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Constructing MSR codes with subpacketization

23 for k + 1 helper nodes
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Abstract

Wang et al. (IEEE Transactions on Information Theory, vol. 62, no. 8, 2016) proposed an explicit construction
of an (n = k + 2, k) Minimum Storage Regenerating (MSR) code with 2 parity nodes and subpacketization ok/3,
The number of helper nodes for this code is d = k + 1 = n — 1, and this code has the smallest subpacketization
among all the existing explicit constructions of MSR codes with the same n, k and d. In this paper, we present a
new construction of MSR codes for a wider range of parameters. More precisely, we still fix d = k + 1, but we
allow the code length n to be any integer satisfying n > k + 2. The field size of our code is linear in n, and the
subpacketization of our code is 2"/2. This value is slightly larger than the subpacketization of the construction by
Wang et al. because their code construction only guarantees optimal repair for all the systematic nodes while our

code construction guarantees optimal repair for all nodes.

Index Terms

distributed storage, repair bandwidth, MDS array codes, minimum storage regenerating (MSR) codes, sub-

packetization.

I. INTRODUCTION

Dimakis et al. initiated the study of repairing MDS codes in distributed storage systems [2], where the main
objective is to construct MDS codes that can efficiently repair any single node failure. In a distributed storage
system, an (n, k) MDS array code consists of k information nodes and » = n — k parity nodes. Each node of
the array code is a length-¢ vector over some finite field F, where the parameter ¢ is called the subpacketization
or the node size of the array code. When there is a single node failure, one may connect to d helper nodes and

download part of the information stored on these nodes to recover the failed node, where the value of d satisfies
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k < d < n — 1. The amount of downloaded data in the repair procedure is called the repair bandwidth. For an

das

(n, k) MDS array code with subpacketization ¢, it was shown in [2] that the repair bandwidth is at least iy

when the repair procedure involves d helper nodes. This lower bound is called the cut-set bound. An MDS code
that achieves the optimal repair bandwidth for the repair of any single failed node from any d helper nodes is called
an Minimum Storage Regenerating (MSR) code.

The first explicit construction of MSR codes is the product matrix construction [3]]. Yet it is limited to the low code
rate regime. After that, explicit constructions of high-rate MSR codes were given in [4], [5], (6], [7], [8], [Ol, [1O],
(L], [12]], [13]. The complete list of constructions and parameters of MSR codes can be find in recent paper [14]]
and [13]. Among these MSR code constructions, the most relevant one to this paper is the (n = k+2, k) MSR code
construction with subpacketization 2¥/3 proposed in [5]. More precisely, Wang et al. [5] proposed a framework of
constructing MDS array codes with subpacketization 7%/ ("+1) that can optimally repair all the systematic nodes
from d = n — 1 helper nodes. For the special case of » = 2, they further gave explicit constructions of such codes
over any finite field whose size is larger than %k This construction has the smallest subpacketization among all
the existing MSR code constructions with parameters d =k + 1 and n = k + 2.

In this paper, we propose a new construction of MSR codes for which we relax the condition d = n — 1 in the
(n = k+2,k) MSR code constructed in [3]. Specifically, the number of helper nodes in [5] is d = k+1=mn—1.
In our new construction, we still fix d = k + 1, but we allow n to be any integer satisfying n > k + 2. Our code
can be constructed over finite fields whose size is linear in n, and the subpacketization of our code is 21/3_ This
value is slightly larger than the subpacketization in [5] because their code construction only guarantees optimal
repair for all the systematic nodes while our code construction guarantees optimal repair for all nodes.

In the discussion of our new code construction above, we have implicitly assumed that n is divisible by 3. If
n is not a multiple of 3, then the subpacketization of our new code becomes 2/"/31. Since the code construction
in the non-divisible case can be easily obtained by puncturing/removing some nodes from the construction in the
divisible case, in this paper we will focus on the case where n is a multiple of 3.

One main technical obstacle of this paper is to prove the invertibility of the matrix @ in Lemma[3l We explicitly
compute the determinant of () by first treating it as a multivariable polynomial of the entries (seen as variables)
of @, and then extract as many polynomial factors as we can using elementary column operations. The choice of
parameters in our code construction guarantees that all the polynomial factors are nonzero. At last by comparing
the terms in the expansion of the determinant and the product of these polynomial factors, we conclude that the
determinant is equal to the product of these polynomial factors up to some coefficient ¢ € {—1,1}, and hence
nonzero.

Finally, we note that a recent work [13|] proposed a generalization of the MSR code construction in [7], [8],
[L1], and their generalization of [7]], [8], [11]] is somewhat similar to the generalization of [3] in this paper. More
precisely, both the construction in [[7], [8]], [11] and the construction in [5] require d = n — 1. Vajha et al. [13]]
generalized the construction in [7], [8]], [[L1] to the case d < n — 1 while we generalize the construction in [5] to
the case d < n — 1. However, the construction in [[7], [8], [L1] is very different from the construction in [3], and

the generalization in this paper also uses different techniques from the generalization in [13]. For d = k + 1, the



subpacketization in [[13] is 2"/2. This value is larger than the subpacketization 2"/ in our paper, but the MSR
codes constructed in [[13] guarantee that both the amount of accessed data and the repair bandwidth in the repair

procedure achieve the cut-set bound while the MSR codes in this paper only guarantee the optimal repair bandwidth.

II. NEW CODE CONSTRUCTION

We write a codeword of an (n, k) array code with subpacketization ¢ as (Cyp,C4,...,C,—1), where each C; =
(C;(0),C;(1),...,Ci(£ — 1)) is a vector of length £ over some finite field F. We define an (n, k) array code by

the following set of parity check equations: fora =0,1,...,/ —1,

|
-

3 (Ai(a,o)ci(o) + A;i(a,1)Ci(1) + -+ Ai(a, £ — 1)Ci (£ — 1)) =0. (D)

1=0

Each A;(a,b) in the above equation is a column vector of length r = n — k for all 0 < a,b < £ — 1. The 0 on the
right-hand side of the equation denotes the all-zero column vector of length r . In our construction, we set £ = 2"/3,
so for every a € {0,1,...,¢ — 1}, we can write its n/3-digit binary expansion as a = (a,/3-1,n/3-2,--,00),
where ag is the least significant bit.

We divide the n nodes (Co, C1,...,Cp_1) into n/3 groups of size 3. More precisely, for every 0 < ¢ <n/3—1,
the three nodes Cs;, Cs;11, Cs;+2 are in the same group. For the index 37 + j of each node, the value i is the index
of the group to which this node belongs, and j € {0,1,2} is the index of the node within the group. Let IF be a
finite field with size [F| > 2n 4 1. Let Ag, A1, ..., A2,—1 be 2n distinct elements in F satisfying

(A6i+1 — A6i+3)(A6itr1 — A6its)
(A6i+1 — A6i) (A6i+1 — Agita)

(N6it2 — A6i+3)(Asi+2 — N6i+s) 2
forall 0 <i<n/3-1.
(A6i+2 — A6i)(N6it2 — Agita)
For 0 <i <n/3 — 1, we introduce the shorthand notation
— (Aeir1 — Aeits)(Asit1 — Aeits)
V6i+1 = — )
(A6i+1 — A6i) (A6it1 — A6ita) 3)
s = — (Asi+2 — A6i+3) (Asit2 — Agits)
Z+ (N6i+2 — A6i) (N6it2 — Agita)
which will be used in later sections. The condition @) is equivalent to
Y6i+1 75 Y6i+2 for all 0 < ) < n/3 —1. (4)

In Lemma [I] below, we show that as long as |F| > 2n + 1, one can always choose 2n distinct \;’s satisfying (@).

We further write

Li:= | X2 |. 5)

r—1
_/\i d

I Throughout this paper, we will use 0 to denote the number O or the all-zero matrix, and use bold O to denote the all-zero column vector.

The size of vector and matrix can be easily derived from the context.



Now we are ready to define the vectors A;(a,b) in (. For every 0 < i < n/3—1 and every 0 < a,b < £ —1,
define

L6i+ai ifa="5
Li—Li ifai:(),bizl,
Ass(a,b) = 6 6i+1
and a; = bJVj 752
0 otherwise,
L6i+2+ai ifa=0>
L L if 1,b;, =0 ©
6i+3 — Lei+2 M a; =1,0, =0,
Asiti(a,b) =
and CLj = bJV] 7£’L
0 otherwise,
L6i+4+ai ifa=5b
Asita(a,b) =
0 otherwise.
Lemma 1. If [F| > 2n + 1, then we can always choose 2n distinct elements Ao, A1, . .., Aan—1 from F satisfying
@.
Proof. Note that for each value of ¢ € {0, 1,...,n/3—1}, the equation in @) involves 6 numbers Ag;, Agi+1, - - - s Agi+5-

As a consequence, each ); appears in exactly one equation for 0 < j < 2n — 1. To prove the lemma, we first show
that we can choose the 6 numbers Ag;, Agi+1,-- -, A¢i+5 from any 7 distinct elements in F. Indeed, suppose that
No,M, - ,Ne are 7 distinct elements in F. Let A¢;1; = n; for j = 0,1,2,3,4. By @), after fixing the values of
X6is A6i+1, - - - » Agit+4, the last element Ag;15 can not be the root of the linear equation (Agi+1 — &) = Agit2 — @,
where

(Asi+2 = A6i)(Asi+2 = Aeita) (Noi+1 — A6it3)

pu— O-
¢ (A6i+1 — X6i)(A6i+1 — A6ita)(A6ir2 — N6it3) 7

If £ = 1, then the linear equation has no roots because Ag;+1 7# Agit2. If £ # 1, then the linear equation has only

one root, so at least one of 75 and 7 is not the root of £(A\gi+1 — ) = Agi+2 — x, and we let \g;15 take that value.
This proves that we can choose 6 numbers Ag;, Agit1,-- -, A¢i+5 satisfying from any 7 distinct elements in [F.
Now we let S be the set of any 7 distinct elements of F. Then we can choose Mg, A1, -+ , A5 satisfying @) from
S. Next we pick another 7 distinct elements in F\{\g, A1, -+, A5} and similarly we can choose Ag, A7, -+, A11
satisfying @) from these 7 elements. As |F| > 2n + 1, we can repeat this process n/3 times, and obtain 2n distinct

elements Ag, A1,..., 2,1 from F satisfying (). O

III. A CONCRETE EXAMPLE

We use a concrete example to illustrate the above code construction. We take n = 9 and k£ = 5, so £ = 29/3 =8
and r = n — k = 4. In order to explicitly write out the code construction, we define a sequence of 2D arrays

