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Abstract

Estimating the unitarity of an unknown quantum channel E provides information on how
much it is unitary, which is a basic and important problem in quantum device certification
and benchmarking. Unitarity estimation can be performed with either coherent or incoherent
access, where the former in general leads to better query complexity while the latter allows
more practical implementations. In this paper, we provide a unified framework for unitarity
estimation, which induces ancilla-efficient algorithms that use O(ε−2) and O(

√
d · ε−2) calls to

E with coherent and incoherent accesses, respectively, where d is the dimension of the system
that E acts on and ε is the required precision. We further show that both the d-dependence
and ε-dependence of our algorithms are optimal. As part of our results, we settle the query
complexity of the distinguishing problem for depolarizing and unitary channels with incoherent
access by giving a matching lower bound Ω(

√
d), improving the prior best lower bound Ω( 3

√
d)

by Aharonov et al. (Nat. Commun. 2022) and Chen et al. (FOCS 2021).

1 Introduction

Testing and verifying properties of quantum channels is a central problem that has been extensively
studied in the literature. The standard approach for learning quantum channels is quantum pro-
cess tomography [1, 2, 3], which can reconstruct the full information of quantum channels, but is
excessively costly in the dimension of the quantum system. By contrast, we may not need the full
information but certain properties of quantum channels, which is more meaningful in the learning
and certification tasks. The learning task is to partially identify some theoretical descriptions from
a restricted set of possibilities that best matches the experimental results [4, 5, 6]. The certifi-
cation task is to ensure whether an experimental quantum device acts correctly as its theoretical
target [4, 7, 8]. These tasks usually require much fewer resources than the full tomography, showing
further significance for near-term quantum devices.

Problem statement. In this paper, we study a basic problem — given access to an unknown
quantum channel E , measure how “unitary” E is. This problem is important both theoretically and
practically. To see this, we consider the following scenarios that the unitarity is used to test the
functionality of quantum channels:
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1. If E is a quantum gate/circuit device, one might wonder whether E acts (or acts closely) as
a unitary operation. This can be seen as a certification task [6] without the prerequisite of
knowing detailed specification of E , but only the knowledge that E ought to be unitary.

2. If E is a noisy process, one might wonder whether the dominant noise of E is coherent (i.e.,
overrotaion or calibration errors) or incoherent (i.e., depolarizing or dephasing noise) [9]. This
is useful since such two different types of noise are generally reduced in different ways [10, 11].
Furthermore, this also provides a tighter connection between worst-case and average-case
errors [12, 13]; and a better bound for the gate fidelity of composite channels [14].

The absolute unitarity was characterized in [6] via the well-known Choi-Jamio lkowski isomor-
phism [15, 16], in the sense that a quantum channel is unitary if and only if its Jamio lkowski
state is pure. Therefore, a unitarity measure can be defined as a direct application of purity:

u(E) := tr
(
J(E)2

)
, (1)

where J(E) = (E ⊗ I)(|Φ〉〈Φ|) is the Jamio lkowski state of E and |Φ〉 is the maximally entangled
state. One can see that, u(E) ≤ 1 with equality if and only if E is unitary. Another closely related
definition of unitarity is proposed in [17] to characterize the coherence of noise. For simplicity,
we use the definition of Eq. (1) in the main text, and the alternative definition can be similarly
handled by our methods to obtain the exactly same results (see Appendix D).

It is worth noting that there is already a direct approach [6] for unitarity estimation, according
to Eq. (1), by estimating the inner product of two copies of the Jamio lkowski state J(E) via the
SWAP test [18]:

|Φ〉〈Φ| E
SWAP

test|Φ〉〈Φ| E
. (2)

However, such approach involves global entanglements on a large quantum system of dimension
Ω(d4), where d is the dimension of the quantum system that E acts on. This means, at least an
Ω(d3)-dimensional ancilla system is needed, which is hardly ancilla-efficient (here the ancilla system
refers to the additional quantum system other than that of the top E , formal definition will be given
later). Furthermore, this direct approach is not practically suitable on near-term devices, since it
requires so-called coherent access [5] to E .

Coherent/incoherent access. To see this, we start by introducing the frameworks of learning
algorithms with quantum channel access. Suppose we have an unknown quantum channel E acting
on a d-dimensional “main” system Hmain, and we also have a d′-dimensional ancilla system Hanc.
To learn the channel, experiments are conducted with access to E , which can be divided into two
categories:

1. Coherent access. As shown in Fig. 1a, one can prepare an arbitrary initial state ρ on Hmain⊗
Hanc, evolve under multiple calls to E ⊗ Ianc interleaved by arbitrary quantum channels Qi,
and finally perform an arbitrary POVM to obtain a classical outcome. The quantum channels
Qi can be seen as quantum computers processing the quantum data from previous output
states.

2. Incoherent access. As shown in Fig. 1b, one can prepare an arbitrary initial state ρi on
Hmain⊗Hanc, evolve under E ⊗Ianc, and perform an arbitrary POVM Fi to obtain a classical
outcome. This experiment is repeated many times, where at each time, there is a classical
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Figure 1: Learning quantum channel E with coherent/incoherent access.

computer Ci that processes the measurement data and designs the next experiment. The
algorithm is called adaptive if the selections of ρi and Fi depend on previous measurement
outcomes; and is called ancilla-assisted if d′ > 1.

It is easy to see that the incoherent access framework is more restricted. As shown in [5, 19],
there is an exponential separation between the learning algorithms with coherent and incoher-
ent access, in terms of the sample/query complexity. However, the coherent access framework is
practically prohibitive for near-term devices [20, 21]. The reason is two-fold:

1. An algorithm with coherent access often requires a larger ancilla quantum system and longer
coherence time, for storing the quantum states output by the previous calls to E .

2. In the sense of quantum device testing, the device E under test (e.g., a potentially defective
quantum chip [22]) can be unique, since it might be hard or even impossible to make any copy
of E that has exactly the same defect. Thus, coherent access requires the ability of saving and
retrieving the quantum data from the previous experiments [19], thereby prohibitive without
the presence of persistent quantum memory.

Therefore, despite the potentially higher query complexity, it is still valuable to design learning
algorithms for quantum channels with incoherent access.

1.1 Our results

In this paper, we give a unified framework for estimating the unitarity of quantum channels, with
either coherent or incoherent access. Within it, we are able to prove the following upper bounds:

Theorem (Upper bounds, see Section 3). Suppose our task is to estimate the unitarity of an
unknown quantum channel E acting on a d-dimensional quantum system to precision ε.

• Coherent access. There is an algorithm for this task with coherent access using O(ε−2) calls
to E and an O(d)-dimensional ancilla system.

• Incoherent access. There is an algorithm for this task with incoherent access using O(
√
d ·

ε−2) calls to E. Moreover, this algorithm is non-adaptive, non-ancilla-assisted.

In our theorem, we only require that the success probability be higher than a constant (e.g.,
2/3). To amplify the success probability to 1 − δ, we can use the “median trick”, i.e., repeating
the algorithm for O(log(1/δ)) times and then taking the median of all the results. This only
introduces an additional factor of log(1/δ). Our algorithms also apply to non-trace-preserving
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quantum channels. Note that in the case of coherent access, the approach of applying the SWAP
test directly on the Jamio lkowski states [6] has the same query complexity O(ε−2) but uses a
Θ(d3)-dimensional ancilla system. By contrast, our algorithm only uses an O(d)-dimensional ancilla
system.

We can further show that the d-dependence and ε-dependence in our upper bounds are optimal
by giving the following lower bounds.

Theorem (Lower bounds, see Section 4). Suppose our task is to estimate the unitarity of an
unknown quantum channel E acting on a d-dimensional quantum system to precision ε.

• Coherent access. Any algorithm for this task with coherent access must use at least Ω(ε−2)
calls to E.

• Incoherent access. Any algorithm for this task with incoherent access must use at least
Ω(
√
d+ ε−2) calls to E, even if adaptive strategies and ancilla systems are allowed.

In the case of coherence access, our lower bound matches the previous upper bound O(ε−2) [6];
and in the case of incoherent access, compared to the upper bound O(

√
d · ε−2), our lower bound

is tight for d and ε separately. It is also worth noting that, as part of this result, we provide a
lower bound Ω(

√
d) for distinguishing between depolarizing and unitary channels, improving the

prior best lower bound Ω( 3
√
d) obtained in [5, 19], and matching the upper bound O(

√
d) obtained

in [19]. These results are summarized in Table 1.

Coherent access Incoherent access

Upper bound O(ε−2) ∗ O(
√
d · ε−2)

Lower bound Ω(ε−2) Ω(
√
d+ ε−2) †

Table 1: Our results on the query complexity of unitarity estimation. ∗ Prior upper bound O(ε−2)
by [6] uses a Θ(d3)-dimensional ancilla system; by contrast, our upper bound only uses an O(d)-
dimensional ancilla system. † The prior best lower bound is Ω( 3

√
d) by [5] and [19] (for the case of

constant ε).

Applications. To conclude this subsection, let us briefly discuss how to apply our results
on the unitarity in benchmarking quantum processes [23]. Specifically, the unitarity is able to
characterize how well the channel E can be approximated by a unitary channel, in the closeness
measure of gate fidelity [24] (details are shown in Theorem 8). This result is directly applicable in
the certification task of distinguishing whether E is a unitary channel or is ε-far from any unitary
channel [6]. Furthermore, when E is a noise process, the unitarity provides good estimations for the
best achievable gate fidelity of E , in the presence of perfect unitary control [17]. This information
shows how well the noise can be reduced if we can “recalibrate” E using unitary operations.

1.2 Overview of the techniques

Now let us give a brief overview for the main techniques used in this paper to obtain the upper/lower
bounds for unitarity estimation.

Upper bound. The first of our key ideas comes from an observation that the absolute unitarity
of a channel is equivalent to its purity-preservation and orthogonality-preservation properties. As
a quantitative generalization of this observation, we show that the unitarity can be reformulated in
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terms of the measures of these two properties (see Theorem 1), which admit efficient estimations
with either coherent/incoherent access. This is because such purity/orthogonality-preservation
measures only involve a quantum system of much smaller dimension, compared to those methods
based on Jamio lkowski states [6]. For coherent access, we use the SWAP test as a subroutine,
obtaining the upper bound O(ε−2), only with an O(d)-dimensional ancilla system. For incoherent
access, our algorithm requires no ancilla system, and adopts an extended version of the distributed
quantum inner product estimation (DQIPE) [25] as a subroutine, where the extension is to handle
non-trace-preserving quantum channels. The upper bound O(

√
d · ε−2) is then obtained through

analyzing the errors from the DQIPE and the extra randomness of our estimators simultaneously.

