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Abstract—Partial maximum distance separable (PMDS) codes
are a kind of erasure codes where the nodes are divided into
multiple groups with each forming an MDS code with a smaller
code length, thus they allow repairing a failed node with only
a few helper nodes and can correct all erasure patterns that
are information-theoretically correctable. However, the repair
of a failed node of PMDS codes still requires a large amount
of communication if the group size is large. Recently, PMDS
array codes with each local code being an MSR code were
introduced to reduce the repair bandwidth further. However, they
require extensive rebuilding access and unavoidably a significant
sub-packetization level. In this paper, we first propose two
constructions of PMDS array codes with two global parities that
have smaller sub-packetization levels and much smaller finite
fields than the existing one. One construction can support an
arbitrary number of local parities and has (1 + ¢)-optimal repair
bandwidth (i.e., (1+¢) times the optimal repair bandwidth), while
the other one is limited to two local parities but has significantly
smaller rebuilding access and its sub-packetization level is only
2. In addition, we present a construction of PMDS array code
with three global parities, which has a smaller sub-packetization
level as well as (1 + ¢)-optimal repair bandwidth, the required
finite field is significantly smaller than existing ones.

Index Terms—Array codes, partial MDS codes, rebuilding
access, repair bandwidth, sub-packetization.

I. INTRODUCTION

Ith the rapid increase in the volumes of data stored

online, traditional storage techniques such as duplicat-
ing or triplicating data are not economically feasible. This has
resulted in erasure coding-based distributed storage systems,
which can provide reliability with low storage overhead. Previ-
ous distributed storage systems usually call upon the maximum
distance separable (MDS) codes, which provide the optimal
tradeoff between fault tolerance and storage overhead. How-
ever, the downside of employing MDS codes is the excessive
repair bandwidth and rebuilding access when repairing a failed
node, where repair bandwidth is defined as the amount of data
downloaded from helper nodes to repair a failed node and
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rebuilding access is defined as the amount of data accessed.
Consider a distributed storage system that is based on an [n, k]
MDS code, repairing a failed node requires accessing and
downloading the entire content from any & surviving nodes,
thus leading to a large amount of access and bandwidth.

To reduce the repair bandwidth, regenerating codes were in-
troduced in the pioneering work [2]], which allow for repairing
a failed node by contacting more than & surviving nodes but
only downloading a fraction of the data stored at each node.
The optimal tradeoff between the storage and repair bandwidth
was also characterized in [2], which leads to two extremal
classes of codes, namely minimum storage regenerating (MSR)
codes and minimum bandwidth regenerating (MBR) codes.
MSR codes are a kind of MDS codes as they are optimal in
terms of storage overhead, whereas MBR codes result in more
storage overhead but can offer the minimum repair bandwidth.
Regenerating codes including the MSR codes and MBR codes
have attracted a lot of attention in the past decade [3]-[22].

Although regenerating codes can significantly reduce the
repair bandwidth, however, a large number of helper nodes
are required to be contacted when repairing a failed node. As
an alternative and parallel coding technique, locally repairable
codes (LRCs) require only a few helper nodes during the
repair process, however, at the cost of introducing additional
redundancy to the system. Studies on the upper bound of
the minimum distance of LRCs as well as the optimal con-
structions have also attracted a lot of attention in the past
decade [23]-[32]. In another line of research, Partial MDS
(PMDS) codes [33]] provide an alternative solution, which are
a strictly stronger class of LRCs as they are not only distance-
optimal LRCs but can also correct any erasure pattern that is
information-theoretically correctable. Formally, a (u,n;7, s)
PMDS code is a [un, u(n —r) — s] linear code, which can be
partitioned into p groups each of size n, such that any erasure
pattern with r erasures in each group plus any s erasures
in arbitrary places can be tolerated. Note that maximally
recoverable codes are also referred to as PMDS codes [34],
when restricted to the RAID-type architecture. Besides,
they can be applied to more topologies, e.g., see for grid-
like topologies and for product topologies.

In general, PMDS codes are much harder to obtain than
LRC codes, especially over relatively small finite fields. Ex-
isting results [33], [35]], [39]1-[44] show that a finite field with
an exponential size is required when r > 2 and the number s
of global parities exceeds 3. Note that repairing a failed node
of PMDS codes may still require a large amount of commu-
nication if the group size is large, as the whole content of the
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TABLE I
COMPARISON OF KEY PARAMETERS AMONG NEW (i, n;7, s = 2) PMDS ARRAY CODES AND THE ONE IN [38]], WHERE n/ > 2 AND WE ASSUME n/|n
FOR CONVENIENCE OF NOTATION

r | s | Sub-packetization level ¢ Field size ¢ Repair bandwidth ~ Rebuilding access I
Construction A in [38] >2]2 rm > pr(rm—r4n—2) £ ~(n—1) n —1)
T(r—1
Construction 2] (Thm. [T) >2]2 r > prn' [ 2] (1+ w) ~(n—1) ln —1)
Construction [3] (Thms. 2] and 2 |2 2 > un ’2” -2 % -2
TABLE 11

COMPARISON OF KEY PARAMETERS AMONG NEW (/,L7 nr,s = 3) PMDS ARRAY CODES AND EXISTING ONES IN [38]], WHERE WE ASSUME n’\n FOR
CONVENIENCE OF NOTATION

| | r | s [ Sub-packetization ¢ |

Field size q

| Repair bandwidth ~ | Rebuilding access I' |

Construction B in >2 |3 rm > (rp)H(n=7) £ =(n—-1) ln—1)

Construction C in >2 13 rm > max{rn,p+ 1}7°" (n -1) (n—1)

Construction D in >2 |3 rm > rn(un)30HhH-1 —(n —1) ln—1)
D(r—1

Construction Bl (Thm. @) | >2 | 3 r > (prn/[2714+1)% | (1+ %)f( —1) Ln —1)

surviving nodes in the same group needs to be downloaded.
LRCs also have the same issue. In [24]], [23], the idea of using
regenerating codes (including MSR codes and MBR codes)
to encode the local group was first introduced to LRCs for
reducing the repair bandwidth further. Very recently, by using
MSR codes to encode the local group, PMDS array codes were
introduced in [38], which combines both the advantages of
PMDS codes and MSR codes, i.e., 1) Can correct any erasure
pattern that is information-theoretically correctable, 2) Require
fewer helper nodes during the node repair process, and 3)
Can further reduce the repair bandwidth. However, the explicit
PMDS code constructions with a linear field size were only
provided for two global parities, the constructions of PMDS
array codes for more than two global parities still require a
relatively large finite field. Although the PMDS array codes in
[38] have the optimal repair bandwidth as each local group is
encoded by an MSR code, they require large rebuilding access
and unavoidably a large sub-packetization level.

In this paper, we focus on PMDS array codes with smaller
sub-packetization levels and smaller field sizes than existing
ones while endowing (1 + €)-optimal repair bandwidth. More
specifically, we restrict to PMDS array codes with two and
three global parities, as it is promising to construct PMDS
array codes with few global parities over small finite fields.
We present two PMDS array codes with s = 2 global parities
and one with s = 3 global parities. Comparisons of the key
parameters among the newly proposed PMDS array codes and
some existing ones are given in Tables [[] and [l under s = 2
and s = 3, respectively.