Ag, A1, ..., An_1. Each of them has £ = 8 columns and ¢ = 8 block rows. The entry at the cross of the ath block



row and the bth column of A; is A;(a,b). Note that each entry here is a column vector of length r = 4. By (6) we

have
_LOLO—Ll 0 0 0 0 0 0 ]
0 Ly 0 0 0 0 0 0
0 0 Lo Lo—L; O 0 0 0
Ay — 0 0 0 Ly 0 0 0 0
0 0 0 0 Lo Lo—L; O 0
0 0 0 0 0 Ly 0 0
0 0 0 0 0 0 Ly Lo — Ly
0 0 0 0 0 0 0 Ly
[ Ly 0 0 0 0 0 0 0_
L3 — Ly Lj 0 0 0 0 0 0
0 0 Lo 0 0 0 0 0
A — 0 0 Ls— Ly Ls 0 0 0 0
0 0 0 0 Lo 0 0 0
0 0 0 0 Ls— Ly Ls 0 0
0 0 0 0 0 0 Lo 0
0 0 0 0 0 0 Ls— Ly Ls
_L4 0 00 O0 OO O O_
0L; 0 000 0O
0 0L,0 0 O OO
Ay — 0 00L; 0 00O
000 O0L,0 0P O
0 00 O O0L;00O0
0 00 0O OLyO
0 00 O 0 O O Ls
_LG 0 L¢— L~y 0 00 0 0 ]
0 Lg 0 L¢—L7; 0 O 0 0
00 L~ 0 00 0 0
Ay — 00 0 Ly 00 0 0
00 0 0 Le 0 Lg— Ly 0
00 0 0 0 Lg 0 L¢ — L7
00 0 0 00 Ly 0
00 0 0 00 0 L~




Ay =

As

Ag

Az =

Ag =

Lg 0 0O 0 0 0o
0 Lg 0 0 0 0 00
Lo—Ls O Ly 0O 0 0 00
0 ILo—Ls 0Ly, O 0 00
0 0 0O Lg 0 0o
0 0 0 0 0 Lg 00
0 0 0 0 Lg—Lg 0 Ly O
0 0 0O 0 Lo—Lg 0 Ly
Ly O O O O O 0 O
0 Lipx O 0 0 0 0 O
0O 0 Ly;; O 0O 0 0 O
0O 0 0 Li; O O 0 O
0O 0 0 O0 Lz O 0 O
0 0 0 0 O Lix O O
0O 0 0 0 0 O0 Ly; O
0 0 0 0 O O 0 Ly
(£, 0 0 0 Lia—ILis © 0 o |
0 Lo O 0 0 Lo — Li3 0 0
0 0 Lo O 0 0 Lqio — Lis 0
0] (0] 0 Lqio 0 0] 0] Lqio — L1s
) Lis 0 0 0
0 0 0 0 0 Lis 0 0
0 0 0 0 0 0 Lis 0
| 0 0 0 o 0 0 0 Lis |
[ L 0 0 0 0 0 0 o0 |
0 Lia 0 0 0 0 0 0
0 0 Lia 0 0 0 0 0
0 0 0 Lu ©0 0 0 0
Lis — L4 0 0 0 Lis O 0 0
0 Lis—La 0 0 0 Lis 0 0
0 0 ILis—Liu O 0 0 Lis O
Li¢« O O O O O 0 O
0 Ligw O 0 0 0 0 O
0 0 Lig O 0 0 0 O
0 0 0 Lig O 0 O O
0O 0 0 O Ly O 0 O
0O 0 0 0O O Ly O O
0O 0 0 0 0 O L7 O
0 0 0 O O O O0 L7




A. MDS property

We first explain why this code is an MDS array code. In order to prove the MDS property, we need to show that

any 4 nodes of this code can be recovered from the remaining 5 nodes. We will use two concrete cases to illustrate

how to prove the MDS property.

First case: How to recover Cj, C,Cs, C5 from the remaining 5 nodes. To that end, we only need to show

that if all the coordinates of Cs, Cy,Cg, C7,Cs are 0, then Cy = Cy = C5 = Cs = 0 is the only solution to the

parity check equations (). Indeed, when Cy, = Cy = Cg = C7 = Cs = 0, the equations (1)) can be written as

follows: for a =0,1,---,7,

Ap(a,0)Co(0) + - --
+A1(a,0)C1(0) + - - -
+A3(CL, 0)03(0) + -

+A5(a,0)C5(0) + - -

+ Ao (a, 7)00(7) (7)
+ A1 (a, 7)C1(7)
+ A3 (a, 7)03(7)

+ As(a, 7)C5(7) = 0.

Now we only consider a = 0,1, 2, 3. Since A;(a,b) =0 for every i =0,1,3,5and ¢ = 0,1,2,3, b =4,5,6,7,

the equation can be further written as

where

and

Lo Lo—Li O 0
0 Ly 0
Ay = ,
0 0 Ly Lo—1Ly
0 0 0 L
Lo 0 0 0
Ls— Ly Ls 0 0
Ay = :
0 0 Lo 0
0 0 Ls—Ly Lj
L¢ 0 Lg—L; 0
0 L6 0 LG - L7
Al = ,
0o o0 L~ 0
0 0 0 Lr
Lip O 0 0
0 Ly O 0
AL = ,
0 0 Li; O
0 0 0 Lp

C :(00(0)7 00(1)7 00(2)7 00(3)7 C'1 (0)7 Cl(l)v Cl (2)7 Cl (3)7



T
C3(0), Cs(1), Cs(2), C5(3), C5(0), G5 (1), C(2), Cs(3)
Summing up the equations of block rowH 2 and 3 in MC = 0, we obtain

Lo(Co(2) + Co(3)) + L3(C1(2) + C1(3))
+L7(C3(2) + C3(3)) + L11(C5(2) + C5(3)) = 0.

Since [Lo, L3, L7, L11] is a 4 x 4 Vandermonde matrix, we have Cy(2)+Co(3) = C1(2)+C1(3) = C3(2)+C5(3) =
C5(2) + C5(3) = 0. Taking these back into the equations of block row 2 and 3 in M C = 0, we obtain

— L100(3) + LQCl (2) + L7Cg(2) + L1105(2) g 0,

L100(3) — LoC1 (2) + L7C5 (3) + L1105(3) =0.
Similarly we have C(3) = C1(2) = C5(2) = C3(3) = C5(2) = C5(3) = 0. Combining this with Cy(2) + Co(3) =
C1(2) + C1(3) = 0, we obtain that C;(j) = 0 for all 4 = 0,1,3,5 and j = 2, 3. Taking this into block row 0 and

1 of MC = 0, we obtain
LoCo(0) + (Lo — L1)Co(1)
(8)
L1Co(1) + (Ls — L2)C1(0)

+L301(1) + Lgcg(l) + L1005(1) =0.

Summing up these two equations, we have
Lo(Cp(0) + Ch(1)) + L3(C1(0) + C1(1))
+Lg(C3(0) + C5(1)) + L10(C5(0) + C5(1)) = 0.
Therefore, Cy(0) + Co(1) = C1(0) + C1(1) = C3(0) + C3(1) = C5(0) + C5(1) = 0. Taking these back into (8),
we obtain
Llco(l) — LoC; (O) + LGC3(1) + L1005(1) =0.

Therefore, Cy(1) = C1(0) = C5(0) = C3(1) = C5(0) = Cs5(1) = 0. Combining these with Cy(0) + Cp(1) =
C1(0) + C1(1) = 0, we have C;(j) =0 for all i =0,1,3,5 and j = 0, 1.

Now we have used a = 0,1, 2, 3 of equations (@) to conclude that C;(j) =0 foralli =0,1,3,5and j = 0,1, 2, 3.
The same analysis of a = 4,5,6,7 of equations [@) allows us to obtain that C;(j) = 0 for all : = 0,1,3,5 and

7 =4,5,6,7. Thus we have shown that Cy = Cy = C'5 = C5 = 0. This proves that Cy, C1, C3, C5 can be recovered

from the remaining 5 nodes.
Second case: How to recover Cj, Cy,C5, C5 from the remaining 5 nodes. To that end, we only need to show

that if all the coordinates of Cs, Cy, Cg, C7, Cy are 0, then Cy = C; = Cy = C5 = 0 is the only solution to the

%In this paper, we assume that the row index and column index start from 0.



parity check equations (). Indeed, when C3 = C; = Cg = C7 = Cg = 0, the equations (1)) can be written as

follows: for a = 0,1,---,7, we have
Ao(a,0)Co(0) + -+ -+ Ag(a, T)Co(7) )
+A1(a,0)C1(0) + -+ + A1(a, 7)C1(7)
+A3(a,0)C2(0) 4 - - - + Az(a, 7)Ca(7)
+A5(a,0)C5(0) + - - -+ As(a, 7)C5(7) = 0.
Now we only consider a = 0,1, 2, 3. Since A;(a,b) = 0 for every : =0,1,2,5and a =0,1,2,3, b=4,5,6,7,
the equation can be further written as

MCZ( 67 /17 /27A£'>)'C:07

where
Lo Lo—L7 O 0
0 Ly 0
Al = ,
0 Lo Lo— L4
0 0 L1
Lo 0 0 0
Ls— Ly Ls 0 0
Al = ,
0 0 Lo 0
0 0 L3—Ly Lj
Ly 0 O
0 Ly O
AIQ == )
0 0 I4
0 0 0 L;s
Ligp O 0 0
0 Lig O 0
AL = ,
0 0 Li; O
0 0 0 Lz
and

¢ =(Co(0), Co(1), Co(2), Co(3), €1 (0), C1(1), C1(2), C1(3),
T
Cy (0)7 02(1)5 02(2)5 02(3)7 C15 (0)7 05(1)7 05(2)5 05(3)) :
The equations of block row 0 and 1 in M C = 0 can be written in the matrix form:

MICI = (-/407A17-/427-’45) : C/ = 07
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where

Ao = Ly Lo—14 A= Lo 0 7
0 L1 LB - L2 LS
L 0 L 0

AQ = ! ) A5 = 10 )
0 L5 0 LlO

0" = (Co(0), Co(1), C1(0), €1 (1), C2(0), Co(1), C5(0), C5(1))

Next we show that M’ is invertible, so C;(j) = 0 for all ¢ = 0,1,2,5 and all j = 0, 1. To that end, we perform
the following elementary column operations on M’:
o add column 0 multiplied by (—1) to column 1 of A, denoted as Ay,

« add column 1 multiplied by (—1) to column 0 of A;, denoted as A,

o AL = A,
o AL = As.
Then we have
Lo —Ly Lo 0
./4/0 = 7A/1 = )
0 L1 _L2 L3
Ly O Lo 0
A, = JAL =
0 Ls 0 Lo

Let
M" :("467 /17 A/27'A£'>)

LO _Ll L2 0 L4 0 L10 0
0 Ly —Ly Ly 0 Ls O Ly

The 8 x 8 matrix M" can be written in the following form:

1 -1 1 0O 1 O 1 0
AN A1 A2 0 Ay 0 A O
Mo-X2 X 0 A2 0 N\, o
Moo= A 0 A 0 N\, o

0 1 -1 1 0 1 0 1

0 A =X A3 0 X5 0 A

0 A2 =2 X 0 A 0 )N

0 A =2 A 0 A 0 N,

It is obvious that M" is invertible if and only if M’ is invertible because the elementary column operations do

not change the invertibility of matrix.
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Now we only need to show that M" is invertible, so is M’, then by M’'C’ = 0, we have C' = 0. To that
end, let us consider a row vector f = (fo.0, fo.1, fo,2, fo.3, f1,0, f1.1, f1,2, f1,3) of length 8 and a column vector
¥ = (40,0, Y0,1, Y1,0, Y1.1, Y2,0, Y2,1, 5,05 y571)T of length 8. The matrix M" is invertible if and only if ¢ = O is the

only solution to the equation M3 = 0. Define two polynomials

Jo(x) =(x = Xo)(z — M) (z — Aro)
=fo0+ foax + fo22* + foza®,

fi(z) =(x = As)(z — As)(x — Awo)
=f10+ fi1® + fi22® + f1,32°.

