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Abstract

Insertion-deletion codes (insdel codes for short) are used for correcting synchronization errors
in communications, and in other many interesting fields such as DNA storage, date analysis, race-
track memory error correction and language processing, and have recently gained a lot of attention.
To determine the insdel distances of linear codes is a very challenging problem. The half-Singleton
bound on the insdel distances of linear codes due to Cheng-Guruswami-Haeupler-Li is a basic
upper bound on the insertion-deletion error-correcting capabilities of linear codes. On the other
hand the natural direct upper bound d;(C) < 2dy(C) is valid for any insdel code. In this paper,
for a linear insdel code C we propose a strict half-Singleton upper bound d;(C) < 2(n—2k+1) if C
does not contain the codeword with all 1s, and a stronger direct upper bound d;(C) < 2(dg(C)—t)
under a weak condition, where t > 1 is a positive integer determined by the generator matrix. We
also give optimal linear insdel codes attaining our strict half-Singleton bound and direct upper
bound, and show that the code length of optimal binary linear insdel codes with respect to the
(strict) half-Singleton bound is about twice the dimension. Interestingly explicit optimal linear
insdel codes attaining the (strict) half-Singleton bound, with the code length being independent
of the finite field size, are given.

Keywords:  Linear insdel code; strict half-Singleton bound, strict direct upper bound,
optimal linear insdel code

1 Introduction

In most communication and storage channels, the most common type of errors are substitution errors,
in which a transmitted symbol is replaced with another symbol. However, channels may also suffer
from synchronization errors due to slips in synchronization causing the deletion of a symbol from a
message or the insertion of an extra symbol into a message [12L24]. Insdel codes were introduced
in [I8] for correcting synchronization errors. Insdel errors model also has been widely applied in
many interesting fields such as DNA storage, date analysis, race-track memory error correction
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and language processing, we refer to [2,38L[6] &) 1T, I3HI5L 17,19, 21H23,27] for the construction and

application of insdel codes.

For a vector a € Iy, the support of a is supp(a) = {i : a; # 0}. The Hamming weight wp (a)
of a is the number of coordinate positions in its support. The Hamming distance dg(a,b) between
two vectors a and b is defined to be the Hamming weight wp(a — b). For a linear code C C Fy of
dimension k, its Hamming distance (or weight) dy is the minimum of Hamming distances dg(a, b)
between any two different codewords a and b in C. It is well-known that the Hamming distance
(or weight) of a linear code C is the minimum Hamming weight of non-zero codewords. The famous
Singleton bound dyg < n — k + 1 is the basic upper bound for linear error-correcting codes. For
two codewords a # b in a code C C Fy, the insdel distance d;(a,b) between them is defined as
the smallest number of insertions and deletions needed to transform one codeword into the other.
Similarly to the minimum Hamming distance, the minimum insdel distance of a code is defined as
the minimum insdel distance among all its distinct codewords. It is easy to verify that the insdel
distance is a metric, and a code or a linear code is called a insdel code or a linear insdel code if we
consider insdel metric. The minimal insdel distance of an insdel code is an important parameter,
which determines its insertion-deletion error-correcting capability.

The study of insdel codes dates back to the pioneering work of Levenshtein [I§]. From then
on, the problem to correct the synchronization errors has attracted lots of continuous efforts. For
the recent progress in insdel codes, the reader can refer to the nice survey [16] and references therein.
Since linear codes have a compact representation, and are efficiently encodable (decodable), we recall
the main research progress in linear insdel codes below. In 2010, Abdel-Ghaffar et al. [I] showed
that an [n, k] linear code C over F, with n < 2k had the minimum insdel distance d;(C) = 2, and
gave a sufficient and necessary condition for d;(C) = 2. Actually it was shown in [I3] that

di(a,b) = 2(n — 0),

where £ is the length of a longest common subsequence of a and b. It is clear dr(a,b) < 2dy(a,b)
since £ > n — dy(a,b) is valid for arbitrary two different vectors a and b in Fy. We call the natural
upper bound d;(C) < 2dgy(C) the direct upper bound for insdel codes. It is true for any insdel
code, not only linear insdel codes. Hence it was shown in Haeupler et al. [13] that the minimum
insdel distance d;(C) < 2(n — k + 1) for any [n, k] linear code C over F, from the Singleton bound
on the Hamming distances, which is called the direct Singleton bound for linear insdel codes. For
insertion-deletion codes the ordering of coordinate positions strongly affects the insdel distances. In
this paper we give some upper bounds for insdel distances of linear codes which are valid for any fixed
ordering of coordinate positions. There have been many constructions of insdel codes in previous
works [T, 7,01 201 23, 25, 26].

In [10], Do Duc et al. showed that the minimum insdel distance of any [n, k] Reed-Solomon
(RS) code over Fy is no more than 2n — 2k if ¢ is large enough compared to the code length n.
Then, Chen et al. [4] generalized this result and showed that for any [n, k] linear code over F, with
n > k > 2, the minimum insdel distance is at most 2n — 2k, and an infinite family of optimal
two-dimensional RS codes meeting the bound was constructed. Very recently, Cheng, Gruswami,
Haeupler and Li [7] proved the existence of binary linear codes of length n and rate just below
1

5 capable of correcting Q(n) insertions and deletions, and proposed the asymptotic half-Singleton

bound for the insdel distances of an [n,k] linear code over F,, then their results were improved



significantly in [9]. Their half-Singleton bound for an [n, k] linear code C over F,; can be reformulated
as dr(C) < max{2(n — 2k + 2),2}. For a simpler proof we refer to [5]. A new coordinate-ordering
free upper bound was also given in [5]. It is well-known that the half-Singleton bound is only true
for linear insdel codes.

When the dimension k& = 2, RS codes attaining the bound 2n — 4 were constructed in [4L[7.[9].
When the dimension k& > 3, the half-Singleton bound is tighter than 2n — 2k. Con et al. [9] proved
that there were [n, k] RS codes achieving the half-Singleton bound if the field size was large enough
and gave a deterministic construction of such codes over much larger fields (of size nko(k)). The code
length is small when compared to the field size. As far as we known, up to now there is no explicit
construction of optimal [n, k] linear insdel codes attaining the half-Singleton bound for & > 3.

