0c9/9QYhiQMqNOFYqa5jR9pNsNSMcDrN9WJFI0zGeEi7hgocUOUm83un6MwoA+SH0pTQaK7+nkhwoNQk8ExngPVILXsz8T+vG2u/5iZMRLGmgiwW+TFHOkSz59GASUo0nxiCiWTmVkRGWGKiTUQ5E4Kz/PIqaVXKTrVcua0U6rU0jiycwCmUwIELqMM1NKAJBDg8wyu8WY/Wi/VufSxaM1Y6cwx/YH3+APZEjpI=</latexit>

I(Y ; Z|X)
<latexit sha1_base64="LDv8+9uUlTbmXZHmKdYGbrW3oLs=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+6wkMSGxEY7TORD4EL2lj3YsLd32d0zISf/wsZCY2z9N3b+Gxe4QsGXTPLy3kxm5nkRZ0rb9reVWVvf2NzKbud2dvf2D/KHR00VxpLQBgl5KNseVpQzQRuaaU7bkaQ48DhteePrmd96pFKxUNzrSUTdAA8F8xnB2kid4m3p4arz1D4v9vMFu2zPgVaJk5ICpKj381+9QUjigApNOFaq69iRdhMsNSOcTnO9WNEIkzEe0q6hAgdUucn84ik6M8oA+aE0JTSaq78nEhwoNQk80xlgPVLL3kz8z+vG2q+6CRNRrKkgi0V+zJEO0ex9NGCSEs0nhmAimbkVkRGWmGgTUs6E4Cy/vEqalbJzUa7cVQq1ahpHFk7gFErgwCXU4Abq0AACAp7hFd4sZb1Y79bHojVjpTPH8AfW5w+Gwo96</latexit>

I(X; Z|Y )
<latexit sha1_base64="jY33wMuF3CEfFN9FJAmiSiwnVW4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+6wkMSGxEY7TORD4EL2lj3YsLd32d0zISf/wsZCY2z9N3b+Gxe4QsGXTPLy3kxm5nkRZ0rb9reVWVvf2NzKbud2dvf2D/KHR00VxpLQBgl5KNseVpQzQRuaaU7bkaQ48DhteePrmd96pFKxUNzrSUTdAA8F8xnB2kid4m2pfdV5ejgv9vMFu2zPgVaJk5ICpKj381+9QUjigApNOFaq69iRdhMsNSOcTnO9WNEIkzEe0q6hAgdUucn84ik6M8oA+aE0JTSaq78nEhwoNQk80xlgPVLL3kz8z+vG2q+6CRNRrKkgi0V+zJEO0ex9NGCSEs0nhmAimbkVkRGWmGgTUs6E4Cy/vEqalbJzUa7cVQq1ahpHFk7gFErgwCXU4Abq0AACAp7hFd4sZb1Y79bHojVjpTPH8AfW5w+Gvo96</latexit>

I(X; Z)
<latexit sha1_base64="guWHrgPXQvE6tkAEcBkQJWWPBvA=">AAAB73icbVBNT8JAEJ3iF+IX6tHLRjDBC2nxIIkXEi96w0SgERqyXbawYbutu1sT0vAnvHjQGK/+HW/+GxfoQcGXTPLy3kxm5vkxZ0rb9reVW1vf2NzKbxd2dvf2D4qHR20VJZLQFol4JF0fK8qZoC3NNKduLCkOfU47/vh65neeqFQsEvd6ElMvxEPBAkawNpJbvq24Vw/n5X6xZFftOdAqcTJSggzNfvGrN4hIElKhCcdKdR071l6KpWaE02mhlygaYzLGQ9o1VOCQKi+d3ztFZ0YZoCCSpoRGc/X3RIpDpSahbzpDrEdq2ZuJ/3ndRAd1L2UiTjQVZLEoSDjSEZo9jwZMUqL5xBBMJDO3IjLCEhNtIiqYEJzll1dJu1Z1Lqq1u1qpUc/iyMMJnEIFHLiEBtxAE1pAgMMzvMKb9Wi9WO/Wx6I1Z2Uzx/AH1ucP9LyOkQ==</latexit>

RX,Y
<latexit sha1_base64="u+G/yn4iQeq3wbKGVlO9NC5NRos=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4kJJUQZdFNy6r2Ie0IUym03boZBJmJkqJ/RQ3LhRx65e482+ctFlo64GBwzn3cs+cIOZMacf5tpaWV1bX1gsbxc2t7Z1du7TXVFEiCW2QiEeyHWBFORO0oZnmtB1LisOA01Ywusr81gOVikXiTo9j6oV4IFifEayN5Nulboj1kGCObv20fXI/Kfp22ak4U6BF4uakDDnqvv3V7UUkCanQhGOlOq4Tay/FUjPC6aTYTRSNMRnhAe0YKnBIlZdOo0/QkVF6qB9J84RGU/X3RopDpcZhYCazoGrey8T/vE6i+xdeykScaCrI7FA/4UhHKOsB9ZikRPOxIZhIZrIiMsQSE23aykpw57+8SJrVintaqd6clWuXeR0FOIBDOAYXzqEG11CHBhB4hGd4hTfryXqx3q2P2eiSle/swx9Ynz8dFJM/</latexit>

Fig. 1: Region RX,Y in Case 1:
I(XY ;Z) > I(X;Z) + I(Y ;Z).

R1
<latexit sha1_base64="oHnBRhRnldpNoE988AjF3zW4mkw=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsspCSxsUTjIQlcyN6ywIa9vcvunAm58BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEhh0HW/ncLG5tb2TnG3tLd/cHhUPj5pmzjVjPsslrHuhNRwKRT3UaDknURzGoWSP4aTm7n/+MS1EbF6wGnCg4iOlBgKRtFKfvW+71X75Ypbcxcg68TLSQVytPrlr94gZmnEFTJJjel6boJBRjUKJvms1EsNTyib0BHvWqpoxE2QLY6dkQurDMgw1rYUkoX6eyKjkTHTKLSdEcWxWfXm4n9eN8VhI8iESlLkii0XDVNJMCbzz8lAaM5QTi2hTAt7K2FjqilDm0/JhuCtvrxO2vWad1Wr39UrzUYeRxHO4BwuwYNraMIttMAHBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucPh9yNzg==</latexit>

R2
<latexit sha1_base64="3AGOXShm9AD17XUCLDiflnOLeag=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRNp6kCOJF49oLJJAQ7bLFjbsbpvdrQlp+A1ePGiMV3+QN/+NC/Sg4EsmeXlvJjPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTjk4yRWhAEp6oboQ15UzSwDDDaTdVFIuI08docjP3H5+o0iyRD2aa0lDgkWQxI9hYKajfD/z6oFpzG+4CaJ14BalBgfag+tUfJiQTVBrCsdY9z01NmGNlGOF0VulnmqaYTPCI9iyVWFAd5otjZ+jCKkMUJ8qWNGih/p7IsdB6KiLbKbAZ61VvLv7n9TITN8OcyTQzVJLlojjjyCRo/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwVl9eJx2/4V01/Du/1moWcZThDM7hEjy4hhbcQhsCIMDgGV7hzZHOi/PufCxbS04xcwp/4Hz+AIlhjc8=</latexit>

I(XY ; Z)
<latexit sha1_base64="QhE/VZAMEGYPMCTnY4ZydI00eRE=">AAAB8HicbVA9TwJBEJ3zE/ELtbTZCCbYkDssJLEhsdEOE/kSLmRv2YMNu3uX3T0TQvgVNhYaY+vPsfPfuMAVCr5kkpf3ZjIzL4g508Z1v5219Y3Nre3MTnZ3b//gMHd03NBRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN3M/OYTVZpF8sGMY+oLPJAsZAQbK7ULd8VW+/rxotDL5d2SOwdaJV5K8pCi1st9dfsRSQSVhnCsdcdzY+NPsDKMcDrNdhNNY0xGeEA7lkosqPYn84On6NwqfRRGypY0aK7+nphgofVYBLZTYDPUy95M/M/rJCas+BMm48RQSRaLwoQjE6HZ96jPFCWGjy3BRDF7KyJDrDAxNqOsDcFbfnmVNMol77JUvi/nq5U0jgycwhkUwYMrqMIt1KAOBAQ8wyu8Ocp5cd6dj0XrmpPOnMAfOJ8/ovKO9A==</latexit>

I(XY ; Z)
<latexit sha1_base64="QhE/VZAMEGYPMCTnY4ZydI00eRE=">AAAB8HicbVA9TwJBEJ3zE/ELtbTZCCbYkDssJLEhsdEOE/kSLmRv2YMNu3uX3T0TQvgVNhYaY+vPsfPfuMAVCr5kkpf3ZjIzL4g508Z1v5219Y3Nre3MTnZ3b//gMHd03NBRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN3M/OYTVZpF8sGMY+oLPJAsZAQbK7ULd8VW+/rxotDL5d2SOwdaJV5K8pCi1st9dfsRSQSVhnCsdcdzY+NPsDKMcDrNdhNNY0xGeEA7lkosqPYn84On6NwqfRRGypY0aK7+nphgofVYBLZTYDPUy95M/M/rJCas+BMm48RQSRaLwoQjE6HZ96jPFCWGjy3BRDF7KyJDrDAxNqOsDcFbfnmVNMol77JUvi/nq5U0jgycwhkUwYMrqMIt1KAOBAQ8wyu8Ocp5cd6dj0XrmpPOnMAfOJ8/ovKO9A==</latexit>

I(X; Z)
<latexit sha1_base64="guWHrgPXQvE6tkAEcBkQJWWPBvA=">AAAB73icbVBNT8JAEJ3iF+IX6tHLRjDBC2nxIIkXEi96w0SgERqyXbawYbutu1sT0vAnvHjQGK/+HW/+GxfoQcGXTPLy3kxm5vkxZ0rb9reVW1vf2NzKbxd2dvf2D4qHR20VJZLQFol4JF0fK8qZoC3NNKduLCkOfU47/vh65neeqFQsEvd6ElMvxEPBAkawNpJbvq24Vw/n5X6xZFftOdAqcTJSggzNfvGrN4hIElKhCcdKdR071l6KpWaE02mhlygaYzLGQ9o1VOCQKi+d3ztFZ0YZoCCSpoRGc/X3RIpDpSahbzpDrEdq2ZuJ/3ndRAd1L2UiTjQVZLEoSDjSEZo9jwZMUqL5xBBMJDO3IjLCEhNtIiqYEJzll1dJu1Z1Lqq1u1qpUc/iyMMJnEIFHLiEBtxAE1pAgMMzvMKb9Wi9WO/Wx6I1Z2Uzx/AH1ucP9LyOkQ==</latexit>

I(Y ; Z)
<latexit sha1_base64="me5at2af0sjJOyZEIuwvWlpX0WQ=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hgQ+6gkMSGxEY7TORD4UL2lj3YsLd37u6ZkAt/wsZCY2z9O3b+Gxe4QsGXTPLy3kxm5nkRZ0rb9reVWVvf2NzKbud2dvf2D/KHRy0VxpLQJgl5KDseVpQzQZuaaU47kaQ48Dhte+Ormd9+olKxUNzpSUTdAA8F8xnB2kid4k3p/vLhvNjPF+yyPQdaJU5KCpCi0c9/9QYhiQMqNOFYqa5jR9pNsNSMcDrN9WJFI0zGeEi7hgocUOUm83un6MwoA+SH0pTQaK7+nkhwoNQk8ExngPVILXsz8T+vG2u/5iZMRLGmgiwW+TFHOkSz59GASUo0nxiCiWTmVkRGWGKiTUQ5E4Kz/PIqaVXKTrVcua0U6rU0jiycwCmUwIELqMM1NKAJBDg8wyu8WY/Wi/VufSxaM1Y6cwx/YH3+APZEjpI=</latexit>

