arXiv:2201.08612v2 [cs.IT] 24 Jan 2022

Insertion and Deletion Correction in
Polymer-based Data Storage

Anisha Banerjee, Antonia Wachter-Zeh and Eitan Yaakobi

Abstract—Synthetic polymer-based storage seems to be a
particularly promising candidate that could help to cope with
the ever-increasing demand for archival storage requirements. It
involves designing molecules of distinct masses to represent the
respective bits {0, 1}, followed by the synthesis of a polymer of
molecular units that reflects the order of bits in the information
string. Reading out the stored data requires the use of a
tandem mass spectrometer, that fragments the polymer into
shorter substrings and provides their corresponding masses, from
which the composition, i.e. the number of 1s and Os in the
concerned substring can be inferred. Prior works have dealt
with the problem of unique string reconstruction from the set of
all possible compositions, called composition multiset. This was
accomplished either by determining which string lengths always
allow unique reconstruction, or by formulating coding constraints
to facilitate the same for all string lengths. Additionally, error-
correcting schemes to deal with substitution errors caused by
imprecise fragmentation during the readout process, have also
been suggested. This work builds on this research by generalizing
previously considered error models, mainly confined to substitu-
tion of compositions. To this end, we define new error models
that consider insertions of spurious compositions and deletions
of existing ones, thereby corrupting the composition multiset. We
analyze if the reconstruction codebook proposed by Pattabiraman
et al. is indeed robust to such errors, and if not, propose new
coding constraints to remedy this.

Index Terms—Polymer-based data storage, string reconstruc-
tion, Composition errors, insertions, deletions

I. INTRODUCTION

As we progress through this digital age, our rate of data
generation continues to rise unhindered, and with it, so do
our storage requirements. Since current data storage media
are not particularly advantageous in regard to longevity or
density, several molecular storage techniques [1]-[9] have
been proposed. The work in [1] involving synthetic polymer-
based storage systems appears to be especially favorable, given
its promise of efficient synthesis, low read latency and cost.
Under this paradigm, a string of information bits is encoded
into a chain of molecules linked by means of phosphate
bonds, such that the component molecules may only assume
one of two significantly differing masses, which represent the
bits 0 and 1 respectively. The stored data can be read out
by employing a tandem mass (MS/MS) spectrometer, which
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essentially splits the synthesized polymer at the phosphate
linkages and outputs the masses of the resulting fragments.
In this manner, the user is given access to the masses of all
substrings in the encoded string.

The previous work [10] dealt with the problem of recon-
structing a binary string from such an MS/MS readout, under
the following modeling assumptions:

Assumption 1. Masses of the component molecules are cho-
sen such that one can always uniquely infer the composition,
i.e., the number of Os and 1s forming a certain fragment, from
its mass.

Assumption 2. While fragmenting a polymer for the purpose
of mass spectrometry analysis, the masses of all constituent
substrings are observed with identical frequency.

This proposed setting simplifies the recovery of the original
information string into the problem of binary string recon-
struction from its composition multiset. More specifically, the
reconstruction process now involves determining the binary
string from a set of compositions of all of its substrings of
each possible length. It is worth noting that this setup does
not allow for differentiation between a string and its reversal,
since their sets of substring compositions would be identical.

While the authors of [10] primarily focused on string
lengths that ensured unique reconstruction from a composition
multiset, subsequent works [L1]-[13] extended this research
by building a code that allows for unique reconstruction of
each member codeword from its composition multiset alone,
regardless of the string length. It was found that a redundancy
proportional to the logarithm of the information length is
sufficient to guarantee unique reconstruction. Similar coding
constraints were also proposed to also cope with possible er-
rors in the composition multiset. The work in [[14] takes a step
further by dealing with the recovery of multiple strings from
the mass spectrometry readout of a mixture of synthesized
polymers.

Since the errors introduced during an MS/MS readout
are often context-dependent, we devote this work to the
generalization of the error model considered in [11], [12].
Specifically, we investigate the impact of inserting and deleting
one or more compositions on the reconstructability of the
encoded strings. In addition to this, new coding constraints
are proposed to enable the correction of such errors. We
also consider a special kind of substitution error, namely a
skewed substitution error. This category of errors is motivated
by imperfect fragmentations of a given polymer during the
MS/MS readout process, as a result of which the observed
molecular mass of a shorter monomer chain is lower than what
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the true mass of its perfectly fragmented version would have
been. In this scenario, errors occur only in one direction, i.e.,
the the measured mass can only be lower than the true mass,
not higher. An error-correcting scheme is also suggested for
this setting.

The organization of this work is as follows. Section
introduces relevant terminology, notations and some prelimi-
nary results to be exploited subsequently. Section [IIIl discusses
coding constructions proposed in earlier works [11]—[13],
while Section describes the error models pertaining to
insertions, deletions and skewed substitutions of one or multi-
ple compositions and also briefly summarizes error-correcting
codes to deal with the same. We demonstrate the equivalence
between codes correcting deletions and insertions of multisets
in Section [Vl Sections [Vl and delve deeper into the con-
structions capable of correcting deletions of multiple multisets.
We also talk about skewed substitution errors and related
coding constructions in Section Finally, we conclude
with Section [X] where a few open problems are discussed.

II. PRELIMINARIES

Let s = s152...s, denote a binary string of n bits. Any
substring s; ...s; where i < j, may be indicated by s!. The
composition of this substring, denoted by c¢(s?), is said to be
01", where z and w refer to the number of Os and 1s in
s respectively, such that z +w = j — i + 1. We also define
C(8) as the set of compositions of all length-k substrings in
s. Evidently, C(s) should contain n — k + 1 compositions.

Example 1. Consider s = 001010111. Then, the multiset of
compositions for substrings of length T is given by: C7(s) =
{0%13,0314,0%1°}.

Upon combining the multisets for all 1 < k& < n, we obtain
the composition multiset of s:

C(s)= | Ci(s).

ke[n]

where [n] = {1,...,n}. As stated earlier, [10] determined
string lengths for which unique reconstruction (up to reversal)
from such sets is possible. For the remaining string lengths,
the authors exploited a bivariate generating polynomial repre-
sentation, to find strings that are equicomposable with a given
string. Here, two distinct strings s,¢ € {0,1}™ are said to be
equicomposable if a common composition multiset is shared,
ie., C(s)=C(¢).

A code C is called a composition-reconstructable code if for
all s,t € C, it holds that C(s) # C(t). For all n, denote by
A(n) the size of the largest composition reconstructable code.
Since composition multisets are identical for a binary string
and its reversal, it holds that

n 1 n n
A(n) < 221 + 5(271 . Q(ﬂ) —on—1 2[71—17

where the term 2/Z | describes the number of palindromic
strings of length n, and [10] determined string lengths n where
it is possible to achieve this bound with equality. Specifically,

it was shown that binary strings of length < 7, one less
than a prime, or one less than twice a prime, are uniquely
reconstructable up to reversal.

A. Unique Reconstruction Codes

For values of n where it is not possible to achieve the
aforementioned bound, it is necessary to formulate a code,
as done in [11], [12].

The first major coding-theoretic problem concerning
polymer-based storage involved designing constraints in or-
der to guarantee unique reconstruction for codewords of a
fixed length, i.e., to formulate a composition-reconstructable
code. To this end, [12] introduced the following composition-
reconstructable code for even codeword lengths.

Construction 1 [12]:

Sr(n)={s€{0,1}",s1 =0,s, =1, and
I c {2,...,n — 1} such that

forall i € I,s; # Spi1_i, (1)

forall i ¢ I,s; = Spy1—4,

S[n/2)n1 is a Catalan-Bertrand string. }

In this context, a Catalan-Bertrand string refers to any binary
vector wherein each prefix contains strictly more Os than 1s.
When n is odd, the codebook Sg(n) is defined as:

n—1)/2 n n—1)/21 n
Se(n)= [ {s7 720841y 0 )", s 18{i1)/2}
s€ESRr(n—1)
(2)

The number of redundant bits can thus be upper-bounded
in terms of n as 1/2log(n) + 5 [[11]. Alternatively, we obtain
the following statement from [12].

Theorem 1. [I2| pg. 3] There exist efficiently encodable and
decodable reconstruction codes with k information bits and
redundancy at most 5 log(k) + 6.

From the definition of A(n), we can also deduce that,
[Sr(n)| < A(n).

This construction sets s; = 0 and s,, = 1 to avoid confusion
among reversals, while the remaining bits are chosen such that
the weight of a prefix and a suffix of equal length are unequal
if the said prefix includes a Catalan-Bertrand string, i.e.,

wt(sh) {: wt(s::}}l), if [)jn 1 =0, 3

< wt(s;; ;1) otherwise,

where i < [4] and wt(-) denotes the Hamming weight of
the argument. The latter inequality stems from the fact that if
s[jnr has strictly more Os than 1s, then sy,_;11,... n—1}n1
contains strictly more 1s than Os, thus causing a weight
mismatch. Here, we note that the embedded Catalan-Bertrand
string may begin from index 2 at the earliest.



