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MAXIMAL GAP BETWEEN LOCAL AND GLOBAL DISTINGUISHABILITY
OF BIPARTITE QUANTUM STATES

WILLIAN H. G. CORREA, LUDOVICO LAMI, AND CARLOS PALAZUELOS

ABSTRACT. We prove a tight and close-to-optimal lower bound on the effectiveness of local quan-
tum measurements (without classical communication) at discriminating any two bipartite quan-
tum states. Our result implies, for example, that any two orthogonal quantum states of ang xnpg

bipartite quantum system can be discriminated via local measurements with an error probability
1
cmin{ny,np} ) ’
scales provably optimally with the local dimensions n 4,np. Mathematically, this is achieved by
showing that the distinguishability norm || - ||r,o associated with local measurements satisfies that

II- 11 €2v2min{na,ng}| - |lLo, where || - ||1 is the trace norm.

no larger than % (1 - where 1 < ¢ < 2v/2 is a universal constant, and our bound

1. DISTINGUISHABILITY OF BIPARTITE QUANTUM STATES

The existence of pairs of bipartite quantum states that can be perfectly distinguished via general
entangled measurements while being almost indistinguishable under local operations and classical
communication (LOCC) is usually referred to as ‘quantum data hiding’. It is a distinctive property
of bipartite quantum systems [I6] [7]. More generally, if a set of measurements M on a bipartite
quantum system is fixed, one can study the effectiveness of discriminating protocols to distinguish
two states p and o with a priori probabilities p and 1 — p respectively, when only operations from
the set M are available. A natural way to study this problem is by minimizing the corresponding
probability of error. This can be done by introducing the distinguishability norm associated with

M [11], defined as
(1) lela=  sup 3 Jtr(e)]
(ei)iGZGM;

By means of the above quantity, we can express the probability of error in discrimination by means
of measurements in M as
1
P (p,,p) = 5(1 = llpp = (1 = p)alm).
We thus see that the worst-case efficiency of the set M at binary state discrimination is effectively
quantified by the data hiding ratio

—(1—-p)o
R(M) = sup lpp — (1~ ploflar.
pop [Ipp = (1 =p)afr
where || - |aLL denotes the norm associated with the whole set of possible measurements and the
maximization runs over all pairs of states p, o and all p € (0,1).

Although the original formulation of the data hiding problem was stated for M = LOCC,
many other sets of measurements with equally legitimate operational interpretations have been
1
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considered in the recent literature. The set of local operations (LO), the set of local operations
assisted by one-way classical communication (LOCC_,) and the set of separable measurements
(SEP) are some notable examples of families of measurements for which R(M) has been deeply
studied, with the motivation that it provides a precise quantification of the operational power of
these families of measurements. In what follows, let us consider a bipartite quantum system AB
with finite-dimensional Hilbert space Hap = Ha @ Hp. We will denote with n4 := dimH 4 (resp.
np = dimHp) the local dimension, and with M4 (resp. Mpg) the set of all measurements on
system A (resp. B). Let us define

LO = {(e; ® fi)jyerxs : (ei)ier € Ma, (fj)jes € MB},

LOCC., = {(ei ® f;i))(i,j)eIxJ : (ei)ier € My, (f;i))jeJ ceMpVie I} ,
SEP = {(e; ® fi)ict € MaB}.

It is straightforward to verify the chain of inclusions LO C LOCC_, C LOCC C SEP, which
easily implies the following chain of inequalities R(SEP) < R(LOCC) < R(LOCC_,) < R(LO).
Moreover, sharp estimates have been obtained for some of these quantities since it is known that [L0L
Theorem 16]

(1.2) min{na,np} < R(SEP) < R(LOCC) < 2min{na,np} — 1
and moreover that
(1.3) R(LOCC,) <2n4 — 1.

The asymmetry of the above inequality with respect to the exchange of the two subsystems A, B
is due to the fact that the set of measurements LOCC_, is itself asymmetric, featuring a one-way
communication from Alice to Bob but not vice versa. If Alice’s system is the smaller of the two,
then the right-hand sides of ([2)) and (T3] coincide.

