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Analytical algorithm for capacities of classical and
classical-quantum channels

Masahito Hayashi Fellow, IEEE

Abstract—We derive an analytical algorithm for the channel
capacity of a classical channel without any iteration, while
its existing algorithms require iterations and the number of
iterations depends on the required precision level. Hence, our
algorithm is its first analytical algorithm for this task without
any iteration, while this algorithm needs several conditions for
the channel. We apply the obtained algorithm to examples, and
see how the obtained algorithm works in these examples. Then,
we extend it to the channel capacity of a classical-quantum
(cq-) channel. Many existing studies proposed algorithms for
a cq-channel and all of them require iterations. Our extended
analytical algorithm has also no iteration, and outputs the exactly
optimum value.

Index Terms—mutual information, maximization, channel ca-
pacity, classical-quantum channel, analytical algorithm

I. INTRODUCTION

One of the key problems in classical and quantum infor-
mation theory is the maximization of information quantities.
However, it is not so easy to perform such a maximization
analytically because all of existing methods require certain
iterations, whose number depends on the required precision
level. The most common maximization problem is the channel
capacity, which is given as the maximization of mutual infor-
mation [6], and its calculation has been studied by Arimoto
[2], Blahut [3]], and their related studies [[7], [8], [9]. However,
these are iterative approximation algorithms to calculate the
maximum of the mutual information. In addition, the refer-
ence [4]] calculated only its upper bound and the references
[24], [10] developed other type of method to approximately
calculate it. Hence, they cannot calculate the exact value for
the channel capacity. As variants, the references [14]], [25]]
extended the above method to the wire-tap capacity [12], [13]]
when the wire-tap channel is degraded. Also, the references
[L15], [L16], [L7], [18], [19] extended it to the quantum setting,
so called the capacity of classical-quantum channel. However,
these results are also iterative approximation algorithms.
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This paper proposes an algorithm to analytically calculate
the channel capacity of the classical channel without iteration.
The proposed algorithm is composed of solving simultaneous
linear equations and calculation of logarithm and exponen-
tial because it employs an information-geometrical structure.
However, the proposed method works under certain conditions.
Since our method is analytical, we can derive several analytical
formulas for the capacity when these conditions are satisfied.
Then, to see this possibility, we apply our algorithm to several
examples, and derive analytical expressions of the capacities in
these examples. Further, we extend our analytical algorithm to
the calculations of the capacity of classical-quantum channel.

The remaining part of this paper is organized as follows.
First, Section [lI] derives our algorithm for the capacity of a
classical channel. Section applies the obtained result to
several examples. Next, Section extends this method to
the capacity of classical-quantum channel. Finally, Section
discusses the merit and the demerit of our method over existing
methods.

II. CAPACITY OF CLASSICAL CHANNEL

We consider the input and output alphabets X :=
{1,...,n1} and Y := {1,...,no} that are finite sets. We
denote the sets of probability distributions on X and ) by
Px and Py, respectively. For distributions P, Q) € Py, the
entropy H (P) and the divergence D(P||Q) are defined as

— Y P(x)log P(x), (1)
TxEX
D(P|Q) =) P(x) 3 )
reX

Throughout this paper, the base of the logarithm is chosen to
be the natural logarithm.

A channel from & to Y is given as conditional distribution
on Y conditioned with X'. That is, using the notation W, (y) :=
W (y|x), it can be considered as a map W : X — Py,. For
QX € Py and Qy G'Py, W'QX G'Py, WXQX G’PXXy,
and Qx X Qy € Pxxy are defined by (W - Qx)(z,y) =
Soex Wln)Qx (@), (W x Qx)(a,y) = W(yl2)Qx ().
and (Qy x Qx)(x,y) = Qx(z)Qy (y), respectively.

The channel capacity of a channel W is given by [6], [27}
p-124]

cwW):= DWW -
) g, T Qs
— D
ovER, ey DUVEIQY)
= min max D(W,||W - Qx). 3)

QxEPx zeX
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To discuss C' (W), we assume the following conditions.

A Wq,...,
Then, we have the following:

Lemma 1: When a distribution Qy = W - Qx realizes
the minimum in (3), it satisfies the following condition:
D(W,||Qy) does not depend on z € supp(Qx).

Lemma [I| is shown in Appendix [B| We define the set M as

My = {Qy € Py‘Qy = Z c(x)Wy, Z c(x) = 1}.

zeX zeX
“)

W, are linearly independent.

Here, the condition ¢(z) > 0 is not imposed. Hence, M, is
characterized by as linear constraints, which will be explained
in Appendix |[C| Then, we introduce another condition for the
distribution Qy:

(B) D(W,.||Qy) does not depend on x € X.

Lemma 2: When Condition (A) holds, only one distribution
Qy € My satisfies Condition (B).

Lemma [2]is shown in Appendix [C]

In the following, we denote the element of My to satisfy
the condition (B) by Qy .. Since Qy,. belongs to My, there
exists a function @ x,» on X as the solution of the following
equation:

S W(yle)Qx ()

reX

= Qv(y)- &)

Condition (A) guarantees the uniqueness of @ x,«. We have
the following theorem:

Theorem 1: Assume Condition (A). The following condi-
tions are equivalent

(i)  The relation D(W[|Qy,«) = C(W) holds.
(i)  The function Q)x . satisfies the condition

Ox..(z) >0 forz € X. ©6)

Theorem [I] is shown in Appendix [D]

When the function @X,* does not satisfy (6, it is not a
distribution on X. Due to Theorem [I} the condition (i) does
not hold. That is, there exists an element x € X such that
D(W,||Qy,«) > C(W).

Hence, under the condition (ii), the capacity C'(W) is given
by D(W,||Qy,«). To consider the case that the condition (ii)
does not hold, we prepare the following theorem. For any
function f on X, we define N'(f) := {z € X|f(x) < 0} and
Ne(f) = {x € X|f(x) 2 0}.

Theorem 2: Assume Condition (A). Then, we have

S Qx(@) DWW - Qx).

TeEN(Qx, )

cw) =

max
QX EPN('(QX )

(7

Theorem 2] is shown in Appendix [E] Therefore, the capacity
C(W) is obtained only with the input set N/ (Qx..)- That
is, the function Q X,« gives an important information for
computing C(W).

We choose ny — 1 linearly independent functions
fi,--+, fnpo—1 on Y such that they are not constant function
and

> Wiy =0 ®)
yey
for j =1,...,n2 — 1. We define the matrix (h; ;)
hig =Y Wiy)fi(y)- ©)
yeY
Given an ny — 1-dimensional parameter 6 = (6%,... §"2~1),
we define the distribution Py y as
Py (y) = ei21 fi()67 — ¢(9)’ (10)
where
log <Z . 712 1 y)gﬂ) (11)

yey

The parameterization (I0) is called the natural parameter [5].
We have the following theorem.