B. Reconstruction from Error-Free Composition Multisets

The decoder of the composition-reconstructable code Sg(n)
recovers a string from its composition multiset by employing
the approach outlined in [10], [[L1]. Since the underlying
principles of this process help us in formulating coding
constructions for the more general error models involving
insertions and deletions, we briefly discuss it in this subsection.
For further details, the reader is referred to [10], [[L1].

The algorithm begins by deducing the following sequence
that characterizes the string to be recovered, say s € Sg(n),
s — (01, .. .,O’[n/Q]),
where 0; = wt(s;8p,—i11) fori € {1,...,|[n/2|}. When n is
odd, we set oy = wt(s(%]), i.e., the weight of the central

element.

Example 2. For s = 001010111. the sequence of o;’s is o5 =
(1,1,2,0,1).

These values can be computed by exploiting some inherent
properties of composition multisets. In particular, we make
use of cumulative weights, which are defined for each multiset

Ck(8) as:
wi(s) = Z w.
0712 €Cy(s)
Example 3. For instance, the multiset Cr(s) =

{0%13,0314,0%1%} has a cumulative weight wy;(s) = 12.

n

It is easy to see that for all k& < [§], these weights obey
the following relations:

31
wi(s) =Y o, “)
i=1

k [n/2]
wi(s) =Y ioi+k Y o 5)
=1 i=k+1
k—1
= kwi(s) = > _ioki. (6)
=1

We also observe a symmetry relation for any given set of
cumulative weights:

wi(8) = wp—g+1(8), Vk€E]|n]. @)

In light of this, the multisets C; and C),_;4; are henceforth
said to be symmetric. For notational convenience, we also
define:

Ci(S) = Ci(S) U Cn—i-i—l(s)

Now to demonstrate the functioning of the reconstruction
algorithm, we consider the following example.

Example 4. In this example, we reconstruct the string s =
001010111 from its composition multiset C(s), which is stated
below:

C(s) ={0,0,1,0,1,0,1,1,1,0% 0*1%,0'1,0' 1%, 01!,
01, 12,12,0%1,0%1,0%12,0%11, 0112, 0112
13,0%11,0%12,0%12,0%12,0'13,0'13,0%12,  (8)
0%12,0%1%,0%13,0'1%,0%12,0%13, 0214, 0%14
0%13,0%1%,0%1%,0%1%,031°, 0115}

The reconstruction process involves the following steps:

1) Firstly, we deduce its o sequence from @) and (6):
o, =(1,1,2,0,1).

2) We create a multiset T to include all compositions that
can be determined from os. More explicitly, one can
infer the compositions c(ss), c(s9),...,c(s}) by noting
that for any i < [n/2],

02, lfO'lZO
01, ifo; =1.
12, lfO'ZZQ

C(SisnfiJrl) =

T = {1,0%1,0%13,0%1%,0%15}

3) The process now assigns the bits of s pairwise, in an
inward manner, starting with bit pair (s1,S9). Since
o1 =1, we could set s1 = 0 and s9 = 1 or vice-versa.
Due to (), we opt for the former, i.e. (s1,59) = (0,1).

4) Using the reconstructed prefix and suffix, we update T :

T ={0,1,1,0%1,0%13,0%1%,0%15, 0315, 0*1}.

5) The two longest compositions in the multiset C(s)\T
are {0*13,0%15}. These denote the compositions of
substrings 8] and s3. Conversely, their complements
{12,02} correspond to substrings s? and s3. Combining
this with the knowledge of bits sy and s9, we reconstruct
s up to its prefix-suffix pair of length 2, i.e. (s3,83) =
(00, 11).

6) To recover the remaining bits, we simply repeat steps 4
and 5.

III. SUBSTITUTION-CORRECTING CONSTRUCTIONS

We now turn our attention to the problem of reconstruc-
tion from erroneous composition multisets. Substitution errors
were considered in [[L1] under the asymmetric and symmetric
setting. In this error model, some compositions in C(s) are
arbitrarily altered. If the errors occur such that each multiset
C; includes at most one substituted composition, then they
are said to be asymmetric. On the contrary, a pair of sym-
metric substitution errors would occur in the multisets C; and
Cp—it+1, for any i € [n].

Definition 1. A composition multiset C(s) of the string s €
{0,1, }" is said to have suffered an asymmetric substitution
error, if for some i € [n], a single composition of the multiset



C;(s) is modified, but its symmetric counterpart Cp_;11(8)
remains unaffected.

Definition 2. If a composition multiset C(8) is corrupted by
having one composition substituted in each of the multisets
C;(s) and Cy,_;11(8), then two symmetric substitution errors
are said to have occurred.

To exemplify this, we consider the following.

Example S. Let s = 001010111. The symmetric multiset pair
C3(s) and Cr(8) is given by

Cs(s) = {0%1,0%1,01%,0%1,01%,012, 1%},
C+(s) = {0%13,0%1*,0%1°}.

For instance, an asymmetric substitution error is said to have
occurred if Cr(s) is corrupted to

CL(s) = {0%13,0%1%,031}.

On the contrary, if Cs(s) is also corrupted in addition to
C7(s) as follows,

Ch(s) = {1%,0%1,01%,0%1,01%, 012, 1%},

then two symmetric substitution errors are said to have oc-
curred.

We recall an important construction from [11] that corrects
such composition substitution errors. In the following, we
designate a code S(ti‘ as a t-asymmetric composition code,
if for all s, v € S(CtA, there exists no Z C [[§]] with [Z] < ¢
such that

ICi(s)\ Ci(w| =1 Viel,
Ci(s) = Ci(v) Vie Hg“ \T.

Construction 2 [11], [I2]]: A single (asymmetric or sym-
metric) composition code for odd values of n is stated below.

Sgi(n) ={s=s5187s2... Srnzq.. . Sn—3SnSn—2 € {0,1}":

$1...8p—2 € Sr(n —2),wt(s) mod 2 =0,

51
sz(s) =0 mod 3, where s7 < s }.
i=1

A similar construction exists for even n. The size of this code
equals w However, subsequently in Section [VIIl we
conclude by means of Lemma [7] that the code Sg(n) is also
capable of correcting a single composition error.

Construction 3 [[I1l]: A codebook S(Ctz(n) that is capable
of rectifying t-asymmetric substitution errors is proposed in
[L1], and for the sake of brevity, we henceforth call it a ¢-
asymmetric composition code. ng)éx(n) constitutes all code-
words s = (57171/2b?_m§z/2+1), such that the components
§7" and b]™™ are constructed as follows:

o We choose 5 = (5;”/25?1/2“) € Sg) (m), described by

the sequence o ;.
Sg) (m) ={s € {0,1}", s} =0,s7"_,,;, =1, and
Irc {t+1,...,m—t} such that
forall i € I,s; # Sim41—i, O]
for all ¢ ¢ I, S; = Sm+41—1i,
S[m/2)nr is a Catalan-Bertrand string. }

e A systematic Reed-Solomon code over the alphabet
{0,1,2} is used to map o3 to a sequence o, by ap-
pending the values (0,,/241,--.,0,/2), Which help to
construct b = b7~ as follows:

00, if 0pjask = 0.
bkbn—k+1 = 01, if Um/2+k =1.
11, if 0pjosr = 2.

where k € [(n —m)/2].

The upcoming construction, designed to correct substitution
errors in symmetric multiset pairs, exploits a bivariate generat-
ing polynomial representation Ps(z,y) of string s, that works
as follows. Let the first term always be (Ps(z,y)), = 1. Now
by representing bits 0 and 1 as y and x respectively, we define
the subsequent terms as:

" _ y(Ps(CU,y))i,la
(Ps( vy))i {ZU(Ps(any))ila

Example 6. For s = 001010111, the bivariate generating
polynomial is given by Ps(z,y) = 1+y+y? +2y® + 2y +
2293 + 22yt + 23yt & atyt + 20yt

ifSiZO
ifSizl.

The corresponding construction can be defined more ex-
plicitly as follows. A code Sg)s is called a t-symmetric

composition code, if for all s, v € S(Ctg, there exists no

T C [[5]] with |Z] <t such that
| J(Cils)\ Ci(w)| <,
ieT
~ ~ . "’L
Ci(s) = Ci(v) Vie Hﬂ] \ .
Construction 4 [11]]: The authors of [11] also suggest

a construction that corrects any t symmetric composition
substitutions in an entire composition multiset as follows.