Equation ([2)) shows, in particular, that R(LOCC) scales linearly with the minimum local
dimension. More interestingly, it implies the a priori nontrivial fact that extending the set of LOCC
operations to the larger set SEP or reducing it to the smaller set LOCC_, (with the communication
being from the smaller to the larger system) does not modify the scaling of the data hiding ratio.
In this context, the problem of determining the scaling of R(LO) has so far remained open. The
best known upper bounds prior to our work read

(1.4) R(LO) < VI53nang,  R(LO) < 4min {nj/2,n33/2} .

The first estimate in Equation (I4]) was proved in [I1 Theorem 15] as an application of Berger’s
inequality for random variables. The second upper bound in Equation (4] was shown instead in [2]
Corollary 9] and it is based on a tight estimate for the quotient of the 7 over the e tensor norms
on a certain tensor product of Banach spaces. Note that the two bounds in (4] are incomparable:
the tighter of the two is the former e.g. for sufficiently large n4 = np, and the latter for fixed na
and large np.

Since any reasonable set of measurements should contain the set of local operations, the quantity
R(LO) can be understood as the ultimate upper bound for data hiding, in the sense that it provides
an upper bound for the quantity R(M) for any reasonable set of measurements M. On the other
hand, LO operations are the natural ones in those scenarios where Alice and Bob have local quantum
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memories whose coherence time is much shorter than the time light takes to travel between them,
so that the exchange of classical messages is not an option for them.

Our main result is as follows.

Theorem 1.1. For bipartite quantum systems with local dimensions na and ng, the following
inequality holds:

R(LO) < 2v2min{na,np}.

This result establishes the optimal scaling of R(LO) with respect to the local dimensions. It
shows that the data hiding ratios associated with LO and LOCC are of the same order, something
(arguably) unexpected. Indeed, although there exist pairs of states that are much more efficiently
discriminated via LOCC than via LO [3, Theorem 3], the largest possible gap against global mea-
surements is the same for both sets. Moreover, our result implies that the gap remains the same if
one further restricts the local measurements to be binary, and the a posteriori communication to a
single bit (in fact, even an XOR discrimination scheme suffices). In fact, according to Eq. (2], all
different sets of measurements give rise to data hiding ratios scaling as © (min{n4,ng}).

As we will see, Theorem [[T] follows from an optimal estimate between two norms in a certain
Banach space (see Proposition below). Once the problem is reduced to this setting, the main
ingredient of our proof is the so called non-commutative Grothendieck’s theorem for general C*-
algebras.

As an application illustrating the fundamental status of our result, we give improved bounds
on the phenomenon of quantum Darwinism [I7, [5 O [6] 13]. In spite of the slightly confus-
ing name, this refers to the emergence of objective features when a single quantum system is
probed by many other systems that play the role of observers. Our contribution is to substan-
tially better the scaling of the dimensional coefficients governing the rate at which the transi-
tion between microscopic (quantum) and macroscopic (classical) world takes place. Prior to our
work, the best coefficient has been reported by Qi and Ranard [I3, Eq. (8) and (31)], and reads

Qd4.dp = min {d%, 4di)’4/2, 4d?}}/2, V153dadgr,2dr — 1}; we show below how this can be improved to
Q4,4 dp = min {2\/§d,4, 2dp — 1}. This is a substantial improvement because it reduces the scaling

in da from O(di/ 2) to O(da). Note that d4, which is an intrinsic feature of the observed system and
independent of the observer, is the most important parameter here, to the point that some authors
consider dp unconstrained, potentially unbounded and even infinite [5] — for example, dg will be
astronomically large when R contains a human observer. Thus, often the only practically relevant
parameter is d4, which can be relatively small if the observed system contains a few qubits or
atoms. Our result thus implies that the classical regime is entered earlier than previously expected,
i.e. for a smaller number of observing systems.

