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Unique sparse decomposition of low rank
matrices
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Abstract

The problem of finding a unique low-dimensional decomposition of a given matrix has been a funda-
mental and recurrent problem in many areas. In this paper, we study the problem of seeking a unique
decomposition of a low-rank matrix ¥ € RP*™ that admits a sparse representation. Specifically, we consider
Y = AX where the matrix A € RP*" has full column rank, with » < min{n, p}, and the matrix X € R™*"
is element-wise sparse. We prove that this low-rank, sparse decomposition of Y can be uniquely identified,
up to some intrinsic signed permutation. Our approach relies on solving a non-convex optimization problem
constrained over the unit sphere. Our geometric analysis for its non-convex optimization landscape shows
that any strict local solution is close to the ground truth, and can be recovered by a simple data-driven
initialization followed with any second-order descent algorithm. Our theoretical findings are corroborated
by numerical experiments.'

Index Terms

matrix factorization, low-rank decomposition, nonconvex optimization, second-order geometry, sparse
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I. INTRODUCTION

The problem of matrix decomposition has been a popular and fundamental topic under extensive
investigations across several disciplines, including signal processing, machine learning, natural language
processing [9, 10, 31, 48, 32, 7], just to name a few. From the decomposition, one can construct useful
representations of the original data matrix. However, for any matrix Y € RP*" that can be factorized as
a product of two matrices A € RP*" and X € R"*", there exist infinitely many decompositions, simply
because one can use any r x r invertible matrix Q to construct A’ = AQ and X' = Q~'X such that
Y = AX = A’X’, while A’ # A and X' # X. Thus, in various applications, additional structures
and priors are imposed for a unique representation [21, 14]. For example, principal component analysis
(PCA) aims to find orthogonal representations which retain as many variations in Y as possible [16, 22],
whereas independent component analysis (ICA) targets the representations of statistically independent
non-Gaussian signals [25].

In this paper, we are interested in finding a unique, sparse, low-dimensional representation of Y. To this
end, we study the decomposition of a low-rank matrix ¥ € RP*" that satisfies

Y = AX, (1.1)

where A € RP*" is an unknown deterministic matrix, with » < min{n,p}, and X € R"*" is an unknown
sparse matrix.

Finding a unique sparse decomposition of (I.1) turns out to be important in many applications. For exam-
ple, if the matrix X is viewed as a low-dimensional sparse representation of Y, finding such representation
is ubiquitous in signal recovery, image processing and compressed sensing, just to name a few. If columns
of Y are viewed as linear combinations of columns of A with X being the sparse coefficient, then (I.1) can
be used to form overlapping clusters of the n columns of Y via the support of X with columns of A being
viewed as r cluster centers [11, 6]. Furthermore, we could form a p x r low-dimensional representation of Y’
via linear combinations with sparse coefficients. Such sparse coefficients greatly enhance the interpretability
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of the resulting representations [27, 20, 3], in the same spirit as the sparse PCA, but generalizes to the
factorization of non-orthogonal matrices.

To motivate our approach, consider the simple case that A has orthonormal columns, namely, AT A = I,2.
Then it is easy to see that the sparse coefficient matrix X is recovered by multiplying Y on the left by AT,

ATy = ATAX = X. (L.2)

The problem of finding such orthonormal matrix A boils down to successively finding a unit-norm direction
q that renders q”'Y as sparse as possible [34, 40, 36],
3 T < _
min la Y||SpmSity s.t. gy, =1. (1.3)
However, the natural choice of the sparsity penalty, such as the ¢, norm for p € [0,1], leads to trivial and
meaningless solutions, as there always exists ¢ in the null space of A such that ¢’ Y = 0.
To avoid the null space of AT, we instead choose to find the unit direction g that maximizes the ¢, norm
of ¢7Y as
max HqTYH4 s.t. g, =1. (1.4)

The above formulation is based on the key observation that the objective value is maximized when g
coincides with one column of A (see, Section II, for details) while the objective value is zero when q lies
in the null space of A”. The ¢4 norm objective function and its variants have been adopted as a sparsity
regularizer in a line of recent works [30, 46, 45, 36, 44], arguably because solving (1.4) requires a milder
restriction on sparsity level of X to recover A comparing to solving (I1.3). However, all previous works
study the setting where A has full row rank and, to the best of our knowledge, the setting where A has full
column rank has not been studied elsewhere. As we will elaborate below, when A has full column rank,
analysis of the optimization landscape of (1.4) becomes more difficult since the null space of AT persists
as a challenge for solving the optimization problem: they form a flat region of locally optimal solutions.

This paper characterizes the nonconvex optimization landscape of (1.4) and proposes a guaranteed pro-
cedure that avoids the flat null region and provably recovers the global solution to (1.4), which corresponds
to one column of A. More specifically, we demonstrate that, despite the non-convexity, (1.4) still possesses
benign geometric property in the sense that any strict local solution with large objective value is globally
optimal and recovers one column of A, up to its sign. See, Theorem III.1 in Section III-A for the population
level result and Theorem III.4 for the finite sample result.

We further extend these results to the general case when A only has full column rank in Theorem II1.6 of
Section III-B. To recover a general A with full column rank, our procedure first resorts to a preconditioning
procedure of Y proposed in Section II-C and then solves an optimization problem similar to (I.4). From
our analysis of the optimization landscape, the intriguing problem boils down to developing algorithms
to recover nontrivial local solutions by avoiding regions with small objective values. We thus propose a
simple initialization scheme in Section IV-A and prove in Theorem IV.3 that such initialization, proceeded
with any second-order descent algorithm [19, 26], suffices to find the global solution, up to some statistical
error. Our theoretical analysis provides explicit rates of convergence of the statistical error and characterizes
the dependence on various dimensions, such as p, r and n, as well as the sparsity of X.

Numerical simulation results are provided in Section V. Finally, in Section VI, we conclude our results and
discuss several future directions of our work. All the proofs and supplementary simulations are deferred
to the Appendix.

a) Notations: Throughout this paper, we use bold lowercase letters, like a, to represent vectors and bold
uppercase letters, like A, to represent matrices. For matrix X, X;; denotes the entry at the i-th row and
j-th column of X, with X;. and X.; denoting the i-th row and j-th column of X, respectively. Oftentimes,
we write X.; = X; for simplicity. We use grad and Hess to represent the Riemannian gradient and Hessian.
For any vector v € R%, we use ||v||, to denote its ¢, norm, for 1 < ¢ < cc. The notation v°? stands for {v{},.
For matrices, we use ||| and [|-||op to denote the Frobenius norm and the operator norm, respectively.
For any positive integer d, we write [d] = {1,2,...,d}. The unit sphere in d-dimensional real space R? is
written as S¢~!. For two sequences a,, and b,,, we write a,, < b, if there exists some constant C' > 0 such
that a, < Cb,, for all n. Both uppercase C and lowercase c are reserved to represent numerical constants,
whose values may vary line by line.

21, is the identity matrix of size r x r.



A. Related work

Finding the unique factorization of a matrix is an ill-posed problem in general due to infinitely many
solutions. There exist several strands of studies from different contexts on finding the unique decomposition
of Y by imposing additional structures on A and X. We start by reviewing the literature which targets
the sparse decomposition of Y.

a) Dictionary learning: The problems of dictionary learning (DL) [1, 39, 18, 40] and sparse blind
deconvolution or convolutional dictionary learning [12, 29] study the unique decomposition of Y = AX
where X is sparse and A has full row rank. In this case, the row space of Y lies in the row space of X,
suggesting to recover the sparse rows of X via solving the following problem,

min HqTYH1 s.t. q#0. (15)
q

Under certain scaling and incoherence conditions on A, the objective achieves the minimum value when
q is equal to one column of A, at the same time g”'Y recovers one sparse row of X. This idea has been
considered and generalized in a strand of papers when A has full row rank [39, 40, 47, 30, 46, 36, 44, 38, 49].
In our context, the major difference rises in the matrix A, which has full column rank rather than row
rank, therefore minimizing ||¢”Y||, as before only leads to some vector in the null space of A”, yielding
the trivial zero objective value.

On the other hand, [36, 45] consider the same objective function in (I1.4) to study the problem of over-
complete/complete dictionary learning (where A has full row rank). However the optimization landscape
when A has full column rank is significantly different from that in the (over)complete setting. The more
complicated optimization landscape in our setting brings additional difficulty of the analysis and requires a
proper initialization in our proposed algorithm. We refer to Appendix A for detailed technical comparison
with [36, 45].

b) Sparse PCA: Sparse principal component analysis (SPCA) is a popular method that recovers a
unique decomposition of a low-rank matrix Y by utilizing the sparsity of its singular vectors. However, as
being said, under Y = AX, SPCA is only applicable when X coincides with the right singular vectors of
Y . Indeed, one formulation of SPCA is to solve

max tr (U'Y'YU) - \|U|x, (L6)
UeRnx"
s.t. UTU =1,

which is promising only if X corresponds to the right singular vectors of Y. It is worth mentioning that
among the various approaches of SPCA, the following one might be used to recover one sparse row of X,

min HY—uvTHz + Avllr st |ulle=1. (1.7)
u,v

This procedure was originally proposed by [51] and [37] together with an efficient algorithm by alternating
the minimization between w and v. However, there is no guarantee that the resulting solution recovers the
ground truth.

c) Factor analysis: Factor analysis is a popular statistical tool for constructing low-rank representations
of Y by postulating

Y =AX+E (18)

where A € RP*" is the so-called loading matrix with r = rank(A) < min{n,p}, X € R™*" contains n
realizations of a r-dimensional factor and E is some additive noise. Factor analysis is mainly used to
recover the low-dimension column space of A or the row space of X, rather than to identify and recover
the unique decomposition. Recently, [6] studied the unique decomposition of Y when the columns of X
are i.i.d. realizations of a r-dimensional latent random factor. The unique decomposition is further used for
(overlapping) clustering the rows of Y via the assignment matrix A. To uniquely identify A, [6] assumes
that A contains at least one r x r identity matrix, coupled with other scaling conditions on A (we refer to
[6] for detailed discussions of other existing conditions in the literature of factor models that ensure the
unique decomposition of Y but require strong prior information on either A or X). By contrast, we rely
on the sparsity of X, which is more general than requiring the existence of a r x r identity matrix in A.



d) NMF and topic models: Such existence condition of identity matrix in either A or X has a variant
in non-negative matrix factorization (NMF) [13] and topic models [2, 7, 8], also see the references therein,
where Y, A and X have non-negative entries. Since all Y, A and X from model (I.1) are allowed to have
arbitrary signs in our context, the approaches designed for NMF and topic models are inapplicable.

II. FORMULATION AND ASSUMPTIONS

The decomposition of Y = AX is not unique without further assumptions. To ensure the uniqueness
of such decomposition, we rely on two assumptions on the matrices A and X, stated in Section II-A.

Our goal is to uniquely recover A from Y, up to some signed permutation. More precisely, we aim to
recover columns of AP for some signed permutation matrix P € R"™*". To facilitate understanding, in
Section II-B we first state our procedure for uniquely recovering A when A has orthonormal columns. Its
theoretical analysis is presented in Section III. Later in Section II-C, we discuss how to extend our results
to the case where A is a general full column rank matrix under Assumption II.2.

For now, we only focus on the recovery of one column of A as the remaining columns can be recovered
via the same procedure after projecting Y onto the complement space spanned by the recovered columns
of A (see Section IV-B for detailed discussion).

A. Assumptions

We first resort to the matrix X € R"*" being element-wise sparse. The sparsity of X is modeled via the
Bernoulli-Gaussian distribution, stated in the following assumption.

Assumption IL1. Assume X;; = B;; Z;; for i € [r] and j € [n], where

i.4.d.

Bij ~ Ber(@), (Hl)
Zi; "5 N(0,0). (11.2)

The Bernoulli-Gaussian distribution is popular for modeling sparse random matrices [39, 1, 40]. The
overall sparsity level of X is controlled by 6, the parameter of the Bernoulli distribution. We remark that
the Gaussianity is assumed only to simplify the proof and to obtain more transparent deviation inequalities
between quantities related with X and their population counterparts. Both our approach and analysis can
be generalized to cases where Z;; are centered i.i.d. sub-Gaussian random variables.

We also need another condition on the matrix A. To see this, note that even when A were known,
recovering X from Y = AX requires A to have full column rank. We state this in the following assumption.

Assumption IL2. Assume the matrix A € RP*" has rank(A) = r with || Al|,= 1.

The unit operator norm of A is assumed without loss of generality as one can always re-scale o2, the
variance of X, by ||A|op.

B. Recovery of the orthonormal columns of A

In this section, we consider the recovery of one column of A when A is a semi-orthogonal matrix
satisfying the following assumption.

Assumption I1.3. Assume ATA =1I,.

Our approach recovers columns of A one at a time by adopting the ¢4 maximization in (II.4) to utilize
the sparsity of of X and orthogonality of A. Its rationale is based on the following lemma.

Lemma I1.4. Under Assumption 11.3, solving the following problem
4
max HATqH4 s.t. g, =1 (IL.3)

recovers one column of A, up to its sign.

Intuitively, under Assumption I1.3, we have ||A7q||2< 1 for any unit vector q. Therefore, criterion (I.3)
seeks a vector ATq within the unit ball to maximize its £4 norm. When q corresponds to one column of
A, that is, ¢ = a; for any i € [r], we have the largest objective ||A”a;||1= 1. This ¢, norm maximization



approach has been used in several related literatures, for instance, sparse blind deconvolution [46, 30],
complete and over-complete dictionary learning [45, 44, 36], independent component analysis [24, 23] and
tensor decomposition [17].

The appealing property of maximizing the ¢, norm is its benign geometry landscape under the unit
sphere constraint. Indeed, despite of the non-convexity of (II.3), our result in Theorem III.1 implies that
any strict location solution to (II.3) is globally optimal. This enables us to use any second-order gradient
accent method to solve (I1.3).

Motivated by Lemma IL.4, since we only have access to Y € RP*", we propose to solve the following
problem to recover one column of A,

min F(q) = [Y7q|} st lall,=1. (11.4)

q "~ 1200'n
The scalar (1200%n)~! is a normalization constant. The following lemma justifies the usage of (IL.4) and
also highlights the role of the sparsity of X.

Lemma I1.5. Under model (1.1) and Assumption 1.1, we have
1
E[F(@)] = -7 [(1-0)ATq|; +6]ATql,]

where the expectation is taken over the randomness of X.