From Tables [l and [ we see that the new proposed PMDS
array codes have the following advantages:

o The required finite fields of the two new PMDS array
codes in Constructions and [3] are only a fraction of
around 1 to -5 as Construction A in [38]], which is based
on the ﬁrst MSR code construction in [12]] (i.e., each sub-
stripe can be viewed as a scalar MDS code and one stripe
contains £ sub-stripes) and the PMDS codes in [39].

o The new PMDS array code in Construction Bl which
supports only two local parity nodes, has smaller re-

building access (when normalized by the file size) and a
smaller sub-packetization level compared with the code in
Construction A in [38]] and the new code in Construction

o The required field size of the new code in Construction []
is significantly smaller than those in Constructions B-D in
for almost all parameter ranges, where Constructions
B, C, and D in [38]] are obtained by combining a universal
PMDS code and an MSR code with each sub-stripe
being a scalar MDS code (e.g., the first MSR code
construction in [[12]). More specifically, they employ the
Gabidulin-code-based PMDS code in [23]], the linearized-
RS-codes-based PMDS code in [43]], and a generalization
of the PMDS code in as the universal PMDS code,
respectively.

e The new codes in Constructions and [ can pro-
vide a flexible tradeoff between the sub-packetization
level and the repair bandwidth by varying n’ in
[r + 1,n + 1) when the MDS array code in [46]
with this flexible tradeoff is employed as the lo-
cal code. The two extreme points of the tradeoff

e () = (0 + S - 1))

(4,7) = (r",£(n—1)), where the latter one is also
achieved by the constructions in [38]. As an example,
when n = 30 and r = 2, some of the sub-packetization
levels and repair bandwidths that the new codes in
Constructions 2] and [ can provide are
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where all points except for the last one are new that can
be achieved by Constructions2land @] and v* = £(n—1)
denotes the repair bandwidth of an [n,n — 7] MSR code
with sub-packetization level /.



e When n = n/, i.e., each local group of the new Construc-
tions 2] and ] forms an MSR code, the sub-packetization
level ¢ and repair bandwidth ~ are the same as those
of Constructions B-D in [38]]. Nevertheless, the required
field sizes of the new code Constructions 2] and 4] are still
smaller than the PMDS array code Construction A in
and Constructions B-D in [38]], respectively, while all the
other properties are the same.

Although Constructions B-D in [38] require a huge finite field,
it is worth pointing out that they work for all s > 1.

The rest of this paper is organized as follows. Section [
introduces some necessary preliminaries. Section [l proposes
two new PMDS array code constructions with two global
parities and (1 + ¢)-optimal repair bandwidth. A new PMDS
array code construction with three global parities and (1 + €)-
optimal repair bandwidth is presented in Section [Vl Finally,
Section [V] draws the conclusion.

II. PRELIMINARIES

First of all, we fix some notations used in this paper. Let ¢
be a prime power and F, the finite field containing ¢ elements.
For two integers a and b with a < b, denote by [a,b) the set
{a,a+1,...,b—1}

Let ¢ > 1, for an af x bl matrix A, let A(j) denote the
j-th column of A, and A(J) denote the sub-matrix of A that
formed by the columns of A with indices in the set J where
J C [0,b0). If J = [jt,5¢ +1,...,5¢ + {) for some j €
[0,0), then we say that the sub-matrix A(.J) is the j-th thick
column of A and denote it by A[j]. Let A[.J] denote the sub-
matrix of A formed by the thick columns of A with indices
indicated by J C [0,b). Similarly, let AUl and Al’] denote
the j-th thick row of A and the sub-matrix formed by the
thick rows of A with indices in the set J, respectively, where
j € 10,a) and J C [0, a). For ¢ matrices By, B1, ..., Bi_1,
blkdiag(By, Bi, . .., Bi—1) denotes the block diagonal matrix

By
By

By

A. MDS Array Codes

An [n,n — r,{] linear array code C over F, has n — r
information nodes and 7 parities nodes in each codeword, with
each node (or codeword symbol) being a column vector of
length ¢ over F,, where £ is referred to as the sub-packetization
level. The following lemma can be utilized to verify whether
an array code is MDS.

Lemma 1. ( [I2l]) For an [n,n — r,{] array code over F,
admitting the following parity-check matrix

Ao Ao Apn—1
Ao A Al
H = ) ) ) ,
AT*LO Arfl.,l Arfl.,nfl

where A; ; is an € x { matrix over Fy, it is an MDS array
code if and only if any r x r sub-block matrix H[J) of H is
nonsingular, where J C [0,n) and |J| =r.

In [2]], the repair bandwidth y(d) of [n,n —r, ¢] MDS array
codes has shown to be

dl

Ay s

where d € [n — r,n) is the number of contacted helper
nodes. MDS array codes with the repair bandwidth attaining
the above lower bound are said to have the optimal repair
bandwidth, and are exactly MSR codes. If the repair bandwidth
of an MDS array code is (1 + ¢) times the above lower bound
where € < 1 is a small constant, we say that the MDS array
code has (1-+¢)-optimal repair bandwidth, which also referred
to as near-optimal repair bandwidth in [47)).

Subsequently, the rebuilding access T'(d) of [n,n — r, /]
MDS array codes has shown to be

dl
>
“d—(n—-r)+1
MDS array codes with the rebuilding access attaining the
above lower bound are said to have the optimal rebuilding ac-
cess. Clearly, MDS array codes with optimal rebuilding access
will also have optimal repair bandwidth, but not vice versa. In
the literature, most of the MDS array code constructions focus
on d = n—1 so as to maximally reduce the repair bandwidth,
this is also the setting of this work unless otherwise stated.

I'(d)

B. PMDS Array Codes

Now we give the formal definition of PMDS array codes.

Definition 1. ( [38)]) Let C be a [un, u(n —r) — s,£] linear
code over ¥, it is said to be a (u,n;r,s) PMDS array code
with sub-packetization level { if

i) For any i € [0, u), restricting C to coordinates in W; =
[ni,ni + n) yields an [n,n — r, €] MDS array code over
F,, where Clw, is usually referred to as the i-th local
code and W; the i-th local group.

il) Forany E; C W, with |E;| = r, removing the coordinates
of C in Uﬁgol E; yields a [u(n—r1), u(n—1r)—s,¢] MDS
array code over F, i.e., the code C can correct up to r
erasures in W for i € [0, u) plus s erasures anywhere.

Particularly, PMDS array codes over F;, will be referred to
as PMDS codes if { = 1.

From Definition [} it is immediate that every (p,n;r,s)
PMDS array code with sub-packetization ¢ permits a form of
the following parity-check matrix

Hy
H,y

H,

P P P,

where H; is an r/ x nf matrix and P; is an s/ X n{ matrix,
w,n,r and s denote the number of local groups, the size of
each local group (or the code length of each local code), the



number of local parities in each local code, and the number
of global parities, respectively.