Theorem 3: Assume that the parameters 6, ..., 0"~ ! sat-
isfy the condition
nog— 1
Zh,je = —HW;)+ H(W,,). (12)
for s =1,...,n1 — 1. Then, we have
DWy||Po,y) = ¢(0) — H(Wh,). (13)
for x € X.

Proof: The condition (T2) implies that

no—1
2, W) 2 il
yey

112—1

Z hi ;6
j=1
=—HW;)+ HW,,). (14)

For x(;ﬁ ng) € X, we have

Wol|Poy) =Y Waly)(log Wa(y) —log Poy (y))
yey
-y wz<y>( > 50— 600))
yey Jj=1

=~ H(W,) - ( — HW,) + H(Wp,) — ¢(9))

Also, we have
DWWl Poy) =Y Wa,(y)(log Wi, (y) — log Py, v (y))
yeY
- H(W) - Y Wy (Z - 00))
yey =1
=—HWp,) — (= ¢(0)) = 6(0) — H(Wn,). (16)
|
We define the set & as
&y := {Py.y| The condition (12 holds.} (17)
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Lemma 3: The set My N &y is composed of one element
Py, y.
Lemma [3] is shown in Appendix [F| Therefore, Py, y equals
QY,*~

Now, as a stronger assumption than Condition (A), we
assume the following condition (Condition (C)).

©)
Since M = P, due to Lemma 2] only one set of parameters
0',...,0™~" satisfies the condition (TZ). Due to Theorem [3
solving the equation (I2), we find Qy. as Py y. To construct
our algorithm, we add the ns-th function f,,, on ) and define
hi; by @) for i,5 = 1,...,ny. We rewrite the equation (3)
as

ny =ng and Wy, ..., W, are linearly independent.

S Qxe@hey =3 Qxela) S Waly) £5(w)

TeX reX yey
=" Py () fiy)- (18)
yey

‘We obtain the function @ x,« on X as the solution of (18), and
W@ x,+ = Qy,« satisfies the condition (B). When the function
@ x, satisfies the condition (), the value D(W,||Py,y) is the
capacity of the channel W due to Theorem [3| Therefore, we
have Algorithm [I| to compute C'(WW) under Condition (C).

In fact, (W;(j));,; and (f;(?));; form my x no matrices.
When (f;(¢));; is the inverse matrix of (W;(5))i . (Ri ;)i
is the identity matrix. Due to Theorem [I] Theorem [3] does
not necessarily work for calculating C(WW). Hence, based
on Theorems [I| and 3] we propose Algorithm [I] to check
the condition in Theorem [I} and compute C'(W) under this
condition.

In Algorithm |1} Step 1 has calculation complexity O(n3).
Steps 2 and 3 have calculation complexity O(n3) because h;
is an upper triangle matrix. Step 5 has calculation complexity
O(n3). Hence, the total calculation complexity is O(n3).

Algorithm 1 Exact algorithm for classical channel capacity

Step 1: Choose f1, ..., fn, such that (f;(4)); ; is the inverse
matrix of (WZ(‘]))%J Hence, hi,j = (SiJ‘.

Step 2: Set the parameter §° = —H(W;) + H(W,,,) for
i =1,...,n2 — 1, which is the solution of (12).

Step 3: Calculate ¢(6) by using (TI).

Step 4: Calculate @X*(x) = > ey Loy (y) f2(y), where
Py y (y) is calculated by (T0). This step follows from (I8).

Step 5: If the condition @) holds, we consider that the
condition in Theorem [l| holds and output ¢(0) — H(W,,)
as the capacity. Otherwise, we consider that the condition
in Theorem [T] does not hold and output “the capacity cannot
be computed.”

Next, instead of Condition (C), we consider the following
condition.

(C’) The relation nq > no holds. Any ns elements among
Wi, ..., W,, are linearly independent.
Under this condition, we can apply Algorithm [I| to any

ng elements zi,...,x,, in X. If the capacity is calculated

under this choice, it is denoted by C(W; 1, ..., 2Z,,). When
the capacity is calculated under all choices of x1,..
the maximum of C(W;xq,..
channel.

In this case, we need to try (Z;) combinations, which
requires too large calculation amount. However, it is possi-
ble to avoid such repetition as follows. First, we apply the
conventional iterative algorithm by [2], [3] or the improved
iterative algorithm by [9]. Then, we obtain an approximately
optimal input distribution. If the distribution has the majority
of the probability in ns elements of X', we can consider the
support of the optimal input distribution is composed of these
ngy elements of X. Hence, we apply Algorithm (1] to the case
when X is the above no elements. That is, it is sufficient
to check whether Algorithm [I] outputs the capacity only in
this case. When we employ this method, we do not need
(n!) repetitions. That is, the above hybrid method works for
analytical calculation.

However, if C(W;xy,...,2,,) depends on the choice of
ng elements z1,...,x,,, and the minimum difference

* ‘rnzy
.,Zn,) is the capacity of the

1 . ! /
min  |C(W;z1,...,20,) — C(W;al,... ), )|
(9’317~~~,In2)
A i)

is very small, this idea does not work. In this case, it is
expected that the approximately optimal input distribution the
majority of the probability in more than ny elements of X.
Hence, the above method does not work.

Also, even under Condition (C’), there is the case that the
support of the optimal input distribution is composed of a
smaller element than ns. In this case, even when we apply
Algorithm [1| for (Z;) combinations, we cannot obtain the
capacity.

When only Condition (A) holds, Qy,. can be characterized
as follows.

Theorem 4: Assume that h; ; = 0 for j =n1+,...,ny — 1
and the parameters 6, ..., 6™~ satisfies the condition (9).
When the parameters ™1, ..., 0"~ ! are given as

(O™,...,0m )

= argmin ¢(f',...,0Mm 1 g, ...
nmi,..nn2=t

2T, (19
we have Py y = Qv «.

Proof: Since the objective function in (T9), the parameters
6™, ...,0"2~1 achieves the minimum if and only if

Ap(01, ... 0m71)
009

This is because the concavity of ¢ guarantees that there are
no local minima. The above condition is equivalent to

Z f](y)P97y(y) = 0 for j =Ni,...,N2 — 1.

yey
Due to (I31), when 6™*,...,6m2~! are given by (19), Py vy
belongs to M. Due to the uniqueness by Lemma [3] we obtain
the desired statement. |
Theorem M| guarantees that Q)y,. is given as the solution
of the minimization (1Y), which is a convex minimization.
While the analytical solution of (T9) is difficult in general, it

:Oforj:nl,...,ng—l. (20)

21
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is possible in the following case. We impose the following
condition for the functions f,,,..., fu,—1: () f;(y) takes
non-zero value only with two elements yj,y;- e Y for j =
ni+,...,ng—1. () The sets {y;,y;} for j = ni+,...,na—1
are disjoint with each other.
In this case, the relation (19), i.e., 20), can be simplified
as
0 =F; (y;)efr P +Z2 Fiwy)e"
+ fj(y;)efj(y})9j+27=lfl filyy)e’ (22)

for j = ni+,...,n2 — 1. The equation 22) is solved as

1 1 ni—1 .
67 _( f1 y’, ,fi 5 9
) - Hw \ 2 Vi) — fil)
—1i(y))
+log J ) 03
fi(y;)
for j = mni+,...,n2 — 1. Therefore, we can analytically

calculate Py y = Qy,« under the conditions (I) and (II).