Remark I1.6 (Role of the sparsity parameter ). Lemma I1.5 implies that, for large n, solving (11.4) approximately
finds the solution to

. .1 4 4
min f (@)=~ [(0-0) [ ATql; + 6] a%q[}]
s.t. g, =1 (IL5)

The objective function is a convex combination of | AT q||1 and || AT q||3 with coefficients depending on the magnitude
of 6. In view of Lemma I1.4, it is easy to see that solving (I1.5) recovers one column of A, up to the sign, as long
as 6 < 1. However, the magnitude of 6 controls the benignity of the geometry landscape of (I11.5). When 0 is small,
equivalently, X is sufficiently sparse, we essentially solve (I1.3) which has the most benign landscape. On the other
hand, when 6 — 1, the landscape of (I1.5) is mostly determined by the eigenvalue problem® which maximizes | AT q||2
subject to ||q||2= 1. We will demonstrate that when X is sufficiently sparse, second order descent algorithm with a
simple initialization finds the globally optimal solution to (I11.4) in Section IIL

C. Recovery of the non-orthogonal columns of A

In this section, we discuss how to extend our procedure to recover A from Y = AX when A is a general
full column rank matrix satisfying Assumption II.2. The main idea is to first resort to a preconditioning
procedure of Y such that the preconditioned Y has the decomposition AX, up to some small perturbation,
where A satisfies Assumption 1.3 and X satisfies Assumption II.1 with 0* = 1. Then we apply our
procedure in Section II-B to recover A. The recovered A is further used to recover the original A.

To precondition Y, we propose to left multiply Y by the following matrix

1/2
D=|(yy")'| " err (IL6)
where M* denotes the Moore-Penrose inverse of any matrix M. The resulting preconditioned Y satisfies
Y =DY =AX+E

with A satisfying Assumption I1.3, X = X /v60no? and E being a perturbation matrix with small entries.
We refer to Proposition IIL.5 below for its precise statement.
Analogous to (II.4), we propose to recover one column of A by solving the following problem
on

min Fy(q) =

i —ﬁHYTqu, st [lglly = 1. (IL7)

3When A is orthonormal, this eigenvalue problem possesses the worst landscape as there are infinitely many solutions.



Theoretical guarantees of this procedure are provided in Section III-B. After recovering one column of A,
the remaining columns of A can be successively recovered via the procedure in Section IV-B. In the end, A
can be recovered by first inverting the preconditioning matrix D as D! A and then re-scaling its largest
singular value to 1.

III. TaHeEORETICAL GUARANTEES

We provide theoretical guarantees for our procedure (II.4) in Section III-A when A has orthonormal
columns. The theoretical guarantees of (I1.7) for recovering a general full column rank A are stated in
Section III-B.

A. Theoretical guarantees for semi-orthonormal A

In this section, we provide guarantees for our procedure by characterizing the solution to (I.4) when
A satisfies Assumption IL3.

As the objective function F'(q) in (I.4) concentrates around f(q) in (IL.5), it is informative to first analyze
the solution to (IL5). Although (IL.5) is a nonconvex problem and has multiple local solutions, Theorem
III.1 below guarantees that any strict local solution to (IL.5) is globally optimal, in the sense that, it recovers
one column of A, up to its sign. We introduce the null region R, of our objective in (IL5),

Ry={qes’':||ATqg|x=0}. (IIL.1)

Theorem III.1 (Population case). Under Assumption I1.3, assume 6 < 1/6. Any local solution g to (IL5), that
is not in Ry, satisfies

qg= AP, (1IL.2)
for some signed permutation matrix P € R™*".

The detailed proof of Theorem III.1 is deferred to Appendix C-C. We only offer an outline of our analysis
below.

The proof of Theorem III.1 relies on analyzing the optimization landscape of (II.5) on disjoint partitions
of SP=1 = {q € R? : ||q||>= 1}, defined as

Ri =Ry (Cy) ={qesS"":|ATq|2>C.}, (I1.3)
Ry =SP"'\ (RyURy).
Here C, is any fixed constant between 0 and 1. The region Ry can be easily avoided by choosing an

initialization such that the objective function f(q) is not equal to zero. For R; and R, we are able to show
the following results. Let Hess f(q) be the Riemannian Hessian matrix of (IL.5) at any point g € SP~'.

(1) Optimization landscape for R;:

Lemma II1.2. Assume 6 < 1. Any local solution q € R1(Cy) to (IL.5) with C, > %4 / ﬁ recovers one column
of A, that is, for some signed permutation matrix P

G=AP,.

To prove Lemma III.2, we characterize all critical points in R;. Specifically, we show that any critical
point g € R; is either a strict saddle point in the sense that there exists a direction along which the
Hessian is negative, or satisfies the second order optimality condition and is equal to one column of
A, up to its sign.

(2) Optimization landscape for Ry:
Lemma IIL.3. Assume 6 < 1/3. For any point q € Ry(C.) with C, < 1*2—39, there exists v such that

vT Hess f (q)v < 0. (111.4)

Lemma III.3 implies that any point in R2(C,) has at least one direction with negative curvature hence
can be escaped by any second-order algorithm. Consequently, there is no local solution to (IL.5) in the
region Ry (C,).



Theorem IIL.1 thus follows from Lemma III.2 and Lemma III.3, provided that

[ 6

Condition (III.5) puts restrictions on the upper bound of 6. It is easy to see that (II.5) holds for any
6 < 1/6. As discussed in Remark II.6, a smaller 6 leads to a more benign optimization landscape. Figure
1 illustrates our results by depicting the landscape of (I.5) in a 3-dimensional case. As shown there, the
region R contains saddle points as well as all local solutions which recover the ground truth up to the sign.

1

local solution local solution

saddle point

on S%. Regions Ry, R and R» are defined in

Fig. 1: Visualization of the landscape of solving (IL5)
=0.5 and Cy = 0.65.

(IIL.3). The ground truth A is set as [e1, e2] with 0

In light of Theorem III.1, we now provide guarantees for the solution to the finite sample problem (II.4)
in the following theorem. Define the sample analogue of the null region R, in (IIL.1) as

Ryc) = {qe& " [ATql% < c) (I1L6)

for any given value ¢, € [0,1). In our analysis, we are mainly interested in the order of rates of convergence
of our estimator and do not pursue derivation of explicit expression of the involved constants.

Theorem IIL.4 (Finite sample case). Under Assumptions IL.1 and 1.3, assume 6 € (0,1/9] and

2 1
n > C' max {r—, log? n} rosn (1IL.7)
Cy Oc,

for some suficiently large constant C' > 0 and any c, € (0,1/4). Then with probability at least 1 — cn™°', any local
solution g to (I1.4) that is not in R{(c,) satisfies

2] log® 1
lg— AP, < /—2"4 (97‘2+ Ogg ”) rosn (IIL8)

on n

for some signed permutation matrix P. Here c and ¢’ are some absolute positive numeric constants.

The proof of Theorem II1.4 can be found in Appendix C-D. The geometric analysis of the landscape of
the optimization problem (I1.4) is in spirit similar to that of Theorem III.1, but has an additional technical
difficulty of taking into account the deviations between the finite sample objective F'(q) in (I1.4) and the
population objective f(q) in (IL.5), as well as the deviations of both their gradients and hessian matrices.
Such deviations also affect both the size of R (c,) in (II.6), an enlarged region of Ry in (IIL.1), via condition
(I11.7), and the estimation error of the local solution g.

In Lemmas C.14, C.15 and C.16 of Appendix C-I, we provide finite sample deviation inequalities of var-
ious quantities between F(q) and f(q). Our analysis characterizes the explicit dependency on dimensions
n, p and r, as well as on the sparsity parameter §. In particular, our analysis is valid for fixed p, r and 0,
as well as growing p = p(n), r = r(n) and 6 = 6(n).



The estimation error of our estimator in (II.8) depends on both the rank r and the sparsity parameter
0, but is independent of the higher dimension p. The smaller ¢ is, the larger estimation error (or the
stronger requirement on the sample size n) we have. This is as expected since one needs to observe
enough information to accurately estimate the population-level objective in (IL.5) by using (IL.4). On the
other hand, recalling from Remark I1.6 that a larger 6 could lead to a worse geometry landscape. Therefore,
we observe an interesting trade-off of the magnitude of 6 between the optimization landscape and the
statistical error.

B. Theoretical guarantees for general full column rank A

In this section, we provide theoretical guarantees for our procedure of recovering a general full column
rank matrix A under Assumption II.2.

Recall from Section II-C that our approach first preconditions Y by using D from (IL.6). The following
proposition provides guarantees for the preconditioned Y, denoted as Y = DY. The proof is deferred to
Appendix C-E. Write the SVD of A = UsD,V} with Uy € RP*" and V4 € R"™*" being, respectively, the
left and right singular vectors.

Proposition IIL5. Under Assumptions 1.1 and 1.2, assume n > Cr/6? for some sufficiently large constant C > 0.
With probability greater than 1 — 2=, one has

Y =AX+E
where A =Ua VY, X = X/V0no? and E = AAX with

1 /r
1Ay < c”é\/;. (ITL.9)

Here ¢’ and ¢’ are some absolute positive constants.
Proposition IIL5 implies that, when n > Cr/6?, the preconditioned Y satisfies
Y =A(I +A)X ~AX

with AT A = I,.. This naturally leads us to apply our procedure in Section II-B to recover columns of A via
(IL.7). We formally show in Theorem II.6 below that any local solution to (IL.7) approximates recovering
one column of A up to a signed permutation matrix. Similar to (IIL.6), define

Ry(c,) = {qup‘l ATl < c*} (II.10)
for some given value ¢, € [0,1).

Theorem IIL.6. Under Assumption I1.1 and I1.2, assume 6 € (0,1/9] and
n> (IIL.11)

logn log’n r 7r2logn }
0*9\/5’ 0*9 ’ c*\/é’ Cs .

Then with probability at least 1 — cn™¢ — 4e=<"", any solution § to (IL.7) that is not in Region Ry (c,) satisfies
lg— AP,

rlogn \/r2 logn 9 logZn\ rlogn
< 0 5 °
~\/ 02n + on o 0 n

for some signed permutation matrix P. Here c,c and ¢ are some absolute numeric constants.

¢ max {log3 n,
c 0

The proof of Theorem IIL.6 can be found in Appendix C-F. Due to the preconditioning step, the require-
ment of the sample size in (III.11) is slightly stronger than (IIL.7), whereas the estimation error of g only
has an additional 4/rlogn/(#?n) term comparing to (IIL.8).

Theorem III.6 requires to avoid the null region Rj(c,) in (II1.10). We provide a simple initialization in
the next section that provably avoids R;. Furthermore, every iterate of any descent algorithm based on
such initialization is provably not in R, either.



IV. CoMPLETE ALGORITHM AND PROVABLE RECOVERY

In this section, we present a complete pipeline for recovering A from Y. So far we have established that
every local solution to (IL.7), that is not in Rjj(c,), approximately recovers one column of A = UsV{. To
our end, we will discuss: (1) a data-driven initialization in Section IV-A which, together with Theorem III.6,
provably recovers one column of A; (2) a deflation procedure in Section IV-B that sequentially recovers all
remaining columns of A.

A. Initialization

Our goal is to provide a simple initialization such that solving (II.7) via any second-order descent
algorithm provably recovers one column of A. According to Theorem IIL6, such an initialization needs to
guarantee the following conditions.

« Condition I: The initial point ¢(®) does not fall into region R, (c,) for some ¢, satisfying (IIL11) in

Theorem IIL6.
o Condition II: The updated iterates q'®, for all k > 1, stay away from R{(c,) as well.

We propose the following initialization

© = e sPt (IV.1)

1,
q
¥ Ln]l2

The following two lemmas guarantee that both Condition I and Condition II are met for this choice. Their
proofs can be found in Appendices C-G and C-H.

Lemma IV.1. Under Assumption 11.1 and I1.2, assume 6 € (0,1/9] and
r? rlogn rlog n r? }
n > C— max{ log®n — — r?logn v.2
> 07 max {log? n, "5 LB, T 310y (1v2)

holds, then, with probability at least 1 — 2e~°", the initialization q(o) in (IV.1) is not in region RS (cy) with
e = 1/(2r).
Lemma IV.2. Let ¢, for k > 1, be any updated iterate from solving (IL.4) by using any descent algorithm with
the initial point q\®) chosen as (IV.1). If
r? rlogn r?
n > C'— max{ log® n, 6°r*lo n} V.3
>C5 { g G T g (Iv.3)

holds, then, with probability at least 1 — en—¢ —2e=<’r for some absolute numeric constants c,c’,c’ > 0, one has

1
(k) o= k>1.
q" ¢ R} (W) V2
Combining Lemmas IV.1 and IV.2 together with Theorem III.6 readily yields the following theorem.

Theorem IV.3. Under Assumptions I1.1 and I1.2, assume 6 € (0,1/9] and (IV.2) holds. Let q be any local solution
to (I1.7) from any second-order descent algorithm with the znztzal point chosen as (IV.1). With probability at least
1—cn=¢ —4e<"" for some absolute numeric constants c, ¢, ¢’ > 0, one has

- rlogn \/7’2 logn  rlog®n
— AP, <
la illz = \/ 03n + on + on

for some signed permutation matrix P.

Theorem IV.3 provides the guarantees for using any second-order descent algorithms [33, 4] to solve
(I.7) with the initialization chosen in (IV.1).



B. Recovering the full matrix A

Theorem IV.3 provides the guarantees for recovering one column of A. In this section, we discuss how
to recover the remaining columns of A by using the deflation method [39, 40, 36].

Suppose that solving (IL7) recovers @i, the first column of A. For any k € {2,...,7}, write A, =
span(as, ..., ax—1), the space spanned by all previously recovered columns of A at step k. Further define
Py, as the projection matrix onto A and write Px. = I,,— P4, . We propose to solve the following problem
to recover a new column of A,

on

min _EHqTijYHj, st fqll, = 1. (IVA4)

To facilitate the understanding, consider k& = 2 and ij = P4.. Then (IV.4) becomes
. on _ 4
min — — |l¢" P Y|,, st |qll,=1 (IV.5)
q 12
From Proposition 1I1.5, we observe that
PaLlY ~ PaLlAX = A(—I)X(—l)v (IV6)

where we write A(_;) € RP*(""1 and X(_;) € R""D*" for A and X with the 1th column and the 1th
row removed, respectively. Then it is easy to see that recovering one column of Ay from P;,Y is the
same problem as recovering one column of A from Y with r replaced by r — 1, hence can be done via
solving (IV.5). Similar reasoning holds for any 2 < k < r.

As soon as we recover A, the original A is recovered by D=1 A/ ||D_1fi||Op (under Assumption 11.2) with
D defined in (II.6). For the reader’s convenience, we summarize our whole procedure of recovering A in
Algorithm 1.

Algorithm 1: Sparse Low Rank Decomposition

Data: a matrix Y € RP*" with rank r < min{n, p}

Result: matrix A € RP*"

Compute D from (IL.6) and obtain Y = DY’;

Set A; = ) and initialize ¢ as (IV.1);

for j ={1,2,...,r} do
Solve a} from (IV.4) by using q'” and any second-order descent algorithm;
Update A.; = aj; B
Set A; =span(A.i,..., A);

end

Compute A = DflA/HD”AHOp.

