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Abstract

The problem of learning a channel decoder is considered for two channel models. The first model is an additive
noise channel whose noise distribution is unknown and nonparametric. The learner is provided with a fixed codebook
and a dataset comprised of independent samples of the noise, and is required to select a precision matrix for a nearest
neighbor decoder in terms of the Mahalanobis distance. The second model is a non-linear channel with additive
white Gaussian noise and unknown channel transformation. The learner is provided with a fixed codebook and a
dataset comprised of independent input-output samples of the channel, and is required to select a matrix for a nearest
neighbor decoder with a linear kernel. For both models, the objective of maximizing the margin of the decoder is
addressed. Accordingly, for each channel model, a regularized loss minimization problem with a codebook-related
regularization term and hinge-like loss function is developed, which is inspired by the support vector machine
paradigm for classification problems. Expected generalization error bounds for the error probability loss function
are provided for both models, under optimal choice of the regularization parameter. For the additive noise channel, a
theoretical guidance for choosing the training signal-to-noise ratio is proposed based on this bound. In addition, for
the non-linear channel, a high probability uniform generalization error bound is provided for the hypothesis class.
For each channel, a stochastic sub-gradient descent algorithm for solving the regularized loss minimization problem
is proposed, and an optimization error bound is stated. The performance of the proposed algorithms is demonstrated

through several examples.
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I. INTRODUCTION

The success of machine learning (ML) based methods in various domains have spurred a great contemporary
interest in the application of ML algorithms to communication problems [1H15]]. However, state-of-the art communi-

cation systems heavily rely on expert-based design, and so obtaining a significantly improved performance with ML



algorithms typically necessitates the use of the most advanced ML algorithms, most notably, deep neural networks
(DNN). In accordance, this also typically prevents a theoretical justification for the developed algorithm or theoretical
performance guarantees. For instance, despite a considerable effort from the statistical-learning community, the
generalization properties of DNN are still considered a theoretical puzzle [16, Sec. 2].

In order to address the theoretical aspects of learning in communication systems, we take an alternative route in
this paper, and focus on two basic channel models: 1) An additive noise channel model, whose noise distribution
is unknown and does not even known to belong to a parametric family; and 2) A non-linear channel model with
additive white Gaussian noise, whose deterministic channel transformation is unknown. Both of these models can
be seen as extreme points of a general model which contains both non-linearity and additive noise from a general
distribution. We focus on these two extreme cases because they represent prior knowledge on the structure of the
communication problem, which is prevalent in various scenarios. More importantly, this prior knowledge leads
to learning problems which are markedly different from standard classification problems in ML. Previously, in
(17, empirical risk minimization (ERM) algorithms for the the additive noise channel model were considered. In
this work, we focus on a different learning approach — maximum margin. Our choice of channel models and the
maximum margin approach enables us to develop learning algorithms from first principles, as well as theoretical
performance bounds. We thus next review the problem of learning channel decoders, and then justify the maximum

margin approach.

A. Decoder Learning

The choice of a proper channel decoder is a key element in the design of a communication system, and is typically
based on rich expert knowledge. This knowledge is reflected in a statistical model of the channel operation, which
then leads to optimal decoder selection and theoretical performance guarantees. The approach considered here
follows the common practice of partitioning the communication epoch to a training phase — in which no data is
transmitted, and the received signal is used to properly select a decoder, and a data phase — in which the decoder
is fixed to its chosen value (or only tracks slight changes in the channel statistics). However, our approach here
deviates from the common one to the training phase. For models with unknown noise distribution a parametric
model for the noise distribution is typically assumed, the training phase is used to estimate the parameter, and an
optimal decoder matched to the estimated parameter is used in the data phase. In various scenarios of interest —
such as massive multiple-input multiple-output (MIMO) systems [18] or in ultra low-latency [|19] communication —
parameter estimation, or even the parametric modeling itself, may be inaccurate. Thus, parameter estimation during
the training phase is excluded. In the same spirit, for the non-linear channel, estimation of the transformation value
for each codeword may suffice. However, we target the regime in which the codebook is too large with respect to
(w.r.t.) the training phase, i.e., there are not enough training samples for each codeword in order to estimate its
channel-transformed value. This is similar to the common practice in linear frequency-selective channels, in which

an equalizer is learned to roughly invert the channel (while accounting for noise enhancement) [20, Ch. 8 and 9].



These settings naturally motivate the use of ML methods, as they are typically distribution-free, that is, do not
make any assumptions on the data statistics. In ML methods, assumptions are made, instead, on the structure of
the hypothesis class. We thus follow here the typical setting in ML, in which the hypothesis class is more restricted
than the true data. The choice of hypothesis class results an inductive bias and its use is then justified by its low
variance, compared to richer classes of decoders. For example, a linear binary classifier can be learned even when
the optimal separator between the two classes is not an hyperplane [21, Ch. 9], because it is assumed to have a
proper bias-variance tradeoff. The learning process we propose, however, does not ignore the channel model, and
is strongly based on both the given codebook and the structure of the channel.

For the additive noise channel, we consider the class of nearest neighbor (NN) decoders, w.r.t. the Mahalanobis
distance, that are parameterized by a precision matrix. A decoder from this hypothesis class is optimal in the sense
of minimizing the error probability only if the additive noise is Gaussian. The learner is provided with a fixed
codebook and a dataset comprised of independent samples of the noise, and is required to select a precision matrix
for a NN decoder in terms of the Mahalanobis distance. For the non-linear channel, we consider the class of NN
decoders with a linear kernel, that is, decoders parameterized by a matrix. Similarly, here, a decoder based on linear
kernel is optimal only if the channel transformation itself is linear. The learner is provided with a fixed codebook
and a dataset comprised of independent input-output samples of the channel, and is required to select a matrix for

a NN decoder with a linear kernel.

B. Maximum Margin Learning

At first glance, the decoder learning problem is akin to multiclass classification problem, in which the class
represents the index of the codeword. However these problems are different due to the prior knowledge about the
channel model and the codebook. Therefore, [17]] considered an ERM approach to the decoder learning problem for
the additive noise channel model. However, in general, the ERM might be difficult to find, and more importantly,
the ERM approach does not fully capture the structure of the codebook. For example, there could be many ERM
rules which achieve zero empirical error. One of the consequences of this, is that the generalization bounds derived
in [17]] scale as O(m/+/n), where m is the number of codewords in the codebook, and n is the number of noise
samples provided to the learner. Therefore, in this paper we take a different approach, and derive learning rules
which attempt to maximize the margin of the decoder.

The maximum margin approach is common in ML, and naturally matches the communication problem. Indeed,
a NN decoder partitions the output space R% into m decision regions, where the boundaries of each such decision
region (also called a Voronoi region) are d-dimensional hyperplanes. In the additive noise channel, this NN decoding
rule maximizes the minimal Mahalanobis distance between each pair of codewords, w.r.t. the noise covariance matrix.
In the non-linear Gaussian channel, the NN decoding rule maximizes the minimal Euclidean distance d,;;, between
each pair of transformed codewords, w.r.t. the linear kernel. As is well known, for Gaussian channels at high

signal-to-noise ratio (SNR), this minimal distance is the dominant parameter in determining the error probability,



or more specifically, its decay rate w.r.t. the SNR. Specifically, a union bound (over all pairs of codewords), and
2

a Bhattacharyya-based pairwise error bound, leads to the upper bound (m — 1) - exp(—d>3,,/802) on the error
probability [22, Sec. 5.2] (¢2 is the noise variance). Naturally, such a bound does not necessarily hold for non-
Gaussian noise distributions. However, we adopt this criterion here for general noise distributions since in the lack
of any other knowledge, maximizing the minimum distance appears to be a plausible criterion for the quality of
the decoder. This approach is again common in ML. In classification, support vector machines (SVM) learn linear
separating hyperplanes which aim to maximize the margin between the classes, even if the true probabilistic law
results a non-linear decision boundary between the classes.

The resulting learned decoder is codebook-dependent, in the sense that it is chosen to maximize the margin,
or minimal distance, between the codewords. For the non-linear channel, ideally the margin would correspond to
the non-linearly transformed codewords, but as we make no assumptions on this non-linearity, the best that can be
hoped for is to maximize the margin of a linear transformation of the codewords — as follows from the perspective
of the assumed class of decoders.

In binary classification, the maximum margin problem is solved by transforming it to an equivalent regularized
loss minimization (RLM) problem with a surrogate convex loss function, known as the hinge loss [21, Sec. 15.2].
However, in multiclass classification, the transformation from maximum margin to RLM is not immediate and
requires heuristics for choosing the regularization function [23, Sec. 7], reductions to binary classification [21] Sec.
17.1], or other approximations. The maximum margin decoder learning problem studied here naturally resembles
multiclass classification (when there are more than two codewords in the codebook), and accordingly, it also
necessitates several steps of approximation in order to transform it to an RLM problem. Nonetheless, following
these steps, the result is an RLM problem that uses a convex surrogate loss function that is specifically tailored to
the decoder learning problem.

We conclude by further illuminating the difference between the decoder learning problem and standard multiclass
classification. As we shall see, for the additive noise channel model, the dataset for our learning algorithm is
synthesized by adding n measured noise samples to each of the m codewords in the codebook. This results
a dataset of size mn, but one which has specific structure. In this synthesis of the dataset, the scaling of the
codebook (henceforth referred to as “training SNR”) is a design parameter that can be chosen by the learner. One
consequence of this possibility is that unlike standard classification problems, in which the margin prevailing in
the dataset determines the sample complexity of the problem [21, Th. 15.4], the margin in the decoder-learning
problem for the additive noise channel is a parameter to be tuned. This can be used in order to achieve the best

generalization possible[] Due to these differences, standard SVM learning algorithms cannot be applied, and we

develop learning algorithms specifically designed for the decoder learning problem.

ISee also a discussion in [[17, Sec. I1].



C. Contributions

Our contributions and the outline of the rest of the paper are as follows. In Sec. [lI] we establish notation
conventions, formulate the learning problem for the general channel, and then specify it for the two discussed
extreme special cases. In Sec. we formulate a maximum margin optimization problem for the decoder learning
problem, and relax it in several principled steps to obtain a tractable optimization problem in the form of an RLM
rule. It should be stressed, however, that the resulting optimization problem is directly designed for the decoder
learning problem, and does not involve a reduction or a modification of a multiclass classification problem. In Sec.
[Vl we prove that the expected error probability of the learned decoder in the additive noise channel model is
bounded by m times the expected empirical hinge loss of the decoder plus an estimation error term of O(m/(An)),
where m is the number of codewords in the codebook, A is the regularization parameter, and n is the number
of available samples. Then, we constrain the precision matrix of the learned decoder to a properly chosen set
and optimize the regularization parameter. The resulting generalization bound is m times the optimal hinge loss
plus an estimation error term of O(m/ v/n)). The proof of this generalization bound is based on establishing an
on-average-replace-one-stability property. We then use this generalization bound to offer a theoretical guideline for
choosing the training SNR. We then prove analogous expected generalization bounds for the non-linear channel. In
addition, we prove a O(1/+/n) uniform high-probability generalization error bound for the hinge-type loss function,
for any decoder from the chosen decoder class for the non-linear channel.

The RLM mentioned above is tractable, yet still suffers from large complexity, mainly due to a O(n?) depen-
dence on the number of samples n, similarly to the computational cost associated with SVM problems [24]]. For
classification SVM, this problem was addressed in [25]], which proposed a stochastic sub-gradient descent algorithm
for solving the RLM problem called PEGASOS (primal estimated sub-gradient solver for SVM). In Sec. [V| we
develop an algorithm in that spirit for the decoder learning problem, and prove that O(l /€) iterations suffice in
order to obtain a solution of accuracy €. We stress that this bound does not depend on the problem’s dimension
or the number of samples, which can be large in many communication problems. On top of that, each iteration
of the algorithm requires low computational power, and thus suitable to learning on low-complexity devices. In
Sec. [VI we exemplify the operation of the algorithm through simulation for several noise distributions, channel
transformations, and codebooks. In Sec. [VIIl we summarize the paper and propose several directions for further

research. All the proofs are deferred to the appendixes.

D. Other Related Work

As said, the recent success of ML algorithms (most notably DNNs) in various problem domains [[26]] has spurred
interest in applying machine-learning algorithms as a part of a communication system [[1,27]]. These applications can
be roughly divided to several approaches, and here we briefly mention a sample of them. One approach is to use a
machine-learning algorithm as a replacement to one or more components of the system. Examples include [28]] for

channel equalization, [15] for channel encoder and decoder, [748i14] for channel decoder, and [29-31] for channel



estimation. A second approach is to modify an existing algorithm by incorporating DNNs. In [3] DNNs are used
in the belief propagation algorithm, in [6] for the Viterbi algorithm, in [32]] for iterative decoding algorithms, such
as bit-flipping and residual belief propagation. Among the classical ML algorithms, SVMs gained high popularity
and enjoy strong theoretical guarantees. A SVM based receiver that combines the pilot-based channel estimation,
data demodulation and decoding processes in one joint operation was proposed in [33]]. They considered first-order
Gauss-Markov fading process and additive Gaussian noise with /N dimensional encoding vector. The system was
composed from N classifiers, one per bit, or 2V classifiers in the one-vs.-one or one-vs.-rest techniques. SVM
regression (SVR) was used in [34/35] for channel estimation. We note in passing, that similar theoretical studies
have been performed for the source coding problem of learning vector quantizers [36-40].

Channel decoding in non-linear channels was studied earlier in [41/42]]. The non-linear channel can practically
model the nonlinear effects in wireless communication systems, the Kerr non-linearity in optical fibers, and the
saturation non-linearity of amplifies [4344]. Information theoretic limits on the capacity of non-linear fiber-optic

channels were studied in [45-47]], and the shaping gain in these channels was studied in [48]].