C
<latexit sha1_base64="FWHmvPE/De9xswNawOfWxso7D6E=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsspCShscQoHwlcyN6ywIa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZeEEth0HW/ndzW9s7uXn6/cHB4dHxSPD1rmyjRjLdYJCPdDajhUijeQoGSd2PNaRhI3gmmjYXfeeLaiEg94izmfkjHSowEo2ilh3KjPCiW3Iq7BNkkXkZKkKE5KH71hxFLQq6QSWpMz3Nj9FOqUTDJ54V+YnhM2ZSOec9SRUNu/HR56pxcWWVIRpG2pZAs1d8TKQ2NmYWB7QwpTsy6txD/83oJjmp+KlScIFdstWiUSIIRWfxNhkJzhnJmCWVa2FsJm1BNGdp0CjYEb/3lTdKuVrybSvW+WqrXsjjycAGXcA0e3EId7qAJLWAwhmd4hTdHOi/Ou/Oxas052cw5/IHz+QNLFY0b</latexit>

RX,Y
<latexit sha1_base64="u+G/yn4iQeq3wbKGVlO9NC5NRos=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4kJJUQZdFNy6r2Ie0IUym03boZBJmJkqJ/RQ3LhRx65e482+ctFlo64GBwzn3cs+cIOZMacf5tpaWV1bX1gsbxc2t7Z1du7TXVFEiCW2QiEeyHWBFORO0oZnmtB1LisOA01Ywusr81gOVikXiTo9j6oV4IFifEayN5Nulboj1kGCObv20fXI/Kfp22ak4U6BF4uakDDnqvv3V7UUkCanQhGOlOq4Tay/FUjPC6aTYTRSNMRnhAe0YKnBIlZdOo0/QkVF6qB9J84RGU/X3RopDpcZhYCazoGrey8T/vE6i+xdeykScaCrI7FA/4UhHKOsB9ZikRPOxIZhIZrIiMsQSE23aykpw57+8SJrVintaqd6clWuXeR0FOIBDOAYXzqEG11CHBhB4hGd4hTfryXqx3q2P2eiSle/swx9Ynz8dFJM/</latexit>

C
<latexit sha1_base64="FWHmvPE/De9xswNawOfWxso7D6E=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsspCShscQoHwlcyN6ywIa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZeEEth0HW/ndzW9s7uXn6/cHB4dHxSPD1rmyjRjLdYJCPdDajhUijeQoGSd2PNaRhI3gmmjYXfeeLaiEg94izmfkjHSowEo2ilh3KjPCiW3Iq7BNkkXkZKkKE5KH71hxFLQq6QSWpMz3Nj9FOqUTDJ54V+YnhM2ZSOec9SRUNu/HR56pxcWWVIRpG2pZAs1d8TKQ2NmYWB7QwpTsy6txD/83oJjmp+KlScIFdstWiUSIIRWfxNhkJzhnJmCWVa2FsJm1BNGdp0CjYEb/3lTdKuVrybSvW+WqrXsjjycAGXcA0e3EId7qAJLWAwhmd4hTdHOi/Ou/Oxas052cw5/IHz+QNLFY0b</latexit>

Fig. 2: Region RX,Y in Case 2:
I(XY ;Z) = I(X;Z) + I(Y ;Z).

scheme operates over k ∈ N blocks of length N and is
described in Algorithms 1 and 2. A high level description of
the encoding scheme is as follows. For the first transmitter,
we perform source resolvability for the discrete memoryless
source (X , qX) using randomness with rate H(X) in Block 1.
Using Lemma 1, we perform rate splitting for the second
transmitter to get two virtual users such that one virtual user
is associated with the discrete memoryless source (Y, qU ) and
the other virtual user is associated with the discrete memory-
less source (Y, qV ). Then, we perform source resolvability
with rates H(U) and H(V ) for the discrete memoryless
sources(Y, qU ) and (Y, qV ), respectively. For the next encod-
ing blocks, we proceed as in Block 1 using source resolvability
and rate splitting except that part of the randomness is now
recycled from the previous block. More precisely, we recycle
the bits of randomness used at the inputs of the channel in the
previous block that are almost independent from the channel
output. The rates of those bits will be shown to approach
H(X|UZ), H(U |Z), H(V |UZX) for User 1 and the two
virtual users, respectively.
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• The encoding at Transmitter 1 is described in Algorithm 1
and uses

– A hash function GX : {0, 1}N −→ {0, 1}rX chosen
uniformly at random in a family of two-universal
hash functions, where the output length of the hash
function GX is defined as follows

rX , N(H(X|UZ)− ε1/2), (6)

where ε1 , 2(δA(N) + ξ), δA(N) ,

log(|Y|2|X |+3)
√

2
N (3 + logN), ξ > 0.

– A source resolvability code for the discrete memo-
ryless source (X , qX) with encoder function eXN and
rate H(X) + ε1

2 , such that the distribution of the
encoder output p̃X1:N satisfies V(p̃X1:N , qX1:N ) ≤
δ(N), where δ(N) is such that limN→+∞ δ(N) = 0.

In Algorithm 1, the hash function output Ẽi, i ∈ J2, kK,
with length rX corresponds to recycled randomness from
Block i− 1.

• The encoding at Transmitter 2 is described in Algorithm 2
and uses

– Two hash functions GU : {0, 1}N −→ {0, 1}rU and
GV : {0, 1}N −→ {0, 1}rV chosen uniformly at
random in families of two-universal hash functions,
where the output lengths of the hash functions GU
and GV are defined as follows

rU , N(H(U |Z)− ε1/2),

rV , N(H(V |UZX)− ε1/2). (7)

– A source resolvability code for the discrete mem-
oryless source (U , qU ) with encoding function eUN
and rate H(U) + ε1

2 , such that the distribution of
the encoder output p̃U1:N satisfies V(p̃U1:N , qU1:N ) ≤
δ(N), where δ(N) is such that limN→+∞ δ(N) = 0.

– A source resolvability code for the discrete memory-
less source (V, qV ) with encoding function eVN and
rate H(V ) + ε1

2 , such that the distribution of the
encoder output p̃V 1:N satisfies V(p̃V 1:N , qV 1:N ) ≤
δ(N), where δ(N) is such that limN→+∞ δ(N) = 0.

In Algorithm 2, the hash function outputs D̃i and F̃i, i ∈
J2, kK, with lengths rU and rV , respectively, correspond
to recycled randomness from Block i− 1.

The dependencies between the random variables involved in
Algorithms 1 and 2 are represented in Figure 3.

C. Encoding Scheme for Case 2

The encoding scheme for Case 2 is same as the encoding
for Case 1 with the substitutions U ← ∅ and V ← Y .

V. CODING SCHEME ANALYSIS

A. Coding Scheme Analysis for Case 1

First, we show that in each encoding Block i ∈ J1, kK,
the random variables Ũ1:N

i , Ṽ 1:N
i , X̃1:N

i , Ỹ 1:N
i , Z̃1:N

i induced
by the coding scheme approximate well the target distribu-
tion qU1:NV 1:NX1:NY 1:NZ1:N . Then, we show that the target
output distribution qZ1:kN is well approximated jointly over

Algorithm 1 Encoding algorithm at Transmitter 1 in Case 1

Require: A vector E1 of N(H(X)+ε1) uniformly distributed
bits, and for i ∈ J2, kK, a vector Ei of N(I(X;UZ) + ε1)
uniformly distributed bits.

1: for Block i = 1 to k do
2: if i = 1 then
3: Define X̃1:N

1 , eXN (E1)
4: else if i > 1 then
5: Define Ẽi , GX(X̃1:N

i−1 )

6: Define X̃1:N
i , eXN (Ẽi‖Ei), where ‖ denotes con-

catenation
7: end if
8: Send X̃1:N

i over the channel
9: end for

Algorithm 2 Encoding algorithm at Transmitter 2 in Case 1

Require: A vector D1 of N(H(U)+ε1) uniformly distributed
bits, and for i ∈ J2, kK, a vector Di of N(I(U ;Z) + ε1)
uniformly distributed bits. A vector F1 of N(H(V ) + ε1)
uniformly distributed bits, and for i ∈ J2, kK, a vector Fi
of N(I(V ;UZX) + ε1) uniformly distributed bits.

1: for Block i = 1 to k do
2: if i = 1 then
3: Define Ũ1:N

1 , eUN (D1) and Ṽ 1:N
1 , eVN (F1)

4: else if i > 1 then
5: Define D̃i , GU (Ũ1:N

i−1 ) and F̃i , GV (Ṽ 1:N
i−1 )

6: Define Ũ1:N
i , eUN (D̃i‖Di) and Ṽ 1:N

i , eVN (F̃i‖Fi)
7: Define Ỹ 1:N

i , f(Ũ1:N
i , Ṽ 1:N

i ), where f is defined
in Lemma 1

8: end if
9: Send Ỹ 1:N

i over the channel
10: end for

all blocks. To do so, we show that the recycled randomness
Ẽi, D̃i, F̃i in Block i ∈ J2, kK that appears in Line 5 of
Algorithms 1 and 2 is almost independent of the channel
output in Block i−1. Note that randomness recycling is studied
via a distributed version of the leftover hash lemma stated in
Lemma 17. Finally, we prove that the encoding scheme of
Section IV-B achieves the desired rate-tuple.

For convenience, define Ẽ1 , ∅, D̃1 , ∅, and F̃1 , ∅. Let

p̃EiDiFiX1:N
i U1:N

i V 1:N
i Y 1:N

i Z1:N
i

(8)

denote the joint probability distribution of the random vari-
ables Ẽi, D̃i, F̃i, X̃

1:N
i , Ũ1:N

i , Ṽ 1:N
i , Ỹ 1:N

i , and Z̃1:N
i created

in Block i ∈ J1, kK of the coding scheme of Section IV-B.

We first prove in the following lemma that in Block i ∈
J2, kK, if the inputs X̃1:N

i−1 , Ũ1:N
i−1 , Ṽ 1:N

i−1 of the hash functions
GX , GU , GV , respectively, are replaced by X1:N , U1:N ,
V 1:N distributed according to qX1:NU1:NV 1:N ,

∏N
i=1 qXUV ,

then the output of these hash functions are almost jointly
uniformly distributed.

Lemma 2. Let punif
Ē

, punif
D̄

, punif
F̄

denote the uniform distri-



5

Fi+1
<latexit sha1_base64="BnBeDldJdMmfyQE3wLJtLTS3cE4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmqoCcpCOKxgv2ANpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorte56GT/3Jr1S2a24M5Bl4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZuRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUNGG4C2+vEya1Yp3Uak+XJZrN3kcBTiGEzgDD66gBvdQhwYwGMEzvMKbkzgvzrvzMW9dcfKZI/gD5/MHsdqPIg==</latexit>

Fi
<latexit sha1_base64="YABuIIoLIynNK2LuC5ykWHlvSBk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpCOKxgmkLbSib7bZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PmiZONeM+i2Ws2yE1XArFfRQoeTvRnEah5K1wfDvzW09cGxGrR5wkPIjoUImBYBSt5N/1MjHtlStu1Z2DrBIvJxXI0eiVv7r9mKURV8gkNabjuQkGGdUomOTTUjc1PKFsTIe8Y6miETdBNj92Ss6s0ieDWNtSSObq74mMRsZMotB2RhRHZtmbif95nRQH10EmVJIiV2yxaJBKgjGZfU76QnOGcmIJZVrYWwkbUU0Z2nxKNgRv+eVV0qxVvYtq7eGyUr/J4yjCCZzCOXhwBXW4hwb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AdjojrI=</latexit>

Di
<latexit sha1_base64="rEWF2/aq+3jB2vIal2DZ+qhkJMk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcp6MFjBdMW2lA22227dLMJuxOhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ykMOi6305hbX1jc6u4XdrZ3ds/KB8eNU2casZ9FstYt0NquBSK+yhQ8naiOY1CyVvh+Hbmt564NiJWjzhJeBDRoRIDwShayb/rZWLaK1fcqjsHWSVeTiqQo9Erf3X7MUsjrpBJakzHcxMMMqpRMMmnpW5qeELZmA55x1JFI26CbH7slJxZpU8GsbalkMzV3xMZjYyZRKHtjCiOzLI3E//zOikOroNMqCRFrthi0SCVBGMy+5z0heYM5cQSyrSwtxI2opoytPmUbAje8surpFmrehfV2sNlpX6Tx1GEEziFc/DgCupwDw3wgYGAZ3iFN0c5L86787FoLTj5zDH8gfP5A9XYjrA=</latexit>

