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Abstract

We study a class of K-encoder hypothesis testing against conditional independence problems. Under
the criterion that stipulates minimization of the Type II error subject to a (constant) upper bound € on
the Type I error, we characterize the set of encoding rates and exponent for both discrete memoryless
and memoryless vector Gaussian settings. For the DM setting, we provide a converse proof and show
that it is achieved using the Quantize-Bin-Test scheme of Rahman and Wagner. For the memoryless
vector Gaussian setting, we develop a tight outer bound by means of a technique that relies on the
de Bruijn identity and the properties of Fisher information. In particular, the result shows that for
memoryless vector Gaussian sources the rate-exponent region is exhausted using the Quantize-Bin-
Test scheme with Gaussian test channels; and there is 10 loss in performance caused by restricting the
sensors’ encoders not to employ time sharing. Furthermore, we also study a variant of the problem in
which the source, not necessarily Gaussian, has finite differential entropy and the sensors’ observations
noises under the null hypothesis are Gaussian. For this model, our main result is an upper bound on
the exponent-rate function. The bound is shown to mirror a corresponding explicit lower bound, except
that the lower bound involves the source power (variance) whereas the upper bound has the source
entropy power. Part of the utility of the established bound is for investigating asymptotic exponent/rates

and losses incurred by distributed detection as function of the number of sensors.

I. INTRODUCTION

Consider the multiterminal detection system shown in Figure [1| In this problem, a memoryless
vector source (X, Yy, Y1,...,Yk), K > 1, has a joint distribution that depends on two hypotheses, a
null hypothesis Hy and an alternate hypothesis H;. A detector that observes directly the pair (X, Yo)
but only receives summary information of the sensors’ observations (Y7,..., Yk) seeks to determine
which of the two hypotheses is true. Specifically, Encoder k, 1 < k < K, which observes an independent
and identically distributed (i.i.d.) string Y}, sends a message M to the detector at finite rate of Ry
bits per observation over a noise-free channel; and the detector makes its decision between the two

hypotheses on the basis of the received messages (Mj, ..., Mk) as well as the available pair (X", Y{).
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In doing so, the detector can make two types of error: Type I error (guessing H; while Hj is true) and
Type II error (guessing Hy while H; is true). The type II error probability can decrease exponentially
fast with the size n of the i.i.d. strings, say with an exponent E; and, classically, one is interested is
characterizing the set of achievable rate-exponent tuples (Ry,..., Rk, E) in the regime in which the
probability of the Type I error is kept below a prescribed small value €. This problem, which was first
introduced by Berger [1] and then studied further in [2]-[4], arises naturally in many applications.
Recent developments include analysis of the tradeoff between the two types of error exponents [5] or
from the perspective of information spectrum [6]], and extensions to networks with multiple sensors
[7]-[11]], multiple detectors [12], [13]], interactive terminals [14], [15], multi-hop networks [8]], [16]-[19],
noisy channels [20], [21] and scenarios with privacy constraints [22]-[25]. Its theoretical understanding,

however, is far from complete, even from seemingly simple instances of it.
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Fig. 1: Distributed hypothesis testing against conditional independence.

One important such instances was studied by Rahman and Wagner in [7]. In [7]], the two hypotheses
are such that X and (Y3, ..., Yk) are correlated conditionally given Yy under the null hypothesis Hy;
and they are independent conditionally given Y, under the alternate hypothesis H;, i.e.,

Hoy : Pxy,,vy,..vx = PyvoPxy,..vxlYo (1a)
Hy 2 Qxvo v, v = PyoPxive Py, viivo- (1b)

Note that (Yo, Y,...,Yx) and (Yy, X) have the same distributions under both hypotheses; and the
multiterminal problem (1) is a multi-encoder version of the single-encoder test against independence
studied by Ahlswede and Csiszar in [2, Theorem 2]. For the problem (I) Rahman and Wagner provided
inner and outer bounds on the rate-exponent region which do not match in general (see [7, Theorem
1] for the inner bound and [7, Theorem 2] for the outer bound). The inner bound of [7, Theorem 1] is
similar to a generalized Berger-Tung inner bound for distributed source coding [26], [27]; and is based
on a scheme, named Quantize-Bin-Test (QBT) therein, in which like in the Shimokawa—Han-Amari
scheme [28]] the encoders quantize and then bin their observations but the detector performs the test

directly using the bins.

n fact, the model of [7] also involves a random variable Yi,1, which is chosen here to be deterministic as it is not relevant

for the analysis and discussion that will follow in this paper.
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In this paper, we study a class of the distributed hypothesis testing problem obtained by
restricting the joint distribution of the variables under the null hypothesis Hy to satisfy the Markov
chain

Yso (X, Yo) e Ys Y SCK:={l,..., K} )

i.e., the encoders’ observations {Yilkex are independent conditionally given (X, Yy). We investigate
both discrete memoryless (DM) and memoryless vector Gaussian models. For the DM setting, we
provide a converse proof and show that it is achieved using the Quantize-Bin-Test scheme of [7,
Theorem 1]. Our converse proof is strongly inspired by that of the rate-distortion region of the Chief-
Executive Officer (CEO) problem under logarithmic loss of Courtade and Weissman [29, Theorem
10]. In fact, with an easy entropy characterization of the rate-exponent region that we develop here
the problem is shown equivalent operationally to an CEO problem in which the remote source is
X, agent k observes Y, the decoder observes side information (SI) Y, and wants to reconstruct the
remote source X to within average distortion level (H(X|Y()—E), and where the distortion is measured
under logarithmic loss. It appears that the result of our converse can be implied by Rahman-Wagner
outer bound of [7, Theorem 2] when in the problem (1) one imposes the Markov condition (2) on the
distribution under the null hypothesis. This, moreover, also means that for the multiterminal CEO
problem under logarithmic loss of [29] the outer bound of Wagner-Anantharam of [30, Theorem 1]
implies the converse part of their Theorem 10 therein. Finally, we note that, for general distributions
under the null hypothesis, i.e., without the Markov chain (), prior to this work the optimality of
the Quantize-Bin-Test scheme of [7] for the problem of testing against conditional independence was
known only for the special case of a single encoder, i.e., K =1 [7, Theorem 3], a result which can also
be recovered from our result in this paper.

For the vector Gaussian setting we provide an explicit characterization of the rate-exponent region.
For the proof of the converse part of this result, essentially we develop an outer bound by means of a
technique that relies on the de Bruijn identity and the properties of Fisher information; and we show
that it is tight. Past application of these techniques was shown recently to yield the optimal region
for the related vector Gaussian CEO problem under logarithmic loss in [11], while previously found
generally non-tight for the classic squared error distortion measure [31]. In particular, our result here
shows that for memoryless vector Gaussian sources the rate-exponent region is exhausted using the
Quantize-Bin-Test Scheme of [7, Theorem 1] with Gaussian test channels. Furthermore, it also shows
that there is no loss in performance caused by restricting the sensors’ encoders not to employ time
sharing. This provides what appears to be the first optimality result for the Gaussian hypothesis
testing against conditional independence problem in the vector sources case.

Furthermore, we broaden our view to also study a generalization of the K-encoder scalar Gaussian
hypothesis testing against independence problem in which the sensors’ observations under the null
hypothesis are independent noisy versions of X, with Gaussian noises, but X itself is an arbitrary con-
tinuous memoryless source. For instance, the distribution of X, not necessarily Gaussian, is arbitrary

and has non-zero finite entropy power. We recall that the entropy power of a continuous random
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variable X which has density px(x) is defined as

2h(X)

NX) = 2me

®)

where h(X) denotes the differential entropy of X. In this case, we establish an upper bound on the
exponent rate function. It is shown that the bound exactly mirrors a corresponding explicit lower
bound, except that the lower bound has the source power (variance) whereas the upper bound has
the source entropy power. The bounds do not depend on auxiliaries; and, while they hold generally
for arbitrary distributions of source X with finite differential entropy, their utility is mostly in that

they reflect the right behavior as a function of the number of sensors.

