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A Unified Framework for Correlation Mining
in Ultra-High Dimension

Yun Wei, Bala Rajaratnam, and Alfred O. Hero™, Life Fellow, IEEE

Abstract—Many applications benefit from theory relevant to
the identification of variables having large correlations or partial
correlations in high dimension. Recently there has been progress
in the ultra-high dimensional setting when the sample size n
is fixed and the dimension p tends to infinity. Despite these
advances, the correlation screening framework suffers from prac-
tical, methodological and theoretical deficiencies. For instance,
previous correlation screening theory requires that the population
covariance matrix be sparse and block diagonal. This block
sparsity assumption is however restrictive in practical applica-
tions. As a second example, correlation and partial correlation
screening requires the estimation of dependence measures, which
can be computationally prohibitive. In this paper, we propose a
unifying approach to correlation and partial correlation mining
that is not restricted to block diagonal correlation structure, thus
yielding a methodology that is suitable for modern applications.
By making connections to random geometric graphs, the number
of highly correlated or partial correlated variables are shown to
have compound Poisson finite-sample characterizations, which
hold for both the finite p case and when p tends to infinity.
The unifying framework also demonstrates a duality between
correlation and partial correlation screening with theoretical and
practical consequences.

Index Terms— Correlation analysis, compound poisson, fixed
n large p asymptotics, random geometric graph, Stein’s method.

I. INTRODUCTION

HIS paper considers the problem of identifying high
correlations and partial correlations in modern ultra high
dimensional setting. In particular we study the problem of
screening n identically distributed p-variate samples for vari-
ables that have high correlation or high partial correlation with
at least one other variable when the sample size n < Cylnp
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for some constant Cy. In the screening framework one applies
a threshold to the sample correlation matrix or the sample
partial correlation matrix to detect variables with at least
one significant correlation. The threshold serves to separate
signal from noise. Correlation and partial correlation screening
in ultra-high dimensions with few samples arises frequently
in applications where the per-sample cost of collecting high
dimensional data is much more costly than the per-variable
cost. For example, in genomic correlation screening the cost
of high throughput RNAseq assays is decreasing faster than
the cost of biological samples [1]. In such situations p is much
larger than n.

The ultra-high dimensional regime when n < Cplnp is
challenging since the number of samples is insufficient to
guarantee reliability of commonly applied statistical methods.
For example, one way to undertake partial correlation screen-
ing is to first estimate the population covariance matrix, then
obtain the inverse, from which a partial correlation matrix
can be estimated. However, to get a reliable estimate of a
general covariance matrix, the number of samples n must
be at least Q(p) as shown in [2, Section 5.4.3]. Even if
the covariance matrix has a special structure like sparsity,
covariance estimation requires the number of samples be of
order Q(lnp) The reader is referred to [3], [4], [5], [6],
[71, [8], [9], [10], [11], [12], [13], [14], [15], [16] and the
references therein for related work in modern high dimensional
covariance selection and estimation.

While estimating the correlation matrix or partial correlation
matrix is challenging in ultra-high dimensions, recent work
[17] and [18] has shown that it is possible to accurately test
the number of highly (partial) correlated variables under a false
positive probability constraint; in particular the probability
that a variable is spuriously (partially) correlated with at least
one other variable. While correlation screening finds variables
that have a high marginal correlation with at least another
variable, partial correlation screening identifies variables that
have high conditional correlations with one other variable
conditioned on the rest. In [17], the ultra-high dimensional
correlation screening problem is studied under a row-sparsity
assumption on the population covariance matrix. A phase
transition in the number of false positive correlations was
characterized as a function of the correlation threshold and
the true covariance. In the case of block sparse covariance,
the critical phase transition threshold becomes independent
of the true covariance. In [18] the partial correlation screening
problem was studied, and similar phase transition results as
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in correlation screening [17] were obtained under the block-
sparse assumption on the population covariance matrix. The
survey [19] reviews the correlation and partial correlation
screening problems. A follow on work [20] of [17] applies
a similar framework to the spurious correlations problem and
the low-rank detection problem. The reader is referred to [5],
[6], [71, [11], [12], [21], [22] and the references therein for
additional work related to high dimensional sample correlation
matrices.

Despite these advances in correlation and partial correlation
screening, the screening framework proposed in [17] and
[18] has some serious methodological, theoretical and prac-
tical shortcomings. For instance, results for partial correlation
screening impose a restrictive block sparsity assumption on
the true underlying correlation matrix. The block sparsity
condition in [18] requires that only a small group of the
variables have correlation within the blocks and have no cor-
relations with variables outside the block. This assumption is
severely restrictive for cases where variables have correlations
within a group and also correlations with variables outside
their respective groups. Furthermore, expressions for false
discovery probabilities in [17] and [18] require estimating
dependence functionals. Estimating such functionals lead to
computationally prohibitive non-parametric estimation, render-
ing the screening methodology disconnected from the very
setting it was designed for.

In this paper we propose a unifying framework for correla-
tion and partial correlation screening that delivers a practical
and scalable variable selection in the ultra-high dimensional
regime. By making novel connections to random geometric
graphs [23], we demonstrate that the distribution of the number
of discoveries beyond a certain threshold is approximated by
a compound Poisson distribution, with different parameters
in the regimes when p is finite and when p approaches
oo. To the best of our knowledge, such characterization has
not previously appeared in the literature. Furthermore, our
results are proved in greater generality by relaxing the block-
sparse assumption to a new sparsity condition, defined as
(7, k) sparsity in Section II-C, on the population covariance
matrix. The block-sparse assumption is a special case of the
(1, k) sparsity assumption. The characterizations established
in this paper depend on the covariance matrix only through
the (7, k) sparsity condition. Moreover, the assumptions of
(7, k) sparsity allows us to formulate unified theorems, which
covers both the cases of correlation and of partial correlation
screening.

The theory in this paper is directly relevant to hypoth-
esis testing concerning the empirical degree distribution of
a correlation graph. This topic arises in a wide spectrum
of areas including graph mining, network science, social
science, and natural sciences [24], [25], [26]. Variables having
strong sample correlations will appear in the correlation graph
as vertices having positive vertex degree. As one sweeps
over vertex degree values, the histogram of vertex degrees
specifies the empirical degree distribution of the graph. From
this perspective, this paper provides compound Poisson char-
acterizations of the empirical degree distribution for large
correlation graphs under more realistic sparsity conditions on

the population covariance. The expressions that are derived
from our theorems also provide approximations to family-
wise error rates associated with false discoveries of vertices
of degree exceeding a specified fixed degree.

Finite sample results for controlling the probability of
discovering a (false) partial correlation in high-dimensional
thresholded covariance settings have been elusive for the
better part of the last decade and a half. Indeed, evaluating
expressions for such probabilities in the fixed n setting are
known to be a notoriously difficult problem. This difficulty
is in part attributed to the dependence of such false positive
probabilities on the unknown covariance parameter. Previous
work has instead provided expressions for the probability that
two distinct connectivity components of the partial correlation
graph are falsely joined (see [27] and the references therein for
more detail). Controlling such probabilities implicitly assumes
that the covariance parameter is block diagonal. Such an
assumption is tantamount to requiring that the true partial
correlation graph is not fully connected, a restrictive assump-
tion in many application areas. In contrast, the (7, ) sparsity
condition introduced in this paper allows the underlying graph
to be fully connected. Moreover, we provide finite sample
results for controlling the probability that a (partial) correlation
is falsely discovered under the above-mentioned (7, x) notion
of sparsity.

A. Contribution

We summarize the principal contributions of the paper.
As above p denotes the number of variables and n denotes
the number of samples.

1) The paper presents a unified and complete asymptotic
analysis of the star subgraph counts, the counts of vertices
of a given degree and the counts of vertices above a given
degree in the random graphs obtained by thresholding the
sample correlation and sample partial correlation. This
unification of different types of random counts represents
an improvement over previous work [17], [18] where only
the counts of vertices above a given degree are studied.

2) We approximate the full distributions of the random
counts for finite p and as p — oo. In addition, we char-
acterize the first and second moments of these random
counts. This is a generalization of previous results [17],
[18] that only established approximations for the mean
number of random counts and for the probabilities that
these counts were positive.

3) We obtain a compound Poisson characterization of the
distributions of the random counts. The compound Pois-
son limit and approximation are well approximated by
the standard Poisson limit when n is moderately large
(Section V). This result corrects and refines the claim
in [18] that erroneously asserted a Poisson limit.

4) The theory in this paper is developed under a novel
sparsity condition on the population dispersion matrix.
This sparsity condition, called (7, k) sparsity in Sec. II-C,
is weaker than previously assumed conditions, which
makes our theory more broadly applicable. Specifically,
while the block sparsity condition in previous work [9],
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[18], [28] imposes that correlation can only occur locally
in small blocks of variables, the (7, k) sparsity condition
relaxes this condition to more general global correlation
patterning.

Some of the broader implications of the technical contribu-
tions of this paper are described below.

Previous conditions on population partial correlation net-
works assume they are of lower dimension. In particular,
conditions such as block sparsity do not allow for completely
connected partial correlation graphs which involve all p vari-
ables. Such restrictive assumptions are difficult to validate
and rule out many realistic population (partial) correlation
structures. Overcoming this hurdle has been an open prob-
lem for several years. The newly introduced (7, k) sparsity
condition on the population covariance matrix settles this
longstanding problem by successfully allowing for completely
connected partial correlation graphs over the entire set of
features.

Historically, the literature on correlation estimation and
graphical models has separated the treatments of covariance
graph models and undirected graphical models (or inverse
covariance graph models) [29]. Unifying the two classes of
statistical models has been an open problem for the better
part of almost 3 decades. While this separate treatment may
be appropriate in low dimensional settings when there are
few variables, it is not immediately obvious which of the two
frameworks is appropriate for a given data set in modern ultra-
high dimensional regimes. To our knowledge, the framework
in this paper is the first in the graphical model or correlation
graph estimation literature to propose methodology which
brings both approaches under one umbrella.

The results in the paper also have relevance to applications.
Recall that our Poisson and compound Poisson expressions
effectively describe the number of false discoveries and hence
allow us to obtain results for the familywise error rate (FWER)
or k-FWER, that is the probability of obtaining k or more
false discoveries. Note that we can also obtain the marginal
distributions of correlation estimates, which in turn allow
us to obtain expressions for p-values for testing correlation
estimates. These marginal p-values allow us to establish FDR
control too using either the Benjamini-Hochberg [30] or
Benjamini-Yakutelli procedures [31]. In summary, the corre-
lations screening framework is sufficiently rich that it allows
us to undertake statistical error control in terms of FWER,
k-FWER and FDR. This is one of the main strengths of
our results: a rigorous inferential framework in the ultra-high
dimensional setting.

The remainder of this paper is organized as follows.
Section II outlines the framework and presents our main the-
orem which characterizes the compound Poisson approxima-
tions when p approaches co. In Section III an approximating
theorem when p is finite is presented, based on which the main
theorem follows. Section IV covers convergence of moments.
Section V provides explicit expressions for the parameters of
the compound Poisson characterizations. Notation and sym-
bols used in this paper are collected in the Section A of the
Appendix. Most of the technical proofs and auxiliary results
are given in the Appendix.

II. MAIN RESULTS
A. Framework

Available is a data matrix consisting of multivariate samples

X = [sc(l),w(z),--- ,w(")]T = [z1, 22, -+ ,xp] € R™P,
(1
where {z(W}7 , C RP are samples from a p-dimensional
distribution. We assume that the n x p data matrix X follows
a vector elliptically contoured distribution [32], [33], [34].
A random matrix X € R"*? is vector-elliptical with positive
definite covariance or dispersion parameter 3 € RP*P and

location parameter g if its density satisfies

fx(X) = det(2) " 2g(u((X —1p")EHXT —1u"))),

)

for a shape function g : R — [0, 00) such that [ fx(X) = 1.
In (2), 1 is a column vector with all elements equal to 1.
We use the shorthand X ~ VE(u, 3, ¢g) to denote that X
follows a vector elliptically contoured distribution with density
(2). Note that the rows {x()}?_, of X are uncorrelated but
not necessarily independent [34]. An example of a vector-
elliptical distributed is the matrix normal distribution, for
which the rows {x(}7_, C RP? are iid. samples from
N (p, X). Specifically, the matrix normal density is obtained
when, in (2), g(w) = go(w) = (27)~ % exp(—3w) and in
this case X ~ VE(u, X, go).
Given a data matrix X ~ VE(u, X, g)', the sample mean

I is given as a row vector

RS SO e

= - ;x = nX 1.

The sample covariance matrix S is

N v e T L T (1 1qgT
S—n_lizzl(x z)(x" —) _n—1X I, nll X.
3)
The sample correlation matrix R is defined as:
R = diag(S) S diag(S) 2, )

where diag(A) for a matrix A € R™*" is the diagonal part
of A and B~'/2 for a diagonal matrix B is a diagonal matrix
formed by raising every diagonal element of B to the power
—1/2. Since R is not invertible, we define the sample partial
correlation matrix P by

P = diag(R") > R' diag(R') 2. 5)

where R is the Moore-Penrose pseudo-inverse of R.

Let ¥ = (¥;;); jelp be generic notation for a correlation-
type matrix like R or P. Given a threshold p € [0,1) define
the undirected graph induced by thresholding W, denoted by
G, (W), as follows. The vertex set of graph G,(¥) is V(¥) =
[p] ;= {1,2,--- ,p} and the edge set is E(¥) ¢ V(¥) x V(¥),
with (i,7) € E™) if |W,;| > p, where (i,;) denotes an
edge between 4 and j (i # j). We call G,(¥) the empirical

'In previous work [17], [18] it was assumed that the samples (*) are i.i.d.

elliptical contoured distributed. This condition is in fact insufficient and the
stronger vector elliptical contoured distribution condition (2) is required.
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Fig. 1. A graph with 5 vertices and 5 edges.

correlation graph and the empirical partial correlation graph,
respectively, when ¥ = R and ¥ = P. Let ®¥)(p) be
the adjacency matrices associated with the graph G,(¥), with
E;I’)(p) = 1(|¥;5] > p) for i # j, where 1(-) is the
indicator function. The dependence of ®(¥)(p) and q)g;y) (p)
on p will be suppressed when it is clear from the context.
The focus of this paper is correlation and partial screening,
which counts the number of vertices of prescribed degree, the
number of star subgraphs, or the number of edges in G,(¥®).
The objective is to characterize the distributions of these
counting statistics. More specifically, for the graph G,(¥)
with ¥ = R or ¥ = P, the degree of vertex ¢ is defined
as Z?:l,j;ﬁi <I>§;P)(p). For 1 < 6 < p— 1, the total number of

vertices with degree exactly ¢ (at least ¢), denoted by N‘(;II)
5

elements ®

(N‘(,;P)), is of particular interest. Note that if a vertex has
degree exactly J, then there exists a star subgraph with ¢
edges centered at that vertex. Consequently the number of

star subgraphs are important in the analysis of Né‘y) and
5

N‘(,;II), hence our interest in the number of star subgraphs.
For 2 < § < p — 1, the number of subgraphs in G,(¥) that
are isomorphic to I's is denoted by N]g), where I'; denotes
a star shaped graph with ¢ edges. In the case when § = 1,
we define Ng') to be twice the number of edges in G,(®).

N](;f) is referred as the star subgraph counts.

Example I1.1: Figure 1 represents an empirical partial
correlation graph. For this graph the number of vertices of

degree 2 is Né/P) = 1 and the number of vertices of degree
2

at least 2 is N‘(/f) = 3. The number of subgraphs

)

isomorphic to I's is N g: = 2. The number of connected

vertices 1S N‘(f) =5, and N](;f) = 10 as there are 5 edges.

Consider now the case where the sample size n is fixed
and there exists a sequence of data matrices X € R™*P with
increasing dimension p. Following the procedure described in
the paragraph after (5), we obtain a sequence of random graphs
G, (¥) with increasing number of vertices. This paper derives
finite sample compound Poisson characterizations of the distri-
butions of the 6 random quantities { NV gf), Né;p), N‘(/;II) ¥ e
{R, P}}, for p finite and as p — oo, for suiiably chosen p,
under a sparsity assumption on the dispersion parameter X.
Such characterizations can be used to test the sparsity structure
of the dispersion parameter 3 or to guide the choice of the
threshold p [17], [18]. Throughout the rest of the paper we use
Nj to denote a generic random variable equal to one of the
6 quantities {NE‘f),N‘E/;P),N‘(/j’) : ¥ € {R, P}}. By abuse
of terminology, we refer to N5 generically as vertex counts.
We reiterate that in this paper the number n of samples is

fixed and the number p of variables could either be finite or
tend to infinity.

B. A Unified Theorem

In this subsection we present a unified theorem that estab-
lishes that N5 converges in distribution to a compound Poisson
distribution when p — oo. We begin by defining necessary
quantities and then we state our main theorem.

For any positive number A\ and a probability distribution
¢ supported on positive integers, let CP()\, ) denote the
corresponding compound Poisson distribution. Specifically,
CP(\,¢) is the distribution of Z = Y Z;, where N
is distributed as a Poisson random variable with mean A,
Z; i ¢ and N is independent of each Z;. Here the random
variable IV is the number of occurrences of increments and
¢ is the distribution of each increment. The parameter A and
¢ are often referred to as the arrival rate and the increment
distribution, respectively.

As the parameters of the compound Poisson distribution in
the next theorem involve a random geometric graph, we define
relevant notation. Given a set of points {v;}2_, in R"72
denote by Ge ({v;}?_;,r) the geometric graph with radius
r, defined as follows. The vertex set of the graph is {vi}le,
and there is an edge between v; and v; if ||v; —vj||2 < r. The
graph is called a random geometric graph when the vertices
of the geometric graph are random. A universal vertex is a
vertex of an undirected graph that is adjacent to all other
vertices of the graph [35]. Denote by NUV ({v;}?_,,r) the
number of universal vertices in Ge ({v;}?_,, ). Denote B"~2
the unit sphere in R"~2 and denote unif(B"~?2) the uniform
distribution on B"~2. Let {@;}?_, be i.i.d. from unif(B"~?2).
For the random geometric graph Ge ({@;}!_,,1), we denote
the probability that there are exactly ¢ — 1 universal vertices
by

ag =P (NUV ({a;}}_,1) =¢—-1), Ve[§+1], (6)
and define a probability distribution ¢, s on [§ + 1]:
541

Cns(0) = (ag/l)/ <Z(a5 /s)> . Yelp+1]. )
s=1

As will be shown in the next theorem, ¢, s is the increment

distribution of a compound Poisson approximation to N5 when

p — 00.

We also introduce the following sparsity conditions: a
matrix is said to be row-x sparse if every row has at most
x nonzero elements. This is a weaker sparsity condition than
the block sparsity condition of [18] (see also Subsection II-C).
The next definition is a stronger sparsity condition than row-«
sparsity but remains weaker than block sparsity.

Definition 1.2 ((7,k) Sparsity): A p by p dimensional
symmetric matrix is said to be (7, k) sparse if it is row-x
sparse and its lower p — 7 by p — 7 block is diagonal.

Another relevant quantity is the normalized determinant
defined as follows:

Definition 11.3 (Normalized Determinant): For any sym-
metric, positive definite matrix A € RP*P, its normalized
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determinant ;(A) is defined by

det(A)
(Ap(A))"’

PoN(A
mmfgﬁg—

where A1(A) < Ag(A) < --- < X, (A) are the eigenvalues of
A.

For 7 C [p] denote by Az the set of all |Z| x |Z]
submatrices of A € RP*P obtained by extracting the cor-
responding rows and columns indexed by Z. The set Az
contains |Z|! matrices that are all equivalent up to a per-
mutation applied simultaneously to both rows and columns.
Define the local normalized determinant of degree m of a
matrix A € RP*P to be pm(A) = min{pu(Az) : T C
[p],|Z] = m}. Note that u(Az) is well defined since u(-)
is invariant to simultaneous application of a permutation
to both rows and columns. For symmetric positive definite
A € RP*P further define the inverse local normalized
determinant

[tm, (A)]’WT_l, A not diagonal,

. (®)
1, A diagonal.

Mn,m(A) = {

By definition p(A) € (0,1] and pn,m(A) € [1,00).

Denote I'(x) the gamma function and let a, :=
o ;;E;ﬁp(l()r{ 2)2) 73y With the above definitions in place,
we now state our main theorem: when p — oo, if the threshold
p approaches 1 at a particular rate, then the sequence of vertex
counts Ns converges in distribution to a compound Poisson
distribution.

Theorem I1.4 (Compound Poisson limit): Let n > 4 and
be fixed positive integers. Let X ~ VE(u, X, g). Assume that
the threshold p is a function of p that satisfies a,, 22 p”% (1-
p)% — eps as p — oo, where e, s is some positive
finite constant that possibly depends on n and §. Denote
Anslens) = 5 (en 5)6 gﬂ % Suppose X, after some

row-column permutation, is (7,,xp) sparse with lim %“ +
p—00

Hn, 2542 () Z2 0. Then Ns, a generic random variable in
the set {Nj ,N‘Vj”, NS ® € {R, P}}, satisfies:

Né 2) CP(/\n,é(en,é)v Cn,é) as p — o0. 9

If only the vertex counts in the empirical correlation graph is
of interest, then the (7, k) sparsity assumption can be relaxed
to row-k sparsity.

Lemma I1.5 (Compound Poisson Limit in Empirical Corre-
lation Graph): Let n > 4 and 0 be fixed positive integers. Let
X ~VE(u, X, g). Assume that the threshold p is a function of
p that satisfies @, 2% pl+s (l—p)% — ep,5 a8 p — 00, where
en,s 1s some positive finite constant that possibly depends on
n and ¢. Denote A\, 5(en,5) = (en 5) E‘SH 2 . Suppose . >
is row-r,, sparse with lim pn 2542 (X) 7 % _, (. Then Nj,

a generic random varlable in the set {N](;:),N , N (R)}
satisfies:

Né 2) CP(/\n,é(en,é)v Cn,é) as p — o0. (10)

n—2

Remark 11.6: The condition a,2%p't5(1 — p)*z° —

en,s > 0 is equivalent to

2 _2_
p%(lﬁ»%)(l _ p) R en76 n—2 _ 1 671/76 n_2
an2% 2 \ 2a, ’

which indicates that p — 1 at rate piﬁ(pr%). As will be
discussed in more detail in Remark IV.2, this rate is in fact
both necessary and sufficient for the expected counts EN; to
converge to a non-trivial limit. If p does not converge to 1,
or converges to 1 at a slower rate, then EN5 diverges to oo,
while if p converges to 1 at a faster rate then EN; converges to
0. This particular rate on p is consistent with the rate of the
existing Poisson approximation results in random geometric
graphs [23] as will be discussed in Section III-B. A sequence
of correlation thresholds p = p,, that satisfies this condition is
€n,s

2
1 n—2

()
2 2anp1+§

Observe that Theorem II1.4 and Lemma IL.5 hold for any
mean g and any shaping function g when X ~ VE(u, X, g).
We will provide intuition for this invariance property in
Remark III.3.

The proofs of Theorem II.4 and Lemma II.5 will be pre-
sented in Subsection III-E. We will call CP(\,, 5(en.5), Cn,5)
the limiting compound Poisson distribution, approximation
or characterization. Since Ns and CP(An.5(€n,s),Cn,5) are
discrete, (9) is equivalent to:

drv (,,E/ﬂ (Né) ,CP(A né(en 6) Cn, 6)) — 0 asp— o0,

where % () represents the probability distribution of the
argument, and drv (-, -) is the total variation distance between
two probability distributions. A variant of Theorem I[.4 for
finite p (Theorem III.11), which establishes an upper bound on
the total variation distance between ¢ (N5) and a compound
Poisson distribution, will be presented in Subsection III-E.
Theorem I1.4 and Theorem III.11 specify asymptotic com-
pound Poisson limits and non-asymptotic bounds on the full
distribution of vertex counts. These limits correct and extend
the Poisson limits that were falsely claimed to hold for all
finite n, d, although we note that the compound Poisson limit
can be well approximated by the Poisson limit in the case of
moderately large n or large § (see Sec. V).

In Theorem IL.4 the (7, ) sparsity condition and the condi-
tion fu,, m (X) < oo are assumed. We elaborate on these two
conditions in the next two subsections.

pp = 1)

C. (7, k) Sparsity

The matrix (12) below is an example of a (7, k) sparse
matrix with 7 = 2, k = 3. This 5 x 5 symmetric matrix is (2, 3)
sparse since each of the first 2 rows has at most 3 nonzero
elements and the lower 3 x 3 block is diagonal.

5 0 2 01
08 300
236 00 (12)
000 T7TO
1 0 0 0 8
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(a) block sparsity

Fig. 2.

(b) (7, k) sparsity

Diagram of the correlation graph Go (~§~3) for a p = 7 dimensional distribution with two different 7 X 7 correlation matrices. The left panel is

associated with a block-3 sparse assumption on 3. Only the 7 = 3 variables in the group inside the left circle are correlated: there are no correlations (edges)
between the remaining 4 variables in the right circle and there are no correlations across the two sets of variables in the different circles. The right panel is
associated with (7, k) = (3, 3) sparsity on 3, where two additional edges, representing correlations between variables, exist across the two groups.