Lower bound. For incoherent access, we first give an Ω(
√
d) lower bound for the depolarizing

vs unitary channel problem [5, 19], which can be reduced to unitarity estimation with constant
precision. Our proof is based on the tree representation [19] of learning algorithms, but with
substantial improvements on the analysis for the ensemble of Haar-random unitary matrices. First,
we exploit a symmetric form for the associated probability in the tree representation via the relation
between tensor and outer products. Then, we identify the C∗-algebra characterization for the
eigenspaces of the Weingarten matrix [26] of permutation operators, so that the structure theorem
of finite-dimensional C∗-algebra [27] can be applied, and the main technical result (see Lemma 2) of
this proof follows. To obtain the lower bound for coherent access, we consider another distinguishing
problem between two quantum channels constructed by Weyl-Heisenberg operators. These channels
are teleportation-covariant [28], thus can be simulated by teleporting the input state over their
Jamio lkowski states. Therefore, we can bound the difference between the outputs of any learning
algorithm on the two candidate channels, by the fidelity of their Jamio lkowski states. We then
make use of the multiplicativity of fidelity under tensor products to obtain the Ω(ε−2) lower bound.
Furthermore, we use this result to strengthen the lower bound for incoherent access to Ω(

√
d+ε−2).

Discussion. For incoherent access, it is possible to give a stronger lower bound by combining
d with the ε in a more sophisticated way. One idea is to consider the distinguishing problem for
random unitary and ε-depolarizing channels. However, this approach does not seem to improve the
lower bound beyond Ω(

√
d), because the technique we used in this paper cannot effectively upper

bound the denominator of the one-sided bound (see Eq. (30)) for this distinguishing problem. We
suspect that new techniques are needed to fully address this problem. Another direction is to
find possible improvement on the upper bound O(

√
d · ε−2). For example, can it be improved to

O(
√
d · ε−α + ε−2) for some α < 2? We conjecture that this is possible if a more careful and refined

error analysis for Algorithm 2 can be established.

2 Preliminaries

We use Md to denote the set of all d × d complex-valued matrices. Md can be formed as a d2-
dimensional vector space Cd2

by simply flattening the matrices to vectors (row-major). For a d× d
matrix A, we will use |A〉〉 to denote the corresponding element in this vector space. For example,

||ψ〉〈φ|〉〉 = |ψ〉|φ∗〉, |ABC†〉〉 = A⊗ C∗|B〉〉, (3)

where |φ∗〉, C∗ are the entry-wise complex conjugate of |φ〉, C (w.r.t. the computational basis),
respectively. The inner product of this vector space is thus defined by 〈〈A|B〉〉 = tr(A†B).

2.1 Quantum channels

In this paper, we consider the general case that the quantum channel E can be non-trace-preserving,
which covers a wide range of quantum processes such as the qubit loss [29], post-selection [30] and
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quantum programs [31].

Matrix representation. A quantum channel E : ρ 7→
∑

iEiρE
†
i acting on a d-dimensional

system can be formed as a linear map Md → Md such that E|ρ〉〉 = |E(ρ)〉〉, where its matrix form
can be written as:

M(E) =
∑
i

Ei ⊗ E∗i (4)

with E∗i denoting the entry-wise complex conjugation of Ei. We call M(E) the matrix repre-
sentation of quantum channel E . In a slight abuse of notation, we directly use E to denote
M(E), when its meaning is clear from the context. We can see that tr(E) =

∑
i |tr(Ei)|2 and

tr(E†E) =
∑

i,j |tr(E
†
iEj)|2. We will use Ud to denote the set of all d × d unitary matrices. For

an unitary U , we will use the calligraphic letter U to denote the corresponding quantum channel
ρ 7→ UρU †.

Choi-Jamio lkowski isomorphism. The Jamio lkowski state of a quantum channel E : ρ 7→∑
iEiρE

†
i is defined by:

J(E) := (E ⊗ I)(|Φ〉〈Φ|), (5)

where |Φ〉 = 1√
d

∑
i |i〉|i〉 is the maximally entangled state. Note that we can also write the

Jamio lkowski state as J(E) = 1
d

∑
i |Ei〉〉〈〈Ei|.

2.2 Unitarity

The unitarity measures how much E is unitary. There is an ingenious connection between the
absolute purity of states and absolute unitarity of quantum channels via Choi-Jamio lkowski iso-
morphism, i.e., the quantum channel E is a unitary channel if and only if its Jamio lkowski state
J(E) is a pure state [6]. Thus the unitarity can be defined as a generalization of purity for quantum
channels.

Definition 1 (Unitarity). Let E be a quantum channel (not necessarily trace-preserving), its uni-
tarity is defined by,

u(E) := tr
(
J(E)2

)
, (6)

where J(E) is the Jamio lkowski state of E.

The following proposition shows several important properties. It is worth noting that, the third
property provides a preferred form of unitarity using the matrix representation, which will be used
frequently in our paper.

Proposition 1. For any quantum channel E,

1. u(E) ≤ 1 with equality if and only if E is unitary,

2. the unitarity is invariant under unitary transformations, i.e., u(E) = u(UEV) for any unitaries
U, V ,

3. the unitarity can be defined equivalently as u(E) = 1
d2 tr

(
E†E

)
.
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Proof. The first property is obvious. The third property can be obtained by:

tr(J(E)2) =
1

d2
tr

∑
i

|Ei〉〉〈〈Ei|
∑
j

|Ej〉〉〈〈Ej |

 =
1

d2

∑
i,j

〈〈Ei|Ej〉〉〈〈Ej |Ei〉〉

=
1

d2

∑
i,j

tr
(
E†iEj

)
tr
(
E†jEi

)
=

1

d2

∑
i,j

tr
[
(Ei ⊗ E∗i )†

(
Ej ⊗ E∗j

)]
=

1

d2
tr
(
E†E

)
.

(7)

Then, the second property follows immediately.

The unitarity u(E) gives good characterizations for the maximal fidelity of E to a unitary channel.
Therefore, it has important applications in quantum process certification and benchmarking, which
will be discussed in Section 5. Moreover, there is an alternative definition [17] of unitarity which has
been used in characterizing the coherence of noise channels, and is closely related to the unitarity
given in Definition 1. We will show in the Appendix D that, the same lower and upper bounds also
apply to this alternative definition.

3 Upper bounds

3.1 A unified and efficient framework for unitarity estimation

We start by considering two simple but important properties of unitary channels: purity-preservation
and orthogonality-preservation. That is, any unitary channel acting on a pure state still outputs a
pure state, and any unitary channel acting on a pair of orthogonal states separately still outputs a
pair of orthogonal states. We will show that, the unitarity can be efficiently characterized by the
quantifications of these two properties.

Definition 2 (Purity-preservation index, p(E)). The purity-preservation index p(E) is defined to
measure how much purity the channel E preserves when acting on a random pure state |ψ〉 = U |0〉,
in which U is a Haar random unitary matrix. That is,

p(E) := Eψ
[
tr
(
E(|ψ〉〈ψ|)2

)]
. (8)

Definition 3 (Orthogonality-preservation index, o(E)). The orthogonality-preservation index o(E)
is defined to measure how much orthogonality the channel E preserves when acting on a pair of
random orthogonal pure states (|ψ〉, |φ〉) = (U |0〉, U |1〉), in which U is a Haar random unitary
matrix. That is,

o(E) := Eψ,φ [tr(E(|φ〉〈φ|)E(|ψ〉〈ψ|))] . (9)

Note that p(E) ≤ 1 with equality if and only if E preserves the purity for all pure states.
By contrast, o(E) ≥ 0 with equality if and only if E preserves the orthogonality for all pairs of
orthogonal pure states. Then we have an elegant connection between the unitarity u(E) and the
purity/orthogonality-preservation indices p(E) and o(E):

Theorem 1 (Unitarity as purity-preservation and orthogonality-preservation).

u(E) = p(E)−
(

1− 1

d

)
o(E). (10)

7



Proof. First, we can see that

p(E) = Eψ
[
〈〈ψ|E†E|ψ〉〉

]
= EU

[
〈〈ρ0|U†E†EU|ρ0〉〉

]
=

∫
dU 〈〈ρ0|U†E†EU|ρ0〉〉, (11)

and

o(E) = Eψ,φ
[
〈〈φ|E†E|ψ〉〉

]
= EU

[
〈〈ρ1|U†E†EU|ρ0〉〉

]
=

∫
dU 〈〈ρ1|U†E†EU|ρ0〉〉, (12)

where ρ0 = |0〉〈0| and ρ1 = |1〉〈1|. Then, note that {U = U ⊗ U∗}U∈Ud is a representation on Cd2

for the group Ud of d-dimensional unitaries, which has two irreducible invariant subspaces:

{|cI〉〉 | c ∈ C} , {|X〉〉 | tr(X) = 0, X ∈Md} . (13)

Define E†E :=
∫

dU U†E†EU . Then E†E commutes with all U . By Schur’s lemma, E†E is a linear
combination of the projectors of these two irreducible subspaces:

E†E = α

(
I − | I√

d
〉〉〈〈 I√

d
|
)

+ β| I√
d
〉〉〈〈 I√

d
|. (14)

Thus we have

p(E) = 〈〈ρ0| E†E |ρ0〉〉 =

(
1− 1

d

)
α+

1

d
β, (15)

and

o(E) = 〈〈ρ1| E†E |ρ0〉〉 = −1

d
α+

1

d
β, (16)

which imply
α = p(E)− o(E), β = (d− 1)o(E) + p(E). (17)

Thus,

u(E) =
1

d2
tr
(
E†E

)
=

1

d2
tr
(
E†E

)
=

(
1− 1

d2

)
α+

1

d2
β

= p(E)−
(

1− 1

d

)
o(E).

(18)

It is worth noting that, Theorem 1 admits efficient estimation for the unitarity u(E) by separately
estimating both p(E) and o(E). This is because the purity/orthogonality-preservation indexes only
involve a quantum system of smaller dimension, compared to the method [6] based on Jamio lkowski
states.

3.2 Coherent access

For simplicity, we only consider the orthogonality-preservation index o(E), and the purity-preservation
index p(E) can be treated through a similar manner. The overall idea is simple, i.e., 1) pick a Haar
random unitary U and define the input states |ψ〉 = U |0〉, |φ〉 = U |1〉; 2) apply E⊗2 on |ψ〉〈ψ|⊗|φ〉〈φ|
to obtain ρ⊗σ where ρ = E(|ψ〉〈ψ|), σ = E(|φ〉〈φ|); and then 3) estimate tr(ρσ) using SWAP test. It
is worth noting that, the output states ρ, σ can be partial density operators (i.e., tr(ρ), tr(σ) ≤ 1),
since we do not assume the trace-preservation of E . However, this is not a problem since the SWAP
test can be easily extended to handle this case (see Appendix A). Therefore, we can estimate o(E)
using Algorithm 1, and its performance is guaranteed by Theorem 2.
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Algorithm 1 Estimating o(E) with coherent access

Input: number of input settings M , coherent access to the quantum channel E acting on a d-
dimensional system

Output: an estimate of o(E)
1: for i = 1 · · ·M do
2: sample a random unitary matrix Ui ∼ U(d)
3: let |ψi〉 = Ui|0〉 and |φi〉 = Ui|1〉
4: let ρi = E(|ψi〉〈ψi|) and σi = E(|φi〉〈φi|)
5: estimate the value of tr (ρiσi) using the extended SWAP test on ρi and σi, denote by zi
6: end for
7: Return z := 1

M

∑M
i=1 zi

Theorem 2 (Upper bound, coherent access). Set M = Θ(ε−2). Algorithm 1 returns an ε-close esti-
mate for o(E) with success probability at least 2/3, using O(ε−2) calls to E and an O(d)-dimensional
ancilla system.