The direct upper bound d;(C) < 2dg(C) is fundamental for insdel codes and the half-Singleton
upper bound is fundamental for linear insdel codes. When dy < n—2k+1, the direct upper bound has
to be used to upper bound the insdel distances of codes. In this paper, we show both upper bounds
for linear codes can be improved under a weak condition. We first propose a strict half-Singleton
upper bound

dr(C) <2(n—2k+1)

on the insdel distance for linear insdel codes without the codeword with all 1s by investigating the
linear equations associated with the generator matrices. Then, we provide a sufficient condition for
a linear insdel code attaining the strict half-Singleton bound, and by this sufficient condition some
optimal linear insdel codes with dimension k& > 3 are constructed. Finally, we study the optimal
binary linear insdel codes with respect to the (strict) half-Singleton bound and prove that the code
length of optimal binary linear insdel codes is about twice the dimension, and conjecture that optimal
binary linear insdel codes have parameters [2k, k, 4] or [2k + 1, k, 4] with respect to the half-Singleton
bound or the strict half-Singleton bound, respectively. Interestingly explicit optimal linear insdel
codes attaining the (strict) half-Singleton bound, with the code length being independent of the finite
field size, are obtained. On the other hand we prove that the direct upper bound d;(C) < 2dg(C) for
arbitrary insdel codes can be improved to d;(C) < 2(dg(C) —t) for linear insdel codes, where ¢ > 1
is a positive integer determined by the generator matrix. Some examples attaining our strict direct
upper bound are given.

The rest of this paper is organized as follows. In section 2, we introduce some definitions
of insdel codes and preliminary results on linear insdel codes. Section 3 proposes the strict half-
Singleton bound for linear insdel codes and gives another proof of the known half-Singleton bound.
In section 4, we give a sufficient condition for constructing optimal linear insdel codes with respect
to our strict half-Singleton bound and provide some examples of optimal linear insdel codes. In
section 5, we study optimal binary linear insdel codes and show that the code length of optimal
binary linear insdel codes is about twice the dimension. In Section 6, we prove the strict direct
upper bound and discuss the optimal linear insdel codes attaining this bound. Finally, Section 7
concludes this paper.

2 Preliminaries

Let F, be a finite field of ¢ elements and Fy be a vector space over F; with dimension n. A
subspace C of Fy over F, is called a linear code of length n over F,. Its dual C*t is a linear code



Ct={(z1, 22+ ,an) € FY : Y 2 = 0,¥(y1,...,yn) € C}. As mentioned above, the Hamming
distance of a linear code equals the minimum Hamming weight of its non-zero codewords. A linear
code C is called projective if dg(Ct) > 3. That is, any two columns of the generator matrix of C
are linear independent over IF,. The following result shows the property of columns of the generator
matrix of a linear code.

Lemma 2.1 Let C be an [n, k] linear code over F, and denote dy(C) the minimal Hamming distance
of C. Let G denote the generator matriz of C. Then there are k of any n — dg(C) + 1 columns of G
are linearly independent over F,.

Proof. Let s = n —dy(C) +1 and G = (G1,Go,---,G,), where G; = (914, 92i, - > Gri) " -
Assume that there exist s columns Gj ,Gj,, -+ ,Gj, of G such that any k vectors of them are
linearly dependent over F,, that is the rank of the matrix G = (G;,,G,, -+, Gj,) is less than k. So,
the linear system

(1,29, ,2)G = 0, (1)

has nonzero solutions. Let y = (y1,%2, - ,yk) € F’; be a nonzero solution of () and ¢ = yG. Then

wp(c) <n—s=dg(C)— 1. This is a contradiction. O
In this paper, we mainly consider the insdel distance of linear codes used in high insertions

and deletions noise regime. We give the definition of the insdel distance of two vectors as follows.

Definition 2.2 For two vectors a,b € Fy, the insdel distance dj(a,b) between a and b is the
minimal number of insertions and deletions which are meeded to transform a into b. It can be
verified that dj(a,b) is indeed a metric on Fy.

Let a = (a1,az,--- ,an),b = (b1,b2,--- ,by) € Fy be two sequences (or vectors). A common
subsequence of a and b is a sequence (ci,ca,- - ,¢p) such that ¢ = a;, = b;, for 1 < s < m,
1<ii<io< - <ip<nandl1l<j; <jos < - < jm <n. It has been proved that the insdel
distance between any two vectors can be characterized by their longest common subsequences.

Lemma 2.3 [10, Lemma 1] Let a,b € Fy. Then we have
dr(a,b) = 2n — 2{(a,b),
where {(a,b) denotes the length of a longest common subsequence of a and b.

For any two distinct codewords a,b € C, by Lemma we know that dj(a,b) is even and
dr(a,b) > 2. Like the Hamming distance, the insdel distance of a linear insdel code C over [, is
defined as

dr(€) = min_ {diab) }.

A linear code C over F, of length n, dimension £ and minimum insdel distance d;(C) is called

an [n,k,d;(C)] linear insdel code over F,. Like the Hamming metric, an [n, k, d;] linear insdel code

C has insdel error-correcting capability up to Ldf2_ L| [10]. So, an [n, k,d;] linear code C can correct

insdel errors if and only if d;f > 2. As mentioned in the first section, Chen et al. generalized the
Singleton type bound of linear insdel codes [I3] to the following case.



Lemma 2.4 [/, Theorem A] Let C be an [n,k] linear code over Fq with n > k > 2. Then the
minimum insdel distance of C is at most 2n — 2k, i.e., di(C) < 2n — 2k.

Cheng, Gruswami, Haeupler and Li proposed the half-Singleton bound for linear insdel codes
in [7]. The non-asymptotic version of half-Singleton bound and a simple proof was given in [5].

Lemma 2.5 (Half-Singleton bound [7]) Let C be a non-degenerate linear [n, k] code over F,. Its
insdel distance satisfies
dr(C) < max{2(n — 2k +2), 2}.

The following lemma shows that a linear insdel code must contain two special codewords if its
minimal insdel distance is equal to 2.

Lemma 2.6 [1, Lemma 1] Let C be an [n, k| linear code over F,. Then, di(C) = 2 if and only
if C contains a codeword ¢ = (c1,¢2,-- ,¢y) such that, for some 1 < u < v < n and o € Fy,
X= (1'1,.’1'2, e 7‘TTL) deﬁned by

0, forl1<i<wuorv<i<n
Ti= 14 Ciy1 — Ci, foru<i<w
a, fori=w

is a nonzero codeword.