If the adjacency matrix of a graph (V,€&) is (7, k) sparse,
then the vertices V can be partitioned into two disjoint subsets
V; and Vs with the following properties: 1) |V;| < 7; 2) there
is no edge between any two vertices in Vy; 3) the degree of
any vertex in V; is no more than x — 1; 4) edges connecting
vertex in V1 and V, may exist.

When the dispersion parameter X is row-x sparse, the
authors of [17] studied the mean of the quantities NN, gf)
and N‘(,?‘) and they obtained limits of IP’(N](E?) > 0) or
]P’(N‘(/?) > 0) when p — oo while fixing n. In [18] these
results were extended to empirical partial correlation graphs
when the dispersion parameter X is assumed to be block-7
sparse up to a row-column permutation, i.e., there exists a
permutation matrix T such that

p p
TETT: 11 12 13
(221 Dpfr ( )
where 1 = X, = 0 € R™*(=7) and D, . €

R(»P-7)x(=7) is some diagonal matrix. In Theorem IL4 of
this paper X is assumed to be (7, k) sparse after row-column
permutation, i.e. there exists a permutation matrix 7" such that
(13) holds with D,,_, € R(®=7)*(P=7) some diagonal matrix
and with the first 7 rows (317 X12) being row-x sparse.

It is clear that the (7, k) sparsity condition is more general
than the block sparsity condition as that there is no restriction
on X5 = 0. Indeed, every block-7 sparse matrix is (7, k)
sparse with x = 7. Nevertheless, the (7, k) sparsity with k = 7
allows non-zeros in the top-right submatrix, which permits
more possible correlations between the variables relative to
the block-7 sparsity in correlation graphical models. To see
this, consider the associated graphical model go(i) for a
correlation matrix 3. Recall in Section II-A we define G, (-)
as the graph with adjacency matrix obtained by thresholding
a matrix with p. In Figure 2, nodes represent the variables
and edges represent the correlation between variables. The
left panel is a graphical model associated with the block-
3 sparse assumption, while the right panel satisfies (7,x)
sparsity with (7,%) = (3,3). The later has more correlations
(the red edges) across the two sets of variables in the 2 circles.
The (7, k) sparsity condition with £ > 7 allows additional

correlations between variables. Notably, (7, ) sparsity allows
the underlying graphical model to be connected as shown in
the following example.

Example 11.7 (A Connected Correlation Graph That is
(1,k) Sparse): Start with a set of p vertices [p] with no
edges. Denote the neighborhood of vertex ¢ to be NB(i).
We construct a connected (7, k) sparse graph on [p] by creating
neighborhoods of the first 7 vertices according to the following
rule: fori € [t — 1],

NB(i) ={i+ 1} (J {7+ G- 1D(-2)+4},
JE[K—2]

U r+ - -2)+5}.

jE[R—1]

NB(1) =

With this construction, each vertex among the first 7 vertices
is connected to x — 1 other vertices and the remaining p — 7
vertices [p] \ [7] do not connect to each other. As a result the
associated adjacency matrix is (7, k) sparse. Moreover, as long
as

T+7(k=2)+1=7(k—1)+12>p, a4

the graph is connected. Now, let 3 be a matrix with diagonal
1 and the locations of the off-diagonal nonzero elements
specified by the graph constructed. For simplicity, choose all
the off-diagonal nonzero elements to be . If £ is small enough,
then X is close to the identity matrix, hence positive definite
and is therefore a bone fide correlation matrix. We have thus
constructed a (7, ) sparse correlation matrix whose associated
graphical model is connected provided (14) is true. Now
observe that by specifying 7 = p® and s = p? with a+3 > 1,
(14) is indeed satisfied for large p. Moreover, if «, 5 € (0,1)
then 7,k = o(p). By choosing £ as a decreasing function of
p, the condition number of 3 will not increase too fast w.r.t.
p so that the condition that 113;0% + tn25+2 () % — 0 in
Theorem I1.4 is satisfied. 3

On the other hand, (7, k) sparsity is a stronger assumption
than row-x sparsity , since every (7, k) sparse matrix is row-x
sparse. (7, k) sparsity is thus an intermediate level of sparsity
lying between block sparsity and row sparsity.



340 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 69, NO. 1, JANUARY 2023

Remark I1.8: In Theorem I1.4 we supposed that the dis-
persion parameter 3, after some row-column permutation,
is (7, %) sparse. In this paper we are interested in N5, which is
invariant under permutation of the p variables. Since permuta-
tion of the variables is equivalent to row-column permutation
of the dispersion parameter 3, without loss of generality,
we can assume that the variables have been permuted such
that 3 is (7, k) sparse.

D. Local Normalized Determinant

In this subsection, we elaborate on the normalized determi-
nant x(-) and the inverse local normalized determinant defined
in Subsection II-B. The normalized determinant measures
the closeness between the identity matrix and the disper-
sion parameter 3. This quantity plays an important role in
Theorem I1.4.

Observe that 1(A) € (0, 1] and that, u(A) = 1 if and only if
A is a multiple of I,,. Moreover ;1(A) is close to 1, and hence
bounded away from 0, as long as all eigenvalues concentrate
around a positive number. Below is an example of a sequence
of symmetric positive definite matrices with well-concentrated
eigenvalues such that their normalized determinants are uni-
formly bounded away from 0.

Example 11.9: Let {a;}7_; be a positive real sequence. Let
o0
{Bi}22, be a positive, decreasing sequence such that > 3; <
i=1
00. Consider A € RP*P a symmetric positive definite matrix
with eigenvalues \; = apexp(—0F;) for 1 < i < p—1 and
Ap = oy,. Then

4(A) = exp <— Zb’) .

Consider now the case that p is increasing and con-
sider a sequence of matrices A of increasing dimension
with the above properties. For this sequence p(A) >

o0
exp <— > ﬁz> > 0, i.e. u(A) is bounded uniformly away
i=1
from 0. '

It follows by the interlacing property (see Theorem
8.1.7 in [36]) that j1,,, (A) is decreasing with respect to m € [p]
for any symmetric positive definite matrix A € RP*P. Thus the
inverse local normalized determinant /iy, ,,,(A) is increasing
with respect to m € [p].

It turns out that the inverse local normalized determinant
of the dispersion matrix ¥ will play an important role in
our study of the distribution of N;. Indeed, when § > 2,
Ng:) can be represented as a sum of indicator functions of
the event that a subgraph of & + 1 vertices is isomorphic
to I's (see (48) for the precise formula). Each term in the
summation involves only § 4+ 1 variables, and thus each pair
of two such terms involves at most 2(6 + 1) variables. Hence
H2s+2(3) or fin 26+2(X) controls the correlation between two
indicator terms in the summation of N g‘), which determines

the convergence of N g?‘) to a compound Poisson distribution.

In Theorem I1.4 we assume that ji,, 2542 () %p — 0, which

holds when fip, 2542 (2) is either bounded or increasing with

rate o(-%). In the Section B of the Appendix, Lemma A.1
P

provides a bound on iy, 2512 (X) in terms of the condition

number and the eigenvalues of X.

III. COMPOUND POISSON CHARACTERIZATIONS FOR
FINITE p

In this section we establish a compound Poisson approxi-
mation for % (Nj) for finite p, which is then used to prove
the asymptotic Theorem IL.4. In Subsection III-A Z-score
type representations are introduced, which are used in the
subsequent development in Subsection III-B. Subsection III-B
provides an equivalent formulation of the empirical correlation
and partial correlation graphs in terms of random geometric
graphs. Against the backdrop of the first two subsections,
Subsection III-C presents the compound Poisson approxima-
tion for star subgraph counts N ](ER). Subsection III-D demon-
strates that all 6 quantities in {NgEf),Né;I'),N‘(,;P) k€
{R, P}} are close in L' distance. Combining results in
Subsection III-C and Subsection III-D, a compound Poisson
characterization for N for finite p is obtained in Subsec-
tion III-E, which is then used to deduce Theorem II.4 in
Subsection III-F.

A. Z-Score Type Representations of Sample Correlation and
Partial Correlation

In this subsection, we define the U-scores and the Y-scores
for the sample correlation and the sample partial correlation,
respectively. These Z-type scores will serve as the vertex
set on which random geometric graphs are constructed in
Subsection III-B.

The matrix of Z-scores Z = [z1, ..., 2,] € R"*P associ-
ated with the data matrix X is defined by

SM' (n — 1) ’

where Z; is the i-th coordinate of the sample mean &. The
Z-scores specify the sample correlation matrix by the relation
R = Z"Z. Since 1"72z; = 0 for every i € [p], we consider
an equivalent but lower-dimensional type of Z-scores called
the U-scores [17], [18], obtained by projecting each z; on
the subspace {w € R™ : 17w = 0}. Specifically, consider
an orthogonal n x n matrix H = [n’%l,ngn]T. The
matrix Hs., € R"*("~1 can be obtained by Gramm-Schmidt
orthogonalization and satisfies the properties

zZi =

]-THQ:n =0, HQTnHQn =TI, .

Define the matrix of U-scores as U = [u1, ..., u,] with u; =
H, .z € R" 1 Itis clear that
R=U'"U. (15)

The normalized outer product of U, defined by

n—1

B = UUT c R(n—l)x(n—l) (16)
will play an important role in the analysis of the empirical

partial correlation graph.
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Lemma III.1: Let X ~ VE(p,X,g) and p > n. Then B is
invertible a.s.

Proofs of all the lemmas and propositions in this paper can
be found in the Appendix. By Lemma 1 in [18], provided B
is invertible, the Moore-Penrose pseudo-inverse of R can be
expressed as follows:

p
n—

2
R =UT[UU"|?U = ( 1) U'B?U. U17)

It follovys from Lemma III.1 that equation (17) holds a.s.
Define Y = B~'U and observe that

2
RT:( P ) Y'Y as.

18
n—1 (18)
Further define y; := g;/||yil|]2 for ¢ € [p] and ¥ :=
[Y1,¥Y2,-.-,Yp| € R(=1XP_Then

P=Y'Y as. (19)

by equation (5) and (18). Y in (19) is referred to as
the Y-scores representation of the sample partial correlation
matrix, as in [18].

By (15) and (19), the set of U-scores and Y-scores sum-
marize all the information about the sample correlations and
partial correlations, and hence they capture all the information
about the vertex counts Ns. We will further elaborate on this
point in Subsection III-B. Observing that Y is a function of
U, the distribution of N is uniquely determined by U. The
remainder of this subsection focuses on the distribution of the
U-scores.

Denote S™~2 the unit sphere in R"! and denote
unif(S"~2) the uniform distribution on S""2.  Let

{2 (0, 3) and

X =W, . a0 = [z,,..., 8, e RP-DxP,

In the next lemma we charaNCterize the distribution of U in
terms of the distribution of X.
Lemma II1.2: Assume X ~ VE(u, X, g).

(a) The matrix U of U-scores has the same distribution as

- _gzg_}
@:ll27 """ 1@pll2 |
(b) For each i € [p], u; is distributed as unif(S"~2).
Moreover, if ¥;; = 0, then u; and u; are independent.

Remark I11.3: When ¥;; = 0, the i-th and the j-th columns
of the data matrix are uncorrelated but are not necessarily
independent. However Lemma III.2 (b) establishes that in fact
the corresponding U-scores u; and u; are independent. This is
a consequence of the fact that the entire data matrix follows the
vector elliptically contoured distribution X ~ VE(u, X, g).
Another important implication of Lemma III.2 is that the
distribution of U, hence the distribution of Ny, is invariant
to the mean p and the shaping function g.

Let 0™~ 2 be the spherical measure on S"~2, that is
o™~2 is the uniform probability measure corresponding to
unif (S"~2). Denote by fu; u,, . u,,, the joint density of
the ji-th, jo-th, ..., jp,-th column of U with respect to the
product measure ®"0" 2 == " 2 @c" 2 ® - -@o" 2

m

The next lemma establishes that fu; w,, . u;, is bounded

by the inverse local normalized determinant fi,, ,, (3).
Lemma II1.4: Assume X ~ VE(u, 3, g). Consider a set of

distinct indexes J = {j; : 1 <i < m} C [p].

(a) The inverse local normalized determinant satisfies

Pnm (B7) < pnm ().

(b) The joint density of any subset of m columns of U-scores
w.rt. ®™o"~ 1 is upper bounded by fi,m(X): V v; €
S"=2.Y i € [m],

fu“ JUjo st ,ujm(vla V2, , vm) S /J/n,m,(zj) S /J/n,m,(z)-

(c) Let h: (S"_Q)m — R be a nonnegative Borel measur-
able function. Then

Eh(“h y Ujay ™ aujm)
Sunrm(zj)Eh(u;i ’ u;'z’ T ’u;m)
SMn,m(E)Eh(u;1 ) u;‘Qa Ty u;'m)a

where {uf, }7, are i.i.d. uniformly distributed on S™~2.
According to Lemma II1.4 (c), when calculating the expec-
tation of nonnegative function of any m columns of U, one
may always assume that the associated columns {u;} are i.i.d.
unif(S™1) up to an additional multiplicative factor i, ,,, ().

B. Random Pseudo Geometric Graphs

In this subsection we define random pseudo geometric
graphs and provide an equivalent formulation of the empirical
correlation and partial correlation graphs in terms of these
graphs, for which the vertex sets are, respectively, the U and
Y scores. We also define the increment distribution of the
compound Poisson that approximates N5 when p is finite.

By the fact that R = U U and the fact that columns of
U have Euclidean norm 1,

2 2

Ry = uluy =1 - Il il
For a threshold p € [0, 1), define 7, := \/2(1 — p) € (0,v/2].
As shown in [17] and [18], by (20),

{IRij| = p} = {lluitulla < rppU{[Jui—ulla < 7p}-

An analogous argument yields the following for the empirical
partial correlation graph,

Pl = p} ={llyi +yjll2 < rpt U{llyi —yjll2 < 70}

Based on (21), we now introduce novel geometric connections
between empirical correlation graphs and random geometric
graphs. Recall {|R;;| > p} is the event that the magnitude
of the sample correlation between the i-th and j-th variables
exceeds the threshold p, or equivalently, the event that there
exists a edge connecting the i-th and j-th vertices in the
empirical correlation graph G,(R). Equation (21) indicates
that {|R;;| > p} is the same as the event that the associated
U-scores for the ¢-th and j-th variables, u; and u;, lie in
some geometric set on S™~2 x S™~2, This insight provides an
equivalent way to construct G,(R) through the U-scores. The
empirical partial correlation graph G,(P) may similarly be

(20)

21

(22)
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constructed through the Y-scores based on (22). These remarks
are formalized in the next few paragraphs.

Definition II1.5 (Pseudo Geometric Graph): Given m >
2 and a set of points {v;}, in R, denote by
PGe ({v;},,7;.4") the pseudo geometric graph with radius
r, defined as follows. The vertex set of the graph is {v;}1",,
and there is an edge between v; and v; if dist(v;,v;) =
min {|lv; — vjl2, ||vi + v;ll2} < 7. The graph is called a
random pseudo geometric graph when the vertices are random.

It is easy to verify that dist(-, -) has the following properties:
for Yvy,v9,v3 € R™,

1) dist(vy,v2) > 0;

2) dist(vy,v2) = 0 if only if v1 = va or v1 = —vy;

3) dist(vy,v2) = dist(vy,v1) and dist(vy,v2) =
dist(v, —v2)

4) dist(vq, v2) < dist(vy, v3) + dist(vs, va).

That is, dist(-,-) is a pseudo metric on R+, hence the name
pseudo geometric graph in Definition IIL.5.

With the above definitions, and by the discussions pre-
ceding Definition III.5, the empirical correlation graph
G,(R) is isomorphic to PGe({u;}!_;,7,), the random
pseudo geometric graph generated by U-scores. Consequently
{N‘(/f‘), N‘E/R), N g‘)} are the numbers of vertices or subgraphs
in PGe({'zji}le,r,)). An analogous analysis applies to the
empirical partial correlation graph and PGe ({y;}}_,r,). This
equivalent construction indicates that the distribution of each
of the 3 quantities {N ', N Ni¥} with = R (¥ =
P) only depends on the pair\i/ise pseudo distances dist(-, -)
between columns of U (Y).

The random pseudo geometric graph in Definition IIL.5 is
similar to the random geometric graph introduced in [23].
In particular, studied in the monograph [23] is the number of
induced subgraphs isomorphic to a given graph, typical vertex
degrees, and other graphical quantities of random geometric
graphs. As a specific example, the rate a,2"/2p'*5(1 —
p)%2 — e(n,d) as p — oo in Theorem IL4 is equiva-
lent to 2anp1+%r;"_2 — e(n, ), which is consistent with
existing Poisson approximation for random geometric graph
[23, Theorem 3.4]. The differences between our random
pseudo geometric graph in Definition III.5 and the random
geometric graphs defined in [23] are: 1) our graph has vertices
u; lying on the unit sphere instead of on the entire Euclidean
space; 2) our graph is induced by distance dist(-,-) instead
of the Euclidean distance. Another key difference is that
vertices u; are not necessarily independent in Definition IIL.5.
Indeed in our model, the correlations between vertices u; are
encoded by a sparse matrix X (cf. Lemma IIL.2 (a)), whereas
in [23] the vertices associated with the random geometric
graph are assumed to be i.i.d. In [23] it was stated (Example
after [23, Corollary 3.6]) without proof that the number of
vertices with degree at least 3 was approximately compound
Poisson. A similar compound Poisson limit is established in
Theorem I1.4. There is recent work on testing whether a given
graph is a realization of an Erd6s—Rényi random graph or a
realization of a random geometric graph with vertices i.i.d.
uniformly distributed on the sphere [37]. Therein, the authors

study the asymptotics of a count statistic, the (signed) trian-
gles, on a random geometric graph induced by thresholding
the distances between p i.i.d. uniformly distributed points
on the n dimensional sphere as n goes to oco. In contrast,
this paper studies the large p asymptotics of vertex degree
counts for dependent non-uniform points on a sphere of fixed
dimension n.

Recall that NUV ({v;}*,7;.4") denotes the number of
universal vertices (vertices adjacent to all vertices except itself)
in the geometric graph Ge ({v;},,7;.4"). Analogously,
denote by PNUV ({v;},,r;.#") the number of universal
vertices in the pseudo geometric graph PGe ({v;}/,,r; A).

Denote by deg(-) the degree of a given vertex in the
graph. Consider {u/}?} "X unif(S"~2). Denote the
conditional probability that there are ¢ universal vertices in
PGe ({u}31],r,) by
ans(l,rp) =P (PNUV ({u}2],r,) = {| deg(u}) = §),

(23)
where ¢ € [0 + 1]. The conditional probability o, s5(¢,r,)
depends on n, J and the threshold p and is abbreviated

as a(f,r,) when there is no risk of confusion. Define a
probability distribution ¢, s, supported on [0 + 1] with

Cn,(s,p(g) — 5:);(& Tp)/e .
=1 (a(l1p)/0)
It will be shown in the next three subsections that the prob-
ability distribution {, s,, is the increment distribution of the
compound Poisson approximation to N for finite p.

(24)

C. Closeness of the Star Subgraph Counts to a Compound
Poisson

In this subsection we present a proposition that establishes
an upper bound on the total variation between .Z (N gj)) and
the compound Poisson distribution.

We first introduce some notation. Let SC(r,w) be the
spherical cap with radius 7 at the center w € S™~2. Formally,

SC(r,w) = {x € S" 2 ||z — w2 < 7}. (25)

Define P, (r) := %, where Area(-) is the area of a
subset of S"~2. P, (r) is the normalized area of the spherical
cap with radius r. As is shown in (2.6) in [17],

bn

1
Pn(r) = ?/1 2 (1 - UQ)%dU” when r € [O’ \/5]’ (26)

—rz
2

_ _2((n=1)/2)
where b, = T (n=2)/2) "
that whenv/2 < r < 2

Area(SC(vV4 — r2,w))
T Ak PV 1)

and P, (r) = 1 when r > 2. Further properties of P,(r) are
summarized in Lemma A.22 in Section J of the Appendix.
Define the rate parameter

e ()0 o §2551

=1

It follows by simple calculation

P,(r)y=1 =1-

27)
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The next proposition establishes that the distribution of
N S) is approximated by a compound Poisson distribution
CP(Ap,n,5,p, Gn,s,p) With rate parameter A, ,, 5., and dispersion
parameter ¢, 5,,. Here C' and c, and their subscripted versions,
denote generic positive constants that only depend on their
subscripts.

Proposition I11.6 (Compound Poisson Approximation for
Subgraph Counts): Letp >n >4,0 € [p—1] and v > 0 be
given. Suppose X ~ VE(u, X, g). Suppose 2p1+%Pn(7"p) <
v, and X is row-x sparse. Then

drv (g( (R)) CP(/\p,nﬁ,paCn,é,p))

»ye=t
<Chsn (CZM)H 6+1(2) 5

(Mn,26+2 (%) <1 * n2st2 (%) (g>2> +p_é> |

where Cy, 5., and Cj

Remark II1.7: The condition 2p1+%Pn(7"p) < v
specifies an implicit lower bound on the threshold p.
To obtain an explicit lower bo%nd, observe that the con-

e
dition 2a,p'*s ( 2(1 - p))
2p1+%Pn(r,)) < v, by Lemma A.22 (a) in Section J of the
Appendix. Solving for p, we then obtain

| =

are two constants.

< v is sufficient for

1 2
pzl——(% (28)

n—2
2 2anp1+f) '

The condition (28) is a non-asymptotic version of (11). But
the requirement on p from 2p1+%Pn(r,)) < v is weaker than
(28) since the bound in Lemma A.22 (a) is not tight when p is
finite. For the upper bound in Proposition II1.6 to be small, p
should be relatively large and, 3 should have relatively small
Hn 2542 (32), and X should be row-« sparse with relative small
sparsity level x/p. In Lemma A.1 in Section B of the Appen-
dix, we bound fip, 2542 (2) in terms of the condition number
and eigenvalues of 3. In the special case when X is diagonal,
tn25+2 (2) £/p = 1/p. In the case that py, 2542 (X) k/p is
small, say fun, 2642 (3) k/p < 1, in the upper bound the term
tn26+2 (2) (k/ p)? can be dropped, resulting in an additional
constant factor, since fi, 2542 () (k/p)* < 1. In other words
the effective upper bound is i, 2542 (%) k/p+p~ s, neglecting
the coefficients depending on n, § and . Respective expres-
sions for C_ and C, 5 , in Proposition I11.6 are presented in
equations (91) and (92) in the Appendix.

Proposition II1.6 states that for given n, p, § and -, if the
threshold p is properly chosen, and 3 is row-x sparse and has
small i, 254+2(32), then the distribution of N, (R B, can be well
approximated by the compound Poisson CP(\p .50, $ns.p)-
We will call CP(Ap.1.5.p, Cn.5,p) the non-asymptotic compound
Poisson distribution. In the Appendix we provide an informal
argument (Section D) to motivate Proposition II1.6 in addition
to a complete proof (Section E).

D. A Portmanteau Result and Bounds on Pairwise Total
Variations

In this subsection upper bounds for pairwise total variation
distances and L' distances among {N](E‘f), N‘E/‘I'), N‘(,;P) tk e
{R,P}} are obtained. Some intuition is pr‘zzsented before
stating the portmanteau result Proposition IIL.9.

Lemma I11.8: Consider 6 € [p — 2].

R R R R R
N() G+ DN < NP < NP < NP,
NG = G+ DNE <N <N < NG

Esi1

It follows directly from Lemma III.8 that for N5 S
(R) Ar(R)
{NVS ’NV“ }’

E ‘N(; - N,(;j)‘ <(6+1ENS.. (29)

As aresult, if EN EER) is small, then IV, (R) and N‘(,R) are close
541 Vs 5
to N](;:) in L' norm.

To intuitively see why the vertex counts in the empirical
partial correlation graph are close to those in the empirical
correlation graph, consider large p and suppose that 3 is diag-
onal. Then by Lemma I11.2 (b), {u; }}_, are i.i.d. unif(S"~2).
According to the law of large numbers, for large p,

:n—lzuu

which implies that Y = B~'U ~
||lwil]|]2 = 1, and thus

Y—[ v Y
llg1ll2 9pll2

(n— 1)I[Euz = 30)

n—1,

U, so that |g;ll2 ~

] ~Y ~U. 3D
Recall in Subsection III-B that NV gf) and N ](31:) are the num-
bers of subgraphs isomorphic to I's associated with the random
pseudo geometric graphs induced respectively by U and Y.
Hence by (31), N ~N g:) Following the same reasoning,
Ny, (R) ~ Ny, (P) and N‘(/ ) ~ N‘(/P) These informal arguments
are formahzed by Proposition II1.9, which establishes that
all 6 quantities {N(\p N(\p) N‘(,;I’) k € {R,P}} are
mutually close in L' norm and their distributions are mutually
close in total variation. Proposition III.9 is therefore called a
“Portmanteau result”.

Proposition I11.9 (Portmanteau Result): Let p > n > 4 and
X ~ VE(1, X, g). Let § € [p— 1]. Suppose 2p'+4 P, (r,) <
.

(a) Suppose X s

v v
dry (.,sf(Né),.,sf (N,g?))
<E ‘Na ~ N

§+1)2 k—1\ _
< (a1 8

(b) Suppose 3, after some row-column permutation,
is (7,r) sparse with 7 < £. Suppose the condition

row-x sparse. Then for N5 S

o=
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n T -1
(L Spin,5+2(E) (L + 2 +p7%)

R
NP

Fig. 3.