2. PROOF OF THE MAIN RESULT

In order to prove Theorem [[LT] we need to introduce some basic elements from Banach space
theory. Let us denote by My (resp. M3?) the complex (resp. real) vector space of k x k (resp.
selfadjoint) matrices. We will consider here the trace norm || - ||; and the operator norm | - oo
and denote the corresponding spaces SF (resp. Sf S8 and S* (resp. SE5). It is well known
that these spaces are dual to each other: (S¥)* = Sk (S*)* = SF isometrically (and similarly
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for the selfadjoint versions), where the duality is given by the Hilbert—Schmidt inner product,
(x,y) = tr(zy). Remember that M,, ® M,;, = M,,,,, and M5 @ M3> = M2 canonically.

m

We will also use some standard identifications between bilinear forms and tensor products. In
particular, given two (real or complex) normed spaces X and Y and an element z € X @ Y, we
define the € tensor norm by

(2.1) Izl xe.y = sup{(z* @ y*)(2)},

where the supremum runs over all elements z* and y* in the dual space X* and Y* respectively,
such that ||z]|x- < 1, |lylly= < 1. We will denote by X ®, Y the algebraic tensor product X @ Y
endowed with the e tensor norm.

Now, if X and Y are finite dimensional spaces the space of bilinear forms on X x Y, can be
canonically identified with the tensor product X* @Y™ (the trivial direction assigns, to any elemen-
tary tensor 2* ® y* € X* x Y*, the bilinear form B : X x Y — C defined as B(z,y) = x*(z)y*(y))-
Moreover, if we consider the standard norm for bilinear forms and denote the corresponding normed
space by B(X x Y), the following identification is isometric:

(2.2) B(X xY)=X"® Y.

The proof of Theorem [ T]is based on reducing its statement to the comparison of two well known
norms in Banach spaces. To this end, let us look at the distinguishability norm a little bit more
formally than before. First note that, given bipartite quantum states p and o of local dimension
na and np and p € [0,1], the element z = pp — (1 — p)o naturally lives in M5? . Then, one can
show that if a set of measurements M is informationally completﬂ Equation (L)) defines a norm
on M3 . Now, given a set of measurements M, let us denote by (M) the set generated by M
via coarse graining; mathematically,

(2.3) (M) = {(ej)jej : 3 I finite, {I;};es partition of I : (e;)ier € M, e; = Zei Vje J}.
i€l
The following reformulation of [I1Il Lemma 2] gives us a very useful description of || - || m.

Lemma 2.1. Let M be a set of measurements and z € M3, . Then,

<]1AB2+X7 ]1AB2—X) c <M>}.

(2.4) ]| o = sup {tr(zX) X e M

nang’

The following lemma will allow us to reduce our problem on R(LO) to a problem about tensor
norms.

Lemma 2.2. Given two bipartite quantum states p and o of local dimension na and ng, p € [0,1]
and z =pp — (1 — p)o € M2 we have

nang’

(1) llzllaLL = [|2llgnans .
(2) ll2llgrasag, snoe= < ||z[lLo-

M s informationally complete if span{e; : ¢ € I; A = (e;)iesr € M} = M3, 5 - Since this property is satisfied by

the sets considered in this work, M = ALL and M = LO, we will always assume M to be informationally complete.
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Proof. In order to prove item (1) we just need to apply Lemma [2Z1] to the set M = ALL. Then,

Lemma 2] guarantees that
1 X lap—X
< AB T AB ) c ALL} '

nAns? 2 ’ 2

Now, condition (w, %) € ALL is equivalent to the fact that 1 4 5+X are both semidefinite
positive matrices. This is clearly equivalent to X being in the unit ball of SJA™25*. Hence, the
equality in item (1) follows from the duality relation S7A™B:S8 = (SA"ES)*,

lz]|aLL = sup {tr(zX) X e M3?

Ttem 2 was actually proved in [I0, Proposition 22] in much more generality. We present a self-
contained proof here for completeness. According to the definition of the injective tensor norm (Z1]),
given elements f and g in the unit ball of S74%* and S72-%* respectively, we must show that
tr(z f ® g) < ||z]|lLo. To this end, we will show that A = f ® g is one of the elements appearing in
Equation (Z4]) when M = LO. Indeed, this follows from the trivial identities:

1 Ia+f _ Up+g  Upa—f 1lp—g
(el -

2(A® B+f®g) 5 & 5 + 5 ® 5 ,
1 1 1 — 1y — 1
5(11A®113—f®g)= A2+f® B2 9 . A2 f® B2+9,

joint with the fact that {%(]1 A+ f), %(]1 A—[f)} is a valid measurement on A, and analogously
{3(15 +g), 3(15 — g)} is a measurement on B. This easily implies that

{%(nmmﬁ@g% %(11,4@113 —f®g)} € (LO).