SEL(n) ={s € {0,1}", st Py(a",a’2) = ay, 4,
wt(s) =a mod (2t+ 1)}
for all 41,05 € {0,1,...,4t}, a € {0,1,...,2t} angi where
(ael,ég)§f7 ¢,—0 denotes a random vector from F§4t+l) .

(10)

IV. NEwW ERROR MODELS

The subsequent sections explore error models that involve
corrupting a valid composition multiset via the insertion or
deletion of one or more multisets.

Definition 3. An asymmetric multiset deletion is said to have
occurred in the composition multiset C(s) of a string s €



{0,1}", if for some i € [n], the multiset C;(s) is entirely
missing, while Cp,_;11(8) is uncorrupted.

Definition 4. A pair of symmetric multiset deletions is said
to have occurred if the composition multiset C(8) of a string
s € {0,1}", if for some i € [n] such that i # n — i+ 1, the
multisets C;(8) and Cy,_;11(8) are entirely eliminated.

Example 7. Let s = 001010111. If the composition multiset
C(8) is corrupted to

C/(S) = U Ci(s),
i€[n]\{3}
=1{0,0,1,0,1,0,1,1,1,0% 0*1',0'1%, 0" 1%, 01",

0'1',1%,1%,0%1",0%1%,0%1%,0%1%,0"1%,0'1°
0312 0312 0213 0213 0114 0412 0313 0214
021%,0%13,0%1%,0%1°,0%1%,0%1°,0%1°}.

then an asymmetric multiset deletion is said to

have  occurred. =~ More  specifically, the  multiset

Cs(s) = {0%1%,0%11,0%12,0%1%,0%12,0%12,13} has been

deleted. On the other hand, if
U Ci(s),

i€[n]\{3,7}

={0,0,1,0,1,0,1,1,1,0% 0*1',0'1%,0"1%, 01",
0111 12 12 0311 0212 0212 0212 0113 0113
0%12,0%12,0%13,0%1%,0'1%,0%12,0%12, 0214
021%,0%14,0%15,0*1°}.

C'(s) =

we say that a pair of symmetric multiset deletions has oc-
curred. Here compared to C(s), we are missing the mul-
tisets Cs3(s) = {021%,0%11,0'12,0%1%,0'12,0'1%,13} and
Cr(s) = {0%13,031%,0%1°}.

Definition 5. A composition multiser C(8) of a string s €
{0,1}™ is said to have suffered a composition insertion error,
if for some i € [n| the multiset C;(s) contains n — i + 2
compositions, i.e. an unknown and invalid composition has
been registered.

Example 8. Once again, let s = 001010111. If C7(s) has
been altered as follows,

Cl(s) = {0*1%,0%1%,0%1°,0*1°}.
we say that a composition insertion error has taken place.

The main contribution of this work consists of studying
the aforementioned error models and proposing new coding
constraints to combat the same. We also establish an equiv-
alence between codes that correct composition insertions and
composition deletions. Consequently, we restrict our attention
to the latter for the remainder of this paper.

To this end, we first propose the following composition
reconstruction code that allows for the correction of ¢ asym-
metric multiset deletions. Specifically, a code SSA is termed
as a t-asymmetric multiset deletion composition code, if for

all s, v € 8,(534, there exists no Z C [n] with |Z| < ¢ such that
for all 7 € Z,

Ci(s) # Ci(v),
Cr—i+1(8) = Cn—it1(v),
Cj(s) =Cj(v) Yjen\I
Construction 5:
8824(”) ={se€{0,1}",51 =0,5, =1, and
arc {2,--.,3}, |I| > t, such that
Viée I, S; 7§ Sn+1—i,
and vl ¢ I, S; = Sn+1—i7

Y

S[n/2)n1 is a string wherein each

prefix has at least ¢ more Os than 1s.}

The corresponding proof follows behind Theorem [2l Evi-
dently, this construction is inspired from (9), in that it requires
at least ¢ Os in 3711/2 and at least ¢ 1s in s}, ;, however their
locations are not necessarily restricted as in (9). The extension
to odd codeword lengths is similar to @).

Following this, we investigate the case of symmetric multi-
set deletions, and discover that when two or more symmetric
multiset pairs are missing, additional constraints are needed
to bolster the code Sgr(n) so as to guarantee unique recon-
structability. In this context, a code SS)S is termed as a t-
symmetric multiset deletion composition code, if for all s,
v € 81(:;)5’ there exists no Z C H%—H with |Z] < t such
that

Ci(s) # Ci(v),Viel
Ci(s) = Cy(v) Vz’EHgH\I.

For the elementary case of two deleted symmetric multiset
pairs, we propose the following code.
Construction 6:

S5k(n) ={s € Sr(n),

[51 (12)
> wi(s) mod 7T=a, 0 < a<6}.
=1

Theorem [8] proves that this code can indeed correct the
deletion of two symmetric multiset pairs. We also generalize
this construction to accommodate for the deletion of any ¢
consecutive symmetric multiset pairs, where ¢ > 2. More
explicitly, a code Sgg is termed as a t-symmetric consecutive
multiset deletion composition code, if for all s, v € S;:(,ts?, there
exists no 7 = {i,i+1,...i+p—1} C Hg” with p < ¢
such that

Cj(s) # Ci(v),Vj €T
Ci(s) = Cy(v) Vje|[Z||\T.



Construction 7:

S (n) ={s € Sp(n),> wi(s) mod A = a,

'Mw\s

i=1 (13)
0<a<A-1}
where t > 2 and
4 2t 31
A-[5+3-3]
3 + 3 4

Theorem [L1] proves that Sgg(n) is capable of correcting the
deletion of ¢ consecutive symmetric multiset pairs.

Definition 6. A composition multiset C(s) of the string
s € {0,1,}" is said to have suffered an asymmetric skewed
substitution error, if for some i € [n], a single composition
of multiset C;(8) is replaced with one of a lower Hamming
weight, such that the symmetric counterpart Cy,_;1(8) re-
mains unaffected.

Example 9. For instance, if an erroneous measurement cor-
rupts the composition 0214, the measured compositions could
be 0313 or 0*12, but not 0'15.

Formally, a code C'!) is referred to as a t-asymmetric

skewed composition code, if for all s, v € C’ (t), there exists
no Z C [n] with |Z| < ¢ such that for all i € Z,

Ci(s) # Ci(v),
Cr-it1(8) = Cn—iy1(v),
Cj(s) =Cj(v) Vje[n\I

We subsequently prove in Lemmal[7] of Section that the
code Sg%(n) (Construction 5) is sufficiently robust to allow
the correction of ¢ skewed asymmetric substitution errors in
its composition set.

These results, along with the earlier constructions proposed
in [11]-[13], have been summarized in Table [I

V. CODE EQUIVALENCE: INSERTION AND DELETION OF
MULTISETS

In this section, we demonstrate how codes which can correct
the deletion of a group of ¢ multisets, can also correct the
occurrence of insertion errors in those ¢ multisets.

Lemma 1. A code can correct the deletion of t composition
multisets, if and only if it can correct any number of compo-
sition insertion errors in those t multisets.

Proof. We prove this by contradiction. Let there be two binary
strings s,v € Sr(n), such that:

Dt(S) n Dt(’U) 7& @

where D;(s) constitutes all codewords in Sg(n) that s be-
comes equicomposable with upon the deletion of at most ¢
multisets, i.e.,

Dy(s) ={u € Sr(n) such that 37 C [n], |Z|] < t,
U cits)= J Gi(u)}.

i€[n]\Z i€[n)\Z

(14)

Equation (I4) implies that at least n — ¢ composition multisets
of s and v are identical. In other words, when a specific group
of ¢ multisets disappears from the multiset information of
s and v, they become indistinguishable. Let these differing
multisets correspond to substring lengths i1, %s,...%;. This
allows us to write that:

U Cis)= U

JEMN\{i1,.. it} J€m\{i1,...i+}

Cj(v).

If we perform a set union operation on both sides of the
previous equation with (J;c(;, ;.4 Ci(s) U Ci(v), then we
get:

U ©@n\eis)u Y Cils)
j€[n]

1€{i1,...9¢ } :
= U ©enew)yu l Ciw).
i€{ir,...iz} J€[n]

This effectively means that if the multisets C;, (s),...C;,(8)
are corrupted by the insertion of some specific erroneous
compositions, then the multiset information may correspond to
both s and v, and vice-versa. This lets us write the following:

Ii(s) N1 (v) # 0. (15)

where I;(s) denotes the set of all codewords u € Sg(n)
whose composition multisets, upon suffering any number of
insertion errors in at most ¢ distinct multisets, resemble C|(s)
after corruption by certain composition insertions in those
affected multisets. In other words, at least n — ¢ distinct
multisets of s and w are identical. Consequently, we can write

It(S) :Dt(S)
={u € Sg(n) such that 37 C [n], |Z| < ¢,
Vie[n)\Z, Ci(s)=Ci(u)}
O

Owing to this result, we deem it sufficient to focus on
multiset deletion-correcting codes. The subsequent sections
examine how multiset deletions affect the reconstructability
of an encoded string drawn from Sg(n). Similar to [[11], we
categorize such deletion errors into two major settings.

