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Abstract—Graph covers and the Bethe free energy (BFE)
have been useful theoretical tools for producing lower
bounds on a variety of counting problems in graphical
models, including the permanent and the ferromagnetic
Ising model. Here, we investigate weighted homomorphism
counting problems over bipartite graphs that are related to
a conjecture of Sidorenko. We show that the BFE does yield
a lower bound in a variety of natural settings, and when
it does yield a lower bound, it necessarily improves upon
the lower bound conjectured by Sidorenko. Conversely,
we show that there exist bipartite graphs for which the
BFE does not yield a lower bound on the homomorphism
number. Finally, we use the characterizations developed as
part of this work to provide a simple proof of Sidorenko’s
conjecture in a number of special cases.

Index Terms—Bethe free energy, graph covers, homo-
morphism counting, Markov random fields, Sidorenko’s
conjecture

I. INTRODUCTION

A homomorphism from a simple graph G =
(Ve,Eg) to a graph H = (Vg, Ey) (possibly with
self-loops) is defined to be an adjacency preserving
map h : Vg — Vg, ie., h is a homomorphism if
for all (i,j) € E¢ it holds that (h(i),h(j)) € En.
Our interest here will be in counting the number of
homomorphisms from a bipartite graph G into a graph
H, denoted as hom(G, M), where M ¢ RIValx|Vr
is the unweighted adjacency matrix of graph H such
that MZIJ'I = 1if (i,j) € Ey and 0 otherwise. Given
MH, the product [T(; e, Mﬁi)’h(j) is equal to one
if the mapping h defines a valid homomorphism and
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zero otherwise. As each map h : Vo — Vg can be
viewed as assigning each vertex in G one of |V | labels,
we can express the unweighted homomorphism counting

problem as
oIl ME,.. o

hom(G, M) 2
z€[|Vy|]IVe!l (i.1)€EEa

where [|[Vy|] = {1,...,|Vx|}. Note that hom(G, H)
has been used to denote the set of all homomorphisms
from G to H, but in this work hom(G, M) denotes the
cardinality of set hom(G, H), i.e., the homomorphism
number.

Many combinatorial counting problems can be for-
mulated as homomorphism counting problems from a
graph G into a specific graph H [1]. For example, if
MH is the adjacency matrix of a complete graph on n
vertices, then hom(G, M) counts the number of ways
in which the vertices of G can be colored with n colors
such that no two adjacent vertices receive the same color.
The problem of counting the number of independent sets
in G (subsets of the vertices of G such that no two
adjacent vertices are in the set) can be expressed as a
homomorphism counting problem by choosing M*# to
be the adjacency matrix of a complete graph on two
nodes in which exactly one of the nodes has a self loop.

In this work we will focus on a weighted gener-
alization of the homomorphism counting problem to
edge weighted graphs, see for example [2], [3]. In the
weighted setting, each edge of the target graph H is
associated with a nonnegative weight. Let G be a simple
graph and M € ]RLVS’IXWH‘ a symmetric nonnegative
matrix such that M;; is the weight associated with
the edge (i,j) in the target graph. A zero weight
corresponds to the absence of an edge in the target
graph, so in general, we can assume that the target graph
is a complete graph with self-loops. The weight of a
map h from the vertices of the bipartite graph G into
the target graph H is then defined to be

H My ni)

(i,J)€Ec
and the weighted homomorphism counting problem is
defined as
hom(G, M) 2 Y [] Maw, @

we|Ve||lVe! (i,5)€Ea



The above discussion generalizes to directed graphs in
a straightforward way, i.e., maps from G to H that pre-
serve directed edges. In this work, we will specifically
be interested in the case in which G = (Ag, Bg, Eg)
is a directed bipartite graph in which all edges are
directed from Ag to Bg, and H is a weighted directed
graph whose edge weights are given by a nonnegative
matrix M € RlVH IVl The weighted homomorphism
counting problem in (directed) bipartite graphs is then

to compute
S IT I Meiwy, 3

hom(G, M) =
z€[|Vr|]|Val i€Ag jENG(3)

where Vo = Ag U Bg and Ng (i) C Bg is the set of
neighbors of the vertex ¢ € Ag. Bipartite graphs are
of particular interest as Simonovits [4] and Sidorenko
[5], [6] conjectured a lower bound, widely known as
Sidorenko’s conjecture, on hom(G, M) in this case.

Conjecture I.1 (Sidorenko’s Conjecture). For a bipartite
graph G = (Ag,Bg,Eg) and an arbitrary weight
matrix M € R’;Oxm,

hom(G, M) > hom(K,, M)Felpy|Vel=2IEs]
£ homs (G, M), 4)

where K, is the complete graph on two vertices.
Note that since M € RIS ™, hom(Ky, M) =
> o1 eacim Mz ,zps €quals to the sum over all the
entries of matrix M. In the special case that A/ corre-
sponds to the adjacency matrix of an unweighted graph
H, the lower bound given by Sidorenko’s conjecture is
equivalent to

Vi |?

Different approaches have led to a partial resolution
of this conjecture in special cases: the case in which G
is a tree or an even cycle [4], [6], a cube [7], or any
bipartite graph that has one vertex complete to the other
side [8], [9]. Many of these results can be proved using
information theoretic inequalities and clever repeated
application of Jensen’s inequality [10], [11]. Separately,
work on approximate counting in Markov random fields
based on graph covers and the Bethe free energy [12]
has produced lower bounds for a variety of counting
problems: matrix permanents [13], real-stable polyno-
mials [14], the ferromagnetic Ising model with arbitrary
external field [15], the ferromagnetic Potts model with
uniform external field [15], weight enumerators of linear
codes [15], the weighted homomorphism counting prob-
lem when rank(M) < 2 [15], and others. In particular,
this line of work yields a proof of Conjecture 1.1 in
the cases that M € R25? [16] or M = aa” + bbT for
a,b € RZ, [15]. B

hom(G, M) > |Vy|!Ve! (

Given the positive results for homomorphism count-
ing in the above special cases, a natural question is
whether or not a similar result can be shown for the
general weighted homomorphism counting problem over
bipartite graphs. In this work, we explore this question
using, again, the Bethe free energy optimization problem
from statistical physics (see Section II for the definition),
which defines an approximation to hom that is, in
general, neither an upper nor a lower bound. Denoting
the Bethe free energy approximation as homp, we will
be interested in the veracity of the following conjecture.

