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Abstract

A kind of self-dual quasi-abelian codes of index 2 over any finite field F'
is introduced. By counting the number of such codes and the number of
the codes of this kind whose relative minimum weights are small, such
codes are proved to be asymptotically good provided —1 is a square in F'.
Moreover, a kind of self-orthogonal quasi-abelian codes of index 2 are
defined; and such codes always exist. In a way similar to that for self-
dual quasi-abelian codes of index 2, it is proved that the kind of the
self-orthogonal quasi-abelian codes of index 2 is asymptotically good.

Key words: Finite fields; quasi-abelian codes of index 2; self-dual
codes; self-orthogonal codes; asymptotically good.

1 Introduction

Let F be a finite field with cardinality |F'| = ¢ which is a power of a prime, where
|S| denotes the cardinality of any set S. Let n > 1 be an integer. Any nonempty
subset C' C F™ is called a code of length n over F' in coding theory. The
Hamming weight w(a) for any word a = (a1,--- ,a,) € F™ is defined to be the
number of the indexes i that a; # 0. The Hamming distance d(a,b) = w(a —b)
for a,b € F™. And d(C) = min{d(c, ) |c # ¢ € C} is said to be the minimum

distance of C, while A(C) = @ is called the relative minimum distance of C.

The rate of the code C is defined as R(C') = log"—nlcl. A code sequence C', Cy, - - -
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is said to be asymptotically good if the length n; of C; goes to infinity and, for
i=1,2,---, both the rate R(C;) and the relative minimum distance A(C;) are
positively bounded from below. A class of codes is said to be asymptotically
good if there is an asymptotic good code sequence C,Co, - - - in the class.

Let G be an abelian group of order n. By F'G we denote the group algebra,
i.e., an F-vector space with basis G and with multiplication induced by the
group multiplication of G. Any ideal C of FG (i.e., any FG-submodule of
the regular module F'G) is called an abelian code of length n over F, or an
FG-code for short. Any element a = ) . a,x € FG is identified with the
word (az)zcq € F™. Hence the Hamming weight w(a) of a and the minimum
Hamming weight w(C) of C' are defined. The euclidean inner product of a = (ay)
and b = (b,,) is defined to be <a, b> =Y zeq Azbz. Then the self-orthogonal codes
and self-dual codes are defined as usual, e.g., cf. [10].

Let (FG)? := FG x FG = {(a,b) | a,b € FG}, which is an FG-module. Any
FG-submodule of (FG)? is called a quasi-abelian code of index 2 (2-quasi-abelian
code for short), or a quasi-F'G code of index 2 (2-quasi-F'G code for short).

If G is a cyclic group of order n, then FG-codes and 2-quasi-F'G codes are
the usual cyclic codes and 2-quasi-cyclic codes, respectively. Note that there is
a unique cyclic group of order n (upto isomorphism), but there may be many
abelian groups of order n.

It is a long-standing open question whether or not the cyclic codes are asymp-
totically good, e.g., see [14]. But it has been known for a long time that the
2-quasi cyclic codes are asymptotically good, see [5, 6, 11]. Moreover, the self-
dual quasi-cyclic codes with index going to infinity are asymptotically good, see
[7, 13]; and the binary (i.e., ¢ = 2) self-dual 2-quasi-cyclic codes are asymptoti-
cally good, see [15].

It is known that self-dual 2-quasi-cyclic codes exist if and only if —1 is a
square in F, see [13]. In fact, the condition “—1 is a square in F” is also
necessary and sufficient for the existence of the self-dual 2-quasi-F'G codes for
any abelian group G of order n, see Corollary 4.5 below.

The residue integer ring Z,, modulo n is partitioned into g-cyclotomic cosets,
see [10, §4.1]; and {0} is obvious a g-cyclotomic coset which we call the trivial
g-cyclotomic coset. By pg(n) we denote the minimal size of the non-trivial
g-cyclotomic cosets of Z,,.

By assuming that Artin’s primitive root conjecture holds, i.e., for a non-
square g, there exist infinitely many odd primes py, po, - - - satisfying:

o /Lq(pz):pl_177’:15275

Alahmadi, Ozdemir and Solé [1] proved that, if —1 is a square in F and ¢ is a
non-square, then there is an asymptotically good sequence of self-dual 2-quasi-
cyclic codes Cq,Cs, -+ with code length of C; equal to 2p; for i = 1,2,---.
And they asked an open problem if the dependence on Artin’s primitive root
conjecture can be removed.



In the dissertation [12], it has been proved by a probabilistic method that, if
—1lis asquarein F, and there are odd integers ni,ns, - - - coprime to ¢ satisfying
the following two:

e the multiplicative order of ¢ modulo n; is odd for i =1,2,-- -,

logq n;

e lim ~ = 0;
i—oo Ha (n3)
then for any abelian groups G; of order n;, i = 1,2, - - -, there exists an asymp-

totically good sequence C1p,Cs, -+ with C; being self-dual 2-quasi-F'G; codes
fori=1,2,---.

It was known for a long time that there exist odd integers ny,no, - - - coprime
to q satisfying that lim log, " — 0, see [4, Lemma 2.6], [9, Lemma IL6] or
i—oo Ma (n3)

Lemma 4.15 (and Remark 4.16) below. In fact, this existence is just enough to
guarantee the asymptotic goodness of the self-orthogonal 2-quasi-abelian codes,
and, to guarantee the asymptotic goodness of the self-dual 2-quasi-abelian codes
once —1 is a square in F'. More precisely, we have the following.

Theorem 1.1. Let ni,ns, -+ be odd positive integers coprime to q satisfying

that lim logy m
i—oo Ma (n3)

= 0. Let G; be any abelian group of order n; fori=1,2,---.