3 Strict half-Singleton bound

In this section, we show that the half-Singleton bound on the insdel distance of a linear code C can
be improved if 1 ¢ C. Based on this improved upper bound, we give another proof of the half-
Singleton bound on the minimal insdel distance of linear insdel codes and some useful corollaries.
To this end, we first introduce some notation. For positive integers n and s with s < n, we denote
[n] = {1,2,--- ,n} and [n]® the set of all vectors of length s whose coordinates are from [n]. We
say a vector I = (I,Ia,---,Is) € [n]® is an increasing vector if its coordinates are monotonically
increasing, i.e., for any u < v we have I,, < I, where I, is the uth coordinate of I.

Theorem 3.1 (Strict half-Singleton bound) Let C be an [n,k] linear code over Fy. If 1 =
(1,1,---,1) ¢ C, then the insdel distance of C satisfies

dr(C) <max{2(n—2k+1),2}.

Proof: Let G denote a generator matrix of C and d denote the minimum Hamming distance
of C. Then there exists a codeword ¢ € C satistying wg(c) = d. Thus, £(0,c) =n —d.

Next, we discuss the insdel distance of C in two cases.

(1) n —d > 2k — 1. Then, ¢(0,c) =n — d and

d1(C) < dr(0,¢) = 2(n — £(0,¢)) < 2(n — 2k + 1).



(2) n—d < 2k — 1. In the following we show that there exist two different codewords a,b € C
such that ¢(a,b) =n — 1 or ¢(a,b) > 2k — 1. This implies that

dr(C) <d(a,b) =2(n —¥{(a,b)) < max{2(n — 2k + 1), 2}.

Let G = (G1,G3, - ,Gy,) be a generator matrix of C, where G; denote the ith column of G.
Let I = (I1,12, -+ ,Is) and J = (J1,Ja, -+, Js) be two increasing vectors of [n]®. Define an 2k x s
matrix as follows:

M, — <gh G, - GIS> ‘ @)
n Gy o Gy
Consider the linear equations
(x,—y)M1; =0, (3)
where x = (x1,29,- - ,2;) and y = (y1,92, - ,yx). If the system (B) has a nonzero solution

(x,—y) € F2¥ with x # y, then there exist two codewords a = (f1(x), fa(x), -+ , fn(x)) and b =
(f1(y), f2(y),- -+, fnu(y)) in C, where fi(x) = xG;, fi(y) = yG; for i =1,2,--- ,n such that

(ffl(x)vffz(x)7”' ,f]s(X)) = (fjl(}’)7fjg(}’)7”’ 7st(y))‘

This implies that ¢(a,b) > s.

Next, we discuss the solutions to the linear system (3]).

Case 1: n < 2k. We show that there exist two distinct codewords a,b € C such that
{(a,b) = n — 1. Let I,J be any two increasing vectors of [n]"~!, that is, s = n — 1 in the matrix
given in ([2)). The rank of matrix My; defined in () is less than 2k. So, the corresponding linear

n=1 guch

system (B]) has nonzero solutions. Moreover, there exist two increasing vectors I,J € [n]
that the solution (x,—y) of the corresponding linear system (3] satisfies x # y. In this case, there
exist two distinct codewords a = xG and b = y(G satisfying ¢(a,b) = n — 1 since a # b. Otherwise,
we choose I = (1,2,--- ,n—1) and J = (2,3,--- ,n), and let (x,—y) € ng be a nonzero solution of

the linear system (B]) with x =y. This gives

(f1(x), f2(x), -+ s fae1(x)) = (f2(3): f3(3), -+ () = (f2(x), f3(x), -+, fu(x)).

So, fi1(x) = fa(x) = --- = fn(x), i.e, (1,1,--- ,1) € C. This is a contradiction.

Case 2: n > 2k. We show that there exist two distinct codewords a,b € C such that
((a,b) > 2k — 1. Let I, J be any two increasing vectors of [n]?*~!, that is, s = 2k — 1 in the matrix
given in ([2). The rank of Mj; given in () is less than 2k, and so the corresponding linear system
@) has nonzero solutions. Moreover, there exist two increasing vectors I,.J € [n]?*~1 such that
the corresponding linear system (3)) has a nonzero solution (x,—y) € ng satisfying x # y. In this
case, the code C has two distinct codewords a = xG and b = yG in C satisfying ¢(a,b) > 2k — 1.
Otherwise, assume that for any two increasing vectors I,.J € [n]?*~!, the corresponding linear system
@) has only solutions with the form (x, —x) € ng. Then we will derive a contradiction.

Choose I = (1,2,--+ ,2k — 1) and J = (2,3, ,2k). If the corresponding linear system (3]
has only nonzero solutions of the form (x, —x) € ng, then we have

(fl(x)va(X)7”' 7fn—1(x)) = (f2(y)7f3(y)7 7fn(y)) = (fQ(X),fg(X),”’ ,fn(X))



So, fi1(x) = fa(x) = -+ = for(x). This further shows that the code C has a codeword of the form

Similarly, choosing I = (2,3,---,2k) and J = (3,4,--- ,2k + 1), we can derive that the code C has

a codeword of the form

2)

@ = (1,1, 1k ke k).
—_———

2k
Repeating the above process n — 2k + 1 times, we get the (n — 2k 4+ 1)th codeword in C of the form

c(n_2k+1) = (0707"' 7071717"' 71)

Suppose that u,v € IF"; are the message vectors of c® and ¢@, respectively. Then we have
(HGQ,UGg, o 7uG2k) = (VG27VG37 o 7VG2k) = (17 17 ) 1)7
where G’s are columns of the generator matrix of G. This implies that

(u_v)(G27G37"' ,G2k) = (0707 70) (4)
G

Sincen —d < 2k — 1, i.e., n —d + 1 < 2k — 1, by Lemma 2.1l there exist k columns of G are linearly
independent over F, i.e., the rank of G is equal to k. So, the linear system (@) has only zero solution,
ie., u=v. This leads to ¢ = ¢(?). Repeating above discussion we derive that the code C has a
codeword

W =c® =... =2+ = (1,1,... | 1).

b

This is a contradiction. O

Theorem B.J] and Lemma 2.5 show that the insdel distance of a linear code will be affected by
whether it contains the codeword 1. This fact can be verified by the following simple example. Let C
be an [n, 1] code over Fy, then C = {ac : a € F,}, wherec € Fy. If 1 € C, then C = {a-1 : a € F}.
For any two distinct codewords cq1,co € C, £(ci,c2) = 0, and so, d7(C) = 2n. In this case, the
insdel distance of the code C reaches the half-Singleton bound given in Lemma If 1 ¢ C, then
we can show that there always exist two codewords c1,co € C such that £(ci,c2) > 1, and so,
dr(C) <2(n—1). In this case, the insdel distance of the code C may reach the upper bound given in
Theorem [3I] but never reach the upper bound given in Lemma

By Theorem Bl we give another proof of the half-Singleton bound on the insdel distance of
linear codes.