Then fM"y = 0 implies that

Yo,0
Yo,1
Y10
0 —fo(A)  fo(h2) 0 0 0 0 O |yix
0 fi(\M) —fi(d2) 0 0 0 0 0] |y20
Y21
Ys,0

Ys,1

—fo(A1)  fo(X2) | |wo

fita)  =fi(A2) | |y10
condition (@), the determinant of the left matrix is fo(A1)f1(A2) — fo(A2)f1 (A1) = (A1 — A1o) (A2 — /\10)((/\1 -

)\0)()\1 - /\4)(/\2 - )\3)()\2 - )\5) — (/\2 — )\0)()\2 — /\4)(/\1 — )\3)()\1 — )\5)) 75 O, SO Yo,1 = Y1,0 = 0. Taking these
back into M”45 = 0, we obtain

The equations can be written as = 0. By the fact that A\;, A2, A\1g are distinct and

Yo,0
Y1
Lo 0 Ly O Lz O Y2,0
0 L3 0 Ls O Lio| |y2.1

Ys,0

Ys,1

Since the first three rows of the 4 x 3 matrix [Lg, L4, L1o] is a 3 x 3 Vandermonde matrix, we have yo 0 =
Y2,0 = Ys,0 = 0. Similarly the first three rows of the 4 x 3 matrix [Lsz, L5, L1o] is a 3 X 3 Vandermonde matrix,
we have y11 = y2,1 = y5.1 = 0. Therefore, § = 0, we conclude that M is invertible. From the previous analysis,
M is invertible implies C’ = 0, that is C;(j) = 0 for all ¢ = 0,1,2,5 and all j = 0, 1. Using exactly the same
method, one can show that C;(j) = 0 for all i = 0,1,2,5 and all j = 2,3 from the equations of block row 2 and

3in MC =0.
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Now we have used a = 0, 1, 2, 3 of equations (@) to conclude that C;(j) = 0 forall: = 0,1,2,5and j = 0, 1,2, 3.
The same analysis of a = 4,5,6,7 of equations @) allows us to obtain that C;(j) = 0 for all z = 0,1,2,5 and
7 =4,5,6,7. Thus we have shown that Cy = C1 = Cy = C5 = 0. This proves that Cy, C1, Cs, C'5 can be recovered

from the remaining 5 nodes.

B. Optimal repair bandwidth for single node failure

We also use two cases to illustrate the repair procedure.

First case: How to repair Cj. Note that the parity check equations in can be written in the matrix form

AoCo+ A1Cy + ACo + - - -+ AgCs = 0, (10)

where each C; is a column vector of length ¢ = 8. Each block row in the matrices Ao, ..., Ag corresponds to a
set of r = n — k = 4 parity check equations because the length of each L; is 4. Since there are 8 block rows in
each matrix A;, we have 8 sets of parity check equations in total. The repair of Cj only involves 4 out of these 8
sets of parity check equations. More precisely, among the 8 block rows in each matrix A;, we only need to look

at the block rows whose indices lie in the set {0,2,4,6}. These 4 block rows of parity check equations can again

be organized in the matrix form

8
S AT o, (1)

Aoéo + A\Oéo +

where go, EO,ZZ-, 1 < ¢ < 8 are all 4 x 4 matrices, and 50, CA'O,UZ-, 1 <7 < 8 are all column vectors of length 4.
More specifically, the matrices in (1) are

[ Lo 0 0 0] (-2, o o o
. 0 Lo 0 0 ~ I, 0 o
Ay = Ay =
0 0 Ly O 0 0 —-L, O
| 0 0 0 Lo 0o 0 0 —I
[ L 0 0 0] (L, 0 0 o©
_ 0 L, 0 0| _ 0 L; 00
A, = Ay =
0 0 Ly O 0 0 Ly O
| 0 0 0 L] | 0 0 0 Ly
[ Le Le — L7 © 0 Ly O 0 0
_ 0o L 0 0 _ Lo —Lg L 0 0
Ag: 7 A4: 9 8 9
0 0 Lg Lg— L7 0 0 Ls O
| O 0 0 Lg—Lsg Lo
Lo 0 O Li2 0 Ly — Li3 0 |
_ 0 L1 0 0 | _ 0L ) Lis — L
A5: 11 A _ 12 12 13
0] 0] Ll() 13 0
0 0 0 Lp Lis |
[ L 0 Lis 0 0 0 |
_ 0 L o o | _ 0 Lis 0 O
A7: 14 Ag: 16
Lis — L1a ) Lis 0 0 0 Li; O
I 0 Lis —Lis O Lis 0 0 0 Lir|
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and the column vectors in (L) are

Co =

for 1 <7 <8.

Here we make an important observation: The matrices A3, Ay, ..., Ag are precisely the 6 parity check matrices
that would appear in our MSR code construction with code length n = 6 and subpacketization ¢ = 26/3 = 4,
The other 4 matrices EO, EO, A, Ay are all block-diagonal matricesH, and the diagonal entries are the same within
each matrix. Moreover, the \;’s (or equivalently L;’s) that appear in /Nlo, A\O,Zl,ZQ do not intersect with the \;’s
that appear in A3, Ay, ..., Ag. The method we used to prove the MDS property of our MSR code construction in
Section [III=A] can be easily generalized to show that (I1]) also defines an MDS array code (50, 60, Cy,Cl, ... ,68)
with code length 10 and code dimension 6. Therefore, Co and 60 can be recovered from any 6 vectors in the set
{61,62, .. ,68}. Once we know the values of 60 and 6’0, we are able to recover all the coordinates of Cj.
Second case: How to repair Cjs. In order to repair C's, we sum up four pairs of block rows of each matrix A;
in equation (10). Specifically, we sum up Oth block row and the 4th block row, the 1st block row and the 5th block
row, the 2nd block row and the 6th block row, the 3rd block row and the 7th block row. (The row index starts from
0.) In this way, we obtain 4 block rows of parity check equations from the original 8 block rows of parity check

equations in (IQ). These 4 block rows of parity check equations can be written in the matrix form
7
AsCs + AgCs + Zziaz’ =0, (12)
i=0
where Zg, Eg,Zi, 0 <1< 7are all 4 x 4 matrices, and 68, 68,61-, 0 <1 < 7 are all column vectors of length 4.
More specifically, the matrices in are

[ Lo Lo—Li 0 0 L, 0 0 0
_ o L 0 0 _ Ls— Lo L 0 0
A(): 1 A1: 3 2 3
0 0 L() L()—Ll 0 0 L2 0
| O 0 0 Ly 0 0 L3— Ly L3
[Ls 0 0o o Le 0 L¢— Ly O
_ 0 Ls 0 0] _ 0L 0 Le¢—1L
A2: 5 A3: 6 6 7
0 0 Ly O 0 0 Lr 0
| 0 0 0 Is 0o 0 Ly
LS 0 0 0 Ll() 0 0 (0]
_ 0 L 0o 0| _ 0 Lo 0 O
A4: 8 A5: 10
Lg*Lg 0 Lg 0 0 0 L;; O
0 Lg*Lg 0 Lg 0 0 0 L1

3They are block-diagonal matrices because every entry in these matrices is a column vector of length 4.



L12 0 0 0 L15 0 (0] (0]
A, _| 0Lz 0 02 | 0Ls50 0
0] (0] L12 0 (0] 0 Ll'S 0
0 0 0 Lio 0 0 0 Lis
LIG 0 0 0 L17 0 (0] (0]
i_| ° Lig 0 O | ° Liz 0 0
0] 0] ng (0] (0] 0 L17 0
L 0 0 0 L 0 0 0 Lir
and the column vectors in (I2)) are
Ci(0) + Ci(4)
_ Ci(1)+C;(5
C; = (1) 5) for 0 <i <7,
Ci(2) + Ci(6)
Ci(3) + Ci(7)
Cs(0) Cs(4)
~ Cs(1 ~ Cs(b
S IC O P )
Cs(2) Cs(6)
| Cs(3) Cs(7)
The matrices Ag, A,...,As are precisely
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the 6 parity check matrices that would appear in our MSR code

construction with code length n = 6 and subpacketization ¢ = 26/3 — 4. The other 4 matrices 28,218,26,27

are all block-diagonal matrices, and the diagonal entries are the same within each matrix. Moreover, the A;’s

(or equivalently L;’s) that appear in As, As, Ag, A7 do not intersect with the \;’s that appear in Ag, 4, ...

, As.

The method we used to prove the MDS property of our MSR code construction in Section [[II=A] can be easily

generalized to show that (I2) also defines an MDS array code (Cy,C1,Co, ...
and code dimension 6. Therefore, 58 and CA'g can be recovered from any 6 vectors in the set {60,61, ...

Once we know the values of 68 and 6’8, we are able to recover all the coordinates of Cg.

IV. MDS PROPERTY

,Cr,Cs, Cs) with code length 10
767}~

In this section, we prove that our code construction allows us to recover any » = n — k node failures. We write

the index set of failed nodes as F, whose size is |F| = r. Recall that all the nodes are divided into groups of size

3. The failed nodes fall into different groups, and we classify these groups into the following seven sets

Gi(F)={i:0<4

(F)
Go(F)={i:0<1
Gs(F) ={i: 0<i
Ga(F)={i: 0<i
Gs(F) ={i: 0<i
Go(F) ={i: 0<i
Gr(F)={i:0<i

<n/3-1,3i€ F,3i+1€F,3i+2€eF},
<n/3-1,3i€ F,3i+1€F,3i+2¢F},
<n/3-1,3i€ F,3i+1¢ F,3i+2¢cF},

<n/3-1,3i¢ F,3i+1eF,3i+2¢cF}

<n/3-1,3i€F,3i+1¢F,3i+2¢F}
<n/3-1,3i¢ F,3i+1e€F,3i+2¢F}
<n/3-1,3i¢ F,3i+1¢ F,3i+2¢cF}

By definition, G;(F) consists of the groups whose all 3 nodes fail, Go(F) consists of the groups whose first 2

nodes fail, and so on.



15

Definition 1. For an integer vector Z = (z1, 22, 23, 24, 25, 26, 27), We say that an erasure pattern F is of type

Z = (21, 22, 23, 24, 25, 26, 27) if |Gi(F)| = 2z for 1 <i <T.

From the set of all erasure patterns of type Z, we pick the only erasure pattern F(2) that satisfies
Gi(F(2)={j:0<j <z},
Gi(FR)={j:zt+zt+ +za<j<znt+zt --+zu} 13)
for 2 <i<7,
and call it the canonical erasure patterns of type z. In Appendix, we show that if we can recover from the canonical
erasure pattern F(Z), then we can recover from all erasure patterns of type Z. It is easy to see that if F is of
type 7 = (21, 22, 23, 24, 25, 26, 27), then |F| = 321 + 229 + 225 + 224 + 25 + 26 + 27. Therefore, in order to prove
the MDS property, we only need to show that we can recover from the canonical erasure pattern F(Z) for all

7= (21, 22, 23, 24, %5, 26, #7) satisfying
321+2Z2+2Z3+2Z4+Z5+26+Z7:’I’. (14)

Now let us pick a vector Z satisfying (I4). To prove that we can recover from JF(Z), we only need to show that
if C; = 0 for every i ¢ F(Z), then C; = 0 for every ¢ € F(Z) is the only solution to the parity check equations
(). When C; = 0 for every i ¢ F(Z), the equations (I) can be written in the following matrix form

> ACi =0, (15)
1€F(Z)

where each A; is a r¢ x £ matrix defined by (6), and O on the right-hand side is the all-zero column vector of

length r¢.
For0<i<mn-—1and 1 <wu </, we define Agu) as the ur x u submatrix at the top left corner of A;. Let us
take the matrices Ag, A1, ..., Ag defined in Section [Tl as examples: For these matrices, we have
Ly Lop—L L 0
A(()2) _ 0 0 1 7 Agz) _ 2
0 L, L3 —Ly L3

where L, is a column vector of length 7.