Conjecture L.2. If GG is a bipartite graph, then
hom(G, M) > homgp (G, M).

This paper provides both positive and negative results
related to Conjecture 1.2. Section III proves that for all
bipartite graphs G and all M € RT; ™, homg(G, M) >
homg (G, M) . Consequently, proving Conjecture 1.2
would resolve Sidorenko’s conjecture in the affirma-
tive. On the other hand, Section IV disproves Con-
jecture 1.2 by constructing an explicit counterexample,
a bipartite graph G and a matrix M € RZ;™, for
which hom (G, M) < homgp (G, M). Section V provides
two simpler formulations of Conjecture 1.2. Those two
formulations are then used to demonstrate that homp
yields a better lower bound than Sidorenko’s bound in a
number of interesting special cases. Finally, we conclude
with a few results on an interesting special case of the
conjecture that has not received much attention, i.e., the
case of doubly stochastic matrices.

II. PRELIMINARIES

In this section, we review Markov random fields
(MRFs), the Bethe free energy, log-supermodularity, and
related results that are relevant to this work.

A. Markov random fields and partition functions

A pairwise Markov random field is defined by a graph
G = (Vg, E¢) together with a collection of nonnegative
potential functions ¢; : X — R>( for each ¢ € Vg
and v¢;; : X? — R for each (i,j) € Eg. The
product of these potential functions defines a probability
distribution

p(X) = ) I vi(Xa, X5,

(i.j)€Ea

<G¢¢>H¢Z

i€Va

where X € X!Vl is a vector of random variables, X is
the domain of the random variables, e.g., X' = [m] or
R, and Z is the normalizing constant/partition function

defined as
> I ex

Z(G; ¢,9) =
Xex!ValieVg

) I (X X))

(i,j)€EEG



A detailed review of Markov random fields and their
properties can be found in [17].

Given a bipartite graph G = (A, Bg, Fg) and M €
RZ;™, hom(G, M) is the partition function of an MRF
over the state space X = [m], where for all i € Ag and
j € Ng(i) the potential function on the edge (i,7) is
given by

Vi (i, 25)

Note that ¢;(z;) =1 for all ¢ € Ag U Bg.

A variety of different approximations to the partition
function of an MRF have been proposed. One particular
approximation, the Bethe free energy approximation
[18], has been shown to provide lower bounds on the
partition function, Z, for certain nice families of MRFs,
e.g., log-supermodular models [16]. We consider this
approximation here in the context of the MRF for the
weighted homomorphism counting problem with weight
matrix M € RT™.

Let the local | marginal polytope, T, consist of vectors
of probability distributions. There is exactly one entry
in the vector 7 € T for each i € Vi and each edge
(i,7) € Eg. The marginals in any given vector should
agree on single variable overlaps. More formally, 7 (G)
consists of all vectors of probability distributions 7 such
that

= My, -

V(i,j) € Eg,z; € m]vZTij(xi»xj) = 7i(2s),
T

Vi€ Ve, Y milr) =1,

Vi € Vg, z; € [m], 7i(x;) > 0,

V(i,7) € Eg,x; € [m],z; € [m], 7;(z;,z;) > 0.

The Bethe free energy approximation is given by
log Fg(G,7; M) =U(G,m; M) + E(G, T),

where U is the negative energy,

U(G, ;M) Z Z Zﬂ] (25,25 loglez],

1€AG jJENG (i) Tiyxj

and F is an entropy approximation,

- Z Z 7i(x;) log 7 (x;)

i€Vae T

Z Z Tij (@i, xj) log ———"—"~

(4,5)€EEG %i:T;

Tig\Ti, Tj) (JCZ,JCJ)

Ti(@i)Ti(25)

The Bethe partition function for the weighted homomor-
phism counting problem is obtained by exponentiating

the maximum value achieved by this approximation over
T(G). More specifically,

homg (G, M) £ exp < max Fp(G,T; MH)>
TET(G)
where M is the given weight matrix.

In this exploration, we will also make use of an
equivalent combinatorial characterization of the Bethe
free energy as a limit of exact counting problems on
graph covers of GG. Recall that G’ is a covering graph
(lift) of G if there exists a homomorphism h : Vgr — Vg
such that for any vertex v € Vi, h maps dg(v), the
neighborhood of v in G’, bijectively onto dg(h(v)). A
covering graph G’ is called a k-cover if |V | = k|Vg|.

Theorem IL1 (Special Case of Vontobel [12]). For
every graph G' and every matrix M € Rme’

&) hom(G', M)
S ’

homp (G, M) = lim sup \/ZG[GC’“

k—o0

where Ci,(G) is the set of all k-covers of G. Note that
()] = KIF@),

Proof. The detailed proof can be found in Theorem 33
of [12]. While the presentation therein is based on so-
called normal factor graphs in which edges correspond
to variables and nodes correspond to functions, the same
argument can be applied, with minor modification for
standard factor graphs. To see this, simply replace every
variable node in a standard factor graph with an equality
node (variables that are adjacent to a single factor are
replaced with a half-edge). There is a bijection between
graph covers of the new normal factor graph and graph
covers of the standard factor graph such that elements
in each bijective pair correspond to exactly the same
counting problem. O

B. Log-supermodularity

Definition II.2. A non-negative, real-valued function,
g : R" — R, is log-supermodular (equivalently,
multivariate totally positive of order two) if

9(@)g(y) < glz Ay)glzVy),

for all z,y € R™, where x V y is the componentwise
maximum of the vectors z and y and z A y is their
componentwise minimum. By TOple characterization
theorem [19], a strictly positive twice continuously
differentiable function g : R™ — R is log-supermodular
if and only if d logg >0 for all i # j.

Log—supermodular functions play an important role
in the study of correlation inequalities, e.g., in the
FKG inequality. Prior work has generalized the Four
Functions Theorem of Ahlswede and Daykin [20] to



prove a general relationship between log-supermodular
MREFs and their graph covers.

Theorem IL.3 (Ruozzi [21]). If G* is a k-cover of the
graph G given by the covering map h and the potential
functions ;;.(; jyeEo are all log-supermodular, then

Z2(G; ¢, )" > Z(G*; 6, 1),

where (/Bl = Qn(s) Jor each i € Vgr and Q;ij
for each (i,j) € Ege.