Corollary 3.2 Let C be an [n, k| linear code over Fy. Its insdel distance satisfies

dr(C) < max{2(n — 2k +2), 2}.



Proof: If 1 ¢ C, by TheoremB.1] we have d;(C) < max {2(n — 2k + 1), 2} < max {2(n — 2k + 2), 2}.
If 1 € C, we only need to prove that there exist two distinct codewords a,b € C satisfying
/(a,b) > min {2k — 2, n — 1}. Since 1 € C, C has a generator matrix as the following form:

1,1 1
G = 5
(- 2) .

where G, is a (k — 1) x (n — 1) matrix over F,, 1,1 = (1,1,--- ,1) and 0,1 = (0,0,--- ,0). Let
n—1 n—1
Cn—1 be the [n — 1,k — 1] linear code generated by G,,_1. If 1,,_1 € C,_1, then 1" = (1,,_1,0) € C
and £(1,1) = n—1 > min{2k—2,n—1}. If 1,1 ¢ C,_1, by Theorem BI] there exist two
distinct codewords a,,—1,b,,—1 € C,,—1 such that ¢(a,,—1,b,—1) > min {2k — 3, n — 2}. Tt is clear that
a=(a,—1,0) €C, b= (b,_1,0) €C, and {(a,b) > min {2k — 2, n — 1}. O
For a linear code C over Fy, we know that d;(C) = 2 if n < 2k by Lemma These codes
can not correct insdel errors. When n = 2k, from Lemma 4 in [I] we know that the following linear
insdel code attains the half-Singleton bound.

Corollary 3.3 For a positive integer k, let C be an 2k, k] code over Fy given by
C= {(617627"' 762k) 1C = Cok—iy1 € Ftp 1= 1727"' 7]{7}
Then d;(C) =4, i.e., C is optimal with respect to the half-Singleton bound.

Remark 3.4 The length of the optimal linear insdel codes given in Corollary [3.3 is independent of
the size of the finite field.

The following corollary shows that only in very special cases, a linear code C and its dual
C* have the insdel error-correcting capability at the same time. This result directly follows from
Theorem [3.1] and Lemma

Corollary 3.5 Let C be an [n, k| code over F, and C* be its dual code. If both C and C* have insdel
error-correcting capability, then n = 2k. In this case, 1 € C, d;(C) = d;(C*) = 4 and p|n, where p
is the characteristic of the field F,.

4 Optimal linear insdel codes attaining the strict half-Singleton
bound

In this section, we present a sufficient condition for a linear insdel code to be optimal according to
the strict half-Singleton bound given in Theorem Bl Then we give several examples of optimal
linear insdel codes. To this end, we first introduce some useful notation. Let n, k be positive integers
with 2k < n. Let I,.J € [n]?* be increasing vectors with length 2k. Let I N.J be a increasing vector
made up of the corresponding equal components of I and J, i.e., INJ = (r1,re, -+ ,r), t < 2k,
where r; = I, = J,;, which is the e;th component of I and J for 1 <i <.



Theorem 4.1 Let C be an [n, k| code over Fy with generator matriz G = (G1,Gs, -+ ,Gy), where G;
is the ith column of G and n > 2k. If for every two increasing vectors I,.J € [n]?* with rank(Giny) <
k, where Ging = (Geyy Geyy -+ ,Ge,) and I N J = (eq1,ea, -+ ,e), it holds that det(Myy) # 0, where

My, = Gh GI2 GI%
GJ1 GJ2 GJ% 7

then dr(C) = 2(n — 2k + 1), i.e., C is optimal with respect to the strict half-Singleton bound.

Proof: First, we show that 1 ¢ C. Otherwise, assume that 1 € C, then it has a generator
matrix as the following form:

1 1 ... 1
91 Ga2 G
/ n
G| (e ).
91 92 " Gk
Consider the matrix
! / !
sz(,h o )
J1 Jo T Jok

for two increasing vectors I,.J € [n]?* with rank(Giny) < k. Since M}, has two rows with all s,
det(M};) = 0. On the other hand, there exists a k x k invertible matrix @ such that G = QG’. Let

N — < Q kak) '
Okxie @
It is easy to verify that NMj; = My;. Then det(M;;) = det(N)det(M};) = 0. This is a contradic-
tion. It follows that 1 ¢ C. By Theorem Bl d;(C) < 2(n — 2k + 1).

Second, we show that for any two different codewords a,b € C, {(a,b) < 2k — 1. Otherwise,
assume that there exist two distinct codewords a,b such that ¢(a,b) > 2k, then there exist two
increasing vectors I,.J € [n]?* such that a; = by, i.e., a;, = by fors =1,2,--- ,2k. Let x,y € F’; be
the message symbols of the codewords a, b respectively, i.e., a = xG and b = yG. From assumption

we see that the linear system

ZGIﬂJ = (a617a627 T 7a€t)
has two distinct solutions x and y. So, rank(Gjny) < k. Since a; = by, we have
(X7 _y)MIJ =0.

So, det(Myy) = 0. This contradicts the assumption in the theorem. Thus, it follows that d;(C) >
2(n — 2k + 1), and then d;(C) = 2(n — 2k + 1) by Theorem B.11 O
Next we use Theorem [A.1] to give some examples of optimal linear insdel codes.

Example 4.2 Let ¢ =49 and w be a generator of F,. Let C be an [5,2] code over Fy with generator
matric



It is easy to see that any two columns of G are linear independent over F,. Two different increasing
vectors I,.J € [5]* satisfying rank(Grny) < 2 if and only if INJ = (0),(1) or (5). So, all possible
cases of the vectors I and J are as follows: I = (1,2,3,4) and J = (2,3,4,5); I = (1,2,3,4) and
J=(1,3,4,5); I =(1,2,3,5) and J = (2,3,4,5). The corresponding matrices Mr; are as follows:

w28 W w3 w2 w28 W w3 w26 w28 w w3 w20
M= [ S e e e e e
w w w w w w w w w w w w
w13 2 37 w wlO 2 ,w37 w w13 9 w37 W

By help of Magma one easily show that det(My) # 0 for above three cases. From Theorem [].1] we
4,7 15 2 38 14 7

know that d;(C) = 4. In fact, we find two codewords a = (w8, w'*, w”, w'®, w?'),b = (w?, w3 W™ W, w

satisfying £(a,b) = 3, and so d;(a,b) = 4.