V. EXPERIMENTS

In this section, we verify the empirical performance of our proposed algorithm for recovering A under
model (I.1) in different scenarios.

A. Experiment setup
We start by describing our data-generating mechanism of ¥ = AX. The general full rank A is generated

as Aj; ESaY (0,1) with its operator norm scaled to 1. On the other hand, entries of the sparse coefficient
matrix X € R"*" are generated i.i.d. from Bernoulli-Gaussian with parameter ¢ and o2 = 1.

Recall that A = U4V with U4 and V4 consisting of the left and right singular vectors of A, respectively.
We first evaluate the performance of our procedure (II.7) in terms of the probability of successfully
recovering one column of A. Specifically, let g € SP~! be our estimate from (IL.7), we compute

E q = i 1 - q,a; o1
T ((I) 1211'1£r ( |<Q7 az) |) ( v )
P& PR the projection matrix onto the orthogonal space of A;.
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with A = (ay, . .., a;). If Err (q) < p. for some small value p. > 0, we say the vector g successfully recovers
one column of A. We consider two scenarios in Section V-B to evaluate the probability of recovering one
column of A. In the first case, we vary simultaneously ¢ and r while in the second case we change n and
T

In Section V-C we also examine the performance of our proposed Algorithm 1 for recovering the whole
matrix A by using the following normalized Frobenius norm between any estimate A.;; and the true A:

1

75 At = AP (V-2)

s.t. P is a signed permutation matrix.

min
P

In Section V-D, we further compare the performance of our proposed method with two algorithms that
are popular in solving the sparse principal component analysis (SPCA) problem.

In the aforementioned settings, we choose the projected Riemannian gradient descent (for the one-column
recovery result in Figure 2) and the general power method [28] (for the full matrix recovery result in
Figures 3, 4a and 4b) in Algorithm 1. Detailed specifications of these two descent methods as well as the
comparison between them are stated in Appendix B.

B. Successful rate of one column recovery

In this part, we examine the probability of successfully recovering one column in A . Here we use (V.1)
for computing recovering error and p, is set to 0.01 in our simulation.

a) Varying 6 and r: We fix p = 100 and n = 5 x 10* while vary 6 € {0.01,0.04,...,0.58} and r €
{10, 30,...,70}. For each pair of (6,r), we repeatedly generate 200 data sets and apply our procedure
in (IL7). The averaged recovery probability of our procedure over the 200 replicates is shown in Figure
2. The recovery probability gets larger as r decreases, in line with Theorem IIL.6. We also note that the
recovery increases for smaller 6. This is because smaller § renders a more benign geometric landscape of
the proposed non-convex problem, as detailed in Remark IL.6. On the other hand, the recovery probability
decreases when 6 is approaching to 0. As suggested by Theorem II1.4, the statistical error of estimating A
gets inflated as 6 gets too small.

b) Varying n and r: Here we fix p = 100 and the sparsity parameter § = 0.1. We vary r € {10, 30, ...,70}
and n € {2000, 3000, . ..,12000}. Figure 2 shows the averaged recovery probability of our procedure over
200 replicates in each setting. Our procedure performs increasingly better as n increases, as expected from
Theorem IIL.4.

C. Estimation error of a general full column rank A

To generate a full column rank matrix A, we use Aj;; "KM N(0,1). We follow the same procedure in
Section V for generating X. We choose n = 1.2 x 10* and p = 100, and vary 6 € {0.01,0.04,...,0.58} and
r € {10,20,...,50}. Figure 3 depicts the performance of our method under different choices of 6 and r.
The error of estimating A gets smaller when either 6 or r decreases for § > 0.1. Also for relatively small
6 (0 < 0.1) we find that the error increases when 6 gets smaller. These findings are in line with our result
in Theorem IV.3. The tradeoff of ¢ that we observe here agrees with our discussion in Remark IL6.

D. Comparison with algorithms used for SPCA

In this section, we compare the performance of our method with two SPCA procedures. Among the
various algorithms for solving the SPCA problem, we compare with the LARS algorithm [51, 50] and the
alternating direction method (ADM) [5, 41]. The LARS solves

min - ||Z; = Yoill, + Afvill, + N [lvill,

for each 1 < 7 < r, to recover rows of X. Here, Z; is the ith principle gomponent of Y. Denote by X
the estimated X from LARS. The matrix A is then recovered by Y X7 (X X7)~! with its operator norm
re-scaled to 1. On the other hand, the ADM algorithm solves

min HY—uvTHQF + Av|li st Jull2=1,
u,v

11
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Fig. 3: Errors of estimating a full column rank A for different choices of 6 and 7.

to recover one column of A (from the optimal ) by alternating minimization between u and v. The above
procedure is successively used to recover the rest columns of A by projecting Y onto the complement
space spanned by the recovered columns of A [37].
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Since both SPCA procedures aim to recover A with orthonormal columns, to make a fair comparison,

we set A equal to the left singular vectors of Z € RP*" with Z; R (0,1). Figure 4a and 4b depict
the estimation error of three methods in terms of (V.2) for various choices of r and 6, respectively. The
estimation errors of all three methods get larger when either » and ¢ increases. LARS, however, has the
worse performance in all scenarios. Compared to the ADM method, our method has similar performance
for relatively small § (# < 0.4) but has significantly better performance for moderate 6 (6 > 0.4). It is
also worth mentioning that, in contrast to the established guarantees of our method, there is no theoretical

justification that the ADM method recovers the ground truth.
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Fig. 4: Comparison with LARS and ADMM: estimation errors of three methods for varying r (top) and
6 (bottom) with p = 100 and n = 1.2 x 10*. In Figure 4a, 0 is fixed to 0.1 and in Figure 4b r is chosen
as 30.

VI. ConcrusioN AND Future WoRrk

In this paper, we study the unique decomposition of a low-rank matrix Y that admits a sparse repre-
sentation. Under model Y = AX where X has ii.d. Bernoulli-Gaussian entries and A has full column
rank, we propose a nonconvex procedure that provably recovers A, a quantity that can be further used to
recover X. We provide a complete analysis for recovering one column of A, up to the sign, by showing
that any second-order descent algorithm with a simple and data-driven initialization provably attains the
global solution, despite the nonconvex nature of this problem.

There are several directions worth further pursuing. For instance, it is of great interest to develop a
complete analysis of the deflation procedure for recovering the full matrix A. It is worth studying this
decomposition problem in presence of some additive errors, that is, ¥ = AX + E. Our current procedure
only tolerates E that has small entries. We leave the problem of modifying our procedure to accommodate
a moderate / large E to future research.
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APPENDIX A
TECHNICAL COMPARISON WITH [ 35, 45]

[35] studies the unique recovery of Y = AX under the setting of over-complete dictionary learning,
that is, A has full row rank with p < r. Although our criterion in (IL.4) is similar to that used in [35],
the low-rank structure of Y in our setting implies that A has full column rank with p > r, which brings
fundamental differences in both the rationale of using (I.4) and its subsequent analysis. To be specific,
under the setting in [35], the matrix A = (a1, ...,a,) € RP*", with r > p, is assumed to be unit norm tight
frame (UNTF), in the sense that

r
AAT = -1, laill2=1, p = max|(a;, a;)|< 1.
P i#£]

Under this condition and Assumption II.1, the objective F(q) in (II.4) satisfies (see, display (2.4) in [35])

B[F(q)] = (1 - 6)|A"q)i-C (A1)

where C' is some numerical value that does not depend on q. Therefore, solving (I11.4), for large n, approx-
imately maximizes ||ATq||} over the unit sphere in the context of [35].

There are at least three major differences to be noted. First, as A is UNTF in the setting of [35], columns
of A are not orthonormal, or equivalently, 1+ > 0. As a result, Lemma II.4 does not hold for their setting.
In another word, even one can directly solve (I1.3), the solution does not exactly recover one column of A.
Indeed, Proposition B.1 in [35] shows that the difference between the solution to (IL.3) and one column of
A is small when ;1 < 1 but is not exactly equal zero unless o = 0. By contrast, when A satisfies AT A = I,
in our setting, the exact recovery of columns of A is achievable via solving (I1.3) as shown in Lemma IL4.

Second, due to rank(A) = r, solving (I.4) in our setting approximately maximizes (IL.5), the objective
of which is a convex combination of ||[A”q||} and ||ATq||3 with coefficients depending on the sparsity
parameter 6. Thus, the expected objective in our setting no longer coincides with that in [35] and in fact
is more complicated due to the extra term ||ATg||3. This additional term brings more complications in
our analysis of the geometry landscape of (IL.4) and requires more delicate arguments. Indeed, in view of
(IL.4), although it is clear that columns of A are still the global maximizers regardless of the presence of
0la" A ;L, it is non-trivial to establish how 6 HqTAH;L affects the geometric landscape, such as properties
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of all stationary points. Our population-level results fully characterize the benign regime at the presence
of 0 HqTAH;1 (see, Lemmas C.1, C.3 and C.4). To account the existence of 6 HqTA ;1, we have to base on
not only a different partition of the unit sphere but also a different metric, the sup-norm, of the partition,
from the analysis used in [35]. As we move to the sample-level analysis, extra cares need to be taken, see,
for instance, Lemmas C.6, C.9 and C.10.

Third, the low-rank structure of Y leads to a null region of solving (II.4), that is, the region of g such
that ¢7Y = ¢"AX = 0 (see, (IIL.1) for the population-level analysis and (IIL.6) — (I11.10) for the finite
sample results). This null region does not appear when the matrix A is UNTE. In the presence of such a
region, to provide guarantees for any second-order gradient-based algorithm, we need to provide a proper
initialization outside of this region and to further carefully prove that every iterate does not fall into the
null region. Such analysis brings more technical challenges to our analysis than [35] (see, for instance
Lemmas IV.1 and 1V.2).

[45] studies the problem of recovering a complete, orthonormal, matrix A € Q, via

max HATYHi.

A€0,
[45, Theorem 1] shows that the maximizer of the above problem is close to the desired target. However,
due to the intrinsic difficulty of analyzing the stiefel manifold, there is no global convergence analysis
and it is still an open problem that whether local solutions or saddle points exist. By contrast, based on
our landscape analysis of stationary points, we are able to provide global guarantees for any second-order
descent algorithm.

AprPENDIX B
EMPIRICAL STUDIES ON COMPARISON OF THE GENERAL POWER METHOD AND THE PROJECTED RIEMANNIAN GRADIENT
DESCENT

In this section we compare the performance of Algorithm 1 by using the general power method (PM)
[28, 35] and the projected Riemannian gradient descent (PRGD) [35] in terms of the one-column recovery
error and algorithmic convergence rates.

For simplicity, we consider the matrix A with orthonormal columns. Specifically, the ground-truth matrix
A is set as the left singular vectors of random matrix Z € RP*" with Z;; RN (0,1) and X € R™*" is
iid Bernoulli-Gaussian with varying parameter § and o = 1.

We compare the performance of using projected gradient descent and power method for solving problem
11.4, as detailed below.

o Projected Riemannian Gradient Descent(PRGD): We base on the update
q* ) = Py, (q(’“) —~™ grad F(q(“)) : (B.1)

for k € {1,2,...}, where y(¥) := 4(0%=09 i5 the step size of the k-th iteration with v(*) = 0.01 being
the initial step size and grad F(q¥)) being the Riemannian gradient of F(g*). Here Ps, 1 represents
the projection matrix onto the unit sphere.

o Power Method (PM): We base on the update
") = Pyyor (V™)) (B2)
for k € {1,2,...}, where VF(q*)) being the gradient of F'(q)) at each step k.

A. Comparison on one column recovery errors

In this section we compare the one-column recovery error, defined in (V.1), of solving (II.4) by using (B.1)
and (B.2). We consider r € {10, 20, ---,80} and 6 = 0.1 in Figure 5a while r = 10, 8 € {0.05,0.1,0.15,---,0.6}
in Figure 5c when fix n = 5 x 103 for both cases. For comparison, both (B.1) and (B.2) use the same
initialization ¢(® in (IV.1) as well as the same stopping criterion, & < 5000. Figure 5a and 5b depict the
one-column recovery errors of both methods, averaged across 50 repetitions, for each choice of r and 0
respectively. These two methods have nearly the same recovery errors for all r and 6, implying that they
both reach the same global minimum. This observation is in line with Theorem IV.3.
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B. Comparison on algorithmic convergence rates

In this part we check the time of reaching convergence for PRGD and PM under the same data generating
setup as described in the previous section. Here both methods base on the same initialization and use
Err (¢)) < 0.01 as the stopping criteria. Figure 5c and 5d show the averaged running time before conver-
gence for both methods across 50 repetitions. Clearly, PM has a faster convergence rate comparing to PRGD,
especially for large r. This empirical efficiency of using PM has also been observed by [45, 35, 43]. However,
theoretical justifications for under-complete model on this aspect is still an open problem, deserving future
investigation.
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Fig. 5: Comparison of PRGD and PM: the top pannels compares the recovery errors where we varies
r in figure 5a and 6 in figure 5b while bottom two figures depict the convergence time for different r
and 6 respectively. We set p = 100 and n =5 x 10 for all figures.

AprrPeNDIX C
MaAIN PROOFS

A. Proof of Lemma I11.4
Proof. First, note that, for any q € SP~1,

T T

4 2 2
|ATq|t = Jz:; (aJTq) < 11;1?5 (aqu) ; (aqu) < 121;1%(T||aj|\§ M(AAT) = 1. (C.1)
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Here A\ (AA") denotes the largest eigenvalue of AA” and is equal to \; (A7 A) = 1. Also note that the

maximal value one is achieved by ¢ = +a; for all 1 <i <r as

AT a;]; =1.

To prove there is no other maximizer than columns of A, we observe that the first inequality of (C.1) holds

with equality if and only if
1
(a?Q)Q = g7 VJ S

where
S={jelr]: a;*-Fq#O}
and s = |S|. We thus have

1
q= $Z:I:aj.

JES

This choice of g leads to | A7 q|{= 1/s which is equal to one if and only if s = 1.

B. Proof of Lemma 11.5
Proof. Pick any g and C. One has

ElF(a)] = —155,4, T 12001

by the i.i.d. assumption of columns of X. Write { = ATq and use Assumption IL.1 to obtain

4
1 T

E[F(q)] = _WE (Z CijiZji)
j=1

Since Bj; is independent of Z;; and

E[llg" AX|1] = E[lq" AX.5|*]

2 22
B;~N (0,0 > ¢ Bﬁ)
j=1

> ¢iBiiZ;
=1

from Assumption II.1, we obtain

4 2
E (Z ¢ BjiZjl-) =30'E (Z ¢ Bf‘z‘)
j=1

j=1

=30'E | Y ¢!BY | +30'E | Y ¢XPB: B
[ =1 J#L
=300 ¢+ 30707 ¢3¢?
Jj=1 J7#L

2
=30 | (1-0) Zc;* +6 (Z gf)
j=1 j=1

— 3090 [(1— 0) ¢ [4+0lICI13].