= Vh(i)h(5)

III. GRAPH COVERS AND WEIGHTED
HoMOMORPHISM COUNTING

We begin by showing that the Bethe free energy,
homg (-, -), always yields an upper bound on the posited
lower bound in Sidorenko’s conjecture.

Theorem III.1. For any bipartite graph G =
(Ag, Ba, Eg) and arbitrary graph H with correspond-
ing adjacency matrix M ¥,

homg (G, M) > homg (G, MH).

Proof. We will assume that G is connected with no
isolated vertices. If not, a similar argument can be made
for each connected component, and the results for each
component can be combined using the observation that
homp (G, M) = homp (G, M*) - homp(Gg, M)
whenever G is the disjoint union of G; and Gs. The
Bethe free energy is then

log homp (G, M) =

sup Z Z Tij (i, ;) log M, %QJJ
TeT 1€AG,JEBG Ti,Tj
(i,j)€EEa
— Z Zﬂ(ifz)logﬂ(l‘z)
1€EAcUBg T;
Tii(T4, @
D I I
1€AG,JEBG Ti,T; Ti\Li)Tj L5
(i,.j)€EEG
=z
For all (i,7) € Eg, let 7/ (i, x;) = 2|LE + for all
z;,z;, and for all i € Ag UBc;, let 7/(z;) = %ﬁf‘l)

for all x;. We have that
log homg (G, M)

END YD S

1€AG,JEBG Ti,Tj
(i,5)€Eq

_ Z Z 7!/(z) log 7/ (24)

i€AcUBg T;

L](‘r“‘rj)
-2 2 rilealoe s

1€AG,JEBG Ti,Tj
(i,5)€Eq

H
(zi,x)log M, 2

vy Y

1€AG,JEBG Ti,Tj
(i,5)€Eq

+ |Ec|log(2|Enl) —

PRI

1€AG,JEBG Ti,T;
(i,5)€Ea

=|Ec|10g(2|Exl) —

xt?x_] IOg (xiaxj)a;i,a;j

SN @) log T (x)

i€AcUBg T;
zy (.’)31, x])
7i ()7} (2;5)

(x;,x;) log

>, 2w

i€EAcUBg x;

Y D> ey loglr (xi)r (25)]

ieAg,jEBG Ti,Tj
(i,j)€Ec

9 Be | log (2| Ex )

+ Z Z degq(7)

1€EAcUBg T;

(x;) log 7} (z;)

7i (;) log 7 ()

(d)
> |Eg|log(2 Enl)
+ Y {(degc(i)—l)log
i€AgUBg
9 (|4 U Bg| - 2|Eq]) log [Vi|
+ | Eg|log hom (K, M),

_
[V (H)]

where (a) follows from the observation that 7/ is in
the local marginal polytope (i.e., it represents local
probability distributions that satisfy the marginaliza-
tion conditions), (b) follows from the observation that
M, = 2|Ey|7];(xi,x;), (c) follows from the fact
that for all edges (i,j) € Eg and all z;, 7/(z;) =
ij 7'2](33“33 i), (d) follows from the observation that
the entropy is maximized by the uniform distribution
(and consequently that the negative entropy is min-
imized there), and (e) uses the fact that 2|Epx|
Do MIHIJ = hom(Ky, M*). From the definition
of Sidorenko’s lower bound in @),

homg (G, M) > Vi |IVel=21Ee hom (K, M) Ee]
= homg (G, MH).

O

Using the same reasoning as in the proof of Theorem
III.1, we can conclude a similar result for general non-
negative weight matrices M € RT; ™.

Corollary IIL.2. For any bipartite graph G and arbi-
trary M € Rmxm,

homgp (G, M) > hom(Ky, M)/ Felp!Vel=2Eal

= homg(G, M).

Yo elm) M, . For all (i,j) € Eg

Proof. Set z =
[m], let 7/ (ml,xj) £ My, 4, /2, for all

and x;,x; €



i€ Ag and x; € [m], let 7/(z;) £ (ije[m]
for all j € Bg and x; € [m], let 7)(z;)
(24, e(m) Mas,2;)/7 We can then apply the same ar-
gument except that we replace 2| E| with z in step (b)
of the proof. O

M%i,.’tj)/zv

L

Remark II1.3. While there exist situations in which
equality is achieved in Theorem IIL.1, e.g., the triv-
ial case in which G is a disjoint union of single
edges, homp is often significantly larger than homg.
For example, let M%* be the adjacency matrix of
the 4-cycle. We have hom(Kj3 3, M©4) = 164 while
homg (K3 3, M) = 8 and homp(K3 3, M) = 64.

IV. DISPROOF OF CONJECTURE 1.2

First, note that Conjecture 1.2 is easily seen to be false
if we remove the bipartite requirement on the graph G.
That is, in general, the Bethe approximation need not
yield a lower bound on the desired counting problem.
In this section, as a counter example to Conjecture 1.2,
we show that there exists a bipartite graph G and a graph
H such that

hom(G, M) < homg (G, M*).

We will make use of the following construction. First,
let G be the graph obtained by gluing together d disjoint
4-cycles together along a common edge. Now, let H' be
an r-regular bipartite graph with vertex set X UY such
that | X| = |Y| = n. Construct a graph H by adding
a vertex a to H' and connecting it to every vertex in
X, adding a vertex b and connecting it to every vertex
in Y, and then adding a self-loop to both a and b. For
appropriate choices of n,r,d, these constructions (see
Figure 1) yield a counterexample to Conjecture 1.2.

Theorem IV.1. Let G be the graph obtained by gluing
together d disjoint 4-cycles together along a common
edge, and let the graph H be obtained from an r-regular
bipartite graph H' = (A, B, E) where |A| = |B| =n
as described above. Then,

hom(G, M#) < 4(n+1)% - 5%,

and 4
homp (G, MH) > (%) :

where M is the unweighted adjacency matrix of graph
H and s = max(r(r+1)+n+1,2(n+1)).

Proof. The proof is divided into two parts. First we
will show that hom(G, M) < 4(n + 1)? - s?. Let
e = (u,v) € Eg be the common edge of the 4-cyles in
G. Let u, w,, w,, v be the vertices of a 4-cycle in G (see
Figure 1), and let C' denote its vertex-induced subgraph.
We will bound the number of valid homomorphisms

Fig. 1. A bipartite graph G (left) and a target graph H (right) that
yield a counter example for Conjecture 1.2.

from each 4-cycle into H, and then, by symmetry, use
this to bound the total number homomorphisms from G
to H.