III. EXAMPLE

A. Output system with two elements

First, we consider the case with Y = {1,2}. When X
and the channel W satisfies Condition (C’) in this case, the
method described after Condition (C*) works well as follows.
For any two elements 1 # x5 € X, the channel only with two
inputs 1, o always satisfies the condition (6) because Qy
is located between W,, and W,,. Hence, the condition in
Theoremﬂ] holds. Therefore, it is sufficient to derive a general
formula for the capacity when two elements in X are fixed.

Therefore, in the following, we consider the case with X =
{1,2} and Y = {1,2}. We define the distributions W, for
r € X by the following vector form:

(1) w7

For simplicity, we assume that ¢ > p. We define the 2 x 2
matrix V as V := (W, W;). The inverse matrix is

yoro 1 ( ¢ q-1 )
g—p\ P l-p
In this case, the parameter € is one-dimensional and is solved

to h(q) — h(p), where h(p) is the binary entropy. Then, ¢(6)
is calculated as

(24)

(25)

a(h(q)—h(p)) *P(’L(Q)*’L(P)))

»(0) =log (e a—p +e a—p

a(h(q)—h(p)) —(g+p)(h(9)—h(p))

=log (e v (1+e 7—p ))
_q(h(q) — h(p))
q—p
The capacity is calculated as
C(W) =¢(0) — h(p)
_ph(a) — qh(p)
q—0p

—(g+p)(h(a)=h(p))

+log (1 T ) (26)

—(a+p)(h(9) —h(p))

+log (14~ ) @)

which is a general capacity formula with X = {1,2} and
Y = {1, 2}. Then,

P B e‘l(’l(?:ph(l’)) _45(9) 28
e O (28)
Hence, the optimal input distribution is
R 1 (q _ efp(h(qql;h(pﬁ —¢(6)
QX,* = f y *P(h(Q)*h(P))_qﬁ(G) (29)
5 (—pre™ )

B. Output system with three elements

1) General problem description: Next, we consider the
case with Y = {1,2,3}. In this case, Algorithm [l| does not
necessarily work even under the condition (C). Moreover, the
method described after Condition (C’) does not necessarily
work even under the condition (C’). To see such a case, we
consider the following example with X = {1,2,3,4} and
Y = {1,2,3} with € € [0,1/2]. We define the distributions
W, for x € X by the following vector form:

1—¢ 0
W1 = 0 ; W2 =

€ €

(30)

1
Wg = s W4 = % — € . (31)

(@) SIEE NI

We define 3 x 3 matrix V; for j € & as V; =
(W, W3, Wa), Vo i= (Wi, W3, Wy), V3 == (Wi, W, Wy),
Vi := (Wy, Wa, W3). Their inverse matrices are

1 1
3158 15, —1(12
Vit = 5=  2(-¢) e (32)
1 1 1
2(1—¢) 2(1—e¢) 2¢
1 11;26 *3_12; —1(-)5-2
Voo = 2(1—¢) 2(1—e¢) 2¢ (33)
1 1 1
2(1—¢) 2(1—e¢) 2e
3—2¢ 1—2¢ 1—2¢
SR (e e T )
Vi = 2(1—e) 2(1—e) 2¢ (34)
1 -1 1;6
1 1 1
. 2(1716) 2(1—e¢) 2e
Vi = 2(1—e¢) 2(1—e) 2¢ (35)
1 1 —lte
Also, we have
H(Wy) =H(Ws) = h(e) (36)
H(Ws5) =log2, H(Wy)=h(2€)+ (1—2¢)log2. (37)

When we apply Algorithm to the three components in V;,
we denote 6, ¢(0), Ppy, Qx, and ¢(0) — H(W,) by 6;,
¢i(6,), Pjy and @j, x, and C}, respectively. In the following,
we discuss our model dependently of the value of j.
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2) Case that j = 4: First, we consider the case that j = 4,
i.e., the channel is composed of three inputs {1,2,3}. Then,

we have
ha,e
0, = < i ) (38)
with hy, :=log2 — h(e) and
h €
64(0s) =log (2+¢77). (39)
Thus,
hq e
Hence,
e~ ®4(04)
Py =| %@ (41)
e L —4(04)
Therefore,
@4,){ =V, 'Py
%e“%fm(ou
= ie%m(m) (42)

9e—a(0a) _ 1=e " —6,(04)
€

While the first and second components of @4, x are always
positive value, the third component has a possibility to have
a negative value. The non-negativity of the first component is
equivalent to the following condition:

1 > 91(6)7 (43)

where gi(e) = 1 e In @3), the first inequality cor-
responds to the non-negativity of the third component and
the second inequality corresponds to the non-negativity of the
first component. Fig. |1|numerically plots the function g; (¢). It
shows that @47 x 18 a probability distribution when 0.3588 < e.
That is, Cy4 is achievableAfor 0.3588 < €. When € < 0.3588,
the third component of ()4 x is negative. Hence, Cy4 is not
achievable. Due to Theorem [2} the optimal input distribution
in this case has the support in {1, 2}. In this case, due to the
symmetry, the uniform distribution on {1, 2} is optimal. That

is, the capacity with the input set {1,2, 3} is

c_ eloge — h(e) = (1 —¢€)log2.
(44

Cy:=—(1—¢)log

3) Case that j = 3: We consider the case that j = 3, i.e.,
the channel is composed of three inputs {1,2,4}. Then, we

have
_ h3,e
03 = ( B ) 45)
with hg . := h(2¢) + (1 — 2¢) log 2 — h(e) and
(1—2¢)hg ¢
6a(03) =log (2670 4 =)
—log (2 + e*h%") 4 2hs.. (46)

Graphs of g4, g2, and g3

""" g1 —==== @ 93 1
1000 L ‘ ‘ ‘ 1000
100 f 1100
10+ 110
1f 1
0.1f 10.100
0.01F 0.010
0.001 : : : : : 0.001
0 0.1 0.2 0.3 0.3588 0.4286 0.5
I3
Fig. 1. Graphs of functions g1, g2, and g3 with logarithmic scale. Red

dashed curve expresses g1 . Blue dashed curve expresses g2. Purple solid curve
expresses g3. Green solid line expresses 1. Red dashed curve g; and Blue
dashed curve g across Green solid line at 0.3588 and 0.4286, respectively.