K n T -1
Shh.o+2(2))( %x*‘ Z+p79)

Ilustration of the pairwise total variation distances between the vertex counts associated with the empirical correlation and partial correlation graph

established by the portmanteau result Proposition IIL.9. The 4 solid edges correspond to existence of direct upper bounds on the total variation distances
between two types of vertex counts, where the weights correspond respectively to the 4 upper bounds (neglecting constant coefficients) in Proposition II1.9.
Dashed edges correspond to indirect upper bounds of the associated total variation distances obtained by applying the triangular inequalities, with weights

computed from the solid path connecting the two vertices.

n—1
-t

and sufficiently small constant c. Then
arv (2 (N5)) . 2 (VE7))

<E \Ng’ N

1un,5+1(2)> <,/ln—p 4 f) . (32)
P p

where CSEIZ) is a constant depending on only n, ¢ and .
(c) Suppose the same conditions as in part (b) hold. Then

drvy (.,zﬂ (NE”)) % (NSR>))

Vs Vs

51}%) < c is satisfied for some positive

K —

<cy <1 +

(P) _ n(R)
SE‘N% - NY

~1 1
<cy <1 . Lun,5+2(2)> ( =L42 +p§> :
g p p P

(33)

where C‘(V/P) is a constant depending on only 7, d and ~.
)
Remark 111.10: In Proposition I11.9 (b) and (c), the condition

explicitly specifies a lower bound on p. Specifically, observe
that the left side of (34) is a decreasing function of p, and its
limit is 0 when p — oo. Thus the smallest positive integer
value of p satisfying (34) exists, denoted by po, which is
a function of n,d and c. Therefore (34) is equivalent to
requiring p > po. The inequalities (32) and (33) are valid
as long as c is less than finite constant, given respectively

(34)

in (110) and (115) in the Appendix. The row-x sparsity
condition on 3 guarantees that the vertex counts associated
with the empirical correlation graph are close in L' norm to
N by Proposition IIL9 (a). In Proposition IIL9 (b) and (c)
the stronger condition of (7, k) sparsity suffices to establish
that the vertex counts of G,(P) are close in L' norm to
those of G,(R). All 3 upper bounds in the proposition are
bounded by (1 + “leun,(prg(}])) \/% +3 +p’%), up to
a multiplicative constant depending on only n, § and 7. The
interpretation of this upper bound is similar to the second
paragraph in Remark III.7. Respective expressions for Cg:)

and C‘(V/P) are presented in equations (112) and (118) in the
Append&lx.

Figure 3 illustrates the relations established by the port-
manteau result Proposition II1.9. Dashed edges correspond to
indirect upper bounds of the total variation distances between
vertices, with weights computed from solid path connecting
the two vertices. For instance the weight of dash edge between
N g?) and N‘(/f) is computed from

i (2 (). 2 (V)

<E|Np - N

(R) _ \(P) (R) _ \(P)
<E|NGP - NP+ E|NED - N

(R) _ (R (R) _ n(P) (R) _ n(P)
<E|NEY - NP| + B[N - ND| + E| NP - N

In T

k—1
Scn,é,'y (1 + TMn,é-{-Q(E)) ( D p

where the first step follows from Lemma A.24 in Section J in
the Appendix, the second step follows from Lemma IIIL.8, and



WEI et al.: UNIFIED FRAMEWORK FOR CORRELATION MINING IN ULTRA-HIGH DIMENSION 345

the last step follows from Proposition II1.9, with

—(o® Lo  GED? s
Chnsqy = (CE(; + Cx”/a + —sr 7 .
Figure 3 graphically illustrates the implication of

Proposition II1.9 that all 6 quantities {N (%) N ) , Ny, (‘I’) :
k € {R,P}} are mutually close in total varlatlon As a
result, the closeness of one quantity among the 6 to some
distribution in total variation implies the closeness of all
6 quantities to that same distribution. By Proposition IIL.6,

Z (N g?)) is close to the non-asymptotic compound Poisson

distribution CP(Ap.5.6,0,Cn,5,,) in total variation, which
implies all 6 quantities {N,stj,N( NGY ke (R.PY)
are close in total variation to CP )\p}n’(;’p,cn’(;’p). We state
this formally as Theorem III.11 in the next subsection.

E. A Unified Theorem for Finite p

The following theorem is a variant of Theorem I1.4 for
finite p. It states that if the threshold p is properly chosen,
and X satisfies the (7, ) sparsity condition, then .#(Ns) can
be approximated by a compound Poisson distribution.

Theorem III.11 (Compound Poisson Approximation for
Finite p): Letn > 4,0 € [p—1], and v > 0 be given. Consider
X ~ VE(u,X,g). Suppose 2p1+%Pn(rp) < ~. Suppose
3., after some row-column permutation, is (7, k) sparse with

T < Loand pp, 25+2(E)% < 1. Suppose the condition

(1 JRCS T ,/‘“n”) < ¢ is satisfied for some positive and

sufﬁmently small constant c¢. Then Ns, a generic random

variable in the set {N](;),N(\p) N‘(/;I’) : k€ {R,P}},
satisfies:
drv (£ (Ns) , CP(Ap.n.s.0:Cn.o0))
Scﬁ&y(ungua(ﬁ)g<+p_%<+lﬂpﬂﬂ)7 (35)
where
Ep.r) 0 if N5 = N, Npor Ny,

In T 3 N (P) (P) ( )
Tp“‘; if N5 = Np, ’N% or Ny, .

If only the vertex counts in the empirical correlation graph is
of interest, then the (7, k) sparsity assumption can be relaxed
to row-« sparsity.

Lemma III.12 (Compound Poisson Approximation in Empir-
ical Correlation Graph): Letn > 4,6 € [p—1], and v > 0 be
given. Consider X ~ VE(u, X, g). Suppose 2p'+3 P, (r,) <

~. Suppose X is row-x sparse with fi,, 25+2(E); < 1. Then
Nj, a generic random variable in the set { N g?‘), N )N, (R)}

satisfies

drv (g (Né) 7CP(/\p,n767/)7 Cn,é,p))

K
Scn,é,'y (/ffn,25+2 (E) 1_7 +p5> .

-

(36)

Remark III.13: The assumption un725+2(2)% < 1 is only
used to obtain simpler expressions for the upper bounds in
(35) and (36). Without this assumption, similar inequalities

hold with the upper bounds that are the sum the upper
bounds in Proposition II1.6 and Proposition II1.9. See the third
paragraph in Remark III.7 for additional discussions. Observe
that Theorem III.11 and Lemma III.12 hold for any mean g
and any shaping function ¢ when X ~ V&(u,3,g). This
is a consequence of the invariance property of the U-scores
distribution (see Remark III.3). In particular, none of the
constants in Theorem III.11 depend on p or g.

Theorem III.11 and Lemma III.12 directly follow from
Proposition II1.6 and Proposition III.9 and hence their proofs
are omitted. Theorem III.11 and Lemma III.12 provide an
approximation for the family-wise error rate (FWER) [18]

P(Ns > 0) &~ 1 — e rndr,

We end this subsection by making a comparison between
Theorem III.11 and Theorem II.4. Theorem III.11 and
Theorem II.4 provide compound Poisson approximations to
Nj respectively when p is finite and when p — co. By taking
the limit as p — oo, we obtain simpler formulae for parameters
of the approximation. Specifically the increment distribution
Cn,s,p of the non-asymptotic compound Poisson distribution
in Theorem III.11 depends on conditional probabilities in the
random pseudo geometric graph as in (23). On the other
hand, the increment distribution ¢, s of the limiting compound
Poisson distribution in Theorem I1.4 depends on probabilities
in the random geometric graph as in (6), which is relatively
simpler. For instance, when 6 = 2, an analytical formula
for (,,2 can be obtained (see Example V.10). Obtaining an
analytical formula for {, 2 , does not seem straightforward.

Despite the fact that the limiting compound Poisson distrib-
ution in Theorem I1.4 is relatively simpler than Theorem III.11,
it has the disadvantage that the approximation is not accurate
unless p is large. Moreover, Theorem III.11 is stronger than
Theorem I1.4 in the sense that Theorem III.11 provides explicit
upper bounds for the approximation errors, while Theorem I1.4
simply provides a limit but no convergence rates. For further
discussion see Remark III.17 in the next subsection.

F. Proof of Theorem I1.4

In this subsection we present results on the limit of
CP(Ap,n,6,p,6n,s,p) as p — 00, p — 1, followed by a proof of
Theorem I1.4.

To study the limiting distribution of CP (A, 5.6.0,Cn.6.p)s
which requires the limit of the parameter (¢, 7,), the next
two lemmas are useful.

Lemma II1.14: Consider r < 2/\/5 and & > 1. Suppose

{u)}ot] Sy unif(S"~2). Then for any £ € [§ + 1],

P(NUV ({u;}f;rll, r) = | deg(ujs,,) = 0)
=P (PNUV ({u/}2*],r) = (| deg(uj,,) = 9),

where deg(uj_ ;) on the left (right) side is the degree of vertex
uy 41 In the corresponding random (pseudo) geometric graph.

Lemma III.14 establishes that the conditional distributions
of the number of universal vertices in the random geometric
graph and the random pseudo geometric graph are identical.

(37
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By Lemma III.14 and (23),
a(l,r,) =P (NUV ({u] }f+11,7"p) = (| deg(uj, ) =9)
(38)

when r, < 2/ V/5 or equivalently p > 3 /5. Therefore to study
the limit of «(¢,r,) when r, — 0 or equivalently p — 1, the
limiting form of the right hand side of (38) is required, given
by the following lemma.

Lemma HI.15: Let § > 1 and n > 3. Suppose {u/}o] "< g

unif (S"~2) and {@;}°_, "% unif(B"~2). Then for any ( €
[0 +1],

lin B (NUV ({uf}34, 1) = ] deg(uss,) = 9)

=P (NUV ({&;})_,,1) =¢—1). (39)

One immediate consequence of Lemma III.15 and (38) is
that lim, . a(¢,7,) = ap for any £ € [0 + 1]. As p — o0,
the condition 2p1+%Pn(7"p) < ~ in Theorem III.11 entails
p — 1. The following lemma states if the rate of p — 1 is
coupled with the rate p — oo, then the non-asymptotic
compound Poisson distribution CP (A, 5,55, Cn,s,p) converges
in distribution to the limiting compound Poisson distribution
CP( n 5(671 6) Cn 5)

Lemma 111.16: Sug)pose as p — oo, p — 1 such that
a,2%p 1435 5(1—p) 2 — ens, where e, is some positive
constant that possibly depends on n and §. Then

CP(AP,H,&/M Cn,&,p) 2) CP(An,é(en,é)v Cn,é)-

With the above results established we are in a position to
prove Theorem I1.4 and Lemma IL.5.

Proof of Theorem I1.4 and Lemma I1.5: Theorem  I11.4
directly follows from Theorem III.11 and Lemma III.16.
Lemma II.5 directly follows from Lemma III.12 and
Lemma III.16. O

Remark II1.17: In (135) of the proof of Lemma III.16, it is
shown that part of the upper bound for its error rate is of
the order 1 — p. This particular rate, however, decreases as n
increases. More concisely, if one chooses p according to (11)
then 1 — p is of the order p ~(+3)5%5  Hence the convergence
to CP(A,,5(€n.5),6n,s) in Theorem IL4 is only accurate for
large p. On the other hand, the upper bound in Theorem III.11
only depends on p through 2p1+%Pn(rp) < ~, which holds
for small p, again if p is chosen according to (11) (see the
first paragraph of Remark III.7 for related discussion). Hence
Theorem II1.11 provides an accurate approximation to N5 even
for small p. The accuracy of these approximations for various
values of p and n is numerically illustrated in Figure 8 in
Section K of the Appendix.

(40)

IV. CONVERGENCE OF MOMENTS

Moment expressions are useful for a number of reasons,
including characterizing the behavior of phase transition
thresholds and the expected number of false discoveries [17].
Theorems II.4 and III.11 only prescribe the distribution of
N; but not the moments. In this subsection, we present
approximations to the first moment and second moment of
Nj for finite p.

Let Z ~ CP(Apn,5,0,6n,6,p). Then we can represent Z =

Zivl Z;, where N is distributed as a Poisson with mean

Apon,s.ps Li i ¢n.s,p and N is independent of each Z;. The

first two moments of Z are:

EZ =ENEZ, = G’) (pg 1) (2P, (r,)))%,  (41)
EZ?
=ENEZ? + (ENEZ,)?
_(f)(pg ) éifafrp
Q)

The next lemma provides an upper bound for the difference
between the first moment of N ](ER) and the first moment of the
compound Poisson specified in (41).

Lemma IV.1: Letp >n > 4,6 € [p—1] and vy > 0 be given.

1
Suppose X ~ VE(u, X, g). Suppose 2p'*s P, (r,) < v, and
3 is row-k sparse. Then

0+1) k—1
——— Uy, ) ——.
2((5 1)!)’7 o1 (2) »

Remark 1V.2: Lemma IV.1 implies that the condition on p
assumed in Theorem I1.4 is in fact necessary and sufficient for
the mean to converge to a finite and strictly positive limit. For
simplicity we specialize to the case that 3 is diagonal, which
is row-x sparse with xk = 1. By Lemma IV.1 and (41),

ENR —EZ = <11’> <pg 1) (2P0 (r,))’,

which via Stirling approximation behaves as
1

L(2p'*3 P, (r,))° for large p. By Lemma A22 (b) we

further have, again for large D,

n—2\9
EN};?) 5 (2p1+5an(1 —p) 2 )

Thus, in order that the mean count have a non-degenerate
limit when p — oo, 2p't5a, (1 — p)% must converge to
some strictly positive and finite constant value. If p does not
converge to 1, or if it converges to 1 at a slower rate, then EN;
diverges to oo, while if p converges to 1 at a faster rate then
EN; converges to 0. This is reflected in the phase transition
phenomenon discussed in [17] and [18]. Thus the rate on p in
Theorem I1.4 is sharp.

ENGY —EZ

By combining the preceding lemma and the portman-
teau result of Proposition III.9 one immediately obtains
approximations for the first moment of all 6 quantities
{NgE‘I;),N(‘I') NS . ® € {R, P}} for finite p.

We also’ characterize the second moment approximation
of N (5) in the next lemma under the same conditions as
Lemma IV.1.

Proposition 1V.3 (Second Moment Bounds for Subgraph
Counts): Let p > n > 4,6 € [p—1] and v > 0 be given.
Suppose X ~ VE(u, X, g). Suppose 2p1+%Pn(rp) < v, and
3 is row-k sparse. Then

2 K
}E (NP) ~EZ%| < Cusy <un,25+2<2)5 +p1/“> .
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We extend the preceding proposition to other quantities
in {N};I;),N(\p) N‘(,;I’) ¥ ¢ {R,P}} by generalizing
Proposition III 9 to L' distance between the square of the
quantities.

Proposition IV.4 (Portmanteau Result for L? Distance): Let
p>n>4and X ~VE(W,X,g). Let § € [p — 1]. Suppose
215 Py(r,) < 7.
(a) Suppose X is

(i),

e ()" - (v

k—1 _
Scn,é,'y (1 + Mn,26+3(2) » ) p 1/6'

row-x sparse. Then for N5 S

(b) Suppose X, after some row-column permutation, is (7, %)
sparse with 7 < £. % + <ec
hold for some positive and sufficiently small constant c.
Then

P\ 2 R)\?2
| (V)" - (v)

-1 V1
SCn,é,'y (1 + Mn,25+2(2)l€ » ) (% + ;—_)> .

(c) Suppose the same conditions as in part (b) hold. Then for
Y (P) nr(P)
]WE{N%,N%}

E‘(Na)Q - (v

k—1 _
Scn,é,'y (1 + Mn,26+3(2) D ) p 1/6'

1
Moreover, ( ‘SP#

By applying triangle 1nequa11tles to Proposition IV.4 (b)
and (c), one obtain for N € {N(P) N(P)}

Vs
E‘(Na)Q - (Y

k—1 v/In T _
<Ch.s~ (1 + fin,26+3(3) » ) (Wp + }—j +p 1/6> .

Thus we have established the L' distance between the
square of each term in {NE‘f),N( )N‘(,;I') v c

{R,P}} and SN (R)) By combining Proposition IV.3 and
Proposition IV.4 one immediately obtains approximations to
the second moment of N for finite p.

While this section focuses on the approximation to the first
and second moments of N for finite p, their limits can also
be obtained when p — oo and p — 1 at the rate specified in
Theorem I1.4.

V. ANALYTICAL EXPRESSIONS FOR THE COMPOUND
PO1SSON PARAMETERS

Recall that the limiting compound Poisson distribution in
Theorem I1.4 is in terms of ay, while the non-asymptotic
compound Poisson distributions in Theorem III.11 is in terms
of a(f,r,). Moreover the second moment approximation
established in Proposition IV.3 also involves the term «.(¢,r,)

due to (42). Since oy and «(¢,r,) are expressed in terms
of random (pseudo) geometric graphs, they are tedious to
compute. In subsection V-A, we obtain simple analytical
approximations to these quantities for moderately large n or
0. In subsection V-B, exact analytical formulae for these
quantities are established for the special case 6 = 1 and § = 2.

A. Approximations to oy and a(l,r,) When § > 2

In this subsection we show that when n or ¢ is moderately
large, @1 =~ 1 and ay = 0 for 2 < ¢ < § + 1 (parallel
results for a(¢,r,) are (1,7,) ~ 1 and a(¢,7,) ~ 0 for 2 <
¢ < § + 1). These approximations yield simple formulae for
parameters of the limiting and non-asymptotic compound Pois-
son distributions, and for parameters of the second moment
(42). Importantly, the compound Poisson distributions are well
approximated by Poisson distributions for n,d moderately

large.

To show that 1e7, is small for
¢ > 2 and o ~ 1, 1t sufﬁces to estabhsh a vanishing
upper bound on Ee 2044, since Zé 104@ = 1L
By definition of ay, Zz yop =P (NUV (qu}z:p 1) > 1),
where {@;}9_, "~ unif(B"~2). The next lemma

establishes an upper bound on the geometric quantity
P(NUV ({@}_,,1) > 1).
Lemma V.1: Let n >4 and 0 > 2.

(a) Consider {@;}?_, '~ unif(B"~2). Then
541

2 o

%NNUVGmhl,,

o [ (1-7)

-2)>1)

(n—2)(6—1)

r"3dr

_5( )2n 3B<1 71_27(71_2)(5_1)_’_]_>7
2 2
(43)
where B (;-,-) is the incomplete beta function.
(b)
(n=2(-1)
1 2 e
/ (1 — T—) = 3dr
O 4

(n—2)5—1 (n— 2)(5 1)
N IOREEE (BVOIC) L b=23,

= (n=2)(8-1) n=3
exp(3) (55 ()7 62 4.

Lemma V.1 (a) establishes an upper bound for the proba-
bility that there is at least one universal vertex in the random
geometric graph generated by the uniform distribution in the
unit ball. Lemma V.1 (b) provides an explicit upper bound
for part (a) and this upper bound provides the following
insight when n or ¢ is large. In particular, when ¢ is fixed,
P (NUV ({@;}_,,1;n —2) > 1) decays exponentially as n
increases. While n is fixed, it decays at rate 6" as o
increases. Such decay rates also apply to ay for ¢ > 2 and
|041 - ].|
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—exact value
——upper bound| |

d+1

:’) 1‘0 ’[‘5 2‘0 2‘5 1;0 3‘5 40
n
(a) Log-scale comparison of the decay when 6 = 2

Fig. 4.

(b) is the plot of the upper bound on Z‘Hl

As illustrated in Figure 4 (a), when ¢ = 2, Z o 2 oy and the
upper bound in (43) both decay to 0 exponentially fast as n
increases. This diagram demonstrates that the upper bound in
(43) captures the decay rate of Z — 2 ay. Figure 4 (b) plots the
upper bounds in (43) as functions of n for fixed §. As is clear
from the plot as long as the number of samples n is above
40, Ze Qag ~ 0, which yields oy ~ 0 for 2 < ¢ < J+1 and
a1 ~ 1. Moreover, as  increases, the number of samples n
required for Zgié ay = 0 decreases.

Denote the Dirac Distribution at a by Dirac(a). The next
lemma establishes approximations to the limiting compound
Poisson distribution in Theorem II. 4 w1th the approximation
errors upper bounded in terms of Z — 2 Qy.

Lemma V.2 (Approximation to the Limiting Compound Pois-
son Distribution): Consider n > 4 and § > 2. Let e,, 5 be the
same as in Theorem I1.4.

(a) The increment distribution

drv (€n,s, Dirac(l)) < ng 0.
(b) The arrival rate satisfies

(ens)’ ‘

satisfies

o+1
3 €n5 6

2 Z‘”

(c) The limiting compound Poisson dlstrlbutlon satlsﬁes

5 5 (en,5)6 6+1
>> S5 sl Do

The proof of Lemma V.2 (c) relies on a general upper bound
of the total variation distance between two compound Poisson
distributions (Lemma A.25 in Section J of the Appendix).
Lemma A.25 may be of independent interest in com-
pound Poisson approximation to non-Poissonian distributions
(see [38] and the references therein). From Lemma V.2 (a) and
Lemma V.1, the total variation distance between the increment
distribution and Dirac distribution at 1 decays exponentially
as n increases and decays at rate 5" as § increasses.
Provided that the threshold p is chosen such that (6”65) is
not large, the upper bounds in Lemma V.2 (b) and (c) have
the same interpretation as part (a). In that case, the limiting
compound Poisson are well approximated by the Poisson

An,&(en,é) - 51

dTV (CP(An,ﬁv Cn,5)a Pois ((6716,'5)

35

41
2

upper bound of > ay

g

20 25 30 35 40
n

(b) Family of upper bounds

(a) is a comparison in the log-scale between the upper bound on E‘Hl ay by (43) with § = 2 and the exact value of Z‘Hl ay by Example V.9.
ay as a function of n for § from 2 to 7.

distribution Pois (u) By combining Lemma V.2 (¢) and
Theorem II.4, we immediately obtain the following result on
Poisson approximation to .Z(Ns) as p — oo.

Proposition V.3 (Poisson Approximation as p — o0): Sup-
pose all the conditions in Theorem I1.4 hold. Then as p — oo,

drv (.,s,ﬂ(z%),Pois ((e’;—"”é))

We now turn our attention to the parameter «(¢,r,) of the
non-asymptotic compound Poisson distribution. Our results
on «(¢,r,) are similar to those on «, but the proofs are more
technical. To establish that «(1,7,) ~ 1 and a(¢,r,) ~ 0 for
2 < ¢ <+ 1, it suffices to obtain a vanishing upper bound

on Z?Z; a(l,r,). By (38), when p > 3/5, ZngQl all,r,) =
IP’(NUVA(Agu’}erll,r n—2) > 2|deg(uf ;) = 9),
{w/}23 ] "X unif (S72). The next lemma is an analogous

result to Lemma V.1.
Lemma V.4: Let n >4 and § > 2.

(a) Consider {u'}’*] "X unif(S"~2). Then for 0 < r <
\/59

where

P (NUV ({u}}0*}, rin — 2) > 2| deg(uf,,) = 6)

1

1 ) (7L72>2(571)
T1
0 2

=h <;,n,6> §(n —2)2"3
1—1r2/4
3(5"_2 (n—2)(m—1) +1>,

4’ 2 7 2
n+5—5m(n—2)(6—1).

>

<

n—3
i Cdry

where h(z,n,8) =
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2\/1—+/1—1/5, §=2,3
(b) When r < , the upper
/1 —y/1-1/6, 6>4
bound in part (a) is upper bounded by
L= (n=2)8-1
wo-1(%)7 (3)
nts=s (n=2)(6-1)
+(1_E) (\/Tg) (%) b 6=23,
%
o —2)exp () (/5%)
(n=2)(s-1) n—s
2 2
-1 4 0>4
3 5(5—1) ’ =

(c) When p > 3/5, Zgg a(l,r,) is upper bounded by

the upper bound in part (a) with r replaced by 7.
WVRTL L 0=2E g,
2/1—1/6—1, §>4
is upper bounded by the upper bound in part (b) with r
replaced by 7,.

When p >

Lemma V.4 (a) establishes an upper bound for the con-
ditional probability that there are at least two universal ver-
tices, conditioned on the existence of one universal vertex,
in the random geometric graph over points generated by the
uniform distribution on the sphere. The interpretations of
Lemma V.4 (b), (¢) are similar to those of Lemma V.1 (b)
and E?Z; oy, and are therefore omitted.

The next lemma establishes approximations to the non-
asymptotic compound Poisson distribution in Theorem III.11
and to its second moment, w1th the approximation errors
upper bounded in terms of Zz 2 e, 7,). Denote \p .5, :=
() (731) (2Po(r,))

Lemma V.5 (Approximation to the Non-Asymptotic Com-
pound Poisson Distribution): Consider n > 4 and § > 2.

(a) The increment 5 distribution satisfies
. 1
drv (Cn,5,0, Dirac(1)) < 37p55 a(l,r,).
(b) The arrival rate satisfies )\p}n’(;’p—)\p’n’(;’p| <

33 5+1
2 Apm.0,p Domn L, Tp).

