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Abstract

The (classical) crosscorrelation is an important measure of pseudorandom-
ness of two binary sequences for applications in communications. The arith-
metic crosscorrelation is another figure of merit introduced by Goresky and
Klapper generalizing Mandelbaum’s arithmetic autocorrelation.

First we observe that the arithmetic crosscorrelation is constant for two
binary sequences of coprime periods which complements the analogous result
for the classical crosscorrelation.

Then we prove upper bounds for the constant arithmetic crosscorrelation of
two Legendre sequences of different periods and of two binary m-sequences of
coprime periods, respectively.
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1 Introduction

Sequences with good correlation properties are essential ingredients in a wide
range of applications including cryptography, CDMA systems and radar ranging [3].
A great deal of research has gone into the design and generation of sequences and
families of sequences with good correlation properties. For example, for CDMA we
need large families of sequences with small pairwise correlations.

Let N be the common (minimal) period of two (periodic) binary sequences

S=(si)i>o and T = (t;)i>0

over the binary field Fy = {0,1}. The (classical) periodic crosscorrelation of S and T
at lag 7, denoted by Cs 7(7), is defined by

Cs(r)= Y (1) 0<r<N.

0<i<N

For & = T, it is called the (classical) periodic autocorrelation of S at T, which is
denoted by
As(T):C&S(T), 0<71<N.

A different notion of autocorrelation is the arithmetic autocorrelation introduced
by Mandelbaum [12] and later generalized to the arithmetic crosscorrelation by Goresky
and Klapper [1]. (Note that Mandelbaum did not use the term arithmetic autocorre-
lation.) In the arithmetic crosscorrelation, a sequence is added to a shift of another
one with carry, rather than bit by bit modulo 2. According to [/, Proposition 2]
or the discussions in [9, 0], we can demonstrate the computation (of the arithmetic
crosscorrelation of S and T) as follows:

Write ' '
S@2)= > 52, TO@) = ) t.2.

0<i<N 0<i<N

We compute S(2) — T (2) in Z. If S(2) — T (2) > 0, we consider the unique binary
expansion of S(2) — T (2):

S@2)-T0Q2) = > w2, w; €{0,1}.

0<i<N
If S(2) =T (2) < 0, we consider the binary expansion of 2V — 1+ 5(2) =T (2) > 0:

2V —1+8(2) -T7(@2) = Y w2, w; €{0,1}.

0<i<N

Then we compute the arithmetic crosscorrelation of S and 7 at 7, denoted by C§‘,T(7'):
C4r(1) = No— Ny = 2Ny — N = N — 2Ny, (1)
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where for j € {0,1}, N; is the number of i =0,1,..., N —1 with w; = j. For S =T,
this is the arithmetic autocorrelation of S at 7, denoted by

A7) = Cis(r).

The reader is referred to the research papers by Goresky and Klapper [/-0] or their
monograph [7] for more background and results on arithmetic auto-/crosscorrelation.

It is desirable that the absolute values of both the classical and the arithmetic
cross- /autocorrelations are as small as possible for 1 < 7 < N. However, sequences
with small max, | As(7)| may have large max, |A4(7)| and vice versa.

For example, any m-sequence S produced by an n-order linear feedback shift
register (LFSR), that is of period 2™ — 1 satisfies

As(t) =1 and |AZ(1)|<2"'—1, 1<1<2"—1,
see [, p.764] and [!]. Numerical examples in [I] support the conjecture

A n—1
=2""" — 1.
(max | As(7)]
In Section 3.3 below, we will give a bound on the absolute value of the arithmetic
autocorrelation function of m-sequences for small lags 7, which is not considered in [1].
Any l-sequence S produced by a feedback with carry shift register (FCSR) with
the prime connection number p, that is of period p — 1, can be defined by

s; = (a27" mod p) mod 2,
for some a #Z 0 (mod p) and satisfies

As((p—1)/2) =p—1,
lgglM%ﬂ:E%@%

T#(p—1)/2
A1) =0, 1<7<p—1,

where FLs(p) is the greatest even number less than p/3, see [13, Theorem 5] and [7,
Theorem 13.3.1].