In the following, we introduce several lemmas, which are
very useful when checking i) and ii) of Definition [[l The
immediately following lemma helps to check i) of Definition
[ i.e., each local code is MDS.

Lemma 2. (Block Vandermonde matrix, [I2) Lemma 14]) Let
By, ..., B,_1 be { x { matrices such that B;B; = B;B; and
B; — Bj is nonsingular for all i,j € [0,r) with i # j, then
the matrix

I I I
By By B,y
B BT B

is nonsingular.

The following two lemmas help to verify the non-singularity
of some key matrices when checking whether the array codes
proposed in Section [[[=A] and Section [[V] satisfy ii) of Defi-
nition [I} respectively.

Lemma 3. ( [42] Lemma 2]) Let Cy,...,Cs_1 ber x (r+1)
matrices and Do, ..., Ds_1 be s x (r + 1) matrices, and let
DEJ) be the j-th row of D;. Then

Cy 0 .- 0
0o ¢ - 0
rs(s—1)
()5 det ; s
0 0 Cy_1
Dy D, D,y

dot [ G
“\ b,

C Cs_
det( Désgl) ) det( Dgs_illl) )

Lemma 4. ( [42] Lemma 5]) Let Cy be an r X (r+ 1) matrix,
Cy be an r X (r+ 2) matrix, Doy be a 3 x (r + 1) matrix and
Dy be a 3 x (r + 2) matrix, and let DEJ) be the j-th row of
D;. Then

=det

CO 0 C C'1
det [ 0 €y | =0« det (D(%)) det | DIV
Dy Dy 0 D§2)
CVl Cl
C C
— det (D(g)) det Dgo) +det (D(g)> det Dgo) =0.
2 1
0 Dg ) 0 Dg )

The following lemma helps to calculate some key determi-
nants involved in the RHS of the formulas in Lemmas 3] and
[l when checking whether the array code proposed in Section
[[V] satisfies ii) of Definition [I

Lemma 5. (Cauchy—Vandermonde matrix, [48 Proposition

4.1]) Let
1 1 n—{—1
co—do co—dj—1 1 o o I
1 1 1 n—I[—
cl .. c
c1—do c1—di—1 1
V:
1 1 n—{—1
cn—1—do Cn—1—dj_1 L e Cn—1

be a Cauchy-Vandermonde matrix, then

(H0§i<j<n(cj - Cz)) (H0§i<j<l(di - dj))
d;) '

det(V) =
Hogi<n,ogj<l(0i -
C. Fartition of Basis {eg, -+ ,en—_1}

In this subsection, we revisit a series of particular partitions
of a basis set that was proposed in [11] and [46], which will
facilitate the understanding of the new constructions in this
paper.

For any two integers r,m > 2, let eg, - - - , e,m_1 be a basis
of Fgm. For example, they can be simply set as the standard
basis, i.e.,

81':(0,"' 7051703"' 50)7 (&S [Oarm)v

where only the i-th entry is 1.
For consistency, we follow the notation in [11]], [46]. Given
an integer 0 < a < r™, denote by (ag, - ,am—1) its r-ary

m—1 .
expansion, i.e., a = Y. r™ 17Ja;. For 0 < i < m and
i=0
0 <t < r, define a subset of {eg,- - ,e,m_1} as
Vii ={edlai =1,0 <a <r™}, (2)
where a; is the i-th element in the r-ary expansion of a.
Straightforwardly, [Vit] = rml and
{Vio,Via,--+,Vip—1} is a partition of the set

{eg, -+ ,eym_1} for any ¢ € [0,m). Table M gives
two examples of the set partitions defined in ().

TABLE III
(A) AND (B) DENOTE THE m PARTITIONS OF THE SET {eq, -+ ,erm_1}
DEFINED BY @) FOR m = 3,7 = 2, AND m = 2,7 = 3, RESPECTIVELY.

] 0 1 2 7 0 1 2
€0 €0 €0 €4 €2 €1
Vio €1 €1 €2 Vi,l €5 €3 €3
€2 €4 €4 €6 €6 €5
€3 €5 €6 €7 er €7

(A)

7 0|1 7 0] 1 7 0] 1

eo | eo es | el €6 | e2
Vio |e1|es | Vi1 |ea|ea|Via |e7]|es
e2 | es es | er es | es

(B)

For the convenience of notation, we also denote by V; ; the
m—1 » y™ matrix whose rows are formed by vectors e; in
their corresponding sets, such that ¢ is sorted in ascending
order. For example, when » = 2 and m = 3, Vi can be
viewed as a 4 x 8 matrix as follows
Vio = (ed el ef ef)

=

where T represents the transpose operator.



D. Review of an [n,n — r,f] MDS Array Code in [46]] With
Small Sub-packetization Level

Construction 1. (The code Cs in [46]]) Let r,n',n be three
positive integers, where v > 2 and n > n'. For i € [0,n),
denote by i the integer in [0,n’) such that i =i mod n/, i.e.,
i = i%n’ for short, with % denoting the modulo operation.
Let { = 1", then an [n, n—r,{] array code over ¥ is defined
by the following parity-check matrix

I I . I

Ap Ay Ay

A oA A

where A;, i € [0,n) satisfy
Vi,o )‘i,OVi,o
VE.1 )‘i-,lvh
. A= . ; 4)
‘/;.,’I"fl Aiﬂ”*l‘/g,rfl

with \i s € Fg\{0} and V; , being defined by @) fort € [0, ).

Clearly from @) and (@), we have that A; is a diagonal
matrix and the a-th row of A; is

eaAi = (5)

where i € [0,n), a € [0,£), and a; denotes the i-th element
in the r-ary expansion of a.
In the following, we revisit the results related to the code

C5 in m

Lemma 6. (Theorems 13 and 14 of [46]) The array code in
Construction [l is MDS with the repair bandwidth ~y; of node
i (1 €[0,n)) being

e EEEDEEOy G 1y 0 < %0 < n%n,
Vi = (1+(L%J71)(r71)

)\i,a;eaa

K
—3 %(n — 1), otherwise,

(6)

if the following requirements can be satisfied

R1. Xy # Ajy for all u,v € [0,7) and i,5 € [0,n) with
j # imod n/,

R2. Niw # Niggnu for all w € [0,7), g € [1,[55]), i €
[0,n") with i + gn' <mn,

R3. Xio, i1, -+, Nir—1 are pairwise distinct for every i €
[0,n).

The rebuilding access I'; of node 1 is
Iy =4(n—1) forie|0,n)
when the repair bandwidth achieves the value in (@).

Lemma 7. (Theorem 15 of [46]]) The three requirements R1-
R3 in Lemma 0] can be satisfied if the finite field ¥, contains
at least ® nonzero elements, where

o= { ' ([5571 = 1) + (n%n")r,
©

/[ 25],
Furthermore, A;A; = AjA; and A; — Aj is nonsingular for
all i,j € [0,n) with i # j.

if0<n%(rn’) <n/,
otherwise.