(c) The non-asymptotic compound Poisson distribution sat-
isfies

drv (CP()\p n,8,p» Cn,é,p)7 Pois (j\p,n,é,p))
6+1

—2 pnépz (4, 7p).

(d) Let Z ~ CP(Apn,5,0:6n.5,0). Then the second moment
of the non-asymptotic compound Poisson EZ2 in (42)
satisfies

0+1

§5‘P"51’Z (,r,).

The proof of Lemma V.5 and its interpretation are anal-
ogous to those of Lemma V.2, and are therefore omitted.
By combining Lemma V.5 (c) and Theorem III.11, we imme-
diately obtain the following result on Poisson approximation to
#(N5) for finite p. One can derive an equivalent proof of the
following proposition by first applying Poisson approximation

|E22 - (j‘pm,é,p + O\p,mé,p)

[\

from Chen-Stein’s method (e.g. [39, Theorem 1]) to obtain an
upper bound drv (X(Ng?)), Pois (Ap,n,5,p)), which is then
combined with the portmanteau result Proposition III.9.

Proposition V.6 (Poisson Approximation for Finite p): Sup-
pose all the conditions in Theorem I11.11 hold. Then A, .5, <
g—f and

dTV (X(N(;), Pois (Xp,n,é,/))) <

ko
Chsy <Mn,26+2 (%) p +p

[
_|_
%]

=

2
N———

_|_

N | Ot
==
Q
~
{3

where F(p, ) is defined in Theorem IIL.11.
We have thus established that the limiting compound
Poisson distribution CP(Ay s(€n,6);Cn,s) in Theorem I1.4

can be approximated by Pois g”é—‘)a), and that
the  non-asymptotic = compound oisson  distribution
CP(Ap,n.5,0,6n,s,p) in Theorem IIL.11 can be approximated
by Pois((?) (pgl)(QPn(rp))‘s) for sufficiently large n or
0. By combining these results with Theorem III.11 and
Theorem I1.4 we then obtain Poisson approximations to
Z(Ns). In Section K of the Appendix, Figure 9 provides
numerical simulations to demonstrate the accuracy of the
Poisson approximation to .Z(Nj). See Figure 9 and the
ensuing discussions for more details.

B. Exact Formulae for oy and o(C, p) When § =1 and 6 = 2

In this subsection we provide analytical expressions for
and (¢, 7,) when 6 =1 and expressions for a; when § = 2.

Example V.7 (op and o(l,r,) When 6 = 1): When
0 = 1, ag = 1 since in the random geometric graph
Ge({@;}!_;;1,n — 2) the number of universal vertices (ver-
tices of degree 0) is 1. In this case oy = 1 — ag = 0.
Similarly, a(2,7,) = 1 when 6 = 1 since in the random
pseudo geometric graph PGe({u/}?_;;7,,n — 1) the number
of universal vertices is 2 as long as there exists one universal
vertex. In this case a(1,7,) =1 — a(2,r,) =0.

Remark V.8 (Compound Poisson Approximations When
0 = 1): Using the results for «y in Example V.7, we obtained
Cnqg = Dirac(2) and Ayi(en1) = ien1. Then the
limiting compound Poisson distribution in Theorem II.4 is
CP(4e,,1,Dirac(2)). On the other hand, by the results
for a(£ rp) in Example V.7, (,1, = Dirac(2) and
Apni,p = PP — 1)Pu(r,). Therefore the non-asymptotic
compound Poisson distribution in Theorem .11 is CP(p(p—
1)P,(r,), Dirac(2)). The intuition for the result that the incre-
ment distributions ¢,, 1 and ¢, 1,, are Dirac(2) is as follows.
Recall that NV, (‘P) is twice of the number of edges. Thus ng)

always increases by 2 whenever there is a new edge and N ()
always increases by 2 since the 1ncrement 1s always a new
pair of vertices of degree 1. Note that NV1 has increment
close to 2 since N (‘lp) ~ N‘(;I’) by Lemma IIL.8. Given
that the increment distributions ¢, 1 and ¢, 1, are Dirac(2),
we have the following equivalent Poisson approximations to
Ni/2: Z(N1/2) ~ Pois(p(p — 1)Py(r,)) and Ny/2 Z
Pois(e,1) as p — oo and a,23p*(1 — p)" = S

— €n,1.
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As a comparison, Proposition 1 and its proof in [17] under
row-k sparsity condition established that N ](;12)/ 2 converges
to a Poisson distribution and obtained the limits of EN‘(/?‘)
and P(NV, (?‘) > 0). Proposition 1 and Proposition 3 in [18]
under block sparsity condition extended the results in [17] to
the corresponding versions in the empirical partial correlation
graph, i.e. the same conclusions hold with R replaced by P.
Our results in Theorems III.11, II.4 (and Lemmas III.12, IL.5)
with 6 = 1 characterize the full distributions of the 6 quantities
{Ngf’),N( ) N‘(/‘SP) : ¥ € {R,P}}, and our results in
Section IV characterize their first and second moments, which
together contain and extend the aforementioned previous
results. Moreover, our results are established with weaker
sparsity assumptions and provide concise formulae for the
parameters.

We next explicitly characterize oy when § = 2.

Lemma V.9 (044 When 6 = 2): When 6 = 2, an = 0,
as = 3[3( -1,3) and oy = 1 — ag, where I,(a,b) is the
regulanzed incomplete Beta function.

Remark V.10 (Limiting Compound Poisson Approximation

When § = 2) When § = 2, by Lemma V.9, oy = 0,
az = %I%( 2. 1) and a1 = 1 — ag. Then Y,_, ap/l =
115 ("3 , ). Thus, the parameters for CP(\y 2(€n,2), Cn,2)
in Theore 11.4 are
1— 37, (25, 1y
24373753
Cn,2(1) - 4 P ; Cn,2(2) — 07
1_1%(715%)
$1s (254, %)
Cno(3) =222 2 (44)
" 1 I%( 217%)
and

1 n—11
Ana(ena) = g(ena)” <1 N ( 2 5)) |

Note that Proposition 1 in [18] states that for any fixed n and
J, P(N‘(,f) > 0) converges to P(N; > 0) when p — oo, where
Ny is the Poisson random variable specified in the proposition.
Since the increment distribution ¢, 2 # Dirac(1) by (44), the
limit of P(N{;? > 0) is P(CP(Anz2(€n2),Cn2) > 0) and
hence [18, Proposition 1] is incorrect. However, as shown in
Subsection V-A the result [18, Proposition 1] is still useful
when n or § is large. Specifically, the distribution of each of
the count variables {N]Sf),Né/;p),N‘(/;p) i€ {R,P},¥ €
{R, P}} can be accurately approximated by a Poisson dis-
tribution but with an additional error term depending on n
and . This error term is small for large n or large 0 (see
Proposition V.3 and Proposition V.6).

VI. CONCLUSION AND DISCUSSIONS

In this paper, we studied the number of highly connected
vertices in both the empirical correlation graph and the empir-
ical partial correlation graph by adopting unified framework.
More specifically, we showed that the distributions of the
number of hubs Ny, (%) o N‘E/;I') and the star subgraph counts

N ](35 ) are close to common compound Poisson, when p is finite
and when p approaches infinity. We also establish that their

first and second moments are close to that of the compound
Poisson distribution. The parameters in the compound Poisson
distributions are characterized in terms of random geometric
graphs and random pseudo geometric graphs. The parameters
are also approximated by simple formulae, which implies
that the approximating compound Poisson distributions can be
further approximated by Poisson distributions for reasonably
large sample size n or a reasonably hub degree .

There are multiple avenues for future research. Numerical
experiments suggest that the results in this paper hold beyond
the (7,k) sparsity condition. A future line of work is to
characterize the compound Poisson approximations for weaker
sparsity conditions. Generalization of the moment convergence
results to beyond the second moments are also of interest.

APPENDIX
A. List of Symbols in the Main Text

e || - ||2 : Euclidean norm.

: the cardinality of a set.

o C and c : denote generic positive universal constants that
often differ from line to line. C' and ¢ with subscripts are
positive constants depending on the parameter in their
subscripts and may differ from line to line.

e X: n X p matrix of observations. It has density fx (X)
given in (2).

e R :pxpsample correlation matrix. Also denoted ¥(®),

. P(: ])) x p sample partial correlation matrix. Also denoted
wP),

e p € [0,1] : screening threshold applied to elements of
matrices R or P.

o &) : the binary indicator matrix of the non-zero entries
of the thresholded sample correlation or sample partial
correlation matrix ¥ with entries @E;I’) = @g;p)(p) =
1(|\I/”| > p), where ¥ € {R, P}

e G,(¥) : the graph associated with adjacency matrix
&) Specifically, it is the empirical correlation graph
when ¥ = R or, equivalently, ¥ = R and it is the
empirical partial correlation graph when ¥ = P or,
equivalently, ¥ = P (see Subsection II-A).

. N‘(,;II) number of vertices of degree at least 6 in G,(¥).

. N ™) . humber of vertlces of degree exactly 0 in G, ().

The quantity {N o 18 the empirical vertex degree
distribution ass001ated w1th the sample correlation graph
(¥ = R) or partial correlation graph (¥ = P).

o I's : a star graph with § edges.

. Ngf) the number of subgraphs isomorphic to I's in
G,(¥) when 6 > 2. N, () is defined as twice the number
of edges in G,(¥) when 0=1.

e N;s : a generic random variable denoting any of the
. v v T
quantities {nga),Néé ),N‘(/‘5 ). W e {R, P}}.
e U = [uy,...,up] : (n — 1) x p matrix of correlation

U-scores such that U U = R.

e Y =[y1,...,yp] : (n—1)xp matrix of partial correlation
Y-scores such that Y'Y = P.

e 7, = 4/2(1 — p) : spherical cap radius parameter in terms

of p.
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e S™72 : unit sphere in R" !, je. "2 = {w e R"!:
|lw||2 = 1}. Its area is denoted by Area(S™~2) or |S"2|.

e B" 2 : unit ball in R"2, i.e. B" 2 = {w € R" 2 :
|lw||2 < 1}. Its volume is denoted by |B"~2|.

o unif(S"~2) : uniform distribution on S"~2.

o unif(B"~?) : uniform distribution in B"~2.

e P,(r) : normalised area of a spherical cap on S"~2 with
radius r (see (26)).

e Ge ({vi}le, 7") : the geometric graph generated by a set
of points {v;}9_; C R"~2 with ball radius parameter 7
(see Subsection II-A).

« Universal vertex : a vertex of an undirected graph that is
adjacent to all other vertices

« NUV ({v;}9_,,r) : the number of universal vertices in
Ge ({v;}o_y,7).

o PGe ({v;}*,,r;.4) : the pseudo geometric graph gen-
erated by {v;}™, C R*" with radius paraneter r (see
Definition III.5).

e PNUV ({v;}",7;.47) : the number of universal ver-
tices in PGe ({v; }2,,7;.4).

o {u;}; : a sequence of i.i.d. random vectors drawn from
unif (S"~2), the uniform distribution on S"™~2.

e a(l,r,) = ans(¢,r,): the conditional probability that
there are ¢ universal vertices in PGe ({u/} 1] 7))
(see (23)).

e Cn.s,p : the discrete distribution supported on [6 + 1] with
Cn.o.p(0) x a(l,1,) /0 (see (24)).

e CP(A,¢) : the compound Poisson distribution, where
the arrival rate A is the rate for the underlying Poisson
random variable and the increment distribution ¢ is the
distribution of each increment.

o CP(Apn,s,p:Cn.s,p) : the non-asymptotic compound Pois-
son distribution in Theorem IIL.11.

« 2 denotes convergence in distribution.

o Apnsp : a quantity defined as
) (P51 (2Pa(r)))° j:i W. It is the arrival

rate of CP(A\p n.5,p,Cn,6,p)-

o {@;}; : a sequence of i.i.d. random vectors drawn from
unif(B"?2), the uniform distribution in B"~2.

e «ay : the probability that there are exactly ¢ — 1 uni-
versal vertices in Ge ({di}le, 1) (see (0). ap =
lim, 1 «(¢,7,) (see Lemma II.15 and the paragraph
beneath it).

e Cn,s : the discrete distribution supported on [0 + 1] with
Cn,é(g) X Oég/e (see (7). Cn,é(e) = 1irn/)—>1 Cn,é,p(g) (see
Lemma III.16).

e Aps(ens) © a quantity defined as % (en,(;)‘S j:i %
Anslens) = lim, ooApns, when p satisfies

n 1 n—
an22p'ts(1 — p)" = — e where a, =

(n721;$%: 1()7{?2)/2) and e,, s is some positive constant (see
Lemma II<I.16).
e CP(A,,5,Cn,s) : the limiting compound Poisson distrib-

ution in Theorem IT.4. Moreover, CP (A, 5.5,p, $n,6,p) 2

CP(An,5(€n,s),Cn,s), When p — oo and p satisfies

an23piti (1 — p)T — en,s. (see Lemma II1.16)

e u(A) : normalized determinant of square matrix A (see
Definition II.3).

e im(A) : local normalized determinant of degree m (see
the paragraph after Definition II.3).

o lnm(A) : inverse local normalized determinant. It is
powers of ,,(A) (see (8)).

o C5 : the index set defined as {i = (ig, i1, ,i5) €
[p]°*! 1 iy < dg < --- < g, and ip # ig, ¥V £ € [0]}.
Eachi € C5 corresponds to a group of § vertices indexed
by {i; };5-:1 and a center indexed by ig.

o @ defined as Hj.:l @Eﬁ) It is the indicator random
variable that vertex ig 1is adjacent to each vertex i; for
j € [d] in G,(R). Equivalently, it is the indicator function
of the event that there exist a star subgraph in G,(R) with

center at i and leaves {7, }‘;:1.

v > 5 . 5 .
. S; : defined as {j e CE\{i} - Uy e} = Ue:o{w}}
for i € C5. It is the set of indices in C5 that share the

same vertices with 7 but with center different from ig.
e Uz : defined as Zf’eS; q);R)_ It is the sum of highly

dependent terms of CIéR). (see the discussions preceding
and following (50)).

B. Controlling Local Normalized Determinant by Extreme
Eigenvalues

Lemma A.1: Let A be a symmetric positive definite matrix.
Consider a sequence of symmetric positive definite matrices
¥ € RP*P with increasing dimension p.

(@) pn,m(A) is bounded by powers of the largest local
condition number:

m(n-1)

Amax(Az)) E A not di 1
fin.m (A) < ?c%;f] ()\mm(AI) ) not diagonal,
1, A diagonal.

(b) ftn,m(A) is bounded by powers of the condition number:
m(n—1)
)\max(A) 2
() < 4 (323
1, A diagonal.

, A not diagonal,

(©) If Amin () > A and Ayay (2) < X for all p, then
L m(n-D
2 2
pinm(E) < (X ’
1, 3} diagonal.

3 not diagonal,

(d Let M > 0 be a constant. Suppose for all p,
SUP;<;<, 2ii < M. Moreover suppose Amin (3) > A for
all p. Then

m(n=1)

Mm , X not diagonal,

Nn,m(z) < A
1, 3’ diagonal.

Proof: (a) Tt follows directly by definition of p, m(A)

Amin A m
and u(Az) > (ﬁ) .

(b) Since pipn,m(A) is increasing in m as discussed after
Example I1.9, pi, 1 (A) < i p(A). The proof is then complete
by applying () to ji,, p(A).

(c) It follows directly from (b).
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(d) Let Z C [p] with |Z| = m. Since X7 is symmetric
positive definite, |(X1):;] < v/(27):(X7);; < M and thus
Amax (B7) = [|12zll2 < ||12z|lF < Mm. By the interlacing
property (see Theorem 8.1.7 in [36]), Amin(X7)) > Amin ().
The proof is then completed by applying part (b). O

C. Proofs in Subsection III-A

1) Proofs of Lemma IIl.1 and Lemma II1.2:

Proof of Lemma I11.1: Tt suffices to prove that U has rank
n — 1 a.s. By Lemma IIl.2 (a), it suffices to prove that
[”511“2 s W} has rank n— 1 a.s. Note that X is of rank
n — 1 a.s., since it has a density with respect to Lebesgue
measure on R VP and p > n. Then ”gﬁ, ey ﬁ
have rank n—1 a.s. as well since it is obtained by normalipzing
the columns of X. O

Proof of Lemma 111.2: (a) Consider @ @ M N(0,%).
Then X = [&W, ... &™)T = |[&,...,&)] ¢
R™ P has the dlstrlbutlon VE(0,X,g0) where go(w) =
(2m)~ % exp(—sw). The sample mean & of X is given as
a row vector

it Zw<

where 2; :=n~' }>0_| Xj;. The sample covariance matrix S
of X is

XT]'_( 1, "a‘%iﬂ)v

§— — &) (@D —2)7
1 o 1 N
=—X" (I - —11T> X.
n—1 n
The Z-scores of X is
s, & -1z,  (I—-+117)a,
S“;(TL — 1) S“(TL — 1)

Recall H,.,, € R»*(n=1) ig a matrix such that n x (n —

1) matrix H = [n~21, Hy.,,]T is orthogonal, which satisfies
Hy,H, =I-1 11T The U-scores of X is denoted U =
[, ...,y with uz H, z foric [p].

By the theorem in Section 6 of [34], the distribution of U is
invariant to g and p. In particular, U has the same distribution
as U. It suffices to study the distribution of U.

The proof of Theorem 3.3.2 in [40] establishes that

X =H,,X e RIn-1xr

has i.i.d. rows {&®}7/! distributed as A(0, %), and

N N 1 N
S = bl (I— —11T> X
n—1 n
_ 1 T o\ T v
7’[1 1 (HQnX) H2:nX
XTX.
n—1

Then S;; = ||&;/|2/(n— 1) where &; is the i-th column of X.
Thus

T .
q, = HT ( 11 )wz H2 nH2 nHQ nwz _ Z; .
CoTEn AP

\/ 8 i(n—1) VszP

The proof is then complete by observing that X and X has
the same distribution.

(b) Part (b) directly follows from part (a). O

2) Proof of Lemma II1.4: Part (a) of Lemma III.4 follows
from pm(X7) = w(E7) > pm(X). Part () immediately
follows from part (b) and in the remainder of this subsection
we give the proof of part (b).

It suffices to prove the following statement:
S"=2.Y i € [m],

YV v; €

fujl UGt Uy, ('Uh V2, -+, Um,) < Mn,m(zj)-
For notation convenience, we only present the proof for m = p
and J = [p] since the proof of the general m and J follows
the same proof procedure. When m = p and J = [p)], the
statement of Lemma II1.4 (b) becomes:

The joint density of columns of U-scores w.rt. ¢~ is

upper bounded by (i, ,(2):

vp) < pinp(X), Vv € S
Vie[p. 45

Proof of (45): Recall {z(W}""' C RP, the rows of X,
are i.i.d. copy of N'(0,X); {&;}"_, are the columns of X;
H&% € R"! has distribution unif(S™~2) for i € [p)].

When is symmetric positive definite and diagonal,
{@&;}¥_, are independent, which implies that {u,}?_; are
independent. Thus in this case, the joint density of columns
of U-scores w.r.t. @¢" 1 is 1.

Consider general symmetric positive definite 3. The prob-
ability density of X w.r.t. the Lebesgue measure on R("~1)»
is

ful,uz,--- yUp ('Ul,’UQ, Tty

n—1

5 1 AT ,
N — _ 7(9) -140)
fx(X)=Aexp 22(33]) ¥tz
7j=1
where the constant A =  det(X)" T (277)_%
Use the spherical tre_ll_nsform for each column x; =
(iniléjén—l) for 1 <i <p,
X1;=R; cos(61:),
X5 =R, sin(fy;) cos(bz;),
X(n,m = R;sin(01;) sin(02;) - - - sin(6(,,—3);) cos(O(n—2):),
X(n—1)i=Risin(01;) sin(6a;) - - - sin(0,—3);) sin(O(n—2); ),

where for each ¢ € [p]: R; > 0,6;; € [0,7] for 1 < j <
n —3 and 0(,_9); € [0,27).
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Denote R=(R; : 1 <i<p)land ® = (#;; : 1 <i <
p,1 <j < (n—2)). Then the joint density of (R, ®) is:

fR,G(Ra 9)

P n—2
n— DY s — j .
:Ae_% j=11(h( >) =1k H R?—Q H Sinn727](9ﬂ) ,
i=1 j=1
where for 1 <j<n-—2,
-1 T
h¥) = (Ri cos(6;;) H sin(fg;) : 1 <i < p) e RP
q=1

and

n—2 T
R(r—1) — <Ri H sin(fg) : 1 <i < p) eR.
g=1

Then the density of @ is:

fe(O©)
n—2
:A H sin”_Q_j (Hﬂ) /
i=1j=1 [0,00)7

P
1y =1 (p () T —1p @) —
e 2 2.7:1 (h‘ ) T h | | RZL QdRrL

i=1
P n—2 ]
SA H H sin”_Q_j (931) /
i=1j=1 [0,00)7
p
exp ——)\mm Z |RD))2 H R 2dR;
i=1
p n—2 .
=A (] I] s>~ 0;0) /
i=1j=1 [0,00)7

ex (—% max ( 1ZR2>HR" 2dR;

i=1j=1
1 p
/ exp (——[/\max(E)] 132> Ry 2dR,
[0,00) 2
P n—2
sy HHsin” 279 (0;;)
i=1j=1
-1 — n—3 p
et (:5)0%)
n—1 n—2
(mm) (Amax (2))"7 2 . n—2— j
N { det(X) (Area( S” 2) Zl_[ljl_[lsm b5i)

where equality (m) follows from the integration of Chi
distribution with degree n — 1, and equality (mm) fol-
lows from |S("=?)| = 2x"= /T((n — 1)/2). The proof
is complete by noticing fe(®) is joint density of
columns of U-scores expressed in spherical coordinate and

ey 1L [I27 sin~279(6;:) is the joint distribu-
tion of p independent unif(S"~2) expressed as spherical

coordinates. O

D. An Informal Derivation of Proposition I11.6

In this subsection we provide motivations to the following
two questions: 1) why is the distribution of the star subgraph
counts Ny, (R) approximately compound Poisson? 2) what are
the assomated g)arameters of the compound Poisson approxi-
mation to N B

We first introduce some notation to answer the first question.
Denote

O ={i = (ig,i1, - ,is) € [p]°F! 1iy <dg < -+
ie # d0, V L € [d]}.

Each i € CF 5~ corresponds to a group of 5 vertices indexed by
{i;}e .1 and a center indexed by 1. For i € C<, denote by

_ ﬁ R _
1015

j=1

< s, and
(46)

)
o) (| () {dist(ui,, i) < v} | @47)
j=1
the indicator function of the event that vertex 7o is connected
to each vertex i, for j € [d] in the empirical correlation graph.
Equivalently, when § > 2, <I>§R) is the indicator function of the
event that there exists a star subgraph in G,(R) with center

at iy and with leaves {i; }§—1- Then by definition

N(R) Z ‘I)(R)
ieCcy

(48)

If <I>§R) for different i € Cy are independent or weakly

dependent, then the distribution of N g:), as a sum of indepen-
dent or weakly dependent indicator random variables, might be
expected to be approximately Poisson. This, however, is not
the case due to high dependency among many terms in the
summation. Specifically, for any € CF, <I>§R) is highly

dependent on @;R‘) for any 5 € S; where

5 5
S;= {J‘ e C\{ay: Ut} = U{iz}}~ (49)
=0 =0
S; is the set of indexes sharing the same vertices with i
but with center different from iy and thus |S;| = 4. Indeed,
provided o) = 1, which is equivalent to dist(w;,,u;,) <7,
for Vj € [5T, we have: for V2 < j <6,

dist(u;,, u;;) < dist(u;, , u;,) + dist(w;,, u;;) < 27,
That is, {u;, }‘S 5 are all close to u;, and hence it is likely
there are edges connectlng them. In other words it is likely

for i/ = (i1,70, " 4 15), <I>Q ) — 1, where we without loss of
generality assume zo < i for 2<j5 <4 Let

FEDIE

jes;

(50)

be the sum of highly dependent terms of 3™ In summary,

(R)

if there is an increment for NV g?‘), say CDZ =1, there is a
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certain probability that U; is greater than 0 due to the high
dependence, causing each increment of N](;:) to be greater
than 1 with a certain probability. This is typical behavior for
a compound Poisson random variable.

To answer the second question, we next informally derive
the parameters of the compound Poisson approximation to
N g? in the special case when X is diagonal. We require
some additional definitions. Let m = {io, %1, - ,is} be the
unordered set of indexes, which is referred as index group,
of any 7 € C and define [C5] := { [Z i€ C(f}. It follows
that [[C5]] = (5£1), where | - | is the cardinality of a
set. For a given group of § + 1 indexes m, <I>1£R) + Uz is
the increment associated to this group and its value is between
0 and ¢ + 1. In the following informal argument we assume
that the event that two different index groups both have non-
zero increments has probability zero. This assumption will be
verified in the proof of Proposition III.6. Consequently the
probability of increment size ¢ for £ > 1 is proportional to

the expectation of the fraction of the number of groups with
increment ¢:

1
“Tea 2
[7]eles]

o T (e (o )

1 (fbg’” U= e)

E <I>§R>1 (2™ + Uz = )
ieCy

=y o P (o = 1) P (0 + v =il 1)
ieCy

(51

Since X is assumed to be diagonal, {u;}’_; are i.i.d.
unif (S"~2) by Lemma II1.2 (b) and hence (51) becomes

1
Er—==r Z 1(@§R)+UZ:€)
|[C<s]|H sl
1

|[C< |€ ‘Czi | (TP))da(gv TP)
=L 0P altor,),

where «(¢,r,) is defined in (23) and IP((I)%R) = 1) —

(2P,(r,))° by conditioning on w;,. As a consequence, the
probability of increment size ¢ for £ > 1 is:

0+1
TR el 3 (S R ) o))
= Cn,é,p(g)v

where the equation follows from (24). This argument implies
that (.5, is the increment distribution of the compound
Poisson approximation.