Example 4.3 Let g =121, and w be a generator of Fy. Let C be an [8, 3] code over F, with generator

matriz
w0 w20 w22 w3 Wi WP Wt Wb
G=|w w2 W Wt WwB wB WM W
W wl03 110 9T 2L Bl AT T

By help of Magma, we can verify that det(My;) # 0 for all two different increasing vectors I, .J € [8]*
that satisfy rank(Grny) < 3. From Theorem [{1], we know that d;(C) = 6. In fact, we find two
codewords a = (W, w,w?, w*, W, W% w3 wW™),b = (6,w”,w,w?, wd, W, Wl w?)

l(a,b) =5, and so d;(a,b) = 6.

satisfying

Example 4.4 Let ¢ = 169, and w be a generator of Fy. Let C be an [9,4] code over F with generator

matrix
WSl w20t w36 14T Tl 166 132,103
oo w3 w82 163 48 36 88 w3
Tl w3 B w2 w6 T 18 9 12 134
wiBl 160 2T 148,164 7109 107 32

By help of Magma, we can verify that det(My;) # 0 for all two different increasing vectors I, J € [9]*
that satisfy rank(Grny) < 4. From Theorem [}, we know d;(C) = 4. In fact, we find two codewords
a= (0, w2, w3, w2, w?, W, w3, W, W), b = (w2, W, W27, w3, w2, W, W, W3, 7) sat-

isfying £(a,b) =7, and so dr(a,b) = 4.

In the following, we present a class of optimal [2k + 1, k] linear insdel codes over F, for some
positive integer k. To this end, we first introduce some notation. Let ¢ be a positive integer with
t <kand Q= {t,t+1,--- ,k}. Denote by Qf = {i € Qs |k—iisodd }, Qf = {i € Q| k—iis even }
and

10 - 0wa 0 --- 01
01 - 0 a 0 --- 10

G=|. . S o , (6)
00 - 1 a 1 --- 00

fex (2k+1)

where a; € F for i =1,2,--- | k satisfy Zle a; # 1.
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Proposition 4.5 Let symbols be given as above and C be an [2k + 1, k] code with generator matrix
G given in (@). If for any t with 1 <t < k satisfies

Zai_zai#17

ieQg ieqg
then d;(C) =4, i.e., C is optimal with respect to the strict half-Singleton bound.

Proof: Since Zle a; # 1, it is easy to verify that 1 ¢ C. So, d;(C) <22k +1-2k+1) =4
by Theorem Bl In the following, we show that d;(C) # 2.

Assume d;(C) = 2, then the linear code C contains a codeword ¢ = (¢1,¢2,--+ ,¢,) and a
nonzero codeword x = (z1,22, -+ ,x,) as characterized in Lemma for some u, v and «, where

n = 2k + 1. Since x is nonzero, from the representation of codewords in C we know that x; # 0
for some i < k+1. Thusu < k+1 and v > k+ 1. Let ¢t = min{i|i € [n] and z; # 0} and
t' =max{i|i € [n] and z; #0}, then t' =n—t+1, 1 <t<kandu<t<k+1<t <w. Thus,

0, fori<i<tort <i<n
Ti= 4 Ciy1— G, fort<i<t )
B, fori=1t
where § € F,. From the generator matrix of C we know that the codeword ¢ = (c1,¢2,--- ,¢) € C
satisfies that i
ck+1:Za,~ci, Cj =Cngi—j, J=k+2,k+3,--- ,n. (7)
i=1

Then the codeword y = ¢ +x = (y1,¥2, - ,yn) € C satisfies that

¢, fori<i<tort <i<n
Yi =19 Cit+1, fort<i<t
¢+ B, fori=1t

Since any codeword in C satisfies the relation given in ([7), from the representation of y we have that
Ct=Cpyo =" =Cp1=Cpy1 and Gy = C43 = =Cp_2 =

if K —tis odd, and
Ct=Ctp2 = = Cp_2=cCg and Cp11] = Cp43 = 0 = Cp1 = Cy1

if K —t is even. So, for the codeword ¢ we have

t—1
Cht1 = Z cia; + ¢y, Z a; + Crp41 Z ag, (8)
i=1 ieqe i€Q?
and for the codeword y we have
t—1
Cr = ZCiCLi + ¢k Z a; + Ck+1 Z Q;. (9)
i=1

i€Q? ieQe
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By @) — (@), we have
Ckr1 — Ck = (Ckr1 — ck) Z a; — Z a; | . (10)
i€ ieQe
Since x is a nonzero codeword, we know that cxy1 # cg. From (I0]) we have
LTINS
i€ icQe

This is a contradiction. So, d;(C) = 4, and C is an optimal linear insdel code with respect to the
strict half-Singleton bound.

Remark 4.6 When q > 2, one can verify that for any t with 1 <t <k, there exist a; € F, satisfying

k
Zai#land Zai—Zai#l. (11)
i=1

i€Q? ieQf

For example, ap—1 € Fy\ {0,1} and a; = 0 for all i € {1,2,--- ,k} \ {k — 1} satisfy (11]). So,
there exist optimal [2k + 1, k,4] linear insdel codes over Fy, if ¢ > 2. Moreover, the length of C is
independent of the size of the finite field IFy.

5 Optimal binary linear insdel codes attaining the (strict) half-
Singleton bound

In this section we study optimal linear insdel codes over Fy with respect to the half-Singleton bound
and the strict half-Singleton bound proposed in Theorem Bl respectively.

Lemma 5.1 For a positive integer k, let C be an [2k + 3,k] linear insdel code over Fy without
codeword with 2k consecutive coordinates being 1. Then there exist two distinct codewords u,v € C
such that ((u,v) > 2k.

Proof: Let dg be the minimal Hamming distance of C, then there exist a codeword z € C such
that wy(z) = dg. So €(z,0) = 2k +3 —dy. If dg < 3, then the conclusion follows. Next we discuss
the case of dy > 3.