Proof. In line 5 of Algorithm 1, we obtain a value zi such that E[zi|Ui] = tr(ρiσi). Thus

E[zi] = Eψi,φi [tr(E(|ψi〉〈ψi|)E(|φi〉〈φi|))] = o(E). (19)

Since |zi| ≤ 1, by Hoeffding’s inequality, we have

Pr [|z − o(E)| < ε] ≥ 1− 2 exp
(
−Mε2/2

)
. (20)

We takeM = Θ(ε−2), then 1−2 exp(−Mε2/2) = Ω(1). This means we can estimate o(E) to precision
ε using O(ε−2) calls to E . We also note that, the algorithm only needs an O(d)-dimensional ancilla
system to additionally store a single-copy of the output of E for the SWAP test.

p(E) can be estimated through a similar manner. Therefore, we can estimate the value of u(E),
using O(ε−2) calls to E and an O(d)-dimensional ancilla system. By contrast, prior upper bound
O(ε−2) obtained in [6] needs an Ω(d3)-dimensional ancilla system, since they apply SWAP test on
the Jamio lkowski states, which are of much larger dimension.

3.3 Incoherent access

For simplicity, we only consider the orthogonality-preservation index o(E), and the purity-preservation
index p(E) can be treated through a similar manner. The overall idea is straightforward, i.e., replac-
ing the swap test with the distributed quantum inner product estimation (DQIPE) [25]. However,
since the quantum channel E can be non-trace-preserving, its output states are partial density op-
erators, i.e. tr(E(ρ)) ≤ 1. Direct application of the original DQIPE could fail since we may require
arbitrarily many experiments to obtain enough valid samples for the collision estimator. Therefore,
an extended version of DQIPE (see Algorithm 3) is adopted to accommodate the partial density
operators, and we show that its output is unbiased and has the same error bounds as those of
original DQIPE (the details are presented in Appendix B). Then, the performance of our unitarity
estimation algorithm can be guaranteed by analyzing different types of errors separately. More
details are shown in Algorithm 2 and Theorem 3.

Theorem 3 (Upper bound, incoherent access). Set M = Θ(ε−2), N = Θ(1) and m = Θ(
√
d).

Algorithm 2 returns an ε-close estimate for o(E) with success probability at least 2/3, using O(
√
d ·

ε−2) calls to E and no ancilla system.

9



Algorithm 2 Estimating o(E) with incoherent access

Input: number of input settings M , parameters N,m for inner product estimation algorithm,
incoherent access to the quantum channel E acting on a d-dimensional system

Output: an estimate of o(E)
1: for i = 1 · · ·M do
2: sample a random unitary matrix Ui ∼ U(d)
3: let |ψi〉 = Ui|0〉 and |φi〉 = Ui|1〉
4: let ρi = E(|ψi〉〈ψi|) and σi = E(|φi〉〈φi|)
5: estimate the value of tr (ρiσi) by Algorithm 3 using 2Nm samples of ρi and σi, denote by zi
6: end for
7: Return z := 1

M

∑M
i=1 zi

Proof. In line 5 of Algorithm 2, by Proposition 2, we obtain a value zi such that E[zi|Ui] = tr (ρiσi)
and

Var (zi|Ui) = O

(
1

Nd
+

d

Nm2
+

1

Nm

)
, (21)

using 2Nm samples of ρi and σi. Define Ei := E[zi|Ui] and ei := zi − Ei. Then the algorithm
output z can be decomposed into two parts:

z =
1

M

M∑
i=1

Ei +
1

M

M∑
i=1

ei = E + e, (22)

where E := 1
M

∑M
i=1Ei and e := 1

M

∑M
i=1 ei. We will then bound the error of E and e separately.

1. Errors of E: note that Ei = tr(ρiσi), thus E[Ei] = o(E), and 0 ≤ Ei ≤ 1. By Hoeffding’s
inequality, we have

Pr [|E − o(E)| < ε] ≥ 1− 2 exp
(
−2Mε2

)
. (23)

2. Errors of e: note that E[ei|Ui] = 0, and Var (ei|Ui) = Var (zi|Ui). By the law of total variance,
we have

Var(ei) = E[Var(ei|Ui)] + Var(E[ei|Ui])
= E[Var(zi|Ui)] + 0

≤ O
(

1

Nd
+

d

Nm2
+

1

Nm

)
.

(24)

Therefore, by the Chebyshev’s inequality,

Pr [|e| < ε] ≥ 1− Var(e)

ε2
, (25)

where the variance of e can be bounded by

Var(e) = Var

(
1

M

M∑
i=1

ei

)
≤ O

(
1

MNd
+

d

MNm2
+

1

MNm

)
. (26)

We take M = Θ(ε−2), N = Θ(1) and m = Θ(
√
d), then

Pr [|E − o(E)| < ε] ≥ 1− 2 exp
(
−2Mε2

)
= Ω(1),

Pr [|e| < ε] ≥ 1−Var(e)/ε2 = Ω(1),
(27)
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which means
Pr [|z − o(E)| ≤ 2ε] ≥ Ω(1). (28)

Therefore, the output z is an ε-close estimate for o(E) with high probability, and the algorithm uses
MNm = O(

√
d · ε−2) oracle calls.

The purity-preservation index p(E) can be estimated to precision ε through a similar manner.
Therefore, we can estimate the value of u(E) using O(

√
d · ε−2) oracle calls to E .

4 Lower bounds

4.1 Prerequisites

A basic tool of our hardness results is the tree representation for learning quantum channels in-
troduced in [19]. The tree representation targets on the learning algorithms that are provided
only incoherent access/measurement to the unknown quantum channels/states, where the state of
the learning algorithm is classically represented by a node. Another key point is that the tree
representation well characterizes the adaptivity of the learning algorithms, since the choice of the
experiment that is performed at each node can depend on all prior experimental outcomes. There-
fore, the “tree representation” framework is typically used for the adaptive and incoherent setting,
which is one of the settings considered in this paper. However, it is worth noting that for different
learning tasks [19, 32, 21, 33], the techniques used to analyze the tree can vary a lot.

Definition 4 (Tree representation). Consider a fixed quantum channel E acting on a d-dimensional
subsystem of a Hilbert space Hmain ⊗ Hanc where Hmain is the “main system” of dimension d and
Hanc is an “ancilla system” of dimension d′. A learning algorithm with incoherent access to E can
be represented as a rooted tree T of depth T such that each node encodes all measurement outcomes
the algorithm has received thus far. The tree has the following properties:

• Each node u has an associated probability pE(u).

• The root of the tree r has an associated probability pE(r) = 1.

• At each non-leaf node u, we prepare a state |φu〉 on Hmain ⊗ Hanc, apply the channel E onto
Hmain, and measure a rank-1 POVM {wvudd′ |ψvu〉〈ψvu|}v (which can depend on u) on the entire
system to obtain a classical outcome v, where

∑
v w

v
u = 1 by normalization condition. Each

POVM outcome v corresponds to a child node v of the node u, which is connected by the edge
eu,v. We refer to the set of child node of the node u as child(u).

• If v is a child node of u connected by eu,v, then

pE(v) = pE(u)wvudd
′ 〈ψvu| (E ⊗ Ianc)[|φu〉〈φu|] |ψvu〉 . (29)

• Each root-to-leaf path is of length T . For a leaf of corresponding to node `, pE(`) is the
probability that the classical memory is in state ` after the learning procedure.

Note that in the tree representation, pure input states and rank-1 POVMs are used instead of
the mixed states and general POVMs such as those shown in Fig. 1. However, this is without loss
of generality, since any mixed state can be simulated by a pure state with additional ancilla system,
and any POVM can be simulated by a rank-1 POVM (see [19] for more details). Then, we consider
the following distinguishing task:

11



Definition 5 (Two-hypothesis distinguishing task). The following two events happen with equal
probability:

• The channel E is sampled from a probability distribution DA over channels.

• The channel E is sampled from a probability distribution DB over channels.

The goal is to distinguish whether E is sampled from DA or DB.

The following lemma is also needed.

Lemma 1 (One-sided bound, see Lemma 5.4 in [19]). Consider a learning algorithm with incoherent
access that is described by a rooted tree T . If we have

EE∼DA [pE(`)]

EE∼DB [pE(`)]
≥ 1− δ, ∀` ∈ leaf(T ), (30)

then the probability that the learning algorithm solves the two-hypothesis distinguishing task is upper
bounded by δ.

4.2 Depolarizing vs unitary channel

To prove the hardness of unitarity estimation, we first consider the following problem:

Problem 1 (Depolarizing vs unitary channel). Suppose that a quantum channel E acting on a
d-dimensional system is one of the following with equal probability:

1. E is the completely depolarizing channel D,

2. E is the unitary channel U : ρ 7→ UρU † for U a fixed, Haar-random unitary.

The task is to distinguish between the above two cases.

Here, the completely depolarizing channel D is defined by D(ρ) := tr(ρ)I/d. Note that u(D) =
1
d2 and u(U) = 1. Thus any unitarity estimation algorithm with constant precision can distinguish
between the completely depolarizing channel and the random unitary channel. This problem has
been previously studied in several literatures [34, 5, 19]. Specifically, a lower bound of Ω( 3

√
d) is

presented in [5] and then strengthened by [19] to allow for arbitrary-size ancilla system. In this
paper, we further improve this lower bound to Ω(

√
d), which matches the upper bound O(

√
d) by

[19].

Theorem 4 (Lower bound for depolarizing vs unitary channel, incoherent access). Any learning
algorithm with incoherent access requires

T ≥ Ω(
√
d) (31)

oracle calls to E : Md →Md to distinguish between whether E is a unitary or a maximally depolar-
izing channel with probability at least 2/3.

Proof. First of all, let us assume that

dT

d(d+ 1) · · · (d+ T − 1)
>

1

2
. (32)
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This is because if not, we have

1

2
≥ dT

d(d+ 1) · · · (d+ T − 1)
=

T−1∏
t=0

(
1 +

t

d

)−1

>
T−1∏
t=0

(
1− t

d

)
≥
(

1− T

d

)T
> 1− T 2

d
,

(33)

implying T ≥ Ω(
√
d). Then we have done.

Let T be the tree corresponding to any given learning algorithm for the depolarizing vs uni-
tary channel problem. By Lemma 1 it suffices to lower bound EU [pU (`)]/pD(`) for all leaves
`. Now we consider a fixed leaf `. Recall from Eq. (29) and following the root-to-leaf path
v0 = r, v1, ..., vT−1, vT = `, the probability of the leaf ` under the channel E is

pE(`) =

T−1∏
t=0

(
wvt+1
vt dd′ 〈ψvt+1

vt | (E ⊗ Ianc)
[
|φvt〉〈φvt |

]
|ψvt+1
vt 〉

)
. (34)

Since the leaf ` is fixed (and so is the path), for simplicity, we define |ψt〉 = |ψvt+1
vt 〉, wt = w

vt+1
vt .