II. PROBLEM FORMULATION
A. Notation Conventions

Random variables or vectors are denoted by capital letters and specific values they take are denoted by the
corresponding lower case letters. The expectation operator is denoted by [E,, -] where 1 is the underlying probability
measure, which is omitted if understood from context. The tail function of the standard normal distribution is denoted
by Q(x). The indicator of an event A is denoted by I{.A}. The probability simplex is denoted by A? £ {v € R% :
> icjq) Vi = 1}. All vectors are taken as column vectors. The standard Euclidean norm for z € R< is denoted by
|z|| and the inner product by either (21, z2) or 27 x5, interchangeably. The Frobenius norm for a matrix A € R4*4
is denoted by ||A||r. The operator norm for a matrix A € R%*4= is denoted by [|Allop £ SUP,cpa. : Jof<1 14|l
The positive semidefinite (PSD) cone is denoted by S. The minimal (resp. maximal) eigenvalue of a symmetric
matrix A is denoted by Apin(A) (resp. Amax(A)) . For n € N*, the set {1,2,...,n} is denoted by [n]. Standard

Bachmann-Landau asymptotic notation will be used, where specifically, O(-) is such that the logarithmic factors

are hidden, namely, f(n) € O(h(n)) <= 3k : f(n) € O(h(n)logk(h(n))).

B. Channel Models

Consider the problem of communication over a general channel
Y =f(X)+2, (1

where, Y € R% is the channel output, X € R% is a codeword that is chosen from a fixed given codebook
C = {x;}je(m) with a uniform probability, f : R* — R% is a deterministic channel transformation, and Z € R%

is a noise statistically independent of the input X. The unknown channel operation (I), is denoted by s and is



thus comprised of the deterministic f and the distribution of Z, both which are unknown to the designer of the
decoder. It is further assumed that the decoder is chosen from the class of NN decoders with Mahalanobis distance

and linear kernel given by

jly) e arg[m]in [Ha; —yllg = arg[m]in \/(ij —y)" S(He; —vy), 2)
JEM JEM

where S € Sﬁlj is a precision matrix (the inverse of the covariance matrix) and H € R%*d= is a linear kernel. As
well known, this class is optimal if the channel transformation is linear f(x) = Hx and the noise is Gaussian with
inverse covariance matrix S, but it is not assumed here that the channel model obeys this model.

For a decoder (H, S), the expected error probability conditioned that the jth codeword was transmitted is given
by

pu(H,519) =8, 1] min oy = Vil < 12, = VI [ ¥ =7 (0) + 2. G)
J mi\1J

and the expected error probability, averaged over all codewords, is given by

1

Jj€[m]
A learner, which does not know i, is provided with n input-output samples D = {X;,Y;};c[,) where X; € C, and
Y; is the corresponding channel output (1)) for input X;, ¢ € [n]. Based on this dataset, and the given codebook C,
the learner is required to find (H,.S) which minimize the expected error probability. A common learning approach
is ERM, which aims to minimize the empirical average error probability of the noise samples, given by

1 .
B A S
i€[n]

In this paper, we focus on two structured extremes of this model, which both result decoder classes which are
substantially different from multiclass classifiers, and are also relevant in practical communication scenarios in
which further prior knowledge on the model exists. The first one is an additive noise channel model that assumes
that f is the identity transformation, and the second one is a non-linear channel model that assumes that the noise
is Gaussian. These models best illuminate the affect of the structure of the communication channel model on the
decoder learning problem. The general model (I)) is not more challenging than these two extreme models, and
bounds and algorithms can be easily obtained for the general model by combining the results obtained in this paper
for the two extreme models.

1) The Additive Noise Channel: In the first specified channel model that we consider, the channel transformation
is assumed to be the identity function, and so becomes Y = X + Z. We thus henceforth denote for this model

d2d, = d,. For this channel model, we restrict the general class to have H = I, and this results a class of



NN decoders with Mahalanobis distance, given by

J (0) € arg min a5 — gl & ang i Vi — )" S @ —), ©)
JEIM jEmM

parameterized by a precision matrix S € Si. In what follows, we will identify a decoder from this class by its
precision matrix S. Since the channel law only depends on the noise distribution, learning the noise distribution
can be made with arbitrary inputs, which we take for simplicity to be X = 0. Thus, we assume that the learner
is equipped with n noise samples Z = {Z; };c[,) drawn independent and identically distributed (i.i.d.) from the
distribution of Z. The learner synthesize a new dataset from these noise samples comprised of mn labeled samples,

in which each of the scaled codewords in the codebook is perturbed by one of the noise samples {Z; };c|,], namely

D(Z)2 (i, = | Di(2), (7)
J€[m]

where D;(Z) £ {T - xj + Zi, j}icn)» and where I’ > 0 is a scaling constant which determines the training SNR.
We note that this dataset has nm points, but it is based only on n random noise samples. For the sake of brevity,
we will omit from now the explicit dependence of D in Z. Henceforth, we refer to this model as the additive noise
channel model. A learner is then required to find S which minimizes the expected error probability based on D.

2) The Non-linear White Gaussian Noise Channel: In the second specified channel model that we consider, the
noise is assumed to be white and Gaussian, and so becomes Y = f(X) + W, where W € R% is a white
Gaussian noise, statistically independent of the input X. For this channel model, we restrict the general class

to have S = I, and this results a class of NN decoders, given by

j(y) € argmin |ly — Hzj]|, (8)
Jj€[m]

parameterized by a linear-kernel matrix H € H = R%*%_In what follows, we will identify a decoder from this
class by its matrix H. We assume that the learner is equipped with n input-output samples D = {.J;, Y;}ie[n], where
J; is chosen i.i.d. and uniformly over [m], and Y; is the corresponding channel output for input X ;.. Henceforth,
we refer to this model as the non-linear channel model. A learner is then required to find H which minimizes the
expected error probability based on D.

The matrix H serves as a linear approximation of f(-), which is non-linear in general. Note that knowing f(x;)
for any x; € C suffices for optimal decoding, but we target the regime in which the codebook is large w.r.t. the
dataset, and so there are not enough training samples for each codeword z; in order to accurately estimate f(z;).
In addition, although this class does not have optimality guarantees for a non-linear channel, it is possible to enrich

its expressive power by first mapping the codewords into a high dimensional feature space [21, Ch. 16].



III. MAXIMUM MARGIN BY RLM

In this section, we develop RLM problems for the decoder learning problem that are strongly connected to the
original maximum margin objective. In Sec. we present the corresponding RLM problem for the additive
noise channel model. We then state the steps required for its development, with proofs appearing in Appendix [A-A]
Then, in Sec. [[II-B] we present the RLM problem for the non-linear channel model. The steps required for its
development and the corresponding proofs both appear in Appendix

For brevity, we will henceforth denote §,, = xp — x4 as the difference between a pair of codewords in the
codebook. For notational convenience, we will henceforth also use a single index in the set [3m(m — 1)] to specify
a pair of codewords (instead of double indices {(p, ¢) }1<p<q<m ). In addition, we define the following property of

a partition of the codeword-pairs.

d+1

Definition 1. A partition P = | J%*! Pj of {(p, @) hr<p<q<m is called proper if Span[{y, ¢, };2;] = RY for any set

J=1

d+1

of representatives {4, 4, }721, such that (p;,q;) € P; for all j € [d + 1].

The RLM problems that we will next present will use proper partitions for their regularization terms. We assume,
without loss of generality (w.l.o. g.)that Span{dpg F1<p<g<m = RY. Then, a simple way of finding a proper partition
is by first finding a basis of R%: {4, 4, };l:l C {0pg}1<p<q<m and then setting P; = {4, 4, } for all j € [d] and
Pai1 = {0pq}1<p<g<m \ {0p,.q; }?:1. Nonetheless, the RLM problem (and subsequent results in what follows) holds

for any arbitrary proper partition.

A. The Additive Noise Channel RLM

The RLM problem for the additive noise channel model requires a few additional definitions, as follows. For a
given ordered pair of codeword indices (p, ¢), and a sample y; € D, |J D,, we denote the following transformation

of the sample and codewords a,g; 2 (—1)'€Pa) (y,— 1L (,4-2,)). Then, we denote by /M"¢(S, p, ¢, i) £ max{0,1—

al .

pq’LSépq}’ a hinge-type surrogate loss function, and by

7 hinge 2 1 hin .
L}l]Dg (S) £ —— Z 27 Z Eh & (Svpaqaz) (9)

m(m—1) 1<p<g<m n i€eD, U D,
the average hinge loss of the induced binary linear classifiers {S0,,}, over the transformed noise samples {a,q;}.
Let P = Uf;“ll P; be a proper partition according to Definition |1} let {m}ie[dﬂ] be positive parameters which sum
to 1, and let A > 0 be a regularization parameter that controls the tradeoff between the loss and the regularization.

We show in this section that the RLM learning rule

d+1
. 7 hinge ) 12
B POV A o 1o

learns a precision matrix which maximizes a lower bound on the margin among all codeword-pairs.

2If it is not the case we can project the codebook and samples to a lower dimension spanned by the codebook.
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At this point, we may compare the surrogate loss function obtained here to a different surrogate hinge-type upper
bound for the average error probability loss over Z proposed in [[I7]. There, the hinge-type surrogate loss function

was defined as

. 1 1 .
Lhinee () 2 ~ Z — Z max< 0,1 — qemln lzp + 20 — 24llg — ll2illg ¢ - (11)

it ™ pem [m]\{p}
The hinge loss functions (9) and (II)) are rather different, and are the result of different types of relaxations.
We review these differences in light of two possible ways in which the optimization problem of SVM for binary
classification is typically interpreted. The first interpretation is that the SVM objective function is a convex and
continuous upper bound to the non-convex and discontinuous zero-one loss function. The regularization term can be
interpreted as a standard Tikhonov regularization term. The motivation of changing the zero-one loss to a hinge-type
loss function is that the resulting ERM problem can be more efficiently solved compared to the ERM problem
for the zero-one loss. With this interpretation, the choice of hinge loss function is arbitrary, and, in principle, any
convex upper bound on the zero-one loss is also appropriate. The second interpretation of the optimization problem
of SVM is in terms of margin maximization. For inseparable datasets, the objective function of SVM is interpreted
as a balance between increasing the margin and increasing the classification errors. As well known, for binary
classification, both interpretations lead to exactly the same optimization problem [21, Ch. 15]. This is, however,
not the case for the decoder learning problem. The hinge loss function in [17] follows the first interpretation for
minimizing the error probability of the channel decoder. This approach leads to an ERM problem with the hinge
loss over the noise samples, and an implicit regularization in the form of maximal eigenvalue constraint. However,
this hinge loss is not directly related to the margin. In this paper, we follow the second interpretation for maximizing
the margin induced by the channel decoder. This approach leads to an RLM problem with the hinge loss over the
transformed noise samples and a codebook related regularization in (T0). Hence, unlike SVM, the two approaches
lead to different optimization problems for the channel decoding problem, where the main source of difference is in
fact due to the lower bound taken in step 2. We argue that for the channel decoding problem the second approach
is better since error probability is strongly related to margin, as discussed above.
The development of the optimization problem (I0) will be made in several steps, which we next describe in
detail.
Step 1 — maximization of the minimum margin: We begin with the assumption that the dataset D is separable,
i.e., there exists a precision matrix S that achieves zero loss over D. While this is a rather strong assumption for
a general dataset, it is only a staring point which will be relaxed in the following steps. It is also analogous to
the linear separability assumption made for hard SVM, which is also used as a starting point to soft SVM [21,
Ch. 15]. In fact, in our setting, separability can always be achieved by setting the training-SNR parameter I" to be
large enough. The margin of a hyperplane w.r.t. a dataset is defined to be the minimal distance between a point

in the dataset and the hyperplane [21, Ch. 15]. The learner’s goal is to find a precision matrix S that maximizes
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the minimum margin, over all codeword-pairs x,,z, € C, according to the Mahalanobis distance w.r.t. S. This

learning problem is formulated as the following margin-maximization problem, given as follows:

Claim 2. The maximum margin induced by a Mahalanobis distance NN decoder with precision matrix S is

T
a; S0
max min min 22— ™ (12)

SeS, 1<p<q<mieD,UD, ||Sdopq|

Step 2 — a convex lower bound: The previous problem is not necessarily convex, and therefore we proceed to

maximize the following convex lower bound on its value.

Claim 3. The problem

. . T
maxges, MiN<p<q<m MiNiep, UD, apqiSépq

13)
subject to Max)<p<qg<m |[|[Sopql| <1

is a convex optimization problem, whose value is a lower bound on the value of (12).

Step 3 — minimum norm formulation: With the prospect removal of the separability assumption, we next derive
a minimum norm optimization problem, so that every solution to it is a solution to (13)). This step is analogous to

the equivalent formulation of hard SVM as a quadratic optimization problem [21, Ch. 15.1].

Lemma 4. Every solution to the following minimum norm problem

minges, Maxi<p<g<m ||55pq||2

(14)
)
subject to ming<p<q<m MiNiep,uD, agqiS(Spq >1

is a solution to (13).

Step 4 — relaxation of the separability assumption: Next, we introduce slack variables in order to relax the
assumption that the dataset D is separable. This step is analogous to the relaxation made for soft SVM [21} Ch.
15.2]. A short derivation in Appendix [A-A] results the RLM problem

. ihinge A - 5 2 ] 1
min Lp (5) + 1§rpn<e;§m||5 pall (15)

Step 5 — inducing stability by a generalization of the regularization: Some of the generalization bounds for
SVM are based on the stability of its learning rule. However, the problem (15) is, in general, not stable, due to
the fact that the regularization term maxj<p<q<m ||Sdp||? is indifferent to changes in directions orthogonal to
the maximizer &,,. Nonetheless, we next assume, w.l.0.g., that Span{dp, }1<p<g<m = R?, and slightly modify the
learning rule to a stable one. The final RLM rule for finding a maximum minimum margin decoder is defined for
given positive parameters {7; };c(44+1) Which satisfy Zf:ll n; = 1, and a proper partition {P;};c(411]> as

d+1

A (D) = arg min LM (8) 4+ \ ; max || S8;]? . (16)
(D) gminLp (S) ;njepi 15
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The stability of this learning rule will be used in Sec. [[V]to derive generalization bounds.