Di+1
<latexit sha1_base64="Z02njuGyefF/AzQHXjBDjHuoLDQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmqoCcp6MFjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/loxkn6Ed0IHnIGTVWat31Mn7uTXqlsltxZyDLxMtJGXLUe6Wvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7Wezcyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtPfSZ8rZEaMLaFMcXsrYUOqKDM2oaINwVt8eZk0qxXvolJ9uCzXbvI4CnAMJ3AGHlxBDe6hDg1gMIJneIU3J3FenHfnY9664uQzR/AHzucPrsaPIA==</latexit>

Ei+1
<latexit sha1_base64="Nwv8xdQ+914rVrsQXkARzPUO+/4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmqoCcpiOCxgv2ANpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorte56GT/3Jr1S2a24M5Bl4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZuRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUNGG4C2+vEya1Yp3Uak+XJZrN3kcBTiGEzgDD66gBvdQhwYwGMEzvMKbkzgvzrvzMW9dcfKZI/gD5/MHsFCPIQ==</latexit>Ei

<latexit sha1_base64="mYX/rGNnkaRYdw6ZJuS3/mD2HJE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpiOCxgmkLbSib7bZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PmiZONeM+i2Ws2yE1XArFfRQoeTvRnEah5K1wfDvzW09cGxGrR5wkPIjoUImBYBSt5N/1MjHtlStu1Z2DrBIvJxXI0eiVv7r9mKURV8gkNabjuQkGGdUomOTTUjc1PKFsTIe8Y6miETdBNj92Ss6s0ieDWNtSSObq74mMRsZMotB2RhRHZtmbif95nRQH10EmVJIiV2yxaJBKgjGZfU76QnOGcmIJZVrYWwkbUU0Z2nxKNgRv+eVV0qxVvYtq7eGyUr/J4yjCCZzCOXhwBXW4hwb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AddgjrE=</latexit>

Ni
<latexit sha1_base64="a4q1wIyNee2piNVN1obygPY1bpM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePEkFUxbaEPZbLft0s0m7E6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhn3WSxj3Q6p4VIo7qNAyduJ5jQKJW+F49uZ33ri2ohYPeIk4UFEh0oMBKNoJf++l4lpr1xxq+4cZJV4OalAjkav/NXtxyyNuEImqTEdz00wyKhGwSSflrqp4QllYzrkHUsVjbgJsvmxU3JmlT4ZxNqWQjJXf09kNDJmEoW2M6I4MsveTPzP66Q4uA4yoZIUuWKLRYNUEozJ7HPSF5ozlBNLKNPC3krYiGrK0OZTsiF4yy+vkmat6l1Uaw+XlfpNHkcRTuAUzsGDK6jDHTTABwYCnuEV3hzlvDjvzseiteDkM8fwB87nD+Uojro=</latexit>

Ni+1
<latexit sha1_base64="RRuja0Rwwy9mO9pVU+9kGCDoweM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmqoCcpePEkFewHtKFstpN26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpAIro3rfjsrq2vrG5uFreL2zu7efungsKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Ubz2h0jyWj2acoB/RgeQhZ9RYqXXfy/i5N+mVym7FnYEsEy8nZchR75W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/Nzp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEx/J32ukBkxtoQyxe2thA2poszYhIo2BG/x5WXSrFa8i0r14bJcu8njKMAxnMAZeHAFNbiDOjSAwQie4RXenMR5cd6dj3nripPPHMEfOJ8/viqPKg==</latexit>

Block i
<latexit sha1_base64="5OA58Xjbt1AcdVOaPulQy2k/4x8=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd140JMEvXiMYB6QLGF2MpsMO49lZlYISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSjkz1ve/vbX1jc2t7dJOeXdv/+CwcnTcNirThLaI4kp3I2woZ5K2LLOcdlNNsYg47UTJ3czvPFFtmJKPdpLSUOCRZDEj2Dqpc8sVSRAbVKp+zZ8DrZKgIFUo0BxUvvpDRTJBpSUcG9ML/NSGOdaWEU6n5X5maIpJgke056jEgpown587RedOGaJYaVfSorn6eyLHwpiJiFynwHZslr2Z+J/Xy2x8HeZMppmlkiwWxRlHVqHZ72jINCWWTxzBRDN3KyJjrDGxLqGyCyFYfnmVtOu14LJWf6hXGzdFHCU4hTO4gACuoAH30IQWEEjgGV7hzUu9F+/d+1i0rnnFzAn8gff5A8zYjzI=</latexit>

Block i+1
<latexit sha1_base64="AUYLdU5NmrO6p6KWWXbggmpO7qg=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBAEIezGg54k6MVjBPOQZAmzk9lkyDyWmVkhLPkKLx4U8ernePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqd+64lqw5R8sOOEhgIPJIsZwdZJjzdckRFi50GvVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZp+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJs1oJLirV+2q5dp3HUYBjOIEzCOASanAHdWgAAQHP8ApvnvZevHfvY9664uUzR/AH3ucPp0yPog==</latexit>

eFi
<latexit sha1_base64="UllH8gJM55fG19rI+ss+GMfUaL0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LLaCp5LUgx6LgnisYGuhDWGzmbRLN5uwu6mU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBSlnSjvOt1VaW9/Y3CpvV3Z29/YP7MOjjkoySaFNE57IbkAUcCagrZnm0E0lkDjg8BiMbmb+4xikYol40JMUvJgMBIsYJdpIvm3X+k8sBM14CPjWZzXfrjp1Zw68StyCVFGBlm9/9cOEZjEITTlRquc6qfZyIjWjHKaVfqYgJXREBtAzVJAYlJfPL5/iM6OEOEqkKaHxXP09kZNYqUkcmM6Y6KFa9mbif14v09GVlzORZhoEXSyKMo51gmcx4JBJoJpPDCFUMnMrpkMiCdUmrIoJwV1+eZV0GnX3ot64b1Sb10UcZXSCTtE5ctElaqI71EJtRNEYPaNX9Gbl1ov1bn0sWktWMXOM/sD6/AFo1ZLa</latexit>

eDi
<latexit sha1_base64="u2VZZ3GnSG/2+1D1O2ZiyUOcSqg=">AAAB+XicbVBNT8JAEN3iF+JX1aOXjWDiibR40CNRDx4xESSBptlup7Bhu212txjS8E+8eNAYr/4Tb/4bF+hBwZdM8vLeTGbmBSlnSjvOt1VaW9/Y3CpvV3Z29/YP7MOjjkoySaFNE57IbkAUcCagrZnm0E0lkDjg8BiMbmb+4xikYol40JMUvJgMBIsYJdpIvm3X+k8sBM14CPjWZzXfrjp1Zw68StyCVFGBlm9/9cOEZjEITTlRquc6qfZyIjWjHKaVfqYgJXREBtAzVJAYlJfPL5/iM6OEOEqkKaHxXP09kZNYqUkcmM6Y6KFa9mbif14v09GVlzORZhoEXSyKMo51gmcx4JBJoJpPDCFUMnMrpkMiCdUmrIoJwV1+eZV0GnX3ot64b1Sb10UcZXSCTtE5ctElaqI71EJtRNEYPaNX9Gbl1ov1bn0sWktWMXOM/sD6/AFlx5LY</latexit>

eEi
<latexit sha1_base64="zF3oyZQkXHce3QioAzNOM28ytSg=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LLaCp5LUgx6LInisYGuhDWGzmbRLN5uwu6mU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBSlnSjvOt1VaW9/Y3CpvV3Z29/YP7MOjjkoySaFNE57IbkAUcCagrZnm0E0lkDjg8BiMbmb+4xikYol40JMUvJgMBIsYJdpIvm3X+k8sBM14CPjWZzXfrjp1Zw68StyCVFGBlm9/9cOEZjEITTlRquc6qfZyIjWjHKaVfqYgJXREBtAzVJAYlJfPL5/iM6OEOEqkKaHxXP09kZNYqUkcmM6Y6KFa9mbif14v09GVlzORZhoEXSyKMo51gmcx4JBJoJpPDCFUMnMrpkMiCdUmrIoJwV1+eZV0GnX3ot64b1Sb10UcZXSCTtE5ctElaqI71EJtRNEYPaNX9Gbl1ov1bn0sWktWMXOM/sD6/AFnTpLZ</latexit>

eEi+1
<latexit sha1_base64="3S7Wj2HoWAP8t0Ei4VJX0GRaCDY=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GWwFQShJXeiyKILLCvYBbQiTyU07dPJgZqLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee7yEM6ks69soLC2vrK4V10sbm1vbO+buXkvGqaDQpDGPRccjEjiLoKmY4tBJBJDQ49D2hlcTv30PQrI4ulOjBJyQ9CMWMEqUllzzoNJ7YD4oxn3A127GTu1xxTXLVtWaAi8SOydllKPhml89P6ZpCJGinEjZta1EORkRilEO41IvlZAQOiR96GoakRCkk02vH+Njrfg4iIWuSOGp+nsiI6GUo9DTnSFRAznvTcT/vG6qggsnY1GSKojobFGQcqxiPIkC+0wAVXykCaGC6VsxHRBBqNKBlXQI9vzLi6RVq9pn1dptrVy/zOMookN0hE6Qjc5RHd2gBmoiih7RM3pFb8aT8WK8Gx+z1oKRz+yjPzA+fwAYWZRV</latexit>

eDi+1
<latexit sha1_base64="ccFYDUycOzkvtxxjpXLaY3k5LJ4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GWwFQShJXeiyqAuXFewD2hAmk5t26OTBzESpofgrblwo4tb/cOffOG2z0NYDFw7n3Mu993gJZ1JZ1rdRWFpeWV0rrpc2Nre2d8zdvZaMU0GhSWMei45HJHAWQVMxxaGTCCChx6HtDa8mfvsehGRxdKdGCTgh6UcsYJQoLbnmQaX3wHxQjPuAr92MndrjimuWrao1BV4kdk7KKEfDNb96fkzTECJFOZGya1uJcjIiFKMcxqVeKiEhdEj60NU0IiFIJ5teP8bHWvFxEAtdkcJT9fdERkIpR6GnO0OiBnLem4j/ed1UBRdOxqIkVRDR2aIg5VjFeBIF9pkAqvhIE0IF07diOiCCUKUDK+kQ7PmXF0mrVrXPqrXbWrl+mcdRRIfoCJ0gG52jOrpBDdREFD2iZ/SK3own48V4Nz5mrQUjn9lHf2B8/gAWzpRU</latexit>

eFi+1
<latexit sha1_base64="//LjjPc+XZ1REkhLorrfOTQOdJw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GWwFQShJXeiyKIjLCvYBbQiTyU07dPJgZqLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee7yEM6ks69soLC2vrK4V10sbm1vbO+buXkvGqaDQpDGPRccjEjiLoKmY4tBJBJDQ49D2hlcTv30PQrI4ulOjBJyQ9CMWMEqUllzzoNJ7YD4oxn3A127GTu1xxTXLVtWaAi8SOydllKPhml89P6ZpCJGinEjZta1EORkRilEO41IvlZAQOiR96GoakRCkk02vH+Njrfg4iIWuSOGp+nsiI6GUo9DTnSFRAznvTcT/vG6qggsnY1GSKojobFGQcqxiPIkC+0wAVXykCaGC6VsxHRBBqNKBlXQI9vzLi6RVq9pn1dptrVy/zOMookN0hE6Qjc5RHd2gBmoiih7RM3pFb8aT8WK8Gx+z1oKRz+yjPzA+fwAZ5JRW</latexit>