Thus,
Cs = ¢3(03) — h(2€) — (1 — 2¢) log 2
=log (2 + ef¥) + 2hg,c — h(2¢) — (1 —2¢) log 2

~log (2 + e—h%‘) + 1(2€) + (1 — 2¢) log 2 — 2h(e). (47)

Hence,
1 1
Py = - 1 (48)
2 — 22 h3.e
+ € € e <
Therefore,
@3,){ =V, 'Psy
1-2¢ — 13w
1 Lol
——— | 1- e (49)
- h3.e
2 + e _2 + %67 :iv

While the first and second components of @37 x always have
positive values, the third component has a possibility to have
a negative value. The non-negativity of the first component is
equivalent to the following condition:

g2(€) > 1> gs(e),
h3 ¢
where go(€) := e e

e and g3(e) := 152~ 2 In (R10)8
the first inequality corresponds to the non-negativity of the
third component and the second inequality corresponds to the
non-negativity of the first component. However, as numerically
plotted in Fig. (1} g3(e) < 1 for e < 1 and go(e) < 1 for
€ < 0.4286. Hence, when ¢ > 0.4286, ('3 is achievable, i.e.,
it gives the capacity under the case j = 3.

When e < 0.4286, the third component of ()3 x is negative.
In this case, due to Theorem [2] the optimal distribution has
support {1, 2}. Hence, the capacity with the input set {1, 2,4}
is C, defined in (@4).

(50)

1—¢
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4) Case that j = 1: Next, we consider the case that j = 1,
i.e., the channel is composed of three inputs {2, 3,4}. Then,

we have
_ h3,e
91 - ( hl,e )

with hy ¢ := h(2€) — 2elog 2 and
¢1(6h)

—1log (6 e ha,eH(grsg Db

(G

I e haet (= st b i e(_71€+1)h1,6)

:log(1i€(1;26>%
1-2
_’_(1_6)(1_426)_2_26+4€(1_26) Se )+hle (52)

Thus,
Cl = ¢1(91) — h(26) — (1 — 26) 10g2

1 /1— 2\ 55 1—2e\ — 375
710g(1—e< 1 ) Hl*e)( 4 )

Fde(1 — 2¢) 5 ) log 2. (53)
Since
em M = 4e(1 — 2€) 2, (54)
we have
e 1o T hs, e+(2(1 g th1,c—91(61)
Py = 1= TEohse+(— pTge €)+1)h1 e—¢1(01) (55)
6(7§+1)h1,e*¢1(91)
233
h 0 1£6(142 ) 71725
=€ 1e—¢1(61) (1 o 6)(1—426)*2725
de(1— 2¢) =z
Therefore,
Qux =V 'Pry =elvma@ [ | (56)
K3
where
1 1—2¢ 1-2¢ 1—2e _1-2¢
— )22 2—2e
K1 : (1 — 6)2( 4 ) + ( 4 )
. 3 — 2¢ (1—26);:36 1—26(1—26)_%
"Ton 2\ 4 2 4 ’
(=2 + de)(1 — 2€) =
1 (1—26)% 1(1—26 e
R —m————mmm— —— —2e — — —2e
P12 4 2\ 4
1—2e
+2(1—2€) = .
Taking the limit ¢ — 0, we have
3 3
oA 2 729 _ 75 4
S U S O Bl W
e 4 5e 10

__Fig. |2| shows numerical plots of @1,){(2)7 @1’)((3), and
Q1,x (4). Although Q)1 x(3) and Q1,x (4) are always positive,

Graphs of 61,)((2), @1,)((3), and @1,)((4)

Q1.x(4)

0 0.1 0.2 0.3

0.3972 0.5

Fig. 2. Graph of the function Q1 x - Black solid curve expresses Q1 x(2).
Red dashed curve expresses Ql x(3). Green solid line expresses Q1 x(4).
The values Q1 x(3) and Q1 x(4) are always positive. The value Q1 x(2)
is positive only when € < 0. 3972.

CA)LX(Q) is positive only for ¢ > 0.3972. Hence, when ¢ <
0.3972, due to Theorem 2] the capacity of case j = 1 equals
the capacity of the channel with inputs 3 and 4. In this case, we
cannot use Algorithm [I] because the size of the input system
is smaller than the size of the output system. Assume that
Px(3) = 1 —p and Px(4) = p. The mutual information
between X and Y is

h(2ep) — ph(2e)
=(1 — 2¢p) log 2 + h(2ep)
— (1 =p)log2 —p(h(2€) + (1 — 2¢) log 2).
Then, the maximum mutual information is achieved when

_ 1 _ 1
2e(1+ (1 —2¢)~"

(58)

2e(14e"5)
1

T2+ (1—20)

5 (20)71)

The capacity of this case is
2¢ h(2e)
1—2¢ ) - 1—2¢
2¢ 4+ (1 — 2¢)~ 3¢ 2¢ + (1 — 2€)~ 2
2 —2¢
= < —- log <2€—|—(1—2€)_12€2 )

2 + (1 — 2¢)~ %
(1— 26)—1%3 )

(1-2¢) %
- ( 1—2e ) IOg (
2¢+ (1 —2¢)™ =2 2+ (1 — 2¢)~ %

1-2
- < —- log(1 — 2e).
2¢+ (1 — 2¢) =<

Civ = h(

(59)

Due to the symmetry, we can discuss the case with j = 2.
5) Derivation of C(W): Based on the above discussion,
we discuss the capacity of the channel W with input system
X ={1,2,3,4}. When 0 < € < 0.3588, ] is the capacity for
the case j = 1, and C is the capacity for the cases j = 3, 4.
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Since C, > C in this case, C, is the capacity of the channel
w.

When 0.3588 < € < 0.3972, 1 is the capacity for the case
j =1, C, is the capacity for the cases j = 3, and C} is the
capacity for the cases j = 4. Since Cy > C, C in this case,
Cy is the capacity of the channel W.

In fact, as seen in Fig. EL 4 curves C1, C3, C4, and C,,
intersect at 0.3972. For 0.3972 < ¢ < %, C, is the capacity
for the case j = 1, C3 or C, is the capacity for the cases
j = 3, and Cjy is the capacity for the cases j = 4. Since
Cie > C,,C5,Cy in this case, C,, is the capacity of the
channel . Overall, the capacity C' (W) of the channel W is
calculated as follows.