It is easy to see that the classical crosscorrelation Cs 7(7) is constant if the periods
of S and T are coprime. Indeed, if p is the period of S and ¢ is the period of 7 with
ged(p, ) = 1, then we have by the Chinese Remainder Theorem

Csrtr) = Sy - S Sy
=0 i1=0 i3=0

which is constant since the sum over iy is independent of 7. In particular, if both &
and 7 are balanced with odd pg (which is true for example for Legendre sequences
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of period p = 3 (mod 4) and m-sequences), we get [Cs7(7)] =1 for 0 < 7 < pq. If
one of the sequences S and 7T is balanced with even period, we get Cs (1) = 0 for
0<7<pg.

In this work, first we will prove that the arithmetic crosscorrelation C§ (1) is also
constant under the same assumption that the periods of S and 7 are coprime, see
Section 2. Then we consider two Legendre sequences of different periods and two
binary m-sequences of coprime periods and derive upper bounds on their constant
arithmetic crosscorrelation in Sections 3.1 and 3.2, respectively. Finally we provide
some numerical data in Section 4.

Occassionally, we will use negative indices for N-periodic sequences S = (s;)i>0
defined in the obvious way,

S_; = SN—i, ’LIO,l,

We use the notation f(n) = O(g(n)) or f(n) < g(n) if there is an absolute constant
¢ > 0 such that |f(n)| < cg(n).

2 Arithmetic crosscorrelation

In this section we prove the following result on the constant arithmetic crosscorrela-
tion.

Theorem 1. Let S = (s;)i>0 and T = (t;)i>0 be two sequences over Fy of periods p > 1
and q > 1, respectively. If p and q are coprime, then the arithmetic crosscorrelation
C4 7(7) has the same value for any 0 < T < pq.

Proof. We consider the unique binary expansion of a non-negative integer W <
2N —1:
W=wy+w2+ - +w_12""" we{0,1}, 0<i<r,

and define the weight of W, denoted by wt(WW), as

-1

wt(W) =) w;.

<

@
Il
o

It is clear that
wt(28W) = wt(W)  for any integer k > 0.

Furthermore, for £ > 0 let W} be defined by
Wey=2"W (mod 2" —1), 0<W<2 —1.
Then we have
Wi = w2 + w2 4w,y 27!
FWy_p, A Wy 12V + - w1 2871 (mod 27 — 1).
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and thus
wt(Wy) = wt(W), k>0. (2)

Since otherwise the result is trivial, we may assume that 7 is not constant. The
common minimal period of & and T is N = pq. According to the definition of the
arithmetic crosscorrelation, we need to determine the weight of S(2) — T(7)(2) or
2P — 1+ S(2) — T (2) for 0 < 7 < pg. We remark that

—(2P1 —1) < S(2) = TM(2) < 271 — 1,

since 0 < S(2) < 2P — T and 0 < T (2) < 2°7 — 1,

Put
p—1

)\k = Z(Sm — tm+kp)2m, k 2 0.

m=0
It is easy to see that
Netqg =N, kE>0.

Case 1. We assume S(2) — T(7(2) > 0.
Take z € {0,1,...,q — 1} with z = 7p~! (mod ¢). We substitute

n=mn;+ngp and n3=1x+ ns

to get

pg—1

2% Z (Sn - tn+7)2na

n=0

q—1 p—1
2% Z <Z(sm - tm+(m+nz)P)2m> o

no=0 \n1=0

q—1+z p—1
Z <Z (Snl - tn1+n3p)2n1) 2mP

n3=x n1=0

27(5(2) = T (2))

q—14x

D A2

n3=x

q—1
D A2 (mod 27 — 1),

n3=0

since Ay4+q = Ax. We note that Zi;io An32™P is independent of 7 and we have a fixed

number  with 0 < Q < 2P — 1 such that

qg—1
0= Z Ang2™P (mod 2P — 1).

n3=0



Then by (2), we derive for any 7 with S(2) — T (2) > 0,
wt(S(2) — T (2)) = wt(27P(S(2) — T (2))) = wt(9).