O

According to Lemma 2.2] Theorem [I.1] follows from the next proposition, which is the key result
of the paper.

Proposition 2.3. For any z € M,, .., we have that
lzllgrans < 2min{ra,np}lzllsrag, s

Moreover, if z € M then

nanp’

(25) ||ZHS1lA7lB S 2\/§min{n,4, TLB}HZ”SILA,Sa@)ES;LB,sa'

We did not attempt to optimize the constant 21/2 above. In particular, at the time of writing
we do not know if one can obtain a constant of 1 on the right-hand side of ([2.5]). We suspect that
to do so one may need some substantially new ideas. However, it is clear from Equation (2] that
the scaling of min{n,np} in the previous proposition is optimal (this can also be easily proved by
using random matrices).

The proof of Proposition is based on the noncommutative Grothendieck’s theorem [12] [§].
We use here the last version proved in [§], which provides us with the optimal constant.

Theorem 2.4. Let V : A x B — C be a bounded bilinear form on a pair of C*-algebras A and B.
Then, there exist two states p1, 2 on A and two states i1, ¥y on B such that

IV (2, 9)| < V]| (91 (z"2) + pa(wa™))? (1 (y"y) + balyy))?
forallx € A and y € B.
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We will apply the previous theorem for the particular case A = M,,, and B = M,,,,, where the
action of the state p on an element z is given by tr(pz). However, we will keep the notation p(z)
for the simplicity of writing. For the proof of Proposition 2.3 we will borrow some ideas from the
proof of [4 Theorem 1].

Proof of Proposition[2.3. Without loss of generality we can assume that ny < np.

Given an element z € My, .5, let us consider the associated bilinear form V, : M,,, x M,,, — C,
according to Equation (Z2]), such that

(2.6) lzllgpag.srm = Vs : S24 x S22 = €.

More precisely, if z = Y. x; ® y;, V. is defined as Vi (x,y) = >, tr(z;x) tr(y;y) for every pair
(r,y) € Ax B.

It is clear that
[zlgrans =  max  tr(zU),
% U] gnans =1
where the standard sup has been replaced by a max because the spaces have finite dimension and
one can assume the maximum to be attained at a unitary matrix U.

Let us write z = > 1'% By j @25 € My, (M) and U = 37" E; @ Ui j € My (M), where

ij=1
E; ; = |i)(j] is the matrix whose (7, j)-th entry is 1 and the remaining entries are all zero. Then,

na na
2l grans = tr(zU) = > tr(zi;U50) = Y, Va(Bij, Usy)-
ig=1 ig=1
Hence, we have
nA
Izl grars < > [Va(Ei, Uiyl
ij=1
oA 1 1
< |Vl Z (p1(Ef Eij) + w2(Bi B )2 (01 (U] ;Ui ) + ¢2(Ui ;UL )) 2
ij=1
1 1
na 2 na 2
<IVAl | D2 ei(Bs Eiy) + ea(Ei Ef) > U7 U y) + e (Ui US) |
i,j=1 ,5=1

where we have used the triangle inequality in the first inequality, Theorem 24] in the second one
and the third inequality follows from Cauchy-Schwarz.

Now, by the linearity of the ¢;’s and the 1;’s, the previous expression can be written as

=

1
2

na nA nA nA
Vel { e | Y BBy | +92 | Y EijE;, | D UU | e | D ULUL
ij—1 ij—=1 ij=1 ij=1
1 1
na nA 2 MnA nA 2
<SIVE L[ D2 BB || + || D EaiBr D ULUig| + || D Uil |-

i,j=1 i,j=1 i,j=1 4,j=1
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It is easy to see that

na nA

(2.7) Y EjjEi;j =) Ei;Ef;=nals
i,j=1 i,j=1

and

(2.8) Z = Z Ui Ui = nalp.
i,j=1 i,j=1

Indeed, checking Equation (27) is straightforward and Equation ([Z8]) can be shown by writing

nA

Z UJU tTA®]lB) Z Er® Ui,jU]:,j = (tTA®ﬂB)(UU*) = (tTA®]lB)(]1AB) =nallp
4,j=1 i,5,k=1
U* Ui ;

and analogously for "% =1

Since according to Equation (IZZEI) we have ||V]| = ||Z||SYA®€S'1’LB, the previous estimates lead to
the upper bound

[2llgnane < 2nallzllgrag, grs
as we wanted.