The result then follows.
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C. Proof of Theorem I11.1

We prove Theorem III.1 by proving Lemmas II1.2 and III.3 in Sections C-C2 and C-C1, respectively.
To analyze the solution to (II.5), we need the following Riemannian gradient and Hessian matrix of f(q)
constrained on the sphere ||g||, =1

grad f(q) = — Py [(1 ~0) iaj(qTajf + 9||qTA||§AATq] (C.6)
j=1
Hess f(q) = Hessy, f(q) + Hess, f(q) (C7)
where
Hessy, f(q) = [32% (q"a;)? ||qTA||31] Py, (C.8)
Hesse, f(q) = —0P,. [[la" A|3AAT +24AT qq" AAT — ||qT A|31] P,.. (C.9)

Recall that, for any C, € (0, 1), we partition SP~! into

Ri(C,) = {q esrt:||ATq|’. > c*} . Ry(C) =S (Rl(C*) U Ro).

1) Geometric analysis for ¢ € Ry: We prove the following lemma which shows the existence of negative
curvature for any q € R».

Lemma C.1. Assume 0 < 1/3. For any point q € Ro(C,) with

o, < 1— 397
there exists v such that
v? Hess f (q) v < 0. (C.10)
In particular, if § < 1/6, for any point q € R2(C.) with
1
C* S o =
3V2
there exists v such that
5\/—
v Hess f (@) v < —————||¢||%. (C.11)

Proof. Fix C,. Pick any q € R2(C,) and write { = AT q for s1mp11c1ty. Assume |(;|= ||¢]|« for some i € [r].
Recall that DZ* = diag (¢°?) with ¢°* = {¢}};¢[)- From (C.8), we have

ol Hessy, f(g)a:
= (1-0) [-3aT ADE2Aa; + 6¢,¢7 D AT a; — 362 |11 = ¢4 (¢ — llail3)
= (1-0) [-3¢Z +6¢! = 3¢ I¢IE = Ii¢lf (¢2 - 1)]
= (1= 0) [ -31¢IZ+61¢ 4 ~4ICZICI + I
< (1= 0) [~ 20CIZ+6lI¢ 1A —4IIC %] (C12)
where in the last line we used ||¢[|3< [I€]13]1¢]12.< [I€]12 and [|€]|3> [I€]|%,- On the other hand, we obtain
ol Hessy, f(a)ai = 0| ~2¢2 + 61IC] ICI5 ¢ = 4 1<% 113 — €13 [laT A5 + 11€113]
<0 =2 ClI% + 61l — 4 1¢% + N3 (I¢l5 1) |
<0 |41¢I% - 41<1% (C13)
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where in the second and third lines we used ||¢ ||§ < 1. Combine (C.12) and (C.13) to obtain

al Hess f(q)a; < —4|¢)|S, +6 (1 - 0) [[C][5 —2(1 —36) [IC]1%,
3(1—-0)

1-36
——alel it - 22 e + 52 (C14)

Define

3(1—4 1—36
g(x):x2—¢x+w, with ¢:%7 W:T. (C.15)
It remains to prove al Hess f(g)a; < —4¢||%, g (|¢[|%) < 0. To this end, note that w > 0 under § < 1/3.
Since

2 2
&—AM_ggiﬁL—2+60—<%;4> >0, (C.16)
we know that, for all
VA 1-30
el < 2=V 123 (€17)

g(I¢lI%,) > 0 and g(||¢||%,) increases as ||¢||%, gets smaller. Recall that g € R»(C,) implies ||¢||%, < C.. Thus,
as long as

1-30
W S T
Cr s 2
we conclude g(||¢]|2,) > g(Cy) > 0 hence
al Hess f(q)a; < —4|¢|%, g (I¢I%) < 0. (C.18)
This completes the proof of the first statement. The second one follows by taking C, < 1/(3v/2). O

2) Geometric analysis for ¢ € Ri: In this section we prove that any local solution to (IL.5) in R; recovers
one column of A, as stated in the following lemma.

Lemma C.2. Assume 0 < 1. Any local solution ¢ € R1(C,) to (IL5) with

1 6
Cy > A —
AR
recovers one column of A, that is,
q = :|:A6i
for some standard basis vector e;.
Proof. We prove the result by showing that any critical point of (IL.5) in R;(Cy) is either a saddle point,
or it satisfies the second order optimality condition and is equal to one column of A.

Our proof starts by characterizing all critical points of (IL.5). For any critical point g of (IL.5), by writing
¢ = ATq, letting the gradient (C.6) equal to zero gives

(1= 0)AC™ = (1= 0)aclly + 01ICI A¢ — bacll; = 0. (C19)
Pick any 1 < i < 7. Multiply both sides by al to obtain
(1= 0)ai’ AC™ = (1= 0)G €13 + 011¢I3 0 AC = 01I¢l3 G = 0 (C20)
with ¢°° means {(?};c[,). By using
af AC” = [lail3 ¢ + ) (ai,a5) ¢ = ¢ (C21)
JFi
al AC = lail3 G+ (aia;) G =G, (C.22)
J#i
under Assumption II.3, after a bit algebra and rearrangement, we obtain
G-ag=0 (C.23)
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where
0
o = [clli + =5 (ISIE 1) Il (C24)

We then have that, for any critical point q € Ry, { = AT q satisfies (C.23) for all 1 < i < r. Furthermore,
since Lemma C.5, stated and proved in Section C-C3, shows that oo > 0, we conclude that ¢ belongs to one
of the following three cases:

1) Case 1: ||¢||co=0;
2) Case 2: There exists i € [r] such that
Gil= Ve, ¢ =0, Vjel[]\{i}
3) Case 3: There exists at least 4, j € [r] with ¢ # j such that
IGil= I¢j= Ve

Note that the definition of R; excludes R, defined in (IIL.3), hence rules out Case 1. We then provide
analysis for the other two cases separately. Specifically, for any ¢ belonging to Case 2, Lemma C.3 below
proves that ¢ satisfies the second order optimality condition, hence is a local solution. Furthermore, ¢ is
equal to one column of A up to the sign.

Lemma C.3. Let q be any critical point in R1(C,) and let { = AT q. If there exists i € [r] such that

Gl=Va,  I¢GI=0, Vje[r]\{i},

with « defined in (C.24), then there exists some signed permutation P such that

q=AP; (C.25)

Furthermore,
v! Hess f(q)v > (1— G)HP;"UH%, Vv such that P;‘v # 0. (C.26)
Proof. Lemma C.3 is proved in Section C-C4. O

Finally, we show in Lemma C.4 below that any ¢ belonging to Case 3 is a saddle point, hence is not a
local solution.

Lemma C.4. For any critical point q € R1(C,) with { = AT q and o as defined in (C.24), if there exists k (k > 2)
non-zero elements such that

ICr )= ICr2)|= - = [Caiy = Ve
for some permutation  : [r] — [r], then there exists v with Pjv # 0 such that
2(1-6
v Hess f(q)v < — %HP;"U”% < 0. (C.27)
Proof. Lemma C.4 is proved in Section C-C5. O

Summarizing the above two lemmas conclude that all local solutions in R, lie in Case 2, hence completes
the proof of Lemma II1.2. O

3) Additional lemmas used in Section C-C2 and C-D: The following lemma gives the upper and low bounds
for a defined in equation (C.24).

Lemma C.5. For any q € R(C,), let { = ATq and « be defined in (C.24). We have

0

IS113 [1—m} < a < Kl (C.28)

As a result, when 0

2
T

we have o > 0.
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Proof. The upper bound of « follows from

a = Il¢l; [1 + I¢lz ~ |¢|§)] < i¢l3

0
(1-8) ¢l (

by using [|¢[|2 <1 and HCH; < [I¢]13. To prove the lower bound, we have

a=Il¢lli |1+ ﬁ H 1)]
> 161 |1~ =g 1415 (1~ 1¢13) | by [I¢/3< 1
> 1K1 |1 - r—grrere | by 1¢I5~ <[ < 1/4
> I¢ls :1 - W] (C.29)

4) Proof of Lemma C.3:
Proof. Let g be any critical point in R;(C,) with C, > 0. Write ¢ = A”q and suppose

|Gel= Ve, [Gl=0, Vjelr]\{e}

with o defined in (C.24). Our proof contains two parts. We first show that g = a; (we assume P is identity
for simplicity) and then show that g satisfies the second order optimality condition.
a) Recovery of a,:: First notice that

0 1 2
G =a=II¢ly |1+ ———— (lIll> = li¢ll ] (C.30)
l N ETTHE) (s 1)
Since ||¢[|2 = ¢2 and ||¢||; = ¢, we immediately have

a=a? [1+ﬁ(a2—a)]. (C.31)

Solving it gives o = 1, which implies (7 = |(a;, g) |*= 1, as desired.
b) Second order optimality:: We prove

vT Hess f(q)v = v [Hessy, f(q) + Hessy, f(q)]v >0
for all v such that P;-v # 0.

Recall from (C.8) that
Hesse, f(q) = —(1—0)Pgs [3iaja§-p(qTaj)2 - |qTA|ZlI} Py
j=1
Without loss of generality, let v € SP~! be any vector such that v L g. Recall that ¢ = ATq. Then
(1-0) [—i (a]0)" ¢} + |c||i]
j=1

= (1-0)|-3(afv)" +1]. (C32)

vT Hessy, f(q)v

where we used (? = 1 and (; = 0 for all j # ¢ together with |{||{= 1 in the second line. In addition, we
find

(afv)® = [(a, v)* = (g, v)[* = 0 (C33)
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so that
v Hessy, f(q)v =1—6. (C.34)
On the other hand,
T _ T 2 2 2 4
ol Hesse, (q)o = 0[-2 (07 A¢)" — I3 | 4w + I¢]13]
2
9 [—2 (alvq)” — || Av]5 + 1]

= 0[1- 4]
>0 (C.35)
where we used \;(AAT) <1 in the last line. Combine equation (C.34) and inequality (C.102) to obtain
v Hess f(q)v > 1—-6>0, (C.36)
completing the proof. O

5) Proof of Lemma C.4:

Proof. Let g be any critical point g € R1(C,) with C, > 0 and ¢ = AT ¢ having at least k¥ non-zero entries
for 2 < k < r. Without loss of generality, we assume

Gl=va  ¥i<k, =0 Vji>k (C.37)
We show there exists v such that
2(1—-0
" Hoss f(q)w = v (Hess, £(q) + Hessy, £(a))v =~ 0| PLof<0.
Without loss of generality, pick any vector v € SP~! satisfying v L q and v lies in the span of {a1, a2, - -, ax}.

Write v = Z?Zl cja;. From (C.7), we have

Jj=1

k
vT Hessy, f(qv = (1-0) [—3’UTAD22A’U + HCHi] = (1-0) [—32 (a;‘-rv)2 CJZ + |C|i} ) (C.38)

Recall from the definition of « in (C.24) that

0 1 2
a=I¢ly |1+ 7 (lIClz — lI<l3) |, (C.39)
-0 (et~ et)
using (€3 = 32j- ¢f = S5 ¢f = ko® and [[]3 = 5, ¢ = X5, ¢ = ko yields
0
2 2 _
a = ka [1 + R (1-0) (ko ka)] . (C.40)
Solve the equation above to obtain o = 1/k, hence
1 1 ,

Plugging this into (C.38) gives

k
v Hess, f(qv = (1-0) _%Z(af’vf-i-%]

L J=l1
2(1-90)
- _ 41
) (C41)
. k T,\2 _ K 2 _
where the second equality used } ;_,(ajv)* =3/, ¢; =1
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On the other hand, we have

Il
S

ol Hessy, fla)o = 0[-2(07AC)" — <13 | AT + 1<l

[~ ¢l AT w]l3 + i3]

IN
S

k
= 0 =<3+ 1<l
j=1

= 0. (C42)

The second equation follows from |AT'UH§ =3¢ (vTa;)? =" 2 =1 and the last step uses [[¢[3=1.
Combining equation (C.41) and (C.81) gives

2(1-90)
k
and completes the proof. O

vT Hess f(q)v < — (C.43)
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D. Proof of Theorem 111.4
To prove Theorem I11.4, analogous to (IIL.3), we give a new partition of SP~! as
Ry = Ri(c) = {q e s [aTq|, < e}, (C.44)
Ry =Ri(C.) ={qes ' |aTq|’ > c.},
Ry =SP1\ (ROURY).

Here ¢, and C, are positive constants satisfying 0 < ¢, < C, < L.
Let 41 and J2 be some positive sequences to be determined later. Define the random event

E= { sup |lgrad f(q) — grad F (q)||, < d1, Sélp |Hess f (q) — Hess F' (q) [|op< 52} . (C45)
qgespr—1 qesp—1

Here grad f(q) and grad F(q) are the gradients of (I1.5) and (I1.4), respectively, at any point ¢ € SP~1.
Similarly, Hess f(q) and Hess F'(q) are the corresponding Hessian matrices.

On the event &, the results of Theorem II1.4 immediately follow from the two lemmas below. Lemma
C.6 shows that the objective F'(q) in (II.4) exhibits negative curvature at any point q € R;,. Meanwhile,
Lemma C.7 proves that any critical point in region R} is either a solution that is close to the ground-truth,
or a saddle point with negative curvature that is easy to escape by any second-order descent algorithm.
Lemmas C.6 and C.7 are proved in Section C-D1 and C-D2, respectively.

Lemma C.6 (Optimization landscape for Ry). Assume 6 < 6/25. For any point q € Ry(C,) with

12
Ci < — —120,
25

if 62 < ¢, /25 for some constant c, € (0,C.), then there exists v such that
v! Hess F (q)v < 0. (C.46)
In particular, if < 1/9, for any point g € Ro(C,) with C, < 1/4, there exists v such that

v! Hess F (q) v < —1—00 ||C|| ; (C47)
Lemma C.7 (Optimization landscape for R)). Assume
6<1/9, 6 <5x107°, 6 <1073 (C.48)
Any local solution q € R} (Cy) with C, > 1/5 satisfies
lg— AP,|; < C& (C.49)

for some signed permutation matrix P and some constant C > 0.