A. Outline and Notation

The rest of this paper is organized as follows. Section [lI] provides a formal description of the
hypothesis testing problem that we study in this paper, as well as some definitions that are related
to it. Sections |IlI] and contain the main results of this paper. Section [lllj provides a single-letter
characterization of the rate-exponent region in the DM setting, as well as an explicit characterization
of the region for the case of memoryless vector Gaussian sources. Section [[V|provides an upper bound
on the exponent-rate function for the case in which the sensors” noises are Gaussian but the source
itself is memoryless continuous with arbitrary density that has finite differential entropy. This section
also contains application to the study of asymptotics of the exponent-rate function for a large number
of sensors. The proofs are deferred to the appendices section.

Throughout this paper, we use the following notation. Upper case letters are used to denote random
variables, e.g., X; lower case letters are used to denote realizations of random variables, e.g., x; and
calligraphic letters denote sets, e.g., X. The cardinality of a set X is denoted by |X|. The closure of a
set A is denoted by A The length-n sequence (Xj, ..., X,) is denoted as X"; and, when confusion is
not possible, for integers j and k such that 1 < k < j < n the sub-sequence (X, Xi41,...,X;) is denoted
as Xl]('. Probability mass functions (pmfs) are denoted by Px(x) = Pr{X = x}; and, sometimes, for short,
as p(x). We use P(X) to denote the set of discrete probability distributions on X. Boldface upper case
letters denote vectors or matrices, e.g., X, where context should make the distinction clear. For an
integer K > 1, we denote the set of integers smaller or equal K as K ={k € N : 1 <k < K}. For a
set of integers S C K, the complementary set of S is denoted by S¢, ie, S°={keN : ke K\ S}.
Sometimes, for convenience we will need to define S as S = {0} US*. For a set of integers S C K; the
notation Xg designates the set of random variables {X}} with indices in the set S, i.e., X = {X)}res. We
denote the covariance of a zero mean, complex-valued, vector X by X = E[XX'], where ()" indicates
conjugate transpose. Similarly, we denote the cross-correlation of two zero-mean vectors X and Y as
Ly = E[XY'], and the conditional correlation matrix of X given'Y as Ly, = ]E[(X—]E[XIY])(X—]E[XIY])JF]
ie., gy = Ex — Ex,yE;,lL"y,x. For matrices A and B, the notation diag(A, B) denotes the block diagonal
matrix whose diagonal elements are the matrices A and B and its off-diagonal elements are the all
zero matrices. Also, for a set of integers J C IN and a family of matrices {A;}icy of the same size, the
notation Ay is used to denote the (super) matrix obtained by concatenating vertically the matrices

{Ailics, where the indices are sorted in the ascending order, e.g, A = [A], Al]".
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II. ProBLEM FORMULATION

Consider a (K+2)-dimensional memoryless source (X, Yo, Y1, ..., Yx) with finite alphabet XxY(xY1Xx

.. X Y. The joint probability mass function (pmf) of (X, Yy, Y,..., Yk) is assumed to be determined

by a hypothesis H that takes one of two values, a null hypothesis Hy and an alternate hypothesis Hj.

Under the null hypothesis Hy, it is assumed that X and (Yo, Ys,..., Yx) are correlated and the joint
distribution of (X, Y, Y1, ..., Yk) satisfies the following Markov chain

Yso (X, Y) o Ys ¥V SCK:=11,...,K. (4)

Under the alternate hypothesis Hj, it is assumed that X and (Y3, ..., Yk) are independent conditionally
given Y. That is,

Ho : Pxy, ...y« = Pxy, H Pyx v, (5a)
k=1
Hi 0 Qxvo,vi.. v = Qv Qxv, Qvi,.. YulYo- (5b)

Throughout we make the assumption that the distributions P and Q have same (X, Yy)- and (Yo, Y3, ..., Yk)-
marginals, i.e.,

Pxy, =Qxy, and  Py,v,.. v = Qvyyy,..vi (6)

Let now {(X;, Yoi, Y1, .. YKZ)} be a sequence of n independent copies of (X, Yy, Y1,...,Yk); and
consider the detection system shown in Figure [} Here, there are K sensors and one detector. Sensor
k € K observes the memoryless source component Y} and sends a message My = L”)(YZ) to the
detector, where the mapping

Wy, M) @)

designates the encoding operation at this sensor. The detector observes the pair (X", Y()) and uses
them, as well as the messages {Mj, ..., Mk} gotten from the sensors, to make a decision between the

two hypotheses, based on a decision rule
PO 1 M XL (L, MO X X X Y (Ho, Hi ). ®)

The mapping () is such that " (my, ..., mg, x",y}) = H if (m1, ..., mg,x",y3) € A, and Hy otherwise,
with
ﬂn C H M(”) Xn X yg

designating the acceptance region for Hy. The encoders { (")} and the detector ¥ are such that

the Type I error probability does not exceed a prescribed level € € [0,1], i.e.,

P(P(” (Y") d)(n)(Y”) X, yﬂ (ﬂC) (9)

.....

and the Type II error probability does not exceed g, i.e.,

Q‘i’(ln)(y'f)r~~r¢(;?)(Yz),X",Yg (An) < B. (10)
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Definition 1. A rate-exponent tuple (Ry,..., Rk, E) is achievable for a fixed € € [0,1] if for any positive 6
and sufficiently large n there exist encoders { ]((")}le and a detector Y™ such that
1 n
- log M < Ry +06 for all k € K, and (11a)
—%logﬁ >E-b. (11b)

The rate-exponent region Ryr is defined as

Rur = m Rure, (12)
e>0
where Ryt is the set of all achievable rate-exponent vectors for a fixed € € [0, 1]. o

III. RaTeE-ExPoNENT RESULTS

A. Discrete Memoryless Case

We start with an entropy characterization of the rate-exponent region Ryr as defined by (12). Let

R* = U U R* (n,{ ;(Cn)}ke’K) (13)

" {%({") Yeexc

where

R* (1, (6" kerc) = {(Ry, ..., R, E) sit.

Ri > %log o (Y?) for all k€ K, and (14a)
1
E < 109" (0 heres X'YP)}- (14b)

We have the following proposition the proof of which is essentially similar to that of [2, Theorem 1]

and appears in Appendix
Proposition 1. Rpyr = R*,

The result of Proposition [1| essentially means that the studied hypothesis testing problem is oper-
ationally equivalent to a chief executive officer (CEO) source coding problem where the distortion
is measured under logarithmic loss. Specifically, this equivalent CEO problem is one in which the
remote source is X; there are K agents observing noisy versions of it, with agent k observing Y}; and
the decoder observes side information (SI) Y, and wants to reconstruct the remote source X to within
average logarithmic loss distortion (H(X|Y() — E). The latter problem was solved in [29, Theorem 10]
in the case of no decoder SI (i.e., Yo = 0) but its proof carries over with minimal changes to the case
in which the decoder is equipped with SI Y,. Thus, with the result of Proposition [l| and a rather
straightforward generalization of [29, Theorem 10] we have the following theorem which provides a

single-letter characterization of the rate-exponent region Ryr.
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Theorem 1. The rate-exponent region Rur is given by the union of all non-negative tuples (Ry,...,Rk, E)

that satisfy, for all subsets S C K,

E < I(Us; XYo, Q)+ ) (Re = 1Y UklX, Yo, Q) (15)
keS

for some auxiliary random variables (U, ..., Uk, Q) with distribution Py, o such that

K K
Py, voe i@ = PaPxx, H Py, H Puyv0- (16)
k=1 k=1

A direct proof of the achievability part of Theorem [1|follows by an easy application of the Quantize-
Bin-Test scheme of Rahman and Wagner [7, Theorem 1]. The interested reader may also find an
alternate, direct, proof of its converse part in Appendix

Comparatively, the hypothesis testing model of [7] is one in which under the null hypothesis
(Y1, ..., Yk) are arbitrarily correlated among them and with the pair (X, Yo); and under the alternate
hypothesis Y induces conditional independence between (Y3, ..., Yk) and X. More precisely, the joint

distributions of (X, Yo, Y1,...,Yk) under the null and alternate hypotheses as considered in [7] are

Ho : Pxy, v, v = PyoPxivoPyy,. vix o (17a)
Hi : Qxyovive = PyoPxivoPyy,. velvy- (17b)