VI. ASYMMETRIC MULTISET DELETION-CORRECTING
COMPOSITION-RECONSTRUCTION CODES

We begin by considering an error model where a complete
multiset C(s) can be deleted from the composition multiset
C(s). This is formally referred to as a single asymmetric
multiset deletion [see Definition [B]]. We investigate whether
the reconstruction codebook [see Construction 1] guarantees
unique recoverability under this model. To proceed in this
direction, we first take note of the following lemma, which
results from a specific case of [11, Lemma 4].

Lemma 2. Let s,v € Sg(m) share the same o sequence
and satisfy |C;(s)\C;(v)| < 2 for all j € [m)]. If the longest
prefix-suffix pair shared by s and v is of length i, then their



Code Symbol Upper bound Proof
on redundancy
Composition- Sr(n) 1 +5 (1], [12]
reconstructable code R 20827 ’
Single composition 1) 1
error-correcting code Sca(m) zlogy(n —2) +38 [L1], 112]
t-asymmetric (t) ( 1 )
composition code Seix(n) 5 +3t)logan + 2t +5 (11
t-composition code Sgg(n) 156t2logy n [, [13]
t-asymmetric multiset (t) 1 _
deletion composition code Spa(n) zlogy (n —2t) +2t +3 Th.
2-symmetric multiset 2) 1 _ 5
deletion composition code Sps() zlog (n—2) +8 Th.i8
1 —
t-symmetric consecutive 0] (n) zloga(n —2) Th. [T
i i iti Ds 4t° 2t _ 31 )
multiset deletion composition code +log, [T +2 - T] +5

Table I: Summary of constructions

corresponding composition multisets Cp,—;—1 and Cp—i_o
each differ in at least 2 compositions.

To shortly highlight the implications of this lemma, we
consider the strings s = 001011101 and v = 001110101.
Clearly, they are both specified by o = (1,0,2,1,1). Since
the longest prefix-suffix pair shared by them is (001, 101), i.e.,
of length 3, their respective multisets Cy and Cjy differ by at
least 2 compositions.

Lemma 3. Consider a string s € Sr(n). Given C'(s)
Uieppqxy Ci(8) for any k € [n], 8 can be fully recovered.

Proof. Case 1. n is even

From the steps of the reconstruction algorithm as described
in Section [[[-Bl it is evident that we only require the com-
position multisets C,(s),...,Cxz(s). Hence, if k < 7, the
reconstruction of s is straightforward. On the contrary, if
k > %, one can still infer the cumulative weight of the missing
multiset Cj(s) from (@). Consequently, o; can be obtained
accurately.

In the absence of Cj(s), the prefix and suffix can be
constructed upto s?ik*l and sg+2. When o), = 0p—g4+1 €
{0, 2}, there remains no ambiguity concerning the bits s,

and si41. However, when o, = 1, one can either have
(Sn—kask-i-l) = (0,1) or (Sn—kask-l-l) = (1,0) if both of
n—k

these possibilities guarantee weight mismatch between s7
and s}, ,. Now since s € Sgr(n), Lemma [2 tells us that
choosing the bits s,,_j and sk incorrectly, will lead to an
incompatibility with the multiset Cj_1(s). Thus there exists
only one valid choice for these bits, implying that s is uniquely
recoverable.

Case 2. n is odd

Similar to the previous case, it can be argued that for any
missing composition multiset Cy(s), where k& # [§], s can
be easily and uniquely determined. The more interesting case
occurs when k = [3], since the absence of Crz1(s), and
thus wrz1(s), prevents us from computing oz 1 and oz1.

However, their sum is known from (@), i.e.

[
o)1+ oz =wi(s) —

(2

-2

nf3
=

(16)

;.
1

Since orny-1 = Wt(s(%]—ls(%]ﬁ-l) € {0,1,2} and orn) =
wt(srz1) € {0,1}, these values can be inferred directly when
orz)-1 +oyz] € {0, 3}. However, an ambiguity arises when
Or2]-1 + orz] € {1, 2}.

Let v € Sg(n) be a string with which s becomes equicom-
posable when the multiset C',, /27 is deleted, i.e.,

U U

ien\{[z1} i \{[Z1}

Ci(S) = Cl(v) (17)

Also, let v be specified by oy = (07,...,07, /5)- As a
consequence of (I7), we can write:

n

Vi1<i<[2]-2

/
g; = Gi’

[\

(18)
o111+ Or3] = 0fg1 T ofyy.

To verify whether the reconstructability of s is affected, we
simply check if there exists a suitable v that satisfies and
(18). We also note that directly implies the equality of
the prefix-suffix pairs (s{gk 7172

2 on — 2 n
as[gHg) = (v,? a”[g1+2)~



sl [i-b] b [1-0] sTaee | such that for each v € Vs, s and v are specified by the same
o sequence, and satisfy:

212 n
il S [ I N

(Slfv Z k+1) = (vlf’ Z k+1)7
c(siz™h) = clvin ™), (19)
1Cnk—j (S\Cri—(v)| < 2, Vjelt+1]
Equation follows directly from the premise of a
common o sequence. Similar to [11, Lemma 4], we
We jointly depict the specific subcases in Fig. [ wherein note that |Cp,_j—2(s)\Cp—g—2(v)| is minimized when

Figure 1: Strings s and v are such that (s£%1_2

[51-2 n
() X

78?%“+2) =
ﬂHQ), where v, =1 —wv_.
2

we allow for orn1_; + 0727 € {1,2} since for both s and v, k2 = 1 and (sy,vy) = (1,0), thereby leading to
we have: |Cr—k—2(8)\Cp—r—2(v)| = 2. Now, if an additional condition
Orny-1+0n) = 2 _}. is upheld:
t+1 n—k—2 _ t+1 n—k—2
where b € Fa. To proceed with the proof, we try to determine (Sk+37 Spi ) = (vk+37 vy ) (20)

the conditions under which Cny_1(s) = Cny_1(v) holds. we can show that |C_x—;(s)\Cr—r—;(v)| = 2 for any j €

This would require the following set equality: [t + 1], by examining the following set equality:
n ny_ n—k—
{c(s!?17%),1 - b} {c(!?17%) 0} {e(s1), 01, (5375}
ny_ n n—k—j+1
{c(sgﬂ 2),b,l — b} B {c(vgz] 2),v+,1 —b} {C(Sz) 01 C(Sk+3 )}
{e(sTy142).1 b} {c(v]y112) 1~ 04} :
n—1 n—1 n
{C(S[%prg)vbal—b} {C(U(%] o)1 — v, 1—bh {c(s/;c 1),01 c(sk+§ N
n—k—
By checking the above relation exhaustively for all possi- {C(SI;) 0°1 ,c(Shya 2)}
bilities of (b,v;) € {0,1}2, we conclude that the multisets {e(s™ k+1) 01,C(SZ+;€+12)}
Crny21-1(s) and Cfp,/27-1(s) can never match. Therefore, v {e(s"1, ),01, e(s™ [ %)
does not exist and s retains its unique reconstructability. ASn—kt1 » Akt
D .
1 1 n—j+2 n
It follows directly from the preceding lemma that {C(Sn—gcil)7 01, (”k+§ 2)}
Lemma 4. The code Sr(n) is a single asymmetric multiset {c(sZ:iill) 012, ('U}Lﬁif %)}
deleti 211 de. n—k—
eletion composition code {e(vh),01 (o) i)
As a second step, Sr(n) is now generalized to Sgg(n) {c(vz),Ol,c(vZ;é“ AR
[see Construction 5] to allow correcting the deletion of ¢
asymmetric multisets. To prove why this construction works, :
first ider the following 1 . n—k—
we first consider the following lemma {c(,véc 1,01, e(w k+§ M
Lemma 5. Let s,v € Sgg(n) be specified by an identical {c(v’;) 012, ('UZ+§ 2y
o sequence, such that the longest prefix-suffix pair shared = {c(v"_,. 1), 01, c(07T E_ 2)} -2
by them is of length k. Then their corresponding multisets n- ’1”1 ’ kﬂkHQ
Chn_i-1,...,Cn_;_y_1 differ by at least two compositions. {c(vy 2y i), 01, C(UZ+7 )}
Proof. Since s and v bear the same o sequence and their :
prefix-suffix pair of length £ + 1 do not match, we conclude (el n_j+2) 01, c(wl" o 2))
that ox+1 = 1 and sgy1 # vps1. Without loss of gen- ¢ v”:’?ﬁ e vk+3k
erality, we assume Siy+; = 0 and it becomes obvious that {C(’UZJCH)’(P (’024_3 2)}
[Cn—k—-1(s)\Cp—p—1(v)| = 2. By exploiting (I9) and (20), one can simplify this to:
k 2 n—k—2
o o lE ] ] [l et )
c 877,—_]+ 7012’ Sn k—2
ot Dl o] e ] o s
o {C(Sj)am (Sk+3 )}
Fi%ureHZ: Strings s andnvkarel: related Zuckh tlhat (sh, Sy k1) = {C(SZ:iﬂ% 0°1, C(SZ+§ 2)}
(V1,05 jp) and sy ™) = c(viiy ) Upon combining (I9) and (20), further reduction is possible:
k k
As for the remaining multisets, we undertake the approach {C(Sj)7 021} . {C(Sj)7 012} 22)
used in [I1, Lemma 4], i.e., we design a set of strings Vs, {0(52:42111),012} N {c(sz:iill)7021}