(1) There exist self-orthogonal 2-quasi-F'G; codes C; of dimension n; — 1,

1=1,2,---, such that the code sequence C1,Cy,--- is asymptotically good.
(2) If =1 is a square in F, then there exist self-dual 2-quasi-FG; codes C;,
1=1,2,---, such that the code sequence C1,Cy,--- is asymptotically good.

We will prove the theorem by counting the number of the self-dual (or self-
orthogonal) 2-quasi-abelian codes we considered.

In Section 2 we describe fundamentals of abelian group algebras.

In Section 3, we investigate the structure of 2-quasi abelian codes, and intro-
duce the 2-quasi-abelian codes of type I. If the abelian group G is cyclic, then
the 2-quasi-F'G codes of type I we defined are just the so-called double circulant
codes in literature, e.g., see [1, 16].

Section 4 is devoted to the study on the self-dual 2-quasi-abelian codes of
type I. First we show a counting formula of the number of such codes. Then
we exhibit an estimation of the number of the self-dual 2-quasi-abelian codes of

type I whose relative minimum weights are small. Finally, we prove the above
Theorem 1.1(2), see Theorem 4.17.

As mentioned above, the existence of self-dual 2-quasi-abelian codes is con-
ditional. In Section 5 we discuss a kind of self-orthogonal 2-quasi-F'G codes
of dimension n — 1, where G is any abelian group of order n as before. The
existence of such codes is unconditional. The study method for them is similar
to that in Section 4. In Theorem 5.10 we complete the proof of Theorem 1.1(1).



2 Abelian codes

From now on we always assume that F' is a finite field of cardinality |F| = g,
n > 1 is an odd integer with ged(n, ¢) = 1, and G is an abelian group of order n.

Let FG = {a =Y, .;a.x|a, € F} be the group algebra of G over F. As
mentioned in Section 1, any Y . a,r € FG is viewed as a sequence (az)zec
of F indexed by G, and the Hamming weight, the euclidean inner product etc.
are defined as usual.

The map G — G, ¥ — z~ !, is an automorphism of G of order 2 (since the
order of G is odd). And the following map

FG — FG, a—a, wherea=Y .qa.a " fora=3Y_ .a., (2.1)

is an algebra automorphism of FG of order 2. Following [9], we call the auto-
morphism Eq.(2.1) the “bar” map of FG. The following is clearly a linear form
on FG:

oc:FG—F, Y _o0.x— a1, (2.2)

zeG
where a;, is the coefficient of the identity element 14 in the linear combination
a =) ,cc 0. Recall that the euclidean inner product {(a,b) = > a.b, for

a= azx and b= _~b,z. Then the following holds ([9, Lemma I1.4]):

zeG zeG

(a,b) = o(ab) = o(@b) = o(ba) = o(ba), V a,bc FG. (2.3)

Since ged(n, ¢) = 1, by Maschke’s Theorem (see [2, pp. 116-117]), FG is a
semisimple algebra, i.e., F'G is the direct sum of simple ideals as follows:

FG=A DAL D - DA,,.

Correspondingly, the identity element 1 = 15 of the algebra has a unique de-
composition
Il=eyt+er+- - +em,

with e; € A;, 0 <7 < m. It is easy to check that

€i, 1= ]7 ..

e;e; = V0<ij<m.
“ {o, it

Such eg, eq,- -, ey are called “orthogonal” idempotents (here “orthogonal” is

different from the orthogonality defined by inner product). An idempotent

0 # e = €? is said to be primitive if it is impossible to write e = ¢/ 4 ¢’ for two

non-zero idempotents e’ and e’ with ¢’e” = 0. So we have:

e For i =0,1,---,m, A; = FGe; is a simple ring with identity e;, hence
e; is a primitive idempotent and A; is a field extension over F. We can
assume that Ag = FGey = Feg is the trivial FG-module of dimension 1.

e E={eg=1% ., e1,--+, ey} is the set of all primitive idempotents
of FG,and 1 =3 _pe.



e The “bar” map Eq.(2.1) permutes the primitive idempotents eg, €1, -+ , €,
(equivalently, the “bar” map permutes the simple ideals Ay, A1, -+, 4n);
obviously, gy = eg.

Then we can write the set E of all primitive idempotents as

E = {60} U {617 e 767‘} U {€7+1,E7+1, Ty e7+87€’r+5}7 (24)
wheree; =e; fori=1,---,7, € #epy for j=1,---,sand 1 + 7+ 2s = m.
For j =1,--- s, the restriction of the “bar” map to A,.; induces a map:

Anj=FGeny — Anj=FGe,y, ar— T,

which is an F-algebra isomorphism. It is easy to check that A, + A are
invariant by the automorphism “bar”. So we set

é\H-j = Cryj T Cryy, Ar+j = FG€r+j = ATJrj +Zr+j7 j= 1, ,s; (2 5)
.E1:{607 ey, - 76T7€7+17... 7/6\74-5}-
Then

~ e. e=¢': ~
1= e; e=e, VYeckE; e={" "Ve,d€E 2.6
Z {O, e#e; (26)

and we have a decomposition of F'G written in several ways:

FG = FGeo @ (D, FGei) D (D), (FGerny D FGery))
= A @D (B 4) ® (D) (A DAry))
= 4@ (B 4) O (B Aw)
= FGeo® (D, FGe:)) D (D)=, FGery).

For an ideal A of FG, we denote A’ = {a | a € A,a = a}.