Finally, the proof of Theorem III.4 is completed by invoking Lemmas C.15 and C.16 and using condition
(II1.7) to establish that dy < ¢, /25, do < 1073 and 6; < 5 x 10~°. Indeed, we have

r2log(M,) M, log( )

0 = ——= + — (C.50)
on n n
3log(M,, M, rlog(M,
0y = &()—F—M (C.51)
on n n

where M,, = C(n+r) (67> + log® n/6). Under (II.7), we have log(M,,) < logn whence 65 < min{c,/25,107%}

requires )
n > Cmax r3 1ogn7 P log”n\ rlogn
Oc2 0 Cy

for sufficiently large C' > 0, which holds under (IIL7).
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1) Proof of Lemma C.6:

Proof. Fix C,. Pick any g € R,(C,) and write { = AT q for simplicity. Assume |{;|= ||{||c for some i € [r].
Note that, on the event &,

a! Hess F(q)a; < al Hess f (q) a; + a] [Hess F (q) — Hess f (q)] a;
< aiT Hess f (q) a; + 62

1
< a Hess f (q) ai + 5 <% (C.52)
where in the last inequality we used d2 < ¢, /25 < ||¢]|2,/25 as g € R,(C,). By inequality (C.14), we obtain
3(1—-4 1-36
ol tess f (a)a < ~41lc12 { el - 202 gz + 152, (©53)
hence
3(1-0) 1-30 1
T o 2 4 3(1-0) o2 1-30 1
o ttess F(aha <~ <1 {161 - 22 el + 25 - 5} (©54)
Define
, 3(1-0) 1-30 1
-2 _ — - =
g(@)=12°— ¢z +w, with ¢ 5 W 5 100" (C.55)

It remains to prove a’ Hess F(q)a; < —4/¢[|% g (|¢||%) < 0. To this end, note that w > 0 under § < 1/4.
Since

1-6) 1 0+1\> 1
¢2—4w_¥—2+69+%—<32+ > +%>O, (C.56)
we know that, for all
3-30 (39+1) 14 1
_VF—m_ 27 (Y
i, < 2=V a =r_ (€57)

g(IKlI%) > 0 and g(||¢||%) increases as [|€||% gets smaller. Recall that g € Ro(C,) implies ||¢[|2,< C\. We

then have
g(lI€llz) > 9(Cy).
We proceed to show C, < r_ by noticing that

Y
[ V)

L2 (C.58)
Thus, provided that

we conclude g(|[¢]|%,) > g(Cy) > 0 hence
al Hess F(q)a; < —4|¢]% g (II]1%) < 0. (C.59)

In particular, taking 6 < 1/9 and C, < 1/4 yields
21

T e A 2 ) .
a; Hess F(q)az = 100 ||CHOO (C 60)

This completes the proof. O
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2) Proof of Lemma C.7:

Proof. The proof of this lemma is similar in spirit to that of Lemma C-C2. Follows the notations there, any
critical point g € R} (C,) satisfies

grad f(q) + grad F(q) — grad f(q) = 0. (C.61)
Following the same procedure of proving Lemma C-C2, analogous to (C.23), we obtain
G-aGi+B=0 (C.62)

for any i € [r], where ¢ = ATq,

o= el + 2 (IS~ ICIZ) . 8= 6 = (arad f (q) — erad F (q) ). (C.63)

To further characterize ¢ satisfying (C.62), note that o > 0 from Lemma C.5 and we also prove in Lemma
C.11, stated and proved in Section C-D3, that 4|3|< «*/2. In conjunction with Lemma C.12 in Section C-D3,
we conclude that ¢ belongs to one of the following three cases:

o Case 1: 2|[3|
Gl < —, V1<i<m;

o Case 2: There exists i € [r] such that

Gzva-2 g va-

o Case 3: There exists at least i, j € [r] with ¢ # j such that

Gz va- 20 e va-

We provide analysis case by case. Case 1 is ruled out by Lemma C.8 below. For any ¢ belonging to Case
2, Lemma C.9 below proves that ¢ satisfies the second order optimality condition, hence is a local solution.
Furthermore, q is close to one column of A. Finally, Lemma C.10 shows that any ¢ belonging to Case 3 is
a saddle point, hence is not a local solution. Summarizing the Lemmas C.8 — C.10 concludes that all local
solutions in R; lie in Case 2, hence concludes the proof of lemma C.7. Lemmas C.8 — C.10 are proved in
Sections C-D4, C-D6 and C-D5, respectively. O

A v e\ Gy

21|
o

Lemma C.8. Assume
6 <1/9, 5 <1074

For any critical point q € R} (C.) with C, > 1/5, there exists at least one i € [r] such that

> 2
«

where { = ATq and « and 3 are defined in (C.63).
Lemma C.9. Assume

6<1/9, 6 <5x107°, 6 <1073 (C.64)
Let q be any critical point in R} (C,) with C, > 1/5. If there exists i € [r] such that

azva- 20 < 20y e g,
with ¢ = ATq and o and B defined in (C.63), then
lg— AP4|; < Cs (C.65)

for some signed permutation matrix P and some constant C > 0. Furthermore,

v? Hess f(q)v > 0, Vv such that quv £ 0. (C.66)
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Lemma C.10. Assume
6<1/9, 51 <1074, 5y <1073, (C.67)
For any critical point q € R, (C.) with Cy, > 1/5, if there exists i, € [r] with i # j such that

Gz va- 22 e va - 22
where { = ATq and o and B are defined in (C.63), then there exists v wzth Pqu # 0 such that
v" Hess f(q)v < —0.00315||P;v[5 < 0. (C.68)
3) Lemmas used in Section C-D2:

Lemma C.11. Assume 6 < 1/9. For any critical point q € R} (Cy) with Cy > 1/5, on the event £ in (C.45), we

have
418 < o*?
where B and o are defined in (C.63).
Proof. By definition and the event &,
6= I(grad f (q) — grad F'(q) , @;) |< 01| @il[2= é1. (C.69)
Then by Lemma C.5,
Bl o & . o1

a3/2 — 043/2 -

1114 [1 - 4(1%09)02]
Since q € R1(C,) implies [|¢]|2,> C., using |[€]|$> (<S> C2 together with C, > 1/5 and 6 < 1/9 gives

135 [1 - $] > [02 - L] > <i)3/2 (C.70)
4 4(1—0)Cc2| = | 4(1—-6)] ~\800
The result follows from &; < 2 x 104, O
Lemma C.12 (Lemma B.3, [35]). Considering the cubic function
flx)=2°—ax+p (C.71)

When o > 0 and 4|8|< o3/2, the roots of the function f(-) are contained in the following union of the intervals.

ot 22 {1 - vars 2L Y {jo+ vai< 2201, (C72)

4) Proof of Lemma C.8:

Proof. We prove that for any critical point ¢ € R), there exists at least one i € [r] such that |¢;|> 2|8|/«
with o and 3 being defined in (C.63). Suppose

2
IGi|l< — |ﬂ| Vi € [r].
Assume |(x|= |||l for some k € [r]. We obtain
2|8
¢l < 22
(6%
hence, by also using ||{][2< 1,
4ﬁ2 463 (C.70) 800
¢l < NI Il < 25 < —— el = st (3 ) Icli. (€7
[} [ W]
This is a contradiction whenever
1/ 7\ 32
5 < = —
=2 (800) ’
which is the case if §; < 10~ O
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5) Proof of Lemma C.10:

Proof. Let g be any critical point ¢ € R (C,) with C, > 1/5 and write ¢ = ATq. Suppose there exists
I,m € [r] with [ # m such that

2|8 2|8
al>va- 28 e va- 2A
« [
We prove there exist v such that.
vT Hess F(q)v < v Hess f(q)v + v [Hess F(q) — Hess f(q)] v < 0. (C.74)

Pick any vector v € SP~! such that v L g and v lies in the span of {a;,an}, that is, v = ¢a; + ¢man, for
some ¢} + ¢2, = 1. Recall from (C.7) that

vT Hess f(q)v = v’ Hessy, f(q)v + v Hessy, f(q)v.
By (C.8), we first have

|
_
I
s
~—
I
w
—
e
|
<
~—
[
LN
[ V)
I
w
—
5]
N
<
~—
(™)
=p
I
w
—
BN
~
<
S~—
N
I
TN
+
o
NS
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< (1-0){-3](af'v)” + (aho)* | min{¢?. 2} + 1114}
{
{

= (1-0){-3min {¢, 2} + l¢I11} (C75)

Here ||v||; = ¢Z + ¢, = 1 and a]'a,, = 0 are used in last step derivation. Note that

g2 (va- Y 5o 2 =
Lemma C.5 gives

o> et — 2 [ eI~ ela]
Also by (C.69), we obtain

1/2 1/2
% < ol r <46y (8—(7)0) < 40121 (8—20) 4]k (C77)

« 2 2
¢ [1 - 4(1%09)02]

where the second inequality is due to (C.70) and the last one uses |||} > ||¢[|2,> C2. By writing

L 48, (800\"/?
it follows that
2 4 0 2 1
G 2 el (1 =) = = [ el ez (C.79)

This lower bound also holds for min{¢?, ¢%}. Plugging it in (C.75) yields
0
o ttess, S(a)o < (1= 0) { -3 {113 1 =) = e (1615 = 161E]  + ¢l

30
=(1-90) {(—2 +30) IG5 + 7= | <15 - ||<;||§]} : (C.80)
On the other hand, from (C.8), we have

ol Hessy, f(a)v =0 [2 (7 AC)” — <113 | AT [ + 1¢I13]
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< 0[ = lIcl | AT w3 + 11l
0= 1¢I5 + Il | - (C81)

Third inequality uses HAT’UHE =Y (vTa;)? =¢f —|—c$n = ||lv||5 = 1. Combine (C.81) and (C.80) to obtain

o” Hess f(q)v < (1-0) {( 2+ 30) 4+ oo [ I3 - ||<;||;*]} +0 [~ 1¢I5 + ¢l
< (1-0) (=2+3n) <[} + 26 [ch2 ~1i¢1i3]
< (1= 0) (24 30) [CIE+ 2. (C82)

Here ||€ ||§ — 1< H;l < 1/4 is used in last step. We thus conclude that
v’ Hess F(q)v < v” Hess;(q)v + ||Hess F(q) — Hess F(@llop

0
<(1=0)(=2+30) [Cl3 + 5 + & (C.83)
on the event £. Note that —24 37 < 0 from C,, > 1/5 and §; < 10~*. By using ||¢||3 > ||¢||4.> C2, we obtain

o Hess FlgJv < (1—0) (=24 3)C2 + &+

/
(1—16) (-203 + 126, <8—(7)O) ) + g + 2 by (C.78). (C.84)

Recalling that
6<1/9, C,>1/5, 6 <1071 6, <1073,

we further have
v” Hess F(gq)v < —0.00315|| Py v||3= —0.00315 < 0. (C.85)
This completes the proof. O
6) Proof of Lemma C.9:

Proof. This proof contains two parts: the first part shows that any critical g € R} is close to the ground
truth vector a; for some [ € [m], and the second part proves the second order optimality for this q.
a) Closeness to the target ground-truth vector:: Pick any critical point g € R} and suppose that, for some

L€ [m],
azva-2 <0y
On the one hand, we bound ¢} from below as
= ¢l =>_ct = lICls = > Ghmax
k#l k#l
2
> ¢l — el
> (¢4 — 467 (800) Il by (C.73), (C.56)

The last inequality also uses 3, G <|¢ ||§ < 1. On the other hand, since Lemma C.13, stated and proved
below, ensures that

1B11< [lar — ql|261 := A6,

the upper bound of ¢? follows from

2|81 47 4161
_(\/—+ ) Oé-i-?—"ﬁ
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800
< el + 452 ( ) ¢ + Amlc]

where we also use Lemma C.5, (C.73) and (C.77) and recall from (C.78) that

46, (800)1/2
n = — .

c2
Define 200
()
Combine (C.86) and (C.87) to obtain
PO ot SRR VU
G 1+&6+Am 1+&+Am

which implies
1—[Gl< 26+ A,

Consequently, assuming (; = af g > 0 without loss of generality, we have
2 2 2
lar = qll; = llailly + llall; = 2G = 2(1 = G]) < 4€ +2[ar — q]|2n,

implying the desired result.
b) Second order optimality:: We show that

v! Hess F (q) v > 0.
for any v € SP~! that Pj-v # 0. Pick any v € S”~! such that v L q. We have

v Hess F (q) v = v” Hess f (q) v + v” [Hess F (q) — Hess f (q)] v

> v” Hess f (q) v — ||Hess F (q) — Hess f (@llop

= v” [Hess, f (q) + Hessy, f (q)]v — |[Hess F (q) — Hess f (q)

We bound from below v’ Hessy, f (q) v and vT Hessy, f (q) v respectively.
Recall from (C.8) that

Hessy, f(q) = —(1 - 0)P, [32% (q"a;)? ||qTA|ZlI} Pys

Also recall that ||¢]|co= |¢i|. We have
vT Hessy, f(q)v = (1—0) [—3’UTAD22A'U + ||CH3]

_9) [_32 (ATv) G2+ ||c||3]

—(1-0) {_3 [<A%>%<f +3 (A%)ic,z] + ||c|ii} :
k#l

Note from (C.90) that

(ATw)} = [{a, )" = (a1 — q,0)|” < [lar —all; =2(1 — a)) <2 (1 - &) -

Also note that

2 452 .
> (ATv), ¢ < IIAT I13< S 5- €113
k£l
with ¢ defined in (C.88). We thus have

o Hesse, (q)o > (1-6) [~6 (1= ) ¢ = 3¢ ¢ + €111].
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Since (C.87) ensures
G<@+e+n el (C.96)
we further obtain
(L= 0)[I¢ll3 [-6(1 +&+m) (1 - ¢F) =3¢ +1]
(1—0) Il [6(2€ +n) — 3¢ +1]
(1—6) (1 =15 — 61) [I¢Il3 (C.97)

v” Hessy, (q)v >
>

The last step uses (C.89) again.
To bound from below v’ Hessy, f (q) v, by (C.8), we have

2
o Hesse,(q)v = 0| -2 (07 A¢)" ~ CII3 | Aw]3 + ICI3] - (C.98)
To upper bound (v A¢)?, observe that

2 i 2
(vTAC)Q _ [alTvQ + Za;{vgk] <2 v al (Z aj, vék)

k£l k£l
<2(201-¢)¢ + ) (afv)’ Z@?]

| k£l k#l
<2[201- )¢ +1I¢l3 - ¢] (C99)

where we used (C.94) and Cauchy-Schwarz inequality in the second line, and the fact that 3, , J(ATv)2 <
|[ATv[|3< 1 in the third line. By observing that

4
1l = 1<l ey < ”C”Q jnt < Lol (C100)
<1y G
and A
¢ < %cﬁ
we have
which further yields
4
(") <2 |20 -1 + Lo - <?>1
!
226 +1) [, 0 1€l
< Trety _QQ + <z4 ] by (C.89)
2(26 +1) 1 4
< Tietn 20+ &+n) + 7(1 e )2 1< 11, by (C.89) and (C.96)
B 1+&+n
1 4
On the other hand, we have )
I¢I3IAwl3 < 161 < —— — ¢l

(1 _ 2&+m )
1+&+n
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by (C.100) and (C.89), and ||¢||3> [|¢||4. It then follows that

1 1
v Hessy, (q)v > 0|C|y | —4(2¢6 +n) [2 T 77] a TR
(1 - 1+£J:777>
> —16.50[|¢]|3 (2€ + 1) (C.102)

where the last line follows from §; <5 x 1075 and C, > 1/5 together with some simple algebra. Combine
(C.97) and (C.102) to obtain

v" Hesse, f(@)v > [[C[I3 [(1 = 0) (1~ 15€ — 67) — 16.50 (26 +17)] (C.103)
whence, on the event &,
v” Hess F(g)v > [IC[[3 [(1~ 0) (1~ 156 = 61) = 16.50 (2¢ + )] —
> C2[(1-0) (1 - 15¢ — 6n) — 16.50 (2€ + )] - 0
>0 (C.104)
by using §; <5 x 107° and > < 1073, The proof is complete. O
Lemma C.13. Let f3; and &1 be defined in (C.63) and (C.45), respectively. Then,

18i|< [lai — g[201.
Proof. By the gradients in (C.132) and (C.133), both grad F'(q) and grad f (q) lie in the space of P,.. We
immediately have

|Bi|= |(grad f (q) — grad F' (q) , a;) |= |(grad f (¢) — grad F' (q) ,a; — q) |< ||a; — q[|201,

as desired. 0

E. Proof of Proposition I11.5
Proof. Write the eigenvalue decomposition of YY 7 = UAU?T with U = [u4,...,u,] and A contains the
first r eigenvalues (in non-increasing order). By the definition of the Moore-Penrose inverse, we have

D=UA'?UT

such that B
Y = DY =UAY2UTAX.