We note that the preceding equality only holds if:

n—j+1
C(S?) = C(Sn—?cil)
However from Fig. 2] and the definition of S;(t) (n) in (I,
we observe that:
wi(vst!) +t < Wt(viiiiﬂ)
= wt(v}) +t+2 < wt(vp_,i)

This inequality allows us to conclude that never holds
for any j € [t + 1], consequently proving the statement of this
lemma. O

The preceding lemma now helps us establish that the code
81(:7)524 (n) is robust to the deletion of any ¢ asymmetric multisets.

Theorem 2. Given the composition multisets C;(s) for
i € [n)\{i1,...0t}, where s € Sgl‘ (n) [see Construction 5],
such that no two of the deleted multisets are mutually symmet-
ric, s can be uniquely recovered.

Proof. Case 1. The deleted multisets are consecutive. This
case is directly implied by Lemma

Case 2. All of the deleted multisets are not consecutive.
Since the reconstruction algorithm functions in an outside-in
manner, the missing multiset encountered first, corresponds to
that of highest substring length. In the following analysis, we
assume that i; > ;1 > ... > 7.

If ¢ = n, we can directly infer C,(s) from the cu-
mulative weight of Ci(s). Alternatively when i; < n and
additionally %;,...,%;—;41 are consecutive, the prefix-suffix
pair (s77 %71 8}’ 5) an incorrect assignment of the bit pair
(Sn—i,, Si,+1) Will certainly cause an incompatibility with the
multiset Cy, .., ~1(s) = Cj,—;(s), as Lemma [ suggests.
Thus, the backtracking algorithm can detect the mistake and

accurately reconstruct the string upto (717, S7 _j+1)- Ab-
sence of the other missing multisets Cy,_,,...,C; can be
dealt with similarly.

O

The previous theorem implies the following.

Theorem 3. Sglx(”) is a t-asymmetric multiset deletion
composition code.

We also bound the number of redundant bits required by
81(:;24 as follows.

Lemma 6. The code SSA requires at most log(n — 2t) +
2t 4 3 bits of redundancy.

Proof. We refer to (1) and additionally recount from [11]]
that %(2,?) indicates the number of all strings of length 2h
wherein every prefix of which contains strictly more Os than
1s. For odd lengths 2h + 1, this term serves as a lower bound.
Similarly, to count all strings s € {0, 1}? wherein each prefix
(of length exceeding t) contains at least ¢t more Os than 1s, we

simply note that such strings satisfy s'i_l =0 and s? should

be a standard Catalan-Bertrand string. By virtue of this, we
derive a lower bound on dimension of the codebook:

[Spa(m)] > /Z e (n/i_ 1) (L(z‘i—_tt:l)l/zJ)'

After some algebraic manipulation of this expression, we con-
clude that the maximum number of redundant bits necessary
is 3 log(n — 2t) + 2t + 3. O

VII. SYMMETRIC MULTISET DELETION-CORRECTING
COMPOSITION-RECONSTRUCTION CODES

As mentioned in Section[IV] errors under this category occur
in such a way that the affected multisets occur in pairs. We
begin directly with the case when two symmetric multisets are
inaccessible.

Lemma 7. Consider a string s € Sgr(n). Assume that
for any 1 < k < [251), one is given C'(s) =
Uiepp\ (kn—rs1y Ci(8). Then, s can be fully recovered.

Proof. Case 1. n is odd.

Since the deleted multisets C(s) and C),_j1(s) can never
be consecutive when n is odd, we can infer from [11, Lemma
4] that any attempt to substitute C,_xy1(s) with another
multiset, say C/,_, 41 that may or may not preserve the value
of oi—1(s), will surely cause a disagreement with C,_(s).
Hence, there exists no valid alternative choices for the multiset
pair {Ck(s),Cr—k+1(8)}, thus implying that s is uniquely
reconstructable.

Case 2. n is even.

As in the previous case, we can argue that for any
k # {%,% + 1}, ie, when the missing multisets are non-
consecutive, s remains unique reconstructable by virtue of
[11, Lemma 4]. The only case left to be analyzed is when the
deleted multisets are adjacent, i.e C'z (s) and C'z +1(s). More
specifically, we examine the existence of any v € Sg(n), such

that
U aw- U

ic[n\{3,5+1} ic[n\{%,5+1}

Cl(s)

This directly leads to the following relations:

( n/2—2 n/2—2

S 732/2+3) = (v 7”2/2+3),

0, =0 V1§i§3—2

79

/ /
On_1+0n =0n_q+0n.
2 2

where the sequence o, = (07, ...
Subcase (i): 05 = 0y

We only study this subcase for when oz = 0%71 =1 and
(s%,l, S%H) #* (v%,l, U%H), since the alternative involves
Crnj241(8) = Cy/241(v) and as a result of this, Lemma
precludes the existence of v, since C(s) and C(v) cannot
differ by a single multiset alone. This situation is illustrated
in Fig. 3

, .
;0,,/2) describes v.



We now proceed to ascertain if there exists some v for
which C,, /51 (s) = C,, /21 (v) holds. Alternatively, we need
the following set equality relation to hold:

{e(sf 7%),0} {e(wi™?),1}
{e(s37),0,54} {e(vs ), 1,04}
{els3 ), 0ms 3 | _ JHewd )0, 00)
{c(s% 15),1} {c(v} ), 0}
{e(s375), 1,5} {c(vy75),0,0-}
{0(82_23)71,8_’_,8_} {c('v%fg) 0,v4,v_}

(23)
Due to the weight mismatch property between prefix and suffix
of equal lengths, we note from Fig. [3] that if v must uphold:

n/2—2
wt(s, / )+1 < wt(s /2+3)

2-2
)3 < wi(sy ).

= wt(s]” (24)

Now to prove that (23) never holds, it suffices to show that
the composition {c(sn 43),1} can never be matched to any
two elements on the RHS in ([23), even when @4) holds
with equality. It is easy to see this when vy + v_ < 2.
On t}le contrary when vy Fvo = 2, the compositions
{c(v} ) 1} and {c(v2 2) 1,v4+} become identical, and
cannot be matched simultaneously to the components of RHS
in (23). Therefore, v does not exist.

[oF T T ]

1 v’
‘ 1 ‘z;.,_‘ v_‘ 0 ‘ 543 ‘

Figure 3: Strings s and v are such that (slg

(vl%iz, U%Jrg), where vy +v_ = s +5_.
Subcase (ii): o5 # Oy
All of the possible combinations of (oz_1,02)
(a’% b a’% ) that comprehensively cover this subcase are:
o (0n_1,0n)=(1,2b) and (0n ;,0%) = (2b,1).
e (03-1,02) =(2,0) and (0% ,0%) = (1,1).
= (0,2) and (0 ;,0%) = (1,1).
where b € Fa. For the sake of brevity, we only prove the first
instance. The remaining proofs run in a similar fashion.
To reiterate our objective, we check for the existence of a string
v € Sg(n), for a given s € Sg(n), which are characterized
as per the depiction in Fig. @ Since s and v may only differ

. (U%_l,dg)

)
s} St b |b|s-

S’VL
243

i

T
S O

-2

Figure 4: Strings s and v are such that (s

(vf

3 n
r 8% )
1

-2
,U%Jrg), where s, +s_ =vy +v_ =

in their respective composition multisets of substring lengths

10

n

5 and % + 1 alone, we endeavor to find the conditions that
allow for the set equality of C'z _(s) and C» _1(v). More
explicitly, we require:

{e(sf %) 54} {c(vi %)}

{c(s3 %), 54, b} {c(v ), b0y}
{e(s3 )50, | _ J{e(wi™®),0,01)
{e(s815),1— 54} {c(v'} 15),b}
{e(s75),1— 54,0} {e(@7h).b,1— vy}
{e(sh73), 1= 54,07} {c(vy73),b,01}

When sy = v; = 0, we may proceed under the assumption
that wt(s, n/2- 2) = wt(s” /2 +3) to account for the worst case.