III. NEw PMDS ARRAY CODE CONSTRUCTIONS WITH
TwO GLOBAL PARITIES

In this section, we present two PMDS array code con-
structions with two global parities. The first one allows an
arbitrary number 7 of local parities, and has (1 + ¢)-optimal
repair bandwidth but high rebuilding access, while the second
one has both (1 + ¢)-optimal repair bandwidth and smaller
rebuilding access when compared with the first one, but can
only support two local parities, i.e, r = 2.

A. A New (u,n;r,s =2) PMDS Array Code Construction

Construction 2. Let pu, 7, n’, n be four positive integers, where
w,r > 2 and n > n', and let £ = r™ . We construct a new
[un, u(n—r) —2, €] array code over ¥, with the parity-check
matrix having the form as in (), where

Ap AY

H;,=H,
_ Any
h= ( 0: A" 0 AT 0: AL, )
fori € [0, ), where H is defined in @), i.e., the parity-check
matrix of the code in Construction[ll A; is an ¢ x { matrix
defined in @), 6; € F,\{0} for i € [0, u).

Remark 1. Note that in both Construction 12| above and
Construction A in [38], a scalar multiplier is employed to dis-
tinguish different global parity-check blocks Py, Py, ..., P,_1
in (.

Precisely, in (Q), we employ independent scalar multipliers
00,01,...,0,—1 in Py, Pr,...,P,_1, which is motivated by
the constructions in [42)]. In addition, the sub-block matrix

(8)
and

(C))

formed by any r + 2 thick columns of 1?) orany r + 1

H;
thick columns of (P[t]> (t = 0,1) is equivalent to a block

K3
Vandermonde matrix after row permutation and scaling. Thus

the determinants of the sub-block matrices mentioned above
can be easily calculated, which greatly facilitates the proof
that Construction |2| gives a PMDS code.

Whereas in Construction A in [38)], the multipliers are
BN, 72N .. B7HN where N is an integer and f3 has
order at least uN in F. It was proved in [38|] that N should
be larger than a threshold to guarantee the code is PMDS,
which leads to a larger finite field than ours.

Theorem 1. Let ¢ > pu® be a prime power such that there
exists a multiplicative subgroup G of F,\{0} of size at least
® and with at least |1 cosets, where ® is defined in (D).
Choosing A4, © € [0,n), t € [0,7) from G, then the code
in Construction 2l is a PMDS array code if Oy, ...,0,_1 are
elements from distinct cosets of G, where the repair bandwidth
and the rebuilding access of node in + j are

1+ DOy ey 1) ir0 < %! <%,
Yin+j= (

n—1 T
1+ M)é(n — 1), otherwise,

n—1
and
Lings = £(n—1)



1 1 1
Ajo o Ajs 25T Ajr a5
r 1 r 1 7‘—.1
/\Jo o /\Jl 2457 )\jr a5
1 1 1
Ba = Ato,ato )\t17at1 )\tr;ar , a S [078)- (10)
Moo Mo g
;0_; Sy ;1_7 1; )\; 7_,1;—‘ /\;0—(11T )\glfllq gr_-,alr
0; )\J - oi/\jh“ﬁ 0;\; g Ok Ny 0 ok)\tl,a; Ok, o
fori € [0,u) and j € [0,n), respectively. tr < n.Let J = {jo,...,Jr} and T = {to,...,t},

Proof. By (@) and (8), we see that each local code is an MDS
array code defined by the parity-check matrix H of the code
in Construction[Il Thus, the statement on the repair bandwidth
and rebuilding access follows from Lemmas [6] and [7} and 1)
of Definition [Tl is satisfied.

Now let us check ii) of Definition[Il Suppose that there are
r failed nodes in every local group and two more anywhere.
We can easily repair the nodes in the local groups with at most
r node failures since each local code is an MDS array code.
Now we are left with two cases:

o Both the two extra failed nodes are in the same local
group, say group ¢ and assume that nodes in+jo, . . ., in+
Jry1 are failed, where ¢ € [0,p) and 0 < jp < -+ <
Jrg1 < mn. Let J = {jo,...,Jrs1}, then the original file
can be reconstructed if the following matrix

Aj Ay Aji
. - r—1 r—1 r—1
R[J] Ajo Ajl A7T+1
A5, A Aj
AL 0A 64
91Aj0 91143-1 it
is of full rank.
Note that
9;1[ Ajo
I (Hw[J] ) AJ'1
P;[J] )
I Ajria
_ Ajo Ajl T Aj7‘+1
7:+1 7:+1 7‘+1
Ajo Ajl AJT+1

which is a block Vandermonde matrix and thus is non-
H;[J]
Pi[J]
nonsingular and the original file can be reconstructed.
o The two extra node failures are in two different groups,
say group ¢ and k, and assume that nodes in+7o, . . . , in+
jr and nodes kn + tg, ..., kn +t, are failed, where 0 <

1<k<pu,0<jp< - <jr<myand 0 <ty <. - <

singular by Lemmas 2] and [/l Therefore, is

then the original file can be reconstructed if the following

matrix
. H;[J]
H = H [T
3] Pe[T]
I I I
Ajo Ajn Ay
N T 1
Ajo An oA
I I I
= Ay Ay Ay,
A:[;l A:;l A;71
A;[) Ajl A;T A:‘O A;rl A:‘T
0: A5 0ALY o 0,ATT Ok A ORALT e 0RALT

is nonsingular.

Since each block entry in the parity-check matrix H is an
¢ x ¢ diagonal matrix, by swapping the rows and columns
of 7:[, H is equivalent to

blkdiag(Bo, B1, .. ., Be_1)

under elementary transformation, which has the same
rank as H, where B, is formed by the a,a +¢,...,a+
(2r 4+ 1)¢-th rows and the a,a + ¢,...,a + (2r + 1){-th
columns of #, and can be expressed as in (I0) according
to (@.

For a € [0, /), by Lemma Bl we have (II). By factoring
out the nonzero Vandermonde determinant from each
column of the determinant in (L), we have

Ba)¢0
'/\jT a— /\to a—"')\t‘a—
Jrag thed Tty
0 ” #0,

(—1)" det(

= det (Aj‘“‘% -
0;
and the last inequality holds since both
AJO a—)\Jl agz- . )\Jr az- and )\to at_)\tl agr )\t a7 are
in the subgroup G, while 0; and 0), are in different
cosets of G.
Therefore, blkdiag(By, Bi, - . ., Be—1) and thus # is non-
singular, and the original file can be reconstructed.

This finishes the proof. |



1 1 1 1 1
jo,aﬁ )\jl,aﬁ )\j,‘,aﬁ )\to,a% /\tl,aq /\tT,at7
det . det .

o N e AV D

(—1)" det(B,) = det 1 1 1 1 1 1
70,035 Ju,ag5T )\jr#le )\to,at— /\151,11r /\tma757

det : : det

Vg Miag 0 K Vo Mg N
0N e 0N bi; BNl OGN O

dn

B. A New (u,n;r = 2,8 = 2) PMDS Array Code Construc-
tion With Small Rebuilding Access

Partly motivated by the construction of MSR codes with
optimal rebuilding access in [22]], we present the second
PMDS array code construction, which deploys both triangular
matrices and diagonal matrices as building blocks. This is the
first time to use non-diagonal matrices as building blocks in
PMDS array codes besides diagonal matrices, and thus leads
to smaller rebuilding access (when normalized by the file size)
and a smaller sub-packetization level, although it only supports
two local parities.