Case 2. We assume S(2) — T(7(2) < 0.
We need to determine the weight of 2?4 — 1 + .5(2) — T (2), which is a non-negative
number smaller than 2P¢ — 1. Since for z € {0,1,...,¢ — 1} with z = 7p~! (mod q),
2%P(2P1 — 1 4 5(2) — T (2)) = 2°2(S(2) — T™(2)) (mod 2P — 1),

we follow the proof in Case 1 to get

q—1
2727~ 1+5(2) = T7(2)) = ) A2 =9 (mod 27 — 1),

n3=0
from which we derive
wt(2P1 — 14 5(2) — T (2)) = wt(2(2P7 — 1 + S(2) — T (2))) = wt(Q)
for any 7 with S(2) — T((2) < 0.

Putting both cases together, we obtain by (1)

CA (1) = pg 2wt(S(2) — TM(2)), if $(2) — T (2) >0,
ST 2wt(2P1 — 1+ S(2) — TM(2)), otherwise,
= pq — 2wt(9).
So C4(7) is constant which completes the proof. O

3 Upper bounds for special pairs of binary sequences

In this section, we will prove upper bounds on the arithmetic crosscorrelation for
two binary Legendre sequences of different periods and two binary m-sequences of
coprime periods, respectively. For results on their arithmetic autocorrelation, we
refer the reader to [1, 10].

3.1 Arithmetic crosscorrelation of two binary Legendre se-
quences of different periods

For a prime p > 2 let (¢,) be the Legendre sequence defined by

En:{l, if (2) =1; -

0, otherwise,

Y

where () is the Legendre symbol. Obviously, (¢,) is p-periodic.
We need a preliminary result on the pattern distribution of two Legendre se-
quences.



Lemma 1. Let p and q be primes with 2 < p < q and denote by S = (s;)i>0 and T =
(ti)io0 the Legendre sequences of periods p and q, respectively.

For an integer k > 0 and any pattern e € {0,1}2**2 the number ¥ of i =
0,1,...,pq — 1 with

(s’i—ka Si—k‘-i-l) ey Siy ti—k:7 ti—k+l> CE atz) =€
satisfies
bq _
Y = I +0 (2 kkp1/2q) for k < (0.5logp — loglogp)/log?2.
Proof. Write e = (ey, .. ., €a+1) and put
Oijp=1—(—1)% (Z — ]) and 0§, =1—(—1)%r+1- <—Z — j) )
p q

Note that for i and j < k with ged(i — j, pg) = 1 we have

i i s i = 4, if (Si—jatz‘—j) = (ek—j7€2k+1—j)7
bhPTA 0, otherwise,

and thus
1 pg—1 k
Zk = W Z Héi,jméi,jﬂ + O(kq),
i=0 j=0

where the O-term comes from those ¢ with ged(i — 7, pg) > 1 for some j =0,1,..., k.
Expanding the product we get

Segm 2 ST (S e (22) v o

Uvc{0,1,..,k} i=0 jeU p JeV 4

The contribution to X, of U =V = () is trivially

rq
92k+2 :

The contribution for U = () and the (287! — 1) sets V' # 0 is bounded by

1 o1 (11E=1J)

k+1 iev _ k1 1/2
22k+2.(2 _1).pr3%<; Y =0 (27" kpq''?)

by the Weil bound, see for example [I |, Theorem 5.41]. Analogously, the contribution
to Xy, for V =0 and the (2571 — 1) sets U # ) is

O (2_kkp1/2q) )
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The contribution of the 22¥*2 — 2k+2 4 1 remaining (U, V) with U # 0 and V # 0 is
bounded by

-1
1 h42 ot & i—J i—j
gz (2 =22 ) max 13 T ;. 11 .
1=0 jeU JEV

p—1 qj(h — I\ g1 11/(@2 —7)
< v eV
S >

b q

11=0 i2=0
= O(k*(pq)'"?)