The second part of the statement follows from the estimate
lellsrag.sis < Vlzllsramg,gmoee,
proved in [I4, Claim 4.7]. Indeed, with this estimate at hand, one can write

lzllgpans e < Izl grans < 2nmallzllsrag,sos < 2V2nalz]graceg, gs .

3. EMERGENT CLASSICALITY IN QUANTUM CHANNELS

Throughout this section, we show how to apply our result to give a tighter estimate on the
emergence of the quantum-to-classical transition within the context of quantum Darwinism [I7],
BL O 6 M3]. With this framework one intends to explore the appearance of the classical notion
of objectivity from the quantum world. Consider a finite-dimensional quantum system A that
is subjected to a generic dynamics, modelled by a quantum channel A with composite output
system B := Bj...B,. Mathematically, this can be modelled by a completely positive trace
preserving linear map A : M3 — M3 | where na,np are the Hilbert space dimensions of A and
B, respectively. The B; systems represent the various observers that are gaining information on
A through some complicated and partly uncontrollable interaction with it, e.g. by employing a
measurement apparatus.

With this idea in mind, the archetypal example of a quantum channel for us is the broadcast of
a measurement outcome: given a measurement (ef‘)i cr On A and a collection of states (pZB )l cr on
B = B; ... By, a measure-and-broadcast channel is given by

(3.1) Eap(x Ztr elx) pb.
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Quantitative statements concerning the phenomenon of quantum Darwinism dictate that if the
number n of observers is large, then there will a single measurement on A such that for most
observers the effective channel is well approximated by the broadcast of the outcome of that mea-
surement (see e.g. [B, Theorem 1], [6] Theorem 4], and [I3l Theorem 1]). This is commonly referred
to as objectivity of observables.

Clearly, in order for the above statement to make sense, we need to introduce a measure of
how close two quantum channels are. A suitable way to do so is via the notion of diamond norm
distance. For a linear map I' : M7 — M | one starts by defining

I'(z
(3.2) 10, = sup IE@H

z#0 |1zl
where the supremum is over all selfadjoint n4 X n4 matrices . This quantity is not particularly
useful by itself because it is not submultiplicative; however, we can use it to construct a much better
behaved object, the so-called diamond norm, given by [I]

(33) [Ty = sup T @ idmll;_,;
meN

where id,, denotes the identity on the space M$? of m x m Hermitian matrices. Among its many
appealing features, the diamond norm distance ||A; — Az||, between two quantum channels has an
operational interpretation in terms of a channel discrimination task [I5].

We can now give the following improved version of [I3] Theorem 1]:

Theorem 3.1. Consider a quantum channel Aa_, g with output system B = By ... B, . For oulputs
subsets R C {By, -+ ,Bn}, let Ao g = trp\ g oA 4_, g denote the reduced channel onto R, obtained
by tracing out the complement R. Then, for any q,r € {1,--- ,n} there exists a POVM (M(f)a on
A and an “excluded” output subset Q C {B1,---,B,} of size |Q| = q with the following property:
for all output subsets R of size |R| = r disjoint from Q there exist states (0&4)& such that the
o

|R|

(3.4) Aok — Easrlle < daay dn 21n(dA)@,

where da,dr denote the Hilbert space dimensions of A, R, respectively, and
0 min {4,2dr — 1} if da = 2,
I min {2v2da, 2dp — 1} ifda > 3.

associated measure-and-broadcast channel Ea_p(x) =Y tr(efx)ol satisfies

(3.5)