eV 1:N
i

<latexit sha1_base64="SkEbEeOhIMHn2culYa9r87pnjlc=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JUQXFVdONKKtgHtDFMJjft0MmDmYlSQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77/ESzqSyrG+jsLC4tLxSXC2trW9sbpnbO00Zp4JCg8Y8Fm2PSOAsgoZiikM7EUBCj0PLG1yO/dY9CMni6FYNE3BC0otYwChRWnLNve4D80Ex7gNuuuwus8+vR65ZtirWBHie2Dkpoxx11/zq+jFNQ4gU5UTKjm0lysmIUIxyGJW6qYSE0AHpQUfTiIQgnWxy/QgfasXHQSx0RQpP1N8TGQmlHIae7gyJ6stZbyz+53VSFZw5GYuSVEFEp4uClGMV43EU2GcCqOJDTQgVTN+KaZ8IQpUOrKRDsGdfnifNasU+rlRvTsq1izyOItpHB+gI2egU1dAVqqMGougRPaNX9GY8GS/Gu/ExbS0Y+cwu+gPj8wfl4pTb</latexit>

eV 1:N
i+1

<latexit sha1_base64="xc9U8f2cZ6jit6Ijp9CfBIDA6Kw=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCIJSkCoqrohtXUsE+oI1hMrlth04ezEyUEuLGX3HjQhG3/oU7/8Zpm4W2HrhwOOde7r3HizmTyrK+jbn5hcWl5cJKcXVtfWPT3NpuyCgRFOo04pFoeUQCZyHUFVMcWrEAEngcmt7gcuQ370FIFoW3ahiDE5BeyLqMEqUl19ztPDAfFOM+4IabsiM7u0vt8+vMNUtW2RoDzxI7JyWUo+aaXx0/okkAoaKcSNm2rVg5KRGKUQ5ZsZNIiAkdkB60NQ1JANJJxx9k+EArPu5GQleo8Fj9PZGSQMph4OnOgKi+nPZG4n9eO1HdMydlYZwoCOlkUTfhWEV4FAf2mQCq+FATQgXTt2LaJ4JQpUMr6hDs6ZdnSaNSto/LlZuTUvUij6OA9tA+OkQ2OkVVdIVqqI4oekTP6BW9GU/Gi/FufExa54x8Zgf9gfH5A51lllc=</latexit>

eU1:N
i+1

<latexit sha1_base64="uOBRQV/6IVXRt+H1PNV6MAIxDLA=">AAACAXicbVBNS8NAEN34WetX1YvgZbEIglCSKiieil48SQXTFtoaNptJu3SzCbsbpYR68a948aCIV/+FN/+N24+Dtj4YeLw3w8w8P+FMadv+tubmFxaXlnMr+dW19Y3NwtZ2TcWppODSmMey4RMFnAlwNdMcGokEEvkc6n7vcujX70EqFotb3U+gHZGOYCGjRBvJK+y2HlgAmvEAsOtl7MgZ3GXO+fXAKxTtkj0CniXOhBTRBFWv8NUKYppGIDTlRKmmYye6nRGpGeUwyLdSBQmhPdKBpqGCRKDa2eiDAT4wSoDDWJoSGo/U3xMZiZTqR77pjIjuqmlvKP7nNVMdnrUzJpJUg6DjRWHKsY7xMA4cMAlU874hhEpmbsW0SySh2oSWNyE40y/Pklq55ByXyjcnxcrFJI4c2kP76BA56BRV0BWqIhdR9Iie0St6s56sF+vd+hi3zlmTmR30B9bnD5vVllY=</latexit>

eX1:N
i+1

<latexit sha1_base64="wlJ509JpmYFCTaOalp/cRJ3wK6w=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCIJSkCoqrohtXUsE+oI1hMrlth04ezEyUEuLGX3HjQhG3/oU7/8Zpm4W2HrhwOOde7r3HizmTyrK+jbn5hcWl5cJKcXVtfWPT3NpuyCgRFOo04pFoeUQCZyHUFVMcWrEAEngcmt7gcuQ370FIFoW3ahiDE5BeyLqMEqUl19ztPDAfFOM+4JabsiM7u0vt8+vMNUtW2RoDzxI7JyWUo+aaXx0/okkAoaKcSNm2rVg5KRGKUQ5ZsZNIiAkdkB60NQ1JANJJxx9k+EArPu5GQleo8Fj9PZGSQMph4OnOgKi+nPZG4n9eO1HdMydlYZwoCOlkUTfhWEV4FAf2mQCq+FATQgXTt2LaJ4JQpUMr6hDs6ZdnSaNSto/LlZuTUvUij6OA9tA+OkQ2OkVVdIVqqI4oekTP6BW9GU/Gi/FufExa54x8Zgf9gfH5A6CFllk=</latexit>

eZ1:N
i+1

<latexit sha1_base64="HX/Hg4Mbo14WJLI0YO8Y2GsmC9Y=">AAACAXicbVDLSgNBEJyNrxhfUS+Cl8EgCELYjYLiKejFk0QwD0ziMjvbmwyZnV1mZpWwxIu/4sWDIl79C2/+jZPHQRMLGoqqbrq7vJgzpW3728rMzS8sLmWXcyura+sb+c2tmooSSaFKIx7JhkcUcCagqpnm0IglkNDjUPd6F0O/fg9SsUjc6H4M7ZB0BAsYJdpIbn6n9cB80Iz7gG/dlB06g7vUObsauPmCXbRHwLPEmZACmqDi5r9afkSTEISmnCjVdOxYt1MiNaMcBrlWoiAmtEc60DRUkBBUOx19MMD7RvFxEElTQuOR+nsiJaFS/dAznSHRXTXtDcX/vGaig9N2ykScaBB0vChIONYRHsaBfSaBat43hFDJzK2YdokkVJvQciYEZ/rlWVIrFZ2jYun6uFA+n8SRRbtoDx0gB52gMrpEFVRFFD2iZ/SK3qwn68V6tz7GrRlrMrON/sD6/AGjpZZb</latexit>

eY 1:N
i+1

<latexit sha1_base64="u2EQenJMam/Q4CAjNbMD52E3rBc=">AAACAXicbVDLSgNBEJyNrxhfUS+Cl8EgCELYjYLiKejFk0QwD0niMjvbmwyZnV1mZpWwxIu/4sWDIl79C2/+jZPHQRMLGoqqbrq7vJgzpW3728rMzS8sLmWXcyura+sb+c2tmooSSaFKIx7JhkcUcCagqpnm0IglkNDjUPd6F0O/fg9SsUjc6H4M7ZB0BAsYJdpIbn6n9cB80Iz7gG/dlB06g7vUObsauPmCXbRHwLPEmZACmqDi5r9afkSTEISmnCjVdOxYt1MiNaMcBrlWoiAmtEc60DRUkBBUOx19MMD7RvFxEElTQuOR+nsiJaFS/dAznSHRXTXtDcX/vGaig9N2ykScaBB0vChIONYRHsaBfSaBat43hFDJzK2YdokkVJvQciYEZ/rlWVIrFZ2jYun6uFA+n8SRRbtoDx0gB52gMrpEFVRFFD2iZ/SK3qwn68V6tz7GrRlrMrON/sD6/AGiFZZa</latexit>

eY 1:N
i

<latexit sha1_base64="nGph695QDPKkzUTekwYUdTNKjUc=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JUQXFVdONKKtiHtDFMJrft0MmDmYlSYhb+ihsXirj1N9z5N07bLLT1wIXDOfdy7z1ezJlUlvVtzM0vLC4tF1aKq2vrG5vm1nZDRomgUKcRj0TLIxI4C6GumOLQigWQwOPQ9AYXI795D0KyKLxRwxicgPRC1mWUKC255m7ngfmgGPcB37opy+5S++wqc82SVbbGwLPEzkkJ5ai55lfHj2gSQKgoJ1K2bStWTkqEYpRDVuwkEmJCB6QHbU1DEoB00vH9GT7Qio+7kdAVKjxWf0+kJJByGHi6MyCqL6e9kfif105U99RJWRgnCkI6WdRNOFYRHoWBfSaAKj7UhFDB9K2Y9okgVOnIijoEe/rlWdKolO2jcuX6uFQ9z+MooD20jw6RjU5QFV2iGqojih7RM3pFb8aT8WK8Gx+T1jkjn9lBf2B8/gC95ZXq</latexit>

eZ1:N
i

<latexit sha1_base64="jEhUzhAgzsnbqCiU+P5bIxDeeSw=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JUQXFVdONKKtgHtjFMJrft0MmDmYlSYhb+ihsXirj1N9z5N07bLLT1wIXDOfdy7z1ezJlUlvVtzM0vLC4tF1aKq2vrG5vm1nZDRomgUKcRj0TLIxI4C6GumOLQigWQwOPQ9AYXI795D0KyKLxRwxicgPRC1mWUKC255m7ngfmgGPcB37opy+5S++wqc82SVbbGwLPEzkkJ5ai55lfHj2gSQKgoJ1K2bStWTkqEYpRDVuwkEmJCB6QHbU1DEoB00vH9GT7Qio+7kdAVKjxWf0+kJJByGHi6MyCqL6e9kfif105U99RJWRgnCkI6WdRNOFYRHoWBfSaAKj7UhFDB9K2Y9okgVOnIijoEe/rlWdKolO2jcuX6uFQ9z+MooD20jw6RjU5QFV2iGqojih7RM3pFb8aT8WK8Gx+T1jkjn9lBf2B8/gC/c5Xr</latexit>

eX1:N
i

<latexit sha1_base64="qgQvhLXrfeEZrdAdj2ixbYH1HoM=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJWkCoqrohtXUsE+oI1hMrlph04ezEyUErPwV9y4UMStv+HOv3H6WGjrgQuHc+7l3nu8hDOpLOvbKCwsLi2vFFdLa+sbm1vm9k5Txqmg0KAxj0XbIxI4i6ChmOLQTgSQ0OPQ8gaXI791D0KyOLpVwwSckPQiFjBKlJZcc6/7wHxQjPuA227G8rvMPr/OXbNsVawx8Dyxp6SMpqi75lfXj2kaQqQoJ1J2bCtRTkaEYpRDXuqmEhJCB6QHHU0jEoJ0svH9OT7Uio+DWOiKFB6rvycyEko5DD3dGRLVl7PeSPzP66QqOHMyFiWpgohOFgUpxyrGozCwzwRQxYeaECqYvhXTPhGEKh1ZSYdgz748T5rVin1cqd6clGsX0ziKaB8doCNko1NUQ1eojhqIokf0jF7Rm/FkvBjvxsektWBMZ3bRHxifP7xXlek=</latexit>

eU1:N
i

<latexit sha1_base64="Ge0rzQW+QIgbLs3pF+L49ZgGe8s=">AAAB/3icbVDLSsNAFJ3UV62vquDGzWARXJWkCoqrohtXUsE+oI1hMrlth04mYWailJiFv+LGhSJu/Q13/o3Tx0JbD1w4nHMv997jx5wpbdvfVm5hcWl5Jb9aWFvf2Nwqbu80VJRICnUa8Ui2fKKAMwF1zTSHViyBhD6Hpj+4HPnNe5CKReJWD2NwQ9ITrMso0UbyinudBxaAZjwAXPdSlt2lzvl15hVLdtkeA88TZ0pKaIqaV/zqBBFNQhCacqJU27Fj7aZEakY5ZIVOoiAmdEB60DZUkBCUm47vz/ChUQLcjaQpofFY/T2RklCpYeibzpDovpr1RuJ/XjvR3TM3ZSJONAg6WdRNONYRHoWBAyaBaj40hFDJzK2Y9okkVJvICiYEZ/bledKolJ3jcuXmpFS9mMaRR/voAB0hB52iKrpCNVRHFD2iZ/SK3qwn68V6tz4mrTlrOrOL/sD6/AG3rZXm</latexit>

Fig. 3: Dependence graph for the random variables involved
in the encoding for Case 1. Ni, i ∈ J1, kK, is the channel noise
corresponding to the transmission over Block i. For Block i ∈
J2, kK, (Di, D̃i), (Fi, F̃i), (Ei, Ẽi) are the random sequences
used at the encoders to form Ũ1:N

i , Ṽ 1:N
i , X̃1:N

i , respectively.

butions over {0, 1}rX , {0, 1}rU , {0, 1}rV , respectively. Then,

V
(
qGX(X1:N )GU (U1:N )GV (V 1:N )Z1:N , punif

Ē
punif
D̄

punif
F̄

qZ1:N

)

≤ δ(0)(N),

where δ(0)(N) , 2/N +
√

7 · 2−Nξ2 .