Since the mean of a compound Poisson distribution is the
product of the arrival rate and the mean of the increment

distribution, the arrival rate A of the compound Poisson
approximation satisfies the following mean constraint:

)‘ECn,é,p = EN;(;?),
where K¢, 5, is the mean of (,s, One can easily
verify Ens, = 1/3001 (a(l,r,)/f) and ENGY =

®) (pgl)EtIJéR) = (") ("3") (2P (r,))° since X is dlagonal.
Hence the arrival rate for the compound Poisson is

A= <7;> <pg 1) (2P, (r,))° W

This informal argument motivates the compound Poisson
approximation CP (A, n,5,05Cn5,0) tO N](;:) when X is
diagonal.

0+1

D

{=1

= Apn,s,p- (52)

E. Proof of Proposition I11.6

1) Auxiliary Lemmas for Proposition II1.6: Recall for any
§ > 1, C5 is defined in (46). For i€ Cr, define a
symmetric positive definite matrix £; € RUFVX(EHD o
be the submatrix of ¥, consisting of rows and columns ¥
indexed by the ordered components (ig, i1, ... ,i¢) of i. Let
m = {40,141, -+ ,i¢} be the unordered set of indices of any

i€ CF. Then ;€ By and pei (5) = s ()

where 2m and fip 41 (Em) are defined in the paragraph
after Definition II.3.

Lemma A.2: Suppose X ~ VE(p, %, g). Let £ € [p—1].
Consider 7 = (g, i1, - ,i¢) € C;°.

E H BT < pnet (37) (2Pa(ry))"

Moreover, when Y- is diagonal, in the last expression the
equality holds and ftp o4+1 (E;) =1.

Proof: H fbgﬁ)
tion of wu; for j € M By Lemma III.4 (c), it suffices to
show

is a nonnegative Borel Measurable func-

EH@E’? < (2P, (r)*

for the case u,; for j € LZ are £+ 1 independent unif (S"~2).
The last inequality holds with equality, which follows from
that the terms in the product on the left hand side are
independent conditioned on ;. O

Lemma A.2 suggests differentiating whether 3 is diagonal
or not since [y ¢+1 (2;) = 1 when X is diagonal. The next
lemma establishes an upper bound on the number of ie Cs
such that 3> is not diagonal.

Lemma A.3: Let X be row-x sparse. Let § € [p—

5(0+1) p (0+1)
> 1= e (]) < g

ieCy
327 not diagonal

1]. Then

S(k—1).
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Proof: Note that

1
Y. 1= —n)..(p— k),
iecy '
33 diagonal

where the % is due to in our definition 7 the index h1<...<
15 are sorted. Then

= =)

fecs
< w-n(3).

327 not diagonal
where the last inequality follows from Lemma A.26 (b) O
Note x = 1, the Lemma A.3 shows > =0,
ieCy
337 not diagonal
which means ¥ is diagonal matrix. Next we present a lemma

to bound ZzeC< fine11 (7).

5

1

EPKI_I(P — k)
=1

Lemma A.4:
+1
p k—1
Z fine41 (E7) < VB (1 + i o41(X) » ) .
z€C< ’
Proof:
Dot (E) = D I+ Y pe(E)
iecy iecy iecy
33 diagonal 327 not diagonal
p\(p—1
S(l) ( ’ ) + pn,e+1(X) Z 1

C<
pIFS nol dlagonal
/+1
p 2 k=1
S—E! (1 +£ Mn7€+1(2) D ) ;

where the first inequality follows from the Lemma II1.4 (a),
and the second inequality follows from Lemma A.3. O

Lemma A.5: Let X ~ VE(W,X,g). Let
{ig}g=0s {jq}gzo C [p] be respectively a sequence of a+1 and
B + 1 distinct integers. Let m € [min{a,3}]. Suppose
iq = jq for ¢ € [m] and iy # jy for ¢,¢' ¢ [m]. Denote

7 =UofigtU (Uf,zo{j;}) and then [Z] = o+ —m+2.
(a) Then

o(I1e) (1122,

<pin, 7 (X1) (2Pn(7“p))°‘+5 " (2Pa(2rp)) . (53)
(b) Then
(R) (R) e (R)
IEq}lo]o (H (I)lolq) H (I)]qu
q'=1
m+2
<t z) (B2) 2P ()N " g (6,7)
=2
St 21 (B1) (2P (1)) 07 HL (54)

The inequality (54) also holds with m = 0.

Proof: (a) By Lemma II1.4 (c), it suffices to prove (53)
without 7| (3z) for the case that {u;} for j € T
are independent unif(S"~2). Conditioned on ulo and uj,,

R) (R R
(@50 Yy are iid, (@D ULRED 1

ioiq = Joiq
(R) (R
are i.i.d. and moreover, every term in {<I>Wq i

R R
pendent of every term in {@EOzz ——— §0J),}q il
Thus

oLy is inde-

E <f[ q»gfi) ﬁ O || i wj,
=1 =1
| T 0 s | (B [#100 > m)+
Lg=1 i
B 1= m 5 )i, )
| [T 0 s | @R (59
Lg=1 J
= (B [0l [uius )" Pl ) (56)

where for the first equality the convention 0° = 1 is used if
a = 3 = m. Notice (56) also holds for m = 0.

Denote SC(r,w) = SC(r,w) U SC(r, —w). Then condi-
tioned on w;, and uj,,

B o)
20?1 3011_
=1 (u;, € SC(r,ui,) NSC(r,uj,))
=nl (Uil € SC(r, ui,) N SC(r, u]o)) ’

where 7 = 1([lui, — ujolla < 27, or [Jui, + ujfl2 < 2rp),
and the last equality follows by noticing that SC(r,, u;,) N
SC(rp,uj,) is non-empty only when ||u;, — uj,||2 < 27, or
[lwio + ujyll2 < 27,. Plugging the above inequality into (56),

we obtain
T @
q=1

q'=1
R) + (R m _
=n (E {(bz(‘oii (b;'oiz Uiy, ujo} ) (2Pn (T/)))a—i_ﬁ 2m

<0 (2P (1)) (2P (1)) 072

Uiy, Ujg

8
IT 253,

The result then follows by taking expectation w.r.t. u;, and
ujo‘

(b) Similar to the proof of (a), it suffices to prove (54)
without f1,, |7) (37) for the case u; for j € Z are independent
unif(S™~2). Conditioned on w;, and uj,,

E | e®

i0jo Uig, Ujy

(w2 ) (1152
’Lojo [H (b’bo’bq 5?21

(2Pn(7”/)))a+ﬁi2m .

Uiy, Ujg
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where the equality follows from (55). Then

o (1o (11

- (R) d (R)
R R
(bioiq ) q)jojq/
g— /71

g=1

m

R +6-2
=E H(bzozq H (1)501)/ ZP“ rp))(y pzm

(H<>) Tl flotz -
q=0

(2Pa (1)) 7"

(%) At m—+2
S (2P (T/)))a m g Qp, m+1(€ rp)
=2

< (2P, (r,))

where step () follows from the definition of a, s5(¢,7,) in
(23). Notice (56) also holds for m = 0. O
2) Lemmas on Double Summations: Denote i U j =
m U [;] for any 7 € Cy and any je Cs . Consider any
0;5 that is a non-negative function of u, for ¢ € ?U}' defined
for i € Cy and j € C5 with 1 < § < ¢ < p— 1. In this
section an upper bound on E Zzec< - jeos 0; 7 is presented.
The results in this subsection will be used in the proofs of
Proposition II1.6 and Proposition IV.4.
For i € [p], let
NZ(i):={m € [p|: Tjm # 0} (57)

denote the index of the variables that has non zero correlation
with the i-th variable. For i € C, define N2 (z) =

q -

U NMZ(i¢). Since X is row-x sparse, for any i € C,
£=0

‘J\/’Z (Z)‘ <(g¢+ 1)k, and

pri=|IWE (7)] 2 p- (58)
Note that p; denotes the number of variables that are indepen-

dent of variables with index in [ﬂ
For i € C'q<, define

(g +1)k.

3 q
J; = {56 ¢y e U{ie}}7 (59)
=0 =0
S
= {j‘e c5 <U{jg}> N (Nz (Z)) - (2)} . (60)
=0

=z

Here J; is the set of indices in C5 consisting of coordinates
as subsets of m, T is the set of indices in C’(;< consisting

of coordinates outside the neighborhood of i N5 is the set
of “correlated but not highly correlated” indices in Cy, i.e.
the set of indices of which at least one coordinate is in the
neighborhood of i, but excluding those sets of indices of which
the set of coordinates are subsets as that of 7.

The strategy is to decompose

EY. > by
iecy jeoys

EY Y TerEY Yo

iecy jeu; icCy jeT; ieCy JEN;

and bound each of the three terms.
The next result is an upper bound on the first two terms.
Lemma A.6: Let p > n > 4 and X ~ VE(u,%,g).
Suppose X is row-x sparse. Consider any 0;_; that is a non-
negative function of w, for £ € i U j defined for i € Cy and
jeCs with1<d<qg<p-1.
(a) Suppose there exist positive constants a,z such that
IE@;J. < fin,g+1(X5)az? for any j € J. Then

> D Ebi;
ieCy jeJ;

qg+1 9 k—1
< R 1 mn, by

(b) Suppose there exist positive constants a,z such that

Eo; - < un,q+5+2(§);u;)azq+5 for any j € T:. Then

> > Eb;
ieCy jer;

g+

<ap®(p2) 5!(%_1)! (1 + Mn,q+5+2(2)ﬂ — 1) :

p

Proof: (a) Since |J;| = (711) (%)

> D Eb:;

i€Cy je;

g+ 1\ (q
<azq< ) ><5> > g (B;
icCcy

g 4t1 1+ a2 » k—1
5'(q_6)| +q Mn,qul( ) p 9

where the last step follows from Lemma A.4.

<ap(pz)

(b)
> D Eby;
ieCy jeT;
+4
<az? Z Z Hn,q+6+2 E;U;)
ieCy jer;
<az™ | N Do Tt pngisia(E) Y
iecy JET; iecy
337 diagonal 33 diagonal 33 diagonal

>

jer;
33 not diagonal

>

ieCy
327 not diagonal

M1

jeTy

1+ /~Ln,q+6+2(2)
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VOo<m<d—2,

s 00, )0 en(
= 1)\ ¢ J\1)\ s E0; 5 < 07 (Si)az "L W f € Ky (z) n Dy
fin,q+5+2(3) <1> < q ) Z 1+
2o ~< §—m = 7 m,
=5 njotedc;ggonal EG’?; < ’unvﬁuﬂ(ziuj)abqur ’ v J e Ks (Z) N D'_L" ’
and
p\(p—1
fin,q+5+2(3) Z < > < ) 5 = 2
feos 1 4 E9~j <u, \zuj|(22uj)azq+ , Vj€eEKs (z) )
337 not diagonal
3 k—1 Then
2 q+46
éa’p (pz) (5'((] . 1)| (1 + Mn,quierQ(E) p ) )
) > DBy
where the second inequality follows from that for j € T3, X7 - i€Cy jeN;
is diagonal if and only if X7 and 3> are both diagonal and o (1 _,_pz)f‘*l 5(4+b/2)
the last step follows from Lemma A.3. O <ap(pz)"""m G-1)
. To control Ezfecj Z]‘eN_? 07 3 we.further partition Ny a0+ 1)(g+ 1) e 1
into 6 subsets as follows. For i € C’q< with ¢ > 9, define ap (p ) Tﬂmﬁéﬁ (%) p
K (;) = {5 € Nytjo= io} ’ where 7 = (1 4 “"vq+5+1(>;)3q2(n*1)).

Proof: Since

q o
J € Ny jo # io, jo € | J{ie} o € U{j@}}v
=1 =1

{=1 {=1

{=1 {=1

(

Ks (Z) =<Jje Nzijoséio,jo??O{iz},ioE O{jé}}v il
(
(

q 6
;) ={je N7 : jo #i0,Jo & U{ie},io ¢ U{j€}7

(U u})n(u{;}i },“ Lo (i) = 32 B

5
A )= L o Sy . Case 1: p>qg+0+2
K (z) = {j € N;: jo # o, Jo & H{u},lo ¢ H{J@}v Obviously Iy (Z) = Ufn;lo (ICl (Z) N sz”) Then for any

<LqJ { J }> ( 5 { - }> Q} ‘ Cq< SatiSfyi g 7 diagonal’
be | | l J Je )
=1

{=1

{
{

Z) - {feN;:jo;éio,joeO{ig},ic)%U{jé}}v Z Z]Egﬁzz Z () (62)
|

‘5 e K ( ) ﬂD~ E~ 7 diagonal ‘

Then N: = US_,K, @ Let D = {j € N; : _<q) 1 3 3
. . . - _ |
[(UE_ {ie}) N (UI_1{je})| = m}. We are now in a good m) (6 —m)! HelWE() sl WE()
position to present a lemma on E} 7 o< D 7y 07 5. 2 @NZ(j1)
Lemma A.7: Let p > n > 4 and X ~ VE(u,%,g). Z Z 1
Suppose 3 is row-k sparse. ConsLder any 055 that is a non- Jsell\Wz(7) Js—melp\WE(D)
negative function of w, for £ € i U j defined for i € Cq< JsEUNZGD)  ds-m @ TINZ ()
and 5 € C’(;< with 1 < § < g < p — 1. Suppose there exist 1 §—m—1
positive constants a, b, z such that ¢; > satisfies: ¥ 0 < m < > < q) T H (p; — lK), (63)
51, Yw e {1,3,4}, @-ml
- o here in the first inequality we assume without loss of
Eg#-f < = 2* = q+s—m V () Dm w . q y - L. -
L u”v"uﬂ( qu) 4z jek : generality that the components of ; distinct from ¢ are
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j17j25 U 7j(5—m» Then»

‘]‘e K1 (Z) (D

() - (et

EAU not dlagonal ‘

:& S—m—1 . m—1 _‘_E
G el:[o (p q 1:[
S—m—1 S—m—1
M oo- u—w)
=0 =0
(D)o@ -,

where the first inequality follows from (63), and the second
inequality follows from Lemma A.26 (a), (b) and (81).
Then

> ()

€0y

0—1

> X

m=0 iecy  jek(i)NDr
337 diagonal >-

DI

iecy  jeki(i)nDr
3 diagonal X

7U7 diagonal 7U7 not diagonal
DY > |Ey
ieCy jek. (7)) N by
337 not diagonal
6—1
<2 | X >+
m=0 ’:GC; Eeicl(,z‘) ﬂD%’L
2; dlagona] E:U; diagonal
Ln,g+o+1 (2) § § +
iecy jek (f)NnDr
337 diagonal 33707 not diagonal
> 2 azttomm
EEC; jEICl( )ﬂD'”
327 not diagonal
6—1 1 1
m—0 q m —m

) Gt a1

2)

Hn,g+6+1 (2)p <p; 1) (:@
s (2) g1 (1) (7

2((g = 1)1 m
qt+1 1 = 0 —1)! —1-m
<ap (pz) * 1)| mzz:o m'(é( -1 z m)| (pz)é
=ap ()" m gy A2 (65)

where the first inequality follows from pi, g15—m+1 (2) <
Hng+s+1 (X), and the second inequality follows from
Lemma A.3 and (64).

e
&) - U (s () No),
& ()= U (s ()Nor).
&)= U (e ()Nor).
& ()= U (5 () o)

Then, following a similar analysis to K1 (i), additionally with
Lemma A.5, we obtain, (66)—(69), shown at the bottom of the
next page.

The detailed derivation of the above inequalities are omitted
for the sake of brevity.

Observe that

w0 ={reci (G (Yo =«

3¢ € [6] U {0} such that j, e N2 (Z) } :

L))
<5+ 1P (g + 1) 1), (70)

where the last inequality follows from Lemma A.26 (a) and
(81). Thus,

> 1 (7)

Then,

o (1)

iccys
1
()( )5—5+1 (g 1) (5= D512 (5) 0277,
(0+1)(g+1) k—1
q+5
<a‘p (pz) 5|q' /’[/”7(1"1‘64‘2 (2) p I (71)
where the first inequality follows from (70) and

Lemma II1.4 (a).

Case 2: p<q+6+2

We have imposed the condition p > 2642 to derive (65), (66),

(67), (68), (69) and (71). However, one can verify directly that

these inequalities also hold when p < g+ +2. We omit these

tedious verifications here and take it for granted (65), (66),

(67), (68), (69) and (71) holds forall 1 < § < g <p-—1.
Thus combining (62), (65), (66), (67), (68), (69) and (71),

yield

> > Ebi;

i€eCy JEN;
.
<ap(p)™! (1+un,q+«s+1 (2 36)=

grs O+ D(g+1)
élq!

1) (14+p2)°~ 16?; bl/)z,

k—1

+ apQ(pz) g ro+2 ()
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Combining Lemma A.6 and Lemma A.7 immediately yields
the following lemma.

Lemma A8: Let p > n > 4 and X ~ VE(u,%,g).
Suppose X is row-x sparse. Consider any 9;5 that is a non-
negative function of w, for £ € i U j defined for 7 € Cy and
je Cys with 1 <6 < ¢ < p— 1. Suppose there exist a, z,b
such that all conditions in Lemma A.6 and in Lemma A.7 hold.
Moreover suppose b/z < ¢y 5,4 for some positive constant
Cn,s,q that only depends on n, g and 4. Then

> > By
ieCy jecy

q
<Ch.q.6 (p”%Z) (1 + (p”%Z)‘S) (1+p2)° ' (14

KR — 1 _q
fin,q+5+2(3) 5 >ap1 5,

3) Proof of Proposition I11.6: In what follows in this sub-
section, for the sake of brevity, we write C< for C(;<, and
write ®; for <I>( ), for any i € C<.

Proof of Proposmon 111.6: Recall

NI

iecy J=1

>, %

z€C<

and a probability distribution {y on positive integers with
Co(£) = Coe. The mean of (o is Eo = > ,~ ¢{o¢. Moreover,
let by = > 5 o« EQ;E(®; + Uy + Z;) and

=Y E(2:Z).

ieCc<

(74)

In this proof we write A and ¢ for A, , 5, and {5, (€)
respectively when there is no confusion. By the compound
Poisson Stein’s approximation, i.e. (5.19) and (5.16) in [38],

drv (2 (NEY) . CP(A©))
<e (b + bz + Modw (G5, ¢)EGo + [AoECo — AEC]) , (75)
where ¢ (¢) = £Coe/Eo and ¢’ (£) = ¢¢(¢)/EC for £ € Z,
the set of all positive integers. In (75), the distance dyy is the

Wasserstein L; metric on probability measures over the set of
positive integers Z . :

sup
f€Lipy

where Lip, = {f : [f(r) = f(s)| < |r — sl 7,5 € Zy }.
By Lemma A.23,

Aodw (€5, ¢ )ECo
o+1

/fdP—/fdQ‘

To apply a Compound Poisson Approximation result, some <NoECoo d Z AoGoe )\C (£) ‘
additional notation need to be introduced. For ¢ € C<, let MECo AEC
S; be defined in (49), and let T, N; be defined respectively 541
as in (60), (61) with ¢ = 6. Here 7% is the set of indices :éz ‘ AoCor — AC(0)) + (AEC — AECo) A(0)
consisting of coordinates outside the neighborhood of i N> is 2 — AEC
the set of “correlated but not highly correlated” indices, i.e. 50t S+1 AC(0)
the set of indices of which at least one component but not <= 2NoCoe — XC(O)| + = | AEC — NoECo| Z@
every component is in the neighborhood of ¢. Denote 2 =1 AEC
5+1
= Z ®;, 2= Z 27, T2 <53 roGor — A0
JET; JEN; —
and recall U; = Z cs- <I>§ ) is defined in (50). Then W; is Plugging the above inequalities into (75),
independent of Uz and <I>~ Further denote drv ( R% ( Ng:)) ,CP(\, C))
D-
Ao = E L1 (P +U->1 5+1
0 Zezc:< (<I>;+U; (7 + U2 )>’ <eho <b1+b2+(5+1);£|)\0C04—>\C(£)|>. (76)
Cor = )\ S Z (I) 1 (I)“"‘ U; = 6)), V=1 (73) 1t remains to estimate the quantities in the right hand side
iec< of (76).
S 12 (1) <o) (14 s (9 80 ) (g () 10> 2) (66)
g p ) (©6=2)
i€Cy
=z 1 ok —1 1 5—1
B (1) <ap2) ™ (14 s (2 60 ) G ()" (©7)
ieCy p '
2 a+1 ok — 1 1 51
5 11 (1) <ap o)™ (14 maner () 3) ) g (109 (68)
iecy P '
I5 (i) <a Y p ey (14 ) L (142 (69)
5 = > pp Hn,q+5+1 » (5 )1 p
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Part 1. Upper bound for \; and Egii €| XoCor —
For ¢ € [§ + 1],

|AoCoe — AC (0)]
o= 5 (1) (75 1) Pt ater,)

<3 Y[R (@1 (254 U= 0)) — 2Palr,) all,ry)]

AC(0))

iec<
1
=, 2 [E(2(24U;=10) = 2Pu(ry) alt.r,)
iec<
327 not diagonal
1
<Glnsin (D) + )P albr,) Y 1
iec<
337 not diagonal
a(l,rp) s (0+1) k-1
- 5, HMn, b)) s
S Hn g4 ( )7(5—1)! . (77)

where the first inequality follows from the definition of (g
in (73), the second inequality follows from Lemma A.2
and Lemma III.4 (a), and the last inequality follows from
Lemma A.3 and p,, 541 (32) > 1.

Then,
[AoECo — AEC|
5+1
0+1) k-1
<D LAoCoe = A < pnsin (2)7° ((5 — 1)), ;
=1 - b
(78)

where the last inequality follows from (77). As an immediate
consequences,

Ao < MECo
< [MoECo — AEC| + AEC
b+1) k-1 p\ (p—1
R s et | G [

< '76 ((gj_ll))| (Mn,é-{-l (2) Rle + 1) ,

where the third inequality follows from (78).

(79)

Part II. Upper bound for b,
Since N{U S{U {Z} = C<\T;,

> ) EoED.

i€C<  JeC<\Ty

by = (80)

Given 7 € C<, by (58) with ¢ = 6,
= [z ()25
Since |T2] = ps("; ),
|C=\TH

+{75) )

0—1

<m@+1) <H<p—

a=0

(6 + 1)k. 81)

2
a)) o) < CE 0

where the first inequality follows from Lemma A.26 (a).

(82)

One straightforward upper bound is

we s s u(fTem)e(f1em)

;€C< fEC<\T; =1 '=1

p—1\ (6§ +1)2
<p( 5 >( 5!)736”

< (Pn,s41 (2))* (0+1)

(01)? p
where the first inequality follows from Lemma A.2,
Lemma III.4 (a) and (82). The (un s+1 (£))? in the above
upper bound is not very satisfactory, and can be improved by
a more involved analysis.