Let G = (G1,Ga,- -+ ,Goky3) be a generator matrix of C. Consider the linear equations

Gy Gy - Gy
- =0. 12
(x y)<G2 Gy - G%) (12)

M

The rank of M is less than 2k. So, the linear system (I2) has a nonzero solution (x1, —yy) € F3¥.
Moreover, we claim that x; # y;. Otherwise, if x; = y1, then from (I2]) we have

(fi(x1), fo(x1),- -+, far—1(x1)) = (fa(y1), f3(y1), -+, far(y1)) = (fa(xa), f3(x1), -+, far(x1)),

12



where f;(x) = xG; for 1 <i < 2k. So, fi(x1) = fa(x1) = -+ = far(x1). Since dg(C) > 3, we derive
that C has a codeword of the form (1,1,---,1,%,%,%). This is a contradiction.
———

2%k
Let x1,y1 be message symbols of codewords a, a, respectively. Then they are different and

have the following form:
a = (CLl, a2,a3,a4,- - 7a2k—17a17a27a37a4) ) a= (d17a17a27a37 ce, A2k—2, a2k—1754275437544) .

It is clear that the length of the longest common subsequence of a and a is at least 2k — 1. If there
exist some i € {1,2,3,4} and j € {2,3,4} such that «; = @;, then ¢(a,a) > 2k, and the conclusion
follows. If o; # @; for any ¢ € {1,2,3,4} and j € {2,3,4}, we have

a; +a; =1 (13)

By choosing proper matrix M as in (I2]) we can show that C has two different codewords b
and b as the following form:

b = (B1,b1,b2, b3, - ,bog—2,bog—1, B2, B3, B1), b = (B1,Ba,b1,ba, -, bag_3., bag_2,bag_1, B3, Ba)-

It is clear that the length of the longest common subsequence of b and b is at least 2k — 1. If
B1 € {B1, P2} or {Ba, B3, Bay N {P3, B} # 0, then £(b,b) > 2k, and the conclusion follows. Otherwise,
for j € {1,2}, uw € {2,3,4} and v € {3,4} we have

Bi1+ Bj=1and By, + B, = 1. (14)
Since C is a linear code, a + b and a + b are also codewords of C and have the following form:
a+b=(a1+Pr,a2 +b1,a3 + bz, as + b3, -, azgk—1 + bog—2, 01 + bag—1, 2 + B2, a3 + B3, + Bu),

a+b = (a+pB1,a1+B2,as+b1,a3+ba, -+, agg—2+bog_3, ask—1 +bok—2, &2 +bog_1, a3 + B3, s+ B1).

If a+b # a+ b, by (I3) and () we have that {(a+ b,a + b) > 2k, and the conclusion follows.
Ifa+b=a+b, b and , then we can derive that a+b = (0,1,1,---,1,0,0,0) or
y @3) (@) ( )

2k—1
(170707"' 70717171)'
N—_——

2k—1
Again by similar analysis of the beginning of the proof, we can show that C has two different

codewords ¢ and ¢ as the following form:

C= (717727617627037 T 70216—270216—17’737’74)7 c= (7}/17’727’737617027 T 70216—370216—2702]6—17’74)'

It is clear that the length of the longset common subsequence of ¢ and ¢ is at least 2k — 1. If
{v1, 72} N {1, 32,73} # 0 or Y4 € {y3,74}, then £(c,€) > 2k, and the conclusion follows. Otherwise,
for i € {3,4}, s € {1,2} and t € {1, 2,3} we have

Yi+3s=1and ys + % = 1. (15)
Since C is a linear code, b + ¢ and b + ¢ are also codewords of C and have the following form:

b+c= (81 + 71,01 +72,b2+c1,b3 + o, -+, bar—1 + cop—2, B2 + cak—1, 83 + 3, Ba + Va)
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and
b+ ¢ = (81 471,82 + 72,01 + 73, ba + ¢1,b3 + ¢a, -+ bop—1 + Cor—2, B3 + Car—1, B1 + Ya)-

If b+ c#b+c¢, by (I4) and (I5) we have that (b + c,b + ¢) > 2k and the conclusion follows. If
b+c =b+¢c,b and we can derive that b+c = (0,0,1,1,--- ,1,0,0) or (1,1,0,0,--- ,0,1,1).
y ([4) and (@5) ( ) or ( )
2k—1 2%k—1
If a+b = a+b and b+c = b+¢ at the same time, then we can derive that /(a+b, b+c) = 2k-+2
orf{(a+c,b+c)=2kor {(a+b,a+c)=2k So, we can always obtain two distinct codewords of
C such that the length of their longest common subsequence is at least 2k. O

Lemma 5.2 For a positive integer k, let C be an [2k + 3, k| linear insdel code over Fy having a
codeword with 2k consecutive coordinates being 1. Then there exist two distinct codewords u,v € C
such that £(u,v) > 2k.

Proof: Let dg be the minimal Hamming distance of C, then there exist a codeword ¢ € C such
that wg(c) = dy. So, ¢(c,0) = 2k+3—dg. If dg < 3, then the conclusion follows. Next, we discuss
the case of dy > 3.

We only prove the case that C has a codeword of the form h = (1,1,---,1,0,0,0), and the

———

2k
other cases can be shown similarly.
Let G = (G1,Ga,- -+ ,Goky3) be a generator matrix of C. Consider the linear equations
G, G- --- G
(x,—y) 4 Gs 2k+2 ) _ (16)
Gs Ge -+ Goys
M

The rank of M is less than 2k. So, the linear system (6] has a nonzero solution (xy, —yy) € F2~. If
X1 = y1 then we have

(fa(x1), f5(x1), -+, farga(x1)) = (f5(¥1), fo(y1), -+, fora3(y1)) = (f5(xa), fo(x1), -, fany3(xX1))-

where f;(x) = xG; for 4 < i < 2k + 3. So, fi(x1) = fs5(x1) = -+ = forrs(x1). Since dy > 3,
we derive that C has a codeword of the form a = (x,*,%,1,1,--- ;1). It is clear that a # h and
k
2

¢(a,h) > 2k, then the conclusion follows. If x3 # y1, and let a = x3G and a = y1G. Then a and a
have the following form:

a = (a17a27a37a17a27a37a47’” 7a2k—17a4)7 a= (@1,@2,@3,@4,@1,@2,@3,‘" 7a2k—27a2k—1)'