by the Chinese Remainder Theorem and the Weil bound. Collecting everything and
verifying that

max{kq, 27 kp'/2q, K2 (pq)V/*} = 27%kp'/?q for k < (0.5logp — loglogp)/log?2
we get the result. O

Theorem 2. Let S = (s;)i>0 and T = (t;)i>0 be two Legendre sequences over Fo of
prime periods p > 2 and q > 2, respectively. If p < q, then the arithmetic crosscorre-
lation C§ (1) satisfies

Cir(m) < p'?q(logp)®, 0<7 < pg.

Proof. By Theorem 1 we may assume 7 = (0. Without loss of generality we may
assume S(2) > T (2). We write

pq—1 pg—1
S@2)-TOQ2)=> (si—t:)2' = > w2 with w; € {0,1}.
i=0 i=0
Note that the w; are unique and we have to estimate the number of : = 0,1,...,pg—1

with w; = 1.
Assume that for some n > k> 1 and a € {0,1}

(sn—ka tn—k) = (CL, 1- CL),
Sn—k—l—j:tn—k-l-jv jzlv’”vk_lv
(8n,tn) € {0,1}2

For a = 1 we have

1
20> 0

n—k n—k—
2n—k+1 > Z(sz _ tz)2l 2 2n—k‘ _
i=0 i=0
and thus w,_,,1 depends only on (s, _g11,tn_k+1). Obviously, we have

Wn—k+j = Sn—k+j — tn_k+j =0 for j = 1, ey k—1
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and w, = 1 if and only if s,, # t,.
For a = 0 we have

n—k
0 < 2n—k+1 + Z(Sz _ t2)22 < 2n—k+l
=0
and thus
Wn—k+j = 1+ Sn—k+j — tn_k+j =1 for j = 1, ey k—1

and w, = 1 if and only if s, = t,.
Altogether there are 25*! different patterns e € {0, 1}2**2 such that

(Sn—k7 Sn—k—l—h sty S’n7 tn—ka tn—k—l—lv e 7tn> =€ (3)

implies w,, = 1. For each of these 2*¥*! patterns e there are

2539 +0 (2_kkp1/2q)

different n = k, k+ 1,...,k + pg — 1 satisfying (3) by Lemma 1. Hence, for each
k=1,2,... there are at least

pq 2k+1 pq
2k+122k+2 +0 ( ok kp'q ) = ok+1 +0 (kp'2q)

different n in each fixed interval of length pq with w, = 1. Choose

B L logp  2loglogp

< logp.
210g2  log2 J =8P

Summing up, the number Ny of n =0,1,...,pq — 1 with w,, = 1 is at least

Ny > okt +0 (Z kpl/ZQ)

k=1 k=1
_ @M_l —k 2 1/2
4 22 +0 (M?p'2q)
k=0

- & (1 - @) ) +0(p'*q(log p)?)

pq
= S+ O(p'?q(logp)?),

where in the last step we used

p 2 (logp)® < 27M < 2p*(log p)?



by the choice of M.
Similar, we can show that the number Ny of n with w,, = 0 is at least

bq
No = -+ O(p'*q(log p)*).
Since -
No=pg— N1 < 5+ O0(p'*q(log p)*)
we get the result by (1). O

Put N = pq. In the important case that p and q are of the same order of magnitude
the bound is of order of magnitude N*4(log N)2.

3.2 Arithmetic crosscorrelation of two binary m-sequences of
coprime periods

First note that
d = ged(ng,ng) =1 if and only if ¢ = ged(2™ —1,2™ —1) = 1.
This can be easily verified. On the one hand if d > 1, then
2 — 1= (27— 1) (1+2¢+ -4 200/4D0) =12,

and 2¢ — 1 is a nontrivial divisor of t. On the other hand if ¢ > 1, then there is a
prime divisor p > 2 of ¢t and the order of 2 modulo p divides d.
Let g, be a primitive element of the finite field Fo». Then the sequence of the
form!
s;=Tra(g"), i=0,1,...
is an m-sequence of period 2" — 1, where
-1

Tro(c)=c+ P+ +&, ¢ €Fon,

denotes the (absolute) trace of Fan.
We need a result on the pattern distribution of two m-sequences.