According to (@), for 0 < ¢ < 2, we have
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where AEQ)(CZ-@j), Ci(2j +1))T is a column vector of length 2r. For 0 < i < 5, we have

AN (Ci(0), Ci(1), Ci(2), Ci(3))T

AL (Ci(4), Cul5), Ci(6), Ci(7)"
A;C; .

AP(Cit = 4),Ci(0 = 3),Ci(L = 2), Cs(£ — 1))T
In general, for 1 <v <n/3 and 0 <4 < 3v — 1, we have

AP(Ci(0),Ci(1), ..., Ci(20 —1)T

AP (Ci(2v),Ci20 + 1), Ci(2v L — 1)T
A;Cy .

(16)

APD(Ci(t—2v),Ci(t — 20 +1),...,Ci(¢ — 1)T

For a vector Z = (21, 22, 23, 24, 25, 26, 27) satisfying (I4), we write z = z; + 22 + - - - + 27. Let us write the set

F(2) as F(2) = {i1,i2,...,1r}, Where i1 < iy < --- < i,, and we define a 2°r x 2%r matrix Mz as follows:

MEZ[AET) AR AP a7

1

Lemma 2. For a vector 7 satisfying (14, the equation (13) only has zero solution if and only if the matrix M3 is
invertible.

Proof. By definition (13), we have i < 3z —1 for all i € F(Z). Therefore, we can use (I6) to decompose (13) into
the following ¢/2% equations:

SO AP0 4),Ci27 4 ), G2+ 1) — 1) =0
i€F(Z)

for 0 < j < /2% —1.
It is clear that these ¢/2% equations only have zero solution if and only if M3 is invertible. o

Next we prove that the matrix M3 is invertible for all Z satisfying (14)), and we divide the proof into seven cases.
Case 1: 2 = (21,0,0,0,0,0,0). In this case, (I4) implies that z; = r/3 and F(Z) = {0,1,2,...,r — 1}, and

the size of Mz is 2%'r x 271y, In order to prove that M3 is invertible, let us consider a column vector

¥ = (y0,07y0,1 Y0221 -1, 91,00 91,1 00 5 Y1,251 -1, 0
(18)

Yr—1,0,Yr—1,1," - 7yr—1,221—1)T
of length 2*1r. Next we assume Mz ¢ = 0, and we will prove that ¢ = O is the only solution. The proof is divided

into two steps: The first step is to prove that the following set of coordinates

{ygiyb:0§i§21—1,0§b§2zl—l,bizl}
19)
U{y3i+1’b30§i§21—1,0§b§2zl—1,b1‘:0}

are all zero, and the second step is to prove that the remaining coordinates are all zero. The condition b; = 1 (or
0) above means that the i-th digit in the binary expansion of b is 1 (or 0).

For the first step, we define a sequence of polynomials

(LL' — /\Gi)(x — )\6i+4)7 lf a; = 0,
Ga,i(z) = (20)
(x — X6iv3) (@ — Xeiys), if a; = 1,
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for 0 <i <z —1and 0 <a< 2% — 1. We define another sequence of polynomials

Zl—l

fo(@) = [ 9ail®) @1)
=0

for 0 < a < 2% —1. Since each g, ; is a quadratic polynomial, the degree of f, is 2z1, and we write its coefficients

221 3

as fa,Ou fa,lu LR fa,221’ i.e., we write fa(x) = fa,O + fa,lx + -+ fa,2z1x2zl = Zi:O a,i®
For each 0 < a < 2% — 1, we define an (r — 221) X 7 = z; X r matrix F,, as

fa,()fa,l "‘fa,2zl 0 0o --- 0
0 fa,Ofa,l"‘ fa,2zl 0o --- 0
0 0 0 fa,O fa,,l Tttt o fa,2z1

Next we define a 271 z; x 2%'r matrix F' as

7 0 o -~ 0 |

0 F 0 0
F=|0 0 B o |,

(0 0 0 - Fpy

where each 0 is a z; X r matrix with all zero entries.

LoLo—L1 0 0 Ly 0 0O 0Lsi000L;0Ls—Ly O Lg 0 00LoO 0 O
My= 0 Ly O 0 Lz3—LyLz O 00L;000Ls O Lg—L7 O Ls 00 0LpO0 O
] 0 LoLo—L; © 0 Ly 000L;000 Ly 0 Lo—Lg O Ly0 O O0L;; O
0 0 0 I ] 0 Ls—L; L300 0L;00 O Ly 0 Loy—Lg0Ly 0O O O Ly
(22)
0 —fo(A)L; O ] fo(A2)Lh 0 0 0000000 — fo(A7)LY 0 fo(As)Lj 0 000000
FMy = 0 fid)Ly O 0 —fi(x2)L, 0 0 0000000 0 —fi(a7)Ls 0 f1(As)Ls 000000
0 0 0 —f2(A1)Ly 0 0 f2(A2)L, 0000000 fa(A7)LY 0 —f2(X8)Lj 0 000000
0 0 0 fz(M)Ly ] 0 —f3(\2) L}, 0000000 0 f3(A7)LL 0 —f3(As) L} 000000
(23)
—fo(A1)L] 0 fo(A2)L5 0 —fo(A7)L% 0 fo(As)Lg 0
0= fi(aa)Ly 0 —f1(A2)Ly 0 0 —f1(A7)L7 0 f1(Xe)Lg (24)
0 —fz()\l)Lll 0 fz()\z)Lé f2()\7)L/7 0 —fz()\g)Lé 0
0 fa(A1) L] 0 —fa(A2)Lh 0 fa(A7)Lt, 0 —fa(As)Lg

The equation Mz i = 0 implies that F'Mz ¢ = 0. The product F'Mz is a 2! z; X 2*'r matrix, and we represent
it in the following form

FM:= B, B, - BT_J, (25)
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where each B; is a 2*'z; x 2*1 matrix. We further represent each matrix B; as

B;(0,0) B;(0,1) B;(0,2° — 1)
By(1,0) B;(1,1) B;(1,27 — 1)
Bi(2° —1,0) Bi(2°' —1,1) --- Bi(2"* — 1,2 — 1)

where each B;(a,b) is a column vector of length z; for 0 <i <r—1 and 0 < a,b < 2% — 1. More precisely, for

every 0 <i <z —1and 0 <a,b< 2% —1, we have

fa(N6i+1) Lit1 ifa=band a; = b; = 1,
Bsi(a,b) = —fa(X6it1)Leip1 ifa;=0,b; =1
| and aJ:va‘]¢Z7
0 otherwise,
fa(Xeit2)Leiy2  if a=band a; = b; =0, (26)
Bsit1(a,b) = —fa(Xeir2)Lgipe ifai=1,b; =0
: ) and a; = b; Vj # 1,
0 otherwise,
Bsit2(a,b) =0 for all @ and b,

where the length of each all-zero vector is z;, and

1 1
AGi+1 A6i+2
R Y R BV ,
6i41 = | AGiv1 | > Loigo = | AGige | for0<i<z —1. (27)
z1—1 z1—1
[ A6i+1 | [ A6it2 |

From (26) we can see that Bs;, o is an all-zero matrix for every 0 < ¢ < 21 — 1. Moreover, Bs; and Bs; 1 have
exactly half of their columns to be nonzero: The b-th column of Bj; is nonzero if and only if b; = 1; the b-th
column of Bs;y 1 is nonzero if and only if b; = 0. Therefore, the matrix F' M3 in (23) has 2*! z; nonzero columns,
and these nonzero columns are multiplied with the coordinates in (I9). We use @ to denote the 271z x 2712
matrix formed by the 2 z; nonzero columns of F'Mz, and we use 7" to denote the subvector of 7 formed by the
2121 coordinates in (I9). Then the equation F'Mz 4 = 0 is equivalent to Q") = 0. In Lemma [3| we prove that
Q is invertible, which immediately implies that the coordinates in (I9) are all zero. Before presenting Lemma [3

we first give an example of the matrices Mz, Mz and Q.

Example 1. Let us take 7= (2,0,0,0,0,0,0). Then v = 321 = 6. In this case, Mz is matrix @Q2), where each L;
is a column vector of length r = 6, and each O is an all-zero column vector of length r = 6. After multiplying F'
with M3z, we obtain equation (23), where each L is a column vector of length 2, and each 0O is an all-zero column

vector of length 2. Therefore, Q is matrix (24).

Lemma 3. Let QQ be the 271 z1 X 271 z1 matrix formed by the 2*' z1 nonzero columns of F Mz. Then Q is invertible.



19

—fa(M6iv1) Ly if a = (bzy—2,b2,-3,--+ ,b3,0,0i_1,bi_2,--- , bo),

Daj(a,b) = fa(Nei1)Lisipy  if a= (bay—2,bsy—5, by, 1,bi1,bia, -+, by),
0 otherwise,
(29)
faeir2) Lo if a = (bsy—2,b2—3,  ,bi, 0,01, bi—2, -+ , bo),
Doit1(a,0) = § —fa(Neiv2)Lisipo  if @ = (bay—2,b21-3,7+ 1 biy 1,bi—1,bi2,- -, bo),
0 otherwise,
Proof. We write @Q in the form
Q = DO Dl D2 e D221—1 ,
where each D; is a 2121 x 2°1~! matrix. We further write each matrix D; as
D;(0,0) D;(0,1) e D;(0,251—1 — 1)
D;(1,0) D;(1,1) Di(1,251-1 — 1)
: : ) (28)
Di(2%1 —1,0) D;(21 —1,1) -+ D21 —1,27171 1)

where each D;(a,b) is a column vector of length z; for 0 <7 <2z —1,0<a<2**—1and 0 < b < 25—l _q,
More precisely, forevery 0 < <2z —1,0<a <2 —1land every 0 < b < 271—1 _ 1 we have equations (29),
where the vectors L, ; and Ly, , are defined in (27). Note that the binary expansion of a has one more digit
than that of b because the range of a is larger than the range of b.

Foreach 0 <i <2 —1and 0 <b<2%~1 _1 we introduce the shorthand notation
a(i,0,0) := (bzy—2,bz—3,-++ ,bi,0,b;-1,b;—9,- -+ , by),
a(i,1,b0) := (bsy—2,bz2,—3,+ -+ , b, 1, bj—1,b;—9,-+ ,bp).
Two corner cases are worth mentioning: When ¢ = 0 or z; — 1, we have
a(0,0,b) = (by;—2,bs—3, - ,bp,0),
a(0,1,b) = (bz,—2,bz—3,- - , bo, 1),
a(z1 —1,0,b) = (0,b,,—2,b., -3, -+ , bo),
a(z1 —1,1,b) = (1,b,,-2,b2, -3, , bo).
Next we will construct a 271 z; x 2% z; matrix
Q=[Do D1 Dy - Dol (30)

where each D; has the same size as D;. For 0 < i < 2z; — 1, the matrix D; is obtained from multiplying a nonzero
element to each column of D;. For 0 < i< 22 —1,0<a <2 —1and 0 < b < 2*171 —1, we define the column
vector D;(a,b) in the same way as D;(a,b) in @28).