Here A~!/2 is the diagonal matrix with diagonal elements equal to the reciprocals of the square root of
those of A. Further write the SVD of A as A =UsD4V/] with UiU4 = I, and D, being diagonal and
containing non-increasing singular values. Since Uy = UQ for some orthogonal matrix @ € R™*", we
obtain

D! D!
D=U.Q"A QU =U,—2A_UT +U ( TA-2Q - —4A )UT. C.105
AQ Q A Am A A Q Q m A ( )

It then follows that

_ D! D!
Y =U,—2_UYAX +U ( TAY2Q — —A) UTAX
A Vno26 A 4@ Q Vno20 4
_ D!
_ T TA—-1/2 A T
—UAVAX+UA (Q A Q m) DAVAX

= ULVIX + UaViVi (Vio0Q" A 12QD, — 1) VI X

AX + AV, (\/mﬂeQTA*l/?QDA - IT) vIxX
AX + AAX (C.106)
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where we used X = X /vno20 and A = U4V} and write
A=V, [\/WQTA*/QQDA — Ir] VT
and it remains to bound from above ||A|,p. Note that
UAU" =YY" = A (no®0I, + X X" — no®0I,) AT
=UaDAV] (no®0I, + X X" — no?01,) VaDAU}. (C.107)
It then follows by using U4 = UQ that
Q"AQ —no*9D% = DAV, (XX —no®0I,) VaDy,

hence )
—D'QTAQD ' -1, =V} (

Ono?

1

Ono?

xXxT - IT) V.

Let A, denote the largest kth eigenvalue of the left hand side of the above equation, for 1 < k£ < r. Then
Weyl’s inequality guarantees

max|\, — 1| < ! xx7_ I,
k Ono? op
Clearly,
1A op = HWMZQTA—WQDA -5
ma 1 1
= X|—— —
VAR
= Imax —ll _ )\k|
FoVAR(L+ V)
|1 — Mgl
max . C.108
< mpx B2 (C.108)

It remains to bound from above the operator norm of (Ino?)"' X X7 — I,.. It is easy to see that

Ono?

Since X;; for 1 <i<rand 1 <t < n are i.i.d. sub-Gaussian random variables with sub-Gaussian constant
no greater than 1, classical deviation inequality of the operator norm of the sample covariance matrices
for i.i.d. sub-Gaussian entries [42, Remark 5.40] gives

E[ 1 XXT] =1,.

1
H—QXXT — 01,
no

<c ( Ty f) (C.109)
op

with probability 1 — 2¢~¢" for some constants ¢, ¢ > 0. Using
1 Jr
2L <
9\/; =¢

H\/WQTA*/QQDA _1

for some small constant ¢’ > 0 concludes

1
< c”/g\/; (C.110)

with probability 1 — 2¢~¢". This completes the proof. O
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F. Proof of Theorem 111.6
_In this section we provide the proof of Theorem IIL.6. Our proof is similar to Section C-D. Recall that
A=U,V}. We define a new partition of SP~! as
Ry = Ry(c) = {ae s’ |ATq||’, <.}, (C.111)
"o, _ — 2
R = Ri(C,) = {q esr:|ATq|” > c*},
R, =sP1\ (Rg U R’l’) .
Here ¢, and C, are positive constants satisfying 0 < ¢, < C, < 1. Further define

= 1 - 1 _ _
ﬂﬂm:_E[—iE;%”quXﬂﬂ__—Zkl—wﬂATﬂﬁ+9HATﬂﬁy (C112)

The equality uses Lemma IL5. Let 6; and 2 be some positive sequences and define the random event

E= { Sélp ||grad f4 (q) — grad F, (q)H2 < 61, sgp |[Hess fy (@) — Hess Fy (q) [|op< 52} . (C.113)
qgesSr—1 qgesSr—1

Here grad f,(g) and grad F,,(g) are the gradients of (C.112) and (IL7), respectively, at any point q € SP~!.
Similarly, Hess f,(q) and Hess F,(q) are the corresponding Hessian matrices.

We observe that Lemmas C.6 and C.7 continue to hold by replacing F(q), f(q) and A by F,(q), f,(q)
and A, respectively, and by using R} and RY in lieu of R} and R}. The proof is then completed by verifying
that d; < ¢, /25, 82 < 1073 and §; < 5 x 1075, These are guaranteed by invoking Lemmas C.19 and C.20
and using condition (IIL.11).

G. Proof of Lemma 1V.1

Proof. 1t suffices to prove
2

g
for some ¢, such that (II1.11) holds. To this end, we work on the event where Proposition IIL5 holds such
that

Y — A(I + A)X.

It then follows that

2 2

ATy,
Y12

(I, +A)X1,
AL + A)X 1,2

_1 (C.114)

2 r

2 1
r 2

N 2 10 -
o= o -

1
2 T

by using AT A = I, provided that ||Y'1,|2# 0 which holds only one a set with zero measure. The proof
is completed by invoking condition (IV.2) to ensure (II1.11) holds for ¢, = 1/(2r). O

H. Proof of Lemma 1V.2
Proof. Recall that F,(q) and f,(q) are defined in (I1.7) and (C.112), respectively. We work on the event

&g = { sup |Fy(q) — fy (@) < én}, (C.115)

gesr—1

_ [ 9 logn\ rlogn
6n—(\/ﬁ+«/logn> 02\@”4—(97“ + 7 ) mat

According to Lemma C.17, £, holds with probability at least 1 — cn=¢ — 2¢="". We aim to prove

_ 2 1
firas = oo .
o) 2r

with

vk > 1.
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Pick any k£ > 1. On the event &£,;, we have
Fy (q(k)) > fg (q(k)) — On.

For any q € SP~!, we write { = ATq. Since

- 1
fa(@) =7 [ =0)[I][5 +0<]l;]
1 _ _
> - [a-o il +eric]Z ]
= a—atondl.. (C116)
where we used HCH4 HCH ||§||§ < ||§Hio, <y Hf”io and HfH; < 1. It then follows that
£y (a®) = =2 a0+ om)||a7g)| —s, (€117)

on the event £,. On the other hand, any gradient descent algorithm ensures
Eq(q(k)) < Fq(q(o))-

We thus have
i(l—@—i—@r)HAT H > —F, (a©) = 6. > —, (4©) - 26,

by using &, again in the last inequality. To bound from below — f,(q(?), recalling the definition of f, from
(C.112), we have

—fo(q®) = i {(1 —0) HATq<O>H4 +0 HATq(O)H4] (C.118)

Since, on the event where Proposition II1.5 holds such that Y = A(I, + A)X,

ATY1 Iz + )X 1,
ATq(O H 2 n _ _ 4 C.119
‘ 1Y all2fl, (L + A)X 1,3 )
and, similarly,
B 4
|47a],=1
we conclude H ||
_ 1 .+ A)X1, 1[1-6
fola )24l“ (T, + A)X1, |4+91 1t

with probability 1 — 2e~¢". Here we used the basic inequality ||[v||3< r||v||} for any v € R". With the same
probability, we further have

< 2 1 86 1
T (k)H > _ % 5 -
HAq o r 1—-0406r " 2r
provided that
86y, 1
_n <«
1-60+6r = 2r
This is guaranteed by condition (IV.3). The proof is complete. O

I. Concentration inequalities when A is semi-orthonormal

In this section, we provide deviation inequalities for different quantities between the population-level
problem f(q) in (IL5) and its sample counterpart F(q) in (IL4), including the objective function, the
Riemannian gradient and the Riemannian Hessian matrix. Our analysis adapts some technical results in
[46] and [35] to our setting.
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1) Deviation inequalities of the objective value: Recall that

Flg) = ~ 55 la" AX ;. (C.120)
1 4
fla)= =7 [0 -0) A+ 0] ATql,].
Define 9
M, = C(n +1) (972 + 1°g9 ”) (C.121)

for some constant C > 0.

Lemma C.14. Under Assumptions I1.1 and I1.3, with probability greater than 1 —cn=° for some constants ¢, > 0,
one has

rlog(M, M, rlog(M,
sup [P (a) /()] < /M)y Mo o).
qesr—1 n n n

Proof. Pick any q € SP~!. Note that the result holds trivially if A”q = 0. For ATq # 0, we define

Alq
qd=—7), with ges.
1 ATl !
Note that
_ . R P SN
HATqH4_ ZF zy),  with Py (@) = oo (@) (C.122)
The proof of Lemma II.5 shows that
I ~ ~d] o~
B[P, ()] = D = L) jali+ 0] = o@. vi<k<n (€123)
|ATqlz 4t

We thus aim to invoke Lemma D.6 with ny =, d; =1, n =r and p = n to bound from above

1 & ~
sup |~ > Fy (i) —g(q)]-
gesr—1 nkzl

Consequently, the result follows by noting that

1 n
S22 Fail@

k=1

sup |F(q)—f(a)l= suwp |ATq|,-
qgesr—1 qeSP—1\ Ry

and using || AT ¢||2< 1 which holds uniformly over g € SP~1.

Since the entries of x;, are i.i.d. Bernoulli-Gaussian random variables with parameter (0,0?%), each xy;,
for 1 < i < r, is sub-Gaussian with the sub-Gaussian parameter equal to 2. It thus suffices to verify
Conditions 1 — 2 in Lemma D.6. For simplicity, we write = xy,.

Verification of Condition 1: Since E[Fj(x)] = g(q), we observe

BRG] = 3 [(1-0) 1915+ 0 115] < 7191 = § (C124)

where we used ||q||4 < HqH2 Thus B = 1/4. For any q; # g2 € S"~!, we have
E[Fy, (@)] - E[Fy, (@)]
< 2 il — o]+ % alt el
= gl — ol Gl + o) (Jaal + el

0 2 2
+ 7 laslly = lgella| (gl + lazllo) (llaill3 + llaz3)
< (1-0) lar = azll; + 0llar — gl by llailla< flqslo= 1
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< llg1 — qll, - (C.125)
This gives Ly = 1.

Verification of Condition 2: We define

T=T+T
as (D.26) with B = 20+/log(nr). For the similar fashion, we define x; = &, + & for 1 < k < n. We verify
Condition 2 on the event N
&= m {||:B;€||2 S o(Vrl + \/logn)}. (C.126)
k=1
Lemma D.3 ensures that P(£’) > 1 — 2n~° for some ¢ > 0. Note that on the event &’,
|22 < o(Vro++/logn). (C.127)
Pick any g € S"!, we have
1F, (2)]], = 1 (qT:f})4 < Hqu ||CE||421 <c(or?+ 1Og2n (C.128)
A2 12004 ,  1200% 0 ‘

for some constant C > 0. Thus,

2
Ry _c(9r2+1°g9 ")

On the other hand, we have

sup E[|F, @)]3] < swp E[IF, @3] <07 = Re (C.129)
qegrfl qGST71

for some constant ¢ > 0. Here Lemma D.4 is used in the last inequality.
On the other hand, pick g1 # g2 € S"~!. We obtain

HF‘U (:i) - F‘l2 (j})HQ
= o (aF2) "~ (aF)'|
- 12;04 (a12) - (e22)] - |(a1 2) + (22 7)) ((q}fci')2 + (qQT:E)Q)

4 4
12001 |5 lar — qz|l5 - (C.130)

Combine with (C.127) to conclude
[Fq, () — Fg, ()], < Rallar — a2, (C.131)
hence Ly = R.