Observe for given i€ C<,

(151 (£))* (2Pu(r,))*

25 j

(2p1+%Pn(rp)) —

‘{j € CS\T;: 35 not diagonal}‘

=|C\T4| — ( jec<: 35 diagonal}‘ -

‘{j €T;: %5 diagonal}‘)

6—1
S%((H 1) <H(p - a)) (p—p7)—

a=0
(‘{]e C< % diagonal}‘ — ‘{56 T; : X5 diagonal} ),
(83)

where the inequality follows from (82). Then, (84) and (85),
shown at the bottom of the next page, where the second
equality follows by writing (84) as a telescoping sum with
the convention that the summation over j_; for m = 0 and
the summation over js;i for m = ¢ vanish, and the third
equality follows from changing the order of the summation
for m > 1. Plugging (85) into (83),

‘{j € C°\T;: 35 not diagonal}‘

—(5+1 P — ;) <H

0«;

(86)

where the second inequality follows from Lemma A.26 (a) and
Lemma A.26 (b), and the last inequality follows from (81).
Then for any 7 € C<,

Y Hnst (E;)

JECS\T;

< 2
JEC\T%
27» diagonal

5+ 1)2
%Péﬂ + 541 (X)

> 1
JEC\T}
33 not diagonal
36(0+1)% 5
GRIY

T+ pin,s+1 (2)

<
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36(6 + 1)3 5 K
T K 1 + /J/n7(§+1 (2) E 5

where the first inequality follows from Lemma III.4 (a), and
the second inequality follows from (82), (86).
Then following (80),

b1

< Z Z Hn, 5+1

ieC< jeC<\Ty

(87)

) tnger (57) 2Pa(r,)”

361

Part III. Upper bound for b-
Let K, () and D2" be the same as in Subsection E.2 with
qg = 6. By Lemma III.4 (c), Lemma A.2 and Lemma A.5,
it follows that the conditions in Lemma A.7 with ¢ = ¢ and
0;7 = ®;0; are satisfied with a = 1, b = 2P,(2r,)1(6 =
)+2P( »)1(0 = 1) and z = 2P,(r,). Moreover, b/z <
27=21(6 > 2) + 1 by Lemma A.22 (d). Thus by Lemma A.7
with ¢ = 9 and 6;,; = @Zq);,

5+1 3
P k—1Y\ 30(6+1 by
=750 (”52”"75“(2) » ) : 31 Ly (14 51 5427 11(8 > 2)
<p(2pPa(r,)) 1 (1+ 2pPo(r,))’ ™" 6 (5 o
i (9) ) (2P (7)) 61y |
: 2 B} p2(2an(7“,))) M, 25+2( ) (39)
530 +1)3 1 K K )
< (3 (5')2 (2p1+EPn(rp))26> ]_) (1 + Mn,5+1(2)]_)> ) 41 1 5 4 2n— 11(5 )
! < _1 _1
Gy < m (e ‘S) T oor T
where the first inequality follows from Lemma A.2, the second (6 +1)? (=) Kk —1 (90)
inequality follows from Lemma A.4 and (87). (61)2 7 tn 252 p
‘{j €0 % diagonal}‘ - ‘{j €T;: % diagonal}‘
1
5l DYDY > l-x X > > 1 (84)
1 NZ 5—1 1 i NZ(j §—1
Jo=1 j1€[P\N Z(jo) sl lgo NZG) joéoj\e/’[zp](f) 11?1[1;]/\\/’2(5)10) iselp\ leJO NZ(GD)
s ENZ (i)
10
2| 2 >
m=0 jo€lp]  Jr€lp\NZ(jo)
JogNZ(1)  §1ENZ(i)
> > > > !
imea€l\"U W26 el U N2G) amriel U N2 Gselp\ U N2G)
Jm—1ENZ(7) imENZ(D)
1 1
=5 2 > )RS DI
Jo€lp]  51€P\NZ(jo) ) st . m=1
0Nz Y el U NZG)
> X > 2 > >, !
i 7 j j NZ(j . m ) 5—
I €2 jo{gff@@ jf[@]}vz& 0 el U N2G)  meelh O NZG) jaE[p]\ll:l;NZ(jz)
jOgNZ(jm) 11€NZ(jm) G 1&/\[2(1) a
Jm— IQNZ(j,,L)
1 5 1 s m 5
>5 (P —p;) Hp Br) + Z(p pJ(H(;-M)) II @-58s
B=1 m:l a=1 B=m+1
6+ :
> p o) [ (w7 — an), (85)
a=1
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where 1; = (1 + pin,25+2 () (362)”771), and the last step

follows from 2p'*5 P, (r,) < 7.
By combining (76), (78), (79), (88), (90), together with the
assumption 2t P, (rp) <,

arv (£ (N, cP(v,0))
e o/ e (£

fin,26+2 () K/p (1 + fn,2542 (X) (FG/P)Q)) ;

where
0+1
r )
Cé,’y - eXp (’y (5 _ 1)'> 9 (91)
and
5% 6227 11(6 > 2

Cnpy =C 5 022 a0 yicy,. o
O

F. Proofs in Subsection III-D
1) Proof of Lemma III.8:
Proof of Lemma I11.8: N(R) < N(R) < N(R) follows
trivially from their definitions. 6It remalns to show

N < 5+ 1)NGY

S Néf). 93)
To see this, consider 4 > 2 and any vertex ¢ and denote its
degree by m. If m < 4, then it contributes zero to both sides
of (93). If m = 4, then it contributes 1 to both sides of (93).
If m > 4, it contributes (') to left hand side of (93), while
contributes (0+1) (") = (m—0)('y). The above observation
proves (93). The case § = 1 is similar and is omitted.

The above proof indeed applies to any graph and, in par-
ticular, the empirical partial correlation graph. So the second
equation in the statement of the lemma holds. O

2) Proof of Proposition II1.9 (a): By (29), it suffices to
establish an upper bound on EN EEI:L'

Lemma A.9: Let X ~ VE(u,X, g). Suppose X is row-x
sparse. Let £ € [p — 1]. Then

K
ENGD < 5 7 (1 + €2un,e+1(2)7) p(2pPu(r,))" .

Proof:
(R)
o 1 C
z€C< Jj=1
Z Hn, i+1 ZPH(TP))K
iecy

1 kr—1
—gl (1 + e+1(2)7> D (QPPH(T/)))Z ;

where the first inequality follows from Lemma A.2, and the

second inequality follows from Lemma A.4. O
Proof of Proposition II1.9 (a): 1t follows from (29),
Lemma A.9 and Lemma A.24. 0

3) Proof of Proposition I11.9 (b): Similar to (47) and (48),
denote

5 5
ol = T @ =1 [ (M {dist(wi,, u;,) < 7,}

j=1 j=1

Then by definition

Nig =3 &7 o4
i€eCy
By (48) and (94),
P R P R
N - Ng| < 3 10l - e,
ieCy
The next three lemmas establish upper bound on
o) — (P,

We mayz suppose X is (7, ) sparse throughout this proof
and the proof of Proposition II1.9 (c) since the conclusion is
invariant to permutation of the variables by Remark I1.8. As a
result, the U-scores may be partitioned into U € R(»=1)xT
consisting of the first 7 columns and U e R(»~Dx(-7)
consisting the remaining p — 7 columns.

Denote [7] = {1,2,---,7}. Define a matrix B by

§ —1. -1 <
B=""puo =1 S w93
p—T p—=
zE[p]\[ ]
Denote Q = /n — 1U. Observe that Q has exactly p —

7 independent columns and each column +n —lw; ~
unif(v/n — 15"2). These observations immediately give us
part (a) of the following.

Lemma A.10: Let {uq}t_, be columns of U defined in
Section III-A. Let B be defined as in equation (95).

(a) Suppose X is (7,k) sparse. B = I)%TQQT, where
Q € R 1x(=7) has independent columns with each
column distributed as unif(y/n — 15"72).

(b) | /\mux (TTB) )\max(B” S Z:}_ T, and
)\min (_B) Z Amin(-B)
Proof: (b) Recall B = 1 P u;u]. Then,
p B n—1
B — =
- 1S wa
7,6[7'
By Lemma A.27 (a), we have:
| )\max b B |- )\max (B Z U; u
p—T
7,6[7' 2
i ll2
7,6[7'
n—1
= T;
p—T
where for the last inequality, we use the fact that u; € ™2

Moreover, by Lemma A.27 (c), we get Amin (VLTB) >
)\min(B)- |
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Aae(B)+ 2527 Sun(B)+2Lr
Amin(B) Suin (B)
the perturbational condition number of B, where Apax (B),
Amin (B), Smax (B), and Spin (B) are respectively the largest
eigenvalue, smallest eigenvalue, largest singular value and
smallest singular value of B.

Lemma A.11: Suppose p > n. Let {un}?_; and {ya}2_,
be defined as in Section III-A. Consider distinct ¢, j satisfying
1 < 4,7 < p. Then with probability 1,

to be

Denote ho (B) =

1 .
——|u; — ujll2 < ||lyi — yjll2 < ho (B) [|[u; — ujll2,
ho (B) [l ille < llyi —yjll2 < 0( ) [l ill2

and

1 .
———|u; + ujill2 < ||yi +yill2 < ho (B) ||u; + ujll2-
ho (B) [l ille < llyi +yjll2 < 0( ) [l ill2

Proof: Recall Yo = Yo/||Yall2 and 4o = B lu, a.s.,
for a = ¢, 5. Apply the upper bound in Lemma A.28,

lyi —yjll2 < MHW ujll2 a.s.
! Amln(B ) J
)\max (p_‘rB)
= ———|lui —uyl2
Auin (725B)
o (B) + 557 )
§ w; — ujl2,
o AIIlln (B) ! ] 2

where the last inequality follows from Lemma A.10 (b). The
lower bound of the first desired display follows similarly,
by the lower bound in Lemma A.28.
The second desired expression follows analogously. O
For {i,j} € [p] with i # j, ¢ € {—1,+1}, define

SO (r,) = {Ilyi — aysll2 < 7o},
FP(r,) = {Jlui — quyl2 < 1o},

1
Gz(?(rp) = {|ui —qujf2 < o (B) rp} :
H (ry) = {llwi — quj|la < ho (B) 7}

w
Define Fy;(r,) = Féf”(rp) U F (). Giylry). Hiy(r,),
Sig-(rp) are defined similarly. Using these notation, then

7 (p) = 1(Sy(rp). and &P (p) = 1(Fy(r,)). For
i € Cy, denote

H(rp) m inie (Tp)5 H; ., (rp) =

(=1 )4

(96)

9

Hioie (rp)'

D=

When it is clear from the context, the dependence of r, for
the above quantities will be suppressed. By Lemma A.11, with
probability 1,

() (9) (9) (9) (a) (9)
Gij CSij cHij, Gij CFZ-j cHij. 97

Lemma A.12: Suppose p > n. Consider 6 € [p — 1]. For
any ¢ € C5, with probability 1,

(P) (R)

where
§z::1<0 (oG ) (V- )>

m=1
2 (P)
1 < n F’io’im > and q)? =
m=1 v

o
1 ( N Sioim) Let A denote the symmetrization difference

m=1

Proof: Notice CI>§R)

of two sets. Then

5 5
P R
e ((ﬂ F) A (ﬂ Sm>> <,
m=1 m=1
where  the inequality follows from (97) and
Lemma A.29 (a). 0

To obtain an upper bound on the expectation of &;, we first
bound the expectation on a high-probability set. Define the set
E(t), with ¢ being a parameter to be determined, by

E(t) —{[1—cl< Z:i + \/ptTTﬂz < Amm(B)}ﬂ

Az (L )]}
(93)

to be the set such that (184) in Lemma A.30 holds, i.e. the
constant Cy in £(t) is the same constant as C in (184).
By Lemma A.10 (a) and Lemma A.30,

P(E°(t)) < 2exp(—cit?). (99)
Since 7 < £,
n—1 T
T7<2(n—-1)—, (100)
p—T p
and
n—1 t n—1 t
C + ) <Vv2C (,/ + —) .
' ( p-T VT Vo b
(101)
Moreover, on £(t), and assuming
-1 t 1
Va2c ( I +—) <= (102)
1 » N
one has
2
n—1 t n—1
(a2 ra=)) rit
ho(B) < 5
n—1 t
(1-a(yEt+ 7))
-1 t T
<14+ 16v2C ( r +—)+8n—1 —:=01(t),
1/ 5 7 ( )p 1(t)
(103)

where the second inequality follows from (100), (101) and
Lemma A.26 (c).
For i € C5, denote

5

’L —m Tl) ﬂ oty rl?

Z 1
#m

T/) ﬂ Figiy(1p),

N
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Lemma A.13: Letp > n > 4,6 € [p—1] and X ~ By the union bound,
VE(w, X, g). Suppose X, after some row-column permutation, En-(t)
is (7, ) sparse with 7 < £. Let ¢ be any positive number, and 77

suppose (102) holds. Then for any i e CF, with probability < Z E1l (( voim 01E)70)\ Figin, (%ft))) ﬂF;,_m(&(t)rp))
17

§LE®) < m(D), 511 (2920(0) (2P (01 (1)~
h (%)
where S < Shn 541 (S)2(n — 2) P (1) (01(£)" 2 03(t) (2P (rp01.(2)))°~
[€X3)
<U (7 0:tr) N <81t 511 (220 Pa (1) 02 (6)"031) (01.(6) "2 2P0 (1) ”,
m=1
(onz,” (01(t) Figi,, <91 >>)> (104)  \here (x) follows from (105), (xx) follows from
M Lemma A22 (c¢), and (x * x) follows from
OTeover, Lemma A.22 (d). 0

T .
E1((F.. (6,(t)r P )) F (0 7“) Lemma A.14: Let p > n > 4,6 € [p—1] and X ~
(( i G107\ P, ( ﬂ t-m (1(0)rs) VE(u,X,g). Let t be any positive number, and suppose
<pin,5+1(27)202(t) (2P, (61(t)r))) -t (105) (102) holds. Suppose X, after some row-column permutation,
where 0(t) 1= Pa(r,01 (1)) = Pu (

is (7, k) sparse with 7 < £. Then

91&)). Then P
VD - NEP L E®) < Y m)
Bz (t) i€Cy
<Opin,541(27)202(1) (2P (61(t)rp))° ™" ond
Stin,541(Z)0n(01(£)"03(¢) (2P (1)) 5
E > m(t)
where 65(t) := (91( ) — 911(1‘)) fecs '
Proof: By (103), H;;(r,) N E(t) C Fi;(61(¢)r,) and Cn2 T i - 5
Giglry) NE(E) > Ey (7% ). Then <G O (\f5+ 2=+ ) peo )
GL(E®)) < m(?)- (106)  where € is an universal constant, and 73 := 1 +
T §2e-l p
E1l ((Fioim (91 (t)rp)\Flioim (01 E)t))) ﬂFZ—m(el (f,)?“p)> Pr/::fé-i—l( )
Stins41(27)P ( P R P R
‘NSE§>—NSE§> TEOESY E‘@é S )‘1(8(1&))
U {5 <l - aul e <oat0m } | N i%os
ge{-1+1) * 1 <> st
S ;ECE
m U {1, —quza < 0u(t)rp} ' where the last inequality follows from Lemma A.12 and
SZm \E{=LH1} Lemma A.13.
(107) By Lemma A.13,
where the last inequality follows from Lemma II1.4 (c) with Z En-
uzo’u y T 7u;5 1:\51 llnlf(SniQ), ;€C<
5
For any w € S™ 2, define 09— {ves2: ell(t)rp < = Z fin,s+1(27)6n (61 (¢ £))"205(t) (2P, (r,))
lv — qw|2 < r,0:(t)}. Then iecy

p6+1 1 .
Pla,e (J oo = (1+52—un6+1< )>5n(91@) 263(t) (2P (r,))”

h c ; ’
qe{—-1,+1} / S(é n |7’3 n(S <\/> — +n— )(2p1+5Pn (rp)) )
t) )) '

—2 (Pn(r,)el(t)) - P, (W (108)

By conditioning on u; , the term in right hand side of (107) where the third inequality follows from Lemma A.4 and the
equals to last inequality follows from Lemma A.26 (d) and (103). [
5—1 Lemma A.15: Let p > n > 4,6 € [p—1] and X ~

.41 (37)202(2) (2P0 (61.(8)70))" VE(u, X, g). Suppose X, after some row-column permutation,

which then proves (105). is (7,k) sparse with 7 < L. Suppose 2 F Po(r,) <
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n—1 dlnp
P + p

and (
sufficiently small universal constant c. Then

< ¢ hold for some positive and
MNg%-

k—1 In T
SCJ(EIZ) (1 + Tﬂn,éJrl(E)) < TP + ;) ;

where C’g:)
Proof:

is defined in (112).

P R
E|NG - NG

SMNg%-

vew+ (3) (75 ) resen.

5+1
gEMﬁ”—Ngﬂuam+p& (109)

where the first inequality follows from 0 < N gf) <) gl)
for both ¥ = R and ¥ = P, and the second inequality

follows from (99).

Choose t = c5y/Inp with ¢5 = ,/% > ,/(% —|—5) /c1
9 3
2exp(—cit”) < 2exp | — 54—5 Inp | =

such that
Moreover, for any

2 exp(—cit?),

p3to’

1

2max{1/2571,1}\/501’
/n—1+ dlnp <
p p

C1< n_1+06 ln_p><l,
V »p \/ p 2

which is (102) with ¢ = ¢sy/Inp. Then apply Lemma A.14
with ¢ = ¢5+/Inp to (109),

P R
E|NG - NgP

c <

(110)

the inequality

implies

(111)

S%ng (91 (05 lnp))ms <\/g+ \/? + ;-)) ~°

-1 Inp 7
<C(P) (1 + L n 2 ) - r + - )
>UEs » H 75+1( ) p p
where
(P) _ Cn? 52 né 5 2
CEs (0 ) (91< n )) LA olv/Inp
4 — 112

where the last step follows from 6 (c(;\/ln p) <944(n-1) =

dn+5by (111) and 7 < p/2. O
Proof of Proposition 111.9 (b): It follows directly from
Lemma A.15 and Lemma A.24. O

4) Proof of Proposition I11.9 (c) : By Lemma IIL8,
P P R
NG — (6 + DNG), = NG

<N - NP
P R R
,N,EJS) NG+ 6+ NG
which implies
(P) (R)
[ = w|
(P) (R) (P) (R) (R)
< ‘NE‘; —Npg, ‘+(5+1) ‘NEHI Ngo |+ (6 + 1)NE5+1
(113)

Lemma A.16: Letp > n > 4,6 € [p—1] and X ~
VE(w, X, g). Suppose X, after some row-column permutation,
is (7, k) sparse with 7 < £. Suppose 2p'+3 P, (rp) <~y and

% + lnTp) <c hold for some positive and sufficiently
(P) _ Ar(R)
B|vi - |
(P) k—1 Inp
<Cy, 1+—7;4M¢+ﬂ2) +Z4
Proof Let £(t) be the same as in (98) with ¢ to be
determined. Consider ¢ € [p — 2].

small constant c¢. Then
1
p_ﬁ
p P )
where C ) is defined in (118).

E[NE) - N
<E ‘N(P) (R)‘ 1 +pP(£c( ))
(P P) R
<EING - NGP[L(EW®)+(6 + DEING ~ N [1(E(1))

4—(5%—1ﬂEAé£?l—k2pe_cﬁ , (114)
where the first inequality follows from 0 < N‘S/;I’) < p for
¥ = R and P, the second inequality follows from (113) and
99). If § = p — 1, then

(P) _ (R
‘N N‘V/z’*l
<E ‘N(f)l NGD | 1EW) + pPE(D)

L(E(t)) + 2pexp(—cyt?),

which shows that (114) also holds for 6 = p — 1 with the
convention Ny P) - N EEIE) =0.

Choose t = ’/Z Inp := cov/Inp, such that p exp(—c;t?) =

. Moreover, for any

1

<E|NED, - NG

1
p?
o< 1 (115)

2 max{cg, 1}v2C,

/n—1+ hl_p <
p p

the inequality
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implies
-1 1 1
O [ /= ooy 2] < 5, (116)
P P 2
which is (102) with ¢t = cov/Inp. With t = coy/Inp
Lemma A.14 becomes:
E|NG — 1(£())
Cn? Inp T s
<— 1 no (Y& 2pP,
<G Oulea ) (Y2 4 D) ap )
(117)

Then for § € [p — 1] applying (117) with 6, § + 1 and
Lemma A.9 to (114), together with pi,, 541 () < pin,s4+2(2),
shown in the equation at the bottom of the next page.

where in the last inequality

(P)
C‘u/é
Cn2(6 +1)? n(5+1)
OO (0 (cavinn) " s s
0+1 —1 " 2
5 ’Yp p27%
Cn?(6+1)2 n
_725(_;_') (4n+5)"" 52 (1 4 7) (14
) 1
e ) Lo (118)

where the last step follows from 6 (c2y/Inp) < 9+4(n—1) =

4dn+ 5 by (116) and 7 < p/2. O
Proof of Proposition I11.9 (c¢): Lemmas A.16 and A.24
complete the proof of Proposition IIL.9 (c). O

G. Proofs in Subsection III-E

1) Proof of Lemma IIl.14: To utilize the notation we have
defined in this paper, we make the following adjustments
to the notation throughout this subsection. In this proof it
suffices to prove the conclusion for any 6 + 1 i.i.d. random
points from unif(S™~2). Without loss of generality assume
in this subsection that the first § + 1 U-scores {u;}2*] are
independent. Another adjustment is to replace r by 7,. With
these adjustments Lemma II1.14 is equivalent to the following:
when r, < 2//5, 6 > 1, for any £ € [§ + 1],

P(NUV ({ui}iZ) 1) = (| deg(uss1) = 0)

=P (PNUV ({u;}f],r,) = f| deg(us+1) =6). (119)

Take 7 = (6 + 1,1,---,0). Recall the notation
f, o = @gR),U; are defined in Subsection III-C, where
the dependence of R in 3 s suppressed throughout
this subsection for the sake of clearer exposition. Then
PNUV ({u; }erll,rp) = U; + ®;. Moreover, the event
{deg(usy1) = 6} in PGe({uz}z tl,r,) is the same as

{®; = 1}. Define Fi(jq) = {|lui — quj|l2 < r,}. Then
ﬂ Fj(:;_)l) is the indicator function of the event that

the degree of vertex usi1 in Ge ({ui}f;rll,rp) is 4. Hence

Lemma III.14 is also equivalent to the following: when r, <
2//5, 6 > 1, for any £ € [§ + 1],

P (Ug-f— (I);: £|(I);: 1)

é
1)
=P | NUV ({uz}l+1la rp - ﬂ FJ(5+1)
J=1

(120)

Pr00f0f(120) For ¢ = (q1,q2,+ ,qs5) € {—1,+1},

denote F,7, = =1 FJ((qu)rl) Observe that

é
-N U miy— U

j=1 gqje{+1,—-1} ge{—1,+1}¢

F

Since r, < 2/v/5 < V2, F(5+1) and FUHY

J(6+1)
Fé(j]:)l for different ¢ € {—1,+1}°

are disjoint for

every j € [0], which implies
are disjoint. Hence,

P(@;=1,U;=(-1)= >  PED U;=10-1).
ge{—1,+1}9

(121)
Next observe that 1(F5(f?1) is a function of w1, - -+ , w541, and
hence it has the same distribution when replacing u; by —u;
for any i € [0]. Moreover, replacing u,; by —u; for any i € []
wouldn’t change U;. As a result, (121) implies

P(®; =1,U;= £~ 1) = 2°P (

F%) U, =0 - 1) (122)

where gy = (+1,+1,---,41) is the vector in R? with all its
components +1.
Consider w €

Fa(jzrol) Then ®;(w) = 1 or equivalently,

‘P(f})ﬂ)( ) =1 for any i € [0]. Then
6 o0+1 ( ) 5 5 ( )
R R
=2 2 =2 I1eh" @ =2 11+
es: S S

(123)

Since for any distinct i, j € [d], [|ui(w) — w;(w)]2 < ||u; —
U6+1( Mz + [l (w) — U6+1(w)||2 < 21 < 4/V5, |lui(w) +
W)z = V4 - ui(w) —u;W)[5 > 2/V5 > r,. Thus

<I>ij ( )= 1F<+1)( w). That is, in the set Fé(j_ol , (123) becomes

5 0
U= TT1ES™) = NUV ({uiy )
i=1 j=1
i

(124)

which implies

(074 U3) 1 (F{R)) = (14 NUV ({ui}y, ) 1 (FE)
=NUV ({u},r,) 1 (FE).
(125)
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Thus,

P (U + ®; = (|0 = 1)
i (R, U=~ 1)
F(o.—1)
2P (B U= -1)

S+19
(2P, (T/)))
P (nga% NUV ({u}4,r,) =)

- (Pa(r,))’

)
=P NUV ({’u/z}l 1> Tp - e 1 ﬂ Fj(5+1)

Jj=1

where the first equality follows from (122), the second equality
follows from Lemma A.2, and the third equality follows from
(125). O
2) Proofs of Lemma II1.15 and Lemma II1.16:
Proof of Lemma III.15: In the set {deg(us,,) = 4},
it follows that

NUV ({u}}*],7)

=1

=NUV ({u/}2_;,r) + 1.

Thus, (126), shown at the bottom of the next page, where
the last equality follows from that T'(uj,,) as a function
of the random variable ug i1 due to the rotation invariance
property of the distribution unif(S™~2), equals to T (vo) a.s.
with vg = (1,0,0,---,0) € S"~2.

Under the condition uj,, = vo, 1 ({deg(uj, ) =d}) =
Hle 1(u} € SC(r,vp)), where SC(r,vg) is defined
in (25). Consider the coordinate system for u, =

(u;i 11<j<n-— 1)T in the region SC(r,vo):

for 1 <i <9,
2.2
ulli =1-° QTL )
2,2
uh; = rri\/1 — S cos(62),
;
2,2 j—1 )
wjy =iy 1= = cos(05:) T1 sin(Om),
m=2
’ r2p2 n=3
Ulpy_9y; =TT 1 — —*cos(On—2)) H2 sin(fm:),
! =1rr; T2T2 H sin(fm;),
(n—1)e — " 77 mi
m=2

where for each i € [0]:

€[0,1],05; € [0,7] for 2<j<n — 3 and 6,,_2); € [0,27).
(127)
Then,
p(n=2)8p (vo)

CEIT, 1 (u] € SC(r,v0)) 1 (NUV ({ul}0_,,r) =£—1)
o r(n—2)6

5
@ (NUV ({u}2_,,7) = £—1)
Sn 2|5/ /Qo { } 1 Z];E

n—4

2 9 n—2

r"_2r1"73 <1 T 4701 ) dr; H (sin"_Q_J (Gji)df)ji)

|5n 2|a/ / (NUV ({u}yoy,r) = £~ 1)

- 7“27“2 e n—2 .
E T (1_T> d?“ijl;[Q(sm (05:)d0ji) |,

(128)

where € in equality (x) is the region described in (127).
Denote by f(r) the integrand in (128). f(r) is a function of

P) i (R)
E‘NV —N%‘

S% (1—1—(52 1Mn6+2 ) ( ( \/_) ”5( ) (2pPy (r ))6+
n2 1) n T
(0 + 1)C5, (1 + (6 +1)? Tlun s+2(2 ( )) " (% + 5) p(2pPy ()"
+ @+ 1)m (1 + (64 1)t ga2(2) ) p(2pPa(r,))’ " +
<% (1 (412" . AL NG > )> @ (cz\/ﬁ))nw“) (% + Z—)) 5 <1 + 5%1710 >
;' (1 +(0+1) un,5+2(2)HT71) P HpTE 4 ]%

—1 1
<cy (1+ Lun,5+2(2)) <\/ 2z +p%>,
g p p p
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r;, 05 for 2 < 7 < m—2and 1 < ¢ < 9, of which the
dependences are suppressed.