It is obvious that the length of the longest common subsequence of a and a is at least 2k — 1. If there
exist some i € {1,2,3} and j € {1,2,3,4} such that a; = @;, then ¢(a,a) > 2k, and the conclusion
follows. Otherwise, for any 7 € {1,2,3} and j € {1,2,3,4}, we have

a; +a; =1 (17)

14



By choosing proper matrices M as in ([[6), we can show that C has four codewords b, b, ¢ and ¢ as
the following form:

b = (B1,B2,b1,b2,b3,ba, -+, bog_2,bog_1, B3, B1), b= (B1, B2, B3,b1,b2, b3, -, bog_3,bog_2,bog_1, Ba);

C = (717727617627037647 e 762k—2773702k—17fy4)7 c= (7}/17:}/27’737017627637 e 702k—27ﬁ4762k—1)’

By analysis similar to that above, we have £(b,h) > 2k if b = b. Otherwise, if b # b, then the length
of the longest common subsequence of b and b is at least 2k—1. Only when {81, 2} {51, B2, B3} = 0
and B4 ¢ {3, B4}, we have £(b,b) = 2k — 1. In this case, for i € {1,2}, j € {1,2,3} and u € {3,4},
we have

Bi+Bj=1and B, + B4 = 1. (18)

Since C is linear, a + b and a + b are codewords of C and have the following form:
a+b= (a1 +B1,02+ B, a3 +b1,a1 +b2,a2 + b3, agk—2 + bag—1, a2k—1 + B3, u + Ba),

a+b=(a+p1,0+ B2,03 4 3,04 +b1,a1 +ba, -+, agk—3 + bap—2, agk—2 + bap—1, agp—1 + fa).
Ifa+b # a+b, by (I7) and (I¥), we have /(a + b,a + b) > 2k and the conclusion follows. If
a+b=a+ b, we can derive that a+b = (0,0,0,1,1,--- ,1,0) or (1,1,1,0,0,--- ,0,1).
—— ——

2k—1 2k—1
Next, we consider the codewords ¢ and ¢. If ¢ = ¢, then we derive that ¢ = (*,%,1,1,--- | 1)
———

2k+1
or (#,%,1,1,---,1,0,0) or (1,1,0,0,--- ,0,1,1). In this case, we have ¢(c,h) > 2k or /(a+Db,c) > 2k
— —

2k—1 2k—1
or /(a+ b+ c,h) > 2k, then conclusion follows. If ¢ # ¢, it is clear that the length of the longest
common subsequence of ¢ and ¢ is at least 2k — 1. Only when {v1,v2} N{31,72,73} = 0 and 3 # 74,

ie., fori € {1,2} and j € {1,2,3},

vi+7; =1 and y3+ 734 = 1, (19)
we have {(c,¢) = 2k — 1. In this case, we consider the codewords a + c,a + ¢ € C as the following
form:
atc= (a1 +7,a2+72,a3+c1,a1+c2,a2+¢3,- -, ak—3+ Cop—2, Aok—2 + 3, A2k—1 + Cop—1, 4 +74),
a+c = (a1+y1, Qot+Y2, 03473, Aatc1, a1+Ca, - -+, Aok—a+Cok—3, A2k —3+Cok—2, A2k—2+74, A2k —1+C2%—1).-

If a+c # a+c, by (I7) and ([I9]), we have £(a+c,a+c) > 2k, then conclusion follows. If a+c = a+c,
we have a4+ ¢ = (0,0,0,1,1,--- ,1,0,0) or (1,1,1,0,0,--- ,0,1,1), then ¢{(a + b,a+ ¢) > 2k or
N—— ——

2%k—2 2k—2
¢(b+c,h) > 2k. So, we can always obtain two distinct codewords of C such that the length of their
common subsequence is at least 2k. O

By Lemma [5.1] Lemma and the proof of Corollary we have the main theorem in this
section.

Theorem 5.3 Let C be an [n, k| linear insdel code over Fo.

(1) If n > 2k, 1 ¢ C and C is optimal with respect to the strict half-Singleton bound proposed in
Theorem [Z1), then its code length n and dimension k satisfy 2k +1 < n < 2k + 2.

15



(2) If n > 2k and C is optimal with respect to the half-Singleton bound, then its code length n and
dimension k satisfy 2k <n < 2k + 1.

Let C be an [n, k] linear insdel code. When k = 2, if 1 ¢ C, there are 17 optimal [5,2] linear
codes with respect to the strict half-Singleton bound given in Theorem B} If 1 € C then there are
2 optimal [4, 2] linear codes with respect to the half-Singleton bound. All these optimal linear insdel
codes are listed in Table 1 and Table 2 by generators, respectively. A large number of experimental
results show that Theorem [5.3] can be strengthened into the following conjecture.

Conjecture 5.4 Let C be an [n, k] linear insdel code over F.

(1) If n > 2k, 1 ¢ C and C is optimal with respect to the strict half-Singleton bound in Theorem[3]],
then C has the parameters [2k + 1, k, 4].

(2) If n > 2k and C is optimal with respect to the half-Singleton bound, then C has the parameters
2k, k, 4].

Table 1: two generators of optimal [5,2] linear insdel codes

Vi, V2

Vi, V2

Vi, V2

1,1,0,0,0),(0,0,1,1,0
1,0,1,0,0),(0,0,0,1,1

1,1,0,0,0),(0,0,1,0,1
1,0,0,1,0),(0,1,1,0,0

1,1,0,0,0),(0,0,0,1,1
1,0,0,0,1),(0,1,1,0,0

( )| ( ) | ( )
( ), ( )| ( ) ( ) | ( ), ( )
(1,0,0,0,1),(0,1,0,1,0) | (1,0,0,0,1),(0,0,1,1,0) | (0,1,1,0,0),(0,0,0,1,1)
(0,1,0,0,1),(0,0,1,1,0) | (1,0,1,1,0),(0,0,1,1,1) | (1,1,0,0,1),(0,0,1,1,1)
(1,1,1,0,0),(0,0,1,1,1) | ( ), ( ) | (0,1,1,0,1),(1,0,0,1,1)
( ) ( ) | ( ) ( )

1,1,1,0,0),(0,1,1,0,1

1,1,0,1,0),(0,1,0,1,1
1,1,0,0,1),(1,0,1,1,0

Table 2: two generators of optimal [4,2] linear insdel codes

Vi, V2
(17 17 07 0)7 (07 07 17 1)

Vi, V2
(17 07 07 1)7 (07 17 17 0)

6 Strict direct upper bound

In this section we prove the strict direct upper bound. This bound is only true for linear insdel
codes. For a linear [n,k] code C C Fy, the subset S C {1,---,n} of h coordinate positions is
called an information free coordinate subset if the natural projection &g : C — IE‘Z defined by
Dg((cr, - ,en)) = (Cil""
set. It is obvious that for any generator k x n matrix G of this linear [n, k] code, the columns at

, ¢y, ) 1s surjective. It is clear A < k. When h = k this is the information

these positions of an information-free subset are linear independent vectors in IF"; .