For this more general model, they provide inner and outer bounds on the rate-exponent region which
do not match in general (see [7, Theorem 1] for the inner bound and [7, Theorem 2] for the outer
bound). Our Theorem [I| shows that if, in addition, the joint distribution of the variables under the
null hypothesis Hy is restricted to satisfy the Markov chain condition (4), then the Quantize-Bin-Test
scheme of [7, Theorem 1] is optimal. Accordingly, the reader may wonder whether the converse of
Theorem [1| could be implied by Rahman-Wagner outer bound of [7, Theorem 2] when specialized
to the test setting studied here. The answer to this question, brought to the attention of the author
during the revision of this paper, appears to be affirmative. To see this, recall that the outer bound

of [7, Theorem 2], denoted hereafter as Ryy, is given by

Rew = () | Rew(A, 10) (18)

AeA NpeNy

where:
i) A is the set of finite-alphabet random variable A such that Y7,..., Yk, X are conditionally inde-
pendent given (A, Yy);
if) Ay is the set of finite-alphabet random variables Ay = (U3, ..., Uk, W, Q) such that:
(@) (W, Q) is independent of (Y3,..., Yk, X, Yo)
(b) Uy o (Y, W, Q) - (U, Yye, X, Yp) for all k € K;
iii) for given A € A and Ay € Ag for which the joint distribution of A, (X, Yo, Y1,...,Yk) and A

satisfies the Markov chain condition

A-(Y1,..., Yk, X, Yo) = Ao (19)
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and Rg“i\t](A, Ap) is defined as the set of all non-negative (R, ..., Rk, E) for which

D Re2 [(Us; AlUs:, Yo, Q) + ) I(Uis Yild, W, Yo, Q), ¥S K (202)
keS keS

E<IUj,..., U X|Yo, Q). (20b)

Let (Uy,..., Uk, W,Q) € Ag. Noticing that X € A and setting A = X, the inequality (20a) can be

weakened as

Y Re 2 [(Ug; XU, Yo, Q) + ), (Ui YiIX, W, Yo, Q) (21)
keS keS
= I(Us; XIYo, Q) — I(Us;; XIYo, Q) + ¥ I(Uis YilX, W, Yo, Q) (22)
keS
> E - I(Us:; X|Yo, Q) + Z I(U; YelX, W, Yo, Q) (23)
keS

where the last inequality follows by using (20b). Also, we have

I(Us; XIYo, Q) = H(XIYo, Q) — HXIUs:, Yo, Q) (24)
2 H(XIYo, W,Q) - H(X|Us, Yo, Q) (25)
< H(XIYo, W, Q) - HX|Us., Yo, W, Q) (26)
= I(Us:; XIYo, W, Q) 27)

where (a) holds since (W, Q) is independent of (X, Yy) and (b) holds since conditioning reduces entropy.
Combining and ([27), we get that for all S € K we have Thus, we have the bound

Y Re= E~1Us; XIYo, W,Q) + ) (Ui YilX, W, Yo, Q). (28)
keS keS

Thus, the variable W can be absorbed into the time sharing random variable Q, and one gets the

expression of the above Theorem

Remark 1. For reasons that are essentially similar to the above it is not difficult to see that, for the related
K-encoder CEO problem under logarithmic loss, k > 2, the outer bound of Wagner-Anantharam of [30, Theorem

1] implies the converse part of Courtade-Weissman [29), Theorem 10].

Remark 2. Prior to this work, the optimality of the QBT scheme of [/] for the problem of testing against
conditional independence was known only for the special case of a single encoder, i.e., K =1 [|7, Theorem 3], a

result which can also be recovered from Theorem

B. Memoryless Vector Gaussian Case

We now turn to a continuous example of the hypothesis testing problem studied in this paper.
Here, (X, Yo, Y1,...,Yk) is a zero-mean circularly-symmetric complex-valued Gaussian random vector.
Without loss of generality, let

Y, = HoX + Zo (29)
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where Hy € C", X € C"™ and Z; € C™ are independent Gaussian vectors with zero-mean and
covariance matrices Xy > 0 and Xy > 0, respectively. The vectors (Yi,...,Yk) and X are correlated
under the null hypothesis Hy and are independent under the alternate hypothesis H;. Specifically,
under the null hypothesis

Hy : Yy =H; X+Z;, forall keK (30)

where the noise vectors (Z;, ..., Zk) are jointly Gaussian with zero mean and covariance matrix X, >
0, and assumed to be independent from X but correlated among them and with Z, such that for
every S € 'K,

Zs o7y Zs. (31)

For every k € K we denote by X the conditional covariance matrix of noise Z; conditionally given Zy.
Under the alternate hypothesis Hj, the joint distribution of (X, Yo, Y1, ..., Yk), denoted as Oxy,,,. Y«

factorizes as

Hi @ OxYo v, Ye = Qvo Oxivo Qvi,. YelYo- (32)

Here Qxy, = Pxy, where Pxy, is the joint distribution of the vector (X, Yy) under Hy as induced by
and Qy,y,,..Yx = Py, s,..xyx Wwhere Py, y, . v, is the joint distribution of the vector (Yo, Y1, ..., Yx) under
Hy as induced by (29), and (3I).

Let Ryc-ur denote the rate-exponent region of this vector Gaussian hypothesis testing against condi-
tional independence problem.

For convenience, we now introduce the following notation which will be instrumental in what follows.
Let, for every set S € K, the set S = {0} USE. Also, for S € K and given matrices {Qk}f=1 such that

0 <Q <L, let Ag designate the block-diagonal matrix given by

0 0
Az = (33)
0 diag({Zx — ZrQuZihes:)
where 0 in the principal diagonal elements is the nyXmng-all zero matrix.

The following theorem provides an explicit characterization of Ryg.nr.

Theorem 2. The rate-exponent region Ryc.ur of the vector Gaussian hypothesis testing against conditional
independence problem is given by the set of all non-negative tuples (Ry, ..., Rx, E) that satisfy, for all subsets
ScK,

E< ) (Re+logll - QX ) - log |l + EHFE; Hy|

keS
+log |1+ EHLE! (- AgE,!Hg| (34)
for matrices {Q}X | such that 0 < Q < £, where S = {0} U S and Aj is given by (33). m
Proof. The proof of Theorem 2] appears in Appendix i

The direct part of Theorem ] is obtained by evaluating the region of Theorem [I, which can be

shown easily to extend to the continuous alphabet case through standard discretization arguments,
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10

using Gaussian test channels and no-time sharing. Specifically, we let Q = @ and Py,y, o(uxlyx, q) =
CN(yi, [(T = QEr)~! = I]71E;). The main contribution of Theorem [2|is its converse part, the proof of
which uses a technique that relies on the de Bruijn identity and the properties of Fisher information.
The bound is similar to the outer bound for the vector Gaussian CEO problem under logarithmic
loss given by Ugur et al. in [11]]. In particular, the result of Theorem [2| shows that there is no loss
in performance if one restricts the auxiliaries (test channels) of the Quantize-Test-Bin scheme to be
Gaussian. Furthermore, there is 710 loss in performance caused by restricting the encoders not to employ
time sharing.

In the rest of this section, we elaborate on two special cases of Theorem [2| the one-encoder vector
Gaussian testing against conditional independence problem (i.e., K = 1) and the K-encoder scalar
Gaussian testing against independence problem.

1) The one-encoder vector Gaussian HT problem against conditional independence: Set K =1 in (30),
and (39). In this case the Markov chain is non-restrictive as it is trivially satisfied for all arbitrarily
correlated noise at the sensor and side information Yy at the detector. Theorem 2] then provides a com-
plete solution of the (general) one-encoder vector Gaussian testing against conditional independence

problem. The result is stated in the following Corollary.

Corollary 1. For the one-encoder vector Gaussian HT against conditional independence problem, the rate-

exponent region is given by the set of all non-negative pairs (Rq,E) that satisfy
E < Rl + log |I - leﬂ (353)

E <log[l+EH}) Il (1-Ap L, )H{0,1,| ~log |1 + Z.H{Z;'H,

(0,1} Ty, 1}

, (35b)

for some nixny matrix Qq such that 0 < Q < L7*, where Hy1, = [H}, B, y,, is the covariance matrix

of noise (Zo, Z1) and

Mjo,1)

0 0
0 XXX

A{O,l} = (36)

with the 0 in its principal diagonal denoting the nyXno-all zero matrix.