C. when 0 < € < 0.3588
cw) = Cy when 0.3588 < € < 0.3972
Cyx when 0.3972 < e < 1/2.

(60)

Graphs of Cy, C3, C4, C, and C,,

0.0 0.1 0.2 0.3 0.4 0.5

Fig. 3. Graphs of functions Cq,C3,C4,Cx and Cis. Black solid curve
expresses C7. Blue dashed curve expresses C3. Red dashed curve expresses
C4. Green solid line expresses Cx. Purple solid curve expresses Cix. Its
enlarged view is given as Fig. El

IV. CAPACITY OF CLASSICAL-QUANTUM CHANNEL

Next, we discuss a classical-quantum channel from the
classical system X := {1,...,n1} to the quantum system H
with dimension no, which is given as a set of density matrices
{W;};L,. We denote the set of density matrices on H by
S(H). For density matrices p,o € S(H), the entropy H(p)
and the divergence D(pl||o) are defined as

D(pl|o) := Tr p(log p — log o).
(61)

H(p) := —Trplogp,

Under this classical-quantum channel, the capacity of
classical-quantum channel W = {W;}"1, is defined as [28],
129], (301, [31]

Cq(W) = ax > P(z)D(ch

> P(z/)Wm/>, (62)

z'eX

Enlarged View of Cq, C3, C4, Cy,and C,,
— Cy —=--- Cs —=--- Cs

0.45

0.44+

0.43+

0.42+

0.41+

0.4+

0.3588

Fig. 4. Enlarged view of graphs of functions C1,C3,Cy4,Cx and Cix«. The
explanations for 5 curves are the same as Fig. El 4 curves C1, Cg, Cy4, and
Cl intersect at 0.3972. In particular, Cp touches Cy4 at 0.3972 C3 and
C4 touch Ci at 0.3588 and 0.4286, respectively. That is, the inequalities
C1 > Cux and C3,Cy > Cy hold always.

The capacity of classical-quantum channel has the following
form [32], [33]]

Cy(W) = min max D(W,||o), (63)

cE€S(H) zeX
Statements similar to statements in Section [[Il can be shown
in this case of cq-channel by using quantum information ge-
ometry based on Kubo-Mori-Bogoliubov Fisher information,
which is directly linked to quantum relative entropy (1) [3],
[39. Chapter 7]. Here, for the calculation of Cy(W), we
consider only the algorithm corresponding to Algorithm [1]
Hence, we consider the case under the following condition
similar to Condition (C).

D)
We choose n? — 1 linearly independent Hermitian matrices
Ar,..., Az oy on H such that

ny =n3and Wy,..., Wz are linearly independent.

Te W3 A; =0 (64)
for j =1,...,n3 — 1. We define the matrix (h; ;)
hiJ‘ ="Tr WZA] (65)

2 2
Due to Condition (D), the n2 — 1 vectors {(hmyj)?izl}zgl
are linearly independent.

Given an n3 — 1-dimensional parameter 6 =
(6%, ...,6m271), we define the density matrix py as
ng—l
po = exp ( > A - ¢><0>>, (66)
j=1
where
ngfl
#(0) := log Trexp ( Z Aj0j>. (67)
j=1

We have the following theorem.
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Theorem 5: Assume that the parameters 6!, ..., 60"~ sat-
isfies the condition
Zh,ﬁ = —H(W;) + H(W,3) (68)
for ¢ = L...,n2 — 1 Then, we have
for any element x € A.
Proof: The condition implies that
nz 1 n2 1
TeW; > A;00 = Zhwe H(W;) + H(W,3).
Jj=1
(70)
For any element z(# n3) € X, we have
D(Wz|lpo) = Tr W (log Wy — log pe)
n2—1
=— H(W,) - Tr W, ( Z A;07 — )
= H(WI) - ( - H(Ww) + H(an) - ¢(9)>
=¢(0) — H(W,2). (71)
Also, we have
D(W,zlpe) = Tr W2 (log W2 — log po)
n2—1
=—H(W,2) - Tr W3 <ZA9J )
=—H(W,2) = (—=9(0)) = ¢(0) — HW,z2). (72

The combination of and implies the desired state-
ment. |

Then, we consider the following condition:

(E) D(Wgl||o) does not depend on x € X.

Lemma 4: When Condition (D) holds, only one density
matrix ¢ on H satisfies the condition (E). We denote such
a density matrix by o,.

Proof:
We have
ngfl
D(W,|pg) = — =3 Fhe;—¢(0). (73)
j=1
Condition (E) with o = py is rewritten as
ng—l
_ Z ajhz,j _
j=1
ngfl
=~ H(Wy3) = D #h,z —6(0) = —H(W,z3) — $(6)
=1
(74)

for x = 1,...,n3 — 1, where the final equation follows from
(64). This condition is rewritten as

—H(W,) + H(W,

Z ha ;67

(75)

for x = 1,...,n% — 1. Since the matrix h; ; is invertible, only

one vector 9 = (0,...,6"~1) satisfies (T07), i.e., Condition

(E). =
The relation guarantees that

Cq(W) < D(Wy|low) (76)

for any element x € X.

Due to Theorem [5] when @ satisfies the condition (68)),
the density matrix py equals o,. To construct our algorithm,
we add the n3-th Hermitian matrix A,z and define h; ;
by (3) for i,5 = 1,...,n3. To find the input distribution
Q X,« to achieve the maximum @I) we consider the equation
S W (y|z)Qx «(x) = pg, which can be rewritten as

> Qx(@)ha, ( > Qxal

z) Tr W, A, ) =Trps4,;.
TEX rEX

(77

If we have

Qx.+(z) >0forz e X, (78)

since Lemma [4] guarantees that py = o,, guarantees that
D(Wallpe) = Cq(W), (79)

i.e., the solution gives the capacity.

Therefore, in the same way as Algorithm [I] we propose
Algorithm [2] based on Theorem [5] and Lemma 4]

Now, we describe two Hermitian matrices X, Yon 72-1 by

2
two n2-dimensional vectors x = (xj);-lil and y = (yj)?il as
follows.

X

na
:me@
no—1 j7—1

I Z Z Lnoj( zfl /2+5"

Jj=1j'=1
no—1 j7—1

Lo (na+1)/245(j—1)/2+5"
o5 mtnr

Jj=1j'=1

()G + 137G

(il7) ' = il3") ()
(80)

Here, the matrix Y is defined in the same way by using y =
n2
(yj);21- Then, we have

2
3

TrXY = 2y,
j=1

In this sense, (Wl,...,W 2) and (A1, ..., Ay,z) can be con-
sidered as n3 x n3 matnces Then, Step 1 of Algorlthmlcan
be done by calculating the inverse matrix of the matrix cor-
responding to (Wi,...,W,2). Hence, Step 1 has calculation
complexity O(n$). In Step 2, the calculation of all of H(W;)
needs calculation complexity O(nin3) = O(n3). Hence,
Step 2 has calculation complex1ty O(n3) in total. In Step
3, the calculation of Z A 67 has calculation complexity

O(n3). and the calculatlon of exp (ijl AjHJ) and its

81
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trace has calculation complexity O(n3). Step 3 has calculation

complexity O(n3) in total. In Step 5, the calculation of all

of TrpgA; has calculation complexity O(nin3) = O(n3)

2 )
since exp (Z;i;l A; 93) and its trace are already calculated.
Hence, the total calculation complexity is O(n$).