Then it can be written as:

T−1∏
t=0

(
wtdd

′ 〈ψt| (E ⊗ Ianc)
[
|φt〉〈φt|

]
|ψt〉

)
. (35)

Let |φt〉 =
∑d′−1

i=0 |φt,i〉|i〉 and |ψt〉 =
∑d′−1

i=0 |ψt,i〉|i〉 where the first and second registers correspond
to the main and ancilla systems, respectively (note that |φt,i〉 and |ψt,i〉 need not to be unit). Then,

pE(`) =
T−1∏
t=0

(
wtdd

′
∑
i,j

〈ψt,i| E
[
|φt,i〉〈φt,j |

]
|ψt,j〉

)

=
∑
i,j

T−1∏
t=0

(
wtdd

′ 〈ψt,it | E
[
|φt,it〉〈φt,jt |

]
|ψt,jt〉

)

=
∑
i,j

T−1∏
t=0

(
wtdd

′ 〈ψt,i| E
[
|φt,i〉〈φt,j|

]
|ψt,j〉

)
,

(36)

where i = (i0, . . . , iT−1), j = (j0, . . . , jT−1) go over all length-T sequences of elements in {0, 1, . . . , d′−
1} and we define |ψt,i〉 = |ψt,it〉, |φt,i〉 = |φt,it〉. Now we consider the cases where E is a Haar-random
unitary or a completely depolarizing channel.

Haar-random unitary.

For fixed i, j, we have

EU

[
T−1∏
t=0

〈ψt,i| U
[
|φt,i〉〈φt,j|

]
|ψt,j〉

]
= EU

[
T−1∏
t=0

〈ψt,i|U |φt,i〉〈φt,j|U †|ψt,j〉

]

=EU

[
T−1∏
t=0

〈ψt,i|U |φt,i〉〈ψ∗t,j|U∗|φ∗t,j〉

]
= EU

[
T−1∏
t=0

〈ψt,i|U |φt,i〉
T−1∏
t=0

〈ψ∗t,j|U∗|φ∗t,j〉

]
(37)

13



=EU


...
〈ψt,i|

...

U⊗T

...
|φt,i〉

...

...
〈ψ∗t,j|

...

U∗⊗T

...
|φ∗t,j〉

...

 =

...
〈ψt,i|

...
〈ψ∗t,j|

...

EU
[
U⊗T ⊗ U∗⊗T

]
...
|φt,i〉

...
|φ∗t,j〉

...

,

where |ψ∗〉, U∗ denote the complex conjugates of |ψ〉, U (w.r.t. the computational basis), and for

readability, we use the vertical tensor form
A
B

to denote A ⊗ B, and thus

...
At
...

denotes
⊗

tAt. By

the conclusions in representation theory [35], EU [U⊗T ⊗ U∗⊗T ] is the orthogonal projector Πtriv

onto the trivial sub-representations of the unitary representation {U⊗T ⊗ U∗⊗T }U of the group
{U}U . Roughly speaking, we have used a fact similar to that |G|−1

∑
g∈G REP(g) is the orthogonal

projector onto the trivial sub-representations of the unitary representation REP of group G (also
see the proof of Proposition 1 in [36]). Due to the equivalence of the following fixed point problems,

U⊗T ⊗ U∗⊗T |X〉〉 = |X〉〉 ⇐⇒ U⊗TXU †⊗T = X, (38)

we can consider the RHS of Eq. (38). By the Schur-Weyl duality [35], we know that any solution
X belongs to the linear span of {Pπ |π ∈ ST }, where ST is the symmetric group on T letters, and
Pπ : H⊗Tmain → H⊗Tmain, |x1, . . . , xT 〉 7→ |xπ−1(1), . . . , xπ−1(T )〉. Thus the support of Πtriv is spanned
by |Pπ〉〉. However, note that these |Pπ〉〉 are not orthogonal with each other. We will later give a
lemma that relates the orthogonal basis of Πtriv and |Pπ〉〉. But for now, let us suppose the spectral
decomposition of Πtriv is

∑
k |Ak〉〉〈〈Ak|. Then,

(37) =

...
〈ψt,i|

...
〈ψ∗t,j|

...

∑
k

|Ak〉〉〈〈Ak|

...
|φt,i〉

...
|φ∗t,j〉

...

=

〈〈 ...
|ψt,i〉〈ψt,j|

...

∣∣∣∣∣ ∑
k

|Ak〉〉〈〈Ak|

∣∣∣∣∣
...

|φt,i〉〈φt,j|
...

〉〉

=
∑
k

tr


...

|ψt,j〉〈ψt,i|
...

Ak

 tr

A†k
...

|φt,i〉〈φt,j|
...

 =
∑
k

...
〈ψt,i|

...

Ak

...
|ψt,j〉

...

...
〈φ∗t,i|

...

A∗k

...
|φ∗t,j〉

...

=

...
〈ψt,i|

...
〈φ∗t,i|

...

∑
k

Ak ⊗A∗k

...
|ψt,j〉

...
|φ∗t,j〉

...

.

(39)
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Then, recall from Eq. (36), we have

EU
[
pU (`)

]
=

(
T−1∏
t=0

wtdd
′

)∑
i

...
〈ψt,i|

...
〈φ∗t,i|

...

(∑
k

Ak ⊗A∗k

)∑
j

...
|ψt,j〉

...
|φ∗t,j〉

...

. (40)

Note that the LHS and RHS of
∑

k Ak⊗A∗k are the same vector, and we have the following lemma.

Lemma 2. If dT

d(d+1)···(d+T−1) >
1
2 , then∑

k

Ak ⊗A∗k w
1

d(d+ 1) · · · (d+ T − 1)

∑
π∈ST

Pπ ⊗ P ∗π , (41)

where w is the Loewner order.

The proof of the above lemma is deferred to Section 4.2.1. This lemma yields

(40) ≥
∏T−1
t=0 wtdd

′

d(d+ 1) · · · (d+ T − 1)

∑
i

...
〈ψt,i|

...
〈φ∗t,i|

...

∑
π∈ST

Pπ ⊗ P ∗π

∑
j

...
|ψt,j〉

...
|φ∗t,j〉

...

=

∏T−1
t=0 wtdd

′

d(d+ 1) · · · (d+ T − 1)

∑
i

...〈〈
|ψt,i〉〈φt,i|

∣∣∣
...

∑
π∈ST

Pπ

∑
j

...∣∣∣ |ψt,j〉〈φt,j|〉〉

...

,

(42)

where Pπ : M⊗Td → M⊗Td , |X1〉〉 · · · |XT 〉〉 7→ |Xπ−1(1)〉〉 · · · |Xπ−1(T )〉〉. Pπ can be seen as the permu-
tation operator “lifted” from Pπ. Then,

(42) =

∏T−1
t=0 wtdd

′

d(d+ 1) · · · (d+ T − 1)

...〈〈 ∑d′−1
i=0 |ψt,i〉〈φt,i|

∣∣∣
...

∑
π∈ST

Pπ


...∣∣∣ ∑d′−1

j=0 |ψt,j〉〈φt,j |
〉〉

...

. (43)

Note that the LHS and RHS of
∑

π∈ST Pπ are tensor product vectors. Then, we use the following
lemma about tensor product vector and permutation operators:

Lemma 3 (Tensor product vector and permutation operators, see Lemma 5.12 in [19]). For any
collection of vectors {|xt〉}Tt=1 ⊂ Cm,

...
〈xt|

...

∑
π∈ST

Pπ

...
|xt〉

...

≥

...
〈xt|

...

...
|xt〉

...

, (44)

where in this lemma, Pπ act as permutation operators on (Cm)⊗T .
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Thus,

(43) ≥
∏T−1
t=0 wtdd

′

d(d+ 1) · · · (d+ T − 1)

...〈〈 ∑d′−1
i=0 |ψt,i〉〈φt,i|

∣∣∣
...

...∣∣∣ ∑d′−1
j=0 |ψt,j〉〈φt,j |

〉〉
...

=

∏T−1
t=0 wtdd

′

d(d+ 1) · · · (d+ T − 1)

∑
i

...〈〈
|ψt,i〉〈φt,i|

∣∣∣
...

∑
j

...∣∣∣ |ψt,j〉〈φt,j|〉〉

...

=

∏T−1
t=0 wtdd

′

d(d+ 1) · · · (d+ T − 1)

∑
i,j

T−1∏
t=0

〈ψt,i|ψt,j〉〈φt,j|φt,i〉.

(45)

Completely depolarizing channel.

If E is the completely depolarizing channel D, then,

pD(`) =
∑
i,j

T−1∏
t=0

(
wtdd

′ 〈ψt,i| D
[
|φt,i〉〈φt,j|

]
|ψt,j〉

)
=
∑
i,j

T−1∏
t=0

(
wtdd

′ 〈ψt,i|ψt,j〉 〈φt,j|φt,i〉/d
)

=

(
T−1∏
t=0

wtd
′

)∑
i,j

T−1∏
t=0

〈ψt,i|ψt,j〉 〈φt,j|φt,i〉.

(46)

Final step.

Combining Eq. (45) and Eq. (46), we see that

EU
[
pU (`)

]
pD(`)

≥ dT

d(d+ 1) · · · (d+ T − 1)
=

T−1∏
t=0

(
1 +

t

d

)−1

≥
T−1∏
t=0

(
1− t

d

)
≥
(

1− T

d

)T
≥ 1− T 2

d
.

(47)

Using Lemma 1, we have the probability that the given learning algorithm successfully distinguishes

the two settings is upper bounded by 1−
(

1− T 2

d

)
. Therefore, 2/3 ≤ 1−

(
1− T 2

d

)
implying that

T ≥ Ω(
√
d).

4.2.1 Proof of Lemma 2

Define rΠ = rank(Πtriv). Note that Πtriv =
∑

k≤rΠ |Ak〉〉〈〈Ak| is the orthogonal projector on to the
subspace spanned by {|Pπ〉〉}π. Let M be the matrix composed of the column vectors |Pπ〉〉. Then,

supp

(∑
k

|Ak〉〉〈〈Ak|

)
= supp

(∑
π

|Pπ〉〉〈〈Pπ|

)
= supp

(
MM †

)
, (48)
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where supp(H) denotes the support space of the Hermitian operator H. Thus there is a singular
value decomposition: M = UDV † such that {|Ak〉〉}k are the first rΠ columns of U , and exactly
the first rΠ diagonal entries of D are non-zero. Therefore,[

. . . , |Pπi〉〉, . . .
]
V =

[
. . . , |Ak〉〉, . . . , 0, . . .

]
D, (49)

where πi ∈ ST is a permutation indexed by i. Thus we can express Ak using Pπi with the matrices
V and D. That is,

Ak =

∑
i Vi,kPπi
Dk

. (50)

Thus ∑
k≤rΠ

Ak ⊗A∗k =
∑
k≤rΠ

∑
i,j Vi,kV

∗
j,kPπi ⊗ P ∗πj
D2
k

=
∑
i,j

Pπi ⊗ P ∗πj
∑
k≤rΠ

Vi,kV
∗
j,k

D2
k

=
∑
i,j

Pπi ⊗ P ∗πj
(
V (D†D)−1V †

)
i,j
,

(51)

where (·)−1 here is the pseudo inverse (however we will later show that D†D is full rank). This
motivates us to consider the matrix G = M †M = V (D†D)V †, where Gi,j = 〈〈Pπi |Pπj 〉〉 (note that
the inverse of G is so-called the Weingarten matrix [26]). We then prove that G is full rank, and
thus is positive definite.