B. The Non-linear Gaussian Noise Channel RLM

The RLM problem for the non-linear Gaussian noise channel uses the following definitions. Let K € K £ S‘_i;‘

be an auxiliary matrix variable. We denote by

hinee ([ K ) & ﬁ > max {0, 1-— [yZTHéjijl — % (zj, +xj)" Kajijl } (17)
J'€lm\{j:}

a hinge-type surrogate loss function, and by

e (1 i) 2 L > e (1K) (18)

i€[n]

the average hinge loss over the dataset. As before, let P = Uf:ll P; be a proper partition, let {m}ie[dﬂ] be positive

parameters which sum to 1, and let A > 0 be a regularization parameter. We show in Appendix that the RLM

learning rule

. rhi
ming cre Lp® (LK) + XX o [masjep, [ HE| + maxyep, 1Ky ]
subject to HTH <K

) (19)

learns a linear kernel H which approximately maximizes a lower bound on the margin among all codeword-pairs.
The derivation is similar to the one for the additive noise channel. In what follows we will describe only the main
differences, and the full derivation can be found in Appendix

The key difference between the two derivations is that while the decoder class for the additive noise channel is
linear in its parameter S, the decoder class for the non-linear Gaussian noise channel is quadratic in its parameter
H. The first consequence of this difference is that even after taking the lower bound in step 2, the problem is still
not necessarily convex. The second consequence of this difference is in establishing a minimum norm problem, in
step 3. The technique which we use (following SVM-type analysis) is only suitable for linear classifiers. Therefore,
we proceed by a linearization of the decoder, replacing H” H with an auxiliary PSD matrix K € K £ Sfl;”.
Nonetheless, we note that the learned decoder will be parameterized only by H. Therefore, at the next step we
add a constraint that links the auxiliary matrix K to H as H TH = K, and then further take a convex relaxation,

namely H'H < K.

IV. GENERALIZATION ERROR BOUNDS

In this section, we state average generalization error bounds on the expected error probability, for the RLM
learning rules and (19). Additionally, we show an optimal choice for A, the regularization parameter. Finally,
we state a uniform high-probability generalization error bound for the decoder class of the non-linear channel model
@), which complements a similar bound from [17, Th. 3] for the additive noise channel model. We say that the

random vector Z is sub-Gaussian with variance proxy o2 if P[||Z||2 > t] < 2exp(—t?/(20%)) for all ¢ > 0.



Theorem 5. Let A be the RLM rule , and let . be the distribution of the noise Z. If ry = maxyec |||, Tmin =

min;e(d41) {ni}, the noise Z is sub-Gaussian with variance proxy o%, and ¢ & 32r2 \/6 (1287“%0% + 10240% + r:%),

then,
» hinge (m_ 1) log (n) g
Epn. [P, (A(D))] < (m = 1) Epe,, [LF* (A(D))| + 2800 —— Q)
n Thnin TN <p<g<m [|pql|
Let Sgp = {S € S, : MAX e (1 (m—1)] |1S6;]] < B}, and let A = \/Banmin Hﬁrlii(pz)q<m”6m“2. Then, the RLM rule
(16) with S, replaced with Sp satisfies
. o inge 4 10 mn
Epy [P, (A(D))] < (m— 1) min L= () + (m — 1) B ¢ log (n) . @1
S€Sp MMmin N1 <p<q<m || Opq||

Proof outline: The proof is based on an on-average-replace-one-stability argument. We begin by proving that
the regularization function in 1' 1S 20min MiNj<p<g<m ||5pq|]2—str0ngly convex, and the loss function in |b is

convex and Lipschitz with seminorm

| Jhax - Inax \/4 (2, Opq) | ||5qu2 + 2 (2, 5pq>2 + 2]z ||5pq||2 + ||5qu4- (22)
<p<g<m ig[n]

Next, we apply [21, Cor. 13.6], where we replace the 2-strong-convexity of the Tikhonov regularization with the
appropriate constant for the regularization function of (I0). Then, we get from [21] Cor. 13.6] that the RLM problem
is on-average-replace-one-stable with a rate that depends on the expected value of max;c(y 1 Z;||?. We then
decompose the expected rate to an expectation conditioned on a “good” event, where all the samples are bounded
by some constant, and an expectation conditioned on a “bad” event, where not all samples are bounded. Next, we
use the sub-Gaussian assumption to bound the expected rate conditioned on each event. Finally, we follow [21,
Cor. 13.9] to derive an optimal choice for the regularization parameter .

Comparison to [|17]: In [17], a O(m\/% +1/ W) high-probability generalization error bound for the error

probability loss function, as well as a O(\/ d(d:;m) + \/ log(i/ 5)) high probability generalization error bound for the

surrogate hinge-type upper bound was proved. In comparison, here we prove a O(m/ n) generalization error
bound on the error probability. The convergence rate of this bound is much faster, however, this is only an average
error bound, and does not have a high probability guarantee.

Theoretical guidance for the choice of training SNR: In classification problems, the generalization bound is
typically used to bound the expected error of the learned classifier, given the empirical error. Here, the generalization
bound has an additional and important role in providing a theoretical guidance for the choice of training SNR.
For the decoder learning problem, the dataset D can be generated for any arbitrary training SNR parameter I' of
the input codebook C'. As discussed in various previous works (e.g., [1I8I15]), this raises the question of how to
optimize the training SNR. Intuitively, on one hand, training with a sufficiently high SNR leads to zero empirical
error for many decoders in the class, not necessarily the one with the lowest expected error. On the other hand,

training with SNR too low may produce a decoder which has high error probability (as most evident from the
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extreme case of zero SNR), and may be too pessimistic in assessing the error probability. In [15]], a rule-of-thumb
for choosing the training SNR was proposed, based on the capacity of the Gaussian channel. This rule, however,
did not take into account generalization error aspects. The generalization error bound of Theorem [5] hints a different
rule for choosing the training SNR. Specifically, we propose to choose the training SNR so that the empirical error
Io/%nge(A(D)) roughly equals to the generalization bound on the hinge-type loss (the right-hand side of 1D divided
by m — 1). With this training SNR, it is guaranteed that the expected error is on the same order as the empirical
error. In practice, this can be accomplished by tuning the training SNR as a hyperparameter by cross validation.
The following theorem states the generalization error bound for the learning rule (I9), with a similar proof

outline.

Theorem 6. Let A be the RLM rule (I9), and let 1 be the distribution of the channel output for the channel

transformation f. If ro & maxzec |||, Ry £ maxgec || f(#)]); min = mine(gs1{ni}, the noise W is sub-Gaussian

with variance proxy O'%V, and ¢ £ 247‘920 \/257“;l + 16R§ + 640%/, then,

Ep~y [pu (A(D))] < (m—1)Ep~y {i%ﬂge (A(D))| + (m —1)log(n) ¢ 23)

An Thmin min1§p<q§m H510q||2 .

Let HB £ {H € HZ mane[%m(m_l)} ”deu S BH},ICB £ {K € K: mane[;m(m_l)] HdeH S BK}, such
that B = By + Bk, and let \ = \/ ¢ log(n) . Then, the RLM rule with H x IC replaced with

B2nMmin min1§P<q§7n||5pq”2

Hp x Kp satisfies

4¢ log (n)

NMmin MIN1<p<g<m ||5pq ”2 '

Ep~pu [p“ (A (D))} < (m-1) min ig“ge (H,K)+ (m—1) B\/ (24)

(H,K)EHBXICB

Note that Theorem [6] holds for general sub-Gaussian noise, and specifically under our Gaussian noise assumption
(used here to justify the structure of the decoder). Finally, we state a uniform high-probability generalization error
bound for the decoder class of the non-linear Gaussian noise channel (8). This uniform bound can be used to bound

the generalization error of any learning algorithm for the problem, e.g., ERM.

Theorem 7. Assume that H = {H € R%>d . MAaX;emin{d,.d4,} 07 (H) < 13} and denote d, = min{d,,d,}.

Then, with probability 1 — 9, for all H € ‘H

e 1) - g o)

2+ d2+d, 2 [nlog (12d,,rx)
< Uy 24 _— |2] 12d,, 1-— 21 12d,, e o = Sl L L LA
- \/nlog (12d,,r5r) [ o8 ( ri) 1= exp ( o8 ( ri) 3\ dZA4d2+dn

N \/2 [2(Ry +r2) rEre + r%r%[]Q log (2/6)
n

: (25)

The proof is based on bounding the generalization error using the Rademacher complexity of the loss class, i.e.,

the hinge loss class for a decoder from the decoder class (§). In turn, the Rademacher complexity is bounded via
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Algorithm 1 RLM Sub-gradient Descent Algorithm
I: input D € R>" x N* A € RY, {n}¥*] € A1 T € Nt c e Nt
2: begin
3 SetI'y =0
4: fort=1,2,....T
5:  Choose c samples from the dataset D, uniformly at random
6
7
8
9

Perform a sub-gradient step I'yq < I'y — %Vt > Update
Project to the set of admissible solutions I'yy; < II(I'+41) > Project
end for
: end
10: output 'ty

Dudley’s entropy integral. This bound complements the uniform high-probability generalization error bound for the

decoder class of the additive noise channel @, which was proved in [17, Th. 3]

V. STOCHASTIC SUB-GRADIENT DESCENT ALGORITHMS

In this section, we propose a stochastic sub-gradient descent algorithms for solving (I0) and (I9), inspired by
an algorithm for classification called PEGASOS [25]]. These algorithms achieve an e-accurate solution in 0(1 /€)
iterations. The run-time is independent of the dataset size n, which makes the algorithms especially suited for
learning from large datasets. This is the case, in an offline design of the decoder (i.e., prior to data communication),
in which noise samples are readily available. Moreover, even if the decoder is learned online, during a training
phase, and so the number of samples is relatively small, low-complexity of each iteration is typically of importance
due to limited computational power of the communication device (as, for example, motivates learning equalizers by
the least mean squares (LMS) algorithm [20, Ch. 9]). In comparison, and as discussed in [24], the computational
cost of solving a standard SVM problem grows at least like O(n?). Moreover, it was shown in [49] that even if the
solver is efficient in the data-laden regime, in which data is virtually unlimited, it has a worse dependence on e,
compared to the sub-gradient descent algorithm. The pseudo code of our proposed algorithm is given in Algorithm
where T' denotes the hypothesis (either S or (H, K)). Next, we describe the Update and Project steps for each
model.

Notice that all matrix derivatives are w.r.t. symmetric matrices. The derivative of a matrix function f(S) w.r.t.
to a symmetric matrix .S [50, Cor. 1] is

T
df—dsym<af> Aaerg _di of

as ~ 05) " 98 Tas g (26)

where df/dS denotes the symmetric derivative and 9 f/9S denotes the general matrix derivative.
For the additive noise channel model we denote the following. Denote the RLM objective by f(S), the set of ¢
samples from round ¢ by Ay, and the RLM objective with D replaced by A; by f(S). Let pq, g be the codeword-

pair related to a transformed sample a, 6 £ 6, 4., and let j; , = arg max;cp,_|Sid;]|*. Then, the sub-gradient of
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ft(S) is .
+
Vi 2N dsym (2845,,07, ) — ‘Alt‘ > I[af Sida, < 1] dsym (a;07) . @7)
k=1 €A,

In general, a gradient step may result in S;11 ¢ S hence we include a projection step to circumvent this problem.
We note in passing that in [25, Sec. 2.2] the projection step was optional and used to limit the set of admissible
solutions to the ball of 1/+/) radius. This lead to two separate cases in the analysis. In our problem the projection is
obligatory due to the definition of the Mahalanobis distance. According to [51, Ch. 8], the projection of a symmetric

matrix to the positive semidefinite cone w.r.t. the Frobenius norm is

d
Ils, (S) £ Z max {\;, 0} vwiT, (28)

i=1
and this is the projection used here.

For the non-linear channel model we denote the following. Denote the RLM rule objective by f(H, K), the

set of ¢ samples from round ¢ by Ay, and the RLM objective with D replaced by A; by fi(H, K). Let jt(? =

arg max;cp, ||H;4;|* and jt(Qk) £ argmax;cp, ||K¢6;[? . Then, the sub-gradients of fy(H, K) are
A
Hy, K
6[—[ ( ty t)
d+1

v £ (Hy, Kp) 2 2L

1
] At| Z > 1 {%T Hidjy = 5 @y +ap)" Kby < 1| iy 29)
J re[m]\{7:}

and

Ofi
0K
d+1

_ /\an dsym <2Kt5 (2>(5 (2)) |At| Z

k=1 EA,

VOt (H, Ky 2 2L (Hy K)

1 1
x Y 1 [yiT Hidjy — 5 (w5 + x) ! Kb, < 1} dsym (2 (zj, +zj) 5}5,) : (30)
J'€lml\{j:}

In general, a gradient step may result in H; 1, K; 1 : H'H £ K, or even K < 0, hence we include a projection
step, w.r.t. the Frobenius norm, to circumvent this problem. We formulate this projection as a convex optimization
problem, which does not depend on the sample size.

Claim 8. The projection of (Hy, K;) € H x K to the set {(H,K) € H x K : H'H < K}, w.rt. the Frobenius

norm, is a convex optimization problem

min(H,K)eHxlC ”H - HtHQF + ”K - KtH2F
subject to HTH <K

3D
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We prove the following optimization error bound for the two algorithms.

Theorem 9. Let T'* be the solution of the RLM ( or ({I9)), and Ty be the hypothesis generated by Algorithm
at a random round t € [T|. Denote the objective of the RLM by f(I'). Assume that for all t, each element in A;

is sampled uniformly at random from the dataset (with or without replacement). Then,

In® (T) - In (1/5))

(32)

rry - fam o (A

. e 1—48In(T)
with probability larger than ——5——>.

Thus, as discussed in [25]], roughly two validation attempts are required to obtain a good solution. Using this
result combined with the expected generalization error bounds, stated in Sec. [V} we can describe the total error
bound, which is comprised of three terms. First, the choice of the class of decoders, which do not necessarily
contain the optimal, maximum likelihood decoder, inflicts an approximation error. Second, learning the decoder
based on samples instead of the unknown channel’s distribution, inflicts a generalization error, which was bounded
in Theorems |5| and @, that established an expected generalization error of rate O(m/(n)). Third, solving the opti-
mization problem only approximately, using a finite number 7" of iterations of Algorithm |1} inflicts an optimization

error, which is bounded in Theorem [9]

VI. EXPERIMENTS FOR THE SUB-GRADIENT DESCENT ALGORITHMS

In this section, we exemplify the empirical performance of the proposed algorithm for different codebooks and
noise distributions. In each experiment, the learner was provided with the codebook of m codewords in R? and
Nirain 1.1.d. training samples in SNR,i,. Then, the proposed Algorithm m has run for T iterations with a batch size
of npach and a regularization parameter A. Finally, test sets for various SNR values were used, each one with 7

noise samples.

A. Stochastic Sub-gradient Descent Algorithm for the Additive Noise Channel

The algorithm’s performance for the additive noise channel, is compared with the real precision matrix X1,
the estimated precision matrix >~ and the identity matrix /. We denote by St the hypothesis chosen during
the training phase, whether it is the hypothesis generated at iteration 7' or at another iteration, guided by cross
validation over the training samples.