In particular, for the setting of testing against independence, i.e., Yo = @ and the detector’s task reduced
to guessing whether Y; and X are independent or not, the optimal trade-off expressed by reduces

to the set of (R, E) pairs that satisfy, for some 77Xn; matrix ; such that 0 < Q; < Zl’l,
E < min {R1 +log |l - Xy, log|l+ xxH{sle1|}. (37)

Observe that is the counter-part, to the vector Gaussian setting, of the result of [7, Theorem
3] which provides a single-letter formula for the Type II error exponent for the one-encoder DM
testing against conditional independence problem. Similarly, is the solution of the vector Gaussian
version of the one-encoder DM testing against independence problem which is studied, and solved,

by Ahlswede and Csiszar in [2, Theorem 2].
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2) The K-encoder scalar Gaussian HT problem against independence: Consider now the special case of
the setup of Theorem E] in which K > 2, Yy = 0, and the sources and noises are all scalar complex-
valued Gaussian, i.e., n, = 1 and n = 1 for all k € K. The vector (Y3,...,Yk) and X are correlated

under the null hypothesis Hy with
Hy :Yy=X+Z7;, forall keXK (38)

The noises Zi, ..., Zk are zero-mean jointly Gaussian, mutually independent and independent from
X. Also, we assume that the variances oi of noise Z, k € K, and ai of X are all non-negative. Under

the alternate hypothesis Hj, the joint distribution of (X, Y3, ..., Yx), denoted as Qxy,, .y, factorizes as

Hi : Qxyv,,..ve = QxQv,,. v« (39)

where Qx = Py, i.e., complex Gaussian with zero-mean and variance ai and Qy,,..vx = Py,,., vy, where
Py,,..v, is the joint distribution of the vector (Y3,...,Yx) under Hy as induced by (38).

In this case, the result of Theorem 2| reduces as stated in the following corollary.

Corollary 2. For the K-encoder scalar Gaussian HT against independence problem described by and (39),
the rate-exponent region is given by the set of all non-negative tuples (Ry, ..., Rk, E) that satisfy

RSG-HT = {(Rl,. . .,RK,E) o | (7/1,...,)/[() S lRi( s.t.

)/ks%,\lkew, amd YSCK
o
k

Y Rz E+log(1+0% Y ) ] - vead) |} (40)

keS keS¢ keS
The region Rsg.ur as given by can be used to, e.g., characterize the centralized rate region, i.e.,

the set of rate vectors (Ry, ..., Rk) that achieve the centralized Type II error exponent
K 2
9%
I(Yy,..., Y X) = zlog—z. (41)
=1 %

We close this section by mentioning that, as it can be seen from the proof of Theorem [2 the
Quantize-Bin-Test scheme of [7, Theorem 1] evaluated with Gaussian test channels and no time-
sharing is optimal for the vector Gaussian K-encoder hypothesis testing against conditional inde-
pendence problem described by and (39). Furthermore, we note that Rahman and Wagner also
characterized the optimal rate-exponent region of a differentE] Gaussian hypothesis testing against
independence problem, called the Gaussian many-help-one hypothesis testing against independence
problem therein, in the case of scalar valued sources [7, Theorem 7]. Specialized to the case K =1,
the result of Theorem [2| recovers that of [7, Theorem 7] in the case of no helpers; and extends it to
vector-valued sources and testing against conditional independence in that case.

2This problem is related to the Gaussian many-help-one problem [32]-[34]. Here, different from the setup of Figure the
source X is observed directly by a main encoder who communicates with a detector that observes Y in the aim of making a

decision on whether X and Y are independent or not. Also, there are helpers that observe independent noisy versions of X

and communicate with the detector in the aim of facilitating that test.
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IV. TestiNG UNDER GAUssIAN Noise: DuaL RoLEs oF POWER AND ENTROPY POWER

In this section, we broaden our view to study a generalization of the K-encoder scalar Gaussian
HT against independence problem described by and in which the sensors” observations
(Y1, ..., Yk) under the null hypothesis are still independent noisy versions of X, with Gaussian noises,
but X itself is an arbitrary continuous memoryless source. In particular, X is not necessarily Gaussian.
Throughout this section we assume that X has density Px(x) (not necessarily Gaussian) which has

finite differential entropy h(X), variance ¢% and non-zero finite entropy power

2

NX) = ——. (42)

Specifically, X and (Y7,..., Yk) are correlated under the null hypothesis Hy with
Hy : Yy =X+Z2;, fork=1,...,K (43)

where the noise Z; is zero-mean Gaussian with variance o7 and is independent from all other noises

and from X; and they are independent under H; with their joint distribution given by

1 Qxyy,.ve = PxPy,,. i (44)

where Py is the distribution of X under Hy (not necessarily Gaussian!) and Py, .y, is the joint
distribution of (Y7,..., Yx) under Hy as induced by (#@3).
In this section sometimes we will be interested in the sum-rate exponent function, which is defined

as
K

Reum(E) = i Ry. 45
amB)= B, R )
Throughout it will be convenient to use the following shorthand notation. For any non-empty subset

S € K the sufficient statistic for X given {Yilkes is given by

Y(S) = — Z ﬁyk (46a)

|S| ~ ai
=X +Z(S) (46b)

where -2
=5 Z f (47)

O

is a zero-mean Gaussian random variable of variance o S 2 /|S|, and aé denotes the harmonic mean of
the noise variances in the set S, given by

1
1w 1
o5 = [|3| Z _] : (48)

keS k
For the special case of empty set S = 0, we set Y(0) = Z(0) = constant.

In the rest of this section, we will develop bounds on the rate-exponent region of this model which
exhibit a pleasant duality between power and entropy power. Bounds of the same kind of duality
were already observed in the context of source coding under the classic squared error distortion
measure for point-to-point [35, p. 338] and multiterminal CEO [36] settings. The recent work [37] is

somewhat related, but to a lesser extent.
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A. Special Case K =1

Set K =1 in and ({@4). For notational convenience, we use the substitutions Y = Yy, Z = Z;
and o7 = 0. First let us recall that for a given non-negative rate R the optimal rate exponent is given
by [2| Theorem 2]

E(R) = max I(Uu; X). (49)
Pu|y I(UY) <R
It is rather easy to see that a simple lower bound on the exponent-rate function is given by
1 o3
ER) > S log" | 5——|. 50
w3 ezt 0

This can be obtained by evaluating the right hand side (RHS) of using the choice of auxiliary
U=Y+V (51)

where V is zero-mean Gaussian with variance

0% + 02
2 _ 9% 7Y%
Oy = 2R _ 1 (52)
and is independent from (X, Z).

Also, it can be shown (see Appendix D) that

(53)

E(R) < %long( N(Y) )

Part of the appeal of these bounds is the interesting duality that is played by the source power and
its entropy power. Also, this directly implies their tightness in the special case in which the source X
is Gaussian since power and entropy power are equal in that case. Moreover, the above also implies
that among all sources with the same variance (power) the Gaussian is the worst (i.e., has the smallest
Type-II error exponent for given R). Conversely, among all sources with the same entropy power the

Gaussian is the best (i.e., has the largest Type-II error exponent for given R).
B. Upper Bound

We now turn to the K-encoder test described by and (#4). The main result of this section is an
upper bound on the exponent-rate function for an arbitrary continuous source X with finite differential
entropy. Its strength is in that a direct consequence of it (Corollary {4 below) is shown to reflect the
right behavior as a function of the number of observations/sensors.

Recall the definition of the sufficient statistic Y(S) for X given Ys = {Yi}kes as given by for given
ScK.