For any row i, we have

∑
j

Gi,j =
∑
j

〈〈Pπi |Pπj 〉〉 =
∑
j

tr
(
P †πiPπj

)
=
∑
j

tr
(
Pπ−1

i
Pπj

)
= tr

∑
j

Pπj


= T ! dim

(
SymT (Cd)

)
= d(d+ 1) · · · (d+ T − 1),

(52)

where SymT (Cd) is the symmetric subspace [36] of (Cd)⊗T . Recall from Eq. (32), we know that

Gi,i −
∑
j 6=i

Gi,j = 2Gi,i −
∑
j

Gi,j = 2dT − d(d+ 1) · · · (d+ T − 1) > 0, (53)

thus G is diagonally dominant, which means G is full rank.
Then we consider the upper bound of the eigenvalues of G. Suppose x = (. . . , xi, . . .) is an

eigenvector of G, and xM = maxi(|xi|) for some index M , then

λ|xM | = |(Gx)M | = |
∑
j

GM,jxj | ≤
∑
j

GM,j |xM | = d(d+ 1) · · · (d+ T − 1)|xM |. (54)

Thus for any eigenvalue λ of G, λ ≤ d(d+ 1) · · · (d+ T − 1). Recall from Eq. (51), we have∑
k

Ak ⊗A∗k −
1

d(d+ 1) · · · (d+ T − 1)

∑
i

Pπi ⊗ P ∗πi

=
∑
i,j

Pπi ⊗ P ∗πj
(
G−1

)
i,j
− 1

d(d+ 1) · · · (d+ T − 1)

∑
i

Pπi ⊗ P ∗πi

=
∑
i,j

Pπi ⊗ P ∗πj

(
G−1 − I

d(d+ 1) · · · (d+ T − 1)

)
i,j

=
∑
i,j

Pπi ⊗ P ∗πj
(
G′
)
i,j
,

(55)

17



where G′ = G−1 − I
d(d+1)···(d+T−1) is positive semidefinite as the smallest eigenvalue of G−1 is not

smaller than 1
d···(d+T−1) . Now, we can provide some intuition here: the form of

∑
i,j Pπi⊗P ∗πj (G′)i,j

is somewhat similar to [
. . . , |Pπi〉〉, . . .

]
G′
[
. . . , |Pπj 〉〉, . . .

]†
, (56)

except that Pπi , Pπj are associated through tensor product (i.e., Pπi ⊗ P ∗πj ) but not outer product
(i.e., |Pπi〉〉〈〈Pπj |). Thus we cannot directly conclude that Eq. (55) is positive semidefinite.

We will solve this difficulty by characterizing the eigenspaces of G (thus is also the eigenspaces
of G′). First, let us consider the matrix space P := span({Pπi}i). Since we have proved that G is
full rank, these elements Pπi are linear independent. Thus there is an bijection γ : CT ! → P, where

γ : x = [x1, . . . , xT !]
T 7→

∑
i

xiPπi . (57)

Then, for an eigenvalue λ of G, the corresponding eigenspace Eλ has the following properties:

Lemma 4. Suppose X,Y ∈ P.

1. If X,Y ∈ γ(Eλ), then aX + bY ∈ γ(Eλ), where a, b are complex numbers.

2. If X,Y ∈ γ(Eλ), then XY ∈ γ(Eλ).

3. If X ∈ γ(Eλ), then X† ∈ γ(Eλ).

4. If X,Y ∈ γ(Eλ), then 〈〈X|Y 〉〉 := tr(X†Y ) = λ 〈γ−1(X)|γ−1(Y )〉.

Proof.

1. The first property is obvious by the linearity of γ.

2. Suppose γ−1(X) = [. . . , xi, . . .]
T and γ−1(Y ) = [. . . , yi, . . .]

T. Then we have

λxi =
∑
j

Gi,jxj = tr

P †πi∑
j

Pπj

xj , λyi =
∑
j

Gi,jyj = tr

P †πi∑
j

Pπj

 yj , (58)

and
XY =

∑
i,j

xiyjPπiPπj =
∑
k

Pπk
∑
j

xkj−1yj , (59)

where in a slight abuse of notation, we use kj−1 to denotes the index of the permutation
πkπ

−1
j . Thus we have(
Gγ−1(XY )

)
i

=
∑
k

Gi,k
∑
j

xkj−1yj =
∑
j

yj
∑
k

Gi,kxkj−1

=
∑
j

yj
∑
k

tr
(
P †πiPπk

)
xkj−1 =

∑
j

yj
∑
k

tr
(
P †πiPπkj−1Pπj

)
xkj−1

=
∑
j

yj
∑
k

tr

((
PπiP

†
πj

)†
Pπkj−1

)
xkj−1

=
∑
j

yj
∑
k

tr
(
P †πij−1

Pπkj−1

)
xkj−1

= λ
∑
j

yjxij−1 = λ
(
γ−1(XY )

)
i
.

(60)

Therefore, Gγ−1(XY ) = λγ−1(XY ) and thus XY ∈ γ(Eλ).
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3. Similarly, let γ−1(X) = [. . . , xi, . . .]
T, then

X† =
∑
i

x∗iP
†
πi =

∑
i

x∗iPπi−1 =
∑
j

x∗j−1Pπj , (61)

Then, (
Gγ−1

(
X†
))

i
=
∑
j

Gi,jx
∗
j−1 =

∑
j

tr
(
P †πiPπj

)
x∗j−1

=
∑
j

tr
(
P †πiPπj−1

)
x∗j =

∑
j

tr
(
P †πiP

†
πj

)
x∗j

=

∑
j

tr
(
PπiPπj

)
xj

∗ =

∑
j

tr
(
P †πi−1

Pπj

)
xj

∗

= (λxi−1)∗ = λx∗i−1 = λ
(
γ−1

(
X†
))

i
.

(62)

Therefore, Gγ−1(X†) = λγ−1(X†) and thus X† ∈ γ(Eλ).

4. Let γ−1(X) = [. . . , xi, . . .]
T and γ−1(Y ) = [. . . , yi, . . .]

T. Then we have

tr
(
X†Y

)
=
∑
i,j

x∗i yjtr
(
P †πiPπj

)
=
∑
i

x∗i
∑
j

tr
(
P †πiPπj

)
yj

= λ
∑
i

x∗i yi = λ 〈γ−1(X)|γ−1(Y )〉.
(63)

The first three properties ensure that γ(Eλ) forms a C∗-algebra (equipped with the matrix operator
norm), and the fourth property ensures that the inner products in Eλ and γ(Eλ) coincide (up to a
constant scalar λ).

Now let us go back to Eq. (55). Suppose σ(G) is the set of the eigenvalues of G, and ⊥(Eλ) is
an orthonormal basis of Eλ. We define f(λ) = λ−1 − 1

d(d+1)···(d+T−1) , then for any λ ∈ σ(G), f(λ)

is the corresponding non-negative eigenvalue of G′. Thus,

(55) =
∑
i,j

Pπi ⊗ P ∗πj

 ∑
λ∈σ(G)

f(λ)
∑

x∈⊥(Eλ)

x†x


ij

=
∑

λ∈σ(G)

f(λ)

 ∑
x∈⊥(Eλ)

(∑
i

xiPπi

)
⊗

∑
j

x∗jP
∗
πj


=

∑
λ∈σ(G)

f(λ)

 ∑
x∈⊥(Eλ)

γ(x)⊗ γ(x)∗


=

∑
λ∈σ(G)

f(λ)

 ∑
X∈⊥(γ(Eλ))

X ⊗X∗
 ,

(64)

where the third equality is due to the property 4 of Lemma 4.
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Then, the finite-dimensional C∗-algebra characterization of γ(Eλ) suffices to prove the positive
semidefiniteness of

∑
X∈⊥(γ(Eλ))X ⊗ X∗. To show the intuition, let us consider a special case:

if γ(Eλ) is 1-dimensional, then for a non-zero X ∈ γ(Eλ), we have X†X ∈ γ(Eλ), and thus
X†X = cX where 0 6= c ∈ C; therefore X ⊗X∗ = 1

|c|2 (X†X) ⊗ (X†X)∗ w 0. Now let us consider

the general case that dim(γ(Eλ)) > 1. Note that γ(Eλ) (as a collection of matrices) is the identity
representation of itself (as a C∗-algebra). Thus, the representation γ(Eλ) is unitarily equivalent
to a direct sum of non-zero irreducible representations and zero representations [27], where those
isomorphic irreducible representations are grouped. That is, there exists a unitary matrix U such
that for any X ∈ γ(Eλ),

X = U

[(⊕
i

ρi(X)⊗ Ii

)
⊕ 0

]
U †, (65)

where ρi is the i-th non-zero irreducible representation and 0 is a zero matrix. Then, by the density
theorem (see, for example, [37]), each ρi forms a full matrix algebra. Thus, by the freedom of the
choice of ⊥(γ(Eλ)), we can choose a simple orthonormal basis {Xi,j,k}i,j,k such that,

Xi,j,k =
1√

tr(Ii)
U



. . .

0
|j〉〈k| ⊗ Ii

0
. . .

U
†. (66)

That is, for each basis element Xi,j,k, its representation is only non-zero in exactly one summand
in Eq. (65) (say, the i-th summand), and in this summand, its representation is |j〉〈k| ⊗ Ii/

√
tr(Ii).

Thus ∑
X∈⊥(γ(Eλ))

X ⊗X∗ =
∑
i,j,k

Xi,j,k ⊗X∗i,j,k

=
∑
i

1

tr(Ii)
(U ⊗ U∗)



. . .

0 ∑
j,k (|j〉〈k| ⊗ Ii)⊗ (|j〉〈k| ⊗ Ii)

0
. . .

 (U ⊗ U∗)†.
(67)

It is easy to verify that

∑
j,k

(|j〉〈k| ⊗ Ii)⊗2 =

∑
j

|j〉 ⊗ Ii ⊗ |j〉 ⊗ Ii

(∑
k

〈k| ⊗ Ii ⊗ 〈k| ⊗ Ii

)
w 0. (68)

Thus
∑

X∈⊥(γ(Eλ))X ⊗X∗ is positive semidefinite. Since we have f(λ) ≥ 0 for λ ∈ σ(G), we can
conclude that ∑

k

Ak ⊗A∗k −
1

d(d+ 1) · · · (d+ T − 1)

∑
i

Pπi ⊗ P ∗πi = (64) w 0. (69)

4.3 Unitarity estimation

Then, to further lower bound the unitarity estimation, we consider the following problem:
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Problem 2. Suppose that a quantum channel E is one of the following with equal probability:

1. E = E1 where E1 := aI + bX ,

2. E = E2 where E2 := (a+ ε)I + (b− ε)X ,

where a = 2/3, b = 1/3, X (ρ) = XρX† and X : |i〉 7→ |i+ 1 (mod d)〉 for i = 0, . . . , d− 1. The task
is to distinguish between the above two cases.

We have the following theorem:

Theorem 5 (Lower bound for Problem 2, coherent access). Any learning algorithm, even with
coherent access, requires

T ≥ Ω(ε−2) (70)

oracle calls to the quantum channel E : Md →Md to solve problem 2 with probability at least 2/3.