Finally, invoke Lemma D.6 with M = ¢/Ryn = M,, to obtain the desired result and complete the proof. [

2) Deviation inequalities of the Riemannian gradient: In this part, we derive the deviation inequalities
between the Riemannian gradient of F'(q) and that of function f (q). From (C.6), note that, for any g € SP71,

n

. 1 T 3
grad I (q) = grad) g, F (q) = —quL ; (q" Azxy,)” Axy, (C.132)
grad f (q) = grad g, _1 f(q) = —Pgr | (1-60))_a;(q"a;)* +6|lq" A|3AA"q | . (C.133)
=1
Direct calculation shows that
E [grad F (q)] = grad f(q). (C.134)

The following lemma provides deviation inequalities between F(q) and f(g) by invoking Lemma D.6,
stated in Appendix D. Recall that MM, is defined in (C.121).
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Lemma C.15. Under Assumptions I1.1 and 1.3, with probability greater than 1—cn~°" for some constants ¢, ¢’ > 0,
one has

2log(M,, M,, rlog(M,,
sup |lgrad F' (q) — grad f (g)|, < 2 log(My) M og( )

qesr—1 on n n
Proof. Pick any g € SP~!. As the result trivially holds for A” g = 0, we only focus on when A”q # 0. Define
~ AT(] ~ -1
q=——7, with qeS .
AT q|2

By writing ( = A”q, observe that
lgrad F'(q) — grad f(q)ll,

= | Pa [ﬁ > (a7 Awi)’ Axy — (1 0) A0 +0 <3 Ac]]

2

n 3 .
<o Y (a7 Am)” Awy — [(1-0) A Q) + 013 AC|
3604n — )
< | 3 (0 A - [- 0 @ + 0]
~ ||300%n Pt 2 ,
T 13 1 - T \3 . B 03 A2 ~
<14l | g 2 (@) [(1-0) @ +011a13 ] 2
LS @) e - [1- 0 @7 +010134] (C135)
3004n — 2 2’
where we have used [|A|,p< 1 and ||ATqu < 1 in the last two steps. Define
1 \3
Fyj(x) = 3001 (@"x)" = (C.136)
It is easy to verify that
E[Fg(@)] = [(1-0) @ +0ldl3a] = 9 (@ (C137)
We thus aim to invoke Lemma D.6 with ny =r, dy =7, n = r and p = n, to bound from above
sup Z g (k) (q)
gesr—1 9
Recall that x;; is sub-Gaussian with parameter 02, for 1 <i<nand 1 <j <r.
Verification of Condition 1: By ||g||o= 1, notice that
lo@l, = |1 = 0) @ +6a_ < (10, +0lall, < lall-= 1. (C138)
Further note that, for any ¢i,g> € S},
lg @) =g (@)l < (1=0)]|@)* = @), +01d -l
<31 -0)la1 — @l +0lld — @zll,
<3|lq1 — q=||,- (C.139)

Here ||(¢1)°* — (§2)% ||2< 3 |¢1 — g2||, is used in the second step. As a result, By =1 and Ly = 6.
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Verification of Condition 2: We still work on the event & in (C.126) such that (C.127) holds for all
1 < k < n. In this case,

, 1 p 3 [ , , log’n
Hence
1 2
Ry =C (973 n Oge ") . (C.141)

Also from Lemma D.8 with some straightforward modifications, we know
sup B [||Fg @)[l;] < sw B[ Fy @a)]y] <07, (C.142)
gesr—1 gesr—1

for some constant ¢ > 0. We thus have R, = cf~'r.
To calculate L, we have

_ _ 1 AT -
|Fa @) = Fa. @], = 555 | (aT @)
1

3

T; — (%Tff?i)gifi )

~ yo3 ~ 03 — 14
< oo (@) - @) a3
Lo~ o 4
< go1 14 — @z 12l - (C.143)
Here ||¢5? — @5°]|2< 3|¢1 — g2||, is used in the last step. We thus conclude
| Fq, (Z) — Fg, (Z)l|, < R llar — g2lf, (C.144)
hence Ly = R.
Finally invoke Lemma D.6 with M = C’(n + r)R; to complete the proof. O

3) Deviation inequalities of the Riemannian Hessian: In this part we will show that the Hessian of F(q)
concentrates around that of f(q). Notice that, for any q € SP~! with { = A”q,

Hess F (q) = —3&% ZPqJ_ [3 (CTin)Q Axy, (Amk)T _ (CT‘B’C)4 Ip] Py, (C.145)
k=1

Hess f () = —{(1 - 6) Py [3A diag(¢*) AT — ¢4 1] Py
+0P. [ICI3 AAT +24¢¢T AT — I3 T| Par } (C146)
Straightforward calculation shows that
E[Hess F'(q)] = Hess f(q).

The following lemma provides the deviation inequalities between Hess F' (q) and Hess f(q) via an applica-
tion of Lemma D.5, stated in Appendix D. Recall that M, is defined in (C.121).

Lemma C.16. Under Assumptions I1.1 and I1.3, with probability greater than 1 —cn=° for some constants ¢, > 0,
one has

73 log(M,, M, rlog(M,,
sup || Hess F(q) — Hess f (q)||,, < 73’( ) 4 Marlog(My)
qgesSr—1 n n n

Proof. Pick any q € SP~! and consider AT q # 0. Recall that
ATq

G=-——9  with ges L
| AT ql|2

Observe that
||H€SSF (q) - HGSSf (q)Hop
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s O Pt [3(¢T @) Awy (Azy)” — (¢Tan) ' 1| P

~(1=0) Py [3Ading(¢™) AT — €I ] Pas — 0P41 [ICI3 AAT +24¢C7AT — ¢l 1| Par |

< g 0 [3(¢Tan) Ay (Awe)” — (¢"ax) ' 1,
k=1
—(1-0)|3Adiag(¢*)A” — [[¢lly L, | - 0|lICI5 AA” +2A¢¢" AT — €Il I,
op
< 39;”2 3 (¢Tay,) A:ckcckAT] [ (1—9)Adiag(§°2)AT+0<||CH§AAT+2ACCTAT)]
k=1 op
1 n
> (¢Tan) L, — 01l + (1 - 0) I
- .
< g 2 [3¢7en) mual | — [3.0— o) ding(c) + 0 (1¢I5 1, + 26¢7)|
k=1 op
1 n
+ | sgm 2 (¢CTaw) = 01clls — (1 - 6) s
k=1
1 " . e
= | A%y Y [@ @) @l |~ | ATall; [3 (1 - 0) diag(@™) + 0 (11113 1, + 237" ) |
- B
1 =,
AT q|ly = > (§7xx)" — 0] ATq], lIdlls — (1 0) | ATa]]; 4]} (C.147)
3004n P
Define
;2 (x) = = (@" :B)2:B:BT qL“ (x) = T ((}Tm)4 (C.148)
and
9" (@) =31~ 0)ding(@*) +0 (a5 L +2a8") . g™ @ =0lal;+ (1 -0)lal;  (C149)
such that
E[Fl@)| =g @, E[F@)]=¢"@ (C.150)

from Lemma IL5. Using ¢ = [[C||, ¢ and ||{|[2< 1 further yields

n

Z L2 (g)

n

1
T > Fft(xr) g™ (). (C151)
k=1

|[Hess F' (q) — Hess f (q +

()p—

op
Notice that the second term has been studied in Appendix C-I1. It suffices to invoke Lemma D.5 with
ny =dy =ds =7, n =1 and p = n to bound from above

1 < -
-~ > FR () — g™ (9)
=1 op

We note that x; is sub-Gaussian for all 1 < k <mn and 1 <1i < r. W.L.O.G., we assume o2 = 1.

sup
gesr—1

Verification of Condition 1: By ||¢]|2= 1, notice that

|=[Fz @], =30 -0 dins@) + o (1015 1. + 203" |

<3(1-0)|ql3+36
=3. (C.152)

op
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For any ¢1,g> € S,
L L
e 7 @] - [rz @]
= |31~ 0) diag(@®) + 266137 —3(1 — 0) ding(@5) — 2063} +0|@l5 1 0@l (C153)

. ~o ~o ~ ~ 112

< 3(1-0) ||diag(a:”) — diag(g5?)||,, +20||@1ai — @2d5 ||, + 6llldn]l5 — 1G5 |

<6(1—=0)[lg2 — qullo +40 12 — qull,, + 20 1|32 — g1l

<6]1g2 — G, - (C.154)

We thus have L; = 6 and By = 3.
Verification of Condition 2: We again work on the event £ in (C.126) such that, for each i € [n],

Lo /—
g (@) !

<07 )gll5 llill5 (C.155)

<C (9 + 1og0 ") . (C.156)

Lemma D.9 in Appendix D with some straightforward modifications ensures

H q .’1})2.’1}.’13
op 903 !

T T
sup ||E [ L (z,) ( Le (5,»1-)) ] < sup |[E [ L (2,) (F&L? (wi)) ] < e (C.157)
qGST71 op qGST71 op
for some constant ¢ > 0. Therefore, we have
1
Ri=C (9 + °g9 ”) Ry = 112, (C.158)
On the other hand, for any §¢1,g> € S"!,
1 2 2
Lz (3,) L2 - R 7/ e, —
|Fi @) - 2 @0|| < gos |@2)” - @ 2)|leal ],
2, aga o~
< 2 llzals N~ @l
< 2R [|lqy — 2|, (C.159)
on the event &, which implies Ly = 2R;.
Finally invoke Lemma D.5 with M = C'R;(n + r) to conclude the proof. O

J. Concentration inequalities when A is full column rank

In this section we provide deviation bounds for the objective values, Riemannian gradients and Hessian
matrices between Fy(q) and f,(q) defined as

0 _
Fy(q) = —1—7; 1Y 7qlf;. (C.160)
_ 1 _ _
fol@)i=—7 [(1-0) | A7q]y+0]|A7q]],] (C.161)

where
Y = ((YYT)+>% Y = DY,
A

_ ((AAT)JF)% A= ULV, (C.162)
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1) Deviation inequalities between the function values: Recall that M,, is defined in (C.121).

Lemma C.17. Under Assumptions 1.1 and I1.2, assume

rlog®n 4 r2 rlogn}
n > C'ma, , Or°logn, ——, ——= C.163
> Cmax { e (C163)
for some constant C > 0. With probability greater than 1 — en=¢ —2e7¢"",
- r logZn\ rlogn
F, - < 0 1 _— or? —_—.
0 IR @ @] s (Vo) g (o4 1) T
Proof. First we introduce
1 T 714
fq(q) := ~ 13090 la"AX|,. (C.164)
The proof of Lemma IL5 yields
E[fs(@)] = fy(a)- (C.165)
Triangle inequality gives
sup |Fy () = fy (@) [< sup |Fy(a) — fy (@) [+ sup |fy(a) = fy(a). (C.166)
qesp—1 qesr—1 qesr!
Fl F2
a) Controlling I'y:: Define
vy :=VOno2YTq and v = (AX)Tq (C.167)
We have
2,2 4| Ty |4 T Ax |
T = 157 qggﬁl\e n’ot |q" Y[, - [|la" Ax]}
= sup | (foolly — llonlly) (foolly + lorllg) (Jfooll2 + lor]2)|
qesr—1 120’49TL 4 4 4 4 4 4
< sup oo — vl (ool + i ]12) (C.168)
~ qesr 1 0’4977, 4 4 4
Invoking Lemma C.18 gives
1 r "
< _ >1— —cr _ Jo—c'r
IP’{I‘1~ (\/@—l—\/logn) 7 n\/%}_l 2e cn . (C.169)

b) Controlling I'y:: Notice that that A” A = I,.. We can thus apply Lemma C.14 by replacing F'(g) and
f(q) with f; (q) and f, (g), respectively, to obtain

P {Fg < rlog(M,) n My, rlog(Mn) } > 1—en?,
on n n

Combining the bounds of I'y and I'; and using (C.163) to simplify the expressions complete the proof. O

Recall that, for any g € SP~1,
vy :=VOno2YTq and v := (AX)Tq
with A =U,V} and Y = DY.

Lemma C.18. Assume n > Cr/6? for some constant C' > 0. With probability 1 —2e=" —2n~= for some constant
¢, >0, one has

1
sup [fvo ~ v, < o (VPG + /o) 5\/2. (C.170)

qgesSr—1
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Furthermore, if additionally (C.163) holds, then with probability 1 — 2e=" — ¢/'n=¢"",

sup Juill, < (Bno®)4, sup [lwol, < (Bnot) /. (C.171)
qesp—1 qes—1

Proof. We work on the event &’, defined in (C.126), intersecting with

g = {H\/WDA A

1 /r
< —a /= 172
op ~ 0 n} ’ (C )

which, according to Lemmas D.3 and D.1, holds with probability 1—2e~¢"—2n~¢". Recall ¥ = DY = DAX.
By definition,

lvo — vi], = max ’qT (A - \/9710’2DA> Ty
ten

< gl?)]cnwtngHqHszena?DA ~A
en

op
<o (x/@ + +/log n) %\/Z (by & NE"). (C.173)
n
To bound from above |v1]|4, by recalling F(q) and f(g) from (C.120) with A in lieu of A, we observe
that

P
|lv1li = [|a" AX||, = 120n0"|F(q)|< 120n0" (|IF(q) — f(a)|+|f(a)])- (C.174)
By Lemma C.14 and |f(g)|< 1 from its proof, we obtain

rlog(M,,) n M,, rlog(Mn)>

on n n

sup ||v1 1< 12000t |1+ C.175
[[v:[3
1

qesSP—

with probability at least 1 — (nr)~> — ¢M; <" for some constants ¢, ¢’ > 0. Here M, is defined in (C.121).
The result then follows by invoking condition (C.163) and noting that log M,, < logn.
Finally, since
lvolla< [[or]latlvo — villa< [[orllatn4[wo — 1o,

the last result follows by combining the previous two results. O

2) Deviation inequalities between the Riemannian gradients: In this section, we derive the deviation inequal-
ities between the Riemannian gradient of F,(g) and that of f, (¢). Note that, for any q € SP7*,

. on - = \3 5
grad Fy (q) = gradq),—1 Fy (@) = —gtal Z (¢"Yi)" Y, (C.176)
k=1
grad f, (@) = gradyq) _y Jy (@) = —Pye | (1-0) Y A;(¢"4,)° + 0llq" A|3AA"q | . (C.177)
j=1

Here Y and A are defined in (C.162).

Lemma C.19. Under Assumptions 11.1 and 11.2, assume

rlog®n 2

0 63 log n,

2
n> C’max{ r_logn ”Og"} (C.178)

T
9\/57 0 792\/5

for some constant C > 0. With probability greater than 1 — cn=¢ — 2=,

- rlogn \/r2 logn 9 log2 n\ rlogn
dF, — grad < 0
qggpringra 5 (q) —grad fy ()|, < \/ ot T —

Proof. Recall f,(q) from (C.164). Its Riemannian gradient is

1

grad fg (q) = grad g, =1 fo (@) = " 3004n

P Y (4" Awy)’ Awy. (C.179)
k=1
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We have
sup ||grad Fy (q) — grad fy (q) ||
qesSr—1
< sup |lgrad Fy (q) — grad f, (q) |2+ sup |[[grad f, (q) — grad f, (q) |2 -

qgesSr—1 qgeSr—1

Fl F2
a) Controlling I';: Recall that vy and v; are defined in (C.167). We have:

'y = sup |lgrad Fy (q) —grad f, (g)|,

gesr—1
1 = o3 - , x
= glslp ) m 92n20'4PqJ_ Z (qT}/}g)3 Yk — PqJ_ Z (qTA:I};C)S A.’I:k
qesP™ k=1 k=1 2

IN

sup -
qesr— 1 3904

M:

(\/ oYy, — Awkvfk>

=
I
—

2

NIE

sup —/———
q€§p71 390’411,

(VOno?¥i — Awy) vy

>
Il
—

2

F11

3
E Awk ka vYy)

+ s
qegppl 36‘0471

2

T2

For I'11, we obtain

b= qggpp 1 3904 ( Ono*DA — A> Zwkka 2
< Ono2
< g ! o ”

IN

Ono?