Proof. Define A , {U, V,X} and, for any S ⊆ A, define
TS , (W )W∈S . Hence, we have

T 1:N
A = (X1:N , U1:N , V 1:N ),

qT 1:N
A Z1:N = qX1:NU1:NV 1:NZ1:N .

Then, by Lemma 16 in Appendix B, applied to the product dis-
tribution qT 1:N

A Z1:N , there exists a subnormalized non-negative
function wT 1:N

A Z1:N such that, for any S ⊆ A,

V(wX1:NU1:NV 1:NZ1:N , qX1:NU1:NV 1:NZ1:N ) ≤ 1/N, (9)
H∞(wT 1:N

S Z1:N |qZ1:N ) ≥NH(TS |Z)−NδS(N), (10)

where the min-entropy H∞(wT 1:N
S Z1:N |qZ1:N ) is defined in

Lemma 16 in Appendix B, and δS(N) , log(|TS | +

3)
√

2
N (3 + logN) with TS is the domain over which TS is

defined. Next, let qEDF define the joint distribution of

E , GX(X1:N ), D , GU (U1:N ), F , GV (V 1:N ), (11)

where U1:N , V 1:N , and X1:N are distributed according to
qU1:NV 1:NX1:N . Then, we have

V(qEDFZ1:N , punif
Ē

punif
D̄

punif
F̄

qZ1:N )

(a)

≤ V(qEDFZ1:N , wEDFZ1:N )

+ V(wEDFZ1:N , punif
Ē

punif
D̄

punif
F̄

qZ1:N )

(b)
= V(qGX(X1:N )GU (U1:N )GV (V 1:N )Z1:N ,

wGX(X1:N )GU (U1:N )GV (V 1:N )Z1:N )

+ V(wEDFZ1:N , punif
Ē

punif
D̄

punif
F̄

qZ1:N )

(c)

≤ V(qX1:NU1:NV 1:NZ1:N , wX1:NU1:NV 1:NZ1:N )

+ V(wEDFZ1:N , punif
Ē

punif
D̄

punif
F̄

qZ1:N )

(d)

≤ 1/N + V(wEDFZ1:N , punif
Ē

punif
D̄

punif
F̄

wZ1:N )

+ V(punif
Ē

punif
D̄

punif
F̄

wZ1:N , punif
Ē

punif
D̄

punif
F̄

qZ1:N )

(e)

≤ 2/N + V(wEDFZ1:N , punif
Ē

punif
D̄

punif
F̄

wZ1:N )

(f)

≤ 2/N +

√ ∑

S⊆A,S6=∅

2
rS−H∞(w

T1:N
S Z1:N |qZ1:N )

(g)

≤ 2/N +

√ ∑

S⊆A,S6=∅

2rS−NH(TS |Z)+NδS(N)

(h)

≤ 2/N +

√ ∑

S⊆A,S6=∅

2rS−NH(TS |Z)+NδA(N)

where (a) holds by the triangle inequality, (b) holds by (11),
(c) holds by the data processing inequality, (d) holds by (9)
and the triangle inequality, (e) holds by (9), (f) holds by
Lemma 17 in Appendix B and rS ,

∑
i∈S ri similar to the

notation of Lemma 17, (g) holds by (10), (h) holds because
for any S ⊆ A, δS(N) ≤ δA(N). Next, we have
√ ∑

S⊆A,S6=∅

2rS−NH(TS |Z)+NδA(N)

(a)
=
(

2N(H(X|UZ)− ε12 )−NH(X|Z)

+ 2N(H(U |Z)− ε12 )−NH(U |Z)

+ 2N(H(V |UZX)− ε12 )−NH(V |Z)

+ 2N(H(X|UZ)− ε12 )+N(H(U |Z)− ε12 )−NH(XU |Z)

+ 2N(H(U |Z)− ε12 )+N(H(V |UZX)− ε12 )−NH(UV |Z)

+ 2N(H(V |UZX)− ε12 )+N(H(X|UZ)− ε12 )−NH(V X|Z)

+ 2N(H(X|UZ)− ε12 )+N(H(U |Z)− ε12 )+N(H(V |UZX)− ε12 )

×2−NH(XUV |Z)
) 1

2 × 2
1
2NδA(N)

(b)
=
(

2−NI(X;U |Z)−N ε1
2 + 2−N

ε1
2 + 2−NI(V ;UX|Z)−N ε1

2

+ 2−Nε1 + 2−Nε1−NI(V ;X|UZ) + 2−N
3ε1
2

+2−NI(V ;U |ZX)−NI(X;U |Z)−Nε1
) 1

2 × 2
1
2NδA(N)

(c)

≤ δ(0)(N)− 2/N
N→+∞−−−−−→ 0,

where (a) holds by (6) and (7), (b) holds by the definition of
mutual information and the chain rule for entropy, (c) holds by
the definition of δ(0)(N) and because ε1 = 2(δA(N)+ξ).

We now show that in each encoding block, the random
variables induced by the coding scheme approximate well the
target distribution.

Lemma 3. For Block i ∈ J1, kK, we have

V(p̃U1:N
i V 1:N

i X1:N
i Y 1:N

i Z1:N
i
, qU1:NV 1:NX1:NY 1:NZ1:N ) ≤δi(N),

where δi(N) , 3
2 (δ(N) + δ(0)(N))(3i − 1) + 3i+1δ(N).
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Proof. We prove the result by induction. We first prove that
the lemma holds for i = 1. Remark that

p̃Y 1:N
1 |U1:N

1 V 1:N
1 X1:N

1

(a)
= p̃Y 1:N

1 |U1:N
1 V 1:N

1

(b)
= qY 1:N |U1:NV 1:N

(c)
= qY 1:N |U1:NV 1:NX1:N , (12)

where (a) holds because X̃1:N
1 is independent from

(Ũ1:N
1 , Ṽ 1:N

1 , Ỹ 1:N
1 ), (b) holds by the construction of Y 1:N

and Ỹ 1:N
1 , (c) holds because X1:N is independent from

(U1:N , V 1:N , Y 1:N ). Next, we have

V(p̃U1:N
1 V 1:N

1 X1:N
1 Y 1:N

1 Z1:N
1
, qU1:NV 1:NX1:NY 1:NZ1:N )

(a)
= V(p̃Z1:N

1 |X1:N
1 Y 1:N

1
p̃U1:N

1 V 1:N
1 X1:N

1 Y 1:N
1

,

qZ1:N |X1:NY 1:N qU1:NV 1:NX1:NY 1:N )

(b)
= V(p̃U1:N

1 V 1:N
1 X1:N

1 Y 1:N
1

, qU1:NV 1:NX1:NY 1:N )

(c)
= V(p̃U1:N

1 V 1:N
1 X1:N

1
, qU1:NV 1:NX1:N )

(d)
= V(p̃X1:N

1
p̃U1:N

1 V 1:N
1

, qX1:N qU1:NV 1:N )

(e)

≤ V(p̃X1:N
1
p̃U1:N

1 V 1:N
1

, qX1:N p̃U1:N
1 V 1:N

1
)

+ V(qX1:N p̃U1:N
1 V 1:N

1
, qX1:N qU1:NV 1:N )

(f)
= V(p̃X1:N

1
, qX1:N ) + V(p̃U1:N

1
p̃V 1:N

1
, qU1:N qV 1:N )

(g)

≤ V(p̃X1:N
1
, qX1:N ) + V(p̃U1:N

1
p̃V 1:N

1
, qU1:N p̃V 1:N

1
)

+ V(qU1:N p̃V 1:N
1

, qU1:N qV 1:N )

= V(p̃X1:N
1
, qX1:N ) + V(p̃U1:N

1
, qU1:N ) + V(p̃V 1:N

1
, qV 1:N )

(13)
(h)

≤ 3δ(N),

where (a) holds by the two Markov chains (U1:N , V 1:N ) −
(X1:N , Y 1:N ) − Z1:N and (Ũ1:N

1 , Ṽ 1:N
1 ) − (X̃1:N

1 , Ỹ 1:N
1 ) −

Z̃1:N
1 , (b) holds because qZ1:N |X1:NY 1:N = p̃Z1:N

1 |X1:N
1 Y 1:N

1
,

(c) holds by (12), (d) holds because X1:N is independent from
(U1:N , V 1:N ) and X̃1:N

1 is independent from (Ũ1:N
1 , Ṽ 1:N

1 ),
(e) holds by the triangle inequality, (f) holds because U1:N is
independent from V 1:N and Ũ1:N

1 is independent from Ṽ 1:N
1 ,

(g) holds by the triangle inequality, (h) holds by the source
resolvability codes used at the transmitters because |E1|

N >

H(X) + ε1/2,
|D1|
N > H(U) + ε1/2,

|F1|
N > H(V ) + ε1/2.

Assume now that, for i ∈ J2, k − 1K, the lemma holds.
For i ∈ J2, kK, consider Ēi, D̄i, F̄i distributed according
to punif

Ē
, punif
D̄

, punif
F̄

, respectively. Let pX̄1:N
i
, pŪ1:N

i
, pV̄ 1:N

i

denote the distribution of X̄1:N
i , eXN (Ēi, Ei), Ū

1:N
i ,

eUN (D̄i, Di), V̄
1:N
i , eVN (F̄i, Fi), respectively. Then, for

i ∈ J1, k − 1K, we have

V(p̃U1:N
i+1V

1:N
i+1 X

1:N
i+1Y

1:N
i+1 Z

1:N
i+1
, qU1:NV 1:NX1:NY 1:NZ1:N )

(a)

≤ V(p̃X1:N
i+1
, qX1:N ) + V(p̃U1:N

i+1
, qU1:N ) + V(p̃V 1:N

i+1
, qV 1:N )

(b)

≤ V(p̃X1:N
i+1
, pX̄1:N

i+1
) + V(pX̄1:N

i+1
, qX1:N )

+ V(p̃U1:N
i+1

, pŪ1:N
i+1

) + V(pŪ1:N
i+1

, qU1:N )

+ V(p̃V 1:N
i+1

, pV̄ 1:N
i+1

) + V(pV̄ 1:N
i+1

, qV 1:N )

(c)

≤ 3δ(N) + V(p̃X1:N
i+1
, pX̄1:N

i+1
) + V(p̃U1:N

i+1
, pŪ1:N

i+1
)

+ V(p̃V 1:N
i+1

, pV̄ 1:N
i+1

)

(d)

≤ 3δ(N) + V(p̃Ei+1
, punif
Ē

) + V(p̃Di+1
, punif
D̄

)

+ V(p̃Fi+1
, punif
F̄

), (14)

where (a) holds similar to (13), (b) holds by the triangle
inequality, (c) holds by the source resolvability codes used at
the transmitters because |Ēi|+|Ei|N = H(X)+ε1/2,

|F̄i|+|Fi|
N =

H(V )+ε1/2,
|D̄i|+|Di|

N = H(U)+ε1/2, (d) holds by the data
processing inequality. Next, we have

max
(
V(p̃Ei+1 , p

unif
Ē

),V(p̃Di+1 , p
unif
D̄

),V(p̃Fi+1 , p
unif
F̄

)
)

≤ V(p̃Ei+1Di+1Fi+1 , p
unif

Ē
punif
D̄

punif
F̄

)

(a)

≤ V(p̃Ei+1Di+1Fi+1
, qGX(X1:N )GU (U1:N )GV (V 1:N ))

+ V(qGX(X1:N )GU (U1:N )GV (V 1:N ), p
unif

Ē
punif
D̄

punif
F̄

)

(b)
= V(p̃GX(X1:N

i )GU (U1:N
i )GV (V 1:N

i ),

qGX(X1:N )GU (U1:N )GV (V 1:N ))

+ V(qGX(X1:N )GU (U1:N )GV (V 1:N
i ), p

unif

Ē
punif
D̄

punif
F̄

)

(c)

≤ V(p̃X1:N
i U1:N

i V 1:N
i

, qX1:NU1:NV 1:N ) + δ(0)(N)

(d)

≤ δi(N) + δ(0)(N), (15)

where (a) holds by the triangle inequality, (b) holds because
Ẽi+1 , GX(X̃1:N

i ), D̃i+1 , GU (Ũ1:N
i ), F̃i+1 , GV (Ṽ 1:N

i )
by Line 5 of Algorithm 1 and Algorithm 2 , (c) holds by
the data processing inequality and Lemma 2, (d) holds by the
induction hypothesis. By combining (14) and (15), we have

V(p̃U1:N
i+1V

1:N
i+1 X

1:N
i+1Y

1:N
i+1 Z

1:N
i+1
, qU1:NV 1:NX1:NY 1:NZ1:N )

≤ 3(δ(N) + δi(N) + δ(0)(N))

= δi+1(N).