1) Two-dimensional noise with a Gaussian component and a uniform component: Assume d = 2, a codebook

of m = 2 codewords C' = {(1,1),(—1,—1)}, and let Z € R? be a zero-mean noise with two independent

components of equal variance. Specifically, Z; is a uniform random variable and Z» is a Gaussian random

variable. In this simple example, in high SNR the optimal matrix is obviously S = which induces
0 0

the linear separator S&12 = (2,0)7, a vertical separator. The proposed algorithm indeed learns such a decoder,



18

| d | m | Mtrain | Tbatch | T | Test | A | SNRrain |
(2] 2] 10" | 50 |600] 10" [48-10 1| 48 |
Table T

ADDITIVE NOISE CHANNEL WITH A TWO-DIMENSIONAL NOISE COMPRISED OF A GAUSSIAN COMPONENT AND A UNIFORM
COMPONENT. EXPERIMENT PARAMETERS.

Classification Classification

-20 -15 -10 -05 0.0 0.5 10 1.5 2.0 -20 -15 -10 -05 0.0 0.5 1.0 15 2.0

Figure 1. Additive noise channel with a two-dimensional noise comprised of a Gaussian component and a uniform component. Classification
in high SNR. Left: St classification of test samples. Right: £~ classification of test samples.

and its classification of the test samples is shown in the left panel of Fig. [T The classification of the test
samples by the decoder using X! is shown in the right panel of Fig. |1, The performance of ¥~! is worse,
even though this decoder reflects some knowledge on the noise distribution. Nonetheless, in low SNR there
is a change of trends due to the uniform noise being bounded. In low SNR values the optimal decoder is no
longer a vertical separator, as is evident in Fig. 2] Fig. [3| displays the error probability of the final hypothesis
decoder, under various SNR values. The experiment parameters are listed in Table [I|

2) Two-dimensional Gaussian mixture noise: We perform a simulation similar to the previous example, where

Classification Classification

-2 -1 0 1 2 -2 -1 0 1 2

Figure 2. Additive noise channel with a two-dimensional noise comprised of a Gaussian component and a uniform component. Classification
in low SNR. Left: St classification of test samples. Right: ¥™" classification of test samples.
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Figure 3. Additive noise channel with a two-dimensional noise comprised of a Gaussian component and a uniform component. Error
probability vs. various SNRs [dB].

’ d ‘ m ‘ Tlrain ‘ Tlbatch ‘ T ‘ Tltest ‘ A ‘ SNRrin ‘

12]64] 220 5 [10%] 10" [1077 ]| 22.34 |
Table II
ADDITIVE NOISE CHANNEL WITH A TWO-DIMENSIONAL GAUSSIAN MIXTURE NOISE. EXPERIMENT PARAMETERS.

now the codebook is a 64-QAM constellation in 2D Fig. 2, (¢)], and Z € R? is a zero-mean Gaussian
Mixture noise of [ = 2 components Z; ~ N (0, K;), and mixture weights {wi}ézl. The right panel of Fig. EI
displays the error probability of the final hypothesis decoder, under various SNR values. In Fig. ] we observe
that the error probability scales similarly for both S7 and ¥~ = <% 22:1 wiKi)_l, even for SNR values
that are significantly smaller than the training SNR. This shows the generalization of the learned decoder,

which is a desired trait for systems where the SNR at operation time is unknown durning training.

Codebook and Output Samples

1
o] M 3 M M e
i' - ! ’“ ‘ 10-14 3x1072
l k I 2x1072
0.5 4 T e, | S, e
;K =N ¥ | k. 2107
o u ....: E 215 220 225 p3.0 23.
001 4 i
R !N N
e
B B o A *
—0.5 1+ . — . -
10~ 4
9 o o —— S
!I ! | !l Ti
N M 3 3 My M 3b DA
b .. T 1054 —— |
10 —05 0.0 05 10 125 150 175 200 225 250 275 300 325
SNR [dB]

Figure 4. Additive noise channel with a two-dimensional Gaussian mixture noise. Left: the test samples in SNR 27 [dB]. Right: error
probability vs. various SNRs [dB].
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’ d ‘ m ‘ Tlrain ‘ Tlbatch ‘ T ‘ Thest ‘ A ‘ SNRr4in ‘
[2]38

|8 ]16-10°] 10 [1.4-10°] 10" [ (103,107 | 374 |
Table TII
TWO-DIMENSIONAL LINEAR WHITE GAUSSIAN NOISE CHANNEL. EXPERIMENT PARAMETERS.

Codebook and Output Samples
4 —— Hr
31 T lx

2x1072

o
o
2

1072+

Error Probability

5] Fla, “::= x * 10724

1073 o

—4 4 9.0 9.5 10.0 11.5 11.0

-2 -1 0 1 2 -5.0 =25 0.0 25 5.0 7.5 10.0 125
SNR [dB]

Figure 5. Two-dimensional linear white Gaussian noise channel. Left: codewords (circles) and output samples (X’s). Right: error probability
vs. various SNRs [dB].

B. Stochastic Sub-gradient Descent Algorithm for the Non-Linear White Gaussian Noise Channel

The algorithm’s performance, for the non-linear channel, is compared with a NN decoder using the real trans-
formation f(-), which is the maximum likelihood decoder, and a NN decoder using the mean of the transformed
samples of each codeword as the transformed value of the codeword, denoted 1 x. We denote by Hr the hypothesis
chosen during the training phase, whether it is the hypothesis generated at iteration 7" or at another iteration, guided
by cross validation over the training samples.

1) Two-dimensional linear channel: Assume d = 2, a codebook of m = 8 codewords as proposed in [52, Fig.

2, (a)], and a linear and invertible channel transformation

x1 1.04 0.19 x1
f = . (33)
2 0.19 1.96 2
o ) o ) 1.04 0.19 .
In this simple example, the optimal matrix is obviously H = . The training samples are
0.19 1.96

shown in the left panel of Fig. [5] and the right panel displays the error probability of the final hypothesis
decoder, under various SNR values. The right panel shows that the learned decoder’s performance is practically
the same as that of the optimal decoder. The experiment parameters are listed in Table [ITI]

2) Two-dimensional non-linear channel: We perform a simulation similar to the previous example, where now
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Table 1V

TWO-DIMENSIONAL NON-LINEAR WHITE GAUSSIAN NOISE CHANNEL. EXPERIMENT PARAMETERS.

Codebook and Output Samples

T T T T T T T
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Figure 6. Two-dimensional non-linear white Gaussian noise channel.
probability vs. various SNRs [dB].

the channel transformation is non-linear
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Left: codewords (circles) and output samples (X’s). Right: error
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T1x2

In this example, the learner is required to learn a linear transformation which approximates the non-linear

channel transformation. The training samples are shown in the left panel of Fig.[6] and the right panel displays

the error probability of the final hypothesis decoder, under various SNR values. The right panel shows that the

learned decoder’s performance is close to that of the optimal decoder, however the performance gap increases

with the SNR. This shows the difficulty of learning a decoder for a non-linear channel, compared to the linear

channel from the previous experiment. The experiment parameters are listed in Table [V]

VII. SUMMARY AND FUTURE RESEARCH

In this section, we summarize the main results of the paper, point out some open problems and propose ideas

for future research.

In Sec. [[lI] we have derived an RLM problem for learning a maximum margin NN decoder. We have developed

a convex lower bound to the maximum margin problem which can be efficiently solved. Specifically, in step 2 we

used a lower bound in order to simplify the difficult, non-convex in general, problem. A goal for future research

is to consider methods to tighten this lower bound. For example, such a method can be based on elimination of

irrelevant codeword-pairs, e.g., far apart pairs connected with a line in the same direction as the line connecting a
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closer pair. In the derivation for the non-linear Gaussian noise channel, a linearization of the decoder was proposed
as a part of the derivation of the minimum norm problem. Future research could study other derivations of minimum
norm formulations, which are suitable for non-linear classifiers.

Next, in Sec. [[V] we have proved an expected generalization error bound for the error probability loss. The stated
generalization error bound holds only on average, and a goal for future research is to prove a generalization bound
which holds with high probability. Such generalization bounds were recently proved for SVM in [53]], possibly the
same methods could be used for this problem. Another possibility for improving the generalization bound is by
making assumptions on the noise distribution, similar to what was established for vector quantizers in [37-40].

For channels with complicated non-linear transformations, a linear kernel might perform poorly. Nonetheless, it is
possible to enrich the expressive power of the NN decoder, by first mapping the codewords into a high-dimensional
feature space [21, Ch. 16]. If such a mapping is applied to the codebook, then the matrices dimensions will increase
accordingly, H = R%*P+ and K = SP=*DP=_ Therefore, a hypothesis will be determined by O (dny + Dg,)
parameters. Furthermore, the complexity of every operation involving codewords would increase significantly. These
computations become infeasible when the mapping is to an infinite dimension feature space. As well known, in
order to alleviate this dimensionality problem, one can use the kernel trick |21, Ch. 16.2] for the non-linear channel
model. In this regard, it can be shown that the RLM and its solution, the decoder, can be expressed solely by the
kernel function and the samples. However, the constraint H” H < K cannot be easily expressed in terms of the
kernel. It is a goal for future research to solve this problem and enable the use of a kernel trick in this problem.

In Sec.|V| we proposed a stochastic sub-gradient descent algorithm for solving the RLM problem. This algorithm
involves a projection step in each iteration. While the complexity of the projection is independent of the sample
size, it still poses a hard computational requirement for high-dimensional problems. The projection step in the
non-linear channel model stems from the linearization of the decoder, and therefore it might be unnecessary for
alternative variants of minimum norm problems.

Finally, a different direction for future research is exploring the margin properties of DNNs in the context of the
decoder learning problem. For classification problems, it was recently identified that the large margin principle is
beneficial to the generalization ability of DNNs (see, e.g., the survey [54] and references therein). It is of interest

to identify similar properties for the decoder learning problem.

APPENDIX A

DERIVATIONS FOR SECTION [[T1]

In this appendix, we provide the proofs for the derivation of the RLM for the additive noise channel (Appendix
[A-A)), and provide the development steps and proofs for the non-linear channel (Appendix [A-B).

A. Proofs for the Additive Noise Channel RLM problem

We start by justifying the margin based objective (step 1) by proving claim [2
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Proof of Claim 2} Consider the decision regions of a given codeword-pair x;,z, € C

q 1 T p
o = ol 2 g = vl <= (=3 (@p+22)) St 2 0. 65)

Note that the factor —%(:cp + z,) centers the codebook and accordingly the subset D), |J D, of that dataset. We
P

remain with a linear classifier 50,4 = 0 for the centered samples § £ y — £ (z,, + 24). By using [21, Claim 15.1]
q

we get that the distance between a point v and the hyperplane with normal vector Sd,, is

T
v S0
[ 50| : (36)
150pql
Therefore, the margin induced by S for the codeword-pair p, g is
T
] ’(yz - % (l'p + zq)) Sépq’ 37
B, 158 G7
Taking the minimum over all codeword-pairs and maximizing over S gives
T
(s = 3 (p + )" S5,
max min min (38)
SeS, 1<p<q<mieD,UD, 1|50 ||
Under the assumption of separability we can equivalently write
1iep,) (Wi — 5 (2 + xq))T Sopq
max min min_ (—1)"%" (39)
SeS, 1<p<q<mieD,UD, | S6pqll
|

We proceed to show the lower bound validity (step 2) by proving claim 3]
Proof of Claim[3} Due to invariance to scaling of S in (I2), we can add the constraint maxi<p<q<m ||Sdpq|| <1

(from (I3)), and get an equivalent problem. Under this constraint

T
max min min_ (—1)1€P) (yZ — % (xp + xq)> Sépq

SeSt 1<p<g<mieD,UD,

1 T
< max min min (_1)11(7;qu) (?/z 3 (z:p+xq)) Sdpq

40
T Ses; 1<p<q<mi€D,UD, 1S 6pql| » (40)

which directly leads to the claim. [ ]
Now we turn to prove the equivalent minimum norm formulation (step 3). This is done by proving Lemma []

Proof of Lemma [} Let S* be a solution of and 7* be its margin value, i.e.,

* . . T *
= min min  a; .S% 0. 41
v 1<p<q<mieD,UD, P¥"~ P4

Let S# be the solution to and denote

S#

ga
maxi<p<g<m ||S#5pq |

(42)
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We will show that S is a solution to .

First, we show that S achieves a margin value of at least v*. By definition of +* we have that for all 1 < p <
g <m,i € D,U D, it holds that agqi%épq > 1. Hence, % satisfies the constraint in li combined with S#
being a minimizer for (I4) it yields

2

2 *
# < =
1<p<g<m ‘S %H - 1<§an<82}émHv* e @)
Using this, we can bound
& S* 1 1
max ‘S#5qu <  max ‘ —O0pg|| = — max |[ST0yl < —, (44)
1<p<g<m 1<p<q<m || v* Y* 1<p<g<m y*

where the last inequality is due to S* satisfying the constraint ||S*d,4|| < 1 forall 1 <p < ¢ <m,i € D,U D,.
It follows that for all 1 <p <q <m,i € D,U D,

. 1 @ 1 ® |
z;qiS(qu = qHaniS#épq > ’ > s (45)

a

maxi<p<g<m HS#(SP maxi<p<g<m ”S#‘Spq’

where (a) is due to S# satisfying the constraint agqiSépq >1foralll <p<q<m,iec D,UD,, and (b) follows

from (44).