Theorem 3. If a rate-exponent tuple (Ry, ..., Rg, E) is achievable, i.e., (Ry, ..., Rk, E) € Rur, then there must
exist non-negative real numbers (y1,...,yx) with yx < 1/07 for all k € K such that for all (strict) subsets
S c K, we have

1 N(Y(S° 1
E< o loglIsT o N Y (—2 - n)]
Ise kese \ Ok
1 1
+ Ry — - log —); (54)
;[ 2 " 1-yo}
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and for the full set S = K we have

1
E < Ry — —1 55
Z( TS s ] (55)
where Y(S°) and 0%, are defined using ([@6) and [@8) respectively.
Proof. The proof of Theorem [3 appears in Appendix i

Remark 3. A simple entropy power inequality argument can be used to show that the term inside the logarithm
in the RHS of is guaranteed to be larger than 1 for all non-negative choices of (y1,...,yk) that satisfy
0 < yx < 1/07 for all k € K, making the expression well defined.

We now state the next corollary which provides a lower bound on the exponent-rate function for
an arbitrary continuous source X with finite differential entropy, and whose proof, omitted here
for brevity, can be obtained easily from that of the direct part of Theorem [ (for instance, see
Eq. of Corollary 2). In fact, while the result of Theorem [2] pertains to the case of jointly Gaussian
(X,Y1,...,Yk), the key argument of its direct part is the Markov lemma [35] whose proof only uses
the fact that conditioned on the source sequence X" the noisy observations {Y}}X ; and the auxiliaries

{Ui}X_, are Gaussian. Clearly, this still holds here even though X is not necessarily Gaussian.

Corollary 3. If there exist non-negative real numbers (y1,...,vk) with y, <1 /ai for all k € K such that
for all (strict) subsets S C K, we have

1 o Y(S) 5 1
el )

&¢ keS¢
1 1
+ Ry — - log —] (56)
% ( 2 "1 -yo;
and for the full set S = K we have

1
E> Ry — —l 57
Z( TR ] (57)

then the tuple (Ry,...,Rk, E) is achievable, ie., (Ri,...,Rx,E) € Ryr, where Y(S°) and aéc are defined
using and respectively.

Investigating the above bounds of Theorem [8|and Corollary [§ it is interesting to observe a pleasant
duality, in the sense that the power (variance) terms of the lower bound are replaced by entropy
power terms (note that o2

= 0% + 0% ., but we prefer to use the form given in the theorem so as

Y(S°) 7(8)
to emphasize such duality). Among other aspects, this directly implies tightness of the bounds in the
special case in which the source X is Gaussian; thus providing an alternative proof of Theorem [2| in
the special case of testing against independence and scalar Gaussian sources. Furthermore, similar
to the single-sensor setting of Section the bounds also imply that for given entropy power the

Gaussian is the best distribution and for given power the Gaussian is the worst distribution.
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C. Sum-Rate Exponent Function

For simplicity, we set all the noise variances to be equal, i.e., 07 = ¢ for all k € K. Note that in this

case, the harmonic mean of the noise variances as defined by is 0% = 07 for all S ¢ K. Using

S
Theorem 3] we have

S w1 51
ZRk 2E+§logH > (58)
=1 1 LT YKoy
K
® K. 1 )
>E-5logy k; (1 - yx02) (59)
-1
© K. KNX)[KNY
>E+ = log i ) ( 2(7()) o (60)
2 o5, O

where: (a) follows by (55), (b) follows by using Jensen'’s inequality, and (c) follows by applying
for S = 0.
The result of the next corollary follows directly from (60).

Corollary 4. If a sum-rate exponent pair (Reym, E) is achievable, i.e., (Ry,..., Rk, E) € Rur with (R + ...+
Rk) = Rsum, then the following holds,

Reym > E + K log* KN(X) ) (61)

2 (KN(Y(‘K)) — o2
for E for which o%e*t < KN(Y(K)), where Y(K) is defined using (@6).

2

Y0 the sum-rate

Using Corollary 3| it is easy to see that for given exponent E for which 02¢** < Ko
exponent is upper bounded as

2
Koy ] ©2)

K 02 _ 02 e2E

K
Reum < E + ) log[
yx) ~ Yz

D. Application

Part of the utility of the results of Theorem [ and Corollary [ is, e.g., for investigating asymptotic
exponent/rates and losses incurred by distributed detection as function of the number of observations.

The gap between the bounds and is upper-bounded by
KN(Y(K)) — o%e? ]]

2 _ 2 0F
KUY(W) o€

2
A(K) = K log+[ Tx (63)

2 NX)

Recalling that Y(K) = X + (0z/ VK)G where G ~ N(0,1) the behavior of A(K) for large K can be
obtained easily using de Bruijn identity type bound for entropy power [38, Eq. (15)]

2
N(Y(K)) < NCO + 2 (%N(X + x/EG)|t=0). (64)
More precisely, we obtain
, oo [{ xx 1 w1 1\I"
0< Ill—l};}o A(K) < 7 [(W - %) 4 (W - %):I (65&)
Ué Kx 1
7w =) )
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where the scalar coefficient xx is defined as
d
x = T N(X+ VEG)i=o. (66)

(Note that if X itself is Gaussian, kx = 1 and N(X) = ag(). Figure 2 depicts the evolution of the RHS
of as a function of the exponent E for an example non-Gaussian distribution, the Wald distribution
given by

A 1/2 —A(X _ )2
px(X) = (ﬁ) exp T2xlu, X E]O, +00[ (67)

with the scale parameter u set to 1 and the shape parameter A set to 10. Also shown for comparison,
the upper bound on the limit of A(K) at large K as given by (65b). Observe that A(K), and so the gap
between our bounds (6I) and (62), are relatively small for this example. Also, the gap is larger for
larger values of K and smaller values of the exponent (intuitively, this is because the Gaussian part

of Y(K), which is (Zfil Z;)/K, is weaker for increasing values of K).

)

0 05 1 15 2 25 3 10 20 30 40 50 60 70 80 %0 100
Exponent E

(a) Wald distribution (67) with =1 and A =10 (b) Evolution of A(K) v.s. the exponent

Fig. 2: Evolution of A(K) as given by Eq. (50) as a function of the exponent E for the Wald distribution

with scale parameter u =1 and shape parameter A = 10.

Consider now a setup with a single sensor that observes the vector (Y7,..., Yk). Given that Y(K) is a
sufficient statistic for X given (Y7,..., Yk), this is equivalent to a point-to-point detection system with
a sensor that has Y(K) and a detector that has X". Let R denote the rate needed to achieve exponent
E for this setting. Using (6I) and (50) we get that the cost of distributed processing (rate redundancy)

is lower-bounded as

K
[ N(X) ] %Yk = O290C
NY(K)) - aé((K)eZE o2

X
1 N(X) VA
N(Y(K)) — £ 0%

(Rsum — R) > % log*

APPENDIX

Throughout this section we denote the set of strongly jointly e-typical sequences [39, Chapter 14.2]

with respect to the distribution Pxy as 7/ (Pxy)-
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A. Proof of Proposition

i) Assume that (Ry, ..., Rk, E) € Ryr. Fix € > 0 and 6 > 0 and let a hypothesis test (¢b) w ;f), v, A,)
with Type-I probability of error (1 — a,) € [0,1] and Type-II probability of error g, € [0,1] such that

loglip™ll < n(Re +0),  k=1,...,K (A-1a)
ap > (1—¢) (A-1b)
—% logp, = E—6. (A-1c)

First note that we have

g

D(P

T BP0 wwm[ (P X11o7(Yy), 4><"’<Y”>Y"||QX”|¢<" ) Y")Y")] (A-2)
2 D(P vy g Qumom, m )

”E%gmyn) ,,,,, v [D<P Xt (v7), ¢<K’”<Y">Y"||QX"|Y”)] (A-3)
2p(p a0 o eI, g o)

+ 1O (YD), ..., W (YR XY + Ep,, [D(wag Qs )] (A-4)
(é) D(Pw ..... v allQyr,. YKY[))

+ 1Y), ..., o (Y );XH|Y8)+IEPYS[D(PX”IYSHQX”IYS)] (A-5)
@HD(Pn Yol Qv yK,yo)

F @YD), 6P (Y XY + nEp, [D(Pxiv, IQx, )] (A-6)
D 1Y), ..., 6P (Y XY (A7)

where: (a) holds by the chain rule for KL divergence; (b) holds since X" is independent of (Y7, ..., Y})
conditionally given Y{ under Hy; (c) follows by straightforward algebra; (d) holds by the data pro-
cessing inequality; (e) holds since the vector (X", Y{, Y7,..., Y%) is i.i.d. under both Hy and Hj; and (f)
holds since as per the condition @ the distributions P and Q have same (X, Yy)- and (Yo, Y1, ..., Yk)-

marginals.