With the above notation at hand, we are ready to explain how to construct D;, or equivalently, how to construct Q.

For0<i<z —1and0 <b< 2%~ —1, the bth column of Ds; is obtained from multiplying =1/ fa(i,0.0)(N6it1)
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to the bth column of Ds;, and the bth column of Dy;,1 is obtained from multiplying 1/ fa(i,0,0)(A6it2) to the bth

column of Dsy; ;. Therefore,
Da;(a(i,0,b),b) = Lg; 44,

—— fatinQsi1) o, 1)
Dy;i(a(i,1,b),b) = ——"—"———Lgi11,
(000 = = Q) 0
and Dy;(a,b) is an all-zero vector for all other a # a(i,0,b), a(i, 1,b). Similarly,
Dais1(a(i,0,b),b) = Lg; .,
(32)

ﬁQ'H»l(a(iv 1ab)7b) = f ( 0 b)()\6’+2) 61+2>

and Da;1(a,b) is an all-zero vector for all other a # a(i,0,b), a(i, 1,b).
By definition (20), the polynomial g, ; only depends on the ith digit in the binary expansion of a. Since a(i, 0, b)

and a(i, 1,b) only differ in the ith digit in their binary expansions, we have g,(i 0,0),;(%) = Ga(i,1,0),; () for all

j # . Then by 21), we have
 Jaam Keisa)
fa(i,0,0)(N6i+1)

o Ga(in,b),i(Neit1

_ )
)

ga(i,O,b),i(/\Gi-i-l (33)
__ (Reit1 = Aeit3)(Asit1 — A6its)
(Ait1 — A6i)(A6it1 — Agita)
=Y6i+1,
where the last equality follows from the definition (). Similarly,
 Jagam (Aeit2)
fa(i,0,6)(A6i+2)
_ Ja(i,1,b),i(A6i+2)
ga(i,O,b),i(/\Gi-i-Z) (34)
~ (Neitr2 = Asi+s) (Nit2 — Asits)
(A6it2 — A6i)(A6it2 — Agita)
=V6i+2
where the last equality follows from the definition (3). Taking (33)-(34) into (3I)—(32), we obtain
Ly if a =a(i,0,b),
EQi(av b) = FYGiJrlL/Gi-i-l if a =a(i, 1,b),
0 otherwise,
(35)
L\ o if a =a(i,0,b),
Dait1(a,b) = YeireLgio if a =a(i,1,b),
0 otherwise,

for0<i<z—1,0<a<2%—1land0<b< 22171 1,
Since all the A;’s in our code construction are distinct, 20)-@2I) imply that —1/ fo;.0.6)(Asi+1) and 1/ fo(5,0,6)(Aei+2)-

i.e., the elements multiplied to each column of (), are nonzero. Therefore, () is invertible if and only if @ is invertible.
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Before proceeding to prove that @ is invertible, we first give a concrete example of Q: For the choice of parameters
in Example [Il we have

L] 0 L 0 L, 0 Ly 0
o v1L] 0 2 L), 0 0 L 0 L}
0 L] 0 Ly,  ~7L% 0 vsLg 0

0 'ylL/l 0 72L/2 0 ’Y7L/7 0 ’Yng

To prove that @ is invertible, we only need to show that det(Q) # 0. From (33) we can see that det(QQ) is a
polynomial of Ag;41, Agi+2, V6i+1, Vei+2 for 0 < ¢ < z; — 1. The variables A\g; 1 and ;41 appear in every column
of Da;, and they do not appear in any other D; for j # 2i. The maximum degree of \g;+1 in each column of
Dy, is z1 — 1, and the maximum degree of ~g;+1 in each column of Ds,; is 1. The matrix Ds; has 251~ ! columns.
Therefore, the degree of \g; 11 in det(Q)) is at most (z; — 1)2%1 71, and the degree of ;11 in det(Q) is at most
2#1~1 Using similar arguments we can show that the degree of \g;;2 in det(QQ) is at most (27 — 1)2*2 7!, and the

degree of 76,42 in det(Q) is at most 2171,
Next we prove that (A\gj+1 — )\6]'_1,_1)22172 is a factor of det(Q) for every pair of i # j. For 0 < i < 2z — 1
and 0 < b < 2171 — 1, we use D;(b) to denote the bth column of the matrix D;. For 0 < i < j < 2; — 1 and

0<b< 227l _ 1 we define

#(i,4,b)
=(bay—2,bzy—3,. -, bj bj—2,bj—s, ... bi, 0,bi—1,bi—a,. .., bo).

Three corner cases are worth mentioning: (i) If j = z; — 1, then b,, _2,b,,_3,...,b; is an empty subvector, i.e.,
we remove this part from the above definition; (ii) if ¢ = j — 1, then bj_2,b;_3,...,b; is an empty subvector; (iii)
if ¢ =0, then b;_1,b,_2,...,by is an empty subvector. For 0 < ¢ < z; — 2, we define a set

Ti={b:0<b< 2271 —1,b; =0}.
Given a pair of 7, j such that i < j, we define a 2°12; x 2%~ matrix Dy, as follows: For 0 < b < 2771 — 1,
we write the bth column of Di; as Dy, (b). If b € T;_1, then
Dii(b) =Dai(b) + Y6541 Dai(b + 2971
—D2;(¢(i, 4,b)) — Yeit1 D2 (0(i, j, b) + 2°);

If b ¢ T;—1, then E;i(b) = Dy;(b). We further define a 2*1z; x 27!z, matrix @/ obtained from replacing Do;

(36)

with D, on the right-hand side of (@0). It is easy to see that det(Q') = det(Q). Next we show that for every
b e T;—1, (A6i+1 — Aej+1) is a common factor of all the entries in the column Elgi(b). To see this, we write E;i(b)

as

— Dy,;(1,b)
/ 21 9
D2i(b) = . )

Dy (27 — 1,b)
where each E;i(a, b) is a column vector of length z; for 0 < a < 2** — 1. Note that for b € 7;_1 we have

b=
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(bay—2,bzy-3,...,b;5,0,bj—2,bj_3,...,bi,bi_1,bi—a,...,bo),
b+27" =
(bay—2,b2y—3,...,bj,1,bj—2,bj_3,...,bi,bi_1,bi—a,...,bo),
o(1,5,b) =

(bay—2,bzy 3. .., b bja,bj 3, ...,bi,0,bi 1,bia,... bo),
b(i, §,b) +2" =

(bay—2,bzy 3. b bja,bj 3, ... bi,1,bi1,bia,... bo),
a(i,0,b) =

(bay—2,bzy—3,...,b;5,0,b; 2,bj_3,....b;,0,b;_1,bi_2,...,bo),
a(i,0,b) +2° =

(bay—2,bzy—3,...,b5,0,b; 2,bj_3,....bi,1,bi_1,bi_a,...,bo),
a(i,0,b) + 27 =

(bay—2,bzy 3, b, 1,bj2,bj_3,....b;,0,bi_1,bi_2,...,bo),
a(i,0,b) +2° + 27 =

(bzlf%bzlfgn .. .7bj7 17173'72717]'737 .. .7bi7 171)2;17()2'727 .. .71)0).

Then by (36), for b € T;_1, we have

ﬁ;i(aab) =
6it1 — Loji1 if a = a(i,0,b),
Yoi+1(Lgiy1 — Loj11) if a = a(i,0,b) + 2°,
Yoj+1(Liy1 — Lojr1) if a =a(i,0,b) + 27,
Yoi+1765+1(Lgip1 — Llﬁj+1) if a = a(i,0,b) + 2t + 27,
0 otherwise,

where 0 in the last line denotes the all-zero column vector of length z;; the vectors Lg, , and Lg;  , are defined
in 7). Since (Asit1 — Agj+1) is a common factor of all the entries in (Lg; ; — Lg;,1), it is also a common
L= . .
factor of all the entries in D,,(b) for every b € T;_1. The size of T;_1 is |Tj—1] = 2°'72, so we can extract
4 z21—2 .
the factor (Agi+1 — Agj+1) from 22272 columns of the matrix D,,. Therefore, (Agi+1 — Agj+1)> ' is a factor of

det(@/) = det(Q) for every pair of i # j.

212 9712

Using the same method we can prove that (Agi+1 — Agj+2)%  » (Neiv2 — A6j+1)22172 and (Agit2 — Aej+2)

are also factors of det(Q) for every pair of ¢ # j. Therefore, the following polynomial

21—2 Z1—1

hl = H H ((/\GiJrl - )\6j+1)22172 ()\6i+2 - /\6j+1)22172
1=0 j=i+1 (37)

(A6i+2 — )\6j+2)22172)

is a factor of det(Q). It is easy to see that the degree of both \g; 11 and g, 2 in the polynomial h; is (z; —1)27 1

z1—2

(N6it1 — Aejr2)?

for all 0 < i < z; — 1. Since the degree of \g;+1 and Ag;4 o in the polynomial det(Q) cannot exceed (z; —1)2%1 71,
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we conclude that the polynomial hy := det (@) /h1 does not contain variables Ag; 1 or Agj+o forany 0 < i < z;—1.

In other words, we have obtained a factorization

det(Q) = h,l . hg, (38)

where h; only contains Ag;4+1 and Ag;4+2 for 0 < ¢ < 23 —1, and hy only contains vg;+1 and ;42 for 0 < i < z;—1.

The next step is to prove that (yg;+1 — 76”2)22171 is a factor of det(Q) for all 0 < i < z; — 1. To that end, we
replace the column Dy;(b) with Dg;(b) — Da;11(b) for every 0 < b < 251~1 — 1, Clearly, these operations do not
change the determinant of the matrix Q. For every 0 < b < 2?1~! — 1, the only two nonzero parts in the column
vector Dy;(b) — Da; . 1(b) are Lig; o1 — Lig; o and vei41L; 1 —Y6i+2 LG o- When we set Agi11 = Agit2, the vector

6i+1— L4 becomes the all-zero vector, and the vector vg;41.L6;, 1 —Yei+2 Lo becomes (Yeir1 —Yeiv2)Liiy1-
Therefore, when Ag; 1 = Agita, (V6it1 — Veir2) is @ common factor of all the entries in Da;(b) — Da;y1(b). Since
b takes 271~ possible values, we conclude that (Ysi11 — Yeir2)? ' is a factor of det(Q) when Agis1 = Agit2. On

the other hand, the factorization (38) tells us that the factors containing ;11 and ~g;12 are independent of the the

values of A\g;+1 and Ag;+o. Therefore, (voir1 — 76i+2)22171 is always a factor of det(Q) no matter Ag; 11 is equal

to Agi42 or not. Since the degree of vg,+1 and 7g;42 in the polynomial det (@) cannot exceed 221!, we conclude

that (ygi+1 — 76”2)22171 is the only factor in det(Q) that contains ;1 and 7g;42. Therefore, the polynomial hs

in (38) can be written as
2171
z1—1

ha =c [] Qoitr —v6i42)”" (39)
i=0

where c is a constant that is independent of vg;+1, V6i+2, A6i+1, Agi+2 for all 0 <7 < z3 — 1.