Algorithm 2 Exact algorithm for classical channel capacity

Step 1: Choose Ay,..., Az such that h; ; is the identity
matrix.

Step 2: Set the parameter §° = —H(W;) + H(W,z) for
i=1,...,n3 — 1, which is the solution of (68).

Step 3: Calculate ¢(¢) by using (67).

Step 4: Calculate Qx . (z) := Tr pgA;, where pg is calcu-
lated by (66).

Step 5: If the condition (78) holds, we consider that
holds and output ¢(0) — H(W,,) as the capacity. Otherwise,
we output “the capacity cannot be computed.”

V. COMPARISON

In the calculation of the capacity of classical channel, when
an error € is allowed, the conventional method [2], [3]] has
calculation amount O(%log"l) because each iteration has
calculation amount mins and the number of iterations is
O(log%). While it is smaller than our method (Algorithm
[[) when n; = ng, our method derives the exact value of the
maximum without iteration.

When only Condition (A) holds, we can consider to solve
the minimization (T9) due to Theorem [ However, it is
difficult to analytically solve in general. Since this method
needs larger calculation amount to obtain §',...,6™ !, the
algorithm based on Theorem [] does not have advantage over
the conventional method [2], [3]] except for the case that the
minimization (T9) is analytically solved.

Next, we compare Algorithm [2| with existing algorithms for
the capacity of a classical-quantum channel. The algorithm

by [ILS], [19] has calculation complexity O(M +
nin3) The algorithm by [17] has calculation complexity
O(max("l’""’gngvbgm). Unfortunately, these existing algo-
rithms are smaller than our method, Algorith when nq, =
nz(ny — 1) + 1 or n; = n3. However, our method derives
the exact value of the maximum without iteration when we
calculate the inverse matrix exactly. This point is an advantage
over existing methods.

Indeed, in practice, to evaluate the precision of our al-
gorithm, we need to evaluate the precision for each step
including the calculations of the inverse matrix, logarithm, and

exponential. Such an analysis is left for a future study.

VI. CONCLUSION AND FUTURE STUDY

We have proposed an exact algorithm to calculate the
channel capacities of classical and classical-quantum channels.
However, we have various conditions to apply our algorithm.
Therefore, it is a future problem to remove conditions. Indeed,
Toyota [11]] studied information geometrical structure [5] for

Arimoto-Blahut algorithm for the capacity of a classical chan-
nel. Hence, it is an interesting topic to derive an information
theoretical characterization of our method.

Further, it is a challenging problem to extend our method
to the maximization of Gallager’s function, i.e., Rényi mutual
information, including classical-quantum setting, which is
related to the exponential decreasing rate [34f], [35] of the
decoding error probability and the strong converse exponent
[36l, [37], [38]]. As another future study, we can consider an
extension of our algorithm to wire-tap channel capacity [12],
(131, [14]], [25].

VII. ADDITIONAL DISCUSSION

After completing the review process of this paper, the author
found the reference [40] that has already derived an analytical
calculation method for the channel capacity under a certain
condition. The reference [41]] derived the same method as [40]].
The method by [40], [41] is the following; First, assume n; =
ny and the existence of the inverse matrix (gg ,)q . Of the
transition matrix (W (y|z))z,y, 1.6, Y0 Joo W (ylz') = 6y 4.
Then, the capacity is calculated as

C =log ( 3 GT) (82)
x'=1
where
Gy = ng,x/W(gAx) log W (y|x). (83)

T,y
In addition, the input distribution P, realizing the capacity is
given as

P* (.I) = eXp(—C) Z 9z ,2’ eXp(Gw/).

z'=1

(84)

Our method has the following advantage over the above
method. First, our method works even with classical-quantum
channel while their method works only with classical channel.
Second, their method needs to assume the existence of the
inverse matrix of the transition matrix (W (y|z)),,,. Although
Algorithm [1|requires the existence of the inverse matrix of the
transition matrix (W (y|x))s,, in Step 1, our method can relax
this condition in the following way because it is sufficient to
find functions f1,..., fn,—1 satisfying the conditions (§) and
@I) with hi,j = 5i,j and Ng = N1.

Now, instead of the existence of the inverse matrix
of the transition matrix (W(y|z))s,, We assume
the existence of the inverse matrix of the matrix

W(ny|z)W (yl .
(W (ylz) W)m,yzl,m,nl—l by ie.,

Syt ey (W (yla) — TOplli vl

Cy>
= 0g,;. Then, we

set f1,...fn,—1 as ]ij(y) ;( lcjy) fory = 1,...,n1 — 1,
fi(na) =21 Ciwwiamaye and fily) = 0 for
Yy = ni,...,n2. We find that the functions fi,..., fn, -1
satisfy the conditions (8) and @) with h,; = &;;.

Since the existence of the inverse matrix of the matrix
W (ny|a)W .

(Wiylr) — FCREIEED), oy is 8 weaker

condition than the existence of the inverse matrix of the

transition matrix (W (y|x))s,,, our method is better than the

method by [40] even for the classical channel.
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APPENDIX A
SUMMARY FOR INFORMATION GEOMETRY

To show Theorems [I] and 2] we summarize basic knowl-
edge for information geometry, which was established in the
reference [5]. The following contents are used in Appendices
D] and [E] Given a finite probability space X, we define an
exponential family as follows. Consider [ linearly independent
random variables f1,..., f; on X. We define the distribution
Py x as

Py x(z) := o1 9jfj(1’)—¢(9)’ (85)
where ¢(0) := log> . X1 #1i@) The set £ =
{Pyx|0 € R'} C Py is called an exponential family
generated by random variables f1, ..., f;. Also, the set

M :={Qx € Px|Qx satisfies [§7).} (86)
is called the mixture family generated by the constraint
Z fi(@)Qx(z) = a;. 87)

TEX
The following is a typical example of a mixture family. For

a subset Xy C X, as a generalization of M, we define the
mixture family My, as

M,
::{Qy € Py‘Qy = Z c(x) Wy, Z c(x) = 1}.

TEX\Xo zEX\Xo
(88)
When A} is the empty set, My, coincides with M. Also,
we simplify M, to M.
The following is known as Pythagorean theorem [5].
Theorem 6: There uniquely exists an element Px , € ENM.
Any elements Px,; € M and Px o € & satisfy

D(Px 1||Px,2) = D(Px1||Px,«) + D(Px «||Px,2). (89)

Using this theorem, we can show the following corollaries.
Corollary 1: Given a distribution () x on X, there uniquely
exists an element Q) x . € M such that

D(Px1||Qx) = D(Px1]|Qx.+«) + D(Qx «[|@x)

for any element Px 1 € M. Qx . is called the projection of
Qx to M, and is denoted by F%)(QX).