In this situation, either {c(s1 2), sy} or {c(s%+3), 1—s4}
fails to be matched, depending on the chosen value of b.
Else when either s or vy equals 1, we infer that 24) holds
true. Again, we choose to proceed with the worst case, i.e.
Wt(sg/zﬂ) +3 = wt(s n/2+3) and an exhaustive examination
of each possibility reveals that the previous set equality cannot
be satisfied. Thus, we conclude that v does not exist.

O

The previous result reveals that the codebook Sgr(n) is
sufficiently robust to correct the deletion of a single pair of
symmetric multisets,i.e.,

Theorem 4. The code Sg(n) is a single symmetric multiset
deletion correcting code.

Consequently, if a single composition is substituted in C'(s)
where s € Sg(n), then there occurs a mismatch between the
cumulative weights of the specific multiset affected, say C;(s),
and its symmetric counterpart Cy,_;4+1(s). Now if both C;(s)
and C,_;y1(s) are deleted, Lemma [7] tells us that s is still
uniquely recoverable. Thus, we conclude that Sg(n) is capable
of correcting a single composition error just like S(Clzl(n), as
pointed out previously in Section [Tl

We now investigate further along this direction and seek to
determine if the absence of multiple pairs of such multisets
impacts reconstructability. The deletion of two or more pairs
of symmetric multisets, as shown in Lemma[14l (Appendix), no
longer guarantees unique reconstruction of codewords drawn
from Sg(n). To remedy this, we propose the code S ( )
[see Construction 6], capable of correcting deletions of two
pairs of symmetric sets.

Lemma 8. Consider a string s € Sg;(n) Given only the
composition multisets Uie[n]\{kfl,k,nkarl,nkarQ} C;(s), one
can uniquely recover s.

Proof. Case 1. n is even and the deleted multisets are
neighboring, i.e. {C),/2-1(8),...,Cy/212(8)}

We recall from the proof of Lemma [[4] that for some s €
Sgr(n) characterized by o5 = (01,...0,/2), there may exist



some v € Sg(n) with o = (01, ...,07, ), such that:

i v1gigg—3

o / /
On_2 —i—ag,l —‘1-0'% = a%_Q +‘7g—1 +O'%.

0; = 0,

(25)

The difference of the sum of their respective cumulative
weights for composition multisets containing substrings of

lengths from 1 to %, can be simplified to:

n/2 n/2
Z w;(s) — Z w; (v)
Z_711/2 - n/2
= Z w;(8) — Z w; (v)
i=n/2—1 i=n/2—1

3(0;/272 - Un/272) + (U;/2,1 - 0’77,/271). (26)

The above difference is maximized when either:

(0%7250%7150%) = (05172)5

(OJ%—2’OJ%—150J%) - (25170)
or:

(03-2,03-1,03) = (0,2,2),

(0%7250%—150%) = 2, 70

In either case, (23) is upheld. Hence we can write that:

n/2 n/2

Zwi(s) - Zwi(v) < 6.

Case 2. n may be odd/even and the deleted multisets are not
all consecutive, ie. k+1<n—k+1

From the proof of Lemma[I4] we note that when the multisets
{Cr-1(8),Ck(8), Cro—k+1(8), Cri_i12(8)} are deleted, there
may exist an alternate v € Sg(n) such that:

k-3 _ k-3
51 = vy
n _ n
Sp—k+4 T Un—g44s
op = o, Viel

/ / /
), + 2051 + 304,

A ! ! A
Ogq1 T 0O +0p_1 +0p_o.

Ok + 201 + 30,2
Ok+1+ 0k +0k—1 + Of—2

where I = [[2]]\{k — 2,...,k + 1}. As before, we bound
the difference of the sum of cumulative weights of s and v:

[n/2] [n/2] k k
S wils) = Y wilv) = > wils)— > wi(v)
1=1 1=1 i=k—1

+3(0)_5 — Op—2). 27

We find through numerical verification that this quantity
cannot exceed 5, and it precisely occurs when:

(O’ 27 07 0)7
(]" 07 ]" O)'

(Uk72; Ok—1,0k, Uk+l)

! ! ! !
(%—2,%—1,%7%+1)

11

Ans a result, in both cases the additional constraint
;21 wi(s) mod 7 = a in (I2) ensures unique reconstruction
when the aforementioned multisets are lost. 0

The previous result permits us to conclude that

Theorem 5. The code Sg%(n) is a 2-symmetric multiset
deletion correcting code.

We now seek to generalize the coding constraints in
Sgg(m) in (I2) by examining how the required redundancy
scales as more consecutive multiset pairs go missing. This is
accomplished by Sgt)(n) [see Construction 7]. Theorem [T
demonstrates that Sgé (n) is a t-symmetric consecutive mul-
tiset deletion composition code. The proof commences with
the following lemma.

Lemma 9. Consider a string s € Sgg(n), where t > 2 and
n > 2t + 4. If one is given a corrupted composition multiset
C'(8) = Uicitn/21\(h—t....k—1y Ci(8) U Cniya(s) for any
t <k—1<[n/2]|, ie.t consecutive symmetric multiset pairs
are missing, s can be uniquely reconstructed.

Proof. Case 1. n may be odd/even and the 2¢ deleted multisets
are not adjacent, i.e. k <n —k + 2.

Since the multiset pairs (C;(s), Cp—i+1(8)) have been elimi-
nated, for k—t < i < k—1, we also do not know their respec-
tive cumulative weights. Thus, the values of o_¢—1,...0%—2
are also unknown. Furthermore, we note from (@) that oj_1
and o}, are also not deducible. However, the sum of these
missing values can be inferred from

k k—1
W41 — Wg = (k + Dwy — E 10k4+1—; — kwy + E 10k—_;
i=1 =1
=w; —0kg...—01.

To test if s is uniquely recoverable, we attempt to find a
suitable v € Sg(n), characterized by 01, ..., 07, 51, such that

Ci(s) = Ci(v). Vie Hg”\{k—t,...,k— 1}

These equations also imply that:

k—t—2 _n n

k—t—
(s asn—k+t+3) = (v} K 27vn—k+t+3)a
o; = o, Vie Hg”\[
S0 =30
jel jerl

where I = {k—t—1,...,k}. Alike the approach undertaken
in prior proofs, we now attempt to compute the maximum
difference between the sum of cumulative weights of s and v:

[n/2] k-1
Z wi(s) — wi(v) = Z wi(s) — wi(v)
- u
= (iwi(s) = > joiy)
i=k—t j=1



N
,_.

t M

i—1
(iwi(v) = > joi_;)
—h—t j=1
( +1)
2
+ ...+ 3(0';6_3 — O'kfg)

+ (0)—g — Ok—2)-

(U;c—t—l — Ok—t-1)

(28)

The final equality follows from w1 (s) = w1 (v), which always
holds since the premise of this error model states that k—¢ > 1,
suggesting that the multisets C; and C), are always preserved.
Subcase (i): t is even.

In this case, the quantity in (28) is maximized when we have:

1t

()t 1yeey0%) = (2,...2,0,...0),
11 4

—N—

(Ok—t—1y---,0) =(0,...0,2,...2).

It is worth pointing out that these configurations may not
always be valid, since the available multisets may not allow for
them. However, they certainly embody the worst possible case.
Now applying this to (28), we obtain the following bound:

n/2
>

Subcase (ii): t is odd.
When ¢ is odd, the difference between the cumulative weights
of s and v is maximized when:

t(t+2)2

1 (29)

—~ =
(Thjo—ts+1Onsa) = (2,...2,p,0,...0),
(Onj2—ts- -y 0ny2) = (0,...0,p,2,...2).

where p € {0, 1,2}. By further manipulating 28], we get

n/2
S s

Case 2. n is even and all of the deleted multisets are
consecutive, i.e. Cy,/2_141(8), ..., Cp/att(8).

Much like the previous case, we attempt to find a v € Sr(n),
characterized by o7, ... a’%, such that for 1 < i <n/2—t:

Ht+1)(t+3)

1 (30)

| /\

Ci(s) = Ci(v),

As a consequence, the following equalities also hold:

2—t—1 2—t—1
(3711/ a32/2+t+2) = (”711/ ”2/2+t+2)
o = o, Vie[n/2—t—1]
n/2 n/2
> o= ) o
j=n/2—t j=n/2—t
Corresponding to (28), we arrive at:
n/2
tt+1
(V) = ( )(O'/nit—O'Q,t)—l—..