The final step is to prove that the constant ¢ in (39) is either 1 or —1. To that end, we write det(Q) as a linear

combination of monomials, and we will show that
z1—1 1 1
(z1—1—4)271~ (z1—1—4)2%1~ 9z1—1
H ()‘6i+1 “Agit2 “Voit1 ) (40)
i=0
Z1—1—i

is a monomial in this linear combination. To see this, we pick the entry g, 41Ag; 1 from the column Egi(b),

Z1—1—i

and we pick the entry /\6i+2 from the column Egiﬂ(b) forevery 0 <i<z —landevery 0 <b<2:~1 1,

Since all these entries are located in different rows, their product, which is given by the monomial in (@Q), appears

in det(Q)). Moreover, the coefficient of this monomial in det(()) is either 1 or —1. On the other hand, we can also

write h; and hgy as linear combinations of monomials. In particular,

Zlfl

21 —1—4)27171 21 —1—4)27171
H (/\éiirl ) '/\éiirQ ) )
i=0

is a monomial that appears in h;. To see this, for 0 < ¢ < j < z; — 1, we write the product (Agi+1 —

Xoj1)2 Neirz — Asjr1)® " Noirt — Aejr2)® " (sire — Aejr2)®"  on the right-hand side of (37) as a

. . . . . z1—1 z1—1 . . . . . .
linear combination of monomials. It is easy to see that A%\, AZ,,, is a monomial in this linear combination.

z1—2 yr21—1 271—1ly9z1—-1y  yyz1—1 (z1—1—i)271 71 (z21—1—9)271 71 .

Therefore, the product [[72° [[;1;1  (Agis1 Adiy2 ) = [1io ()‘Giii-l - Ngir2 appears in hj.
.. - z1—1 . . .

By (B9, it is easy to see that ch;()l 73,11 is a monomial that appears in hs. Therefore,

Zlfl

(z21—-1—3)27171 | (z1—-1—4)27171  9z1-1
¢ H ()‘Gi-i-l “Agito “Vei+1
i=0
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is a monomial that appears in det(Q) = h; - ho. From the previous analysis, we know that the coefficient c is either
1or —1.

Since all the )\;’s are distinct, we have h; # 0. The condition further guarantees that ho # 0. Thus we
conclude that det(Q) # 0, so Q and Q are both invertible. O

A(.2zfl)

tr—2

I®Le:—6 I® (Lez—6—L6z—5) I® Le.—4

I® L5 I'®(L62—3—Lez—a) I® L3
41)

(271
ip_2

A(.zzfl)
Mz=|"

(2°71)
AL

As mentioned at the beginning of Case 1, our objective is to prove that ¥ = 0 is the only solution to the equation
Mz i = 0, where the vector ¢/ is defined in (I8). Now we have shown that all the coordinates in (I9) are equal to

zero. Replacing all the coordinates in (19) with O in the equation Mz i = 0, we obtain

z1—1

Z ((1 —bi)Leiysi,p + biLeit3Ysi+1,6 + Leitats, y3i+2,b) =0
i=0 42)

for 0 < b <2t —1,

where L; is a column vector of length r defined in (3). Note that

(1 — bi)Leiysip + biLeit3ysit1,p = Loysi 5 =0,
Leit3ysiv1p if by = 1.

Therefore, the linear combination on the left-hand side of contains 2z; distinct L;’s. Since the length of each
L; in this case is r = 323, these L;’s are linearly independent, so their coefficients must be 0. This tells us that
yzit2,p = 0 forall 0 < b < 2% —1; y3; = 0 if b; = 0; y3i41,5 = 0 if b; = 1. Combining this with the fact that all
the coordinates in (19) are equal to zero, we conclude that ¢ = O is the only solution to the equation Mz i = 0.
This completes the proof for Case 1.

Case 2: 7= (21, 22,0,0,0,0,0). In this case, (I4) implies that 7 = 321 + 229, 2 = 21 + 22, and the size of Mz
(defined in (7)) is 2711221 x 2*51F22p,

Our task is still to show that M3 is invertible, and we prove it by induction on z9. The base case zo = 0 was
already proved in Case 1. For the inductive step, we assume that the conclusion holds for (21,22 — 1,0,0,0,0,0),
and we prove the conclusion for (z1, 22,0,0,0,0,0).

To prove the invertibility of M3z, our method is still to show that f = O is the only solution to the equation

M3z i = 0, where the vector ¥ is defined as

¥ = (yo,oayo,1 Y0251,

Y1,0,Y1,1, -, Y1,2=—1,
(43)
T
Yr—1,0,Yr—1,1," " ,yr—1,2z—1)T-
Recall from (I7) that iy,4o,...,4%, are the indices in the set F(Z). Since we assume that 2 = (21, 22,0,0,0,0,0)

with zo > 1, we have 4,_1 = 32 — 3 and ¢,, = 3z — 2. Note that Mz is matrix @I), where ® is the Kronecker
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product, [ = 121271 is the identity matrix of size 2771 % 2#~1 and the column vector L; is defined in (). We define
a 257 1r x 2271y matrix

Q;:[Agf*U AZTH AT

o 22—1®Lez—6 Iyz—1®Lez—3]:

and a vector

—sum __ (, sum , sum sum
Y - (y0,07y0,1 o Yp0z-11,
sum sum sum
Y1,00Y1,15 " »Y1,22-1_1>
T
sum sum sum T
Yr—1,00Yr—1,10" " 7y7‘_172271_1) 5

where y3'0" = Yia +Yiqp2--1 for0<i<r—land0<a < 27~1 1. If we add the ath block row of the equation
Mz = 0 to the (a + 2%~ 1)th block row for every 0 < a < 2*~! — 1, then we obtain Qz7/*"™ = 0.

The next step is to show that @)z is invertible, which implies that ¢*"™ is an all-zero vector.
Lemma 4. [f M., ., 1,0,0,0,0,0) is invertible, then Q ., .,0,0,0,0,0) is also invertible.
The condition of this lemma is the induction hypothesis.

Proof. Let us write Z = (21, 22,0,0,0,0,0) and 2 = (21,22 —1,0,0,0,0,0). Note that the size of Mz is 2°~(r —
2) x 257 1(r —2), where z = 21 + 22 and 7 = 321 + 225. In order to prove that Q> is invertible, we will show that

—sum

Y™™ = 0 is the only solution to the equation @Qzy**™ = 0.

We define a quadratic polynomial f(z) = (z — Aeé.—6)(z — Aeéz—3), and we write its coefficients as fo, f1, f2,

i.e., we write f(z) = fo + fir + fox?. We define an (r — 2) x r matrix Fp as

(fo fu f2 0 0 0 0 0 - 0]
0O fo f 20 0 0 0 -~ O
For=10 0 fo fi 2 0 0 0 - 0Of,
|00 0 0 0 fo fi Jfo
and a 2*~1(r — 2) x 2*~!r matrix F as
(F 0 0 0]
0 Fob O 0
F = 0 0 FO 0 )
0 0 0 - B

where each 0 is a (r — 2) x r matrix with all zero entries, and F, appears in total 2! times on the diagonal.

The equation Qz4™"™ = 0 implies that F'Q ™™ = 0. It is easy to see that

F(Igz—l X L6z—6) = F(Igz—l (9 LGZ_?,) =0,
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where 0 on the right-hand side is the all-zero matrix of size 2°~(r — 2) x 2=, Therefore,

FQs=[FAZ™" FAZD . PAZY 0 o] (44)
Define » — 2 matrices

By, =FA* ) B, =FA® ) . B, ,=FA*) (45)
of size 2*71(r — 2) x 2*~1, We further define a 2°~1(r — 2) x 2°~1(r — 2) matrix

K=[B;, B, - Bl (46)

The next step is to show that K is invertible. To that end, we represent each matrix B;, as

B;,(0,0) By, (0,1) By, (0,257 — 1)
Bi,(1,0) By, (1,1) B;, (1,2°71 — 1) @
B, (271 C(oz—1 (oz—1 z—1
i (2 —-1,0) B; (2 -1,1) .- Bi, (2 -1,2 —-1)

for 1 <t < r — 2, where each B;,(a,b) is a column vector of length r — 2 for 0 < a,b < 272=1 _ 1. In order to

characterize the matrices B;,, ..., B;, _,, we further introduce the notation
1
Ai
P
- ? -

By definition, if i; = 35 for some j € {0,1,...,z — 2}, then
Bit (a, b)
:ng (CL, b)

f(N6j+a; ) L6j+a, ifa=0,
J(Nej)Lej — f(Xej41)Lejrr  if aj =0,b; =1
and a; = bl Vi }é j,

0 otherwise.
If iy = 3j 4+ 1 for some j € {0,1,...,z — 2}, then
Bit (av b)
=Bsj1(a,b)
f(X6j+2+a;)L6j+2+a, if a =0,
F(Neji3)Lejrs — f(Xejra)Lejre if aj =1,b; =0
and a; = bl Vi }é j,

0 otherwise.
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If iy = 3j 4+ 2 for some j € {0,1,...,z — 2}, then
Bit (aab)
=Bs;42(a,b)

fN6jrata;)Lojrata, if a=b,

0 otherwise.
Next we define another r — 2 matrices B;,, Bi,, ..., B;,_, whose size is the same as B;,, B,,, ..., B;,_,, and
K = [Bil Biz Birfz]'

We define the column vector B;,(a,b) in the same way as we defined B;, (a,b) in (@7). The value of B;, (a,b) is
given as follows: If i, = 35 for some j € {0,1,...,z — 2}, then
Eit (a, b)
:Egj (a, b)
F6j+a;)Lojta; ifa=b,
—f(Xej41)Lejr1 ifa; =0,b;=1
and a; = bl Vi }é j,
0 otherwise.
If iy = 3j 4+ 1 for some j € {0,1,...,z — 2}, then
Eit (CL, b)
=B3j+1(a,b)
F(N6jt2+4a,)L6j424a;, ifa=b,
—f(Aoj+2)Lej+2 ifaj =1,0; =0
and a; = bl Vi }é j,
0 otherwise.
If iy = 3j 4+ 2 for some j € {0,1,...,z — 2}, then
Eit (a, b)
=B3j12(a,b)
fN6jrata;)Lojrata, if a=b,
0 otherwise.
We use B;, (b) and B;, (b) to denote the bth column of B;, and B;,, respectively. The relation between the matrices
B;, and B;, can be described as follows: If i; = 3 for some j € {0,1,...,2 — 2}, then
_ Bi,(b) — Bi,(b—2) ifb; =1,
By~ | Ba®) = Bu=2) i,
Bi, (b) if b; = 0.
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If it = 3j 4+ 1 for some j € {0,1,...,z — 2}, then
_ Bi,(b) — B;, (b+27) if b; =0,
By | BO B2 it
Bi, (b) if by = 1.
If i, = 35 + 2 for some j € {0,1,...,2z — 2}, then B;, = B;,. The relation between B;, and B;, immediately
implies that det(K) = det(K). Therefore, K is invertible if and only if K is invertible.

To prove the invertibility of K, we introduce another variation of B;, and K: Define r—2 matrices Eil , Eiw ..., B;

Bi,, ..., B;._,. We further define

r—2
whose size is the same as B, ,

K = [Bll Biz T Birfz]'

The column vector B;, (a,b) is defined in the same way as we defined B;, (a,b) in @Z). The value of B;, (a,b) is

given as follows: If i, = 35 for some j € {0,1,...,z — 2}, then

Z6j+aj if a = b,

~ ~ —Lg,; ifa; =0,b; =1

Bi, (a, b) = Bs; (a, b) _ 675+1 J J

and a; = b; V4 75 j,

0 otherwise.