Thus, for any €’ > 0, provided that € is small enough and # is large enough we get

n n n (“)
I((P( )(Y Qb( )(Yﬂ) X”IY”!) (P(P(")(Yn) (”)(Y”)X” Yn||Q¢(")(yn /f?’g)(y}'()/x"/yg) (A'S)
® ~
> a,log == + (1 —ay)lo (A-9)
g By g 1- B,
D _hay) — alog b — (1 - ) log(1 - ) (A-10)
@
> (1 -emn(E - 06) - h(an) — (1 — an)log(1 — Bu) (A-11)
=n(E-¢') (A-12)
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where (a) follows from (A-7); (b) holds by application of the log-sum inequality [35, Theorem 2.7.1];

in (c), for u € (0,1), h(u) denotes the entropy of a Bernoulli-(#) random variable, i.e.,

h(u) = —ulogu — (1 — u)log(l — u); (A-13)

and (d) holds by using (A-1b) and (A-1c).
The inequalities and together show that the tuple (R; +9,...,Rx + 6, E —€’) € R*; and,
hence, (Ry,...,Rk,E) e R*. Thus, Rut Q@.

ii) Assume now that (Ry,...,Rg, E) e@. For any € > 0 and 6 > 0, since (R1+9,...,Rxk+6,E-0) e R*

there must exist p € IN and functions ( 1(’7), e, I(f)) such that
logllf”l <pRe +6),  k=1,...,K (A-14)
1
E-5< I OO, P00 XY ). (A-15)

By application of Stein’s lemma to

Hy: D H; : 0 A-16
0 TP, fO ), X0 YE 1 Qf{”’(yj) ..... o) xe Y ( )
where
K
P D), 000Xy = pX”,YZ l—[ P £V (A-17a)
=1
Qppeen,...00mx0xs = Quy Qg Qe 0ty (A-17b)
we get for every € € [0,1]
. 1 - -
fim sup —7 log fu(lp. ) = D(Pjo s, oy Q... 0 0p01) (A-18)
where R = (Ry,...,Rk) and
Ip,e) = min min {O A) s.t.
Prlp,€) (91,-gx) :10glg1l < Ip(Ry+0),..log ligkll < Ip(Rx+0) A {le(Ylf)vaK(YZ)rX”’/YSV( )
Ip p 1 U
AC G X X YD XX XYL, Py iy () 2 1= e}, (A-19)

Let, for large n, functions (1)(1’1), .., g) such that for 1 < k < K the function qb}(f) is defined over y;;l

by concatenation from fk(p) defined over yil as

S Wes - Yin) = (R Wit Yip)s - S Wracipets oY) Ip << I+ Dp. (A-20)

Using (A-T4) and (A-20), it is easy to see that

logllo™ll < n(Re+0),  k=1,...,K (A-21)
Also, noting that for Ip <n < (I +1)p we have
Br(( +1)p, €) < Pr(n,€) < Pr(p, €) (A-22)

and using it follows that

. 1 - ~
,}L{f)‘o sup =2 log r(1,€) =2 D (P P, P00 x0 Y 1Q P, f,y”(yf;),xp,yg’) (A-23)
@
LIV, FOO XY ) (A-24)
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>E-5 (A-25)

where (a) follows by noticing that by the condition (6) the joint distributions P » vy and
Lo

(YV f(l" (YP

o) DO, P 7 S defined by have same (X7, Yg)— and ( (Y ") - f(p )(Yp 0) marginals,
Lo

ie., PX,,,YE = QXP,YE = PXW,YE and Pf(m(yp) ,,,,, OOV Qf](}’)(y!l’) ,,,,, D)y = P Dy, fO Y and then

applying the steps leading to (A-7); and (b) holds by using (A-15).

Now, for convenience let us denote by ¢ = (qb(l”), . .,cpﬁf)) and

my 2 50 1A .
B(n, e, p") = H}}[n{Qq)‘{”(Y?),..»,qbﬁé”(Y}Q),X”,Y" (A) s.t.:

AcC (Pgn)(y’ll) X ... X (P(n) D x X" x Yy, P ¢<n>(Yn LB, XY (A =1- e}. (A-26)

Noticing that as per (A-19) the term Br(n,€) of the LHS of (A-25) involves a minimization over
all functions (g1,...,gx) for which ||gl| < n(Rx +0), k = 1,...,K, and recalling that the functions

(q{)(”) ..,gbg‘)) as defined by (A-20) satisfy (A-21), then by (A-25) we get
lim sup —% log B(n,e, ™) > E - 6. (A-27)

Finally, using (A-21) and (A-27) it follows that (Ry,..., Rk, E) € Rur. Thus, R* C Rur.

B. Proof of Converse of Theorem

Let a non-negative tuple (Ry,..., Rk, E) € Rur be given. Since Rur = 7?, then there must exist a

series of non-negative tuples {(Rgm), ..,R™ E(my} . such that

*7 K 7
®R"™,..., R, E™) e R* for all me N, and (B-1a)
lim ®"™, ..., RM,E™) = (Ry,...,Rg,E). (B-1b)

Fix 6’ > 0. Then, 3 my € IN such that for all m > mg, we have

Ry >R"™ -¢ forall ke X, and (B-2a)
E<E™ 4+¢. (B-2b)

{ ]((”m)}

For m > mg, there exist a series {n,,},eny and functions rexc such that

m 1 Nm
R™ > o log lp\")| for all k € K, and (B-3a)
1 () (\/1im . m m
B < oI O ke X 1Y), (B-3b)

Combining (B-2) and (B-3) we get that for all m > my,

Ri > n— log g™ (Y!™)| - &' for all k € K, and (B-4a)
1 n n n M, ’
E< n—I({cp,E DY) kegc; XY + 6. (B-4b)

The second inequality of (B-4) implies that

HX" [ (Y kere, Yor) < mn(H(XIY0) — E) + 1,0 (B-5)
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Let S € K a given subset of K and J; := qb]((""’)(Y,’:"‘). Also, define, for i = 1,...,n,, the following

auxiliary random variables

uk,i = (]k/ Y;(_l)/ Qi = (Xi_lrxnm Yf)_ll an'l 1)' (B_6)

i+17 i+

Note that, for all k € K, it holds that Uy; e Yi; - (Xj, Yo,) & Yg\ki & Uge\ki is @ Markov chain in

this order.
We have
my ) Rz ) H(Y)
keS keS

> H(Js)

> H(Jsl]s, Yy")

> 1(Js; X", Y5, Yo™)

= I(Js; X" ] se, Yo") + I(Js; YGIX™, Jse, Yy")

= HX"|Js:, Yg") = HX™[Joc, Yo") + I(Js; Y'&'IX™, Jse, Yg™)

(a)
> H(X"|Jse, YI) = HX™|Y) + 13 Y IX™, Jse, YI) + 1 = 1"

M
= Y HXlTs, X, Yoy = HOCWIYE) + 1 Y2 1K™, s, Yor) + i, E = !
i=1

M

®) . .
> Y HXiJse, X8 X0, Y1, Vo) = HOXC 1Y) + 15 Y IX™, Jse, Yor) + rE = 1
i=1

M
© ’
2 Y H(XilUs: i, Yos, Qi) = HOX™ [Yg") + 155 Y IX™, Jise, Y5) + 1 = 1
i=1
nﬂl
@ N n N ’
= 1 Y IX™, Jse, Yg) = ) I(Useiy XilYoi, Q) + i = 1 (B-7)

i=1

where (a) follows by using (B-5); (b) holds since conditioning reduces entropy; and (c) follows by
substituting using ; and (d) holds since (X", Y;") is memoryless and Q; is independent of (X;, Yo,)
foralli=1,...,n,.