For a homomorphism ¢ : Vo — Vg, we can divide
its behavior on the edge (u,v) into three possible cases.

1) If ¢(u) = ¢(v) = a, then either ¢(w,) = a, or
¢(wy) = a, or both. So, there are less than 2(n+1)
such homomorphisms.

2) If ¢(u) = a and ¢(v) = x; for any x; € X,
then either ¢(w,) € Ny(x;) NY and ¢(w,) €
Ny (p(w,))NX, which yields less than r(r+1) ho-
momorphisms, or ¢(w,) = a and ¢(w,,) € Ng(a),
which adds (n+ 1) more. So, all together there are
at most r(r + 1) + (n + 1).

3) If ¢(u) = w;, for any z; € X and ¢(v) = y;
for any y; € Y, then ¢(w,) € Ng(z;) and
¢(wy) € Npg(y;) both yield (r + 1) homomor-
phisms, which implies that there are at most (7+1)?
homomorphisms of this form. Note that (r +1)? <
rr+1)+n+1<s.

Up to symmetry of H, e.g., by swapping b for a in
case 1, these are the only choices for ¢(u) and ¢(v) that
can be extended to a valid homomorphism. So, given
any ¢ its behavior on the edge (u,v) falls into one of
the three cases above, and hence the number of valid
homomorphisms for the cycle u, wy, w2, v is at most s.
Finally, there are at most 2(n + 1) possible choices for
each of ¢(u) and ¢(v) (each of which results in at most s
valid homomorphisms) and there are exactly d 4-cycles
in the graph G. So, the number of homomorphisms from
G to H is at most 4(n + 1)% - s%.



Before proceeding to the second statement of the
theorem, consider deleting the edge ¢ = (u,v) from
G. If ¢(u) = a,¢(v) = b, ¢p(wy,) € X, and ¢p(w,) €
Ny (p(w,,))NY, then ¢ is a valid homomorphism. From
this we can conclude that hom(G — e, H) > (nr)%
In other words, adding the edge e dramatically de-
creases the number of homomorphisms from G to H.
With this observation, we will proceed to show that
homgp (G, M) > (nr/2)4.

In the remaining argument we will analyze the graph
covers of G. Let k be an even number. We claim that
there are k-covers of GG that contradict Conjecture 1.2.
Denote the d neighbors of v in Vg \v as wy, 1,. .., Wy d
and the d neighbors of v in Vg \ w as wy1,..., Wy 4
(see Figure 1, left). Any k-cover of G can be built by
the following process. First, from vertices of graph G,
take k copies of both u and v and label them uq, ..., ug
and vy, ..., vy respectively. Then for all j € [k] connect
u; and v; together. Next, for all ¢ € [d] add k copies of

w,,; for each u; and label them w’ ., and add k copies

of w, ; for each v; and label them wil Connect each
wf“ to u; and each wfm to v;. To complete the k-cover,
for all ¢ € [d] and j € [K], wf“ has to be connected to
a w; ; for some z € [d] (note that z does not have to be
equal to 7). Figure 2 visualizes this construction.

We call a cover good if each neighbor of u/ with
j < k/2 is paired with a neighbor of v* with z > k/2,
and each neighbor of u/ with j > k/2 is paired with
a neighbor of v* with z < k/2. In a good cover, we
think of dividing the copies of the vertices in G into
two blocks, each of which contains exactly k/2 copies
of each vertex in G. A cover is good if all edges from
the copies of u to the copies of w, and the edges from
the copies of v to the copies of w, are inside one of
the two blocks while the edges from a copy of a w,, to
a copy of a w, must go between the two blocks. See
Figure 2 for a visualization of this construction.

By symmetry, there are (k/2)!2¢(k!)24+1 good cov-
ers. Note that there are (k!)3¢*+1 k-covers of G and that

() - G) - e

The remainder of the argument is to show that these
good covers have foo many valid homomorphisms into
H.

For a good cover G**, we will lower bound the
number of homomorphisms by counting the homomor-
phisms ¢ : Vgre — Vi such that ¢({u?, ... u*/?}) =
¢({Ula e 7vk/2}) = {a} and ¢({uk/2+17 T 7uk}) =
p({v*/>1, ... vF}) = {b}. By construction, ¢(w?, ;) &
{a,b} for any 7 and j. In H, the vertices a and b have n
neighbors in Vi \ {a, b}. So, each of the kd neighbors
of the u’s can be mapped to one of n different choices.

(k/2)!2d(k!)2d+1
(k!)3d+1

1 k/21 (a) 1 k/2
‘wu,l u, wv, wv,l‘
L [ B [ | .
u v
b)

k/2 _ _ _ _ _ _ _ ___ \ __________ k/2
u” ! 1 k/21\ ! 1 k/z‘ v
:wu,d Wy q :wu,d W, 4 :
kel k (o k|
‘w'u,,l Wy, 1 | W, 1 wv,l‘
uk/2+1 ,,,,,,,,, T Uk/2+1
uk I . [ V"

|
K/ ko k/24+1 k
‘wu{;Jrl wu-,d\ : /LUU,/d+ wv-,d‘

Fig. 2. The vertices of an k-cover of the graph G in the proof of
Theorem IV.1. In a valid k-cover, w}h ; can only pair with wﬁﬁ J when
i,£ € {1,...,k}. In the case of good covers, w;’j with i < k/2
pairs with wﬁ’j with ¢ > k/2, i.e., only edges of the form (b) are
allowed. As there are 2d paired groups, there are (k/2)!2¢ number
of ways to pair every w in a good cover. In an k-cover, there are k!¢
number of ways to pair every w.

Consequently, for each of the kd neighbors of v's there
are r feasible choices. As a result, we have nFdrkd
of these special homomorphisms. Therefore, the total
number of homomorphisms from Ve« to Vi is at least
(nr)*d. This implies, by Equation (5), that the average
homomorphism number among all k-covers is at least
(nr/2)*4. Hence,
nr

homp (G, M7) > (7>d

Corollary IV.2. Conjecture 1.2 is false.