If it = 3j 4+ 1 for some j € {0,1,...,z — 2}, then

Lgjta+a;, ifa=0b,

—ZﬁjJrQ if a; = 1, bj =0

Eit (CL, b) = §3j+1(a7 b) =
and a; = bZV’L 7§ j,

=)

otherwise.
If i, = 3j 4+ 2 for some j € {0,1,...,z — 2}, then

~ ~ Lejrata; ifa=0,
B;, (avb) = B3j+2(a7b) = ! .
0 otherwise.

We use Eit (b) to denote the bth column of Eit. The relation between B;, and Eit can be described as follows: If
iy = 3j for some j € {0,1,...,z — 2}, then
Bi, (b) = f(Nej+0,) Bi, (b).
If iy = 3j 4+ 1 for some j € {0,1,...,z — 2}, then
B, (b) = f(Nej21s,)Bi, (b).
If iy = 3j 4+ 2 for some j € {0,1,...,z — 2}, then
B;, (b) = f(/\6j+4+bj)§it (b).

Since all the A;’s are distinct, the coefficients f(Xej1b,), f(A6j+2+5;), f(X6jrats;) in the above equations are
nonzero. Therefore, Eit is obtained from multiplying a nonzero element to each column of Eit forevery 1 <t <
r— 2. Thus we conclude that the invertibility of K is equivalent to the invertibility of K, which is further equivalent

to the invertibility of K.
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Next we use the invertibility of Mz to prove the invertibility of K. By definition (I7),

Mﬂ, _ A(l2z—1) A(l2z—1) A(.2z—1):|
z 11 12 te 1r—2 :
For0<b<2* 71 —land1l<t<r—2 weuse Agfzjl)(b) to denote the bth column of Agfzjl). It is easy to
verify the following relation between Agf%l) and Eit: If 4, = 3j for some j € {0,1,...,z — 2}, then
_ AP D) - AP D —20) ifb =1,
Bit (b) = (;z—l) ' .
Ay (b) if b; =0..

If i, = 3j 4+ 1 for some j € {0,1,...,z — 2}, then

Bi. (b) AP0~ AP0+ 2) i b =0,
it = 2271 .
AP (p) if b = 1.

If iy = 3j+2 for some j € {0,1,...,2—2}, then B;, = Agfz’l). The relation between Al(tZZ*I) and B;, immediately
implies that det(Mz) = det(K). Since Mz is invertible, we conclude that the three matrices K, K and K are all
invertible.

Since K is invertible, the equation FQz7*™ = 0 and {@4)-(@6) together imply that the first 2°~1(r — 2)
coordinates of ™™ are all equal to 0. Taking this result back into the equation @ zy*"™ = 0, we immediately obtain
that the last 2 coordinates of ¢*'™ are also equal to 0. Therefore, ¥*™ = 0 is the only solution to the equation

Qzy™™ = 0. This completes the proof of the lemma. o

Now we have shown that ¢*"™ is an all-zero vector. Before proceeding to prove that 4 is also an all-zero vector,
we need to introduce some notation. We define a 2~ 1r x 22~ matrix

Q(zl) = [A5f271) A52271) Agii;l) I,p—1 ®Lez—5 Iyz—1 ®Lez—a
and a vector
1 1 1
7V = 80w s
1 @ 1)
Y1,00Y1,10 " s Y1,2:-11s
1 1) 1 T
3/7(«7)1,079571,17 T ayi_)mzfl_l) )
where ") =y, forall 0 < i <r—3andall 0 <a <2 '~ 13y, = —y, 5 40 forall0 <a <2571 -1,

yil_)l)a =yr_1qforall 0<a<2°7!—1.

The result y**™ = 0 implies that y;"™ , = Yr—2.4 + Yr_2,a42:-1 = 0 forall 0 < a < 27~1 — 1. Taking this into
the equation Mz 7 = 0, the first 2~ block rows of Mz % = 0 become Qél)g(l) = 0. Since the matrices QS) and
Q= have the same structure, we can use the method in the proof of Lemma (] to show that QS) is also invertible.
Therefore, i) = 0. Combining (') = 0 with 7*"™ = 0, we immediately conclude that 7/ is an all-zero vector.
This proves that M3 is invertible for Case 2.

Case 3: Z = (21, 22,23,0,0,0,0). In this case, (I4) implies that r = 327 + 220 + 223 and 2z = 21 + 22 + 23.

We prove the invertibility of Mz by induction on z3. The base case z3 = 0 was already proved in Case 2. For the
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inductive step, we assume that the conclusion holds for (21, 22,23 — 1,0,0,0,0), and we prove the conclusion for

(Zla 22, 23, 07 Oa 07 O)

Our method is still to show that ¥ = 0 is the only solution to the equation Mz y = 0, where the vector ¥ is
defined in (#3). Since we assume that Z = (21, 22, 23,0, 0,0, 0) with z3 > 1, we have 7,_; = 3z—3 and i,, = 32—1
in (T7). We define two 2%~ 1r x 2°~ 1y matrices

5 gz—1 p2—1 gz—1

Q;) = [Agl ) 452 > A§T72 ) Iyz1 ®Lez—6 1y2—1 ®Lez—2|,
3 gr—1 p2—1 gz—1

Q® - |:A§1 ) AEZ ) AETiz ) lyal1 ®Leas Ipa1 ® Loz

Using the method in the proof of Lemmal] we can show that both Qi}) and Q?) are invertible. We further define

two vectors

2 2 2
5(2) = (yég, yél) N ,yé)2)271_1,
2 2 2
y§,37y§,]?7.” 7y§72)271,17
2 2) 2 T
y£21,07y£—1,17"' 7y7(‘_)172271_1) )
3 3 3
g<3) = (yég, yél) e ,yé)2)271_1,
3 3 3
y5,37y§,]?7.” 7y§72)271,17
3 3) 3 T
yi—)l,ovyi—l,lv"' 7y7(‘_)172271_1) )

where yl@a) = y;.q and yfga) = Yiaso:—1 for 0 <i <r—1and 0 <a < 25! — 1. The last 2°~* block rows of

M3z i = 0 give us Qég)g(3) = 0. Since Q;g) is invertible, we have ¢/(3) = 0. Taking this back into M3 ¢/ = 0, the
first 2°~1 block rows of Mz ¢ = 0 become Qg)g@) = 0. Since Q;z) is invertible, we conclude that (*) = 0, so
i is an all-zero vector. This completes the proof for Case 3.

Case 4: Z = (21, 22, 23, 24, 0,0,0). In this case, (I4) implies that r = 321+229+223+224 and z = 21+ 29+23+24.
We prove the invertibility of Mz by induction on z4. The base case z4 = 0 was already proved in Case 3. For the
inductive step, we assume that the conclusion holds for (21, 22, 23, 24 — 1,0,0,0), and we prove the conclusion for
(21, 22, 23, 24, 0,0,0).

Our method is still to show that ¥ = 0 is the only solution to the equation Mz i = 0, where the vector ¢

is defined in (@3). Since we assume that Z = (21, 22, 23, 24,0,0,0) with z4 > 1, we have i,_; = 3z — 2 and
i, = 3z — 1 in (I7). We define two 2~ 'r x 2*~!r matrices

4 2z—1 2z—1 2z—1

Q(g) = [Agl ) AE2 L AEsz ) Tpz—1 ®Lez—a Iyz—1 ®Lez—2],
5 2z—1 2z—1 2z—1

Q;) = [Agl ) A£2 b AEsz ) Tyz—1 ®Lez—3 Iyz—1 ®Lez—1]-

Using the method in the proof of Lemma [l we can show that both Q(;) and Qi?) are invertible. Recall the
definitions of 7(®) and #® in Case 3. The first 2°~' block rows of Mz §/ = 0 give us Q(;);J(Q) = 0. Since le)
is invertible, we have (2 = 0. Taking this back into M3 §/ = 0, the last 2! block rows of Mz i/ = 0 become
Q;5)§(3) = 0. Since QS) is invertible, we conclude that ® = 0, so 4/ is an all-zero vector. This completes the

proof for Case 4.
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Case 5: 2 = (21, 22, 23, 24, 25, 0,0). The proof is the same as Case 3.
Case 6: 2= (z1, 22, 23, 24, 25, 26, 0). The proof is the same as Case 4.

Case 7: Z = (21, 22, 23, 24, 25, 26, 27). The proof is the same as Case 3 and Case 4.

V. OPTIMAL REPAIR BANDWIDTH FOR SINGLE NODE FAILURE

According to Appendix, no matter which node fails, we can always convert it to the first group, so we only need
to prove that the nodes in the first group can be repaired. Next, We will use three cases to illustrate the repair
procedure.

First case: How to repair Cj. Note that the parity check equations in (I) can be written in the matrix form
AgCo + A1C1 + A2Co + -+ -+ Ay 1C 1 = 0, (48)

where each C; is a column vector of length £. Each block row in the matrices Ay, ..., A, _1 corresponds to a set
of r parity check equations because the length of each L, is r. Since there are ¢ block rows in each matrix A;,
we have ¢ sets of parity check equations in total. The repair of Cy only involves ¢/2 out of these ¢ sets of parity
check equations. More precisely, among the ¢ block rows in each matrix A;, we only need to look at the block
rows whose indices lie in the set {0,2,4,---,2(¢/2 — 1)}. These ¢/2 block rows of parity check equations can

again be organized in the matrix form
o n—1
ApgCoy + AgCy + Z A;C; =0, 49)
i=1
where /Nlo,/Alo,Zi, 1<i<n-—1are all £/2 x {/2 matrices, and 6’0, 60,61-,1 <1< n—1 are all column vectors

of length £/2. More specifically, the matrices in are for every 0 < a,b < /¢/2—1,

~ Ly ifa=0b,
Ao (a, b) =

0  otherwise,
~ —L; ifa=hb,
AQ (a, b) =

0 otherwise,

_ Ly ifa=0b,
Al (a, b) =
0  otherwise,

Ly ifa=0b,
A2 (a, b) =
0  otherwise,
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and for every 1 <i<n/3 -1,

Léita; , if a =0,
— LZ_L’L ifal-, :O,bi, :1,
A3i(a, b) _ 6 6141 1 1
and aj = bj V_] 75 1—1,
0 otherwise,
L6it2+a;_; ifa =0,
= Lgit3 — Leit2 ifa;—1 =1,b;—1 =0,
Aszita1(a,b) =
and aj :ij_] }él—l,
0 otherwise,
— L6i+4+ai, if a = b,
Aszito(a,b) = '

0 otherwise,
where 0 in the last line denotes the all-zero column vector of length r, and the column vectors in (9) are for every
0<a<¥/2-1,
Co(a) = Co(2a) + Co(2a + 1),
Co(a) = Co(2a + 1),
and for every 0 <i<n—1and i # 0,
Ci(a) = Ci(2a).

Here we make an important observation: The matrices Az, Ay,..., A, _; are precisely the n — 3 parity check
matrices that would appear in our MSR code construction with code length n — 3 and subpacketization ¢/2 =
2n/3-1 — 2(n=3)/3_ The other 4 matrices Ay, Ao, A, As are all block-diagonal matrices, and the diagonal entries
are the same within each matrix. Moreover, the \;’s (or equivalently L;’s) that appear in AO, Ao,zl,zg do not
intersect with the \;’s that appear in A3, A4,..., A, ;. The method we used to prove the MDS property of our
MSR code construction in Section [[V] can be easily generalized to show that also defines an MDS array code
(Co,Co,C1,Cs,...,Cpn_1) with code length n + 1 and code dimension k + 1. Therefore, Cy and Cj can be
recovered from any k 4 1 vectors in the set {61,62, .. ,Un_l}. Once we know the values of 50 and 60, we are
able to recover all the coordinates of Cj.