Construction 3. For convenience of notation, we assume that
n is even. Construct a [un, p(n — 2) — 2,¢ = 2] linear array
code over ¥, with the parity-check matrix having the form as

in (@), where
) I
Hi=H= ( A A e Ao ) (12)
and
B NI N T AT
b= < 0T 0N T 0N T (13)

Sor i € [0, ), where I denotes the identity matrix of order 2,

L) el
A = ! (14)
A 0 otherwise
0 Az ) »
and 0q,...,0,_1 and Xo,...,A\n_1 are pairwise distinct

nonzero elements in ¥, respectively.

Theorem 2. Both the repair bandwidth and the rebuilding

access of the array code in Construction |3 are 37" — 2.

Proof. For a given b, where b € [0, ), let fo, ..., fn1 € F;
denote the data stored in the n nodes of the b-th local group.
Then the b-th local code is subject to the following parity-
check equations.

5)
(16)

fo+rfit+-+far = 0,
Aofo+Aifr+-+A1fner = 0.

Suppose node ¢ of the b-th local group is failed, then we can
repair it by contacting all the remaining nodes in the same local

group. In the following, we analyze the repair bandwidth and
the rebuilding access.

o If 2|4, thenlet eg = ( 1 0 ). By multiplying eg with
(13 and (16) from the left, we get
> fi-

n—1
€o €o
r=- >
< GQAZ' ) j:;j;éi eoAj
Note that

rank(( esgli )) = rank(( )1

€o
rank(( coA, >)
1 0
rank(< Nl
0

rank(< ; 0
j

Thus the repair bandwidth ~+; of node ¢ is

n—1
S e \y_ _ n_3n_
%—j_oz;‘#rank(<eoj4j>)_(2 1)><2+2— 5 2,

and

))—2, 2],

>) =1, otherwise.

and the rebuilding access I'; of node i is

n—1

>

J=0,j#i

n 3n

€0 n
N, =(z-1)x24+-=—-2,
(oo, )= G-nxesg =%
where N.(A) denotes the number of nonzero columns of

the matrix A. Lo 00
. - ;L
o If 214, then let S = 0 1)andS—(1 O)'

By Sx (I3 + S’x(16), we obtain

I, =

n—1
(S+SA)fi=— > (S+54))f
§=0,j#i
Note that
Ch 0 A O
45— o) (5 2

10 0
0 1)*(1
A

(1)

<



and

S+ 5'A;

10 0 0 A 0 . ,
Lo )t o)L oy, ) 210
a 1 0 0 0 A1 .

0 1 + 10 0 N ) otherwise,

1 0 .

. if 217,
) % L 1)
1 0
, otherwise.

A 0O
Thus the repair bandwidth ~; of node ¢ is

s n n  3n
P = k "A) )= (=—1)x2+=- = — =2
v Z an (S+5'4;) (2 ) % +2 5 2

J=0,j#i
while the rebuilding access I'; of node ¢ is
= n n 3n
> N(S+S4;) = (5-1)x245 = -2,
e~ 2 2 2
J=0,j7#i
This completes the proof. (|

Remark 2. When n is odd in Construction |3l similar to the
proof of Theorem 2l we have that both the repair bandwidth
and the rebuilding access of node i (i € [0,n)) in local group
j (j €10,u)) of the array code in Construction 3] are

o3 if 24,
vi=Ti=19 3as .
25—, otherwise.

Theorem 3. Let q be a prime power such that there exists a
multiplicative subgroup G of F\{0} of size at least n and
with at least p cosets. Choosing X\ 1, i € [0,n), t € [0,r) from
G, then the code in Construction[3is a PMDS array code if
0o, ...,0,,_1 are elements from distinct cosets of G.

Proof. By (4) and the fact that \g,...,\,_1 are pairwise
distinct nonzero elements in Fy, we easily have that A; — A;

and therefore (i i are nonsingular for any 4, j € [0,n)

i J
with i # j, therefore, 1) of Definition [I is satisfied.

Now let us check ii) of Definition[Il Suppose there are two
failed nodes in every local group and two more anywhere.

Similar to the proof of Theorem [1l we only need to analyze
the following two cases:

e Both the two extra failed nodes are in the same local
group, say group 4. Assume that nodes in+jo, . . ., in+J3
are failed, where 0 < jp < .-+ < j3 < n. Let J =
{Jjo,--.,Js}, then the original file can be reconstructed

if the matrix H;[J] ) is of full rank.

PilJ]

Note that
H;[J]
Pi[J]
1 I I I
_ A]o Ah A72 A73

AT N T AT AT
9/\1] 9/\1] 9/\1] 9)\1]

1 0 l 0 1 0 1 0
0 1 0 1 0 1 0 1
)\jo o )\]‘1 T )\]‘2 2 )\jS T3
0 Ao 0 Ajp 0 Ajs 0 Ajs
2 2 2 2
= )‘jo 2 >‘J'1 2 >‘J'2 2 )‘1'3 2 ’
0 )‘jo 0 )le 0 )‘12 0 )\13

0N 0 ATt 0 Ot 0 eat o0
Jo J1 J2 J3
0 01-,\;01 0 01-,\;]1 0 9i,\;21 0 62"

where z; = 0, 1. By swapping the rows and columns, it is

easy to see that < H;lJ] > is equivalent to the following

. P[J]
matrix
1 1 1 1 0 0 0 0
Ao N1 A2 Ajg o z1 T2 T3
2 2 2 2
,\j0 VDY by 0 0 0 0
i, 0A10A19A1 0 0 0 0
0" 0 0 0 1 1 1 1 )
0 0 0 0 )‘jo )‘j] )‘12 )‘ja
2 2 2 2
0 0 0 0 AN A, A
—1 —1 —1 —1
0 0 0 0 0iA; BN 0Nt i,

(20)
under elementary transformation. The matrix in 20) is
nonsinglualr if

1 1 1 1
A=l | e

J3
m— m— 9)\‘ o))

is nonsingular. By 6#; # 0, we have

1 1 1 1
)‘jo )\jl /\47'2 /\Js
A2z a2 2|
AE

which is the transpose of a Vandermonde matrix and
has the same rank as the matrix A in (2I), in conjunc-
tion with the facts that A, Aj, \j,, A, are pairwise
distinct nonzero elements, we conclude that the matrix
< H;[J] >
Pi[J]
Suppose that the two extra failed nodes are in two
different local groups, say group ¢ and group k, where
0 <4 < k < p. Assume that nodes in+jo, in+j1, in+ja
and nodes kn + tg, kn + ty1,kn + to are failed, where
0<jo<ii<jeo<mnand 0 <ty <t; <ty <n.Let

is nonsingular.