Proof. Using Theorem IV.1, any choice of r,n, and d

such that
nr

(?)d > 4(n+1)%s4,
yields a counterexample to Conjecture 1.2, e.g., d = 100,
n = 24 and » = 5. Note, however, that Sidorenko’s con-
jecture holds independent of the choice of n,r, and d:
gluing Cy’s (or in fact any graphs satisfying Sidorenko’s
conjecture) along an edge preserves Sidorenko’s prop-
erty [11]. O

V. SPECIAL CASES OF THE CONJECTURE

While Conjecture 1.2 is false in general, in this
section, we aim to demonstrate special cases in which
Conjecture 1.2 is true. These results are still useful: by
Theorem III.1 if Conjecture 1.2 is true for a specific
bipartite graph G, then so is Sidorenko’s conjecture.
Additionally, the lower bound produced by the Bethe
free energy can only improve upon Sidorenko’s lower
bound in these cases. Key to most of the arguments is



a matrix reformulation of the Bethe free energy based
on the combinatorial characterization.

A. A Matrix Reformulation

In this section, we will show that homp(G, M) =
limsupy,_, ., ¥/hom(G, Mj,) for an appropriately cho-
sen matrix Mj. To begin, notice that every k-cover
of a bipartite graph G = (Ag,Bg, Eg), call it &,
can be obtained in the following way. First, and by
definition of k-covers, Vg consists of k copies of each
vertex ¢ € Vg, denoted by i1,...,%;. For each edge
(i,j) € Eg, select a permutation 0ij € Sk, where S,
is the set of all permutations on k elements. Then add
the edge (ia, jo,,(a)) to G’ for each a € [k]. With this
construction, and recalling that N/ (7) denotes the set
of neighbors of node ¢ in graph G’, we observe that

>, I

z€[m ]IV 11 i€Aqgr,jEBg:
(i,4)€EEq

Z H H Mxla Pig;i(a)

c o'l i€Ag,jEBg a=1
eelml e S

hom(G', M) = My, .,

The average number of weighted homomorphisms from
a k-cover of G to M is then given by the sum over all
possible o;; € Sy, for each (i, j) € Eg, as

Z hom(G’7 M )

NIE|
G'eCL(G) (k1)

SIDOED VI | I | (A

G'eCr(G) Te[m]WG" i€Ag,j€Ba a=
(i,j)€Eq

1
- Z Z H k! H M””ia’””jaijm

we[m]‘vc’l G'eCr(GQ)i€Ag,jEBa a=1
(i,5)€Ec
k
(a) 1
= > I |z X Mee,, |
ze[m]WG" i€Ag,jEBg ceS; a=1

(i,.j)€EEG

where (a) holds because the choice of k-cover can
be done via choosing a permutation for every edge
independently. Now, let ¢ : [m]* — [m*] be the
bijection that sends an element of [m]* to its position in
lexicographical order among all vectors in [m]*. Then
for each I,.J € [m]¥ we define matrix

k
1
A
Re(M)gry.o00) = 77 D T] Mro,
g€SE a=1
The matrix Ry (M) can be equivalently expressed as
the product of a matrix depending only on M and a
symmetrizing matrix that we will denote as 7%, To

see this, let D € R™*™ be the identity matrix, and
k k
define DF € RZ *™ as

Df;(]? H D17,y
for all I, J € [m]*,

Notice that D7k € R™* xm" s a permutation matrix.
If o € S}, is the identity permutation, then D% = D®F,
the standard k-fold Kronecker product. Define 7% £
% Y oe Sk D7 F. With this definition,

TR Z HMI Jo(a)

€Sy, a=1

_ 1 k no,k
= g (MEEDTR) oy o
0ESk

= (MOFT™)

Ri.(M)g(1),6(1)

(1),0(J)

The “symmetrizing” matrix 7" * arises naturally in a
variety of mathematical applications and has a number
of interesting properties that follow from simple alge-
braic manipulations (see [22] for additional discussion
of this operation).

Proposition V.1. For each m,k € N,
o Tm,k . TmA,k — Tm,k.
o Forevery M € R™>m Tk \f®k — pf@k.pmk
o T™F is symmetric and doubly stochastic.

e For any k vectors vy, ...,v; € R™,
Tk (0, ®- - @) = Z Vo(1) @+ QUg(k)-
gESy

As a consequence of the above arguments, we can
reduce the counting problem over graph covers to a
counting problem over the original graph with a different
matrix on each edge. Specfically, we can write

5 % — hom(G, Ry (M))
o ) ©)
= hom(G, MEFT™F),

Theorem II.1, together with (6), implies the following
proposition.

Proposition V.2. For every bipartite graph G and
nonnegative matrix M € Rmxm,

homgp (G, M) = lim sup \/hom G, M®kTmk),

k—o0

B. A Bilinear Characterization

We can also express the weighted homomorphism
counting problem in a bilinear form (see Section VI for
an application of this construction). Fix a bipartite graph



G, and observe that hom(G,M) = hom(G,IMI)
where I is the m X m identity matrix. We can think
of IM1I as subdividing each edge of G, in the form of
an MREF, into three edges:

hom (G, IMT)

= > 11

ze[m]l4cl ye[m]lBcl i€Ag,jEBc

(i.)€Eq
= 2 11

z€[m]Acl ye[m]Pal iEAC?*j]EEBG
rE[m]‘EG‘,SE[m]lEG‘ (i.j)€Eq

(IMT)

TiyYj

I-'I»'iy""ijM

7'ij~,sijls'ijvyj'

As was done in Section V-A, let ¢y : [m]¥ — [m*] be

the bijection that sends an element of [m]* to its position
in lexicographical order among all vectors in [m]*. For
ease of notation, we will suppress the dependence on
k. For each z € [m]l4¢l and r € [m]/Fel, define the

matrix
11

1€AG,jEBa
(i,j)€EG

Il’i,h‘j'

Vi) o(r) =

Given V, define vector v € leEG‘ such that v; =

2 icimicl Vi, forall j € [mlFel]. Similarly, for each
s € [m]IPel and y € [m]!Pc! define the matrix

II

i€Bg,j€EAG
(i,7)€EEq

We(s).oy) =

Sij Yj

and the vector w ¢ R™7° such that w; =

> jefmlBl] W; ;. For a connected bipartite graph G =
(A, Bg, Eg), v,w € {0, 1}m‘EG‘ with ). v; = ml4al
and >, w; = mlBel,