Note  NUV ({v;}0_;,r) is a
(1 (JJvs —vjll2 <71) 1 <4 < j < 4) and it does
not depend on the speciﬁc location of each vertex.
Thus in (128) NUV ({u °_,,7r) is a function of
(1 (Jluf —wufll <) : 1 <i < j <6) since [|uf — wflls =,
as a set of Lebesgue measure 0, contributes nothing to the
integral. We then write

NUV({u o LT )
=x(1 (Jlu; = wjlle <7) :1<i<j<6)

1
—X<1<—||u§—u;-|2<1> :1<z'<j<5>.
r

Intrinsically, 1 (f|luj — u}||2 < r) is the indicator random vari-
able about whether there is an edge between vertex ¢ and j, and
the function  is the function that takes all edge information
among J vertices as input and outputs the number of universal
vertices.

Then as r — 0,

function of

rli}/g)lJr f( )
§ n—2
= rff?’ H (sin” 2 7(9]1))
i=1 j=2
x lim 1 (X (1 <—||u;fu;-|\2<1> (1< < ]<6> zéfl>
(129)
Observe

2
1
i, (e

lim
= (ri 005(92~) -1y COS(@QJ‘))Q +
2

q—1
mi) €0S(0gi) —1; H sin(fpm;) cos(fy; ))

)

n—2
- H sin(fpm;

m=2

(130)

n—2
T H sin(fpni)

and @} = (4}, : 1 < j <n—2) € B* 2 Then by (130)

.1 P
Tt — w2 = @ — %l
which, together with (129), imply
Jim f(r)
S n—2
= H rf_3 (5111”_2_3 (Hji))
i=1 j=2
1(x (1 (la; —affla <1):1<i<j<d)=0-1)
n—2

I
o by
!
=3
|
w

— e
X -
—
—
_—
[~
R
|

2
S~
ISH

AN

[
SN—
—

A

~

AN
<

AN

>,
SN—

Il

~

|

—_
SN—

Il
o by
!
=3
[

w

@
I
—
<.
Il
N

L(NUV ({aj}2_,,1) =£-1),

where the second equality holds a.s. with respect to the
Lebesgue measure on g,

Moreover, |f(r)| < 1, which is integrable over the bounded
set 9. Applying Dominated Convergence Theorem to (128),

lim 7~ =297 ()
r—0+

|3n 2|5/ / (NUV ({a}2_,,1) = £ — 1)
Hr" 3dr; Hsm” 2=3( 6;:)d0;;

| B"— 2|6
= |Sn—2

where the parametrization (131) and the region {2y coincide
with the spherical coordinates for B"~2,

P(NUV ({@;})_1,1) =¢—1), (132)

Thus
Jim P (NUV ({uf} 2], r) = £ |deg(uj,) = 0)

On Qo, for 1 § i < 4, define — lim P (deg(ugﬂ):é, NUV ({u;}fill,r) = g) r(n=2)°
n—2)48 4
ah; = ricos(ba;), _ ;;:+2|5 rn=2 1 (Pn(r))
'y = 1; cos(0(j 1)) ll_lz sin(f,;), for2<j<n-3 :WP (NUV ({’fl/i};‘;h 1)=10-1) oy
” = LB
u(n—Q)i =T; ml_:[2 sm(ﬂmi), :WW]P (NUV ({ul}z 15 ) = Z — ].)
(131) =P (NUV ({@;}_;,1) =¢—1),
P (deg(uf,,) = 6, NUV ({u/}21] 7) = 1)
=E1 ({deg(uj;,) = 8} (YNUV ({ui}i,,r) = £~ 1})
—E (E (1 ({deg(uf ) = o} ({NUV ({ui}y,r) = €= 1}) ufy ) )
=ET (ugsy,)
=ET (vy), (126)
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where the second equality follows from (126), (132) and
Lemma A.22 (b). 0
Proof of Lemma 111.16: By (38), Lemma III.15 and (6),

lim a(f,r,) = lin(l)+ all,r,) =g V0e[6+1], (133)

p—1- rp—
and thus,
T Guspl0) = Gus(0), VEE[+1]. (134
Note that
‘2171*%31(%) —ens
< ‘2p1+%Pn(rp) — 2anp1+%r"72‘ + ‘2anp1+%rl’}* —ens

n—4 4
8

<2anp1+5r" 2< > ‘2anp1+5r -2 —€ns

—4

—2anp1+6r" 2< 1 (I-p ) ‘2anp1+6r" 2—en,5 .

(135)

where the second inequality follows from Lemma A.22 (a).
Then the preceding expression and (133) yield

) 541
lm Ap s, = hm 6—P5+1(2P (Tp))éz

p—00
=1

Oz(f, Tp)
/

1 5 S+1 o
= 5y (ena)” D 7
:>\n,5(en,6)~

(136)

(134) and (136) immediately yield the conclusion. O

H. Proofs in Section IV

1) Proofs of Lemma IV.1 and Proposition IV.3:
Proof of Lemma IV.1:

evg? - (1) (pg 1) 2P (1)’

ieCcy
337 not diagonal

< (pn 41 (B) —

Tp))é

1) (2P (1))’ (137)

> L
ieCy
327 not diagonal

where the first inequality follows from Lemma II.4 (c) and
Lemma A.2. By (137),

IENEI:)—(I;) (p;) (2P, (r,)) > Y oL

_(ZPn(rp))é
e

327 not diagonal

Combining the preceding two expressions,

e - (1) (7 ere

<max{1, fin 541 () — 1)} (2P (1))’

>, 1
ieCy
327 not diagonal

0+ 1) P(k—1)

<pin,s+1 (%) (QPn(Tp))ém

(0+1) k—1
Sm’}”h%gﬂl (%) Ta

where the second inequality follows from Lemma A3. O
Proof of Proposition IV.3: Recall for i e CF, (IJ(R)
defined in (47), U; is defined in (50), and Z; and W~ are

defined in (72). Then

NG =" ol =P 4 Uy Z+ W
z€C<
Then,
2
(NE) = 3 ol (ol vzt Ze 4+ W7) . (139)
ieCy
Step 1:

Since <I>§R) + Uy takes value in [0 + 1] (J{0},
E0l (ol + ur)
= Ze B0V 1 (ol 1 Uz = 1)
_ Z /P (@(R)

For i € Cs

)P (@ + Up = ol 1),

such that 3- diagonal, we have
P (@%R) = 1) (2P,(r,))° by Lemma A2 and
moreover P (@;R) +U; = €|<I>§R) = 1) all,r,) by
(38). Thus in this case,

B0 (0l 4 07) = (

o+1

ZZ& lr,).

Moreover, when i € C(5< such that 3> is not diagonal,
by Lemma II1.4 (c)

6+1

B0 (0 4 Ur) < pin 51 (Z)2Pa(1,))° Y balt, ).
=1

: _ (p\(pr—1 5

For the ease of notation, denote 75 = (1)( P )(2Pn(rp)) .

Then by the preceding two expressions,

ZIE(I) ( +U~)—n5§€a€r,})
ieCy
- Zezc‘:g (Eq)z@ (‘bz(*R) * U?) -

337 not diagonal
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(139)

541
rp)’ Y Lalt, Tp))
=1
541

rp)" Y Lall,r,)
(=1

< (pns41(Z) — Z L.
ieCy
337 not diagonal

By (139),
0+1
> e (@l 4 U7) s > talt,r)
ieCy =1

o+1

ro)? Y taltr,) > L
(=1

ieCy
327 not diagonal

By combining the preceding two expressions,

5+1
> Eel? <¢§R> + U;) —ns Y La(l,r,)
iecy =1
S+1
Shns+1(B)2Pa(r,) Y taltr,) Y1
(=1 ieCcy
327 not diagonal
S+1
(0+1
SMn,éJrl( ZEO( ) p 5 1)) )pé(ﬁ - 1)
6+1 k—1
sMn,m<z><2p1+1/5pn<rp>>5ﬁ— (140)

where the second inequality follows from Lemma A.3.
Step 2:

2 B (@ (") <2Pn<rp>>‘5>2

iecy
=3 Y BT - N N (28,(ry)
ieCys jery ieCcs jeoys
=3 Y Eal® E¢<R> SN @Puer)®
ieCy jer; ieCy JeT;
-2 X
1€eCs JeCS\T:
== X eRe)” Y Y (EelPel®

i€Cy JECS\T; iecy

337 not diagonal

je T

~ (2Pa(r,))")
DD

ieCcy jeTy
337 diagonal 37 not diagonal

(Ecbﬁﬁ’cb;ﬁ) - (2Pn(rp))25) ,

(141)

where the last equality follows from EfIJ(R) (2P, (r,))° for
Te {j €053 dlagonal} by Lemma A.2. Then by (141),

S B0l
ieCcy

1) (2P (rp))*

> Z1+

zeC
337 not dlagonal

< (Mn,26+2(2)

)RS

icecy JET:
3 dlagonal Z not dlagonal

where the inequality follows from Lemma III.4 (c). On the
other hand, by (141),

> s (1) (7 )

ieCcy

- (2P, (T/))) 2

2.

ieCy
337 not diagonal

i+ Y oo

JET; iecy JET;
337 diagonal X~ not diagonal

ieCy jeCy\ 1y

Combining the preceding two displays,

s () o)

ieCcy

<tin264+2() (2P, (7))

oY 1+

iECy  JETy
327 not diagonal

> 2 !

ie C J je 75
3> dlagonal 2 = not dlagonal

DRI

ieCy ]‘eC‘f\T;

<fin,2542(2) (2P (r,))* | 2

>

ieCy
337 not diagonal

?Z<1 -
> X

i€Cy jeCS\T;

Chesetminionrall) ')y

Q)i
1 0 0!

p(k—1)

PP R(2Pa(r,))*
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< 2(6 +1)2
- (@)
where step (%) follows from Lemma A.3 and (82).

Step 3:

Notice Z?e o< Eq)zgR) Zz = by as in (74) and thus satisfies the
bound (89). Then by (138),

. (N(R))2 - o+1 L,
By s Y Lla(l,r,) — 12
=1

6+1
< Z EQJgR) (fbgR) + UZ) — 5 Zﬁa(ﬁ, Tp)

iecy =1

K
(2p1+1/6pn(rp))%ﬂn,%-‘ﬂ(z)E7 (142)

+[ 37 EWs — 2| + by
ieCy

S
<Chs ((2p1+1/6Pn(7“p))6 (1420 Pu(r))

K
n,28 ¥)—
fm25+2( )p

+p(2pPa(ry)) " (14 2pPu(ry)’)

where the last inequality follows from (140), (142) and
(89). The proof is then completed by using the inequality
2p Y0P, (r,) < 7. O
2) Proof of Proposition IV.4:
Proof of Proposition IV4 (a):
By taking the square of each of the terms in Lemma III.8,

(N,g?f 26+ HNYINGD < (N‘Vf”)2 < (N‘(,f))Q

Esi1 —
(R))*
<(VP),

(143)

which then implies for N;s € { Né/?), N‘(/?)}

_ 2
‘(N(;)Q - (VEP)] <206+ OGP NG

Esq1

=200+1) > Y ¢§R>®§R>.

ieCs,, jecy

(144)

It suffices to establish an upper bound on EN J%R) N ]EJR) =
(R) g (R) B
E> fecs Ziec; S <I>;_ :

5+1 <
Observe for j € J;,

E2P ™ < Bl < 1y 510(27)(2Pu (rp))

For j € Ty [ﬂ N m = (. Thus, if Efuj is diag-
onal, E@{Mol® = E¢§R>E¢§R> (2P, (r,))%+! by
Lemma A.2. 'lzhen, for the general case when E;U; is not
necessarily diagonal, by Lemma III.4 (c),

)(2P(r,))*

By Lemma II[.4 (c), Lemma A.2 and Lemma A.S5, it is
straightforward that the conditions in Lemma A.7 with ¢ =
6+ 1 and 9;5 = @%R)CD;_R) are satisfied with a = 1, b =
2P,(2rp)1(6 > 2) + 2P,(r,)1(6 = 1) and z = 2P,(r,).

Moreover, b/z < 2"721(§ > 2) + 1 by Lemma A.22 (d).

B2V < p1y 0545(5

Uy

Thus, Lemma A8 with ¢ = 3+ 1 and 6;; = @™ol
a =10 = 2P,(2r,)1(6 > 2) + 2P,(r,)1(6 = 1) and
z = 2P,(r,), together with the fact that pz < pitiz =
2p1+%Pn(r,)) < v, yield

(R) Ar(R) _ (R) 5(R)
ENE5+1NE5 =k Z Z CI); (I)]‘
i€Cy,, jeCy
E=LN s
Scn,é,'y 1+Mn,26+3(2) D p .
(145)

The proof is then complete by the preceding expression
and (144). O
We now present a few lemmas that are used in
the proof of Proposition IV.4 (b) and (c). Recall that
Fij(rp), Hij(r,),Gij(rp), F5(r,) are defined in Section F.3.
Lemma A.17: Suppose p > n. 1 < § < g < p— 1. Then
for any i € Cy, j € CS, with probability 1,

2,37

27 el”) — oMl <
i 7 7 7

&=l < O ((Hioim\Gioim) ﬂ H; ., ﬂ H;.) U
U ((Hjojé\Gjojtz) ﬂ H*',,g ﬂ H;)) .

~
Il
—

Proof:

@7 al") — oMl

<&7
where  the inequality follows from (97) and
Lemma A.29 (a). O

Lemma A.18: Letp>n>4,1<d<g<p-—1land X ~
VE(w, X, g). Suppose X, after some row-column permutation,
is (7, ) sparse with 7 < £. Let ¢ be any positive number, and
suppose (102) holds. Then for any i € cys, je Cy, with
probability 1,

§71(EQR)) < nz5(1),

where
mes(t) =1 (g ((Fas @\ P (525) )0
Fe (020 () F5(6) (tm) U
401 <<ij (01(1)rp)\ Fjoji <%&)>> N

F;v—f(el(t)rp) ﬂ (6, (t)rp)) ) .
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Proof.' By (103), Hij(’l“p) n 8(t> C Fij(él(t)r,)) and

Gij(rp) NE) D Fy; (#@)) Then

&L (E([)) < mp (D).

]

Lemma A.19: Letp>n>4,1<6d<g<p—1and X ~

VE(u, X, g). Suppose X, after some row-column permutation,

is (7, ) sparse with 7 < &. Let ¢ be any positive number, and

suppose (102) holds. Suppose additionally 2p1+%Pn(r,)) <~.
Then

EY > mst)

ieCy jecy

1 t T
<Chg.sy (01(2))" T (\f+—+ ) -1,
<Crgy (01(1)) s\t

where 7g := 1 + ,un,q+5+2(2)ﬂ__l~

P
Proof: Note

S )

ieCy jecy

i PIDIEDIDIED DI LF 0

i€Cy jeJ; i€Cy jeT; TeCy jEN;

e

Step 1: ]’e T
By the union bound for indicator functions,
230 <)L (F5(01()ry) ) + 001 (Fx(0a(8)r,))
(146)

where 7)7(t) is defined in (104) with ¢ replaced by ¢. Then for

j € Tg

B 5(t) < Ene (O (F3(01(0)r,) ) + B ()P (Fe01(0)r,))
(147)

Moreover, for j eT;, 2~ = is diagonal if and only if 3> and

E; are both diagonal
Now suppose Efuj is diagonal. By conditioning on u,

P (Fj(el (t)rp)) = (2Pn(91 (t)’rp))é ,
P (F(01(t)rp)) = (2Pa(02(t)r,))*

The preceding expression, (147), Lemma A.13 applied to
En;(t), and Lemma A.13 with § = ¢ applied to En;(t) yield

En; 5(t)
<(6+ q)2605(t) (2P, (6:1(t)rp) 7",

where 0s(t) := P, (r,01(t)) — Pa (m)
For the general case that Efuj is not necessarily diagonal,

by Lemma IIL.4 (c), for any je T

B 5(t)

<tin,g+o+2(Z7,7) (0 + 0)20a(t) (2P, (91(t)rp))q+5*1 .

Then the condition in Lemma A.6 (b) is satisfied with Hw =

Pr(rp01(t)) 7
i 2= 2P, (rp01(t)) and a = (6 + q) 1,L(rp01(t)()91( ))'
Step 2: j € J;

(146) implies

S (Fos @O\ s (5% ) ) 160
(148)

For j € Jz, Jo,je € m If i9 € {jo,J¢}, without loss of
generality, say 79 = j¢ and jo = ¢, for some 1 < o < q. Then

1 (B a0\ P, <9—(t>)> LEOL(0)r,)
—P <<F (01(£)r,)\ Fii ( 91 >> N (ﬂm))
Stinq+1(27)202(t) (2P (01(t)rp)) ™ (149)

where the last step follows from Lemma A.13 with ¢ replace
by q.

If i0 & {jo,je}, without loss of generality, let jo = @4,
Jje = ig for some 1 < o # 8 < q. Suppose for now that 3
is diagonal, and then

T,

E1 (Fm,(a1 )70)\ Flose (9—(15)» L(F(01(t)rp))

=E1 (Fiai[,(ﬂl(t)r) [< @ > 7p))
(2, 0107 7EL (Fioy (0007 \ ( 7))
ot (61 07,1 Fo (107,

L2 (R0 - 2 (5% ) ) RO @

(1)
where the step () follows from conditioning on w;, , u;,, , W,
and the step (xx) follows from dropping the term
1(Fii,(01(t)r,)) and then conditioning on wu,,. For
the general case that X- is not necessarily diagonal,
by Lemma II1.4 (c),

1 (P 000\ (525 ) ) 10563(0)7)
Shin,g+1(27)202() (2P (61(1)r,)) 11 (150)

By combining (148), (149), (150) and Lemma A.13 with ¢
replace by g,

Eni’j(t) <(g+ 5)Mn7q+1(22)292 (t) (2P (01 (t)rp))qil'

Then the conditions in Lemma A.6 (a) with 9;; =152

P,L(el(t)rp)fpn(%)

P (0:1(D)7p) is satisfied.

2P, (r,61(1)) and a = (q-+5)

Step 3: ; €Ny
It is straightforward by Lemma III.4 (c), Lemma A.2 and

Lemma A.5 that the conditions in Lemma A.7 with 9~ =
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Po(01(t)rp)—Pr( 525
are satisfied with a = a1 = (¢ + 9) ( I(P) (0) (t)r<)91<4>) i
1 P

b = 2P,(2r,01(t))1(6 > 2) + 2P, (r,61(t))1(6 = 1) and
z = 2P,(r,01(t)). Moreover, b/z < 2"721(§ > 2) + 1 by
Lemma A.22 (d).

By Lemma A8 with 6;> = n;7 a = (¢ +
P (01(8)r)—Pp ( 5

o) ) Flata) ok Gr s = 2) +
2P, (r,01(t))1(0 = 1) and z = 2P, (r,0:1(t))

>, D Eug;

ieCy jecy

q _
<Ch.q4.5 (PH%Z) (1 + (p1+%z)5) (1+ pz)‘s ! neap” 7.
(151)

e

Step 4
Observe that

< (O )"y
(152)

pz < p iz < (6:(4)" 2 2p 5 Po(r,)

where the second inequality follows from Lemma A.22 (d).
Moreover, by Lemma A.22 (c) and the fact that 6, (¢) > 1,

Po(01(t)rp) — P (e—m)
Pr(rp)

<(q+8)(n —2) (62 (8)" > (91 () — %(t)) L as3)

a<(qg+9)

Plugging (152) and (153) into (151) and by the fact that
01(t) > 1

YD

ieCy jecy

n 1 5
<Ch,q,5~ (01(1)) e e (91 Chs M) b

t _a
<Chg,y (01(1))" 0T (\f s )p1

where the last inequality follows from
Lemma A.26 (d) and (103). O

Lemma A.20: Let p >n >4 and X ~ VE(u, X, g). Sup-
pose X, after some row-column permutation, is (7, k) sparse
with 7 < £ Consider 1 <6 <p —2 and let ¢ € {5,5 4 1}.
Suppose 2p'*5 P, (r,) < v and (, /2L + %) < ¢ hold
for some positive and sufficiently small universal constant c.
Then

P P R R
E NG NG - NEDNGY
Kk—1 In T

)(v P )pl_

5 Z

<Chsy (1 + Hn,qt+5+2(2) B 8

Proof: For ¥ € {R, P},

ieCy jecy

NEINGD =

Thus,
P P R R
E|NENG - NEPNGY
<Y Y ‘¢§P>q><”> ¢§R>¢§R>‘1(8(t))+
iecy jecy

0 (?) (p?)w“m

+6+2
kY Y gyl

T 2exp(—c1t?)
iecy jeoys

(154)

where the first inequality follows from 0 < N gf) <"
for both ¥ = R and ¥ = P, and the second inequality
follows from Lemma A.17, Lemma A.18 and (99).

Choose t = sg/Inp with s = 4/ (% + 25) /c1. Notice that

502\/(%4—(14—54—%)/01 since ¢ € {J,0 + 1}. Then

2 exp(—cit?) <2exp (— (; +q+0+ %) lnp>

2
 patatoti’

1

2max{,/(%+26)/cl,1}\/§cl’
In—1 n dlnp <e
p p
-1 | 1
201 | 4/ t + 50 2P < =
D p 2

which is (102) with ¢ = sgy/Inp. Then apply Lemma A.19

with t = sg/Inp to (154),
E (NG NG - N

Moreover, for any ¢ <

implies

(155)

1 sovnp 7T\ ;_«
<Ch g5 (01(s0 Inp)) 20T ne(\/i+ +—)pt—3
a6,y (01 ) 2T Tp
+ 2 p'~%
olq!\/p
\/F T 172 2 1—4
<Chn.q.s, 6( +—=)p pe
7' _4q
Scn,q,é,'ynfi ( )p °
Vvinp T _q
<Ch.s, 776(—+_ p' 3,
"o N

where the second inequality follows from 6 (sov/Inp) < 9+
4(n — 1) = 4n+ 5 by (155) and 7 < p/2; and the last step
follows from g € {0, + 1}. O
Proof of Proposition IV4 (b) and (c): (b) It follows
directly from Lemma A.20 with ¢ = 4.
(c) By taking square of each terms in Lemma IIL.8,

(V) — 2+ ONEINE) < (NP < (NP

2
< (V)
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Fig. 5. The solid circle represents the unit Euclidean ball By in R™ while
the dash circle represents the unit ball centered at @;. Their intersection is
the green region, which is contained in the ball with center at 1 /2 and with

radius 4/1 — (%)2

which then implies for N5 € {N‘(/f ) NE >}
‘N(; N“’ >) ‘

<2(5+1) (N(P) N -

R R R R
& NED NED) 4205+ NG NP,

Esiq Esiq

By Lemma A.20 with ¢ =0 + 1,

P P
E ‘N(EM)JN( = Esq1
k—1 vinp 1\ _1
écn,é, (1 + n,26+43 b ) <— + _> p °.
v fin,25+3(2) . /P p

The proof is then completed by combining the preceding two
displays, (145) and the fact that

(@ Z) <1.

_|_
N/

L. Proofs in Section V
1) Proof of Lemma V.1 and Lemma V.2:

Proof of Lemma V.1: (a) Denote by deg(-) the degree of

a vertex in Ge ({@;}7,,1;.4). Then by union bound,
P (NUV ({@;})_,,1;n —2) > 1)

<OP (deg(a1) =9 —1)

=4E (P(deg(t1) = 0 — 1|@y))

—OE (P (J|@1 — Galla < 1,---

=08 (P (|[an — dio]l2 < 1)),

where the last equality follows by conditional independence.

As illustrated in Figure 5, P (||@; — @22 < 1|@) is the
ratio between Lebesgue measure of green region and | By 2.
Moreover, the Lebesgue measure of the green region is less

Nl —aslla < 1))

(156)

than -
1 (a2 2\ g2
- (ke By,
Then
n—2
~ 2 2
w1 — uslle < 1luq 1— [ a.s
2

By combining (156) and (157),

P(NUV ({a;}_y, ;n—2) > 1)

( (n=2)(6-1)
( (le)’)
s [ (1-5)

(n=2)(5-1) 2)(5 1
1n—-2 (n-2)(d-1)
_ _ n—3
=5(n —2)2 B<4 T 5 +1),

= 3dr (158)

where the first equality follows from expressing the integral
in polar coordinates, and the last step follows from changing
the variables r = 2, /3.