1 0 1 0 1 0 0 0 0 0 0 0
0 1 0 1 0 1 0 0 0 0 0 0
)‘jo i) )\jl X /\j2 X9 0 0 0 0 0 0
0 No 0 Ajy 0 Ajs 0 0 0 0 0 0
0 0 0 0 0 0 1 0 1 0 1 0
N 0 0 0 0 0 0 0 1 0 1 0 1
H=1 o 0 0 0 0 D VA VD VA a7
0 0 0 0 0 0 0 Aty 0 Aty 0 Aty
X0 0 0 A 0 0 0
0 X Al 0 X Ad, 0 X Ad, 0 X AL, 0 ) At 0 X AL,
6‘1‘/\;0 0 6‘1‘/\;1 0 91'/\3-_2 0 Hk/\;) 0 ek)\; 0 916/\16_2 0
1 -1 -1 —1 -1 —1
0 0iX, 0 0iAj, 0 i), 0 Ok, 0 Ok, 0 Ok,
1 1 1 0 0 0 0 0 0 0 0 0
/\j0 )\jl /\j2 0 0 0 Zo X X9 0 0 0
0 0 0 1 1 1 0 0 0 0 0 0
0 0 0 )‘to /\t1 /\t2 0 0 0 I3 Ty I5
MooX XM M M0 0 0 0 00
0N, A0 0N Ok OrAy OkAy 0 0 0 0 0 0 (18)
0 0 0 0 0 0 1 1 1 0 0 0
0 0 0 0 0 0 Ao Aj Ajs 0 0 0
0 0 0 0 0 0 0 0 0 1 1 1
0 0 0 0 0 0 0 0 0 Aty Aty Aty
0 0 0 0 0 0 A2 A2 NN 2
0 0 0 0 0 0 0N 60X 0T AT Ok Ok
1 1 1 1 1 1
det /\%0 /\%1 )\%2 det )\;0 Agl )\;2
AL AT A A A A
— Jo J1 J2 to t1 to
det(B) = det 1 i 1 1 1 (19)
det )\jgl /\jl,l )\jzl det /\t[i1 /\t171 /\15271
0N 0N i), Ohe' OkAi,s Ok,
J = {jo,j1,742} and T = {to,t1,t2}, then the original which is nonsingular if the following matrix
file can be reconstructed if the following matrix 1 1 1 0 0 0
Ao Ajy Ajs 0 0 0
0 0 0 1 1 1
B: O 0 0 Ato )\t1 )‘tz
R H; [J] )\50 1 /\31 1 )\52 1 /\go 1 )‘t21 1 )‘tzz 1
H = Hi [T Oi/\j_o 91')\]-_1 91»/\;2 ek)\;) ek)\; Hk)\t_z
Pi[J]  P[T]
AIjo Aljl Aljz is nonsingular.
- i A A By Lemmal[3l we have (I9). By factoring out the nonzero
- NTONLT AT ,\3001 ,\3111 )\3221 Vandermonde determinant from each column of the de-

91,,\;011 91,,\;111 91,,\;211 ek,\;olz ek,\;llz ek,\;;f

is nonsingular. Substituting (I4) into H, we have (7,
where xg,...,x5 = 0 or 1. By swapping the rows and
columns of 7 in (7)), it is easy to see that His equivalent
to the matrix in (I8) under elementary transformation,

terminant in (I9), we further have
/\jo /\j 1 )‘jz
0

i

Atg Aty Aty

det(B) # 0 <= det ( 0,

) o
where the last inequality holds since both A, A;, A;, and
Ato At Ag, are in the subgroup G, while 0; and 6y, are in
different cosets of G.

Therefore, B and thus  is nonsingular, and the original
file can be reconstructed.



This finishes the proof. (|

Remark 3. Although Construction [3] only supports two local
parities, it has the following novelty.

o It is the first time to use non-diagonal matrices (cf. (I4))
as building blocks in PMDS array codes besides diagonal
matrices, i.e., it is not required that each sub-stripe of the
local code be a scalar MDS code as in [38)], which is the
key to reduce the rebuilding access.

e For the local code of the new PMDS array code in
Construction3] its rebuilding access is around 0.75 (more

precisely, 37217/12_22) times that of a Reed-Solomon code

with the same parameters. In [49], a tight lower bound
of the average rebuilding access of [n,n — 2] MDS
array codes with sub-packetization level 2 as well as
the optimal code construction was derived. Although the
exact expression of the general lower bound is compli-

cated, it was shown that the average rebuilding access of
[n,n—2] MDS array codes with sub-packetization level 2
is larger than 0.72 times that of an RS code with the same
parameters for n < 50. This shows that the local code
of the new PMDS array code in Construction 3| that we
choose has rebuilding access which is about 1.04 times
the lower bound in [49] for n < 50.

Of course, we can choose an MDS array code with the
optimal average rebuilding access in [49)] as the local
code. However, it will be very difficult to verify ii) of
Definition [I} which will be left as our future research.

IV. ANEW (g, n;r,s = 3) PMDS ARRAY CODE
CONSTRUCTION

In this subsection, we propose a new (u, n;r, s = 3) PMDS
array code construction, where each P; in (I) has three block
rows. To prove that an array code defined by the parity-check
matrix in (@) is a PMDS array code, similar to the previous
sections, we need to calculate the determinants of the sub-
block matrices that are formed by any r 4 3 thick columns
of <I;Z), any r + 2 thick columns of (;{}O (T C [0,3),

H;
P[t] (t = 07 17 2)

If we define P; similar to that in (9, e.g., b§ adding a block
row

|T'| = 2), and any r+ 1 thick columns of

(A At oAt

or

(Ag° 647 6i421 )

then some of the sub-block matrices mentioned above will not
be equivalent to a block Vandermonde matrix anymore, and
their determinants will be hard to calculate. By defining P; as
¢ matrices of order 3 x ¢, with each 3 x ¢ matrix being a sub-
matrix of a Cauchy-Vandermonde matrix, the above concern
can be addressed by applying Lemma

10

Following the notation in Construction [Il we define two
variants of the matrices A; (i € [0,n)) in the following. For
i €[0,n), let A; and A/ be ¢ x ¢ matrices that satisfy

1 a
‘/;.,0 Ai,0o—do ‘/;,0
V- —L1
2,1 / Aiji—do 3,1
. Aj = ) ; (22)
- 1 r
‘/;)T_l Ai,r—1—do ‘/i-ﬂ“*l
and .
‘/;,0 Ai,0—d1 ‘/;,0
V- —V
i1 ” Aiji—dy 6,1
: Aj = : ;o (23)
- 1 -
‘/;)T_l Ai,r—1—dy Viﬂ”*l

where dgy,d; € Fq\{)\i)t,i S [0, n),t S [0, T‘)} and d 75 dy.
Similarly, we have that A} and A are diagonal matrices
and the a-th rows of A} and A/ are

1

e Al = — e,
Aia; — d1

eq and e, A =

- 24
Aisa; — do @4)
respectively, where ¢ € [0,n), a € [0,¢), and a; denotes the
i-th element in the r-ary expansion of a.