Lemma 2.1. Keep the notation as above.
(1) A% :AO :FGGO = Feo.
(2) (FG)® is a subalgebra of FG as follows:

(FGY = Feo @ (D, A1) @ (@)1 (An,)") : (2.8)

and dim(FG)” =1 + 2L,
(3) FO’f’j: 15 » S,

(Ar)” = (Argj +Arg)” = {a+7 | a € A };

in particular, dim(;lrﬂ-)b = dim(A,; + Zrﬂ-)b =dim A,; = dim Zrﬂ-.
(4) Fori=1,---,r, dim A; is even, and dim A? = %dimAi.



Proof. (1). Obvious.

(2). Forany a € FG, by Eq.(2.7), we assume a = ) __ 5 a. with a. € FGe for
e€ E. Thena = Zeeﬁae. For any e € F, since € = e and FGe = FGe = F(Ge,
we have @, € FGe, then a =@ iff a. = @, for e € F, i.e., Eq.(2.8) holds.

For any 1 # x € G, T = 2~ ! # 2 (because the order n of G is odd). Thus,
a=3,cctr € (FG) if and only if a,-1 = a, for all 1 # z € G. In other

words, except for 1 € G, there are "T’l coefficients of a € (FG)” which can be

chosen from F freely. That is, dim(FG)” = 1 + 2L,
(3). For a € Ay and b € Ay, since @ € A, and b € Ay, then

a+be (A +An,) <= G+b=a+b < a=bandb=a.

(4). For i = 1,---,r, since A; is a finite field and the “bar” map is an
automorphism of it of order < 2, then we have

) , ) dim A, “bar” is the identity automorphism of FGe;;
dim A} =

% dim A;, otherwise.
In particular, 1 dim 4; < dim 4. By (3),

dim(A,;)" = dim A,y = 3 dim(A.y + Ay).
By Eq.(2.8),

T+ =143 dim A+ 375, dim(A,.;)°
> 1433 dim A+ 5300 (dim Ay + dim A,y) = 14 252

So, for i = 1,--- ,r, every “% dim A; < dim AE” has to be an equality; that is,

%dimAi:dimAg,fori:1,~-~,r. O
Set ~ N

ETZE—{eo}:{el,"- , €y /6\74_1,-" ,/6\74_5}. (29)

By Lemma 2.1, for any e € ET, dim F'Ge is even. Denote
Ne = %dimFGe, e e ET;
ni:neivizlv"'aT; nT+j:n€7~+j5j:17"'7S;

then
n=1+2 5 ne:1+2(zz:1ni+2j:1nﬂﬂ-). (2.10)

Remark 2.2. For any ideal A < F'G, there is a unique subset £4 C F such
that
A=@,.cp, FGe=FGea, where ex =) p e



So any ideal A is a ring with identity e 4 and with the unit group

AX = HeEEA(FGe)Xa

where (FGe)* = FGe — {0} since FGe is a finite field. Thus, for a € A,
FGa = Aif and only if a € A*, if and only if ae # 0 for all e € F 4.

In particular, the multiplicative unit group of F'G is as follows:

(FG)* = F*ey X (élAf) X ( X (A§+j><Z:+j)).

j=1

3 2-quasi-abelian codes

Keep the notation in Section 2.

The outer direct sum (FG)? := FG x FG = {(a,b)|a,b € FG} is an FG-
module. Any FG-submodule C of (FG)?, denoted by C < (FG)?, is said to be
a 2-quasi-abelian code, or a 2-quasi-F'G code. Denote by w(a,b) the Hamming
weight of (a,b) € (FG)?, and by w(C) the minimum Hamming weight of C.
Note that C is a linear code of length 2n. The relative minimum distance
A(C) = w9 "and the rate R(C) = dmc,

2n 2n
For any (a,b) € (FG)?, by Eq.(2.6) we have
(a,b) =1-(a,b) = eo(a,b) +e1(a,b) +---+ep(a,b) +epa(a,b) +- - +ens(a, b).
Thus for any C < (FG)?,
C=eCte1CPh - e, CHenCd- - deasC. (3.1)

Lemma 3.1. (1) As FG-modules we have a direct sum decomposition:

(FG)? = (Fep)? @ (FGe1)? @ - @ (FGe,)* ® (FGem1)? @ - - @ (FGers)?.

(2) For any e # € € E = {€o, €1, " ,€r,Eni1, " ,Cris}, the submodules
(FGe)? and (FGe')? of (FG)? are orthogonal, i.c., ((FGe)?, (FGe')?) = 0.

(3) For any e € E, the orthogonal submodule ((FGe)?)* :@e,eﬁi{e}(me’)?
Proof. (1). This is checked by Eq.(3.1) and the following: for e € E,
e(FG)* = {(ea,eb) |a,b € FG} = FGe x FGe = (FGe)?.

(2). Note that ¢/ = ¢’ and ee’ = 0. For (ae,be) € (FGe)? and (d’e’,b'e’) €
(FGe')?, where a,b,a’, b € FG, by Eq.(2.3) we have

{(ae,be), (a'e’,Ve')) = o(aed’e’) + o(beble’)
= o(aee’ a’) + a(bee’ V') = a(aee’d’) + a(bee’t) = 0.

(3). This follows from (2) immediately. O



Note that, for e € E, FGe is an algebra (with identity e) and (FGe)? is
an FGe-module, and Lemma 3.1 implies that the restriction to (FGe)? of the
inner product of (FG)? is non-degenerate.

For the decomposition of C' < (FG)? in Eq.(3.1), the component eC for
e € E is an FGe-submodule of (FGe)?.

Corollary 3.2. Let C < (FG)? be as in Eq.(3.1). Then the orthogonal sub-
module C* has a direct decomposition:

O = (e00) ™ @ (e10)7 @ - @ (e:C) 7 @ (EnC) T @ -+ @ (€nsC) T,

where (e;C)*¢ for i = 0,1,---,r denotes the orthogonal FGe;-submodule in
(FGe;)?, and (6,4;,C)* for j = 1,---,s denotes the orthogonal FGe,;-
submodule in (FGe.y)?.