Proof. Any learning algorithm with coherent access for an unknown quantum channel E has the
following form:

ρ
E

Q1

E
Q2 · · ·

E
QT−1

E
POVM . (71)

This algorithm acts on the quantum system Hmain ⊗ Hanc, where Hmain is the main system (the
first line), Hanc is an ancilla system (the second line), and the dimension of the ancilla system is
not limited. The algorithm is defined by the initial state ρ and transformations E ⊗ I,Q1, E ⊗
I,Q2, . . . , E ⊗ I,QT−1, E ⊗ I. The transformations Qi are quantum channels. The initial state
ρ, transformation Qi and the POVM are independent of E . The algorithm consists of performing
these transformations on the initial state ρ and then measuring the result.

Note that I,X belong to the Weyl-Heisenberg group (or Pauli group if d = 2), so that the
channels E1 and E2 are both teleportation-covariant [28], which means they can be simulated by
teleporting the input state over their Jamio lkowski states. That is, there is a “universal” simulator S
based on quantum teleportation, such that for any state σ and any quantum channel E =

∑
iEi◦E

†
i

in which each Ei is proportional to a Weyl-Heisenberg operator, we have

J(E)
S trace out

σ

= σ
E . (72)

Therefore, Eq. (71) can be written as

J(E)
S

J(E)
S

· · ·

J(E)
S

J(E)
S

ρ Q1 Q2 QT−1 POVM

. (73)
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Let F denote the overall quantum channel (excluding the POVM) in Eq. (73). Then, the output
of this channel is of the form F(J(E)⊗T ⊗ ρ). Thus, the trace distance between the output of the
learning algorithm on different channels E1, E2 can be bounded by,∥∥F (J(E1)⊗T ⊗ ρ

)
−F

(
J(E2)⊗T ⊗ ρ

)∥∥
1
≤
∥∥J(E1)⊗T ⊗ ρ− J(E2)⊗T ⊗ ρ

∥∥
1

=
∥∥J(E1)⊗T − J(E2)⊗T

∥∥
1
,

(74)

where the inequality is due to the contractivity of trace norm under quantum operations. This
motivates us to consider the Jamio lkowski states of E1, E2:

J(E1) = a| I√
d
〉〉〈〈 I√

d
|+ b| X√

d
〉〉〈〈 X√

d
|, J(E2) = (a+ ε)| I√

d
〉〉〈〈 I√

d
|+ (b− ε)| X√

d
〉〉〈〈 X√

d
|. (75)

Thus the fidelity of J(E1) and J(E2) is

F (J(E1), J(E2)) =
√
a(a+ ε) +

√
b(b− ε) = 1 +

(√
a(a+ ε)− a

)
+
(√

b(b− ε)− b
)

= 1 +
aε√

a(a+ ε) + a
− bε√

b(b− ε) + b
= 1− ε

(
1√

1− ε/b+ 1
− 1√

1 + ε/a+ 1

)

= 1− ε
(√

1 + ε/a−
√

1− ε/b
)
O(1) = 1− ε

(
ε/a+ ε/b√

1 + ε/a+
√

1− ε/b

)
O(1)

= 1− ε2O(1) = 1−O(ε2).

(76)

Due to the Holevo–Helstrom theorem [38] (also see, for example, Theorem 3.4 in [39]), if a learn-
ing algorithm can distinguish E1, E2, then the trace distance between the output of the learning
algorithm on E1 and E2 must be larger than a constant. Thus by Eq. (74), we have

Ω(1) ≤ ‖J(E1)⊗T − J(E2)⊗T ‖1 ≤
√

1− F (J(E1)⊗T , J(E2)⊗T )2. (77)

Therefore,

1− Ω(1) ≥ F
(
J(E1)⊗T , J(E2)⊗T

)
= F (J(E1), J(E2))T =

(
1−O(ε2)

)T
≥ 1− TO(ε2).

(78)

Thus
T ≥ Ω(ε−2). (79)

Then, we have the lower bounds for unitarity estimation.

Theorem 6 (Lower bound for unitarity estimation, coherent access). Any learning algorithm with
coherent access requires

T ≥ Ω(ε−2) (80)

oracle calls to E : Md → Md to estimate the unitarity of E to precision ε with probability at least
2/3.
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Proof. Note that any unitarity estimation algorithm to precision O(ε) can solve Problem 2. This
is because:

u(E2)− u(E1) = tr(E†2E2)/d2 − tr(E†1E1)/d2 = (a+ ε)2 + (b− ε)2 − a2 − b2

= (2a− 2b)ε+ 2ε2 = Ω(ε).
(81)

Thus the lower bound for problem 2 applies to unitarity estimation.

Theorem 7 (Lower bound for unitarity estimation, incoherent access). Any learning algorithm
with incoherent access requires

T ≥ Ω(
√
d+ ε−2) (82)

oracle calls to E : Md → Md to estimate the unitarity of E to precision ε with probability at least
2/3.

Proof. We can combine the previous lower bound for incoherent access in Theorem 4 with the
lower bound in Theorem 6 to obtain the lower bound Ω(

√
d + ε−2) for unitarity estimation with

incoherent access.

5 Benchmarking quantum processes with unitarity

Unitarity has shown various applications in benchmarking quantum processes. For example, it can
be used in a specific certification task [6], which is to distinguish whether an unknown channel
is a unitary channel or is ε-far from any unitary channel; it also provides a lower bound for the
best achievable gate infidelity for a noise channel, assuming perfect unitary control [17]. Here, we
introduce a holistic view of utilizing unitarity in benchmarking quantum process.

Consider the following problem: given a quantum channel E , how well it can be approximated by
a unitary channel U . In this problem, a quantification of the closeness between quantum channels
is needed. In the framework of quantum certification and benchmarking [40, 41, 23], the (average)
gate fidelity Fa [24, 40] is widely used as a closeness measure of quantum channels, which is defined
as

Fa(U , E) =

∫
dψ 〈ψ|U †E (|ψ〉〈ψ|)U |ψ〉. (83)

Then, adopting this measure Fa, the unitary approximability of E can be written as:

sup
U∈Ud

Fa(U , E). (84)

We show that the unitarity u(E) provides a good estimate for the unitary approximability of E ,
and the proof is given in Appendix C.

Theorem 8. Suppose E is a quantum channel acting on a d-dimensional system. For convenience,
let u stands for u(E). Then,

d

d+ 1
u2 +

1

d+ 1

√
u ≤ sup

U∈Ud
Fa(U , E) ≤ d

d+ 1

√
u +

1

d+ 1
. (85)

Note that if E is a unitary channel, then both the lower bound and upper bound are saturated.

Theorem 8 shows the following applications.
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1. Consider the unitarity certification problem: we want to distinguish that whether E is a
unitary channel or is ε-far from any unitary channel in gate infidelity. For the former case,
the LHS of Eq. (85) is saturated (equal to 1); and for the latter case, the LHS of Eq. (85) is
ε-far from 1 since supU∈Ud Fa(U , E) ≤ 1 − ε. Then an estimate û for u(E) to precision O(ε)
suffices for this task. This is because, if the estimated value û is less than a constant, say 1/2,
then we can directly claim the the LHS of Eq. (85) is Ω(1)-far from 1; otherwise, û implies an
O(ε)-precise estimate for the LHS of Eq. (85), which is sufficient for distinguishing the two
cases.

2. For noise process E , the RHS of Eq. (85) provides an upper bound for the best achievable
gate fidelity of E in the presence of perfect unitary control [17]. To see this, we reinterpret the
unitary approximability using the identity supU∈Ud Fa(U , E) = supV,W∈Ud Fa(I,VEW), where
V and W can be seen as the “recalibrating” unitary channels for noise reduction. Note that
the upper bound by the RHS of Eq. (85) is incomparable to that given in [17] (for example,
consider the cases that E = I/2 and E is completely depolarizing, see Appendix D for more
details).

We believe further applications are also possible such as the average-to-worst-case error reduc-
tion [12, 13] and the decomposition for the gate fidelity of composite channels [14].
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A SWAP test for partial density operators

Since we do not assume the trace-preservation of quantum channels, the output states ρ, σ can
be partial density operators, i.e., tr(ρ), tr(σ) ≤ 1. Thus there can be a non-zero probability of
obtaining an invalid result, or a failure ⊥ after performing the measurement. To tackle this issue,
we simply set the current estimation to 0 if a failure ⊥ occurs. More specifically, suppose ρ, σ are
partial density operators such that tr(ρ), tr(σ) ≤ 1, and let UST denote the unitary corresponding
to the circuit of SWAP test. Then, the extended SWAP test for partial density operators is as
follows,

1. apply UST on |0〉〈0| ⊗ ρ⊗ σ,

2. measure with the POVM {|0〉〈0| ⊗ I ⊗ I, |1〉〈1| ⊗ I ⊗ I},

3. set w = 1 if the measurement outcome is 0, w = −1 if the measurement outcome is 1, and
w = 0 if the measurement outcome is a failure ⊥.

It is easy to see that w is an unbiased estimator, i.e., E[w] = tr(ρσ).

B Distributed quantum inner product estimation for partial den-
sity operators

We extend the distributed quantum inner product estimation algorithm [25] to accommodate the
partial density operators (i.e., the positive operators with trace less than or equal to 1) as input. If
a density operator ρ has trace less than 1. Then any measurement on ρ has a non-zero probability
1− tr(ρ) to output an invalid result, or a failure ⊥. Our algorithm follows essentially the original
single-copy measurement DQIPE algorithm [25], but with modified estimators to handle the partial
density operators.

We start by considering the partial collision estimator. Suppose P,Q ∈ [0, 1] are two unknown
probabilities, and p′, q′ are two unknown distributions supported on {0, . . . , d − 1}. We are given
i.i.d samples x1, . . . , xm and y1, . . . , ym, where with probability P , xi ∼ p′, and xi = ⊥ otherwise;
with probability Q, yi ∼ q′, and yi = ⊥ otherwise. Our goal is to estimate the inner product

g := PQ
d−1∑
b=0

p′bq
′
b =

d−1∑
b=0

pbqb, (86)

where p, q are two partial probability distributions defined as pb := Pp′b and qb := Qq′b.

Definition 6 (Partial collision estimator). Given samples x1, . . . , xm and y1, . . . , ym, where for
each xi, yi

1. with probability P , xi is sampled from the distribution p′, and xi = ⊥ otherwise;

2. with probability Q, yi is sampled from the distribution q′, and yi = ⊥ otherwise.

We define the partial collision estimator as

g̃ =
1

m2

m∑
j,k=1

1[xj = yk 6= ⊥], (87)

where 1[X] = 1 when X is true and 0 otherwise.
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It is easy to see that the partial collision estimator g̃ is an unbiased estimator for g, i.e., E[g̃] = g.
Furthermore, its variance can also be bounded. Then, we make use of the partial collision estimator
in the distributed quantum inner product estimation for partial density operators, as shown in
Algorithm 3.