Intuitively, the 0-1 vectors v and w act as indicators
for valid assignments to the row and column indices of
the matrix M for each edge of G. The homomorphism
counting problem can then be expressed as the bilinear
form

hom (G, M) = v M®IFcly, (7)

Further, suppose that G = (A, B, FE) is symmetric
in the sense that if ¢ € A is connected to j € B,
then ¢ € B is connected to j € A. In this case, w
and v are equivalent up to a permutation matrix P of
the form D%!El where D is the m/E!l x m/El identity
matrix and o € S|g|. So we can express the weighted
homomorphism counting problem as

hom(G, M) = vT M®IFcl py, (8)

For symmetric bipartite graphs, we can, without loss of
generality, assume that v and P are chosen so that P is a
symmetric permutation matrix (v and w encode equality
constraints on the left and right endpoints of the disjoint

union of | E;| edges, which means that, in the symmetric
case, v and w encode the same constraints but in a
different ordering of the edges). Note also that the square
of any homomorphism number can be put into this
form: given a bipartite G = (Ag, Bg, Fg), construct
H by forming the disjoint union of G with itself and
arranging the partitions of H so that each partition
contains one copy of Ag and one copy of B that are
not connected, i.e., given G; and G5 as two copies of
G, define H = (AG1 U Ba,,Ag, U Bg,, Eq, U EGg)-
This construction gives hom(G, M)? = hom(H, M).

C. Quasiconvexity and Weakly Norming Graphs

Lovasz [1] asked under what circumstances the
weighted homomorphism counting problem induces a
norm. This question gave rise to the study of the so-
called weakly norming graphs and the convexity of
hom(G, -).

Definition V.3. Let W be the space of all two-variable
bounded measurable functions on [0, 1]?, such that for
all W e W and u,v € [0,1], W(v,u) = W(u,v). A
graph G is weakly norming if for all W € W,

1/1Ec|
/re[ouwc) H (W (i, ;)] Hd%

(i,7)€EEG i€EVa
is a norm on W when considered as a function of W,
and the integral is with respect to the Lebesgue measure.

All weakly norming graphs are necessarily bipar-
tite and edge transitive [23]. Even cycles, complete
bipartite graphs, and hypercubes [7] are known to be
weakly norming. However, a complete characterization
of weakly norming graphs is still an open problem.

It has been shown that weakly norming graphs satisfy
Sidorenko’s conjecture, i.e., for a weakly norming graph
G, hom(G, M) > homg(G, MH) [7]. Further, it has
been shown that a graph G is weakly norming if and
only if hom(G,-) is convex on the set of so-called
signed graphons [24], [25], a continuous extension of
the discrete problem considered herein. An interesting
question, then, in our context is whether or not con-
vexity of hom(G, -), or more generally quasiconvexity,
implies anything about its relationship to homp. Re-
call that a function f : R®™ — R is quasiconvex if
FOz+ (1= N)y) < max{f(z), f(y)} for all z,y € R”
and all A € [0,1]. The following theorem shows that
quasiconvexity of hom(G, -) combined with permutation
invariance on bipartite graphs is enough to conclude
that the Bethe free energy yields a lower bound on the
weighted homomorphism counting problem.

Theorem V4. If G is a bipartite graph such that
hom(G, M) is a quasiconvex function of M € RZJ™,



then for any matrix M € RZ;™ and any doubly

stochastic matrix S € RT; ™,

hom(G, M) > hom(G, MS).

Proof. As G is a bipartite graph, the function hom(G, -)
is permutation invariant, ie., hom(G,MP) =
hom(G, M) = hom(G, PM) for any permutation ma-
trix P. This follows from the observation that permuting
the rows or columns of M is equivalent to a change of
the variables in the model.

This permutation invariance combined with quasicon-
vexity implies that hom(G, MS) < hom(G, M) for
any doubly stochastic matrix S € R™*™. To see this,
recall that by the Birkhoff-von Neumann theorem [26],
[27], any doubly stochastic matrix S can be written as
S = desm Ao P, where desm A = 1, X >0,
and P, is the permutation matrix corresponding to the
permutation o. We have

hom(G, M S) = hom (G,M( Z )\oPo)>

oES,

= hom (G, Z )\(,MPU>

ocS,

(a)
< max hom(G, M F,)

oESH
© hom(G, M)

where the inequality (a) follows from quasiconvexity of
hom(G, -) and (b) follows from permutation invariance.
O

Corollary V.5. If G is a bipartite graph and
hom(G, M) is a quasiconvex function of M € RT™
then hom (G, M) > homg (G, M). -

>

Proof. Applying Proposition V.2,

homp (G, M) = limsup {“/hom(G, MOkTmk)

k— o0

(a)
< limsup {/hom(G, M®F)

k—oc0

= lim sup y/hom(G, M)k

k—o0

= hom(G, M),

where the inequality (a) follows from Theorem V.4 and
the fact that 7" is a doubly stochastic matrix. O

VI.

Corollary V.5 implies that for any bipartite graph
G for which hom(G,-) is quasiconvex and any
m X m doubly stochastic matrix M, hom(G, M) >

DOUBLY STOCHASTIC MATRICES

hom(G, (:£)1,,1},), where 1,, € R™ ! has all of
its entries equal to 1. In fact, for any m x m doubly
stochastic matrix M, we can check that homg (G, M) =
mlVel=IFel = hom(G, (£)1,,1%). Sidorenko’s con-
jecture for doubly stochastic matrices is then equivalent
to the claim that for any bipartite graph G and any mxm

doubly stochastic matrix M,

hom(G, M) > hom(G, (%)lmlﬁ),

which is reminiscent of the van der Waerden conjecture
for the permanent [28]. In this section, we explore this
special case of the conjecture in more detail, i.e., when
the domain of hom(G, -) is the set of m x m doubly
stochastic matrices. We will denote the convex set of all
m X m doubly stochastic matrices by D,,.

We will provide several interesting observations
in this special case. We begin with two proposi-
tions demonstrating that hom(G, ) is monotonically
nondecreasing along the line segement starting at
(i)lmlf1 and ending at any permutation matrix and
that hom(G,-) attains its maximum over D, at the
permutation matrices.