Second, S complies with the constraints of , since, by definition

#
|z’

maxo<p<g<m ||S# Opg | m

= 1. (46)

max ‘Séqu: max
1<p<g<m 1<p<g<m

Notice that due to invariance to scaling, in a NN decoder, using S# is equivalent to using S. Maximizing ||Sd,q]|
is equivalent to maximizing ||S’5pq||2. This argument completes the proof. [ |

We next consider step 4, and show that relaxing the separability assumption of a minimum norm problem leads
to an RLM problem. To this end, we allow the constraints in the minimum norm problem (I4) to be violated by
adding non-negative slack variables {4}, one for each sample. We penalize for violations by minimizing over
the slack variables and add A as a regularization parameter that controls the tradeoff between the two terms. This

leads to the following optimization problem

. . 2
minges, MiNge 1 A maxo<p<g<m [ S0pql” + Zlgﬁgf&ﬁDm Epgi
? p q

subject to al:S0pq > 1 — Epgi Vi<p<g<m,ie D,uD, @]

Epgi > 0 Vi<p<qg<m,i€ D,UD,

For any 1 < p < ¢ < m,i € D, U D, either agqiSépq > 1 and then &,y = 0, or agqiSépq < 1 and then
Epgi = 1 — agqiSépq. Substituting &, = max{0,1 — agqiSépq} in gives .
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B. Development Steps and Proofs for The Non-linear White Gaussian Channel

We next develop an RLM problem from a maximum margin approach for the non-linear white Gaussian noise
channel. The derivation follows the same general steps as the ones for the additive noise channel in Sec. and
so we omit details whenever they are similar to that of Sec. Nonetheless, we highlight the step of developing
a minimum norm formulation (Step 3), since it is delicate due to the quadratic form of the decoder, and so requires
an additional approximation step.

Step 1 — maximization of the minimum margin: As before, we begin with the assumption that the dataset D is
separable, which means here that there exists a decoder H that achieves zero loss over D, and this assumption will
be relaxed in the following steps. Now, the learner’s goal is to find a decoder H that maximizes the minimum margin,

over all transformed codeword-pairs Hz,, Hx, € C. This margin-maximization problem is given as follows:

Claim 10. The maximum margin induced by a decoder H is

T
Yyl Héj 5 — 5 (x5, + ) HUHG;,

maxmin min (48)
HEH ie(n] j'e[m]\{5:} 135,50
Proof: For every codeword-pair x,,x, € C the decision regions are
g T 1 T T 4
ly — Hayll % ly = Hagll <=y Hopg — B} (zp +24)" H Hépg % 0. (49)
Using analogous arguments to those used in the proof of Claim [2| completes the proof. [ ]

Step 2 — a lower bound: The problem (48)) is not necessarily convex and is hard to solve directly. Therefore,
we proceed to maximize the following lower bound on its value. Unlike the analogous lower bound in Sec. [l1I-A]
finding this lower bound is not a convex optimization problem, but it still serves as a useful step for next derivations.

We denote 7, = maxcfy, ||7;]| and Ry = maxjepy, || f(z;)].
Claim 11. The value of the problem

. . T
Maxp ey Milie () Mg cpmp ) Y7 Hojjr — 5 (), +25)" H Hojyj

subject to maxi<p<q<m [|[Hopg| < \/ﬁ

is a lower bound on the value of (48).

(50)

The proof is similar to the proof for claim [3] We note, however, that since the current considered class of decoders

is not scale-invariant, we suspect that this lower bound might be less tight in general. So tightening of this bound

2

r
Ho, |l < ’/7@" 51
lglglé%;;mu P(I” —= T‘%—FR%’ ( )

we effectively restrict the hypothesis class without increasing the value of the problem. This is since 4/ rﬁi’%RQ <1

is an interesting open problem.

Proof: By adding the constraint
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and so under this additional constraint

1
i i T T 4T
a  Hoj o — = (x5, +xy)” H Hbj,j
(HEK)eMx K iel] jremh} 0 2(% zy) Jij

< max min min v Hojy = 5 (05, + ) HTH(sjij/. (52)
(H,K)EMx K i€ln] 5 €fm]\{i.} 143,51

This directly leads to the claim. ]
Step 3 — minimum norm formulation: As we have seen, obtaining an RLM problem and the removal of the
separability assumption is done via a minimum norm formulation. In order to obtain a minimum norm formulation,
the objective function should be linear in the parameter determining the decoder, yet (50) violates this requirement.
We therefore resort to the the following approximation strategy. First, we writt K = H'H ¢ K = Sflﬁ and
thus linearize the decoder’s parametrization. We then drop this constraint, yet add a judicious constraint on
max) <p<g<m || HOpq||® +maxi<p <y <m || Kpq||*, which replaces the constraint maxi<p<g<m | Hopg|| < 1/ ﬁ
in (50). With this approximation, we then convert the problem (50) to a minimum norm problem. Then, since the
learned decoder will eventually use a learned linear kernel H and will (implicitly) set K = HT H, we re-introduce

the constraint X = HT H, but in a convex-relaxed form HT H < K.

2 as follows: Since

Specifically, we choose the constraint on maxi<p<q<m | Hdpqll* + maxi<y <qg<m || Kdpq
the channel transformation f increases the norm of x by a factor of at most R,/r, it is reasonable to bound

Amax(H) < f—: Now, the constraint on H in implies that

2
T 2 Ty

max 0,,Kd,, = max |HJ < T 53
1<p<q<m PTPL T 1<pcgem 1 0pq” < r2+ R2 (53)

Then,
R2

L 54
r2 + R2’ >4

2 T
lggﬁl);m 1K Spgll” < Amax(K) - lggg);m Opq K Opg <

which holds since K € K is symmetric. By replacing the constraint in (50), we get the following problem

MAX (g7, i) e x k Wi ) WD [ (1) ul Hojyr = 5 (wj +ay)" Koy (55)
2
<1

subject to max; <p<qg<m ||Hopgll® + maxi<p <g<m | KSpq

The formulation (55) then leads to a minimum norm problem, as desired.

Lemma 12. Every solution to the following minimum norm problem

. 2 2
MIN(F K)eHxK max 1<p<g<m |[Hopg|” + [ Kdpq
1<p'<g'<m (56)
. . . T
subject to MmN ¢ [p] M e [m]\ {5,} yiTH5jlj/ — % (xj, +xj)" Koj 0 > 1,
is a solution to ([5I).

The proof of Lemma [I2] shares similar structure to the proof of Lemma [ but it is more delicate, due to the

3We however do not explicitly add this constraint on H, but rather use it to develop a constraint on K.
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more complicated parametrization of the linearized decoder.

Proof: Let (H*, K*) be a solution of and ~* its margin value, i.e.,

1
k . . T T
v*=min  min yl Hoj i — = (x5, +xj)" K i 57
i€[n] 5 €lm\{ji} 7 2( i ) Jid

Let (H#, K#) be a solution to and denote the corresponding normalized solution

N H#
H= - = (58)
\/max1§p<q§m ||H#5qu + maxi<p<q'<m HK#‘Sp’q’ |
and
N K#
K2 (59)

-
\/max1§p<q§m [ #0pq||* + max1<p<q<m 1K #0y |

We will show that (H, K) is a solution to (55).

First, we show that (ﬁ , K ) achieves a margin value of at least v*. By definition of v* we have that for all

i€ [n],j" € [m\{ji}:

H* 1 K*
T T
Yi 0T (@5 +ay)" 05y 2 1 (60)
Hence, (g , 17(—) satisfies the constraint in 1D Combined with (H#, K#) being a minimizer for lb it yields
H#5,||” K#5,|| s : K : 61
! ! < — — /!
0 Ll IR Lt IETOT N ol IRt o 2 L
Using this we can bound
2 2 P K* 2
H# 8, | 56| = Zs L 62
1<pLa<m H Opal + 1<peg<m || < 1< || 37 P T iy || 57 ©
1)? 2 (1) )
= —_— * e K* ’q’
(v*) (max L H7 0" + (7) L max K70
(63)

2
@)

where the last inequality is due to (H*, K*) satisfying the constraints of . It follows that for all i € [n],j’ €
[m\{ji}:

. 1 . yITH#8, 50 — L (x5, + x5)T K#6,
vl Hj 0 — 5 (g, +2y)" Ko 50 = 2 i .t 27) = - (65)
\/max1§p<qﬁm [ H#0pq|I” + maxi<p <g<m [ K#3pq |
(@ 1
> (66)

2

\/maX1§p<q§m [ #8pq | + maxi <y <gr<om || K#6g:

®)
> (67)



28
where (a) is due to (H?, K*) satisfying the constraint
1
ny#ém“*iﬁwff%ﬁTK#§M'21 (68)

for all i € [n], 7" € [m|\{Ji}, and (b) follows from (62).
Second, we show that (lﬁI K ) complies with the constraints of . By definition

|2

2 maXi<p<g<m HH#dquZ T maxi<p <g'<m HK#(Sp’q’

A

Kéyy

. 2
max ’Héqu + max
1<p<g<m 1<p’<g’<m

5 5 = (69)
maxi<p<g<m HH#(qu” + maxi<p'<g'<m HK#‘Sp’q’ |

As evident from with H™ H replaced by K, the problem is scale invariant and so using (H#, K#) is equivalent
to using (H, K). [ |
As said, after obtaining a minimum norm formulation we add the convex constraint HTH < K.

Step 4 — relaxation of the separability assumption: Next, we introduce slack variables in order to relax the
assumption that the dataset D is separable. To this end, we allow the constraints in the minimum norm problem
to be violated by adding non-negative slack variables {¢;; }, one for each sample. We penalize for violations by
minimizing over the slack variables and add A as a regularization parameter. This leads to the following optimization

problem

2
+ 2 iel) 2grelm\ (i i
subject to yZ‘TH(Sjij’ — % (l’ji + ﬂfjl)T K(sjij’ >1- gij’
iy >0

. . 2
Min g i)epxk Mgy A [Maxi<p<g<m [ Hdpq||” + maxi<p<q<m [ Kdpg

(70)
For any i € [n],j’ € [m]\{j;} either y] HS;,j — 3(zj, + ;)T K&;,;» > 1 and then & = 0, or yl H8;,j — 5 (zj, +
2;)TK§;, <1 and then & = 1 — [yl H6j,j» — 3(2;, + ©j;)T K6j,j:]. By substituting

1

in , the problem is equivalent to the RLM problem for the hinge loss function Zhi“ge(H , K1) in . The
RLM problem is then given by

min(H’K)eHX;C j—/lgnge (H, K) + A [maX1§p<qu HJJ(qu”2 + maxi<p <qg'<m Hdelq/ Hz}

subject to H'H < K,

(72)

where i}gge(H ,K) is as in lb and A > 0 is a regularization parameter.
Step 5 — inducing stability by a generalization of the regularization: The regularization function is similar to
the one from Sec. In the same manner we modify the learning rule to a stable one by considering a proper

partition. The final RLM rule for finding a maximum minimum margin decoder is defined for a given set of positive
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parameters {7); };c[4+1) Which satisfy E _1 n; = 1, and a proper partition {P;};c(411]> as

A(D) = argming g)euxi jll}—_i,nge (H,K)+ A Zfﬂl 7 [ Koj I 73
subject to HTH < K
APPENDIX B

PROOFS FOR SECTION [IV]

Throughout this section we will use only Euclidean norms. For two matrices H and K we will let

ICH, K| p 2 A I1H 7 + K (74)

A. Proof of Theorem

The proof will use the strong convexity of the regularization function and the convexity and Lipschitzness of the
loss function. The following lemma establishes the strong convexity constant of the regularization function for the

additive noise channel model.

Lemma 13. Assume that Span{dyq}1<p<q<m = R% and let {Pi};c|4+1) be a proper partition. Then, g(S) £

Zfill ni maxjep, ||S6;||? is 2y-strongly convex w.r.t. the Frobenius norm, where

d+1 156, H
TR as)

and the lower bound »
" ud (Z " ) = o, i Wl 6)

holds with Tmin £ minie[dﬂ]{ﬁi}-

We prove Lemma (13| for an arbitrary matrix H € R%*%  and specifically, the result is applicable to any PSD
matrix S.
Proof: We prove the claim by verifying strong convexity directly from its definition (e.g., [21, Definition

13.4]). Let a € [0, 1] be given. Then,

g(aHy + (1 —a) Hy) —ag (Hi) — (1 - a) g (H2)
d+1
= Zm smax f[(afy + (1= a) Hy) 51

d+1 d+1
—_ . Hi6. (1- . Hodinr 77
aZm max | W0 lP = (=) max || Ha9, I (77
=1 =1
d+1

= > nmax o | Hj|* + 20 (1~ a) (H1dj, Hoy) + (1~ ) [ Ha |

d+1 d+1

- aZnZ max HH1(5 - (1 -« Zm ' max HHg(SJ//H (78)
=1
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d+1
<> ;- max [a2 |H185]% + 20 (1 — «) (H18;, Ha6j) + (1 — a)? || Had; )2
i—1 JEP;

—a [[H1d|* = (1 - a) | Had; | (19)
d+1
- Zm ma [ o — 1) || Hy6;|% + o (o — 1) | Hadj||* — 20 (o — 1) <H15J,H25j>} (80)
d+1
= > ni-maxa (o — 1) |[H6)]* 2 (H1d;, Hody) + [ || (81)
d+1

. 2
=—a(l a);m -%gll(Hl — Hs) 6|
< —a(l—a)y|H - H|3, (82)

where the first inequality is by decreasing the absolute value of the negative element, and where + is as defined in
(Lemma [T3).

Denote the singular value decomposition (SVD) of H by H £ UAVT, where U € R%*d V ¢ Réxds
are unitary matrices and their columns are the left-singular vectors and right-singular vectors respectively, and
A € R%*d= is a diagonal matrix whose elements are the corresponding singular values. Denote the main diagonal

V)

of A? by a. Further denote 5](-‘/) = V1§, and its element-wise squaring by dg. . With these definitions we can

establish the following relation:
2 T
|HS|? = STVAUTUAVTS = HA5<V> H = d ", (83)

Using the above, we bound  as follows

d+1 d+1

i o HY; I
i Ho; 84
v }{nel%;” ]eP HHH HEH IIHHF—lzm min || || 84)
d+1
{giepP}it} HE’H:H|F1§”Z 15l
(@) d+1
a
B 86
{Ji énPl}dH A€diag(Ad —yo1 Z i H (86)
(b) d+1 W
) . . oy
T iEP)i acAd VIV =y Zl midj, " @ (87)
= (V) '
JE— . . ' V
- {J'iénlér}l?if OCGA%%/I:I%/HT:VA (; n’dji ) o (88)
d+1 7o 2\ L
Z =17 ( U1 5]1)
© min min : o 89)

(P} a€AL VY T=V -1
d+1
Zz 1 (Ud 5 )
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d+1 d

= min min min i ol 90

{jiep}H ViVT=V—1t {277 ;0 } (90)
d+1

@ (S ers) o
i=1

{j:€P, Y} vieR: | ||=1

d+1
= min min (Z ICh 5J d; v1> (92)

{jieP}{E] vieR: v [|=1

d+1
—  min i 93)
{aeP}d“meRd”vl” 1( (Zn ) )
d+1
9 min A (Z 772-5],,5};) (94)
=1

{]z‘ePi}f;rll
d+1
> min DminAmin 85,07 (95)
{LEP }d+1 (ZZI J Ji
> Tmin * 1SII)Iiianm Héqu ’ (96)

where (a) follows from (b) follows since Z‘,ﬁzl a(k) = ||H||% = 1 implies that o € A%, in (c) {vk }relq are
the columns of V, and (d) is due to V7 and A being decided up to row permutations, so we can always choose
them such that the maximal index k € [d] will be k£ = 1. At (d), we note that due to the partition being proper,
there is no v for which v¥§;, = 0 for all i € [d + 1], so the bound is positive. Otherwise, one could choose
representatives {j; € B}f’ill such that they are all perpendicular to some singular vector and the bound will be
zero. Finally, (e) is due to the Rayleigh quotient bounds R(M,z) = ¥ Mz/||z||?> € [Amin(M), Amax(M)] for all
r € R4, ]

The next lemma establishes the convexity and Lipschitz constant of the loss function for the additive noise

channel model. The proof of this lemma will use the following claim.