The next lemma shows that the recycled randomness in
Block i ∈ J2, kK is almost independent of the channel output
in Block i− 1.

Lemma 4. For i ∈ J2, kK, we have

V(p̃Z1:N
i−1EiDiFi

, p̃Z1:N
i−1
p̃EiDiFi) ≤ δ(1)

i (N),

where δ(1)
i (N) , 4δi−1(N) + 2δ(0)(N).

Proof. We have

V(p̃Z1:N
i−1EiDiFi

, p̃Z1:N
i−1
p̃EiDiFi)

(a)

≤ V(p̃Z1:N
i−1EiDiFi

, p̃Z1:N
i−1
punif
Ē

punif
D̄

punif
F̄

)

+ V(p̃Z1:N
i−1
punif
Ē

punif
D̄

punif
F̄

, p̃Z1:N
i−1
p̃EiDiFi)

≤ 2V(p̃Z1:N
i−1EiDiFi

, p̃Z1:N
i−1
punif
Ē

punif
D̄

punif
F̄

)



7

(b)

≤ 2
(
V(p̃EiDiFiZ1:N

i−1
, qEDFZ1:N )

+V(qEDFZ1:N , punif
Ē

punif
D̄

punif
F̄

qZ1:N )

+V(punif
Ē

punif
D̄

punif
F̄

qZ1:N , punif
Ē

punif
D̄

punif
F̄

p̃Z1:N
i−1

)
)

(c)

≤ 2
(
V(p̃X1:N

i−1U
1:N
i−1V

1:N
i−1 Z

1:N
i−1
, qX1:NU1:NV 1:NZ1:N )

+V(qEDFZ1:N , punif
Ē

punif
D̄

punif
F̄

qZ1:N )

+V(qZ1:N , p̃Z1:N
i−1

)
)

(d)

≤ 2(2V(p̃X1:N
i−1U

1:N
i−1V

1:N
i−1 Z

1:N
i−1
, qX1:NU1:NV 1:NZ1:N )+δ(0)(N))

(e)

≤ 4δi−1(N) + 2δ(0)(N),

where (a) and (b) hold by the triangle inequality, (c) holds
by the data processing inequality using (11) and Ẽi ,
GX(X̃1:N

i−1 ), D̃i , GU (Ũ1:N
i−1 ), F̃i , GV (Ṽ 1:N

i−1 ) from Line 5 of
Algorithm 1 and Algorithm 2, (d) holds by (11) and Lemma 2,
(e) holds by Lemma 3.

The next lemma shows that the recycled randomness in
Block i ∈ J2, kK is almost independent of the channel outputs
in Blocks 1 to i− 1 considered jointly.

Lemma 5. For i ∈ J2, kK, we have

V
(
p̃Z1:N

1:i−1DiEiFi
, p̃Z1:N

1:i−1
p̃DiEiFi

)
≤ δ(2)

i (N),

where δ(2)
i (N) , (2i−1 − 1)(4δi−1(N) + 2δ(0)(N)).

Proof. We prove the result by induction. The lemma is true
for i = 2 by Lemma 4. Assume now that the lemma holds for
i ∈ J2, k − 1K. Then, for i ∈ J3, kK, we have

V
(
p̃Z1:N

1:i−2Di−1Ei−1Fi−1
, p̃Z1:N

1:i−2
p̃Di−1Ei−1Fi−1

)
≤ δ(2)

i−1(N).

We have

V
(
p̃Z1:N

1:i−1DiEiFi
, p̃Z1:N

1:i−1
p̃DiEiFi

)

(a)

≤ V
(
p̃Z1:N

1:i−1DiEiFi
, p̃Z1:N

1:i−2
p̃Z1:N

i−1DiEiFi

)

+ V
(
p̃Z1:N

1:i−2
p̃Z1:N

i−1DiEiFi
, p̃Z1:N

1:i−2
p̃Z1:N

i−1
p̃DiEiFi

)

+ V
(
p̃Z1:N

1:i−2
p̃Z1:N

i−1
p̃DiEiFi , p̃Z1:N

1:i−1
p̃DiEiFi

)

= V
(
p̃Z1:N

1:i−1DiEiFi
, p̃Z1:N

1:i−2
p̃Z1:N

i−1DiEiFi

)

+ V
(
p̃Z1:N

i−1DiEiFi
, p̃Z1:N

i−1
p̃DiEiFi

)

+ V
(
p̃Z1:N

1:i−2
p̃Z1:N

i−1
, p̃Z1:N

1:i−1

)

(b)

≤ V
(
p̃Z1:N

1:i−1DiEiFi
, p̃Z1:N

1:i−2
p̃Z1:N

i−1DiEiFi

)

+ V
(
p̃Z1:N

1:i−2
p̃Z1:N

i−1
, p̃Z1:N

1:i−1

)
+ δ

(1)
i (N)

(c)

≤ 2V
(
p̃Z1:N

1:i−1Di−1:iEi−1:iFi−1:i
,

p̃Z1:N
1:i−2

p̃Z1:N
i−1Di−1:iEi−1:iFi−1:i

)
+ δ

(1)
i (N)

(d)
= 2V

(
p̃Z1:N

1:i−2Di−1Ei−1Fi−1
p̃Z1:N

i−1DiEiFi|Di−1Ei−1Fi−1
,

p̃Z1:N
1:i−2

p̃Z1:N
i−1Di−1:iEi−1:iFi−1:i

)
+ δ

(1)
i (N)

= 2V
(
p̃Z1:N

1:i−2Di−1Ei−1Fi−1
, p̃Z1:N

1:i−2
p̃Di−1Ei−1Fi−1

)

+ δ
(1)
i (N)

(e)

≤ δ
(1)
i (N) + 2δ

(2)
i−1(N)

≤ δ(2)
i (N),

where (a) holds by the triangle inequality, (b) holds by
Lemma 4, (c) follows from the data processing inequal-
ity, (d) holds by the Markov chain (D̃i, Ẽi, F̃i, Z̃

1:N
i−1 ) −

(D̃i−1, Ẽi−1, F̃i−1) − Z̃1:N
1:i−2, (e) holds by the induction hy-

pothesis.

The next lemma shows that the channel outputs of all the
blocks are asymptotically independent.

Lemma 6. We have

V

(
p̃Z1:N

1:k
,

k∏

i=1

p̃Z1:N
i

)
≤ (k − 1)δ

(2)
k (N),

where δ(2)
k (N) is defined in Lemma 5.

Proof. We have

V

(
p̃Z1:N

1:k
,

k∏

i=1

p̃Z1:N
i

)

(a)

≤
k∑

i=2

V


p̃Z1:N

1:i

k∏

j=i+1

p̃Z1:N
j
, p̃Z1:N

1:i−1

k∏

j=i

p̃Z1:N
j




=

k∑

i=2

V
(
p̃Z1:N

1:i
, p̃Z1:N

1:i−1
p̃Z1:N

i

)

≤
k∑

i=2

V
(
p̃Z1:N

1:i DiEiFi
, p̃Z1:N

i DiEiFi p̃Z1:N
1:i−1

)

(b)
=

k∑

i=2

V
(
p̃Z1:N

1:i−1|DiEiFi p̃Z1:N
i DiEiFi , p̃Z1:N

i DiEiFi p̃Z1:N
1:i−1

)

=

k∑

i=2

V
(
p̃Z1:N

1:i−1DiEiFi
, p̃Z1:N

1:i−1
p̃DiEiFi

)

(c)

≤
k∑

i=2

δ
(2)
i (N)

≤ (k − 1) max
j∈J2,kK

δ
(2)
j (N),

where (a) holds by the triangle inequality, (b) holds by the
Markov chain Z̃1:N

i − (D̃i, Ẽi, F̃i) − Z̃1:N
1:i−1, (c) holds by

Lemma 5.

We now show that the target output distribution is well
approximated jointly over all blocks.

Lemma 7. For Block i ∈ J1, kK, we have

V
(
p̃Z1:N

1:k
, qZ1:kN

)
≤ (k − 1)δ

(2)
k (N) + kδk(N),

where δ(2)
k (N) is defined in Lemma 5 and δk(N) is defined

in Lemma 3.
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Proof. We have

V(p̃Z1:N
1:k
, qZ1:kN )

(a)

≤ (k − 1)δ
(2)
k (N) + V(

k∏

i=1

p̃Z1:N
i
, qZ1:kN )

(b)

≤ (k − 1)δ
(2)
k (N) + V(p̃Z1:N

1

k∏

i=2

p̃Z1:N
i
, qZ1:N

k∏

i=2

p̃Z1:N
i

)

+ V(qZ1:N

k∏

i=2

p̃Z1:N
i
, qZ1:kN )

(c)

≤ (k − 1)δ
(2)
k (N) + δ1(N) + V(

k∏

i=2

p̃Z1:N
i
, qZ1:(k−1)N )

(d)

≤ (k − 1)δ
(2)
k (N) +

k∑

i=1

δi(N)

≤ (k − 1)δ
(2)
k (N) + k max

j∈J1,kK
δj(N),

where (a) holds by the triangle inequality and Lemma 6, (b)
holds by the triangle inequality, (c) holds by Lemma 3, (d)
holds by induction.

Finally, the next lemma shows that the encoding scheme of
Section IV-B achieves the desired rate-tuple.

Lemma 8. Let ε0 > 0. For k large enough and ξ > 0, we have

lim
N→+∞

R1 = I(X;ZU) + ε0 + 2ξ,

lim
N→+∞

RU = I(U ;Z) + ε0 + 2ξ,

lim
N→+∞

RV = I(V ;ZUX) + ε0 + 2ξ.

Proof. Let k be such that 1
k max(H(X), H(U), H(V )) < ε0.

Then, by the definition of ε1, we have

R1 =

∑k
i=1|Ei|
kN

=
N(H(X) + ε1) + (k − 1)N(I(X;ZU) + ε1)

kN

≤ H(X)

k
+ I(X;ZU) + ε1

≤ ε0 + I(X;ZU) + ε1
N→+∞−−−−−→ I(X;ZU) + ε0 + 2ξ,

RU =

∑k
i=1|Di|
kN

=
N(H(U) + ε1 + (k − 1)N(I(U ;Z) + ε1)

kN

≤ H(U)

k
+ I(U ;Z) + ε1

≤ ε0 + I(U ;Z) + ε1
N→+∞−−−−−→ I(U ;Z) + ε0 + 2ξ,

RV =

∑k
i=1|Fi|
kN

=
N(H(V ) + ε1) + (k − 1)N(I(V ;ZUX) + ε1)

kN

≤ H(V )

k
+ I(V ;ZUX) + ε1

≤ ε0 + I(V ;ZUX) + ε1
N→+∞−−−−−→ I(V ;ZUX) + ε0 + 2ξ.

B. Coding scheme analysis for Case 2

For Case 2, U = ∅ and V = Y , so that by Lemma 8, the
achieved rate pair is such that

lim
N→+∞

R1 = I(X;Z) + ε0 + 2ξ,

lim
N→+∞

R2 = lim
N→+∞

(RV +RU )

= I(Y ;ZX) + ε0 + 2ξ

(a)
= I(Y ;Z|X) + ε0 + 2ξ

(b)
= I(Y ;Z) + ε0 + 2ξ,

where (a) holds by independence between X and Y , and (b)
holds because I(XY ;Z) = I(X;Z) + I(Y ;Z) in Case 2.