Construction 4. Let pu, 7, n’, n be four positive integers, where
w,r > 2 and n > n', and let £ = "', We construct a new
[un, u(n—r) —3, 4] array code over ¥, with the parity-check
matrix having the form as in (@) with

H - H, 25)
and
Af Al Al
P | 64 0.4 0.A (26)
0 Ay 6 AY 5;AY

for i € [0,p), where H is defined in @), i.e., the parity-
check matrix of the code in Construction[ll A;, Al, and A
are { x { matrices defined in @), @2), and @R3), respectively,
0;,0; € F\{0} for i € [0, ).

Theorem 4. The code in Constructiond is a (p,n;r,s = 3)
PMDS array code over F, with sub-packetization level { if
the following conditions C1-C4 hold.

Cl. q = g3, where qo > j(® +1) is a prime power such that
there exists a multiplicative subgroup G of Fq \{0} of
size at least ® + 1 and with at least | cosets, where ®
is defined in (D).

do and dy are two distinct elements chosen from F .
Xit, i €10,n), t € [0,7) are chosen from Q\{do} such
that R1-R3 of Lemma @ hold, where

C2.

Q={XeF,: G},

1
N
and clearly || > @ + 1.
© ={6o,61,...,0,—1} C F \{0} is 3-wise independent
over Fy,, i.e., any t-subset of © with t < 3 is linearly
independent over F .
00,01, ...,0,—1 € Fy, are elements from distinct cosets

of G.

C3.

C4.



In addition, the repair bandwidth and the rebuilding access of
node in + j are

(n—1), if 0<5%n'<n%n/,

B (1—}—% (n—1), otherwise,

~— ~—
Sls Sl

and

Lints = {(n—1)

for i €[0,p) and j € [0,n), respectively.

Proof. Firstly, we introduce a method to choose the subset
{00,01,...,0,_1} in [42]]. Let v, v1,v2 be a basis of Fy over
F,,, and let &, &1, ..., &,—1 be pairwise distinct elements in
F,,. Define

0; = vo + &1 + Eva, i € [0, ),

then {6‘0, 01,...

Secondly, we focus on the repair property of the new code.
By (@) and (23), we see that each local code is an MDS array
code defined by the parity-check matrix H of the code in
Construction[T] i.e., i) of Definition[Ilis satisfied, and the result
on the repair bandwidth and rebuilding access are derived
directly according to Lemmas [@] and [71

,0,—1} is 3—wise independent over F .

Lastly, let us prove that ii) of Definition [l is also satisfied.
Suppose that there are r failed nodes in every local group and
three more anywhere. Similarly, we only need to analyze the
following three cases:

o All of the three extra failed nodes are in the same local
group, say group ¢ and assume that nodes in+jo, . . ., in+
Jr+2 are failed, where 0 < jp < -+ < jpp2 < n.LetJ =
{Joy---,Jr+2}, then the original file can be reconstructed
if the following matrix

Ajo Ajl U Aj7‘+2
H;[J] — r—1 r—1 r—1
P;[J] er) g £r+2
Ajo AJl o Jrt2
91'14/7-0 91'14/7-1 e 6‘“4/7' 2
AN 5_A}/ e 5 e
51AJ’0 LRI Vet

is of full rank. Clearly, each block entry in ( HilJ] )

P;lJ]
is an ¢ x ¢ diagonal matrix, by swapping the rows and
columns HilJ] is equivalent to
"\ AP

blkdiag(Bo, B1, ..., Be_1)

under elementary transformation, which has the same

rank as ( H;lJ]

PLJ] ), where B, is formed by the a,a +

11

l,...,(a+ (r+2)¢)-th rows and the a,a + ¢,...,(a +
(r 4 2)¢)-th columns of < HilJ] > for a €[0,9), ie.,

PlJ]
/\jg.,a% /\jl-,aﬁ e /\jr+2=am
r—1 r—1 L. r—1
B, = 70,055 J1,a5T Jrt2,05 2=
T T T
/\jg.,a% /\jl-,aﬁ /\jr+2,a—jr+2
0i 0i . i
k]Uvam do )\j1,aH_d0 )‘jT+2,am_d0
9; 9; . i
Njgrage—d1 Ajpapm—di )\j,\”,am*dl

by B) and @4). which is a transpose of a Cauchy-
Vandermonde matrix (after scaling and permuting rows)
and thus is nonsingular by Lemma [5] and C2. Therefore,
H;[J]

(7 )
reconstructed.

The three extra node failures are in two different groups,
say one in group ¢ and two in group k, and assume that
nodes in+jg, . . . , in+j, and nodes kn-+to, ..., kn+t, 11
are failed, where 0 < i,k < p, 0 < jo < - < j. <m

is nonsingular and the original file can be

and0§t0<---<tr+1<n.LetJ={j0,...,jT}
and T = {tg,...,tr+1}, then the original file can be
reconstructed if the following matrix
. H;[J]
H = Hy[T)
PBi[J]  P[T]
I I T
Ajo Ah e Ajy
o1 7‘:—1 B 7':—1
AjO AJ'1 Ajr
Asg Ay o Atr+1
A AT AT
Ajy AR e ATAL AL e AT
0: A5, 0: A% 0:AG OpAL OkAy o OpAL

1" " 1" 1" 1" "
S AL S AT e 8iAY SLAY SKAY e Sk AY

is nonsingular. o
Similarly, by swapping the rows and columns of H, H is
equivalent to

blkdiag(Bo, B1, ..., Be_1)

under elementary transformation, which has the same
rank as H, where B, is formed by the a,a+¢,...,(a+
(2r+2)0)-th rows and the a,a+/¢, ..., (a+ (2r+2)¢)-th
columns of 7{, and can be expressed as in (27) according
to (3.

By Lemma [ for a € [0,¢), det(B,) # 0 is equivalent
to the inequality in (28) in the next page. Note that
det(K,) is an Fy, -linear combination of ¢; and 6y, the
coefficient of 6; arises from the second term, which is
a nonzero element in F,, by Lemma 5] C2 and C4
because the matrices A and B in the second term are
Cauchy-Vandermonde matrices (after permuting rows and
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1 1 1
/\.7'07115 )‘jhaﬁ )‘jmaﬁ
r—1 r—1 r—1
J0,a5- J1,a5 Jr,a; -
1 1 1
Aty a— Aty a— A S
0,05 t1,a3 trt1,07;
B, = 0 i | ae0,0. @D
r—1 r—1 r—1
/\to-,ar /\tl-,aq tr+1-,¢ltr+1
r r r r r r
70,075 J1,a57 Jrya5 to,agy t1,a try1,07 17
i i 0, O O O
)\jo,a%—do le,aﬁ—do XjT,aﬁ—do Xto,am—do th,aq do Aty T do
i i di Ok Ok k
)\jo,aﬁ_dl le,aﬁ—dl XjT,aF—dl Xto,aﬁ—dl th,aq d1 Aty T d1
1 1 1
1 1 )‘toyato )\t17aq )\t’l‘+17at7+1
Jo,a5y Ji,a5 )‘jr-,a; : :
K, =det det AL ATL r—1
to,az— tl,atl trga 7at7‘+1
r r r O O O
Jo,a5y Ji,ag Jr a5 )‘fo)amfd“ Atl)aq do >‘f7+1’“tr+1 do
Ok Ok Ok
Ato,am d1 ktl,aq d1 >\t,,‘+1 atr+1 d1
1 1 1 1 1 1
Jo,a55 J1,a57 /\jmaﬁ to,agy )‘thaq Ly sags
— 0,0, det : : : det
/\r—l r—1 r—1 ; : :
Jo,a7— J1,05— jr,aT 0,075 1,077 r+1,07
1 Jo J1 J 1 1 1 r+
)\jo,a%_do Ajlvaﬁ_do )‘jmaﬁ_dU )\to,a%—dl )\tl,aq—dl )\tr+1,am—d1
B
1 1 1 1 1 1
70,055 J1,a57 Aj a5 Ato s Aty »aFT At, AT
+ det : : : det :
r—1 r—1 r—1 : : :
jO-,aT jl-,aT j7‘7aﬁ 0,0z 1,08 7‘+1,a7t7‘+1
S ’ di ' di O Ok Ok
k]g,am dq Ajl,aH d1 )\jr,aﬁ_dl )‘to,am_d() ktl,aq_d() >\t7‘+1,am_d0
40, (28)
transposing). By C3, this linear combination cannot be equivalent to
zero. Therefore, blkdiag(Bo, By, ..., B¢—1) and thus H
is nonsingular, and the original file can be reconstructed. blkdiag(Bo, B1, ..., B_1)