3
— Uik

))!

n 1 _ n
> avts = 3no |47} 3 Fyw)
k=1 k=1

with Fyz(x) defined in (C.136) and q = A9 g1 We also have

su
qGSp 1 390’4 ( op

2
Observing

A7,
— (C.137) N O ~2 ~
ElFg(@)] = 9@ " =" |1 - 0) @ +0llal3 d|
with
sup [|g(g)[l2< 1.
gesr—1
Lemma C.15 and its proof guarantee that
1 « 3
| A" =Y Fy(mr) - AT q
Sup 139%4 kavu 2 <| q||2 sup |n§ 4 (@) 2+|| quqggglllg(q)Hz
2
<14 T log(Mn) n M, rlog(My)
on n n
<1

~
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with probability at least 1 — cn ~¢, where M, is defined in (C.121). We used condition (C.178) to simplify
the expressions in the last step and HATqH <1 in the second step. Invoke £” in (C.172) to conclude

1
INEES 5\/7(1 +T12) (C.186)

with probability at least 1 — en—c — 90—c"'r.
To control T';5, we have

3=

n
I'e= sup — E zp(v3, —v3
qesr—1 390’471 ( 0k 1k)

2

n
> @i(vor — vik)viy

n

+ Z koK (Vor — Vik)(Vok + Vik)

)

|
Q
22
o
w
S
Q|+~
kN
3
N

k=1 2 k=1
—1 (o)
s Onot 1 X lop Sup (Hvl ° (v — v Hz + Hv02 o (vo — vl)HQ)
no
1 2 2
< g Xllop sup (ool + [o1]5) oo — v (C187)

where in the penultimate step we used

[0°2 0 v/|I3= 3" v (v) < I|o'[| % w4

%

Invoking Lemma D.2 and Lemma C.18 yields

Tiz < Vil ++/logn) %\/g (C.188)

with probability at least 1 — en=¢" — 2e=<"".
b) Controlling Ta:: Since AT A = I, and direct calculation gives

E [grad f, (q)] = grad f, (q) . (C.189)
Applying lemma C.15 with F(q) and f(q) replaced by f, (q) and f, (q), respectively, gives
2 ’
P{M M+%M}21_W-c, (C.190)
on n n

Finally collecting (C.186), (C.188) and (C.190) and using (C.178) to simplify the expression finish the
proof. O

3) Deviation inequalities of the Riemannian Hessian: In this part we will show that the Hessian of F(q)
concentrates around that of f,(q). Notice that, for any g € S™!

Hess F ( Z Pyu [3(a"Y) i (V)" = (a"Y3) 1| Pav, (C.191)
Hess fg (q) = {(1 —0)Py1 [3A dlag((AT ) HATqH4 ] gL -
+0P,. |[|la" A]l, AAT + 244" qq" AA" - ||q" A, 1, QL} (C.192)

Here Y and A are defined in (C.162).

Lemma C.20. Under Assumptions 11.1 and 11.2, assume

rlog®n rlogn 12 o3 1ogn}

0 792\/579\/57 0

n > C'max { (C.193)
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1"

for some constant C > 0. With probability greater than 1 — en¢ —de=c"T,

sup HHeSS F, (q) — Hess fg (Q)
gesr—1

Proof. Recall f,; (q) from (C.164). Notice that

||op

sup HHeSSF (q) — Hessfg (q)HO < sup ||HessFy(q)— Hess f, (q)HOp
qgespr—1 qesp—1

'
+ sup HHess fs (q) — Hess f, (q)H

E op
qgesp—1 P

s
Straightforward calculation gives

1 2 T % 2 - . T T % 4
Hess f, (q) = — 57— ICZ:‘IPQL [3(a"AX))" AX, (AX1)" — (a"AX)" I, | Py
It remains to bound from above I'; and Iy respectively.

a) Controlling T'y:: Using the definition of vy and v; in (C.167), we have:

I'y = sup |[[HessF (q) — Hess fy (g,
gesr—1

< ——— sup
390‘ nqegp 1

00" |3Y diag(Yq)2)Y" — |[¥7q; 1|

. [mx ding((AX)" @)?) (AX)" - H(AX)TquI]

op
Onc’Y diag (v 02) YT — AX diag (vfz) (AX)T

sup
= g4
Ooin gesp—1

op

A

1 4 4‘
—) S v — ||V .
+ gty 00 [leolli = ol

B2
b) Upper bound for $1:: By adding and subtracting terms, we have

(VOnotY — AX) diag(v;?) X 7T

1
f1=—-—— sup
Ooin qesr—1

op

611

+ 1 sup ||[VOnotY diag(v?)(VOnotY — AX)T

Ooin gese—1

op
612
1 _ _

+ —— sup ||VOno?Y diag(vi? — v3?)VOnatY T

904n gesSr—1 op
For (1, by recalling that (C.162), we have

Bi1 = —— sup ||[(VOnoiDA — A)X diag(vy?) X 7T

fotn gesr—1 op
Inot

< g 2. |2 | VrDa- 4]
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Recalling (C.148) and (C.149), we have

E T
vltcct:ct

— 2 ~ —
. <|| 47| o @], + | A7

1 & ~
=N FP (@) - g™(@)
n

t=1
1 - L2 L2 jovd
=N FP (@) - g™(@)
n t=1

with § = ATq/||A"q||, € S"~* and ||g*2(q)||op< 3. Hence, according to the proof of Lemma C.16, invoke
Lemma C.16 and £” in (C.172) together with (C.193) to conclude that

1 ’ "
P{ﬁll < 5\/2} >1—cn™° —2e° 7. (C.202)
n

By similar arguments and Y = DAX, we have

op op

<[lg™ @], + (C.201)

op

P12 < e q:gppl Zvltwtwt Ono? Ono? o (C.203)
Since on the event £”, condition (C.193) ensures
‘ Ono’ Ono <1. (C.204)

op
We obtain

P {512 < 1\/Z} >1—cn™¢ —2e7°. (C.205)
O\ n

Finally, on the event £,

n
Biz < sup (v1t — vor) (V1 + vor )T, ‘ Onot
90 n qGSp71 ; t op
n
< Oy Sup Z(Ult — vor) (Vir + vor) T
an qGSp71 =1
op
1
S oty Sup I\Xllopll’vo = V1o ([[vollect/[v1]ls0) - (C.206)
qes

Since on the event £ in (C.126),
[01]] 0= {gﬁlquﬁwtllmS o(Vrf ++/logn),

and
[volloo < V1 [lco+lvo — V1|05

invoke Lemma C.18 and Lemma D.2 to obtain

3 |
B13 < (rf + logn) \/7 “r rl;g “ (C.207)

with probability at least 1 — 4e~" — ¢/n=¢".

c) Upper bound for S5: Notice that
1
Pr=7 sup |Fy(a)— fy(a)l. (C.208)

qesSr—1
Display (C.169) yields

P {52 s (\/@—i— «/10gn> %, /ﬁ} >1 -2 —cnc, (C.209)
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d) Controlling T'5: Notice that AT A = I, and simple calculation gives

E [Hess f, (q)] = Hess f, (q) - (C.210)
Apply Lemma C.16 with F(q) and f(q) replaced by f, (q) and f, (q), respectively, to obtain
3 ’
P{M M+%M}Zl_mc_ (can)
on n n

Finally, collecting (C.202), (C.205), (C.207), (C.209) and (C.211) and using condition (C.193) to simplify
expressions complete the proof. O
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AprPENDIX D
AUXILIARY LEMMAS

Recall that the SVD of A is UsDAV/} and D is defined in (1L6).

Lemma D.1. Under Assumptions 111 and I1.2, assume n > Cr/6? for some constant C > 0. With probability at
least 1 — 2e™“" for some constant ¢ > 0, we have:
1 /r
< —af—. D.1
v~ 9\/; (D-1)

Vono?D = UsD;'UT + Uy (\/9na2QTA_1/2Q - D;l) Ut

H\/Gna?DA —ULVE

Proof. From (C.105), we have

where U contains the left r singular vectors of Y and U4 = UQ. It then follows

H\/GnUQDA —ULVT

- HUA (\/HnJQQTA_1/2QDA — IT) vT
op

op
_ H\/WQTA*WQDA -1, (D2)
op
The result follows by invoking (C.110). O
Lemma D.2. Under Assumption 1.1, assume n > Cr/6? for some constant C > 0. One has
1, < Vono? (D3)
with probability at least 1 — 2e™°". Here c is some positive constant.
Proof. Assume o? = 1 without loss of generality. Recall from (C.109) that
1
— X X7 01 §c< 5+5> (D.4)
no op no n

with probability at least 1 — 2¢=¢" for some constants ¢,c¢’ > 0. With the same probability, it follows
immediately
1 T r,r "
no n n

n > Cr/6>

provided that

for some constant C > 0. o

Recall that X = (x1,...,2,) € R™*". The following lemma provides the upper bound of max;ci,| ;|2

Lemma D.3. Under Assumption I1.1, we have
m?>]<|\:vi|\2§ o (\/@ + «/log(n)> (D.5)
€N

with probability at least 1 — 2n~°. Here c is some positive constant.

Proof. Pick any i € [n] and assume o2 = 1 without loss of generality. By [15, Theorem 7.30], we have

P{‘HC&H%—T@‘ Zt} < 2exp <_ﬁj—4t) . (D.6)

Take t = clogn to obtain

IP’{‘leHg - 7“9’ < c’(Vr@logn—i—logn)} >1—2n

for some constants ¢, ¢/, ¢’ > 0. Take the union bounds over 1 < i < n to complete the proof. O
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Lemma D.4. Suppose x € R" has i.i.d Bernoulli-Gaussian entries. Let Fy () be defined as equation (C.122). We
have

sup E [||F (@)]3| < co? (D.7)
qéST*l
for some constant C' > 0.

Proof. Note that © = bo g where b v Ber(0) and g N (0,02). We assume o = 1 for simplicity. Define
T as the nonzero support of « such that we could write * = Pz (g). We have

517 @] = (1a5) &[] = (1a5) E[Pr @07 (D3)
Since
E[(Pz(@),9)°] = (M) Ez|IPz (@)l (D9)
we further obtain
Er|IPr(@l3] = D afLoeral, Lnerad, Lnera}, Luer. (D:10)
k1,k2,ks,ka

We consider four scenarios.
o Only one index among k1, k2, k3, k4 in Z. In this case we have

Er [Pz (@)l5] =03 a8, < 0llql3 (D1)
k1
o Two index among k1, k2, k3, ks in Z. In this case we have
Ez [Pz (a)l3| =62 3 [af,af, +at,at, + afa,] < 36°lall3 (D12)
k1,k2

o Three index among k1, k2, k3, k4 in Z. In this case we have
Bz [Pz (@3] =6* Y [akaf,a,] < 6° llal (D.13)
k1,k2,ks
o All four index among k1, k2, k3, k4 in Z. In this case we have
Ez [HPI (q)l\g] =0" > |and.a,a,] <0 llalls (D.14)
k1,k2,k3,ka

Use ||q|l2= 1 and collect the above four results to obtain

Ez [Pz (@)l13] = 0+ 36 + 6% + 0" < c16 (D.15)

Here ¢, > 6. Plugging back into (D.9) yields
O o (D.16)

B [Ilfe @3] < (71) s <

and finishes our proof. O

The following results provide deviation inequalities of the average of i.i.d. functionals of a sub-Gaussian
random vector / matrix. They are proved in [46] and we offer a modified version here.

Lemma D.5 (Theorem F.1, [35]). Let Z1,Z>, ..., Z, be ii.d realizations of a random matrix Z € R"**"2
satisfying

2
507

For any fixed q € S"~!, define a function fq : R™>"2 — R4 gych that the following conditions hold.

t
E[Z] =0, P<|zij|>t>szexp(— ) VI<i<m,1<j<ns. (D7)
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o Condition 1. There exists some positive numbers By and Ly such that

IE[fq (2)]ll,, < By, (D.18)

op —
IE [fa, (2)] = Elfa: (Z)llop < Ly llar — @2ll,» Va1,q2 €S"7 (D.19)
o Condition 2. Define Z as a truncated random matrix of Z, such that
Zij, i |Zi|< B
i P lul< (D.20)
0, otherwise
with B = 20+/log (pnins). There exists some positive quantities Ry, Ry and Ly such that

10 (2)],, < B, max {|[E [£q (2) (fa (2D ]|, [E[(Fa (2))7 fa (D]l } < B2 (D2D)
far (2) = fa (Z)||,, < Lyl —@2ll,,  Vai,q2 €S™" (D.22)

Then with probability greater than 1 — (nynap) " — eM <™ for some constants ¢,¢ >0 and M = (L + L) (p +
dy + d2), one has

< (dl A\ dQ)Bf + RQTL log(M) + Rlnlog(M)
V/inap p p '

sup
qunf 1

=314 (20 ~Elfy (2)

op

Lemma D.6 (Corollary F.2, [35]). Let Z1,Zs, ..., Z, be i.id realizations of a sub-Gaussian random vector
Z € R™ satisfying
t2

E[Z]=0, 1P><|Zj|>t>s2exp<—F

> . V1<j<m. (D.23)

For any fixed q € S"~!, define a function fq : R™ — R% satisfying the following conditions.
o Condition 1. For some positive numbers By, Ly > 0,

IE [fq (Z)]ll, < By, (D.24)
IE [fa, (2)] = Elfa, (D)]ll; < Ly ll1 — @2ll,,  Va1,g2 € S™7 (D.25)
o Condition 2. Let Z be the truncated random vector of Z, such that
Z-z+2z, z,-1% ¥FlZl<B (D.26)
’ 0, otherwise
with B = 20+/log (pn1). There exists some positive numbers Ry, Ry and Ly such that
- S (12
Ifa (2, < B, E|llfa(2)]3] < B, (D.27)
|far (Z2) = fau (2)||, < Lp(0) s — @2lly,  Va1,q2 € S" . (D.28)

Then with probability greater than 1 — (n1p)~" — cM~<" for some constants ¢,¢’ > 0 and M = (Li+Lg)(p+dy),
one has

1< By Ronlog(M) — Rinlog(M)
sup ||— fqo(Z) —E|fq(Z < + + .
o p; q(Zi) —E[fq(2)] e » »

Our analysis also uses the following lemmas that have already been established in the existing literature.

Lemma D.7 (Lemma 4, [46]). Let v € R™ contains i.i.d. Ber(6) random variables. We have
3t2no )

2t 46 (D-29)

P[llv]lo> (1+t)nb] < 2exp <_
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Lemma D.8 (Corollary F.5, [35]). Suppose x is i.i.d Bernoulli-Gaussian random variables with parameter (0, 0* =
1). For any q € S 1, let

1 3
fa(z) = 30 (qu) .
We have
sup E|lfq (@3] < cor. (D:30)
qEST71

for some constant C > 0.

Lemma D.9 (Corollary F.7, [35]). Suppose & € R" contains i.i.d Bernoulli-Gaussian random variables with
parameter (6,02 = 1). For any q € S"™!, let

(¢"z) za”.

SR

fq(x) =
We have
sup [[E[fq (@) (fa (@)7]ll,, < C6~'r*, (D.31)
q r—1

for some constant C > 0.
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