Proof. By Lemma 3.1(2), the right hand side of the wanted equality is contained
in the left hand side. By computing the dimensions of the two sides of the wanted
equality, we obtain that the wanted equality does hold. O

Corollary 3.3. Let C < (FG)? be as above. Then C' is self-orthogonal if and
only if eC' is self-orthogonal in (FGe)? for any e € E.

In general, a 2-quasi-F'G code may not be generated by one element. For
our purpose, in the following we consider the 2-quasi-F'G codes generated by
one element. For any (a,b) € (FG)?, let

Cop = {(ua,ub) |u € FG} (3.2)
be the FG-submodule of (FG)? generated by (a,b).

Lemma 3.4. As FG-modules, Cop = FG/Annpg(a,b), where Annpg(a,b) =
{u|u € FG,ua =0 = ub} denotes the annihilator of {a,b} in FG. In particu-
lar, dim C\y ;, < n.

Proof. By the construction of C, 4, there is a surjective £'G-module homomor-
phism from F'G to Cg p, mapping u to (ua, ub) for any u € F'G. It is easy to check
that the kernel is just Annpg(a,b). Then we have FG/Annpg(a,b) = Cyp. O

If one of a and b is invertible, then Annpg(a,b) = 0, hence dimC,, = n

obviously. Without loss of generality, we assume that a € (F'G)* is a unit, then
(a,b) = a(l,a7tb) € Ch.a-1p and Cyp = O 4-1p,.

Definition 3.5. For any b € FG, we call Cy, = {(u,ub) |u € FG} < (FG)? a
2-quasi-F'G code of type I, or a 2-quasi-abelian code of type I.



Remark 3.6. List the elements of G as
G:{xozl,l'l,"' ,,Tn_l}. (33)

Any a = Z;ZOI ajz; € FG corresponds to a sequence (ag, a1, - ,an—1) € F™.
Thus, as a linear code, Cy 5, is an F-subspace of (FG)? with basis as follows:

(17b)7 (.%'1,.%'1()), T, (xn—laxn—lb)- (3.4)

Of course, 1 corresponds to the sequence (1,0,---,0) € F™. Set b = E;:Ol bjx;,
i.e., b corresponds to the sequence (b, by, -+ ,by,—1) € F™. Any x; € G provides
a Cayley permutation p;:

(0 1 - G o m—1
Ty pi= <0/ L N 1)/) ) (3.5)
where zj; = z;x; for j = 0,1,--- ,n—1; in particular, 0’ = i because z;z9 = ;.

The map x; — p; is said to be the Cayley representation of the group G, e.g.,
see [2, pp. 28]. Clearly, pg is the identity permutation. Then

n—1 n—1
zib =300 bimizy =3, bz

i.e., x;b corresponds to the sequence obtained by p;-permuting on the sequence
(bo, b1, ,bp—1). Let B be the n x n matrix whose i’th row is obtained by
pi-permuting on (bg, b1, ,bn—1) € F™. By I we denote the identity matrix.

Lemma 3.7. Keep the notation in Remark 3.6. Then a linear code C' of length
2n and dimension n has a generating matriz (I B) if and only if C = Cy .

Proof. Assume that C = Cj;. By the above analysis, (z;,x;b) in Eq.(3.4)
corresponds to the i’th row of the matrix (I B). So C is a [2n,n] linear code
having (I B) as a generating matrix.

Conversely, assume that C is a [2n,n] linear code having (I B) as a gen-
erating matrix. The i’th row of the matrix (I B) corresponds to the element
(w;,2;b) € (FG)?. Thus C can be regarded as an F-subspace of (FG)? with
basis Eq.(3.4); hence C = C . O

Example 3.8. A typical example is to take G = {1,z,22,--- ;2" '} to be a
cyclic group of order n. Then p; is just the cyclic permutation, p; = p%, and B
is just the usual circulant matrix with first row (bo, b1, -+ ,bp—1). The code C1
with generating matrix (I B) is said to be a double circulant code in literature,
e.g., see [1, 16].

We consider self-dual 2-quasi-F'G codes of type L.

Lemma 3.9. For any C,;, < (FG)? as in Eq.(3.2), the following three are
equivalent to each other:

(1) Cyup is self-orthogonal;



(2) a@+ bb = 0;
(3) the following two hold:
(34) aesae; + bebe; =0, fori=0,1,---,r;
(311) aé}ﬂaé}ﬂ =+ bé\rﬁbé\rﬁ = O, forj — 17 cee 8.

Proof. (2)=-(1) For any elements u(a,b),u'(a,b) € C(, ), the inner product
(u(a,b),u/(a,b)) = o(ua-u'a) + o(ub - u'b) = o (uu/(aa + bb)) = 0.
(1)=>(2). The proof is similar to [9, Lemma IL.3]. Suppose aa + bb =

> weq Gzv With a coefficient a,, # 0. Then the inner product of (a,b) € Cup
and zg(a,b) € Cyp is

{(a,b),z0(a,b)) = o(Tg(aa + bb)) = o(zo™ Y, Aat) = Az, # 0,
which contradicts to (1).
(2)<(3). Since
a=aey+ae; + -+ ae, + arpy + -+ - + aCpys,
b="bey+bey+ - +be,+berg + -+ bers,
then
a@ + bb = (aeo@eg + begbeg) + (aei@ey + beiber) + - - - + (ae,aéy + be,be,)
+ (a8 Cris + br1ber1) + - + (ACris@Cps + berisberas)-
Hence, (2) and (3) are equivalent. O