Algorithm 3 Distributed quantum inner product estimation for partial density operators

Input: number of basis settings N , number of measurements for each basis m, 2Nm copies of
unknown partial density operators ρ, σ acting on Cd

Output: an estimate of tr(ρσ)
1: for i = 1 · · ·N do
2: sample a random unitary matrix Ui ∼ U(d)

3: measure m copies of ρ in the basis {U †i |b〉〈b|Ui}
d−1
b=0 and obtain Xi = {x1, . . . , xm}

4: measure m copies of σ in the basis {U †i |b〉〈b|Ui}
d−1
b=0 and obtain Yi = {y1, . . . , ym}

5: compute the partial collision estimator (87) using Xi and Yi, denote by g̃i
6: let wi = (d+ 1)g̃i
7: end for
8: measure Nm copies of ρ with the trivial POVM {I} and obtain X = {x1, . . . , xNm}
9: measure Nm copies of σ with the trivial POVM {I} and obtain Y = {y1, . . . , yNm}

10: let t1 = 1
Nm #{xi ∈ X |xi 6= ⊥}

11: let t2 = 1
Nm #{yi ∈ Y | yi 6= ⊥}

12: Return w := 1
N

∑N
i=1wi − t1t2

Lemma 5. The output w of Algorithm 3 is an unbiased estimator for tr(ρσ), i.e.,

E[w] = tr(ρσ). (88)

Proof. In a single iteration in Algorithm 3, ρ, σ is rotated by a random unitary Ui, then the inner
product of p(Ui), q(Ui) is estimated, where

pb(Ui) = 〈b|UiρU †i |b〉, qb(Ui) = 〈b|UiσU †i |b〉. (89)

Note that p(Ui), q(Ui) are sub-probability distributions (i.e.
∑

b pb(Ui) ≤ 1 and
∑

b qb(Ui) ≤ 1).
Their inner product is:

g(Ui) =
d−1∑
b=0

〈b|UiρU †i |b〉 〈b|UiσU
†
i |b〉. (90)

Let g̃i denote the collision estimator (line 5 of Algorithm 3), with unitary Ui and samples Si =
{Xi, Yi}. Its expectation is given by

EUi,Si [g̃i] = EUi [g(Ui)] = dEψ 〈ψ|ρ|ψ〉 〈ψ|σ|ψ〉

=
1

d+ 1
tr ((I ⊗ I + SWAP)ρ⊗ σ)

=
tr(ρ)tr(σ) + tr(ρσ)

d+ 1
.

(91)

Thus E[wi] = tr(ρ)tr(σ) + tr(ρσ). On the other hand, it is easy to see that E[t1] = tr(ρ) and
E[t2] = tr(σ). Since t1, t2 are independent, we have E[t1t2] = tr(ρ)tr(σ). Then,

E[w] = tr(ρ)tr(σ) + tr(ρσ)− tr(ρ)tr(σ) = tr(ρσ). (92)
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For the variance of g̃i, we have the following lemma.

Lemma 6. The total variance of the partial collision estimator g̃i (line 5 of Algorithm 3) is upper
bounded by

Var (g̃i) = O

(
1

d3
+

1

m2d
+

1

md2

)
. (93)

Note that the proof is essentially the same as that in [25], except all formulas are made homo-
geneous with respect to ρ and σ. For completeness, we provide a proof in the Appendix. On the
other hand, it is easy to see that the variance of t1t2 is also bounded.

Lemma 7. The variance of t1t2 is upper bounded by

Var(t1t2) = O

(
1

Nm

)
. (94)

Then, combining the previous results, we have the following proposition.

Proposition 2. The output w of Algorithm 3 is an unbiased estimator for tr(ρσ), and its variance
is upper bounded by

Var(w) = O

(
1

Nd
+

d

Nm2
+

1

Nm

)
. (95)

Proof. Since wi and t1t2 are independent random variables, we have

Var(w) =
1

N
Var(wi) + Var(t1t2) =

(d+ 1)2

N
Var(g̃i) + Var(t1t2)

= O

(
1

Nd
+

d

Nm2
+

1

Nm

)
+O

(
1

Nm

)
= O

(
1

Nd
+

d

Nm2
+

1

Nm

)
.

(96)

B.1 Proof of Lemma 6

For completeness, we provide a proof of Lemma 6 in this section. The proof is essentially the same
as that in [25], except all formulas are made homogeneous with respect to ρ and σ.

Lemma 8 (See, for example, Lemma 22 in [25]). Let A,B,C,D be Hermitian matrices. Then

Eψ∼Cd〈ψ|A|ψ〉〈ψ|B|ψ〉 =
1

d(d+ 1)
(tr(A)tr(B) + tr(AB)) , (97)

and

Eψ∼Cd〈ψ|A|ψ〉〈ψ|B|ψ〉〈ψ|C|ψ〉 =
1

d(d+ 1)(d+ 2)

(
tr(A)tr(B)tr(C) + tr(AB)tr(C)

+ tr(A)tr(BC) + tr(B)tr(AC) + tr(ABC) + tr(ACB)

)
.

(98)

Similarly, we have:

Eψ∼Cd〈ψ|A|ψ〉〈ψ|B|ψ〉〈ψ|C|ψ〉〈ψ|D|ψ〉

=
1

d(d+ 1)(d+ 2)(d+ 3)

∑
π∈S4

tr(A⊗B ⊗ C ⊗D · Pd(π)),
(99)
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Lemma 9. The variance of the partial collision estimator (87) is upper bounded by

Var(g̃) ≤ g

m2
+

1

m

(
d−1∑
b=0

pbq
2
b +

d−1∑
b=0

p2
bqb

)
. (100)

Proof.

Var(g̃) = Eg̃2 − g2 =
1

m4

∑
j,k,l,s

E 1[xj = yk 6= ⊥] · 1[xl = ys 6= ⊥]− g2

=
1

m4

(
m2g +m2(m− 1)2g2 +m2(m− 1)PQ2

d−1∑
b=0

p′bq
′2
b +m2(m− 1)P 2Q

d−1∑
b=0

p′2b q
′
b

)
− g2

≤ g

m2
+

1

m

(
PQ2

d−1∑
b=0

p′bq
′2
b + P 2Q

d−1∑
b=0

p′2b q
′
b

)
=

g

m2
+

1

m

(
d−1∑
b=0

pbq
2
b +

d−1∑
b=0

p2
bqb

)
.

(101)

In the third line, the tour terms in the bracket come from 4 different cases in the sum: j = l∧k = s,
j 6= l ∧ k 6= s, j = l ∧ k 6= s and j 6= l ∧ k = s, respectively.

Now, we consider the variance of g̃i. For convenience, we omit the subscript i. Then, by the
law of total variance, we have

Var(g̃) = VarU (E[g̃|U ]) + EU [Var(g̃|U)]. (102)

For the second term of Eq. (102), using the expression for the variance of the partial collision
estimator in Lemma 9, we have

EU [Var(g̃|U)] ≤ EU

[
g(U)

m2
+

1

m

(∑
b

pb(U)qb(U)2 +
∑
b

pb(U)2qb(U)

)]
. (103)

It was shown in Lemma 5 that EU [g(U)] = tr(ρ)tr(σ)+tr(ρσ)
d+1 . And we have

EU
d−1∑
b=0

pb(U)qb(U)2 = EU
d−1∑
b=0

〈b|UρU †|b〉 〈b|UσU †|b〉2

= dEψ∼Cd 〈ψ|ρ|ψ〉 〈ψ|σ|ψ〉2

= O(1/d2),

(104)

where the third line follows from Lemma 8. Thus we have

EU [Var(g̃|U)] = O

(
1

m2d
+

1

md2

)
. (105)
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Then, for the first term of Eq. (102), we have

VarU (E[g̃|U ]) = VarU (g(U)) = EU [g(U)2]− (tr(ρ)tr(σ) + tr(ρσ))2

(d+ 1)2

=
d−1∑

b1,b2=0

EU
[
〈b1|UρU †|b1〉〈b1|UσU †|b1〉〈b2|UρU †|b2〉〈b2|UσU †|b2〉

]
− (tr(ρ)tr(σ) + tr(ρσ))2

(d+ 1)2

= dEψ∼Cd
[
〈ψ|ρ|ψ〉2 〈ψ|σ|ψ〉2

]
+ d(d− 1)E ψ∼Cd

ψ′∼Cd−1
ψ⊥

〈ψ|ρ|ψ〉〈ψ|σ|ψ〉〈ψ′|ρ|ψ′〉〈ψ′|σ|ψ′〉

− (tr(ρ)tr(σ) + tr(ρσ))2

(d+ 1)2
,

(106)

where ψ′ ∼ Cd−1
ψ⊥

means |ψ′〉 is a uniformly random vector in the d− 1-dimensional subspace that
is perpendicular to |ψ〉. Then, we have

Eψ∼Cd,ψ′∼Cd−1
ψ⊥
〈ψ|ρ|ψ〉〈ψ|σ|ψ〉〈ψ′|ρ|ψ′〉〈ψ′|σ|ψ′〉

=Eψ∼Cd
[
〈ψ|ρ|ψ〉〈ψ|σ|ψ〉Eψ′∼Cd−1

ψ⊥

[
〈ψ′|ρ|ψ′〉〈ψ′|σ|ψ′〉

]]
.

(107)

Then, we have the following result (see, for example, Lemma 18 in [25]),

Eψ′∼Cd−1
ψ⊥
|ψ′〉〈ψ′|⊗2 =

1

d(d− 1)

(
(I − |ψ〉〈ψ|)⊗2 + (I − |ψ〉〈ψ|)⊗2SWAP(I − |ψ〉〈ψ|)⊗2

)
. (108)

Therefore, we have

d(d− 1)Eψ′∼Cd−1
ψ⊥

[〈ψ′|ρ|ψ′〉〈ψ′|σ|ψ′〉]

= (tr(ρ)− 〈ψ|ρ|ψ〉)(tr(σ)− 〈ψ|σ|ψ〉) + tr(ρ(I − |ψ〉〈ψ|)σ(I − |ψ〉〈ψ|))
= (tr(ρ)− 〈ψ|ρ|ψ〉)(tr(σ)− 〈ψ|σ|ψ〉) + tr(ρσ) + 〈ψ|ρ|ψ〉〈ψ|σ|ψ〉 − 〈ψ|(ρσ + σρ)|ψ〉
= tr(ρ)tr(σ) + tr(ρσ) + 2〈ψ|ρ|ψ〉〈ψ|σ|ψ〉 − tr(ρ)〈ψ|σ|ψ〉 − tr(σ)〈ψ|ρ|ψ〉 − 〈ψ|(ρσ + σρ)|ψ〉.