VI. EXTENSION TO MORE THAN TWO TRANSMITTERS

Consider a discrete memoryless multiple access channel
(XL, qZ|XL ,Z), where Xl = {0, 1}, l ∈ L , J1, LK, Z is
a finite alphabet, and XL , (Xl)l∈L. The definitions in Sec-
tion II-B immediately extend to this multiple access channel
with L transmitters and we have the following counterpart of
Theorem 1.

Theorem 4. We have RqZ = R′qZ with

R′qZ ,
⋃

pT ,(qXl|T )l∈L

{(Rl)l∈L : I(XS ;Z|T ) ≤ RS ,∀S ⊆ L},

where pT is defined over T , J1, |Z|+2L−1K and (qXl|T )l∈L
are such that, for any t ∈ T and z ∈ Z ,

qZ(z) =
∑

xL∈XL

qZ|XL(z|xL)
∏

l∈L

qXl|T (xl|t).

Proof. The converse is an immediate extension of the con-
verse of Theorem 1 from [7]. The achievability follows from
Theorem 5.

Theorem 5. The coding scheme presented in Section VI-A,
which solely relies on source resolvability codes, used as black
boxes, and two-universal hash functions, achieves the entire
multiple access channel resolvability region RqZ of Theorem 4
for any discrete memoryless multiple access channel with
binary input alphabets.

A. Achievability Scheme

In the following, we use the notation XS , (Xl)l∈S for
S ⊆ L, and X1:l , XJ1,lK for l ∈ L. Let pXL ,

∏
l∈L pXl .

We will show the achievability of the region

R (pXL) , {(Rl)l∈L : I(XS ;Z) ≤ RS ,∀S ⊆ L},
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which reduces to showing the achievability of the rate-
tuple (I(Xl;Z|X1:l−1))l∈L. Indeed, the set function S 7→
−I(XS ;Z) is submodular, e.g., [20], and the region
R (pXL) thus forms a contrapolymatroid [19] whose dom-
inant face is the convex hull of its extreme points given
by {(I(Xσ(l);Z|X{σ(i):i∈J1,l−1K}))l∈L : σ ∈ S(L)}, where
S(L) is the symmetric group over L. By time-sharing and
symmetry of the extreme points, the achievability of the
dominant face reduces to showing the achievability of one
extreme point, which without loss of generality can be chosen
as (I(Xl;Z|X1:l−1))l∈L.

The encoding scheme to achieve (I(Xl;Z|X1:l−1))l∈L op-
erates over k ∈ N blocks of length N . In this section,
we use the double subscripts notation Xl,i, where the first
subscript corresponds to Transmitter l ∈ L and the second
subscript corresponds to Block i ∈ J1, kK. The encoding at
Transmitter l ∈ L is described in Algorithm 3 and uses
• A hash function GXl : {0, 1}N −→ {0, 1}rXl chosen

uniformly at random in a family of two-universal hash
functions, where the output length of the hash function
GXl is defined as follows

rXl , N(H(Xl|ZX1:l−1)− ε2/2). (16)

• A source resolvability code for the discrete mem-
oryless source (Xl, qXl) with encoder function eXlN
and rate H(Xl) + ε2

2 , where ε2 , 2(δ∗L(N) + ξ),

δ∗L(N) , log(|XL|+3)
√

2
N (L+ logN), ξ > 0, such

that the distribution of the encoder output p̃X1:N
l

satisfies
V(p̃X1:N

l
, qX1:N

l
) ≤ δ(N), where δ(N) is such that

limN→+∞ δ(N) = 0.
In Algorithm 3 and for any l ∈ L, the hash function output
Ẽl,i, i ∈ J2, kK, with length rXl corresponds to recycled
randomness from Block i− 1.

Algorithm 3 Encoding algorithm at Transmitter l ∈ L
Require: A vector El,1 of N(H(Xl) + ε2) uniformly dis-

tributed bits, and for i ∈ J2, kK, a vector El,i of
N(I(Xl;ZX1:l−1) + ε2) uniformly distributed bits.

1: for Block i = 1 to k do
2: if i = 1 then
3: Define X̃1:N

l,1 , eXlN (El,1)
4: else if i > 1 then
5: Define Ẽl,i , GXl(X̃

1:N
l,i−1)

6: Define X̃1:N
l,i , eXlN (Ẽl,i‖El,i)

7: end if
8: Send X̃1:N

l,i over the channel
9: end for

B. Achievability Scheme Analysis

For convenience, define, for any l ∈ L, Ẽl,1 , ∅. Let
p̃E1:L,iX1:N

1:L,iZ
1:N
i

denote the joint probability distribution of

the random variables Ẽl,i, X̃1:N
l,i , and Z̃1:N

i , l ∈ L, created in
Block i ∈ J1, kK of the coding scheme of Section VI-A.

We prove in the following lemma that in Block i ∈ J2, kK,
if the inputs X̃1:N

1:L,i−1 of the hash functions (GXl)l∈L are re-

placed by X1:N
1:L distributed according to qX1:N

1:L
,
∏N
i=1 qX1:L

,
then the outputs of these hash functions are almost jointly
uniformly distributed. Define

GX1:L
(X1:N

1:L ) ,
(
GXl(X

1:N
l )

)
l∈L .

Lemma 9. Let punif
Ē1:L

denote the uniform distribution over
{0, 1}

∑
l∈L rXl . Then, we have

V
(
qGX1:L

(X1:N
1:L )Z1:N , p

unif

Ē1:L
qZ1:N

)
≤ δ∗(0)(N),

where δ∗(0)(N) , 2/N + 2
L
2 2−

Nξ
2 .

Proof. Using Lemma 16 in Appendix B, with the substitutions
A ← L, T 1:N

A ← X1:N
L , applied to the product distribution

qX1:N
L Z1:N , there exists a subnormalized non-negative function

wX1:N
L Z1:N such that for any S ⊆ L

V(wX1:N
1:L Z

1:N , qX1:N
1:L Z

1:N ) ≤ 1/N, (17)

H∞(wX1:N
S Z1:N |qZ1:N ) ≥ NH(XS |Z)−Nδ∗S(N), (18)

where the min-entropy H∞(wX1:N
S Z1:N |qZ1:N ) is defined in

Lemma 16 in Appendix B, and δ∗S(N) , log(|XS | +

3)
√

2
N (L+ logN). Let qE1:L

define the distribution of

E1:L , GX1:L
(X1:N

1:L ), (19)

where X1:N
1:L is distributed according to qX1:N

1:L
. We have

V(qE1:LZ1:N , punif
Ē1:L

qZ1:N )

(a)

≤ V(qE1:LZ1:N , wE1:LZ1:N ) + V(wE1:LZ1:N , punif
Ē1:L

qZ1:N )

(b)

≤ V(qX1:N
1:L Z

1:N , wX1:N
1:L Z

1:N ) + V(wE1:LZ1:N , punif
Ē1:L

qZ1:N )

(c)

≤ 1/N + V(wE1:LZ1:N , punif
Ē1:L

wZ1:N )

+ V(punif
Ē1:L

wZ1:N , punif
Ē1:L

qZ1:N )

(d)

≤ 2/N + V(wE1:LZ1:N , punif
Ē1:L

wZ1:N )

(e)

≤ 2/N +

√ ∑

S⊆L,S6=∅

2
rXS−H∞(w

X1:N
S Z1:N |qZ1:N )

(f)

≤ 2/N +

√ ∑

S⊆L,S6=∅

2rXS−NH(XS |Z)+Nδ∗L(N)

(g)
= 2/N +


 ∑

S⊆L,S6=∅

2
∑
l∈S(N(H(Xl|ZX1:l−1)− ε22 ))

×2−N
∑
l∈S H(Xl|ZXJ1,l−1K∩S)+Nδ∗L(N)

)1/2

(h)

≤ 2/N +

√ ∑

S⊆L,S6=∅

2
∑
l∈S N(− ε22 +δ∗L(N))

(i)

≤ 2/N +
√

2L2−Nξ
N→+∞−−−−−→ 0,

where (a) holds by the triangle inequality, (b) holds by (19)
and the data processing inequality, (c) holds by (17) and the
triangle inequality, (d) holds by (17), (e) holds by Lemma 17
in Appendix B, (f) holds by (18) and because for any S ⊆ L,
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δ∗S(N) ≤ δ∗L(N), (g) holds by (16) and the chain rule, (h)
holds because conditioning reduces entropy, (i) holds because
|S|≥ 1 and ε2 = 2(δ∗L(N) + ξ).

We now show that in each encoding block, the random
variables induced by the coding scheme approximate well the
target distribution.

Lemma 10. For Block i ∈ J1, kK,

V(p̃X1:N
1:L,iZ

1:N
i
, qX1:N

1:L Z
1:N ) ≤ δ∗i (N), (20)

where δ∗i (N) , L(δ(N) + δ∗(0)(N))(L
i−1
L−1 ) + Li+1δ(N).

Proof. We prove the result by induction. For i = 1, we have

V(p̃X1:N
1:L,1Z

1:N
1
, qX1:N

1:L Z
1:N )

= V(p̃Z1:N
1 |X1:N

1:L,1
p̃X1:N

1:L,1
, qZ1:N |X1:N

1:L
qX1:N

1:L
)

(a)
= V(p̃X1:N

1:L,1
, qX1:N

1:L
)

(b)

≤
∑

l∈L

V(p̃X1:N
l,1
, qX1:N

l
) (21)

(c)

≤ Lδ(N),

where (a) holds because qZ1:N |X1:N
1:L

= p̃Z1:N
1 |X1:N

1:L,1
, (b) holds

by the triangle inequality and because (X̃1:N
l,1 )

l∈L are jointly
independent, and (X1:N

l )l∈L are jointly independent, (c) holds
by the source resolvability codes used at the transmitters
because |El,1|N > H(Xl) + ε2/2, l ∈ L.

Assume now that, for i ∈ J2, k−1K, (20) holds. For any l ∈
L and i ∈ J2, kK, consider Ēl,i distributed according to punif

Ēl
,

the uniform distribution over {0, 1}rXl , and let pX̄1:N
l,i

denote

the distribution of X̄1:N
l,i , eXlN (Ēl,i, El,i). For i ∈ J1, k− 1K,

we have

V(p̃X1:N
1:L,i+1Z

1:N
i+1
, qX1:N

1:L Z
1:N )

(a)

≤
∑

l∈L

V(p̃X1:N
l,i+1

, qX1:N
l

)

(b)

≤
∑

l∈L

V(p̃X1:N
l,i+1

, pX̄1:N
l,i+1

) + V(pX̄1:N
l,i+1

, qX1:N
l

)

(c)

≤
∑

l∈L

V(p̃X1:N
l,i+1

, pX̄1:N
l,i+1

) + δ(N)

(d)

≤
∑

l∈L

V(p̃El,i+1
, punif
Ēl

) + δ(N)

(e)

≤
∑

l∈L

(
δ(N) + V(p̃El,i+1

, qGXl (X
1:N
l ))

+V(qGXl (X
1:N
l ), p

unif
Ēl

)
)

(f)
=
∑

l∈L

(
δ(N) + V(p̃GXl (X

1:N
l,i ), qGXl (X

1:N
l ))

+V(qGXl (X
1:N
l ), p

unif
Ēl

)
)

(g)

≤
∑

l∈L

δ(N) + V(p̃X1:N
l,i
, qX1:N

l
) + δ∗(0)(N)

(h)

≤
∑

l∈L

δ(N) + δ∗i (N) + δ∗(0)(N)

= L
(
δ(N) + δ∗i (N) + δ∗(0)(N)

)
,

where (a) holds similar to (21), (b) holds by the triangle
inequality, (c) holds by the source resolvability codes used at
the transmitters because |Ēl,i|+|El,i|N = H(Xl) + ε2/2, l ∈ L,
(d) holds by the data processing inequality, (e) holds by
the triangle inequality, (f) holds because for any l ∈ L,
Ẽl,i+1 , GXl(X

1:N
l,i ) by Line 5 of Algorithm 3, (g) holds

by the data processing inequality and Lemma 9, (h) holds by
the induction hypothesis.