Corollary 3.10. Let Cyp be a 2-quasi-F'G code of type 1. The following are
equivalent to each other:

(1) Chyp is self-dual;
(2) bb=—1;
(3) the following two hold:
(3.4) bebe; = —e;, fori=0,1,---7r;

(311) bé\Tﬁbé\Tﬁ — _é\Tﬂ; fO’r’j = 1, e 75'
Proof. Since dim C1, = n (Lemma 3.7), it follows from Lemma 3.9. O

4 Self-dual 2-quasi-abelian codes of Type I

Keep the notation in Section 3. In the following we always denote

D={Cipy|be FG, bb=—1}, (4.1)

which is the set of all self-dual 2-quasi-F'G codes of type I, see Corollary 3.10.
We always assume that J is a real number such that 0 < § < 1 — ¢!, and set

D = [ | Crp € D, A(Chy) = M) < 5] (4.2)

10



4.1 Counting ‘@‘
Theorem 4.1. Let the notation be as in Eq.(2.5), Fq.(2.9) and Eq.(2.10). Then
[Lica (g™ + DIz (@™ =1), g is even;
D] = § 2ITima (@™ + DT (e 1), g =1 (mod 4);
0, q=—1 (mod 4).

Proof. The cardinality |D| is equal to the number of the choices of b € F'G' such
that bb = —1. Let

T, ={B|B € FGe;, BB = —e;}, i=0,1,---,r;

By Corollary 3.10,

(4.3)

D] = [Tol - ITizy 1Fil - TTj=y |44l

Thus the proof of the theorem will be completed by the following Lemma 4.2,
Lemma 4.3 and Lemma 4.4. O

Lemma 4.2. Let the notation be as in Fq.(4.3). Then

1, q is even;
¢=1 (mod 4);

7 =2
0, ¢= -1 (mod 4).

Proof. Since FGeg = Feg and 8 = 3 for all 3 € Fey, |To| is equal to the number
of the solutions in F' of the equation X2 = —1. Note that the unit group F* is
a cyclic group of order ¢ — 1.

If ¢ is even, then —1 =1, ¢ — 1 is odd, hence |Ty| = 1.

Assume that ¢ is odd. Then —1 is the unique element of order 2 in F'*.

Hence, X2 = —1 has solutions if and only if F* has an element of order 4, i.e.,
4|q— 1. Thus, if 4| ¢ — 1 then |Ty| = 2; otherwise |Tp| = 0. O

Lemma 4.3. Keep the notation in Eq.(4.3). If 1 < i <r then “.Tl‘ =q™ + 1.

Proof. Since FGe; is a finite field with |FGe;| = ¢*"i, and e; is the identity
element of the field, then the unit group (FGe;)* is cyclic, and |(FGe;)*| =
" — 1= (¢"™ +1)(¢™ — 1). Note that €; = ¢;. Hence by Lemma 2.1(4), the
“bar” map is a Galois automorphism of F'Ge; of order 2. So, for any g € FGe;,
B = 39"". Then the equation 85 = —e; turns into:

I+ = ¢, (4.4)

11



Case 1: ¢ is even. The equation X" ‘+! =1 has exactly ¢" + 1 roots in the
finite field F'Ge;. The lemma holds.

Case 2: ¢ is odd. Then 2| (¢"* — 1), the equation X2(@"+1) = 1 has exactly
2(¢"™ + 1) roots. Hence, X9'*1 = —1 has exactly ¢" + 1 roots in the finite
field F'Ge;. We are done. O

Lemma 4.4. Keep the notation in Eq.(4.3). If 1 < j < s then “J}ﬂ‘ =q" —1.

Proof. Write 8 = '+ " with 8/ € FGe,.; and " € FG&,.;. Then 3 = —&,;
for B € T,4, is rewritten as

—erj —Eng = (B'+B")(B'+8") = (B'+ B")(B'+ B") = B'B" + B'B”,
which is equivalent to
BB = —eny; (equivalently, 8’8" = —&.y;). (4.5)

Take any 8 € (FGe,;)* there is a unique element v € (F'Ge,y )™ such that
B’y = —eny; and, there is a unique 8”7 € (FGe,;)* such that 57 = . Note
that }(F Gepyj)* | = ¢" — 1. In conclusion, there are exactly ¢"™ — 1 elements

ﬂ = ﬂ/ + ﬂ” S FG(€T+J' +ET+j) such that ﬂB = —Cpryy — €T+j = _€T+j' O
Corollary 4.5. The following four are equivalent to each other:

(1) The self-dual 2-quasi abelian codes exist.

(2) The self-dual 2-quasi abelian codes of Type I exist.
(3) =1 is a square element of F.
(4)

4) Either q is even, or 4|q — 1.

Proof. (3)<(4). Both (3) and (4) are equivalent to that the equation X2 = —1
has solutions in F', see the proof of Lemma 4.2.

(1)=(4). Let C < (FG)? such that C = C*. By Corollary 3.2,

e0CPerC®H  ®e,CBeCd - ®en,C=C=Ct
=(eoC) 0 @ (10) @ @ (e, O B (@ C) 1 @ -+ ® (s C) 1.
In particular, egC' = (eoC)to, which implies that there is a 3 € Feg such that
B8 = —ep; so [To| > 0. By Lemma 4.2, (4) holds.
(4)=(2). By Theorem 4.1, |D| > 0.
(2)=(1). Trivial. O

12



4.2 Estimating |D=’|
Before going on, we list two lemmas which will be cited later. The following
he(d) = dlog, (¢ — 1) — dlog,d — (1 —§)log,(1—0), d€[0,1— q ', (4.6)

is the so-called g-entropy function, which is increasing and concave on the inter-
val [0,1 —¢~'] with hy(0) =0 and hy(1 —¢~!') = 1. For any subset S C (FG)?,
we denote S0 = {(a,b) | (a,b) € S, wlab) < §}.