The term I(Js; Y'g"|X"™, ] s, Yy") on the RHS of can be lower bounded as

Mo N @ N n M
I(Js Y IX™, e, Yor) = Y (ks Y IX, Ygr)

keS
nm
=Y ) 10k Y Y, X, Y
keS i=1
Ny
2NN 100, Y Vi, Y
keS i=1
O T
C
= Z I(Uyi; Y il Xi, Yo, Qi) (B-8)
keS i=1

where (a) follows due to the Markov chain J; - Y} - (X", Y{") - Y‘”ﬂk

the Markov chain Yy - (X", Y;") -~ Yi™!; and (c) follows by substituting using (B-6).

- Jsu; (b) follows due to
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Then, combining (B-7) and (B-8), we get

Ny N
muE <) (Ui XilYoi, Q)+ 1 ) Re= Y )" U YiglXi, Yoi, Q)+ mnd) (B9)
i=1 keS keS i=1

Noticing that 0" in can be chosen arbitrarily small, a standard time-sharing argument completes

the proof of the converse part.

C. Proof of Theorem 2]

First note that a characterization (in terms of auxiliaries) of the rate-exponent region of the mem-
oryless vector Gaussian hypothesis testing against conditional independence problem of Section
obtained by an easy extension of the result of Theorem [I| to the continuous alphabet case through
standard discretization arguments), is given by the union of all non-negative tuples (Rjy,...,Rg, E)

that satisfy for all S € K,

E—- ) Re <I(Us;XIYo, Q) = Y I(Yi; UklX, Yo, Q) (C-1)
keS keS

for some joint distribution of the form that factorizes as

Px xo Yoo, s, 0% Yo, V¢, e, ) = Po(9)Px,y, (X, Yo)

K K
X H Py,ix,v, (YxIx, o) H Pugy,oklyx, 9)- (C-2)

1) Converse part: Let an achievable tuple (Ry,..., Rk, E) be given. Using the above there must exist
auxiliary random variables (U, ..., Uk, Q) with distribution that factorizes as such that
holds for any subset S € K. The converse proof of Theorem [2| relies on deriving an upper bound
on the RHS of (C-I). In doing so, we use the technique of [31, Theorem 8] which relies on the de
Bruijn identity and the properties of Fisher information; and extend the argument to account for the
time-sharing variable Q and side information Y.

For convenience, we first state the following lemma.

Lemma 1. [31], [40] Let (X,Y) be a pair of random vectors with pmf p(x,y). We have
log )(ne)]*1 (XIY)) < h(X]Y) < log|(me)mmse(X|Y)|
where the conditional Fisher information matrix is defined as
JXIY) = E [Viog p(X[Y)V log p(XIY)']
and the minimum mean squared error (MMSE) matrix is
mmse(X|Y) := E [(X - E[X|Y]) X - E[X]Y])']. O
Fix g € Q and S C Q. There must exists a matrix Q, such that 0 < Q;, < L' and
mmse (Yi[X, Uk, Yo,9) = Zk = ZeQgZi- (C-3)
It is easy to see that such €, always exists since

0 < mmse (Y¢/X, Ugg, Yo,9) < y,jyo) = Eic (C-4)
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Then, we have
I(Yy; UrlX, Yo, Q = q) = log |(me)Ex| — h(YiIX, Uk, Yo, Q = q)
(az) log |Xk| — log |mmse(Yk|X, Uyq,Yo,Q = q)|
©_ log |I - lequ’ (C-5)

where (a) is due to Lemma [Ij and () is due to (C-3).

Now, let the matrix Ag, be defined as

0 0
As, = . . (C-6)
0 diag({Zx — ExQy g Lilrese)
Then, we have
I(Use; XYo, Q = 9) = h(XYo) = 1t (XIUs: 4, Yo, Q = q)
(@)
< h(XIYo) - log|(e)] ™ (XIUs:4, Yo, )
® - - - -1
9 h(X1Yo) - log l(ne) (£ + HAE,! (1- Ag, L, ) H) | (C-7)
where (a) follows by using Lemma [1} and for (b) holds by using the equality
J(X|Use 4, Yo,9) = £ + HEE (1 - Ag, ;! JH;. (C-8)

the proof of which uses a connection between MMSE and Fisher information as shown next. More
precisely, for the proof of first recall de Brujin identity which relates Fisher information and
MMSE.

Lemma 2. [31]] Let (V1, V3) be a random vector with finite second moments and Z ~ CN(0, L,) independent
of (V1,V2). Then
mmse (V2|V1,V2 + Z) =X, - Ez] (Vz + Z|V1) X, 0O

From MMSE estimation of Gaussian random vectors, we have
X= ]E[X|Ys] + W:g
= GSYS + WS (C-9)
where Gz := ZWSHFSZ;;, and Wg ~ CN(0, Ly;) is a Gaussian vector that is independent of Yg and
L. =L + HLL 'Hg. (C-10)
Next, we show that the cross-terms of mmse (Y s|X, Ugc,q,Yo,q) are zero. For i € 8¢ and j # i, we have
+
(s = BLYIX, Us., Yo, 1) (¥ = ELYIX, Us.o, Yo, q1) |
@ u
2 [ (¥~ EIYiX, Use, Yo, 1) (¥ = ELY;IX, Useg, Youq1) I Yo
® u
Y E[E[(Yi~ E[YiX, Us.y, Yo,q]) X Yo] < E|(¥; = ELY,IX, Us.p, Yorq1) 1%, Yo

=0, (C-11)
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where (a) is due to the law of total expectation; (b) is due to the Markov chain Yy - (X, Yo) & Yx\k-

Then, we have

mmse(G 3Y3

X, Us-q, Yo,9) = Gg mmse (Ys|X, Us:, Yo,9) G

@ 0 0 Gt
S . S
0 diag({mmse(Yx|X, Us: 4, Yo, )}kese)

G3As,Gh (C-12)
where (a) follows since the cross-terms are zero as shown in (C-11I); and (b) follows due to (C-3) and

the definition of Ag, given in (C-6).

We note that Wy is independent of Yz = (Yo, Ys:); and, with the Markov chain Ug- - Ys- - (X, Y)),
which itself implies Ugs: - Ys: - (X, Yo, W), this yields that W3 is independent of Us.. Thus, W5 is
independent of (GzY3, Us:, Yo, Q). Applying Lemma [2| with

Vi = (uS‘/ Yo, Q) (C'13a)
V2 := GSYS (C-l3b)
7 = WS/ (C-13C)

we get

J(X|Us: 4, Yo, 9) = Ey., — Zqr) mmse(GSYs

@ g - _
= I — Ll GsAg,GLELL

X, Us: 5, Yo, q)zgvls

® ¢ - _ _
=L +HLE Hy - HLE IAg, T Hg
—_ y-1 t y-1 _ -1 _
=L+ HLL! (1- Ag,Z! ) Hg,

where (a) is due to (C-12)); and (b) follows due to the definitions of Ev‘vls and Gg. This proves (C-8).

Next, averaging over the time sharing random variable Q both sides of the inequalities (C-5) and (C-7)
and letting Q := Y. cq ()%, We get

1Y UlX, Yo, Q) = ) p@)I(Yi; UlX, Yo, Q = 9)

qeQ
@
> =) p@)log Il - Qi
qeQ
®
> —logll - )" p(g)Qu,Zil
7eQ
= —log |1 — QX4 (C-14)

where (a) follows from (C-5); and (b) follows from the concavity of the log-det function and Jensen’s
Inequality.
Besides, we have

I(Us:; XIYo, Q) = h(XYo) = ) p@h(X|Us:, Yo, Q = q)
qeQ
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2 i) - Y p(@log |(ne) (5! + HEE (1~ Aslqz;;)HS)ﬂ
qeQ

¢ h(X|Yo) - log '(ne) (z! +HEE ! (1 - AS>:;;)HS)_1 , (C-15)

where (a) is due to (C-7); and (b) is due to the concavity of the log-det function and Jensen’s inequality
and the definition of Ag given in (33).