Lemma 2. Let ny < ng be two coprime positive integers and denote by S = (8;)i>0
and T = (t;)i>0 two m-sequences of periods 2™ — 1 and 2" — 1, respectively.

For an integer k > 0 and any pattern e € {0,1}*%2, the number ¥} of i =
0,1,...,(2™ —1)(2" — 1) — 1 with

(Sicks Simkils -y Sisbicky tigits - 1) =€

n fact, any m-sequence can be defined as 5; = Tr,(ag’), i = 0,1,..., for some 0 # a € Fan,
which is a shift of s; = Tr,(g%).
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satisfies

2" - 1DE™ -1)

X — 92k+2

<omhmlpome=k=l 1 for k< ny.

Proof. Let ‘
s; = Try (95,), ©=0,1,...

for a primitive element g,, of Fon; and
ti=Trn,(g,,), i=0,1,...

for a primitive element g,, of Fans, respectively.
Put
N=(2"-1)2" -1)

and
Oigos = L+ (=1)%9tpy, (gh7)  and & jp, = 1+ (—1)2FH1-30h, (g1 7),

where

Yale) = (1), c € Fan,

is the additive canonical character of Fy». Note that

P S B (8imj, tizg) = (er—j, Cont1-5),
LTI 0, otherwise,

and thus we have

Expanding the product we get

SRR ) § (R IR § (SRt e

UVC{0,1,....k} i=0 jeU jev

The contribution of U =V = 0 is

22k+2°

The contribution of U = @) and the (257! — 1) sets V # ) is bounded by

2m2 -2
Z Uy <Z I gm) -

JjeEV

om—k=1 max

V£D
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Since k < n; < ny and the minimal polynomial of g, is of degree n,, we have
> g0l #0
jev

and the sum over i equals —1. So the contribution of U = () and V' # () is at most

2n1—k—1

Similarly we see that the contribution of V =0 and U # 0 is

2n2—k—1

In the remaining case the contribution of the 222 — 2*+2 4 1 pairs of sets (U, V') with
U # () and V # () is at most 1.
Putting everything together, we complete the proof. O

Theorem 3. Let S = (8;)i>0 and T = (t;)i>0 be two binary m-sequences over Fy of
periods 2™ — 1 and 2" — 1, respectively. If ny < ny and ged(ny,ne) = 1, then the
arithmetic crosscorrelation Cg (1) satisfies

Car(r) <m2™, 0<7< (2" —1)(2% 1)

Proof. As in the proof of Theorem 2 and using Lemma 2 we get

n1 1
oM — 1)(2" —
N; > ( )2( 22 B (ng —1)(2™ +2" +1)
(2m — 1)(2"2 —

_ D ns

for i = 0, 1. Hence,
‘NO — N1| < n12"2

and the result follows. O

The theorem above indicates that the arithmetic crosscorrelation of two m-sequences
is quite small. In particular, if ny and ns are close and N = (2" —1)(2"2—1), then the
bound is of order of magnitude N'/2log N which is in good correspondence with the
expected value of the absolute value of the arithmetic crosscorrelation of two random
sequences of period N, see [7, Theorem 8.3.6].

However, the arithmetic autocorrelation of m-sequences is quite large. Numerical
data indicates that its maximum value is the greatest number less than half of the
period [1]. To improve the results in [1], in the following subsection, we will estimate
the arithmetic autocorrelation function of m-sequences for small lags 7.
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3.3 Arithmetic autocorrelation function of m-sequences for
small lags 7

By [10, Proposition 2.1] we have for any N-periodic sequence
AS(T) = —AZ(N -71), 7=1,2,...,N—1. (4)
Now we state a result on the pattern distribution of an m-sequence of period 2™ —1.
Lemma 3. Let S = (s;)i>0 be an m-sequence of period 2" — 1. Choose T with
1< 71t<n.