Claim 14. Let a,b € R? then
|dsym (ab™) ||F < 2[|a|®[16))® + 2 (a, b)* . 97

Proof: Denote A £ ab”. Then, using the properties of the trace operation,

Idsym (A4)[|% = || A + AT — diag (4)||% 98)
= (4, 4) + (4, A7) + (AT, 4) + (AT, A7)

— (A, diag (4)) — (AT, diag (A)) + (diag (A) , diag (A)) (99)

= 2| A5 + 2 (A, A”) + |[diag (A) |7 — 2 (A, diag (4)) (100)

=2 ||Al[7 +2(A, AT) — ||diag (A)||7 (101)

<2 A% +2(A,AT), (102)
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and substituting back we get

[dsym (ab™)|[3. < 2llal|[B]| + 2 (a, b2 (103)

Lemma 15. S — max{0,1 — agqiS(Spq} is convex and L-Lipschitz, w.r.t. the Frobenius norm, with

L= | Ahax  Imax \/4 €23y 8pa) | 185 1> + 2 (265 8pg) + 2 | 2il1% 165 1* + [16pgll*, (104)
<p<g<m ig[n]

where z; € RY is the noise sample that was transformed to a,q; = (—I)H(ZED’Z) (yi — %(xp +xq)) .

Proof: Zhi“ge(S, D, q,1) is a pointwise maximization of convex (linear) functions of S therefore it is convex. We
prove that it is L-Lipschitz by bounding its sub-gradient [21, Lemma 14.7]. The Frobenius norm of any sub-gradient
V' is bounded by

HVH% < Hdsym (apqiégz) Hi < 2”%qu2|’5qu2 + 2 {apqis 5pq>2 ) (105)

where the second inequality is due to Claim (14} We thus get that L = \/2({apgi, Opg)? + [|0pg|?[|apgi]|?). We next

further simplify this expression. Note that,

i 1 ?
(apgis Gpa)” = [(—D“ P (ap — 2q)" (y — 5 @+ m)] (106)
1 2
= (6= 3 (Il = ) (107
1
= Gpqts)” = pai (2l = llzgl?) + 7 (lzpll* = 2 2> g + lagll)  108)
= (oo 0) = (i 7)) = (i) — (w1 7) (12> = )
1
+ 7 (sl =2l gl + ) (109)
and,
||5pq||2 = (zp — xq)T (zp — 2q) = ||ZUpH2 —2(xp, zq) + ||5L'qH2 ) (110)
as well as
) 1 T 1
lapgill” = ( vi — §($p+$q) Yi — §($p+xq) (111)
= lwill® = (yi» zp) — (i, Tq) + 1 l2pl|” + 5 (Tp, xq) + 1 [[zql”- (112)

Using the above three identities (109), (IT0) and (T12)), we get after some tedious algebra that the upper bound on

V% in is

2 2 2 2 2
<apqi35pq> + ||5qu Hapqu = (<?Jz’al‘p> - <yi»33q>) + [yl <517p —Tq; Tp — 5Uq>

+ 2 (s, 25} (@9 30) = lpl”) +2 {yisa) (@9 3) = Il
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1 4 9 1 4
t3 |Zpll” — (zp, )" + 3 llzqll” - (113)

Notice that the above expression is symmetric in switching the roles of p and q. Therefore, we can continue with
Yi = Tp + 7 and the result for y; = x4 + z; will be immediate by switching p <— ¢. After some more algebra,

we get that for y; = z), + 2;

1 4
<apqi>5pq>2 + H‘SquQ H‘llvqu2 = 2(zi, Opq) H5pq||2 + <Zi=5pq>2 + HZZH2 ||5pq”2 + 5 [ Gpqll” - (114)
Therefore,
2 2 2 2 4
yi=zp+z=|V] < \/4 (2i5 0pg) 16pg ™ + 2 (i, 0pg)”™ + 2 ||2il|™ [|6pq I ” + [19pqll” (115)
and
2 2 2 2 4
yi=xg+ 2z = [[V[| < \/_4 (2is 0pa) [10pgll™ + 2 (26, 0pg)™ + 2 [|2il1” [|0pg ™ + [|6pg ™ (116)

We thus conclude that

L < \J41(z1, 05 1pall” + 2 (25, 350 + 2 126l 18l + 1o, (117)

and this bound completes the proof. [ ]
Now we are ready to prove Theorem [5] using the above Lemmas.
Proof of Th.[5} 'We begin by applying [21} Cor. 13.6], where we replace the 2\-strong-convexity of the Tikhonov
regularization with the 2\~v-strong-convexity of the regularization function from Lemma Additionally, we take
the Lipschitzness constant from Lemma [I5] Then, we get from [21, Cor. 13.6] that the RLM problem (19) is

on-average-replace-one-stable with rate 22 /(\yn) and this implies the expected generalization bound

Epn | L™ (A (D)) - L™ (A(D))]

4
<Ep Max1 <p<q<m MaXie[p) 8 [(Zi, Opg) | H5pq||2+4<Zi’5pq>2 + 4|z H5pQ||2+2H5pq|| (118)
- K )\nnmin min1§p<q§m HéplIHQ
32r3 max;epy || Zi|| + 1672 max;eq, || Zi]|* + 8r
<Ep-, z i€[n] [147 ‘ z i€[n] - ! zl, (119)
)\nnmin minj <p<g<m ||5pq ||

where the last inequality is by Cauchy-Schwartz. Now, we use the sub-Gaussian assumption in order to bound this

expected value. Denote the event where all {Zi}ie[n] are bounded by 20% log (%T”), for § > 0, i.e.,

= 2
=N {||Zi|| < /202 log (:) } . (120)
=1

Now, since {Zi}ie[n} are i.i.d. sub-Gaussian random variables with variance proxy a%, then under the sub-Gaussian



assumption and using the union bound,

" 202 log (&
P& =P (U {HZZH > 1[20%log (25”) }) < 2nexp (—022(352(5)> = 4.
i=1 Z

By conditioning the expectation on this event, we get

B 32T maX;en] HZ H + 167’ maXien, HZ ” +8T
D~
. )\nnmin m1n1§p<q§m H(SPQH
3273 max; Zi|| + 1672 max; Zi|1? + 8rd
)\nnmin minj<p<qg<m H(Spq H
327“2 maxie[n] HZlH + 16?”% maxie[n] HZ1H2 + 87";6’L
= EDNM . 2 I
)\nT/min minjy<p<q<m H6 q”
32r max Zi|| + 167“ max, Z;||° + 87“
FEpo ien) 1 Zi it 117 o1(g9)] .
)\nT/min m1n1§p<q§m ”510(1 H

Next we will bound each term.

The first term is bounded as follows

& 32r3 max;epy | Zi]| + 1672 max;cpy, 12| + ST;‘;H
D~p . 2 &
)\nnmin minj <p<g<m H(Spq ”
2
_B(€)Ep 3273 max;e(y || Zil| + 1677 max;cp) HZZiH 83 |
AN in mini<p<g<m ||5pq H
<K 32’/“3; maxie[n] HZZH + 167"% maxie[n] ||Zl||2 + 87“;l €
NThpin MIN <p<q<m H pQH

32r3,/20% log (27”) + 32r20% log ( ) + 8rd
<

)\nnmin min1§p<q§m Hépq H

2
log (27") \/(3213”; 20% + 32r2o% + 87";1)
Annmin min1<p<q<m Hdpq ”2

w log (22 \/3 (20487802 + 1024r40%, + 64r9)

<

)\nnmm m1n1<p<q<m H5PQH 7

where (a) is due to (a+b+¢)? =37 (2a+ b+ 2c)? <37 (Fa? 4 369+ Lc?) = 3971 (a? + b9 4 7).

The second term is bounded by

327’2 maxie[n] HZZH -+ 16?”323 maxie[n] ”Z1H2 =+ 87“;6L c
ED~ : 2 L(&°)
AN i TN <p<g<m || pq |
2
(a) 32r3 max; Zi|| + 1672 max; Zil|? + 8rd
< EDN,u T 1€[n] ” z” ‘ T 1€[n] H2 zH P EDNH []I2 (EC)]
AT in MIN1 <p<q<m || Opq||

P (E°) 2

ANin M <p<g<m |0

51/ Epn~y | 3273 max || Z;|| + 1672 max || Z;||* + 8r
qH i€[n] i€[n]

34

(121)

(122)

(123)

(124)

(125)

(126)

(127)

(128)

(129)

(130)
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() 1 [
< _ 51/ 30E Dy | 102478 max || Z||? + 25674 max || Z;|* +64r§] (131)
)\m]min ming <p<q<m H(quH L 1€[n] i€[n]
1 ,
< _ 5 | 30ED~y | 102478 > || Zil[* + 25674 > (1 Z]|* + 6478 (132)
)‘nnmin minj <p<q<m Hdqu i€[n) i€[n]
(0) 1
< : 31/35 (8192r8n0% + 65536rino’, + 64rs) (133)
ANTmin NN <p<g<m |[Opql|
1
< 5 \/ 30n (8192r80% + 65536ri0% + 64r8), (134)

 ANmin M <p<g<m || pqll
where (a) follows from the Cauchy-Schwartz inequality, (b) follows again from (a4 b+ c)? < 3971 (a? 4+ b7 4 ¢9),

and (c) follows from standard bounds on the absolute moments of sub-Gaussian random variables (e.g., [55, Lemma

1.4]). Taking 6 = 2/n, we get

(n) 32r2 \/6 (128r20% + 10240}, + 1)

7 hinge 7 hinge log
Ep~y [Li (A (D)) - Ly (4(D))] <

. . i (135)
n AMmin MiNg <p<g<m [[Opgl|

The above bound is on the expected hinge-type loss, next, we bound the expected error probability by this loss

1 & [ ,
po(a@) =3 5, 1 min oy - VIE <o - IE} | ¥ =242 (136)

I T
=—) E, H{ min  2Y7 Sz; — 2Y " Sz + al, Sz — 2l Sz < 0} ’ Y =z + Z] (137)
m

= i elm)\{5}
1< 1 T
== i — = (zj+ —x;+ 7 138
— ;Eu I {j/er[rrzl]r\l{j} <Y 5 (xj + )) Séj5 < 0} Y =ux;+ (138)
1 & 1 T
gEZEH > maxq0,1- Y=o (wj+ay) ) oo |V =a2;+7 (139)
=1 [ em\i}
m—1 1 1 T
ST E# 1 Z max 0,1— Y—§($j+$jf) Séjj/ YZQS‘J'—FZ
i=1 §' €lm\ {5}
(140)
= (m — 1) Ll (A(D)). (141)
Therefore,
Epey [P, (A(D))] < (m = 1) Ep., [L5* (A(D))]
_ 32r2,/6 (128r202 + 102404, + 1l
+(m 1)log (n) \/ ( z z ) (142)

n ATmin MINT <p<g<m H5qu2
Now, following the proof of [21, Cor. 13.9], for any S € Sp,

d+1

Ep-, [i’g"ge (A (D))} < Epey, | L5 (A(D) +AY max | A (D) 5 (143)
i=1 '
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d+1
r hinge 2
SEDNM LDg (S)—i—/\i:Elm?Iéfﬁ(HS%H ] (144)
I hinge 2
< Flime (5) 4 AB (145)

With that and the upper bound on the expected error probability by hinge (I41)), we conclude that

1) log (n) 3272/6 (128730 + 10240, + 1)

Ep~ A(D))| < — 1) min Lhinse + -1 B2+(
Drep [p“ ( ( ))] B (m )SG}SB ’ (S) (m ) A n Amin 1111111§p<q§m ||5,'p¢1”2
(146)

Optimizing this bound w.r.t. the choice of A yields

322 log (n) /6 (128r20% + 10240% + 1)
A= , (147)

B2 NMmin m1n1§p<q§m H(SPQH

and the bound

12812 log (n) 1/6 (128r20% + 102404 + rd)

Ep-~ A(D))| < — 1) min L' + —1)B
b [pu ( ( ))} N (m )SE}SB a (S) (m ) N7 min Inlnl<p<q<m H5qu2

B. Proof of Theorem [6]

Similarly to the proof of Theorem [3] the proof will use the strong convexity of the regularization function and
the convexity and Lipschitzness of the loss function. The following lemma establishes the strong convexity constant

of the regularization function for the non-linear channel model.

Lemma 16. Assume that Span{0pq}1<p<g<m = RY and let {Pi};cq41) be a proper partition. Then, g(H) £

Z;Hll nilmax;ep, |H;|* 2] is 2v-strongly convex w.rt. the Frobenius norm, where

d+1 d+1 2
1 H ;1 K]
min | min , min ; - min 149
T [ B R BRI e 4
and the lower bound .
— : . 2
T Sy A (Zm% %) > oo |_min |3 (150)

holds with Nmin £ minie[dﬂ]{m‘}-

Lemma [I6] follows directly from Lemma [I3] and the following claim:

Claim 17. If f(H) is [¢-strongly convex and g(K) is S34-strongly convex. Then, h(H,K) = f(H) + g(K) is

min{ Sy, By }-strongly convex.
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Proof: We validate this property directly from the definition of strong convexity (e.g., [21, Definition 13.4]),

h(O[ (Hl,Kl) + (1 — a) (HQ,KQ)) = f(OéHl + (1 — a) HQ) +g(OéK1 + (1 — Oé) KQ)

< af () + (- a) f (Hy) ~ Lo (1~ ) [~
Fag () + (1-0)g (K2) ~ Pa (1 —a) K~ Kol
=ah(Hy, K1)+ (1 —a)h(Ha, K3)
Do - m) - Za (- o) K - Kol

2
S ah (Hl,Kl) + (1 - a) h(HQ,KQ)

~ g (1= aymin {8, 85} (I1H: — Ll + 1K) — K
= ah (Hl,Kl) + (1 — a) h (HQ,KQ)

— g1~ a)min {5y, 5y} | (H, Kv) — (o, Kl

(151)

(152)

(153)

(154)

(155)

The next lemma establishes the convexity and Lipschitz constant of the loss function for the non-linear Gaussian

noise channel model.