Corollary 2: Given a distribution () x on X, there uniquely
exists an element Q) x . € £ such that

D(Qx|Pxz2) = D(Q@x||Qx ) + D(Qx «|| Px,2)

for any element Px o € £. Qx . is called the projection of
Qx to &, and is denoted by Féej(QX).
Now, we consider a one-parameter exponential family { P, }.
Lemma 5: For t; <ty < t3, we have

D(Ptl Hptz) + D(Pt2||Pt3) < D(Ptl HPts)

(90)

oD

92)

Proof: Let J; be the Fisher information in the one-parameter
exponential family {P;}. Then, we have

S

D(P|| Py) = / Js(s —t')ds. (93)
t/
The expression (93) implies (92). m
APPENDIX B

PROOF OF LEMMA[I]

We show this lemma by contradiction. We assume that
D(W,||Qy) depends on = € supp(Qx). Then, the set
Xo = {zg € X|D(W,,||Qy) < maxzex D(W,||Qy)} is
not empty. With a small € > 0, we choose Q) x . as

Qx c(w0) 1= Qx (w0) —
Qx.,e(z') == Qx(a)

€
— 94)
ol (
€

_ 95
Tl ©2)

for zp € Ap and ' € X \ X). The above choices of Qx e
guarantee that W - Qx  is closer to W,/ than W - Qx for

' € X\ Xy, which implies the relation
DWW - Qx.e) < D(Wy |W - Qx). (96)

Since W - Qx is closer to Wy, than W - Qx . for zy € X,
we have

D(We, [W- Qx) < D(Wao[[W - Qx.e)-

Since D(W,, [|W - Qx) < D(W,||W - Qx), we can choose
a sufficiently small € > 0 such that

o7

D(We, [W - Qx) <D(Wao[W - Qx.c)

<D(Wu[[W - Qx). (98)
The relations (96) and (O8) imply
max D(Wz [W - Qx.c)
<D(Wa [W - Qx) = max D(Wy[[W - Qx). 99)

However, W - (Qx is the minimizer of , which contradicts

APPENDIX C
PROOF OF LEMMA

We choose ny — 1 linearly independent functions
fi,--+, fno—1 on Y such that they are not constant function
and

S We)fi) =0, > W, ()fir(y) =0  (100)
yey yey
forj =mnq,...,no—1,5'=1,...,no—1,andx =1,...,n;.
In fact, the set M, is rewritten as

Mo

={@rePy| Y Qv fity) =0 for j=n1,...oma — 1},
yeY
(101)



M. HAYASHI: ANALYTICAL ALGORITHM FOR CAPACITIES OF CLASSICAL AND CLASSICAL-QUANTUM CHANNELS 11

Then, any distribution on ) is parameterized as

Pyy(y) = S DYy 197Jfg(y)*¢’(9)7 (102)
where ¢(0) = log)_ ., X520 05w For any vector
6, = (0',...,0m~1), there exist parameters 05(6;) =
(9”1 (91), ey 9”2 1(91)) such that P(91,92(91)),Y € M. This

fact can be shown as follows. Given a vector 6, we define
the set

no—1
01) == {(Z P(el,ez)y(y)fj(y)) ERLEES Rnr"l}
yey J=n1
(103)
This set equals the inner of the convex hull of
{(fiy ));“nll}yey That is, the set G(#) does not depend on
6; € R™~1 The first equation shows that the origin (0, ...,0)
belongs to Up, crni-1G(61). Hence, the origin (0,.. .,0)

belongs to G(6;) for an element §; € R™*~, Therefore, there
exist parameters 05 (601) = (0™ (6y),...,0™~1(6;)) such that

Po,.02(00))y € Mo.
Then, we choose the parameters h, ; as

hay =Y Waly) f5(y) (104)
yey
for j = 1,...,n; — 1. Since functions fi,..., fp,—1 are
linearly independent, due to Condition (A), the vectors
{(hx,j);ifl "1 are linearly independent.
Then, we have
nlfl )
D(W,||Pyy) = — = Fhaj— (01, 02(61)).
j=1
(105)
Condition (B) with Qy = Py y is rewritten as
ni—1
=3 Fhgj— $(01,02(61))
j=1
=—H(W,,) — ¢(61,02(61)) (106)
for x = 1,...,n1. This condition is rewritten as
nlfl
—H(W,)+ HW,,) 107)

= Z By ;67
j=1

for x =1,...,n; — 1. Since the matrix h; ; is invertible, only
one vector ; = (0%, ... 0™ ~1) satisfies (T07), i.e., Condition
(B).

APPENDIX D
PROOF OF THEOREM

Assume the condition (ii). For Qx (# @X*) c P;Q we
have maxzex D(W||W - Qx) > maxzex D(W,||W-Qx )
because W - QQx and belongs to M and only one element
of My satisfy Condition (B) due to Lemma [2] Hence, Qy
achieves C' (W), which implies Condition (i).

Assume the condition (i). There exists Qx € Py such
that D(W,||Qy,+) = > cx @x (z)D(W,||W - Qx). For any
element x € supp(Qx), we have

D(W,||W - Qx) = D(W,|Qy,+). (108)

Then, the distribution Qy, := F%O)(Qy,*) satisfies
DWe|Qys) = D(WilQy.) + D(Qy,.[|Qy.x), where
the projection I‘S\T/[ng is defined in Appendix Hence,

D(W,|Qy.) = D(W.|[Qy.).

Since mindepy maXg,ecx l)(VVqC ||Qy) =
maxyex D(WL||W - Qx), we have D(W,||[W - Qx) =
D(Wel|Qv.r) = D(W.|[Qy..) for @ € supp(Qx). Hence,
D(QY,*”QY,*) = 0, ie, QY,* QY,*‘ That is, QY,*
belongs to M. Due to Condition (A) and Lemma @,
the condition (I08) uniquely determines Qy,.. Hence,
w - @ X« = Qv,x» = W - Qx. Condition (A) guarantees the
relation C/)\X’* = @ x, which implies the condition (ii).