(1) For k > 0 and any non-zero pattern e € {0,1}2**2\ {(0,0,...,0)}, the number

Sy ofi = 0,1,...,2" — 2 with
(Si—k7 Si—k+1y -+ Siy Simk47y Si—k47y -+ Si—I—T) =€
18
Y =2""%"2 k<min{r,n -1} —1.

(2) For k > 1 and non-zero pattern e € {0, 1}*771\ {(0,0,...,0)}, the number oy,

of i=0,1,...,2" — 2 with
(Si—ka Si—k4+15 -+ Si-i—‘r) =€
18
Uk:2"_k_T_1, T<k<n-—7-—1.

Proof. For / =1,2,...,n, we see that each non-zero pattern of length ¢ occurs as
(84, 8i41, - -+ Sire1) for exactly 2"~¢ different i with 0 <4 < 2" —1, see for example [3,
Proposition 5.2]. We choose ¢ =k + 7+ 1 < n and (2) follows.

For (1) note that the choice of (s;11, Sit2,...,Si—k+r—1) is free. Hence, we derive
gn—trr—k=1 — 9n=2k=2 {ifferent 5 with the desired pattern property. O

Theorem 4. Let S = (s;)i>0 be an m-sequence of period 2" — 1. We have
|AS(r)| < 2mimtn=br #2101 <r <2t — L

Proof. The bound
|AS(r)| <2t =1

follows from [1]. By (4) it remains to show
AS(T)| <27 —1 for 7<n-—3.

As before, let N; be the number of digits equal to j € {0,1} in the binary expansion
of the integer S(2) — S (2). As in the above proofs, we get by Lemma 3

min{r,n—7}—1 n—r—1 n—r—1
N, > Z 2k+12k + Z 2, = Z gn—k—1 _ gn—1 _ 97
k=1 k=min{r,n—7} k=1
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as well as Ny > 2"~! — 27 and thus
N; <"t 42T —1, j=0,1.

Hence, [Ny — Ny| < 277! — 1 and (1) finishes the proof. O

4 Final remarks

Below we list some numerical data for the arithmetic crosscorrelations of two Legendre

sequences of coprime periods in Table 1 and two binary m-sequences of coprime
periods in Table 2.

p q Cirp(r)
7 011 —1

7 13 5

7 17 —13
7 923 1

11 13 -3
11 19 -5
13 17 -7
17 29 9

Table 1: Arithmetic crosscorrelation of two Legendre sequences S and T of periods
p and ¢

Let us denote by Mg(X) € Fo[X] the minimal polynomial of S, see [2] for details.

Ms(X) Mr(X) C‘éﬂ-(T)
X34+ X241 X 4+ X3+1 -1
X3+ X241 X°+X3+1 1
X34+ X241 X"+ X6+1 -3
X34+ X241 X34+ X0 X4 X441 7
XP4+X34+1 X34+ X601 X4 X441 -1
X0+ X541 X" +X0+1 -1
X"+X0+1 X8+ X0+ X0+X4+1 -3

Table 2: Arithmetic crosscorrelation of two binary m-sequences S and 7 with minimal
polynomials Mg(X) and Mr(X)

These tables indicate that the size of C§ () can be quite different for different
periods of similar size.

14



For two binary sequences S of period p and T of period ¢ with ged(p, ¢) > 1, their
classical and arithmetic crosscorrelations are both not constant. For example, if S is
an m-sequence with minimal polynomial X* + X3 4+ 1 and 7 is an m-sequence with
minimal polynomial X% + X + 1, we compute that

Csr(7) € {-1,-5,3,7}, C4,(r)€{-3,-7,-9,1,3,5}.

So it would be interesting to find an upper bound on Cﬁj(f) when the period of S
is not coprime to that of 7. For m-sequences the method of this paper still provides
non-trivial results for very small and very large lags 7 but fails for most 7.
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