Lemma 18. (H, K) — max{0,1— [y Hd;,;y— 5 (xj,+x;/)T K0;,;7]} is convex and L-Lipschitz, w.r.. the Frobenius

norm, with

L 2 max V572 + 2r, (Ry + ||Jwi])

1€[n]

(156)

where w; € R® is the noise sample that was added to f(x;,), to create y;, r, £ maxzec ||z|| and R, £

maxzec || f(2)]-

The proof requires the following claim:

Claim 19. If g(H, K) is Ly-Lipschitz w.r.t H and Lg-Lipschitz w.r.t K then it is L-Lipschitz w.r.t. (H, K) for

L2 Ly+ Lg.

Proof: We prove by definition

lg (Hx, K1) — g (H2, K2)| = [g (H1, K1) — g (Ha, K1) + g (Ha, K1) — g (Ha, K3))|
<|g(Hy, K1) — g (H2, K1)| + |9 (H2, K1) — g (H2, K3)|
< Ly |Hi — Ha|| + Lk [|[ K1 — K|
< Ly |(H1, K1) — (H2, K2)|| 4+ L || (H1, K1) — (Ha, Ko ||

< L||(Hy, K1) — (Ha, Ko)|| .

(157)
(158)
(159)
(160)

(161)
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The proof of Lemma [I§]is then as follows:
Proof: We prove Lipschitzness by bounding the Frobenius norm of the sub-gradient ( [21, Lemma 14.7]). If

V' € 0gg then
IVl < | gt = [ o HO1 5 s+ 20" K (162)
oy ST 177 P
F OH JiJ 2 J J 2iJ P
9 r
=llag¥i 2 0j.5 (163)
= [|w65.5[l o (164)
— )T (8 Ty67 (165)
Gid'Yi Yi0j,50
= [lwill 1.5 (166)
= || f(=;,) + will 1|65, (167)
< 2y ([ f (@) || + [lwill) (168)
< 2y (Ry + |Jwil]) - (169)
If V € Okg then, using Claim
2 1 2
VI < Jasym (5 G288, )| (170
1
< 7 (2, + 2yl 10551 + 2z, + 250,855)°) a71)
1 1 2
= 5 e+ P 16551 + 5 (s = ey 1) (172)
1 1
< - drioor?g ok (173)
2 2
= 5rd. (174)
|

Now we are ready to prove Theorem [6] using the above Lemmas.

Proof of Th.[6] The proof is similar to the proof of Theorem [5 with only a few technical differences. We begin
by applying [21, Cor. 13.6], where we replace the 2\-strong-convexity of the Tikhonov regularization with the 2\~-
strong-convexity of the regularization function from Lemma [I6] Additionally, we take the Lipschitzness constant
from Lemma [I8] Then, we get from [21, Cor. 13.6] that the RLM problem (I9) is on-average-replace-one-stable

with rate 2L2/(\yn), and the following generalization bound holds

2 [V5r2 + 2ry (Ry + max;epy) HWz‘H)]Q

AN in MM <p<g<m ||5pq||2

Ep~, [ii':'”ge (A(D)) — LB (A (D))] < Epny [ (175)

Now, we use the sub-Gaussian assumption in the same way as in the proof Theorem [3] to get the following bound:

) 24\/2508 + 1674 RS + Gdriot,

Ep |1 (4(D)) - Ei (a(D))] < 8 (176)

N n ATmin MiNT <p<g<m H‘SPQHQ
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The above bound is on the expected hinge-type loss, next, we bound the expected error probability by this loss

p, (A(D))
1 & [ - 2 T T 2 T T

= m;E" H{j'EI[E’LI]I\l{j}HYH —2Y'Hxjy +xj Koy < ||Y|"=2Y " Haj+x; Kxj o | Y = f(z;) + W

(177)

1 — [ 1

= — E, I min YTHS: — = ;U-+x-/TK5~/<0}‘Y:f T; +W} (178)
2 { onin YTHS ~ 3y 40" Ky (@)
1 — 1

<S—SE | Y max{O, 1- [YTH(FJ-]-/ =5 (@ +ap)” K@,]} Y =f(z;)+W (179)

J=1 |5"€lm\{5}

1 & 1 1
= (m—l)EZEN m Z max{O,l |:YTH5J‘]'/2(£Cj+CL‘j/)TK(Sjj/:|} Y:f(CE])—{-W
7j=1

3" €m\{5}
(180)
= (m — 1) L™ (A(D)). (181)
Therefore,
» m — 1) log (n) 24\/257“8 + 1674 R4 + 64riot,
Epy [p, (A(D)] < (m — 1) Ep., [Fie (4 (D))] + 78 a2
)\77m1n Inln1<p<q<m H5PQH
The optimal choice of A then follows as in the proof of Theorem [5 [ ]

C. Proof of Theorem|]]

We will need several lemmas. The first lemma characterizes the continuity of the surrogate loss function w.r.t.

(H, K).
Lemma 20. Suppose that H, H € H such that |H — H|op < vr. Then,
’Zhi“ge (H, i) — fhinee (ﬁ, z) ‘ < 27y (Ry + 12) vir + 1273, (183)
Proof: Denote f(t) = max{0,1 — ¢}, which is a 1-Lipschitz function. Then,

‘éhinge (H, i,j,) o éhinge (ﬁj i,j,>

1 ~ 1 .
< (yiTHcsjij' =5 (@5 + )" HTH%J") - (%TH%‘J' =5 (@ + )" HTH%J")‘ (184)
1 1 . U
= (y;‘FHéjij/ — ix?HTij + 2x;‘-F,HTHmj/> — (y;‘Fdeij/ — ifoTij + 2m;‘CHTHmj/> ' (185)
" 1
. (H - H) iy — 5] <HTH HTH> i+ :1: (HTH HTH) zj (186)

< (Ry +72) i - 210 + TaYirs (187)
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=21y (Ry +72) vir + 7273, (188)

and by the triangle inequality

ghinge (H, ,L) _ é’hinge (ﬁ’ Z)‘ _ % Z é’hinge (H, i,j/) B é’hinge (ﬁ’ i,j') (189)
J'€lm\{s:}

< j/eﬁ?\%{ji} )é’hinge (H, i,j/) _ é’hinge (I;T, i7j/) ) (190)

|

We denote by N(H, | - ||ops vzr) the covering number (e.g. [56, Definition 4.2.2]) of #, for the operator norm

and covering radius .

Lemma 21. It holds that

12 \ ™ (12drg \ = (4rg\ ™ (12dry =00
N (Ho | llop 1) < ( mrH) ( mrH) < rH) < ( mTH) . (191)
Vi VH VH i

Proof: Denote the SVD of H = UXVT and d,;, = min{d,, d, }. Then,

HH—FI (192)

- HUZVT _psyT
op

op
v HUSVT —osvr| (193)
op

< HUEVT _usyT
op

where the inequality is the triangle inequality. Let us bound the two terms. The first is bounded as follows:

HUEVT sy’

’2—2

’2—2

= max|ai — ON'i‘ ,

op i€[d]
(194)

L= =)V <10l =3 1v 7L, ©

where (a) is due to U and V' being orthonormal matrices. The second is bounded by

HUZNJVT ~uxv? o ||§: G; (uiv] — v )| < %fﬂ Juiol — @] ||, < dzm:a} (lvi = vall + [l — wal]) ,
i=1 op i=1 i=1 (195)

since for any w € S?!
jw” (wiv] — @) ) w| = |v] ww"u; — 5 ww’ G| (196)
= |of wwTv; — 5 ww v + 5 ww v — 5 ww’ | (197)
< | (o] = &7) wolu| + 5] wo” (u; - @)] (198)
< Jlvi = il [Jww™ || | + 15| [|eww™ || lhui — @l (199)

< lvi = il + [Jwi — @] - (200)
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Plugging this back into (193], we get that

HH —H|| < max |0 — & + dm max 6 (s — Tl| + lui — @) - (201)
op  i€[dm] i€[dm]

Let €, = 3 dVHT — and let U be an ¢,-net in the Euclidean distance for the unit sphere S%—1 whose size is less than

Ul < (})dv (the existence of such net is assured from [56, Cor. 4.2.13]). Let €, = derH and let V be an ¢,-net

in the Euclidean distance for the unit sphere S%~! whose size is less than |V| < (2), let g = 2, and let £ be

a proper €p-net in the /1 norm for [—rg, ry| whose size is |£| < QZTH Then, the set
{UsvT . UTU =1, , VIV = 1,,,U = [u1,...,uq,] , S,V = [v1,...,v4,] ,u; EU,v; €V,0; € L} (202)

is a y-cover of H whose size is (|| - V|- |£])%. [ |

We denote the empirical Rademacher complexity of a set L,, C R"™ by

sup i R;l;

IneLl, =

Rad (£,) & 1k : (203)

n

where I" £ (I1,...l,) € R" and R® £ (Ry,...R,) € {£1}" are Rademacher random variables (i.e., R; ~
Uniform{—1, 1}, i.i.d.). We are now ready to prove Theorem

Proof: Let D be given, and consider the loss class
Lp 2 {é’hi“ge (H,D)eR" : H e 7—[} (204)

where

Jhinge (H,D) = (Ehinge (H,y1),... ’lﬁhinge (H, yn)) ) (205)

- d2+d2+d,, )
Let H be a yg-net of H in the operator norm whose size is less than (12%%) according to Lemma
Then, by Lemma [20] the set
Fp2 {Zhi“ge (H,D)eR" : H e ”H} (206)
is a y-cover of Lp with

v = 2ry (Ry +72) v + 1279%. (207)

The logarithm of the cover’s size is bounded by

12d,,
(di + d; + dy) log < S TH) 2 a(logb — logvg) - (208)
H
By Dudley’s entropy integral (e.g., [57, Th. 12.4]),
Rad (Lp) < inf {4 + 12 1\/1 No (vm, Lp)d (209)
D_a20 «Q NCUA 0g N2 \VH, &£D )AYH

_ 12 (!
= ér%fo {4a + \/ﬁ/a Va (logh — log fyH)dVH} (210)
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logb [1 1
— inf {4a+ 124/ 48 1- Og”’dyH} 211)
a>0 n o log b
(a) lalogh [* 1logvh
< inf < 4 12 1-— d 212
—Sfﬁo{ ot n o 210gb H (212)

alogb
— inf { da + 12 1— loga—1)—1(log1—1 21
Clgo{ @+ 122 (1= o) + o (loga— 1) 1 (log >>}} @1
~inf Q40+ 192,/ 22080 |y (aloga —a+1) (214)
a>0 @ n 2logb aloga—a

alogb a alogb a a
=12 6 f 4 — 124/ 6 1 —6 215
n + nlogb+c1£0{ ( n + nlogb osa nlogb 215)
log b lal b Inlogb
+ exp 210gb—f n2os 4-12 @708 210gb—f nos -6 a
nlogb nlogb

(216)

1 1
_ gy floeb g [ @ g/ 21ogb—ﬂ/”°gb 217)
n nlogb nlogb 3 a
a nlogb
=6 2logb+ 1 —exp 2logb—f (218)
nlogb 3

a

2+ d2+d, nlog (12d,,rg)
=64 —2—— |2log (12d,, 1— 21log (12d,, — = 7
\/nlog (12meH) Og( TH) + eXp ( Og( TH) \/ d2 + d2 + d
(219)
where (a) is due to /1 —¢ <1 —¢/2 and (b) is due to
d ki1 +k ki1 +k
d—(m(lq—kk:gbgw)) =ki+kylogr+ke=0 < logz = —% < T =exp (— 1; 2). (220)
x 2 2

It is well-established that Rademacher complexity uniformly bounds the deviation of empirical averages from the
statistical average [58]]. We use the version from [17, Prop. 8] with the above empirical Rademacher complexity

bound, and note that

. 1
‘ghmge (H,i,5')| < yiTHfsjij’_i(xjﬁﬂ?j’)THTH%u/ 221

< (Ry +r2)rp - 2rp +120%, (222)

to complete the proof. ]
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In order to prove Theorem [9 we will need several lemmas. We begin by bounding the Frobenius norm of each

of the sub-gradients of the approximate objectives. To this end, we begin with the following Lemma.