Proposition VI.1. For any bipartite graph G =
(Ag, Ba, Eg), any m x m permutation matrix P, and
any X € [0,1],

hom(G, (1 — A)(l)1m1§ + AP) > hom(G, (i)1m1§).
m m
Proof. Given Q C Eg, define G? = (Ag, Bg, Q).

Having graph G we have

= > 1

z€[m]lVel i€Ag,j€Bag
(i.j)€Ea

- Z H [1mA+APx,.,4

$€[m]‘VG‘ 1€Ag,JEBg
(4,j)€EEG

hom(G, (1 — A\)(—)1,,1% + AP)

[(1 ~ A)(%)lmlﬁ * AP} o,

= > Y feem) | JI APl
ze[m]\VG\ QCE¢g i€AG,jEBg
(4,J)€EQ
where
1—-A
fa.e(A\,m) = 11
i€Ag,jEBg
(iJ)GEG\Q

1- )\ Feel
()
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Since fa,o(A, m) does not depend on the value of z,
swapping the order of summation results in

hom(G, (1 — A)(iﬂmlfn + \P)
m
= Y foqo\m)A® hom(GY, P)
QCEg
(a) 1
> Z fe.o(m)N? hom (G2, (—)1,,17)
QCEq m
® _ WE\QL @ L1y g7
= ) (1= n)Feely hom(G,(m)1m1m)
QCEg
1
= hom(G, (—)1,,17),

m
where (a) holds because graph G is bipartite and (b)

follows from the observation that for any bipartite graph
H = (Vu, En),

1 1

hom(H, (—)1,,17) = (—)|Pul=IVal

om(H, (—)1n1}) = ()
<mf

= hom(H, P),

where c is the number of connected components of H.
Therefore, hom(G?, (+)1,,11) <hom(G¥,P). O

m

Proposition V1.2. For any connected bipartite graph
G = (Ag, Bg, Eg), any m x m permutation matrix P,
and any m X m doubly stochastic matrix M,

hom(G, P) > hom(G, M).

Proof. From Equation (7), hom(G, M) = vT M®IFcly
for appropriately chosen v and w. Define the function
g: R 7GIxm!Fel R ag

g(A) 2 max trace(wv? A ®‘;€E:Ci‘ Py,)-

‘71""’0\EG\€S7”
Note that g is convex and permutation invariant with
respect to the subgroup of permutation matrices that can
be written as the Kronecker product of |Eg|, m x m
permutation matrices. Denote this subgroup as Q. In
what follows, let I represent the m x m identity matrix.
We have

hom(G, M) = v M®IEcly
= trace(wv? M®IFel)
(%) g(M®IFal
(b)
< g(1%1%el)

B
= max trace(v’ ®L:G1| P, w)

0150 Eg|ESm

()
<m

= hom(G, P),

where (a) follows from the definition of ¢ and the
observation that the m!Pel x mlPel identity matrix is
in Q, (b) follows from the fact that M ®lEc| ig in the
convex hull of the elements of Q and that g is convex
and permutation invariant over Q (use essentially the
same argument as that of Theorem V.4), and (c) follows
from the observation that if we put a possibly different
m X m permutation matrix on each edge of G, then
there are at most m assignments to the vertices of G
that result in a non-zero value. O

Proposition VI1.3. For any bipartite graph G =
(Ag, Bg, E¢) that is the disjoint union of trees and
any m x m doubly stochastic matrix M,

hom(G, M) = hom(G, (—)1,,17).

1
m
Proof. Without loss of generality, we can assume that G
is a connected tree-structured graph. If |Eg| = 0, then
the result is trivial. Otherwise, it is easy to verify that for
any leaf v of G, hom(G, M) = hom(G \ v, M), where
G\ v is the graph obtained by deleting the vertex v and
its incident edge from G. Repeating this process until a
single vertex remains shows that hom(G, M) = m for
any doubly stochastic matrix M. O

Proposition VI.4. Let Cy be the simple cycle on 2k
nodes with k > 2. For all M € D,,

1
hOIH(CQk, M) Z hOIIl(CQk, (f)lmlg),
m

where equality holds if and only if M = (%)1m1£.
Proof. Since hom(Cyy, M) = trace((MMT)*), it
is enough to show that (1)1,,17 is the unique
minimizer of minpsep,, trace (MMT)*). Clearly,
trace((MMT)F) = S A, where A1, Aoy ..oy Ay >
0 are the eigenvalues of the positive semidefinite
doubly stochastic matrix MM?T. Since any doubly
stochastic matrix has one eigenvalue equal to 1,
trace((MMT)*) = S AF > 1, where the mini-
mum is attained at the unique rank 1 doubly stochas-
tic matrix, ie, MM? = (1)1,,17. Finally, M =
(1)1,,1] is the unique doubly stochastic solution to
MMT = (1)1,,17 | and hence, the unique minimizer
of minysep,, trace ((MMT)F).

O

Proposition VL5. Let G be a bipartite graph. If
hom(G,-) = hom(G, ()1,,1},) has a unique solu-

tion on Dy, or G is cycle free, then hom(G, M) >
hom(G, (£)1,,1},) for all M € D,,.

Proof. If G is cycle free the result follows by Propo-
sition VI.3. As a result, we need only consider the
case in which hom(G,-) = hom(G,(%)1,,1},) has
a unique solution on D,, and G is a bipartite graph



with at least one cycle. Suppose by way of contra-
diction that there exists some M € D,, such that
hom(G, M) < hom(G,N) for all N € D,, and that
hom(G, M) < hom(G,(%)1,,11). By Proposition
VI.1, we have that for all permutation matrices P,

hom(G, M) < hom(G, (—)1,,1%) < hom(G, P).

1
m
By continuity and the assumption that hom(G, M) =
hom(G, (+)1,,1},) has a unique solution on D, for
each permutation matrix P, there exists a unique tp €
[0,1] such that M + tp(P — M) = (X)1,,1]. That
is, for every permutation matrix P, the line from M
to P must pass through (1)1,,17 . As this cannot be
simultaneously true for all permutation matrices unless
M = (1)1,,1%, we encounter a contradiction and the
result follows. ]

Definition VI.6. For every bipartite graph G =
(AG7Bg,Eg), with Q C Eg, let homg)Q(M,M’)
correspond to the homomorphism counting problem in
which the matrix M’ is placed on every e € @ and
matrix M is placed on every ¢ € Eg \ Q, ie.,

hOmGVQ(M, M’) =

>, I

ze{l,...,m}IVIi€Ag,j€Bg
(i.5)€Ec\Q

M,

!
|

i€Ag,j€Bg
(1,5)€Q

iy L5

Now with U, D € RZ;™, the st" directional deriva-
tive of hom(G,-) at U in the direction D, is given by

dS
_ @
odts

t=0

Z t‘Q‘ homQQ(U, D)
QCEq

=s! Z homg (U, D),

QCE¢
Ql=s

t=0

That is, the s derivative sums over all (lESG‘) edge
subsets of size s in which the matrix on the chosen s
edges is set to D while the matrix U is placed on the
remaining edges.