Theorem 6.1 (Strict direct upper bound) Let C C Fy be a linear [n, k] code with the minimum
Hamming distance di. Let x € C be a minimum weight codeword with its zero coordinate position
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set [n] — supp(x) = {i1,42, -+ ,in_ay }, where iy < iy < -+ < iyp_q,. Suppose there are t pairs
of coordinate positions {ju,wy}, w = 1,-+- |t, satisfying {ju,wy} is in some [i, + 1,341 — 1] for
wu=1,---t, and {j1,w1,...,Jt,wt} is an information-free subset. Then

d1(C) < 2(d — t).

Proof. Let G be an k x n generator matrix of this linear code C, with n columns Gy, ..., G,.
Let x = u-G be the minimum weight codeword claimed in the condition. Then u is a non-zero vector
in F’; and u-Gj = 0 for j = i1,...,4,_qp. Since {ji,w1,...,j;,w} is an information-free subset,
Gj s Guws-- -, Gy, Gy, are linear independent vectors in IF";. Then G, =Gy, Gjo —Guss - -, Gj, — Gy,
are linear independent vectors in IF";. Hence we can find a non-zero vector v € IF"; satisfying v- (G, —
Gu,) = u- Gy, for 1 <u <t. Now for two codewords x; = v-G and x3 = (Vv+u) -G = x1 + X,
their coordinates at positions i; < i3 < --- < 4,_g4,, are the same. Since

v-Gj, =(v+u) Gy, u=1,2,---t,

the coordinates of x; and x3 at position pairs {j,,w,} are the same. Since {7, w,} is always in some

[iy + 1,iy+1 — 1], we have a common subsequence with length n — dg + ¢ of these two codewords.

The conclusion is proved. ]
If a linear code C is projective then we have the following corollary.

Corollary 6.2 Let C C [ be a projective linear code with the minimum Hamming distance dp >

"TH . Then

dr(C) <2(dy —1).

Proof. Since n — dyg + 1 < dp, for any minimum weight codeword x with zero-coordinate
positions 41 < i < -+ < ip_q,, we have an interval [i,, + 1,4,41 — 1] containing at least two support
coordinate positions of x. The two columns at these two positions are linear independent from the
condition dg(C*) > 3. The conclusion follows directly. O

Next we give two examples of linear insdel codes attaining the strict direct upper bound and
an example showing that Theorem is not true for nonlinear insdel codes.

Example 6.3 Let C be an [11,4] linear code over Fo with the following generator matriz,

= (G1,Ga, -+ ,Gn).

S O ==
S O O =
o o = o
O = O =
S = = O
S = O O
— o O O
= o O =
_ o O

1
1
0
0

—_ = =

One can verify that dg (C) = 4, and there is a minimum weight codeword x = (0,0,0,1,1,0,0,1,1,0,0)
in C with a zero coordinate position set {1,2,3,6,7,10,11}. Then there are two pairs of coordinate
positions {4,5} and {8,9} are in [3,6] and [7,10], respectively, such that {4,5,8,9} is an information-
free subset. Then by Theorem [61l, we know that d;(C) < 2(dyg — 2) = 4. On the other hand, we can
verify that di(C) = 4. In fact, there are two distinct codewords x1 = (0,1,1,1,0,0,1,1,0,1,1) and
x2 =x1 +x=1(0,1,1,0,1,0,1,0,1,1,1) in C such that ¢(x1,Xx2) = 9, which is the longest common
subsequence of codewords in C. So, di(C) =4 and C attains the strict direct upper bound proposed in
Theorem [61] for t = 2.

17



Example 6.4 Let C' be a nonlinear code consisting of four codewords of C in Examplel6.3 as follows:

¢'= {(0,0,0,0,0,0,0,0,0,0,0), (1,1,1,1,0,1,0,0,0,1,1),
(1,0,0,0,0,0,0,0,1,1,1), (0,0,0,1,1,0,0,1,1,0,0)}.

One can verify that dg (C') = 4 and d;(C') = 8. A minimum weight codeword (1,0,0,0,0,0,0,0,1,1,1)
in C' has a zero coordinate position set {2,3,4,5,6,7,8}. 1t is easy to see that there is a pair of
coordinate positions {9,11} in [9,11] such that this set is an information-free subset. However,
dr(C") > 2(dg(C") —1). This example shows that Theorem[6.1] is not true for nonlinear insdel codes.

Example 6.5 Let p be a prime number and let e > 1 be a positive integer. Let i; = 271 for
1 < j <n satisfying 3-2""2 < e. Let § be a primitive element in the finite field Fpe and

C={A+pb" X+ b2, X+ pb™) |\ p € Fpe}

be a two-dimensional RS code of length n over Fpe. Since C is an MDS code, dy(C) =n — 1. From
Corollary C in [{l], we know that d;(C) = 2n — 4. Thus, di(C) = 2(dg — 1) and C attains the strict
direct upper bound proposed in Corollary [6.2.

7 Concluding remark

In this paper, we proposed the strict half-Singleton bound for linear insdel codes without all 1
codeword and a method to construct optimal linear insdel codes with respect to this upper bound.
Then, we proved that the length of optimal binary linear insdel codes with respect to the (strict) half-
Singleton bound is about twice the dimension. A large number of experimental results suggested that
optimal binary linear insdel codes have parameters [2k, k, 4] or [2k + 1, k, 4] with respect to the half-
Singleton bound or the strict half-Singleton bound proposed in Theorem [B] respectively. Moreover,
interestingly explicit optimal linear insdel codes attaining the (strict) half-Singleton bound, with the
code length being independent of the finite field size, were obtained. Finally, we also gave the strict
direct upper bound for the minimum insdel distances of linear insdel codes and optimal linear insdel
codes attaining our strict direct upper bound were presented.
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