(b) Denote f (r;a,3) = (1 — ’“4—2) rP. Then it is easy to
verify that for any a, G > 0,

if 38 > 2a,

— o 8
F(Vagia8) = (3225) (35)" if38< 20

(159)

Moreover, f(r;a, 3) is increasing on [0, 1] if 30 > 2a.

Let a = %2(5_1) and 8 = n — 3. If § = 2, then for
any n > 4, 38 > 2« is satisfied. Then since f(r;a, ) is
increasing on [0, 1],

/Olf(r;a,mdr
S\/gf (\/%;%ﬂ) + <1 - \/%) f(Lia,B8).  (160)

If § = 3, then for any n > 5, 33 > 2« is satisfied and hence
(160) holds. For n = 4, 33 < 2« is satisfied and by (159),

e B \/Z
/0 f(raaaﬁ)dr<f< mvavﬂ>f< g,d,ﬂ).
(161)

If § > 4, it is easy to see for any n > 4, 30 < 2« holds.
By (159)

1
/0 [ (r;a, B) dr

18
Sf( mﬂ%ﬁ)

(n=2)(5-1)
_(5-1)*
()

(n72?z(571) n—3
(162)

<o (3) (5
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where the last step follows from (
6—1

6—1
n—2 n—3
n727%) (n727%
1 and (nf;f%) C < exp (%)

Then (160, (161), (162) and the fact that f (\/4; 0,3 =

(n—2)6—1

(2) 2 yield the conclusion. O
Proof of Lemma V.2: (a) Notice that
ez,
dry (Cn.s, Dirac(1 Z |Cn.5(€) — Dirac(1) (¢) |
6+1
=> Cns(0) (163)
/=2
D s 2 (00/0)
ap + ZZ > (ce/0)
5+1
< =2 X
o a1 + 24:2 Qy
541
= Z Qy. (164)
=2
(b) It follows from that
1 1 541
5 5
Ans(ens) = 57 (ens)”| =5 (€ns) ;: (ae/t) —1
1

6+1

Sél €n5 Zaz

(c) It follows directly by part (a), part (b) and Lemma A.25. [
2) Proof of Lemma V.4:
Proof of Lemma V.4: (a) Denote

I:=P(NUV ({u}}21],r;n —2) > 2|deg(uj, ;) = 9) .
Then by the union bound

s
I=P (U {deg(u

i=1

1) = 6| deg(uth) = 5>

<OP (deg(u}) = 8| deg(ujy,) = 9)
—5P (deg(uf) = 6, deg(uj ) = 6) /P (deg(uf,,) = 6) .
(165)
Notice that
5
P (deg(ug+1) = 5) :EHP(U; € SC(r, Ufs+1)|“:5+1)
i=1
=(Py(r))°, (166)

where SC(r,uj, ;) and P,(r) are defined in (25) and the
paragraph after (25). Moreover

P (deg(u}) = 4, deg(us,,) = 9)
=EP (deg(u}) = d,deg(uj, ) = d|uf, ujy,)
=E1(|Juj — whyq )2 < 7)x
)
[TP (w} € SC(r,ul) NSC(r, wsyy)|uh, ujy)

=2

5—1
<E1([lu) — wsiqll2 <) (Pu(h(r, lu) —ugyq2)))
(167)

where the last inequality follows from Lemma A.21 with

Observing the random quantity in the expectation of (167) only
depends the distance between [uj — uj |2, replace wuy,
with vg = (1,0,...,0) will not change its value. Then

P (deg(u}) = 6,deg(ujs, ) = 0)

<E1(Jlu} = wollz < 7) (Pu(h( —voll2))" "

Use the following coordinate system for each uj =
(ujp:1<j<n-— 1)T in the region SC(r, vo):

T, ||u) (168)

ugp =rry/1 =1 1 cos(62),
r2r2 .
ujr = riry/ 1 — —Lcos(6;) [] sin(0),
=2
Un—2)1 = 117\ 1 — r rl sin(6 -sin(f,—3) cos(fp—2),
Un—1)1 = 117/ 1 r Tl sin(6 -sin(f,—3) sin(f,—2),

where

r1 €10,1],8; € [0,7] for 2 < j <n —3 and 6,2 € [0, 2m).

(169)
Then the right hand side of (168) become
E1(Juss — voll2 < 1) (Pa(h(r, |Juf —vo2)))" "
:Fea(;n_% /01 (P (h(r,r17)))° L pn—2ym=3 (17"2;%)”24dnx
ﬁs/ﬂsin"*%j(ej)doj
ja o

n—4
1 ! S_1 _ r2r2\ 2
= Py (h(r, n—2,n—3 (17 1) d
fowsin"*S(G)dG/o (Pa(h(ry ram)))™ 2 r™ g "
7‘247‘%) R d7‘1

n—2 1
= rorr)))e a3 (1 =
e i €
(170)

,r.n72 1
5 [ @ty oS,

SB( 72 1

Plug (166), (168) and (170) into (165) and we obtain
-2 1 5—1
- <Pn<h<r, m))) .
B("3=, i)P (r) Jo Py (r)

(252 e
(171)

I<6
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1

where the equality follows from a, DBEZ L)

By Lemma A.22 (a),

n—2 1
a;f() < _ (172)
n\T r2\ "2
1-%)°
Since when 0 < r < 1, 0 < h(r,d)/r < 1,
by Lemma A.22 (e),
P (h(r,r17))
Po(r)
} n—4
_ (h(?”,?”l’l"))n_Q (1_ hz(r‘,lrlr)> pl
= 2
' =
n_z 2 net
2 5 1 h*(r,rir)
<(-3)) —= —
r2 T
1—(58)" \(1=5)y/1- ()
(173)

where the second inequality follows from
(h(r,ru“))2 B 1 — %1
T n 1— (rlr) 1 + \/ Tlr
1 1
<—m— (- (= 1].
< (-(3) +)

2
1= (%)

Since h?(r,rqr) is decreasing function of r; € [0,1], (173)
become
P, (h(r,r17))
P,(r)

where the second inequality follows from

h2(r,r) < l—ﬁ
4 - 4

Plugging (172) and (174) into (171),

1-—

(n—4)(6—1)
2

1 < 1 y
(- \0=5)

3 dry

3 dry .

Fig. 6. 0 is the origin in R™=2 and w1, W2, Wy, Ws are on Sn—2, ws is
the midpoint of z; and z2, while z4 is the midpoint of the shortest arc on
Sn—2 connecting w1 and ws. ws is one of the two intersection points of
the boundary SC(r, w1 ) and the boundary of SC(r, w2). The angle between
line segment Qw4 and Ows is 6.

(b) Since \/1+—2/4 is decreasing and h(z,n,d) as a function

of x is increasing,

B ————n,s
1—r2/4

1
((D7n 5) 5=2,3
< s 4
( o—1 n, ) ) 0 Z 4
n+g 5 (n72>2(571)
SOOI A
= ! nts—5 * (n=2)(5—1) (175)
o) 7 il ’ §>4
0—1 0—1 ’ = =.

Then the proof is complete by combining part (a),
Lemma V.1 (b) and (175).
(c) Similar to (164), we have

drv (n,s,p, Dirac(1))
6+1

< Z a(l,r,)
(=2
=P (NUV ({u }f+117 Tps T — 2) > 2| deg(’u,5+1) = 5)

where the equality follows from (38). Then the conclusion
follows from part (a) and part (b) since r, satisfies the
condition there. O

Lemma A21: Letn > 3 and 0 < r < /2. If w; and
wy are two points in S"~2 with ||w; — wz|]2 = d satisfying
2 —24/1—(d/2)? < r?, then

P (u} € SC(r,w1) N SC(r,ws)) < P,(h(r,d))

where u/ has distribution unif(S"~2) and

Proof: The proof is based on Figure 6 and we use | - |
to represent the length of a line segment in this proof.
In the right triangle Owsw;, the line segment Ows has

length |Ows| = /1 — (d/2)2. In the right triangle w;wsws,
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|lwsws| = /1% — (d/2)2. In the triangle Owsws, by the law  J. Auxiliary Lemmas

of Cosines,
2 — 2

NErn

Then in the isosceles triangle, the line segment w,ws has
length

cos(f) =

|lwaws| = 2sin(6/2) =

=h(r,d).

It is easy to deduce that |wiwy| = \/2 —24/1—(d/2)%. The
condition 2 — 24/1 — (d/2)? < 7?2 entails that SC(r,w1) N
SC(r,ws) # 0 and that |wiws4| < |waws| = h(r,d). In this
case SC(r,w1) N SC(r,wz) C SC(h(r,d), ws). Thus

P (u} € SC(r,w1) NSC(r,ws)) <P (u} € SC(h(r,d),ws))
— Py (h(r,d)).
O
3) Proof of Lemma V.9:

Proof of Lemma V.9: When § = 2, as = 0 since either
both vertices have degree 1 or none. Moreover,

as
=P(||t; — 2|2 < 1)
=EP(||a1 — @22 < 1|@1)
; recos( L2112
B r?;i/zn [ o
(%) 2 7(n=3)/2 " Area(S"3)
T Vol(B* ) T(%52 + 1) Vol(B*2)

1 arccos(4)
/ r"_3/ sin
n_2 / s /wrccos( 5) .

where step (*) follows from the Subsection “Volume of a
hyperspherical cap” from [41] and Vol(B"~?) is the volume
of B"~2, step (x*) follows by observing the random quantity
only depends on w; through its Fuclidean norm, and in the
last step B(+,-) is the Beta function. By Fubini’s Theorem

~2(0)dfdr

n""2(0)dfdr  (176)

/ n—3 / et ~2(0)dfdr
/ / ~2(0)drdo+
/g / e n""2(0)drdf

_m/o sin™ ™ “(9)db

Plugging the preceding formula into (176), a3 =
3Is s (%5 L. 1), where I,(a,b) is the regularized incomplete
Beta function. a; = 1 — a3 follows from o = 0. O

Lemma A.22: Let P,(r) be defined as in Section III-C.
Suppose n > 4.

_ by T((n—=1)/2)
(a) Recall a, = n2) = D)/ (n=2) %) < 1. Then
: 2 4 2
anr™ 2 (1 — %) < Py(r) < apr™?
and
n—4

anr™ 2 min{r?, 4} < P,(r) — a,r" "2 <0.

(177)

8

(b) lim,—g Py (r)/ (anr™™2) = 1.
(c) Let0<f<1l<aand0<r<2. Then

P.(ar) — P,(Br) < (n —2)Py(r)a™ 3 (a — B).
(d) Consider o > 1 and r > 0. Then
Py(ar) < a" 2P, (r).
(e) Consider 0 < 6 <1 and 0 < r < 2. Then

n—4

2 5

4

Proof: (a) It is easy to verify

n—4

by 4n—3(1 _ z2\ " 2
Pi(z) =4 2" e (178)
0 T > 2.
Consider r > 0. Then
Pu(r) P (€) £?
= n —(1-% 179
apT™=2  (n—2)ay&n3 4 a7

where in the first equality £ € (0, min{r,2}) due to the
Cauchy Mean Value Theorem and P, (r) # 0, and the second
equality follows from (178). Equation (179) directly implies

(1 ~ (min{r, 2})2> T

P, (r) <1
apr—2 —

4

(b) It follows directly by taking limit 7 — 07 in (179).
(¢)Since 0 < <1l <aand 0 < r <2, P,(ar) —
P,(Br) > 0 and P,(r) > 0. Then

P, (ar) — P,(Br)
Pn(r)
_ (Pular) = Pa(Br)) — (Pa(a-0) = P.(5-0))
Pp(r) — Pa(0)
= (Pular) (Br))],
= Pu(r )|r 3

-2 _ Bn—Q

< (180)
<(n—2)a"?(a - p),
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where the second equality follows from the Cauchy Mean
Value Theorem with £ € (0,r), the third equality follows
from (178) together with the fact that the numerator has to
be positive, which imply o€ < 2, the first inequality follows
from 0 < 3 < 1 < «, and the last inequality follows from
mean value theorem.

(d) When r > 2, P,(ar) = P,(r) = 1 and the conclusion
holds trivially. The case 0 < r < 2 follows from (180) with
6 =0.

(e) Consider 0 < 8 < 1 and 0 < r < 2. Then

5 (1- %) (1 22)

P (r n—4 = . n—4 )
W (-g)” (1-5)"
where the equality follows from Cauchy Mean Value Theorem
with £ € (0,r). O

Lemma A.23: Consider Z; and Z5 be two discrete random
variable support on [§]. Then

dw (2(20), 2(2)) < 21

H
-
=]

Proof: By Remark 2.19 (iii) of Section 2.2 in [42],

51
dw (£ (Z1), % (Z2)) :Z IP(Z1 <) — P(Z2 <)
5—1 i
< NP2y = 5) - P(2Z2 = j)].
i=1j=1

On the other hand, from the above equality,

9
=

dw (L(21), L (Z2)) = ) IP(Z1 2 i+ 1) —P(Zy = i+ 1)
i s
SZ > —P(Z2 = j)|
i=1 j=i+1

Averaging the above two inequalities yields the desired con-
clusion. O

Lemma A.24: For any integer-valued random variable
Z1 and ZQ,

drv (L(Z1), L (Z2)) <P(Z1 # Z2) < E|Z1 — Zs].
Proof:

drv (£L(Z1), £ (Z2))

= max [P(Z1 € A) —P(Zs € A)]
A Borel measurable

= max |P(Z1 EA, Z # ZQ)_]P(ZQ€A, Z1 # Z2)|

A Borel measurable

<P(Z1 # Z»)
=P(|Z1 — Z2| > 1)
<E|Zi — Zs|.

Lemma A.25: Consider two compound Poisson distributions
CP()\l, Cl) and CP(/\Q7 Cg) Then

drv (CP(A1,¢1), CP(A2, ¢2))
< min{)\l, )\Q}dTV(Cl, Cg) + drv (POiS()\l), POiS()\Q))
<min{Ar, A2 }drv(¢i, C2)+

mﬁw—My%ﬁiwa}

Proof: By triangular inequality,

drv (CP(A1,¢1), CP(A2, ¢2))
<drv (CP(A1,¢1),CP(A1,¢2)) +

drv (CP(A1,¢2), CP(A2,¢2)) - (181)

We will bound the two terms in the upper bound separately.
Step 1: drv (CP(/\hCl) CP(A1,¢2))

Consider Z; = Ez Y and Z; = ZZ .Y/, where N ~

Pois(\1), {Y;} oy ¢, Y/} b {2, and N is independent of

{Y;}.{Y/}. Then

drv (CP(A1, 1), CP(\1, C2)) = drv (£(Z1), £ (Z2))

<1-P(Z, = Zy)
=1-FEP(Z, = Z5|N)
<1-E@MW =Y{)",

where the first inequality follows from Lemma A.24. Since
the above inequality holds for any coupling (Y7, YY) of ¢; and
(2, by Proposition 4.7 in [43] taking the infimum of all the
coupling then yields

drv (CP(A1,¢1), CP(A1,¢2)) <1 —E(L — dpv (¢, ¢2))
<Aidrv (€1, 62).

Step 2: drv (CP()q,Cz) CP(X2,¢2))

Consider Z; = Zz LY/ and Zy = Zz Y/, where Ny ~

Pois(A1), Na ~ Pois(A2), {Y/} ¢y, and {Y/} is indepen-

dent of Ny, No. Then

drv (CP(A1,¢2), CP(A2, §2)) = drv (ZL(21), ZL(Z2))
<P(Z1 # Z)
=P(N1 # Na),

where the first inequality follows from Lemma A.24. Since the
above inequality holds for any coupling (N1, N3) of Pois(A;)
and Pois()z), by Proposition 4.7 in [43] taking the infimum of
all the coupling then yields dry (CP(A1,{2), CP(A2,¢2)) <
drv (Pois(A1), Pois(\2)).

Plugging step 1 and step 2 into (181),

drv (CP(A1,€¢1), CP(A2, ¢2))
<Aidrv (¢, &) + dry (Pois(Ap), Pois(\2)) -

By symmetry property, the first term in the above upper
bound can be replace by min{A1, A2 }drv ({1, 2). The proof
is then completed by applying equation (2.2) of [44] to bound
dry (Pois(A1), Pois(\2)). O
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Lemma A.26: (a) Let p,p’,m be positive integers such
that p > p’. Then

[[e-0-T]¢' -i) < (m+1) < ]:[ (p— i)) (p—1").
i=0 =0 =0

(b) Let p, d, k be positive integers such that § < p — 1. Then

0 0 6—1
[Io-0- et <6 ]Iw-0
(=1 (=1 (=1

2 2

(c) (”“ﬁ) is increasing function on [0, 3] and (if—;) <

1+ 16 for 0 < < i. Then
(d) 1+x—ﬁ < 2z for any x > 0.

Proof: (c) and (d) are simple quadratic inequalities and
m
{1 i)
i
When p' > m, f'(z) < (m + D[] " (p — i) and the
conclusion then follows by the mean value theorem. When
p'<m—1,

hence their proofs are omitted. (a) Let f(z) =

fo)—f@W) < f) < (-7 H

(b) Let f(z) = ]é[ (p — ¢z). When p < Ik,

=1
0—1
F) = f(8) < f(1) <@k —=0) [0 —0)

=1

6—1
LD ) [Tw-o.
=1
When p > 0k, f'(z) > —@ g 11(p ¢) for x € [1, K]

Then the conclusion follows by the mean value theorem. [J
Lemma A.27 (Perturbation Theory): Consider D € S™ and
E € S™, where S™ is the set of all real symmetric matrices
of dimension n x n. Let {\;(-)}"_; be the eigenvalues of
corresponding matrix such that A1 () > Aa(:) > ... > A, ().
(a)
[\i(D + E) — \i(D

W< IEl2 (i=1,2,...,n)

(b) Assume E = wzxx ', where © € S?~ L. If w > 0, then

Xi(D+ E) € [M(D),\i—1(D)], (i=2,3,...,n),
while if w < 0, then
)\1(D+E) S [)\H—l(D);Az(D)L (121,2,,77,—1)

In either case, there exist nonnegative mj,mao, ...
such that

Xi(D+ E)=X\(D

7m’ﬂ

(i=1,2,...,n)

) +mw,

with m1+m2;|—n-~-+mn =1.

(c) Assume E = Zwiwz x, , where {x;}™, C S~ ! and
w; > 0 for all %.zlfhen

A(D + E) > \,(D).

21

22

Fig. 7. w; and wo are the normalized vector of w; and ws respectively.

Proof: (a) and (b) is Corollary 8.1.6 and Theorem
8.1.8 in [36]. (c) follows by induction on the smallest eigen-
value using part (b) for w > 0. O

Lemma A.28: Let x1,x2 be two vectors on S™~ !, and
D € R™ ™ be an invertible matrix. Let Spax (D) and Spin (D)
be respectively the largest and smallest singular value of D.

Define w; = Dz, and w; = w;/||w;||2, (¢ = 1,2). Then,
Smin(D Smax (D
S B o1 = aalla < w1~ wall < P far o]

Proof: Part I (Upper Bound)
Denote Z(-,-) the angle between two vectors. By the Law
of Cosines,

w13 + [Jwa|]3 — |lwi — w23
2% flwil2 % [lwzll2
_2— [wi — w3

2 )

cos(L(wr,ws)) =

and

13 + (w23 — ||w: — w23

2 % ||Z1]l2 X [Jwall2

cos(£L(wy,ws)) =

Observing Z(w1,ws) = Z(w1,ws), the right hand sides of

the above two equations are equal. Solving for ||w; — wa||2,
we get
— 2 — —
w1 — w2 = w1 — 11772||2 N (2_ H1f2|\2 3 |w1|2)
l[w1]l2]|ws2 w2 [lws2
w1 — w3
~ wll2fw: ]2
Therefore,
w; — W
Joon — ;< A2l

Vw1 |2]|wz][2

Smax(D)[lx1 — @2 |2

" V/Suin(D)][21]|2Smin(D)|22]|2
o SmaX(D)
= Smm(D)le z2l|2.

Part II(Lower Bound)
Define ; = D~ w;, (i = 1,2). Note for Vi € {1,2}, =; and
&; are parallel to each other, since ; = D~ !w; and w; is
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(a) limiting compound Poisson

Fig. 8. The vertical axis of (a) is dry (£ (N‘(/‘ll’))

,CP(X20,1(1), ¢20.1)) and that of (b) is dpy (£ (N\(/\lp))

n =20, = 1, trial=2000
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(b) finite p compound Poisson approximation

o

,CP(Xp,20,1,p,620,1,p))- The theoretical

convergence results have respectively been established in Theorem I1.4 and Theorem III.11. For both plots the samples are independently generated according

to N(0,X) with X being a (1 = p®6,x = p*

8) sparse matrix for each p. The parameters are n = 20, § = 1 and the threshold p is chosen according to

(11) with e,, § = 1. The blue curve is for the empirical correlation graph (¥ = R) and the red curve is for the empirical partial correlation graph (¥ = P).
Note since 6 = 1, {20,1 = Dirac(2) = {20,1,p, by Example V.7. As demonstrated by the plots, for both the empirical correlation and partial correlation
graphs, the total variations in (a) decrease very slowly while the total variations in (b) converge to O very fast, which has also been analytically discussed
in Remark IIL.17. Our observation that the non-asymptotic compound Poisson distribution provides a better fit to the numerical simulations for small p is a

caveat to practitioners who may be tempted to use the Poisson approximation.

parallel to w;. Thus, we conclude x; = &;/||@;i||2, (i = 1,2).
Reversing the role of x; and w, in Part I, one has

A
1 22_S (D)™ 2|2
The lower bound follows from the relation % =
Smax(D) D
Smin (D) *

Lemma A.29: Let {D;}7™, {Fi}7 1. {Gi}7 and {H;}7",
be sets satisfying

G, CD; C H;, g CcF; C H;, (iz 1,2,...,m).
Then
(a)
A ) a{NF)clmNe) | M
i=1 i=1 i=1 7j=1
=U g | N7
7
(b)

Proof: (a) Obviously,

m m m
(G c(D:ic () Hi
i=1 i=1 i=1

Thus,

Take Vw € (N2, Hi) \ (Nie, Gi), we know w € (", H;
and w ¢ (-, G;. The later fact shows Jj (which depends on
w) such that w & G;. Then,

w e ﬁ H; | \G; C H;\G; C G (H:\G:)

(183)
i=1 =1
The proof is completed by combining (182) and (183).
(b)
m m m ¢ m ¢
U D'L’ U .7:1' = U 'Di A ]:,L
i=1 i=1 i=1 i=1
= <ﬂ Di A
=1 i=1
U (G \H7)
= U (Hi\Gi),
i=1
where the inclusion step follows from (a). O

Lemma A.30: Let Q € R™*™(n < m), with each column
q; being i.i.d. unif(y/nS"1). Let Apin and Apax be respec-
tively the largest and smallest eigenvalue of #QQT. Then
with probability at least 1 — 2 exp(—ct?),

2
In t
|:1—C< E_’_ﬁ)] S)\min
2
n t
<Amax<{1+c<,/a+ﬁ>} . (184)

where ¢, C are absolute constants.

Proof: Let Spax, Smin be respectively the largest and
smallest singular value of Q. Since columns {g;}, are
isotropic random vectors with subgaussian norm (or 2 norm)
being a constant, by applying Theorem 5.39 in [2] to Q T,

Vm—C(v/n+1t) < Smin < Smax < Vm+C(v/n+t), (185)
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s
Fig. 9. The vertical axis of (a) is dpv (f ( N‘(/;I’)) , Pois (%) ) , where we replaced CP (A, 5(en,s5),¢n,5) in Theorem IL4 by its approximation

s
Pois(m) as in Proposition V.3. The vertical axis of (b) is dTV(N( ) Po1s(( )( )(2Pn(rp))5)), where we replaced CP(Xp 15,0, Cn,s,p) in

Theorem III.11 by its approximation Pms(( )( ) 2Py rp)) ) as in Proposmon V.6. For both plots the samples are independently generated according
to N(0,3X) with 3 being a (71 = p? 6,k = p g) sparse matrix for each p. The parameters are n = 35, § = 2 and the threshold p is chosen according
to (11) with e, 5 = 1. As demonstrated by the plots, for both the empirical correlation and partial correlation graphs, the total variations in (a) decrease
very slowly while the total variations in (b) converge to O very fast. The fast convergence in Figure 9 (b) verifies the validity of using Poisson distribution

Pois((?) (p_l)(QPn(rp))‘S) to approximate the distribution of random quantities in {ng), N(\P) N(\P) ¥ € {R, P}} for large n. We now discuss

the slow convergence behavior of Figure 9 (a). Note that n = 35 is large enough to guarantee that E - 2 ay is small as indicated by Figure 4 (b), which

implies that CP(X,, 5(en,s), Cn,s) is well approximated by Po1s(( n ‘S) ) by Lemma V.2 (c). As a result, the extremely slow decrease in Figure 9 (a) is

not because of using the Poisson approximation, but is due to the slow convergence of Theorem II.4, which has been extensively discussed in Remark III.17.
This specific example additionally indicates that the slow convergence of Theorem II.4 is due to slow convergence of A, 5., — An,s since the increment
distribution in this large n case are both close to Dirac(1).
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