Proposition VL.7. For all bipartite G with at least one
cycle, hom(G,-) has a local minimum at (=)1,,1]
over D,,.

Proof. Fix a doubly stochastic matrix M € D, such
that M # (:£)1,,1] . We will use the general derivative
test to show that f(t) £ hom(G, (1)1,,12 +t[M —
(1)1,,17]) has a local minimum at the point ¢ = 0.

The s** derivative of f(t) is

dS
s f(t) =

S!(%)mcl—s Z Z H (Mwi,wj — %)

QCEg TaguBg 1€AG,jEBa
IQl=s (1,5)€EQ

©)
Now let k, an even integer, be the length of the
shortest cycle in GG. From Proposition VI.3 and (9) the
first kK — 1 derivatives of hom(G,(%)1,,1) in the
M — (+)1,,1], direction are equal to zero. Intuitively,
placing matrix (i)lmlﬁ on an edge effectively deletes
that edge from the graph as (1)1,,1] is a constant.
For the k™ derivative, each of the subsets of k edges
corresponds to either a single even cycle or a forest,
and by assumption, there must be at least one k-cycle
among them. We can then apply the same reasoning as
Proposition VI.4 to conclude that the k™ derivative is
strictly positive. The result then follows by the general
derivative test. O

We note that for general, non-bipartite graphs G, the
matrix (1)1,,17, need not be a local minimum.

VII. CONCLUSION

We investigated lower bounds for the weighted homo-
morphism counting problem on bipartite graphs via the
BFE and graph covers. When the BFE yields a lower
bound for a given bipartite graph, it can only improve
over the lower bound conjectured by Sidorenko. We
showed that while this does indeed happen in several
special cases, it need not happen for every biparite
graph. Indeed, we constructed an explicit counterexam-
ple for general bipartite graphs. We believe that the
matrix and bilinear characterizations of the hom and
homp may be useful for establishing lower bounds in
other scenarios. A similar symmetrizing construction
can be made for general MRFs, i.e., those that contain
potentials that depend on more than a pair of variables,
but we leave the details of such a construction for future
work.

APPENDIX

In this appendix, we provide alternative proofs for the
lower bound in the case of single cycles and complete
bipartite graphs (that do not rely on the notion of weakly
norming). These arguments are based on the notion of
majorization.

Definition A.1. A vector v € R"™ is majorized by a
vector w € R", written v < w, if
k k

ZUM < Zwm, forall ke {1,...,n}

i=1 i=1

(10)



12

and
Do v =D wps
=1 =1

where wy;) denotes the i largest entry of w.

Equivalently, v < w if and only if there exists a
doubly stochastic matrix D such that v = Dw. The
vector v is said to be weakly majorized by w, denoted
v <, w, if only condition (10) holds. Moreover, if
f R — Ris aconvex function, then v < w implies that
f(v) < f(w), where f(v) denotes the vector obtained
by applying f to each component of v [29].

Proposition A.2. For every n > 1 and every M €
RZ;™, hom(Ca,, M) > homp(Cap, M), where Cay,
is the simple cycle on 2n nodes.

Proof. Observe that, for a single cycle, hom(Ca,, M) =
tr((MM7)™). From Proposition V.2, it suffices to show
that hom(Cy,,, M®*T™*) < hom(Cy,, M)* for each
k > 1. Consider,

a n
hom(Cap, MEFT™F) & o (M=Fa =) k)

where (a) follows from Proposition V.1, (b) follows
from a standard majorization argument on the eigenval-
ues of positive semidefinite matrices, see H.1.g. Mar-
shall and Olkin [29], and (c¢) is a consequence of the
observation that hom (G, M®*) = hom(G, M)* for all
graphs G. O

Proposition A.3. For every complete bipartite graph
Koy and every M € RZS™, hom(K,p, M) >
hOHlB(Ka’b,M). B

Proof. The proof considers a reformulation of the count-
ing problem in which the variables in one of the parts
of Ko, = (A,B,E) have been summed out. For
N e Rgoxm,

hom(Kap, N) = > > [T ] Nevas
rzp€[m|b za€[m]e i€AjJEB
= > II{ X II %o
zp€[m]Pi€A \z;€[m]jEB
zp€[m]b \y€[m]jEB

We can think of the product Hje B Ny, as a vector
indexed by assignments to the variables xp, i.e.,

H Ny-,f'ij = [(Ny,:)®b} .
jEB

where N, . denotes the yth row of N. Now, consider
hom (K, p, MEFT™F) for some k > 1. Following the
above argument and substituting A/ ®*T™F for N yields

Z H (M®kTm,k)y7wj

ye[m*]jEB

- Z [(MfﬁTm,k)@@b]

y€E[m*]

S [

y€[m*]

DV i R AL

y€[m*]

B

B

vp

for each zp € [m*]’. Since T™F is doubly stochastic,
: b

so is (T™*)®°, and we have

S (gh P (s

y€[m*]

< 3 e

y€[m*]

As f(x) = z* is a convex function for all a > 1, > 0,
raising each component to the a*” power preserves weak
majorization.

hom (K, , MEFT™F)

- ¥

z g €[mk]b

>

zpE[mk]b

S (k) e

yE[m*]

3 gk

y€[mF]
= hom(K, s, M®k),

B
a

B

which, in conjunction with Proposition V.2, yields the
desired result.

An stronger version of Proposition A.3 for the case in
which M is an adjacency matrix follows from observa-
tions of Galvin and Tetali [2]. In particular, their results
imply that hom(G’, M) < hom(K,,, MH)* for any
k-cover G' of K,; and any graph H with adjacency
matrix M. The above proof argues the result for the
k-covers on average but is somewhat simpler than that
of [2].

O
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