2n

Lemma 4.6. If A < FG, then Ax A < (FG)? and |(Ax A)S%| < gha(9)-dim(AxA),

Proof. Tt follows from [8, Corollary 3.4 and Corollary 3.5]. O
Lemma 4.7. Let ¢ > 2, k1, -+, ky, be integers. If ki > log,m fori=1,--- m,
then

(1) (¢" =1)---(¢"m = 1) > M tthm=2;
(2) (@™ + 1) (gFm +1) < gt thnt2,

Proof. (1). Please see [9, Lemma 2.9].

(2). Assume that k; < --- < k,,. Since log, m < kq, q% < 1.

k1

st = (i) (1 ) < (1 ) "< (1 )

Since the sequence (14 £)* for k = 1,2,--- is increasing and bounded above
by 3 and 3 < ¢?, we obtain the wanted inequality. O
Recall that £ = {eo, €1, ,€ryCrp1y s Cris}s Et = F - {eo}, and for

e € Ef, n. = 1 dim FGe, see Eq.(2.5), Eq.(2.9) and Eq.(2.10).
For any a € FG, we denote:

Ea:{e|e€E,ea7§0}, E};:{e|e€E’T,ea#0};

(4.7)
L, = @eeﬁf FGe < FG, [{,:= EBGE\T ne (hence dim L, = 24,).

Lemma 4.8. For (a,d) € (FG)?, let
CD(a,d) = {Cl,b | Cl,b S @, (a,d) S Cl,b}-
If Dig,ay # 0, then E, = E; and

Dia,ay| < 2[1epr—pila™ + 1)
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Proof. Assume that C1p € D, q), then C1p) € D, ie, bb = —1 and (a,d) =
u(1,b) for some u € FG. Then a = u and d = ub = ab. Assume b =) 5 fe
with 8. € FGe. Then, for e € E,

ﬂeﬁe = —€, ed = eaﬂe- (48)

Hence, 5. € (FGe)*. So ea # 0 iff ed = eaf, # 0. That is, Ea = Ed.

Note that there already exist such f.’s satisfying Eq.(4.8) because D4, q) # 0.
What we are computing is how many choices of them.

Case 1: e = eg. We have seen from Lemma 4.2 that there are at most two
choices of fe,.

Case 2: e € E]; There are two subcases.

Subcase 2.1: e = e; for some 1 < i < r. Then FGe; is a field; and ae; # 0 #
de;. So, de; = ae;f, implies that B., = (ae;)~!(de;) is uniquely determined.

Subcase 2.2: € = €pj = epy + €y for some 1 < j < s. Then g, =
B+ p" with f° € (FGeny)* and 7 € (FGenyy)™ such that 55" = —epny,
see Eq.(4.5). Since €.a # 0, enpja # 0 or €5a # 0 (or both). Without loss
of generality, assume that e,ya # 0. In FGepy;, by Eq.(4.8), enpid = enaf’,

hence 3" = (eqja) "' (en4jd) is uniquely determined. Consequently, 37 = —3/~1
is also uniquely determined.

Combining the two subcases, we conclude that, if e € E];, there is a unique
Be € FGe satisfying Eq.(4.8).

Case 3: e € Ef — E}; Then ae = 0 = de, hence the second equality of
Eq.(4.8) always holds. Thus, there are g™ + 1 choices for 8. (see Lemma 4.3),
or ¢"* — 1 choices for 3, (see Lemma 4.4).

Summarizing the above three cases, we get the inequalities of the lemma. [

Corollary 4.9. Keep the notation as above.

n—1_
Dig,a) <q 7 2,

Proof. By Eq.(2.10), 2 = DoecBtMe = Dechi Me + D ocpi_pi Ne- By the
above lemma and Lemma 4.7(2), we have: |D(, q)| < 2[Leepi_pi(g" +1) <

2 . q2 . qzeefffﬁg e S q3 . anilfea' I:‘
It is known by [3] that
min { dim FGe | e € E — {eo} } = piq(n), (4.9)

where p4(n) is the minimal size of non-trivial ¢g-cyclotomic cosets on Z,. For
e € ET, by Lemma 2.1, dim(FGe) is even and dim(FGe) > p,(n).
For an integer ¢ with pq(n) < 2¢ <mn — 1, we denote

Qop = {J < FG‘ J is a direct sum of some of (FGe)’s for e € ET,dim J:2€}.
(4.10)
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Lemma 4.10. || < |E1*/#1™) < p2t/ua(m).

Proof. For J € Qg, dimJ = 2¢ and J is a direct sum of some of (FGe)’s for
e € Ef. Since dim FGe = 2n, > q(n), the number of the direct summands
in J is at most 2¢/p4(n). And, since |Et| =7+ s < n— 1, the number of the
choices of each direct summand of J is at most r + s. O

For J € Qqy, we denote (where ¢, and L, are defined in Eq.(4.7))

J = FGeo+J (hence dimJ = 2¢+ 1);
J* = {a ’ a € j, L, = J (equivalently, ¢, = [)}

_ 1 ((n=1)/2
Lemma 4.11. D= = t=3%pq(n) UJEtaz U(a,d)e(j*xj*)ﬁé g(a,d)'

Proof. If (a,d) € (J* x J*)<%, then 0 < M < 6. For any C1p € D(4,q4), We

n

have C;, € D and % <, e, Cip € D=Y. Hence Dia,ay DI,
Let C1 € D=9, There is 0 # (a,d) € (FG)? such that

(a,d) € C1p and 0 < w(a,d) < 20n.