Using (C-15), we get
I(Us; XIY,, Q) = IEQ[I(USC;XWO,Q = q)]
< HXIYo) ~ log|(re) (" + HEE;! (- AsE;)) Hg) |
= log |1+ EHLE;! (1 - AsZ;!) Hs| - 106 o)
= log |1+ EHLE! (- AsZ;!) H| - log |1+ EHIZ; H|. (C-16)

Finally, substituting in (C-I) using (C-14) and (C-16) we get (34). The proof of the converse terminates
by taking the union over all matrices € and observing that those satisfy Q¢ = ) cq (7)€% < Lt

since 0 < Q, < L' for all k € K.
2) Direct part: The proof of the direct part follows by evaluating the region described by (C-I)
and (C-2) using Gaussian test channels and no time-sharing. Specifically, we set Q = 0 and

U =Y+ Vi (C-17a)
=H; X+ Z,+ V; (C-17b)

where the noise V; is zero-mean Gaussian with covariance matrix
n=[1-o) - 1]_12k (C-18)

for some matrix Q; such that 0 < Q; < E;l ; and is independent of Y, and of other noises.

Specifically, using such choice (Uj, ..., Uk, X, Yo, Y1, ..., Yx) is jointly Gaussian and we get

1Y UlX, Yo) 2 h(Zi + ViIX, Yo) — H(VilX, Yo, Ys) (C-19)
© W(Zi + VilX, Yo, Zo) — H(VilX, Yo, Yi, Zo, Z) (C-20)
9D 1(zZy + VilX, Zo) — H(ViIX, Zo, Zy) (C-21)
Dz + VilZo) - h(ViZo, Z1) (C22)
9 Wz + VilZo) - h(Vi) (C-23)
= log |(me)mmse(Zy + Vi|Zy)| — log |(re)Tk| (C-24)
= log |Z; + I't| — log [T (C-25)
D _logll - Qx| (C-26)

where: (a) follows by substituting using (C-17); (b) and (c) hold using and (30); (4) holds since
(2o, Zx, Vy) is independent of X; (¢) holds since the noise Vi is independent of (Zy, Zy); (f) follows by
substituting using (C-18).
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Similarly, for given S € K we have

I(Us; XIY0) 2 h(Us:|Yo) — h(Zs: + V:IX, Yo)

© h(UsYo) - W(Zs + VisIX, Yo, Zo)

9 W(UsIYo) - h(Zss: + Vs:1Zo)

b
© WU 1Y) - log(e)(Es: + Ts)l

@
= h(YSc + V3c|Y()) - 10g |(T(€)(Esc + 1"35)|

2 log |1+ LHLE,! (1- AsE,!) Hy| - log [T + EHE; Hy|

25

(C-27)
(C-28)
(C-29)
(C-30)
(C-31)

(C-32)

here: (a) follows by substituting using (C-17); (b) holds using ; (c) holds using Y is a deterministic
function of (X, Z) and (Zs:, Vs, Zy) is independent of X; (d) follows by substituting using (C-17); and

(e) holds using (C-18) and straightforward algebra which is omitted here for brevity.

Finally, substituting in (C-I) using (C-26) and (C-32) we get (34); and this completes the proof of the
direct part of Theorem

D. Proof of the Inequality

Since Y = X + Z with Z Gaussian and independent from X, invoking the strong entropy power

inequality of Courtade [38, Theorem 1] gives

Thus, we get

ez[h(Y)—I(X;U)] > ez[h(x)—I(U;Y)] + 2D

I(U; X) < h(Y) - %log (ez[h(X)—z(u;Y] + ezh(Z))‘

Using (49), we have

E(R) = ;X
B = g R < )

=

)

IN

Puy I(U;Y) <R

®) _
<  max h(Y) — %log (ez[h(x) R] + ezh(z))

" Pyy: I({U;Y) <R

=h(Y) - %log (ez[h(x)_R] + eZh(Z))

910 NO
2 B \Ne = + 02

max h(Y) - %log (ez[h(X)—I(U;Y)] n EZh(Z))

(D-1)

(D-2)

(D-3)

(D-4)

(D-5)

(D-6)

(D7)

where (a) holds by using (D-2), (b) holds by using that I(L;Y) < R and (c) holds by substituting

using (@2).

E. Proof of Theorem
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Recall the result of Theorem [I} Specializing it to the model described by and ({@4), we get
that the region Ryr is given by the union of all non-negative tuples (Ry, ..., Rk, E) that satisfy, for all
subsets S € K,

E < I(Us; XIQ) + ) (Re = 1Yk UxIX, Q) (E-1)
keS

for some auxiliary random variables (U, ..., Uk, Q) with distribution Py, o(1%, g) such that

K K
Px Yo uxe0 = PoPx H Pyix H Puyv0- (E-2)
k=1 k=1

Let S € K be given, and for k € K define

1 _ .
Vi = ; (1 —e ZI(Uk/Yk|X:Q)) ) (E-3)
k

Note that for all k € K, we have 0 < y; < 1/07.
If S = K, it is easy to see that follows directly from using the substitution (E-3). In the rest
of the proof, we therefore suppose that S is a strict subset of S, ie., S C K.
Using (E-2), it is easy to see that X -e- Y(S°) -~ (Y5, Us:) forms a Markov chain conditionally given
Q. That is,

X Y(S) = (Ys, Us) | Q. (E-4)

Since Y(S°) = X + Z(S5°) with X and Z(5°) being independent conditionally given Q and Z(Z¢) condi-
tionally Gaussian given Q, invoking the conditional strong entropy power inequality of Courtade [38,

Corollary 2] yields
EZ[PL(Y(S‘)IQ)—I(X;USCIQ)] S 62[h(XIQ)—I(Usc;Y(SC)IQ)] + AU (E-5)

Continuing from using that Q is independent from (X, Y(S°), Z(S)), we get

o2h(X)

62[11(Y(S"))—I(X;Usc \Q)] MY (SNUse.Q) | p2M(Z(S)) (E-6)

= (VS

The conditional entropy term h(Y(S°)|Us:, Q) is given by
h(Y(S)IUs:, Q) = h (Y(S)IUs:, X, Q) + [(X; Y(S), Us:|Q) — I (X; Us:IQ) (E-7)
=h(Y(S)NUs:, X, Q) + [(X; Y(S)) — I (X; Us:|Q) (E-8)

where the last equality follows using (E-4).
Also, recalling we have

2
1 Ise
eZh(Y(SE)IUSE,X,Q) (2 EZh(ISC\ Y kese 2 Yk|Usc,X,Q) (E-g)
® 1 o2\
> Z S 2ULX,Q) (E-10)
- |Sc|2 02
keS¢ k

where: (2) follows by substituting using [@6), and (b) follows using the entropy power inequality
noticing that for all A such that k ¢ A we have Uy = Yy = (X, Ux) | Q and the random variables
{YilUy, X, Q} are independent.

Furthermore, we have

(YU, X, Q) = h(YIX, Q) + I(Uy; YilX, Q) (E-11)
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= h(Zy) + I(U; Yl X, Q) (E-12)

where the last equality follows by substituting using Yy = X + Z; and the noise Z; is independent
from (X, Q).

Now, substituting in (E-6) using (E-8), (E-10) and (E-12), we get

2lver-usio)] | sy , S0 oore)-ousio)
22h(Y(5%)
1 %\
Sc _ .
X 5 Z (_2) P22 21U YHXQ) (E-13)
keS¢
Using (E-13), we have
V(S 2 \2
1 —2h(Z(S) | L2h(Y(S)) X AXYS) 1 Os 20(Zy) ,—21(Uk; YIX,Q)
I(Ug:; X|Q) < Elog e - TOE) ISP Z 2 ek gk Tk (E-14)
€ kese \ Ok
2
1 £2h(Y(5%) £2h(X) 1 0?9 S
- o (Zi) p=21(U; Y| X,Q) _
- zlog[ezmzsf ) lquZ e (E-15)
keS¢
2 2
@ 1 N(Y(89)) N(X) 1
22 E-1
21° [N(Z<Sc>> wae Llis) @ (5-10)
® 1 N(Y(SC))
[|SC| -NEO Y (55 -9 (E-17)
oz
SC keS¢

where (a) holds by substituting that for a continuous random variable A we have *?) = 27eN(A) and
Zy is Gaussian with variance a and (b) holds by noticing that N(Z(S)) = ¢ Sc/ |S| and using (E-3).
Finally, combining (E-I) and (E-1I7) and substituting using (E-3), we get (54); and this completes the

proof of the theorem.
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