Z w;(8)
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+ 3(0'%_2 —0on_2)+ (U/%_l —on_1).
By appropriately assigning the vectors (0,,/2—¢,...,05/2)

and (a;/%t, . .,a;/Q), we can upper-bound the preceding

quantity as follows:

n/2

St

The definition of S)\(n) in along with the bounds
provided in 29), (30) and directly imply the statement.
O

(t+1)3

, if ¢ is even.
—wi(v) < {t(ti1)(t+2)
4

31
, otherwise. G

Lemma 10. Consider a string s € Sgtg (n), where t > 2 and
n > 2t + 4. If one is given a corrupted composition multiset
C'(8) = Uie(nya g Ci(8) U Cn—isv1(8), s can be uniquely

reconstructed.

Proof. Unlike Lemma[9] this proof is dedicated to the specific
case where the multisets Cy UC),, ..., CyUC),_;11 have been
deleted. Since multisets Cyy1(s) and Cyyo(s) are available,
we can obtain:

Wit2(8) — wit1(8) wy(8) —opy1 — ... —o01. (32)

Similar to the prior analyses, we check for the existence of
some v € Sgr(n), specified by o = (07,...,07, 57), that
satisfies:

Ci(s) = Ci(v). (33)

where t < i < [n/2]. From and (33), we infer that for
1<i<[n/2] —t—1:

— witi(v)
s

Wi yi+1()
wy(v) —

Witit1(8) — wiri(8)
— wl(s) —Otdg — -

/
— 01 Ut+i —

The preceding relation now allows us to deduce that:
Vi+2<j<[n/2]

L
gj —O'j.

Also by construction of Sg(n), we observe that o1 = o}. As
before, we inspect the difference of the sum of cumulative
weights of s and v:

(s ]f 28 Sn—ktt43) (”If_t_z Uy k43
o ol Vie [[n/2]]\1
o = Yo
jE€I jeI
where [ = {k—t—1,...,k}. The sum of cumulative weights
of s and v differ by:
[n/2]
’LUZ(S) — ’LUZ('U) = sz — wl
i=1
t i—1

> (iwi(s) = joiy)

i=1 j*l

t
—E iwy (v E joi_ j
i=1



D s ()~ w(w)
n (t— 2)2(t - 1)(
+...+3(0}_g — 01-2)

+(0t_1 — 0t-1).

Ué—UQ

)

(34)

Since wiy1(8) = wip1(v) and wiyo(s) = wipa(v), we
rewrite (32)) as:

wi(8) — wi(v) (0141 — 04 1q) + -+ (01 —07)
(0141 = 0pp1) +... + (02 — 0%)

2. (35)

<

We now attempt to design the vectors o5 and o, such that
for a fixed value of w;(s) — wy(v), the following quantity is
maximized:

t—2)(t—1
%(a& —09)+ ...+ (041 —0p—1).
while bearing in mind that:
t+1
wi(s) —wi(v) = Y (0i—0))
=2

Clearly, we must set az’- —o; =2 fori¢ = 2,..., due to the
higher weights of these terms, and o, — 0; = —2 for i =
t—1,t—2, ... on account of the minor influence of these terms
on (34). Additionally, we set (0¢,07) = (0y41,0,,1) = (2,0),

thus allowing us to reduce the quantity Zf;; (07 — o), ie.
i—1
Z(UZ‘—UZ) =a—4
=2

where a = wi(s) — wi(v). Hence, to proceed with the

maximization of (34), we perform the following assignment
when a is odd:

(ah,...

(027"'7

(2,...2,9,0,...,0),
0,...0,p,2,...,2).

where p+p’ = 1. Here p and p’ may be assigned interchange-
ably, depending on ¢. In a similar fashion, when a is even, we
again reuse this assignment while setting either (p, p’) = (0, 2)
or p = p’ = 0. Further noting that the term w1 (8) —w; (v) has

the highest weight in (34), we combine (34), (33) and (3G) to
arrive at the following upper bound:

(36)

Ot—1

[n/2] 3
4¢ 2t 35
i=1
O

Upon combining Lemmas [9] and we arrive at:

Lemma 11. Consider a string s € Sgg (n) [see Construc-
tion 7], where t > 2 and n > 2t+4. If one is given a corrupted
composition multiset C'(s8) = U, (1 21\ (k—t,... x—13 Ci(8) U
Chn_it1(8) for any t < k—1 < |n/2], i.e. t consecutive
symmetric multiset pairs are missing, s can be uniquely
reconstructed.
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Theorem 6. Sgg(n) is a t-symmetric consecutive multiset
deletion composition code.

Remark: Experimentally, it is found that an appropriate
modulo constraint corresponding to (31) is sufficient to allow
the correction of deletion of any ¢ symmetric multiset pairs,
consecutive or otherwise. An intuitive interpretation for this
result follows from the fact that when the missing multiset
pairs are consecutive, the least number of constraints are
imposed on o. A rigorous proof for the same is yet to be
found. It is also worth mentioning that though the constraint
in (30 is stricter than that of (3I), the order of the required
redundancy remains identical.

VIII. SKEWED SUBSTITUTION-CORRECTING CODES

In this section, we confine our focus to the correction of
skewed substitution errors [see Definition 6].

Lemma 12. Consider any s € Sg(n). Given that there occurs
a single skewed substitution error in its composition set, one
can uniquely recover s.

Proof. In the following, we let the corrupted composition set
be denoted by C'(s) = U, ¢, Ci(8)-

Case 1. n is even.

Given C’(s), it is easy to identify the corrupted composition
multiset C}(s), since the following relation only holds for k:

(38)

If we now delete all elements of C}(s) from C’(s), Lemma 4]
tells us that s is still uniquely recoverable.

Case 2. n is odd.

Using the arguments of the preceding case, we can reach the
same conclusion for an odd n, when the affected multiset is
C}.(s), where [n/2] < k < n, because in these cases, there
exists an uncorrupted distinct symmetric multiset C;, _, ., (s),
which gives us the true cumulative weight and thus allows us
to accurately recover o ;.

If k [n/2], this is no longer true since the multiset
Crn/21(8) is its own symmetric counterpart. Noting that this
normally helps us determine the bits (sr,/21—1,5m/2]41)>
we recall from Lemma [2] that when these bits are assigned
incorrectly, inconsistencies with the multiset CT,, /211 would
arise, which are not permitted under the considered error

model. Hence, we conclude that s can be recovered uniquely.
O

/ !/
'(Uk < wn_k_,’_l.

We now consider a more general error model involving
multiple asymmetric skewed substitution errors, wherein each
multiset pair C;, for any ¢ € [n], may contain at most one
skewed substitution and the total number of errors does not
exceed t. It is found that the asymmetric ¢-multiset deletion-
correcting code SSL (n) is also robust to ¢ asymmetric skewed
substitutions and in the following, we prove the same.

Lemma 13. Consider any s € Sgg(n). Given that there oc-
curs t skewed asymmetric substitution errors in its composition
set, such that for all 1 < i < n, C;(8) contains at most one
skewed substitution error, then one can uniquely recover s.



Proof. Since the error model only allows at most one skewed
substitution in a pair of symmetric multisets, the cumulative
weights of all sets can be determined accurately. This is due
to the fact that if multiset C(s) has been corrupted, we may
write:

W < Wp—k+1- 39)
As a consequence, all cumulative weights can be correctly
re-assigned and in turn the o, sequence can be recovered.
The preceding inequality also allows to identify the affected
multisets, the deletion of which would transform our prob-
lem of correcting ¢ asymmetric skewed substitutions into
reconstruction under the absence of ¢ multisets. According to
Theorem [2, unique reconstruction of s is perfectly possible,
thus concluding our proof. O

The aforementioned result naturally leads to the following
theorem.

Theorem 7. Sg

code.

L(n) is a t-asymmetric skewed composition

IX. CONCLUSION

In this work, we propose and investigate error models
involving insertion and deletion of substring compositions
in the context of polymer-based data storage. In particular,
we examine the robustness of the composition-reconstructable
code introduced in [11]], [12], and identify the situations which
do not guarantee unique reconstruction of codewords from
this construction. For these cases, new codes are proposed.
Notably, an equivalence between codes correcting multiset
deletions and insertions is established. We also examine a spe-
cial asymmetric variant of substitution errors, namely skewed
substitution errors, which manifest in polymer-based storage.

Several problems pertaining to string construction under this
data storage paradigm still remain open:

The error model involving skewed substitutions under a
symmetric setting is yet to be investigated. It would be
interesting to know if there exists a suitable codebook
offering a lower redundancy than that designed to correct
standard substitution errors under the symmetric setting,
as stated in [11].