Then C1p € D(q,q) and El # 0 (otherwise (a,d) = (aeg, d/eg) with 0 # a € F
and 0 # o/ € F, hence w(a,d) = 2n > 20n). By Lemma 4.8, E! = Ei. Then
(a,d) € J* x J* with J = L, € Qq,. Thus, the left hand side of the equality in
the lemma is contained in the right hand side. O

Lemma 4.12. Let %uq(n) </ < "T_l and J € Q9. Then

n-1 _1
|U(a,d)e(j*><j*)§5 Digay| <42 +46(hg(8)—1)+2hqe(6)+3

Proof. Since dim(J x J) = 2(2{ 4+ 1) = 4( + 2, by Lemma 4.6 we have

}(j > j)gé} < q(4E+2)hq(6)'
For (a,d) € (J* x J*)=<% £, = { and D, < ¢"= ~**3 (see Corollary 4.9). So

‘ U(a,d)e(j*xj*)§5 D(a,d)| < Z(a,d)e(j*xf*)§5 |:D(a7d)‘

—1 —1
712 n — 043

S adyeFoxins €7 P <Y aedxns 4 T

= |(J x )= LTS < gUEDRG() | gt s

— "7 HA(ha()= ) +2hq (O)43,

We are done. O
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Theorem 4.13. Assume that 1 — hq(5) — % > 0. Then

logq n

’.Dgé‘ < anil*Q#q(n)(%th(‘;)* Mq(n))+4'

Proof. Denote pt = pg(n). By Lemma 4.11, Lemma 4.12 and Lemma 4.10,

n—1 n—1
D<) < lez%# > e, 4 +4£(hq(8)—%)+2hq(5)+3

n—1 n—1 1
< Ze%u n2t/m . g Tt +40(ha(6)=1)+2hq(8)+3

1

— _ log, n
S e G b ) RO
Z:gu

log, n
2p

Since 2¢ >y and 1 — he(8) — > 0 (hence 2h,(6) < 1),

|@S5| < Z% q%—%(%—hq@)—biﬁn)‘*‘l"‘?’
S 21y

1
—1 1 log, n
g P05
n— 1
_ (o)
We are done. O

4.3 Asymptotic goodness

log, n

Theorem 4.14. Assume that q is even or 4| (q—1), and + —hq(8) — satmy > 0-
Then D<) D] < q,g‘uq(n)(%th(é)f1:5?73)+6.
Proof. By Theorem 4.1 and Lemma 4.7 ,
D > [Loep (g — 1) > gXeest ™72 = g2 2,
By Theorem 4.13,
|DS5|/|D| < q%ﬂ—zuq<n>(%th<a>—t’§;’;;)+4/q%—z
_ q*Quq(n)(%*hq(f?)*ff?n?)%'
We are done. O

Lemma 4.15 ([9, Lemma 2.6]). There are infinitely many positive odd integers
logq n;

ni,na, -+ coprime to q such that lim

Aim TS = 0; in particular, pq(n;) — oo.
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Remark 4.16. By [9, Lemma 2.6], there are infinitely many primes pq, ps, - - -
log, pi
Hq(Pi)
necessarily primes (which implies that the abelian groups G; of order n; are not

necessarily cyclic). Because: by [3], for any integer m > 1 coprime to g,

such that lim = 0. We just remark that the n;’s in the lemma are not
1—r 00

ttq(m) = min { 114 (p) ‘ p runs over the prime divisors of m};

log, n;

=0.

therefore, if we take, for example, n; = p?, we still have lim )
1—o0 Fal\’t

Theorem 4.17. Let ny,ng,--- be as in Lemma 4.15. Let G; be any abelian
group of order n; for i = 1,2,---. If q is even or ¢ = 1 (mod 4), then there
exist self-dual 2-quasi-F'G; codes C; of type I, i = 1,2,---, such that the code
sequence Cq,Cy, - -+ is asymptotically good.

Proof. Let D; be the set of all self-dual 2-quasi-F'G; codes of type I, let CD?s be
as in Eq.(4.2). By the property of hy(d) in Eq.(4.6), we can take 6 € (0,1—¢~!)

log, n;
8™ — (), we can further assume
tq(ni)

satisfying that 0 < hg(d) < 1. Since lim
1—> 00

that 5 — hg(6) — i:)f(an:; > ¢ > 0 for a positive real number ¢. Since pg(n;) — 00,

by Theorem 4.14 we have

logg n;

lim (D59 /D] < Jim g2 (=ha @)= R85 )46 _
11— 00 11— 00

Thus we can take C; € D; — 'D?‘; for i = 1,2,---. The self-dual 2-quasi-F'G;

codes C; of type I satisfy the following:
e the length 2n; of C; is going to oo;
e the rate R(C;) = % fori=1,2,---;
e the relative minimum distance A(C;) > ¢ for i =1,2,---.

That is, the sequence of codes Cy,Cs, - -+ is asymptotically good. O

5 Self-orthogonal 2-quasi-abelian codes

Keep the notation in Sections 2-4.

The existence of self-dual 2-quasi-F'G codes (i.e., the self-orthogonal 2-quasi-
FG codes of dimension n) is conditional, see Corollary 4.5. However, in the
following we show that the self-orthogonal 2-quasi-F'G codes of dimension n — 1
always exist, and they are asymptotically good.

As exhibited in the proof of Theorem 4.1, the existence of self-dual 2-quasi-
FG codes depends only on the computation in the ep-component (Lemma 4.2).
Similarly to Eq.(2.9), by removing the ep-component we set

IF'=1—ey, ie, =€+ +e +Cng+ -+ Crps;
FG'=FG-1' =@,z FGe.

Then the eg-component of any b' € FGT vanishes, i.e., egb’ = 0 and b = 17bT.