o The three extra node failures are in three distinct groups,
say in groups ¢, k, and [, and assume that nodes in +

Jos -
In+ug, ..
0<jo< -

and 0 < ug < -+

T = {to, ..

.,in + jr, nodes kn + tg, .

{uo, .

.., kn +t,, and nodes
., In+u, are failed, where 0 <7 < k <1 < p,
< Jr <m0 <ty < -
< ur < n. Let J = {jo,...
S tet, and U

< t, < n,

7.]"'“}’
., U}, then the

original file can be reconstructed if the matrix 7 in (Z9)

is nonsingular.

Similarly, by swapping the rows and columns of H, H is

under elementary transformation, where B, is formed by
the a,a +¢,...,(a + (3r + 2)¢)-th rows and the a,a +
l,...,(a+(3r+2)¢)-th columns of # for a € [0,¢), and
can be expressed as in (30) according to (@).

By Lemmal[3] det(B,) # 0 is equivalent to the inequality
in (1) for all a € [0, ¢), where we also use | 4| to denote
the determinant of the matrix A. By Lemma[3] we further
have

K, = DyD,D;K],
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H;[J]
5 — Hy[T]
H[U]
FlJ] P[T] R[U]
I I I
Ajo Ajl Aj'r
r—1 r—1 r—1
Ajo Ajl Ajr
I I I
At A, A,
- r—1 -1 r—1 (29)
Ato Atl A r
I I I
A, Ay, Ay,
r—1 r—1 r—1
AuO Au] AuT
T T s r T T s T T
Ay A A, A i b Aw A,
HiA?-IO 01-A7I1 91'A;f okAf,O 0y t GkAf/T QIA%() 19114%1 GZA%T
5iAj0 §iAj1 51”4,7; oAy, OkAY oAy OkAy, ORAL, Ox Ay,
1 1 1
)‘J’o,aﬂ )‘jlvaﬁ Jrsagz-
r'f.l r'f.l )\r'f.l
jo,a% J‘lv“fﬁ j’l‘aaﬁ
1 1 1
)‘to,ag )‘tl,aq )‘tl,at
)\7“;1 7“7.1 7“7.1
Ba = to,aﬁ tl,aq tv‘yflﬁ
1 1 1
)‘uoyam )\ulvaﬁ Aulv“u,
7’1 7’1 —1
Aigsamg A D -
Jo,a— 1 .a— Grra— to.a tia P [P - Ay a
L L rags ,ag 1,07 g 0,07 1,07y I ETr=
0; 0; 0; 0 0% 05 0, 0, 0,
jo a5 do Ajl,aH*do Aj,,aﬁ do Ato,a$ do Atl,aq do Atr,aﬁ*do Auo,aW7d0 Aul,aﬁ*do Aup agm—do
0; 0; 9; Ok Ok Ok [J] [J] [J]
do-ajy di ey di jT,aﬁ7d1 Ato,a%*dl Atl,aq*fh At,‘,avffh Aug,agg—d1 Aup,agp—d1 Aup,agm—d1
(30)
where K!
1 1 1
T 0; 0} 0,
M g.a——20) —Ch;.am——d0) TT—g Ny ,age—d0)
D = H )\ - S J— i=0 Jw‘lji i=0 09 =0 i Yy
o<il<i<r H’,E‘:()()\ji,aj—‘*dl) Ii—o (Mt a=—d1) Hfzo(%ui,au—i*dl)
By writing the Laplace expansion of the above determi-
nant K over the second row, K/ can be expressed as a
s . . . .
linear combination of 6;, 65, and 0;. The coefficient of 6;
Dy = H (Moo = Atra), is
o<i<i<r
- 1
T
Hi:O(AjiaaH - dO)
r O 0y
— _ X T - T )
Do= [ e = Aurany)s ToOtrar —d1)  T—oOur oy — 1)

o<il<i<r
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N A A ! 1 1 1 1 1
Josazs Nvsags U Nirsags )‘fo,a% Afl,aq ’ )‘tlxaﬁ Auo,aW Aul,aW Aug,age
r-1 r=1 T r=1 r=1 r=1 _— _— Sl
Aio«aﬂ Ahvaﬁ )‘J'r«aﬁ Toags Mg - uo}am ul,laﬁ Aurlaw
;O’GE A;I’GH ;T,aﬁ )‘lo,a$ /\Zl’aq /\IT,aZ /\uo,aﬁ /\ul,aﬁ /\ur,aﬁ
1 1 1 1 1 1 1 1
)‘jo«aﬂ Aj1 a5 )‘jr«aﬁ )\thaT Afl’aq )‘tl,aﬁ Auo,am Aul,aﬁ Auyq ag
Ko, = A1 ! A1 r=1 r=1 =1 - o1 =1
jo,aﬂ jl,aH jr,aj— to,at— tl’aT tr,aﬁ uo,am ul,aﬁ uT,aW
0; 0; 0; 0 04 04 0, 0, 0,
AjOva77d0 )\jlﬁaj_—do i a— —d, Xg.az——40 Ay ,ap——d0 )\rTﬁavfdo Nugamg — 90 Aup,agr—d0 XNy ag——d0
1 1 1 1 1 1 1 1 1
Nosazs A1 sazr Aoz Atg,az— Aty a3— Aty,ag— Aug azg Auy,azy Auy ag—
)\7‘7.1 r—1 )\7‘7.1 r—1 r—1 r—1 " " ' T
jO!aE J‘l’aﬂ jr,a? toaam fl’aq troag - u(, a7y u1,amy up,ag
5 55 55 Sk 5k Sk 51 51 51
/\j()vaﬁidl )\jlﬁaﬁ—dl /\j%aﬁfdl /\toya%ﬂil ’\fl«aq*dl )\t%avfdl >\u0,aW*d1 >\u1,aﬁfd1 Aup,ag—d1
£0. 31
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