The problem of reconstructing strings from composition
multisets, error-free or otherwise, could be extended to
larger alphabets.

Though some bounds on the maximum number of mutu-
ally equicomposable strings were stated in [10], bounds
on the error ball sizes under the error models involving
substitutions, insertions or deletions are still unknown.
These could allow us to infer if the proposed code
constructions are indeed optimal.

One could also extend this research to the construct
wherein bits are arranged in a circular fashion, on a ring.
As pointed out in [10], a polynomial-time algorithm for
the string reconstruction problem is yet to be found.
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APPENDIX

Lemma 14. Consider a string s € Sg(n). Given C'(s) =

Uie[n]\{kfl,k,nfk+1,nfk+2} Ci(s) forany 1 <k < [%31], s
may no longer be uniquely determined.

Proof. Case 1. n is
{Cz1(s),...,Cri2(s)}.
To demonstrate that Sg(n) does not necessarily
preserve unique reconstructability when the multisets
{Cz_1,...,Cn 12} go missing, we consider two codewords
s,v € Sp(n), such that:
U

U cis
i€{n,..., ¥ +3} ic{n,..., 5 +3}

even and deleted sets are:

From our knowledge of the reconstruction algorithm [Section
[, we can also infer the following:

n/2—3 o n/2—3
(81 732/2+4) = (v 7”2/2+4),
n
o; = o,. 1§i§§—3, 41)
On_g+o0on 1—|—an:c7/%72+0/%71+a'%.



where o5 = (01,...,0,/2) and 0, = (01,... ,a;/z) corre-
spond to s and v respectively. Additionally, we set:
(0%—27 %1, U%) = (07 0, 1)7

(U%—250%—150%) = (15070)5

Unj2—2 = 1,
Sn/2 = 1, “42)
Sn—3 =0,
n/2-3 n—
wh(s3/2 %) = wt(s2 7 )

The relations between s and v as described by and
are depicted in Fig. Evidently, s and v differ in their
respective multisets C,, /242 and C), /241 according Lemma 2
Additionally, since their cumulative weights wy, ;212 and wy, /2
also differ, as one may verify from (@) and (42), we deduce that
the multisets C,, /5 and C),/_; also do not match for s and

v. We now proceed to examine if C,,/5_2(8) = Cp,/2_2(v)

holds:
{e(si ).,0) {e(vf 7)1}
{e(s3).0%) {e(v3 ™), 01}
{e(s3 %), 0%1} {c(vi 7),0%1}
{c(si ).0°1} {c(v; %), 0°1}
{e(s2 7,01 [ _ ) {e(wd ™), 01} @)
{e(s% 14),0} {c(v'%,4),0}
{e(s57),0%) {e(v'374),0%)
{e(s%379),0°} {e(vy73), 0%
{e(s43%),0°1} {e(vi73), 0%
{e(s57%),0"1} {e(v334),0%)

Using @2) to simplify this set equality relation, we arrive at:
{e(si )0} {e(vf 7)1}
{e(si )07} {e(v3 ), 01}
(el 0ty et aony {4
{e(s57%), 01} {e(v43Y),0%)

Since the construction of Sg(n) in () requires s; = 0 and
(@2) mandates that s,_3 = 0 and wt(s)/> %) = Wt(SZ/_24+4),

we are led to the following relation:

n/2-3 ). (45)
This allows us to conclude that indeed holds, and further
bit specifications in s and v can lead us to similar set
equality relations for the multisets C),/2_3,...,C1. Hence,
s and v become confusable under the deletion of multisets
{C%,l(s),...,C%H(s)}.

Case 2. n may be odd/even and the four deleted sets are
not consecutive: {C_1(8),Ck(8), Cr—k+1(8), Cr—r+2(38)},
where k+1<n—k+ 1.

) = wi(sh*77) = we(s3%) = wil(s
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Figure 5: Strings s and v are specified by and (@2).

In the following, we once again proceed by checking if
s is uniquely recoverable, by probing the existence of some
v € Sg(n), characterized by o1, ..., Ulf%W such that for all

iem\{k—1,k—n—k+1,n—k+2}:
Cl(s) = Ci(v). (46)

Subcase (i): k = 2

This situation corresponds to the deletion of multisets
Ci(s), Ca(8), Cr—1(s) and C,,(s). When this happens, for
any 3 <14 < [n/2] — 1, the following values are recoverable:

wit1(8) —wi(8) = 0iy1 + ... + On/2]-

This can be used to recover the values of oy, ..
other words,

-5y O0n/2]- In

!
0, =0;.

V 4<i<[n/2] (47)

Furthermore, since w3 (s) = ws(v), we can infer from (3) and

that:

o1+ 209 + 303
— 209 + 303

ai + 20& + 30’3
204 + 30%.

The second equality follows from the construction of Sg(n).
Given the above relation, we conclude that (47) also holds for
i € {2,3}. Moreover, we cannot have (s2, $,—1) 7# (v2, Up—1)
even when o9 = o, = 1, since the Catalan-Bertrand structure
would automatically imply that (s2,8,-1) = (v2,Up—1) =
(0,1). This inference combined with Lemma 2] lead us to the
conclusion that no suitable v exists.
Subcase (ii): k =3

When multisets C3(s),C3(s),Cr—2(s) and C,_1(s)
have been deleted, the availability of cumulative weights

W1, Wq, . - Wipy27 allow us to retrieve 01,05,...,07,/2] as
in the previous subcase, i.e.
oi=o,. Vi€ [[n/2]]\{2,3,4} (48)

We also observe from (6) and that:

wy(v) — wi (V)

3’LU1(S) — 03 — 20’2 — 30’17
aé + 20&.

wy(s) — wi(s)

— 09 +203 = (49)
Similarly, since ws(s) = ws(v), we obtain:
09 + 203 + 304 = aé + 2a§ + 304.

As a consequence, also holds for ¢ = 4. This, along with
hint that;

o2 + 03 = 0h + 7. (50)
Equations @9) and (50) together insinuate that
(02,03) = (0%,0%). Hence, we may argue as before,



that no suitable v distinct from s actually exists.

Subcase (iii): k > 4
Similar to the approach used in Case 1, we attempt to show
that there exist two codewords s,v € Sr(n), such that for all
ien\{k—-1,k,n—k+1,n—k+2}:
Ci(S) = Ci(v). (51)

To this end, we construct a specific pair of strings s and v as
follows:

(Sllg_3732—k+4) = ('Ullg_37v2—k+4)v
(Uk—Qa Ok—1,0k, 07@-‘1—1) = (17 17 17 0)7
(0’];72,0’1;71,0’1;,0’2:4’,1) = (270507 1)5
ci=ol, Vk+2<i<[3] (52)
(Sk—1, Sk, Sk41, Sk+2) = (0,0, 1),
SS9 = 1,
Vg—2 = 0.

o Jofo[o [ o[ [ o] e |
Lo Jolol o] 1] wpt 1] o]0 1] vhaa |
Figure 6: Strings s and v are related such that
(51" 80 ) = 07 0n ) and ey =

C(”ZH )

These relations have been illustrated in Fig. [fl The preced-
ing equalities also imply that:

Jizag, V1<i<k-3
k+1 k+1
> o=
i=k—2 i=k—2 (53)
Ok + 20k_1 + 30k—2 = 0}, + 201 + 30} _o,
6(821571) = c(vZJ:é“*l).
In turn, these relations help ensure that:
w;(8) = w;(v), V1<i<k-2
Wi11(8) — wr—2(8) = Wi41(v) — wr—2(v), (54

Wrti+1(8) — Wit (8) = Wrtit1(V) — We4 (V).
for 1 <7 < n—k—1. One may verify this with the assistance
of @ and (6).
From Fig. [6] it is fairly evident that s and v do not match in
their corresponding multisets C), 42 and C),_;+1. Now as
done in case 1, we check if multisets C,,_(s) and C,,_x(v)
match:

{c(s17%),0"1, ¢} {c(vh73),0%12, ¢}
{c(s57%),0"1%, ¢} {c(vE™3), 012, ¢}
{c(s57%),0"1%, ¢} {c(vE™3),0%12, ¢}
{0(32—1@4-4)70213,0} N {C(’UZ_;C_M),OQI?’,C}
{C(szillc+4)70313ac} {C(’UZ:,IC_M),Ogl?’,c}
{e(sp77a),011% ¢} {e(0"72,),01%, ¢}

(55)
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where ¢ = c(sZ;f_l) = c(vZ;f_l). By applying to this,

we deduce that this equality is indeed upheld, thus implying
that s and v are confusable under the absence of multisets
Cr-1,Ck, Cn—kg1, Cr—gr2.

O
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