APPENDIX E
PROOF OF THEOREM

Due to Condition (A), there uniquely exists a distribution
Q@x,« € Px to achieve the capacity C'(W). It is sufficient to
show that Q x () = 0 for any element o € N (Qx ). For
this aim, we fix an arbitrary element zog € N/ (@ X,x)-

Step 1:  We show that there exists a distribution Qy,0 € My,
such that
max D(W, [|Qy..) = max D(W|Qy,0) = D(War[|Qy,o)
(109)

for any element 2’ € X'\ {zo}.
Since Qy,« is the unique element of M to satisfy Condition
B, any element 2’ € X'\ {x¢} satisfies

D(Wa, [|Qy) = D(War || Qy)- (110)
We choose a function f,, on X such that
D FrW)Wao(y) = 1, (1
yey
> Froly =0 (112)
yey

for any element z(# xy) € X. We denote —@X,*(Io) > 0 by
a. Then, we have

—Qy* Wmo € My,. (113)
The combination of (T12) and (T13) implies that
1 a
z P * — W, =0. 114
§jf0@x1+a@x<m4-y+a J) =0 (114)
yey
Then, the combination of (I111]) and (L14) yields that
> fao 1)@y (y) = —a. (115)

yey
The distribution Qy o := Fs\r,lnzo (Qy,«) € My, satisfies
D(Qy||Qy,«) = D(Qy|Qy,0) + D( «)  (116)

for any distribution Qy € M,,. We define the exponential
family &1 := {Qy+}ter as

Qv.(y) == Qy,o(y)e T2,

(117)
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where

Jetfeo (118)

= log Z Qyo(y

yey

Hence, Qy,p coincides with the case with ¢ = 0. We choose
t. such that Qy;, = Qy,.. The relation (IT5) guarantees that

t. < 0. Also, we choose ty as Qy,,, = F(e)(Wwo). Then, we
have

D(Wq,||Qyt) = D(Wao Q1) + D(Qyt || Qyit)-

for any t, € R. The relation (IT5) guarantees that t, > 0.
Since t, < 0 and to > 0, Lemma [3] yields that

D(Qy 1, 1Qv,0) < D(Qvt,||Qvit.) — D(Qy0llQye.)-
(120)

(119)

0, El Oy Lo

Oy,

Fig. 5. Relation among various distributions appearing in Step 1 of the
proof of Theorem [J] This figure shows the topological relation among the
distributions Qy,« = Qy,t,,Qy,0, Qv,ty. the exponential family &, and
the mixture family Mg, .

The combination of (TT9) and (T20) guarantees that

D(W,y [Qv0) 2 D(Way [Qv-ty) + D(Qv-t [ Qv-0)

D(Wi, 1Qv0) + D@yt |Qvit.) = D(@yio|Qvir.)
9p D(Wi, | Qvar.) = DI )

@ DWW, |IQv.x) — D(@yiolQy.s)

DWW, |Qy.) — DI )L DWW, [|Qy0) (121)

for any element 2’ € X \ {xzo}. Each step is shown in the
following way. Steps (a) and (c) follow from (T19). Step (b)
follows from (120). Step (d) follows from Qy ¢, = Qv .. Step
(e) follows from (T10). Step (f) follows from (TI6).
shows the following two facts. One is D(W,/||Qy,o) does not
depend on z’ € X \ {zo}. The other is D(W,,||Qy,0) <
D(W,||Qy,0). The combination of these two facts implies

max D(W || @y.0) = D(War[| Qo)

D(Wa||Qy,x) < Iwnea?D(Wx”QY,*% (122)

where Step (a) follows from (T16). Hence, we obtain (109).
Step 2:  We choose a function Qx 1 on X \ {zo} such that

> Qx.1(x)Wo = Qv,1,

zeX\{zo}

(123)

where @ x,1 uniquely exists because Qy,1 € M, ,. We show
the desired statement Qx .(xo) = 0 when Qx 1(z) < 0 for
x € X\ {xo}.

In ihis case, it is sufficient to show that Qx .(zo) = @X,l,

i.e., Qx 1 achieves the capacity C'(W). We have
S Qxa@DWallQva) Y max  D(W.|Qy.)
zeX\{zo}

zeX\{zo}
b
(_—’Q max 3 Qx(@)D(W.|W - Qx)

XE=TA o) zeX\{zo}

(0
= min max D(W,||W -

Qx EPx\{zq} x€EX\{wo} (Wel @x)
(d)
= D(W,

B, oy P Vll@r)
(e)
< D(W,||W -

QN8R n i,y DIV - Qx)
< D(W,||W -

o¥ip, e PV Qx)
< max DOV, W - Qx.1): (124)

In the above relations, Px\(z,} means the set of probability
distributions on the set X \ {xo}. Each step is shown in the
following way. Step (a) follows from the second equation in
(T09). Step (b) follows from Theorem|[1] Step (c) follows from
(@3). Step (d) is shown as follows. Since Qy — D(W,|Qy)
is convex, Qy > MaXyex\(z,} D(Wz|Qy) is also convex.
Since ()y,1 achieves a local minimum, it also achieve the
global minimum in M, .

Step (62 is shown as follows. For () x € Py, the distribution

Qy = Fﬁzo (W - Qx) satisfies
D(W.|[W - Qx) = D(W,[Qy) + D(Qy W - Qx)
>D(W,||QYy) for z € X\ {zo}, (125)
which shows (e).
Hence, we have
CW)= > Qxa@DW|W-Qx1). (126)

zeX\{zo}

Step 3:  We show the desired statement Q) x .(zo) = 0 when
there exists 21 € X'\ {zo} such that Qx 1(x1) < 0. Applying
the same discussion as Step 1 with replacing Qy« and Qy o
by Qy,1 and Qy2, respectively, we find that there exists a
distribution Qy,2 € My, ;) such that

max D(W,|Qy.1) = max D(W, | Qy.2) = D(War|Qy-2)

127)

for any element «’ € X \ {xo,z1}. Then, we choose @X,z
in the same way as (123). If @X72($) >0 forx € X\
{0, x1}, we find that Qx .(z¢) = 0 in the same way as Step
2. Otherwise, we repeat the above procedure up to ¢ times
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until we have @X,i(x) >0 for x € X\ {zo,21,...,%i—1}
Once we obtain the above condition, we find Qx .(x¢) = 0
in the same way as Step 2.

APPENDIX F
PROOF OF LEMMA[3]

To show Lemma [3| we prepare functions f,,..., f,, ,—1 tO
satisfy the condition in Theorem ] We denote the distribution
defined in (T0) based on these functions f,,...,f, _; by
Py y. Such functions are given as linear combination of the
original functions f1, ..., fn,—1 by using coefficient aj, as

> fidd =1, (128)
J
Hence, we have
no—1 ng—1 no—1
T’ =3 b(y)( > aﬁbej’) (129)
=1 j=1 =1

Using this relation, we find that Pg)y = P@Y’ where ' =
Z??;ll a?,@j/. Thus, the set & can be characterized with
the new functions f,... ,fnrl. Therefore, without loss of
generality, we can assume that the functions fi,..., fn,—1
satisfies the condition in Theorem [4]

We choose 6, ...,0™ ~1 satisfies the condition (9). Then,

we have
&

:{Pel,_“79n1—17777117.“777712—17Y|(77n1, Ce ,?7”2_1) S an_nl}.

(130)

Hence, &; is an exponential family generated by
fnu' R fnz—l-

Since f; ; = 0 for j = ni+,...,n2—1, My can be written
as

Mg
—{Qv € Py Y fi()Qy(y) =0 for j =ny,...,ny — 1}.

yey

(131)

Hence, M, is a mixture family generated by the same func-
tions fn,,..., fny,—1. Therefore, Theorem |§| implies Lemma
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