17



Lemma 5.1. For any bt € FG' with bint = —1f, we have
Orr)bf = {(ulT, ubT) |u e FG}
18 a self-orthogonal 2-quasi-FG code of dimension n — 1.

Proof. By Lemma 3.9, Cji 1 is self-orthogonal. Since Annpg(1f,b%) = Feg, by
Lemma 3.4, dim Cy j1 = n — 1. O

Similar to Eq.(4.1), we set
Dt = {Cyiyi | b € FGH, bbT = —11}. (5.1)
And, similar to Eq.(4.2), we assume that 0 < § < 1 — ¢!, and denote
w(C
(D18 = {Cuyr | Crgr € DF, Qi) < 5} (5.2)
Theorem 5.2. |Df| = [[\_, (¢" + 1) [[;_,(¢"+ — 1).
Proof. For bt € FGT such that bibt = —1f, the eg-components of both 1t and bt

vanish. Thus |Df| = [[; X} |T%|, and the theorem follows from Lemma 4.3 and
Lemma 4.4. 0

Remark 5.3. If Oy, € D and b = b — beg, then bibf = —1 and Cyiyr € DI
In other words, Cyt;t can be obtained by removing the eg-component of Cy .
However, it may happen that D = (), see Theorem 4.1. As a comparison, it is
always true that Dt £ (. We call Cript € Dt a self-orthogonal 2-quasi-F'G code
of type It.

For (a,d) € (FG)?, let D{, » = {Ciiyt | Cript € DT, (a,d) € Cyrpr}. And,
similar to Lemma 4.8, we have

Lemma 5.4. Let the notation be as above. If @za ) # 0, then aeg = 0 = dey,
E]; = Ejl and

1Dl < Tcar_pi(a™ +1).
Proof. It Cyi 4t € D and (a,d) € Chipt, then there is a u € F'G such that
a = ult and d = ubf, hence aeg = ulfey = 0, dey = ub’ey = 0, and E]; = EJ;

Similar to the proof of Lemma 4.8, we can complete the proof (just note that
Case 1 of the proof of Lemma 4.8 is no longer present here). O

Similar to Corollary 4.9 and Lemma 4.11, we have
Corollary 5.5. |®za ol = gtz a2,
(n—1)/2 *
Lemma 5.6. (D7)<% = Usean Utaayee xe)<s ®za,d)’ where J* =

é:%Hq(")
{a}aEJ, La:J}.
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And Lemma 4.12 is revised as follows.

Lemma 5.7. Let %,uq( )y <e< L and J € Q. Then

2ol 4e(he(5)—%
’U(a,d)e(J*xJ*)Sé gza,d)’ < gt AR 0)= )52

Proof. Tt is similar to the computation in the proof of Lemma 4.12 (but J is
replaced by J, etc.):
T T
} LJ(a,d)G(J*XJ*)S‘s 'D(a,d)’ < Z(a,d)G(J*XJ*)SS ’:D(a d)}

n-l_ 42 nol 42
SZ(a,d)e(J*xJ*)SSq = SZ(ad e(Ixn<s 4 2 *

|(J < J <5| nl 42 < gMtha(d) . q%l—uz

— g T Hal(ha(9)=1)+2

where the last second line follows from Lemma 4.6 and dim(J x J) = 4¢. O

Then, similar to Theorem 4.13 and Theorem 4.14, we can get the following
results.

Theorem 5.8. Assume that 1 — he(5) — log‘zn) > 0. Then

| 'DT <6‘ <gq nt 2Mq(”)( hq(é)—ff&ﬁ)ﬂ'

Theorem 5.9. Assume that 1 — he(5) — log‘zn) > 0. Then

logg

|('DT)§6|/|'DT| < q—QHq(")(%_hq@) " (n))+4

Theorem 5.10. Let ny,ns,--- be odd positive integers coprime to q such that
logq ng

lim ) = = 0. Let G; be any abelian group of order n; fori=1,2,---. Then
1—00 v

fori=1,2,--- there exist self-orthogonal 2-quasi-F'G; codes C; of type I' (hence
dim C; = n; — 1) such that the code sequence Cy,Ca, -+ is asymptotically good.

Proof. Let @;‘ be the set of all self-orthogonal 2-quasi-FG; codes of type IT.
Take a real number § € (0,1 — ¢~ ') satisfying that 0 < hy(6) < . We have

_ . 1 710g ny;
lim |(D})<4] / D]} < lim q 2pq(n0) (F—ha ()= ot ) +4 _
1—> 00 1—> 00

Thus we can take C; € DI — (D=9 for i = 1,2,---. The self-orthogonal
2-quasi-F'G; codes C; of type I' satisfy the following:
e the length 2n; of C; is going to oo;
e the rate lim R(C;) = 3;
1—00
e the relative minimum distance A(C;) > ¢ for i = 1,2, -

That is, the sequence of codes Cy,Cs, - -- is asymptotically good. |
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6 Conclusion

Let G be any abelian group of odd order n coprime to the cardinality ¢ = |F|.
We introduced the self-dual 2-quasi-F'G codes of type I, and obtained the exact
number of such codes. As a consequence, the self-dual 2-quasi-F'G codes exist
if and only if —1 is a square in F. We further estimated the number of the
self-dual 2-quasi-F'G codes of type I with small relative minimum distances.
With the two numerical results we proved that the self-dual 2-quasi-F'G codes
are asymptotically good provided —1 is a square in F.

Moreover, we showed that the self-orthogonal 2-quasi-F'G codes of dimension
n—1 always exist. And, by the same method (with small revisions), we got two
similar numerical results on such codes, and showed that the self-orthogonal
2-quasi-F'G codes are asymptotically good.
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