Proof. When dg = 2 the statement is a reformulation of that of Ranard et al. [I3] Theorem 1].
When d4 > 3, thanks to our Theorem [T we can improve the estimate in [13, Eq. (30)] to

|Laglli < R(LO) || Laglro < R(LO) | Lag|rocc. < 2V2min{da,dp} | Lag|Locc. -

This is valid for all Hermitian operators on the bipartite quantum system AB. On the right-hand
side, Ranard et al. have instead the dimensional factor

Qffangnd o= min {d, 445>, 4dy{*, /153 dadp, 2 — 1}
For the case at hand (d4 > 3), it is not difficult to verify that
Qd,.dp = min {2\/§min{d,4, dp}, ng?;;d} — min {2\/561,4, 2dp — 1} )
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The rest of the proof is as in [I3, Theorem 1]. O

The above result tells us that the objectivity of observables emerges before than predicted by
Ranard et al., i.e., for a smaller number of observers. The improvement we have given is important
for at least two reasons. First, it betters the scaling of the dimensional factor in d4, which is
perhaps the most important parameter here. To see why this is so, consider that dp is likely to be
very large in applications, even when r» = 1, because the systems B, are typically macroscopic —
it is indeed not by chance that they are referred to as “observers”. Second, it is in some sense the
optimal dimensional factor that can be obtained with the proof techniques of [5l 6 [I3] — in fact,
it makes [13, Lemma 1] tight up to constants.

4. QuaNTUM XOR GAMES

The great relevance of classical XOR games in both computer science and quantum information
motivated the authors in [I4] to introduce quantum XOR games. A bipartite quantum XOR game is
described by means of a family of bipartite quantum states (p,)Y_; of local dimensions n4 and ng,
a family of signs ¢ = (c;)Y_; € {—1,1}" and a probability distribution p = (ps), on {1,--- , N}. In
order to understand the game, we can think of two players (spatially separated) and a referee. The
game starts with the referee choosing one of the states p, according to the probability distribution
p. Then, the referee sends half of the state to Alice and half of the state to Bob. After receiving the
states, Alice and Bob must answer an output, a = £1 in the case of Alice and b = +1 in the case
of Bob. Then, the players win the game if ab = ¢,. There exists a very close connection between
bipartite quantum XOR games and data hiding, as we will see below.

Obviously, the winning probability of the game will strongly depend on the form of the strategies.
This form will be determined by the resources allowed to Alice and Bob to play the game. In
fact, when working with XOR games, it is very common to study the bias of the game, 8(G) =
P.in(G) — 1/2 or, equivalently,

szn(G) - Plose(G)u
rather than the P, (G) itself.

If the players are allowed to perform any global quantum measurement, it is not difficult to see
that the supremum of the bias of the game G under these kinds of strategies can be written as

BALL(G) = sup{tr(XG) ¢ X5 pnpoe < 1} = |Gl gpance,

where
N

(4.1) G = Z CaPapr € MY, -
=1

Another kind of strategies are those where Alice and Bob must answer independently. These
strategies are usually called product strategies [14]. In this case the supremum of the bias of the
game G under these kinds of strategies is given [14] Definition 4.3] by

B(G) = sup{tr ((A® B)G) : [|Allgza= <1, [|Bllgzp= <1} = [|Gllgparseg gpma.

Hence, a direct application of Proposition 2.3]is the following upper bound.
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Theorem 4.1. Given a bipartite quantum XOR game with local dimensions na and np and whose
associated tensor is G = Zi\]:l CaPzpPz, we have

BaLL(G) < 2\/§min{n,4, np} B(G).

It is worth mentioning that, in contrast to Theorem [Tl for the distinguishability problem, in this
case Theorem M1l is equivalent to Proposition 2.3l Indeed, while in Section [l the € norm was used
to lower bound the norm || - ||Lo via Lemma 22 in the case of quantum XOR game, the ¢ norm
precisely describes the products bias S(G). Again, the optimality of the estimate in Theorem E.T]
can be deduced from the existing results for LOCC.

As it already happened in the data hiding problem, Theorem F.1] can be understood as the
ultimate upper bound for general strategies in the sense that product strategies are the most basic
ones. Hence, the upper bound provided in Theorem 1] applies to any kind of strategies.
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