Next, we show that the recycled randomness in Block i ∈
J2, kK is almost independent from the channel outputs of
Block i− 1.

Lemma 11. For i ∈ J2, kK, we have

V(p̃E1:L,iZ1:N
i−1
, p̃E1:L,i

p̃Z1:N
i−1

) ≤ δ∗(1)
i (N).

where δ∗(1)
i (N) , 4δ∗i−1(N) + 2δ∗(0)(N).

Proof. We have

V(p̃E1:L,iZ1:N
i−1
, p̃E1:L,i

p̃Z1:N
i−1

)

(a)

≤ V(p̃E1:L,iZ1:N
i−1
, punif
Ē1:L

p̃Z1:N
i−1

)

+ V(punif
Ē1:L

p̃Z1:N
i−1
, p̃E1:L,i

p̃Z1:N
i−1

)

≤ 2V(p̃E1:L,iZ1:N
i−1
, punif
Ē1:L

p̃Z1:N
i−1

)

(b)

≤ 2
(
V(p̃E1:L,iZ1:N

i−1
, qGX1:L

(X1:N
1:L )Z1:N )

+V(qGX1:L
(X1:N

1:L )Z1:N , p
unif

Ē1:L
qZ1:N )

+V(punif
Ē1:L

qZ1:N , punif
Ē1:L

p̃Z1:N
i−1

)
)

(c)

≤ 2(V(p̃X1:N
1:L,i−1Z

1:N
i−1
, qX1:N

1:L Z
1:N ) + δ∗(0)(N)

+ V(qZ1:N , p̃Z1:N
i−1

))

(d)

≤ 4δ∗i−1(N) + 2δ∗(0)(N),

where (a) and (b) hold by the triangle inequality, (c)
holds by the data processing inequality because Ẽ1:L,i ,
GX1:L

(X1:N
1:L,i−1) by Line 5 of Algorithm 3, and by Lemma 9,

(d) holds by Lemma 10.

Next, we show that the recycled randomness in Block i ∈
J2, kK is almost independent of the channel outputs in Blocks 1
to i− 1 considered jointly.

Lemma 12. For i ∈ J2, kK, we have

V
(
p̃E1:L,iZ1:N

1:i−1
, p̃E1:L,i

p̃Z1:N
1:i−1

)
≤ δ∗(2)

i (N),

where δ∗(2)
i (N) , (2i−1 − 1)(4δ∗i−1(N) + 2δ∗(0)(N)).

Proof. We prove the result by induction. The lemma is true
for i = 2 by Lemma 11. Assume now that the lemma holds
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for i ∈ J2, k − 1K. Then, for i ∈ J3, kK, we have

V
(
p̃Z1:N

1:i−1E1:L,i
, p̃Z1:N

1:i−1
p̃E1:L,i

)

(a)

≤ V
(
p̃Z1:N

1:i−1E1:L,i
, p̃Z1:N

1:i−2
p̃Z1:N

i−1E1:L,i

)
.

+ V
(
p̃Z1:N

1:i−2
p̃Z1:N

i−1E1:L,i
, p̃Z1:N

1:i−2
p̃Z1:N

i−1
p̃E1:L,i

)

+ V
(
p̃Z1:N

1:i−2
p̃Z1:N

i−1
p̃E1:L,i

, p̃Z1:N
1:i−1

p̃E1:L,i

)

= V
(
p̃Z1:N

1:i−1E1:L,i
, p̃Z1:N

1:i−2
p̃Z1:N

i−1E1:L,i

)

+ V
(
p̃Z1:N

i−1E1:L,i
, p̃Z1:N

i−1
p̃E1:L,i

)

+ V
(
p̃Z1:N

1:i−2
p̃Z1:N

i−1
, p̃Z1:N

1:i−1

)

(b)

≤ δ
∗(1)
i (N) + 2V

(
p̃Z1:N

1:i−1E1:L,i−1:i
, p̃Z1:N

1:i−2
p̃Z1:N

i−1E1:L,i−1:i

)

(c)
= δ

∗(1)
i (N) + 2V

(
p̃Z1:N

1:i−2E1:L,i−1
p̃Z1:N

i−1E1:L,i|E1:L,i−1
,

p̃Z1:N
1:i−2

p̃Z1:N
i−1E1:L,i−1:i

)

= δ
∗(1)
i (N) + 2V

(
p̃Z1:N

1:i−2E1:L,i−1
, p̃Z1:N

1:i−2
p̃E1:L,i−1

)

(d)

≤ δ
∗(1)
i (N) + 2δ

∗(2)
i−1 (N),

where (a) holds by the triangle inequality, (b) holds by
Lemma 11, (c) holds by the Markov chain (Ẽ1:L,i, Z̃

1:N
i−1 ) −

Ẽ1:L,i−1− Z̃1:N
1:i−2, (d) holds by the induction hypothesis.

The following lemmas show that the channel outputs of all
the blocks are asymptotically independent, and that the target
output distribution is well approximated jointly over all blocks.

Lemma 13. We have

V

(
p̃Z1:N

1:k
,

k∏

i=1

p̃Z1:N
i

)
≤ (k − 1)δ

∗(2)
k (N),

where δ∗(2)
k (N) is defined in Lemma 12.

Lemma 14. For block i ∈ J1, kK, we have

V
(
p̃Z1:N

1:k
, qZ1:kN

)
≤ (k − 1)δ

∗(2)
k (N) + kδ∗k(N),

where δ∗(2)
k (N) is defined in Lemma 12 and δ∗k(N) is defined

in Lemma 10.

The proofs of Lemmas 13 and 14 are similar to the proofs
of Lemmas 6 and 7, respectively, and are thus omitted.
Finally, the next lemma shows that the encoding scheme of
Section VI-A achieves the desired rate-tuple.

Lemma 15. Let ε0 > 0. For k large enough and any l ∈ L,
we have lim

N→+∞
Rl = I(Xl;Z|X1:l−1) + ε0 + 2ξ.

Proof. Let k be such that for any l ∈ L we have H(Xl)
k < ε0.

Then, by the definition of ε2, for any l ∈ L, we have

Rl =

∑k
i=1|El,i|
kN

=
N(H(Xl) + ε2) + (k − 1)N(I(Xl;ZX1:l−1) + ε2)

kN

≤ H(Xl)

k
+ I(Xl;ZX1:l−1) + ε2

≤ ε0 + I(Xl;ZX1:l−1) + ε2
N→+∞−−−−−→ I(Xl;ZX1:l−1) + ε0 + 2ξ.

VII. CONCLUDING REMARKS

We showed that codes for MAC resolvability can be ob-
tained solely from source resolvability codes, used as black
boxes, and two-universal hash functions. The crux of our ap-
proach is randomness recycling implemented with distributed
hashing across a block-Markov coding scheme. Since explicit
constructions for source resolvability codes and two-universal
hash functions are known, our approach provides explicit
codes to achieve the entire multiple access channel resolvabil-
ity region for arbitrary channels with binary input alphabets.

APPENDIX A
AN EXPLICIT CODING SCHEME FOR SOURCE

RESOLVABILITY

Let n ∈ N and N , 2n. Let Gn ,
[

1 0

1 1

]⊗n
be

the source polarization matrix defined in [21]. For any set
A ⊆ J1, NK and any sequence X1:N , let X1:N [A] be the
components of X1:N whose indices are in A. Next, consider
a binary memoryless source (X , qX), where |X |= 2. Let X1:N

be distributed according to qX1:N ,
∏N
i=1 qX , and define

A1:N , GnX
1:N . Define also for β < 1/2, δN , 2−N

β

,
the sets

VX ,
{
i ∈ J1, NK : H(Ai|A1:i−1) > 1− δN

}
,

HX ,
{
i ∈ J1, NK : H(Ai|A1:i−1) > δN

}
.

Algorithm 4 Encoding algorithm for source resolvability

Require: A vector R of |VX | uniformly distributed bits
1: Define Ã1:N [VX ] , R
2: Define Ãj according to qAj |A1:j−1 for j ∈ VcX\HcX and

as Ãj , argmax
a∈{0,1}

qAj |A1:j−1(a|a1:j−1) for j ∈ HcX
3: Define X̃1:N , Ã1:NGn

In Algorithm 4, the distribution of X̃1:N is such that
limN→∞V(p̃X1:N , qX1:N ) = 0 by [22], [23]. Moreover, the
rate of R is |VX |N

N→+∞−−−−−→ H(X) by [24, Lemma 1], and the
rate of randomness used in Line 2 is 0 by [10, Lemma 20].
Hence, Algorithm 4 achieves the source resolvability of
(X , qX).

APPENDIX B
SUPPORTING LEMMAS

A function fX defined over a finite alphabet X is sub-
normalized non-negative if fX(x) ≥ 0,∀x ∈ X and∑
x∈X fX(x) ≤ 1. Additionally, for a subnormalized non-

negative function fXY defined over a finite alphabet X×Y , its
marginals are defined as fX(x) ,

∑
y∈Y fXY (x, y),∀x ∈ X
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and fY (y) ,
∑
x∈X fXY (x, y),∀y ∈ Y , similar to probability

distributions.

Lemma 16 ( [25], [26, Lemma 2]). Define A , J1, AK. Let
(Ta)a∈A be A finite alphabets and define for S ⊆ A, TS ,

×a∈S Ta. Consider the random variables T 1:N
A , (T 1:N

a )a∈A
and Z1:N defined over T NA ×ZN with probability distribution
qT 1:N
A Z1:N ,

∏N
i=1 qTAZ . For any ε > 0, there exists a

subnormalized non-negative function wT 1:N
A Z1:N defined over

T NA ×ZN such that V(qT 1:N
A Z1:N , wT 1:N

A Z1:N ) ≤ ε and

H∞(wT 1:N
S Z1:N |qZ1:N ) ≥ NH(TS |Z)−NδS(N),∀S ⊆ A,

where δS(N) , log(|TS | + 3)
√

2
N (A− log ε), and we have

defined the min-entropy as in [27], [28], i.e.,

H∞(wT 1:N
S Z1:N |qZ1:N )

, − log max
t1:NS ∈T NS

z1:N∈supp(qZ1:N )

wT 1:N
S Z1:N (t1:N

S , z1:N )

qZ1:N (z1:N )
.

Lemma 17 ( [25], [26, Lemma 1]). Consider a sub-
normalized non-negative function pXLZ defined over
×l∈L Xl × Z , where XL , (Xl)l∈L and, Z , Xl, l ∈ L, are
finite alphabets. For l ∈ L, let Fl : {0, 1}nl −→ {0, 1}rl ,
be uniformly chosen in a family Fl of two-universal hash
functions. Define sL ,

∏
l∈L|Fl|, and for any S ⊆ L,

define rS ,
∑
i∈S ri. Define also FL , (Fl)l∈L and

FL(XL) , (Fl(Xl))l∈L . Then, for any qZ defined over Z
such that supp(qZ) ⊆ supp(pZ), we have

V(pFL(XL),FL,Z , pUKpUF pZ)

≤
√ ∑

S⊆L,S6=∅

2rS−H∞(pXSZ |qZ),

where pUK and pUF are the uniform distributions over J1, 2rLK
and J1, sLK, respectively.

APPENDIX C
PROOF OF LEMMA 1

The proof is similar to [16]. We have

I(XY ;Z)
(a)
= I(XUV ;Z)

(b)
= I(U ;Z) + I(X;Z|U) + I(V ;Z|UX),

where (a) holds because I(XUV ;Z) ≥ I(XY ;Z) since Y =
f(U, V ), and I(XUV ;Z) ≤ I(XY ;Z) since (X,U, V ) −
(X,Y )−Z forms a Markov chain, (b) holds by the chain rule.

We know by [16, Lemma 6] that I(X;ZU) is a continuous
function of ε, hence so is

R1 = I(X;Z|U) = I(X;ZU),

where the last equality holds by the independence between X
and U . Then, I(X;Z) and I(X;Z|Y ) are in the image of R1

by (3), and hence, using I(X;Z) ≤ I(X;Y Z) = I(X;Z|Y ),
[I(X;Z), I(X;Z|Y )] is also in the image of R1 by continuity.
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