Lemma 22. Consider the update rule Sy = I1(S; — %Vt), and a sub-gradient of the form

d+1

Vt = Z Nk - dsym (25t6j£‘)5]7‘]£”> — ‘/t,
k=1

where ||Vi||p < B for all t € NT and 11 is such that ||[II(S)||r < ||S||F for all S € S. Then,

IVellr < 32Br2 (1n (2) + €207

Proof: First note that

1 1
S, = ||II Sy ——=V Sy — =V
st (54 <o 4],
Now, denoting for readability
d+1
Iy T
D 2Y M0 0050,
k=1
it holds that
S, ! V=S ! d (25:Dy) + ! Vi
- —Vi =5 — —dsym — Vi
VAL tT Y Lt PV
Consequently, using the triangle inequality,
2 2 2 . 1
|St41llp < |[Se — =SeDy — =D Sy — — diag (S¢Dy)|| + — || Vil g -
t t t Y

We bound the first term by

1
Sy — n dsym (25;Dy)

F

2 2 2 T 2 2 2 .
= Tr St — EStDt — thSt — ; dlag (StDt) St — EStDt — EDtSt — Z dlag (StDt)

HStH%' — %TI' (StStDt) + t§2 Tr (StDtStDt) + t§2 HStDtHi"

ISell% — 8 Tr (SeS,.Dy) + & Tr (SD1SiDy) + & |1 Dyl
—2Tx (diag () diag (S:Dy)) + 12 [|diag (S D1) |7

(a) 16 12 .
183+ 20 102 1D + 22 o (50001

—% Tr (St dlag (StDt)) + t% Tr (StDt dlag (StDt)) + t% ||d1ag (StDt) H%‘

(223)

(224)

(225)

(226)

(227)

(228)

(229)

(230)

(231)

(232)
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16 12
< \/llstll?ﬁ]52 S4llF 1Delle + 5 1S Dille (233)
d+1 d+1 9

< Sl |1+ 2 Zanr 8, Hé e (234)
®) 448 4 dldil
< Sillp | 1+ =35> mme (235)

=1 r=1

44872

= |15l 2 (236)

where (a) follows from Tr(S;S;D;) = ZdH Mk Tr(5 (,>St8t6 m) > 0, (b) follows from ||0|| < 2r,, and (c) follows
since S0y =

Therefore, we can bound recursively,

1
ISl < |5 asm@si0n)| + 5 Vil @37)
F
48t 1
< ISl 1+ 25 + L Vil @39)
1 1 44874 1
< 11— d 251Dy — ||Vi= 1 L+ — 23
< (|Jst-1 - 2 amm s g Ivale) e S e @)
t t
1 44874
<> vile T 1+ (240)
i=1 J=i+1
t t
Bl 44874
NI RIEE (241)
i=1 = j=itl

t 2

t i2\ J
448rd 4482\’
H 1+ —5* = I1 <<1+ j2f> ) (242)

j=i+1 Jj=i+1
t -
< H (ed48ri))” (243)
j*i—&-l
. (244)
Jj=1+1
_ o X (245)
< 242 Jizip e (246)
_ 2 (—f§)7 (247)

where the first inequality is due to 1 + =z < e*, and get

>

»\tu
s‘}—l

1Si1 ]l < 243 (5 =4), (248)
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The sum is bounded as follows

t

2t (@) 11 )
et < Sl (e — 1) 1 249
;ie+ _;i[i—l—l(e * (249)

t
. 1
_ 224rt
—H, + (e 1) ; D (250)
’ =1
< H, + (6224m - 1) S o (251)
=1 t
<2In(t) +2 <e2247"i - 1) (252)
< 21n (t) + 2e2247=, (253)

where (a) is due to exp(z) < ;=(exp(zg) — 1) + 1 for all z € (0,z0) and where H; 25t 1 is the harmonic

series. With this bound we conclude from ([248) that

B 4 224r3
Sellr < 5 (2 In () + 26224%) e (254)
Finally, we bound the sub-gradient by
Vil < [[Adsym (S:Dy) — Vil (255)
d+1
< \||dsym (Z nkstajy)éj%)) +B (256)
k=1 g F
d+1
<A Hdsym (Stéjy)(sjy)) HF +B (257)
k=1
<A 2, Hst(sj;;) Héjp B (258)
k=1
B 4 224r3
<ona?. (2 In (t) + 26224%) e 4B (259)
< 16812 (1n (t) + 622475?) +B (260)
< 32Br? (ln (t) + 62247"3> : 261)
where (a) follows from Claim (14} This is the claimed bound. [ |

Next, we use the above lemma to bound the sub-gradient of additive noise channel RLM (10).

Corollary 23. The Frobenius norm of the sub-gradient is bounded by

IVellr < G 2 64r3\/r2 + drpr, + 372 (1n (t) + 6224"5) . (262)

Proof: We identify V; in the sub-gradient with

1= % Z I [aiTStcSai < 1] dsym (ai‘;:{i) ) (263)

1€EA,
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and bound its Frobenius norm by

1Villy: < mac2l[as | [10a, | + 2 (@i, 0a,)” (264)
< ToTz) (27"3[;) +2(2ryry)” + 21 - 2rs 4+ 4ry; (265)
= 16137, + 1222 + 471 (266)
= 4r2 (r2 + dryr. + 3r2) (267)

where the first inequality follows from Claim[14]and the second from (113). Note that for a symmetric matrix||S||p =

\/Z?ZI A2, therefore, the projection satisfies for condition from Lemma . Using this Lemma concludes

the proof. [ ]
Now we turn to bound the Frobenius norm of the sub-gradient of (I9). In order to do so, we will need to establish
some results first. The following is a well known result on the projection on convex sets in a Hilbert space (e.g.,

[59, Prop. 2.2.1] for a proof in the Euclidean space). We provide here a short proof for completeness.

Proposition 24. Consider a Hilbert space H and a closed convex set S. Let f € H be given, and let fo be its
projection on S that is

fo = argmin ||f — h||*. (268)
hes
Let h € S be arbitrary. Then, the angle between f — fo and h — fo is obtuse, that is
(f = fo,h = fo) <0. (269)
Thus, the following Pythagorean identity holds
1f = RIZ =11 = foll® + 1o — hlI*. (270)

Proof: By the definition of projection, for any « € (0, 1] it holds that

0<[If = (L—a)fo—ah|®* —|If — foll? (271)
=\f = fo+alfo—h)? = |f - fol? (272)
= 20(f — fo, fo — h) + &?||fo — h||>. (273)
Dividing by o we get
(f = fos fo—h) +allfo—hl*>0 (274)

and taking « | O implies the required claim. Arranging the terms of the Pythagorean identity, it is seen to be
equivalent to (269). ]
Next, we show that the solution set of the non-linear channel RLM, is indeed convex, and by this also prove

Claim [l



Claim 25. The set {(H,S): H'H — S < 0} is convex.
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Proof: Let (Hy,S1), (Hz,S2) € {(H,S): H'H — S =<0} and A € [0, 1]. Then, for any = € R% it holds that

:ET (H’irHl —Sl)fL‘ S 0,

and

I'T (HgHQ — Sz) X S 0.
Then,

xTBAH&+(1—A)HQTCUﬁ+{1—A)Hﬂ——M51+(1—Ayﬁﬂ1

=27 [AQHITHl+A(1—A)HITH2+A(1—A)HQTH1+(1—A)2H§H2}x

— Mzl S1x — (1= Nzl Sy
=Xl (AH{H; - S1) 2+ (1= N2l (1 - Hy Hy— S) =
+A(1 =\ (Hiz)T (Hyz) + A (1 = \) (Hoz)™ (Hyz)
=zl (HlTH1 =Sz —A(1—=N eTHI H 2
+ (1 =Nzt (H;‘FHQ—SQ):B—)\(l—)\):UTH;‘FHQ:U
+2X (1 = \) 2T H] Hox
<221 =N alHI Hyx — X1 = N 2T H Hiz — X1 = \) 2T HI Hyx
= -A(1=\) |Hiz — Hyzlf3

<0.

Now we are ready to bound the sub-gradient with components and (30).

Lemma 26. The Frobenius norm of the sub-gradient with components and (30) is bounded by

[Villp = O (max{1,A}-In(t)).
Proof: First,

2 2 2
[HeallF + 1K1l = [ (Hit1, Kega)|

Y Y
L o) Lo\’

< _ _

_(m Mm,m+Mm>‘

= L[ 1w+ Lo
PR MO

1 1 2
zlmmﬂ(m—WQm+%ﬂH

(275)

(276)

277)

(278)

(279)
(280)
281)

(282)

(283)

(284)

(285)

(286)

(287)
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where the first inequality is due to Prop. when taking into account that the set {(H,S) : HTH — S < 0} is

convex, by Claim [25] and that the zero point is in the set. Now, denote for readability the following:

d+1
DY £ b8, (288)
k=1
and
1
v |A|§: > H[ﬁ?wmw—2@ﬁ+xﬂ K@y<1}w@J7 (289)
Hiea ™ b e
as well as

y 1 1 1 1
v = i Z —— HX]E{ }]1 {y Hydjje = 5 (g, + )T Kidj g < 1] dsym <2 (;, +xj,)5j{j,> . (290)
J'€lm\{Jj:

With these notations the update rule is written as

2
m—ﬁw)<m—#uﬁ) Ly, (291)

K- v g, - %dsym <2KtDt(2)) Ly (292)

At

Consequently, using the triangle inequality,

2 2
| Herl3 + (1K |3 = || H: — SHDP + vt‘” Ko~ dsym (2,0) — £ v (293)
t Y BV »
2
_\m,-2n D(l) 2 n ——H bW v ¢ L [lyof’ v,
bt )\tt et +)\2t2tF>\2t2
2 2) 2 2 @) 1/
+ HKt — —dsym ( KD - — <Kt — —dsym ( K3D ,V, (294)
t ( ! ) DY’ t ( ¢ ) ¢
< ||, - 21,0 2 |l
S (e ey + Kt—fdsym(KtDt )
F
(1>H H H 2 M\ _ 2)
/\2t2 HV )\2t2 Vi At (<Ht’v > <Kt’v >)
=5z (1l [ i~ s (10 2], 295)
Now, regarding the fifth term
1
<Htv‘/t(1)> <Ktth > \At\ Z > 1 [?J?H%j' — 5 ()" Kby < 1}
Jem\{ji}
1
X [<th16fj> - <Kt, 1 ((l“ji +2j0) 85 5+ 8.5 (25, +-Tj')T> >} (296)
1
‘A ¥ Z > 1 [%TH%J' — 5 (g, + )" Kby < 1}
! Jrelm)\ {5}

1
X [%T Hidjy — 5 (zj, +z50)" th%ij'] (297)
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<1 (298)

Plugging this back gives

1 (1 2
||Ht+1HF + ||Kt+1HF HHt - *HtD( ) + /\2t2 HV )H HKt B fdsym Kt H )\2t2 ‘Vt( )H
2 |Hy| || DY v“) dsym (K,D? A 299
+ﬁ )\tQ | tHF Sym | g lty A g (299)
Similarly to (236) from Lemma [22] we get that
2 [ 4482
‘ H; — *Htngl) < | Hellp\/1+ —+, (300)
t - ¢
and
2 44874
HKt — - dsym (Ktpf)) < ||Ktl| g t—gx (301)
F
Therefore, we can bound,
448r2\  (2ry (Ry +1.))? . brd
IHall + il < (Ve + 1) (14 252 ) + Erdl g 2
2 32
=+ = (2R + 20+ Ve ) (1Hillp + 1Kol ) (302)
448rd 323
< (el + 1) (1 5 4 2% (o, 2+ V) )
(2ry (Ry +72)) | 512 2 6408 (
l z (2R, +2r, + /5 gc) 303
- N +A2t2+At+At2 +2r, + V5r (303)
448 32r3
< (17 + 150l <1+ t;“x + S (2Re + 2 4+ Vo, )
2
1 [47“3 (Ro +72)" + 57“3} [64r3 (2R, + 2r- + V/5ry) + 2]
+ < z + : (304)
Denote for readability,
2
o 2R 4508 (643 (2R, + 20, + V) + 2]
C) 2 v + s (305)
and
) 3
Ch & aagyt 42 ;w <2Rx +or, + \/57“33) : (306)
Applying this bound recursively we get
L C
2
1Heall7 + 1Kol < C1 )y 7 11 (1 + 32) : (307)

i=1 = j=itl
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We bound this product, similarly to from the proof of Lemma [22] by

t
11 (1 + C,j) < e, (308)

Then, we remain with

t
1 o
Hiplf + 1Kz < CL Y <ev 309
[Hetall + [ Keallp < 1i:1i€ (309)

The sum is bounded, similarly to (253) from the proof of Lemma [22] by

1 <
Tei < 21n (t) + 2602 (310)
=1 v
With this we conclude that

1Hestlf + 1K e 7 < 2C1 (In (1) + ). 311)

Finally, we bound the sub-gradient by

2 /| M|
[Ve]|” < HVt H + HVt H (312)
2 2

_ HzAHtDS’ A HF + H)\dsym <2KtD§2)) +v HF (313)

2 2
< 0¥ g [0+ aximde [P [v®, + v
2
422 fasym (160D [ 43 fJasym (02 | ]+ i 614
F
<ANZ 1672 || Hyl|5 + 4N - 472 - 21y (Ry + 72) || Hel| p + 472 (Ry +72)?
+ AN 640 || Ky |2 4 4N - 82 - VBr2 || Kyl p + B (315)

< 3200778 (1l + 1B 3 ) + 32202 (R 72+ VBr ) (1l + 1Kl ) + 402 (R +72)° + 57,
(316)

which leads to the claimed bound. ]
Finally, we prove Theorem [9

Proof of Th. @ First, note that the PSD cone is convex, as well as {(H,S): H'H — S < 0}, by Claim

Denote by I'; the hypothesis from round ¢ of Algorithm |1} i.e., S; for the additive noise channel and (H;, K;) for

the non-linear channel. Now, by using [25, Lemma 1] we get that for every I' € T’

T T
G*(1+1InT)
Reg, £ Ty Ay) — MA) < ————2 317
egr Zf(n t) Zf(7 t) < Iy ; (317)
t=1 t=1
where v is the strong convexity constant either from Lemma or from Lemma respectively, A is the
regularization parameter, and G is the bound for the Frobenius norm of the sub-gradient from either Corollary

or Lemma respectively. Combining this with [60, Th. 2], we get, with probability of at least 1 — 4§ In(7"),
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that

_ « _ Reg G2 ln 1/(5 RegT 16G? In(1/6)
FE) = () < S5 4 VL G om )

G21nT G2\/1nT 1 G? In(1/0)
<
< St \/In +m ax 2M ,6B} L=, (319)

where T' £ % Zthl I';. The objective of is bounded by

(318)

B = max f (S5) (320)
Ses,
s SE8s 1<pegsm iDL U D, |0pi S0pa | + )‘sr%asx 1 <pusm |5pall7 (321)
<142, ||S|| g (72 +72) + 4N 2 ||S||5 (322)
=0 (Aln (T )) , (323)

and the objective of (T9) is bounded by

B = H K 324
(H’Ir(r;ggimf( ) (324)

1 T
<1+ max max THs; o — = (z;, +x5)" K&
Y el |1 o0 — 3 (aag ) Ko

2
A (g s, V0wl + s, om0 ) (29
<1420 (Ry 4 72) | H |+ 2 K+ 4xe2 (G + 1K) (326)

—0 (max {1, i} ‘In (T)) . (327)

Plugging G = O(In(T")) from Corollary [23[or G = O(max{1, A} - In(7T")) from Lemma 26| we conclude that

— . In® (T)In (1/6
f(p)_f(p)zo M . (328)
AT
At least half of the hypothesis satisfy the previous bound (as argued in [25, Lemma 3]). We conclude that the
previous result holds for S}, with probability of at least %m(m' [ ]
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