Second case: How to repair C1. It is similar to the first case, but here we need to look at the block rows whose
indices lie in the set {1,3,5,---,2(¢/2—1)+1}. These £/2 block rows of parity check equations can be organized

in the matrix form

n—1
AoCo + AiCy + A,Ch + Z A,C; =0, (50
i—2
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where Ay, Ay, A1, 4;,2 <i<n—1areall £/2 x £/2 matrices, and Cy, Cy,C1,C;,2 < i <n— 1 are all column

vectors of length £/2. More specifically, the matrices in (30) are for every 0 < a,b < £/2 — 1,

_ L, ifa=0b,
AO (a, b) =
0  otherwise,

—Ly if a =0,
0 otherwise,

Aiab) { Ly ifa=0,

0  otherwise,
Ls ifa=b,
0  otherwise,

and for every 1 <i<n/3 -1,

L6i+ai,1 lf a = b,
J— LZ_L’L ifal-, :O,bi, :1,
Aaia,b) = 6 6i-+1 1 1
and aj = bj V_] 75 1—1,
0 otherwise,
Léit2+a; 4 if a =0,
— Leit3 — Leig2 ifa;—1 =1,b;_1 =0,
Azit1(a,b) =
and aj :ij_] }él—l,
0 otherwise,
— L6i+4+ai, if a = b,
Asit2(a,b) = '

0 otherwise,
where 0 in the last line denotes the all-zero column vector of length 7, and the column vectors in (3Q) are for every
0<a<i/2-1,
Ci(a) = C1(2a),
Ci(a) = C1(2a) + C1(2a + 1),
and forevery 0 <i<n-—1andi#1,
Ci(a) = Ci(2a + 1).

Here we still make an important observation: The matrices A3, Ay, ..., A,_; are precisely the n — 3 parity check
matrices that would appear in our MSR code construction with code length n — 3 and subpacketization ¢/2 =
on/3=1 — 2(n=3)/3_The other 4 matrices Ay, Ay, A1, A, are all block-diagonal matrices, and the diagonal entries
are the same within each matrix. Moreover, the \;’s (or equivalently L;’s) that appear in Ao, ﬁl, 21,22 do not
intersect with the \;’s that appear in A3, A4,..., A, ;. The method we used to prove the MDS property of our
MSR code construction in Section [[V] can be easily generalized to show that (30) also defines an MDS array code

(Cy, C1, C1,Co, ... ,Cr_1) with code length 7 + 1 and code dimension k + 1. Therefore, C; and C, can be
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recovered from any k 4 1 vectors in the set {60, C,... ,Un_l}. Once we know the values of 51 and 51, we are
able to recover all the coordinates of C4.

Third case: How to repair Cs. In order to repair Co, we sum up ¢/2 pairs of block rows of each matrix A; in
equation (@8). Specifically, we sum up (2¢)th block row and the (2i+1)th block row for every ¢ € {0,1,---,¢/2—1}.
In this way, we obtain £/2 block rows of parity check equations from the original ¢ block rows of parity check

equations in {@8). These ¢/2 block rows of parity check equations can be written in the matrix form
n—1
AoCo + A1Cq + AyCy + AxCo + Z A;C; =0, 51
i=3

where ZO,Zl,ZQ,A\Q,ZZ‘73 <i<n-—1areall £/2 x £/2 matrices, and Cy, C1, 6'2,62,61-,3 <i<n-—1areall
column vectors of length ¢/2. More specifically, the matrices in (31)) are for every 0 < a,b < £/2 — 1,
_ Lo ifa=b,

AO (a, b) =
0  otherwise,

Ly ifa=0b,
0  otherwise,

_ { L, ifa=0b,
Ag(a,b):

0  otherwise,

Ls ifa=0b,
0 otherwise

3

and for every 1 <i<n/3 -1,

L6i+ai71 if a = b,
— LZ_L’L ifal-, :O,bi, :1,
Aaia,b) = 6 6i+1 1 1
and aj = bj V_] 75 1—1,
0 otherwise,
Léit2+a; 4 if a =0,
— Leit3 — Leig2 ifa;—1 =1,b;_1 =0,
Azit1(a,b) =
and aj = bj V_] 75 1—1,
0 otherwise,
— L6i+4+ai, if a = b,
Asit2(a,b) = '

0 otherwise,
where 0 in the last line denotes the all-zero column vector of length r, and the column vectors in are for every
0<a</{/2-1,
Cs(a) = C(2a),
Ca(a) = Cy(2a + 1),
and for every 0 <i<n—1and i # 2,

al(a) = Cz-(2a) + Cl(2a + 1)
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The matrices As, Ay4,..., A, ;1 are precisely the n — 3 parity check matrices that would appear in our MSR
code construction with code length n — 3 and subpacketization £/2 = 27/3=1 = 2(»=3)/3_The other 4 matrices
ZO,Zl, ZQ, A\Q are all block-diagonal matrices, and the diagonal entries are the same within each matrix. More-
over, the A;’s (or equivalently L;’s) that appear in Ao, Ay, Eg, Eg do not intersect with the A;’s that appear in
A3, Ay, ..., A, 1. The method we used to prove the MDS property of our MSR code construction in Section [V
can be easily generalized to show that (31)) also defines an MDS array code (Cy, C1, 6’2, 62,63, oo, Cpq) with
code length n + 1 and code dimension & + 1. Therefore, C, and @2 can be recovered from any k4 1 vectors in the
set {Co,C1,Cs,...,Cr_1}. Once we know the values of Cy and Ca, we are able to recover all the coordinates
of Cs.

In summary, the matrices A; in the parity check matrix (48)) have £ block rows. Yet the repair of a single failed
node only relies on ¢/2 block rows of parity check equations. More precisely, for every 0 < i < n/3 — 1, the repair
of C3; only involves the block rows whose indices lie in the set {a : 0 < a < ¢ — 1,a; = 0}; the repair of Cs;1
only involves the block rows whose indices lie in the set {a : 0 < a < {—1,a; = 1}. The repair of C3;2 is slightly
more complicated. In this case, we divide the ¢ block rows into ¢/2 pairs {(a,a+2%):0<a <{—1,a; =0} and
we sum up the two block rows in each pair. In this way, we obtain ¢/2 block rows of parity check equations, and

the repair of Cs; 4o only involves these equations.
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APPENDIX
Recall that in Section [l we write the n/3-digit binary expansion of a as a = (@n/3—1,an/3-2, - - .,ag) for
¢=2"3and a € {0,1,...,£ —1}. The (n, k) array code we defined in Section [ is

C={(Cy,C1,...,Cpn-1) : AgCo + A1C1 + -+ -+ Ap_1Cr—1 = 0}.

The n nodes (Cy, C4,...,Cp_1) are divided into n/3 groups of size 3. Next we show that we can exchange nodes
in group ¢ with nodes in group j in the following way without destructing the MDS property.

For the index of two groups 0 < i < j < n/3—1, we define a function P;; : {0,1,...,¢—1} — {0,1,...,¢—1}
by

Picj(a)
= iHj((an/Bflf" y Aj41,05,05 -1, " 7ai+17ai7ai71,---,ao))
=(Ap/3—1," " Q41,00 Qj—1, , Qit1, A5, Qi 1, ... ,00)
=a
:(an/sflﬁ" 7aj+17aj7aj*17"' y Wit 1, Gy Ai—1, - - '760)‘

Now let us define another (n, k) array code by

C={(Co,C1,...,Cn1): AoCo + A1C1 + -+ + Ap_1Cn_1 = 0},
where
Zk(av b) = Ay (PH—)J (a)7 Pi<—>j (b)) = Ay (av 5)7

for a,b€{0,1,...,£—1} and k € {0,1,--- ,n — 1}. We can readily check that if (Cy,C1,...,Cph—1) € C, then
(Co,C4,...,Cp_1) € C where C(a) = Ci(Pisj(a)) = Cr(@) for 0 <k <n—1and 0 <a<¢—1, and vice
versa. Hence C and C are permutation equivalent.
By definition, for the group s € {0,1,---,n/3 — 1} and s # 4, j, we have @5 = a5 and
Lgs+z. ifa=b,
Lgs — Les41  if @s = 0,05 =1,
and a¢ = I;t, Vt # s,

0 otherwise,

ng (a, b) = Ass (E, I;) =

L65+a5 if a = b,
Lgs — L65+1 if as = 07 bs = 17
and a; = by, Vt # s,

0 otherwise,

= Ass ([7'7 b)7

Aszst1(a,b) = Asey1(a,b) = Assr1(a,b),
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Z33+2(a/7 b) = A3S+2(67 l;) = A3S+2 (av b)
Note that @; = a;, so for s = i, we have

Leita, ifa=b,
_ _ Le¢i — Lg; ifa; =0,b; =1,
ASi (a’ b) _ ASi (6, b) _ 61 6i+1 a; 71

0 otherwise,

Léita; ifa="b,
Lei — Leit1  ifa; =0,b; =1,
and a; = by Vt # 7,
0 otherwise,
Lé6i+2+a, ifa=b
Leit3 — Leiy2  ifa;j =1,b; =0,
and ar = bVt # j

0 otherwise,

Aziy1(a,b) = Asi11(@,b) =

— R L6'+4+ . if a = b7
Aziya(a,b) = Azi12(a,b) = e )
0 otherwise.

Similarly we have @; = a; and

L6jta; if a=b,

L6j — L5j+1 if a; = 07 bi = 1,
and a; = by Vt # 4,

0 otherwise,

Zgj (a, b) = Agj (6, B) =

L6j+2+ai ifa=">
Lejt+3 — Lej+2  ifa;=1,b; =0,
and a; = by Vt # ¢

0 otherwise,

Z3j+1(av b) = A3j+1(675) =

— - L6 j+4+a; if a = b7
Asjy2(a,b) = Asjy2(a,b) = e .
0 otherwise.

Now we define

~

C={(Co,Ch1,...,Cpn-1): AoCo+ AiCr+ -+ Ay 1Cn1 = 0},

where
Ass = Ass, Aser1 = Aseq1, Azsyo = Azgyo, for s # 1,7,
and
Asy = Asj, Azip1 = Azjq1, Azivo = Asjio,

Asj = Asi, Asjy1 = Asip1, Azjro = Aziyo.

We can easily check that

which says that Cis permutation equivalent to C.
From the above, we can see that A\gj (= A3), A\3j+1 (= A3zi41) and A\3j+2(: As;yo) are defined in the same way

as A3j, A3j+1 and A3j+2, but using N6y ,)\61'4_5 instead of )\Gju ce- ,)\ﬁj+5. Slmllarly A\gi(: Z3j), A\Si—i-l(:
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Zgj.i_l) and A\3i+2(= Z3j+2) are defined in the same way as As;, A3i+1 and A3i+2, but using /\6j7 ce- 7)\6]’-{-5
instead of Ag;, - - - , Agi45. Therefore any repair scheme works for C will also work for CA, and vice versa. In summary,
we can exchange group ¢ with group j as above without destructing the MDS property. At last we point out any

erasure pattern can be converted to the canonical erasure pattern using the above operation recursively.
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