(109)

Plugging this into Eq. (107), we have

d(d− 1)Eψ∼Cd,ψ′∼Cd−1
ψ⊥
〈ψ|ρ|ψ〉〈ψ|σ|ψ〉〈ψ′|ρ|ψ′〉〈ψ′|σ|ψ′〉

= Eψ∼Cd
[
(tr(ρ)tr(σ) + tr(ρσ))〈ψ|ρ|ψ〉〈ψ|σ|ψ〉+ 2〈ψ|ρ|ψ〉2〈ψ|σ|ψ〉2

− tr(ρ)〈ψ|ρ|ψ〉〈ψ|σ|ψ〉2 − tr(σ)〈ψ|ρ|ψ〉2〈ψ|σ|ψ〉 − 〈ψ|ρ|ψ〉〈ψ|σ|ψ〉〈ψ|(ρσ + σρ)|ψ〉
]

=
(tr(ρ)tr(σ) + tr(ρσ))2

d(d+ 1)
+O

(
1

d4

)
,

(110)

where the the negative terms are ignored (the positivity of 〈ψ|ρ|ψ〉〈ψ|σ|ψ〉〈ψ|(ρσ + σρ)|ψ〉 can be
verified by Lemma 8). Then Eq. (106) becomes

VarU (E[g̃|U ]) = d ·O
(

1

d4

)
+

(tr(ρ)tr(σ) + tr(ρσ))2

d(d+ 1)
+O

(
1

d4

)
− (tr(ρ)tr(σ) + tr(ρσ))2

(d+ 1)2

= O

(
1

d3

)
,

(111)
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and the total variance is given by

Var(g̃) = VarU (E[g̃|U ]) + EU [Var(g̃|U)] = O

(
1

d3
+

1

m2d
+

1

md2

)
. (112)

C Benchmarking quantum processes with unitarity

Theorem 9. Suppose E is a quantum channel acting on a d-dimensional system. For convenience,
let u stands for u(E). Then,

du2 +
√
u

d+ 1
≤ sup

U∈Ud
Fa(U , E) ≤ d

√
u + 1

d+ 1
. (113)

Note that if E is a unitary channel, then both the lower bound and upper bound are saturated.

Proof. Since the quantum channel E can be non-trace-preserving, for convenience, we define the
following trace-preservation index:

t(E) := tr (E(I/d)) , (114)

which is a quantification of the trace-preservation property of the quantum channel E .

Lemma 10. The trace-preservation index t(E) has the following properties:

1. t(E) ≤ 1 with equality if and only if E is trace-preserving,

2. t(E)2 ≥ u(E),

3. t(E) can be easily estimated to precision O(ε) with O(ε−2) incoherent calls to E, by simply
inputting the maximally mixed state I/d and measuring with the trivial POVM {I}.

Proof. The first and third properties are obvious. For the second property, we have

t(E)2 =
1

d2

∑
i,j

tr(E†iEi)tr(E
†
jEj) ≥

1

d2

∑
i,j

|tr(E†iEj)|
2 = u(E), (115)

where Ei are the Kraus operators of quantum channel E .

For convenience, we may directly use t to denote t(E) in this proof. First, consider the right
inequality in Eq. (85). Note that the average fidelity can be written as

Fa(U , E) =
tr
(
U†E

)
+ tr (E(I))

d(d+ 1)
. (116)

This is in fact the relation between average gate fidelity and entanglement fidelity (see, for example,
Proposition 42 in [8]). By Cauchy’s inequality

tr
(
U†E

)
≤
√

tr (U†U) tr (E†E) =
√
d2 tr (E†E) = d2

√
u. (117)

Thus, for any unitary U ,

Fa(U , E) ≤
d2
√

u(E) + tr(E(I))

d(d+ 1)
=

d

d+ 1

√
u +

1

d+ 1
t. (118)
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Therefore,

sup
U∈Ud

Fa(U , E) ≤ d

d+ 1

√
u +

1

d+ 1
t ≤ d

d+ 1

√
u +

1

d+ 1
. (119)

Then, consider the left inequality in Eq. (85). We choose a Kraus representation
∑n

i=1Ei ◦ E
†
i

of E such that tr(E†iEj) = 0 for all i 6= j. This is always possible due to the unitary freedom in the
Kraus representation (see, for example, Theorem 8.2 in [3]). Thus,

d2 u = tr
(
E†E

)
=
∑
ij

tr
[
E†i ⊗ E

†∗
i · Ej ⊗ E

∗
j

]
=
∑
ij

∣∣∣tr(E†iEj)∣∣∣2 =
∑
i

tr
(
E†iEi

)2
, (120)

and
d t =

∑
i

tr
(
E†iEi

)
. (121)

Without loss of generality, we assume that tr(E†1E1) ≥ · · · ≥ tr(E†nEn). Suppose the singular value

decomposition of E1 is U1D1V
†

1 . Then

sup
U∈Ud

Fa(U , E) ≥ Fa(U1V†1 , E) =
tr
(
V1U†1E

)
+ d t

d(d+ 1)
=

∑
i

∣∣∣tr(V1U
†
1Ei

)∣∣∣2 + d t

d(d+ 1)

≥

∣∣∣tr(V1U
†
1E1

)∣∣∣2 + d t

d(d+ 1)
=

tr

(√
E†1E1

)2

+ d t

d(d+ 1)

≥
tr
(
E†1E1

)2
+ d t

d(d+ 1)
,

(122)

where the last inequality is because that E†1E1 v I and thus its eigenvalues are smaller than 1.
Then, we have

d2 u =
∑
i

tr
(
E†iEi

)2
≤ tr

(
E†1E1

)∑
i

tr
(
E†iEi

)
= tr

(
E†1E1

)
d t, (123)

which means
tr
(
E†1E1

)
≥ d u

t
. (124)

Thus

(122) ≥
d2 u2

t2
+ d t

d(d+ 1)
=

d

d+ 1

u2

t2
+

1

d+ 1
t ≥ d

d+ 1
u2 +

1

d+ 1

√
u, (125)

where the second inequality is due to the first two properties in Lemma 10.

D Alternative definition of unitarity

There is another definition of unitarity proposed in [17], which is to characterize the coherence of
noise processes. We will use u′ to denote this alternative definition:

u′(E) :=
d

d− 1

∫
ψ

dψ tr
[
E ′(ψ)†E ′(ψ)

]
, (126)
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Coherent access Incoherent access

Upper bound O(ε−2) O(
√
d · ε−2)

Lower bound Ω(ε−2) Ω(
√
d+ ε−2)

Table 2: Our results for the alternative unitarity u′.

where E ′ is a linear map such that E ′(X) = E(X)− [tr[E(X)]/d] I for all traceless X and E ′(I) = 0.
The definition of E ′ aims to eliminate the effects caused by the non-unitality and state-dependent
leakage of quantum channel E . We will show that our upper bounds and lower bounds also apply
to this alternative unitarity (see Table 2).

As a quick start, we remark that (see Section D.1)

|u(E)− u′(E)| ≤ O(d−1). (127)

Thus for the case that ε ≥ d−1, an O(ε)-estimate for u directly implies an O(ε)-estimate for u′ and
vice versa, which further implies that the upper and lower bounds for u apply to u′. For the general
case, we can still obtain the same results, but with more sophisticated strategy (see Section D.2
and Section D.3).

D.1 Closeness

Suppose E is a quantum channel acting on a d-dimensional system. Consider the following subspaces
of Cd2

:
{|cI〉〉 | c ∈ C}, {|X〉〉 | tr(X) = 0, X ∈Md}. (128)

Then, the matrix representation of quantum channel E , under the orthonormal basis vectors from
these two subspaces respectively, can be written as[

t(E) Esdl

En Eu

]
, (129)

where t(E) is the trace-preservation index defined in Eq. (114), Esdl, En and Eu refer to the state-
dependent leakage, nonunital and unital blocks of E , respectively. Then, we have

Proposition 3 (See [17]).

u′(E) =
1

d2 − 1
tr
(
E†uEu

)
. (130)

We also have:

Proposition 4.

u(E) =
1

d2

[
t(E)2 + tr

(
E†sdlEsdl

)
+ tr

(
E†nEn

)
+ tr

(
E†uEu

)]
. (131)

Then, we can bound the difference between u and u′ using Eq. (130) and Eq. (131).

Proposition 5 (Closeness of u and u′). For any quantum channel E,∣∣u(E)− u′(E)
∣∣ ≤ 1

d
+

1

d2
= O(

1

d
). (132)
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Proof.

d ≥ d tr
[
E (I/d) E (I/d)

]
= tr

[
I√
d
E†E

(
I√
d

)]
=
[
1 0

] [t(E)2 + E†nEn ·
· E†sdlEsdl + E†uEu

] [
1
0

]
= t(E)2 + E†nEn,

(133)

and

d = tr
(
I2
)
≥ tr

(∑
i

E†iEi

)2
 = tr

[
E†(I)E†(I)

]
= dtr

[
I√
d
EE†

(
I√
d

)]

= d
[
1 0

] [t(E)2 + EsdlE†sdl ·
· EnE†n + EuE†u

] [
1
0

]
= d

(
t(E)2 + EsdlE†sdl

)
.

(134)

Therefore,
1

d2

[
t(E)2 + tr

(
E†nEn

)]
≤ 1

d
,

1

d2

[
t(E)2 + tr

(
E†sdlEsdl

)]
≤ 1

d2
, (135)

which directly imply∣∣u(E)− u′(E)
∣∣ ≤ ∣∣∣∣− 1

d2
u′(E) +

1

d2
t(E)2 +

1

d2
tr
(
E†sdlEsdl

)
+

1

d2
tr
(
E†nEn

)∣∣∣∣
≤ 1

d
+

1

d2
= O(

1

d
).

(136)

D.2 Upper bound

For any unitary channel U , its matrix representation under the orthonormal basis vectors of the
subspaces in (128) can be written as [

1 0
0 Uu

]
, (137)

where {Uu}U∈Ud is an irreducible representation of the unitary group Ud. For any pure state ρ, its
vector representation under the orthonormal basis vectors of the subspaces in (128) can be written
as [

1/
√
d√

1− 1/dρ′

]
, (138)

where ρ′ is a unit vector of d2 − 1 dimension.
Then, we have

EU
[
E†UE

]
=

[
t(E) E†n
E†sdl E

†
u

] [
t(E) Esdl

EU [Uu] En EU [Uu] Eu

]

=

[
t(E) E†n
E†sdl E

†
u

] [
t(E) Esdl

0 0

]
=

[
t(E)2 ∗
∗ E†sdlEsdl

]
.

(139)

Thus

EU,V
[
V†E†UEV

]
=

[
t(E)2 ∗EV [Vu]

EV
[
V†u
]
∗ EV

[
V†uE†sdlEsdlVu

]] =

[
t(E)2 0

0
tr
(
E†sdlEsdl

)
d2−1

I

]
. (140)
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Then, we define the quantity s(E) by

s(E) : = EU,V
[
〈〈ρ0|V†E†UEV|ρ0〉〉

]
=
[
1/
√
d
√

1− 1/dρ′†0

] [t(E)2 0

0
tr
(
E†sdlEsdl

)
d2−1

I

] [
1/
√
d√

1− 1/dρ′0

]
=

1

d
t(E)2 +

1

d(d+ 1)
tr
(
E†sdlEsdl

)
,

(141)

where ρ0 = |0〉〈0|. On the other hand, recall the definition of the purity-preservation index p,

p(E) : = EU
[
〈〈ρ0|U†E†EU|ρ0〉〉

]
=
[
1/
√
d
√

1− 1/dρ′†0

] [t(E)2 + E†nEn ∗EU [Uu]

EU
[
U†u
]
∗ EU

[
U†u
(
E†sdlEsdl + E†uEu

)
Uu

]] [ 1/
√
d√

1− 1/dρ′0

]

=
[
1/
√
d
√

1− 1/dρ′†0

]t(E)2 + E†nEn 0

0
tr
(
E†sdlEsdl+E†uEu

)
d2−1

I

[ 1/
√
d√

1− 1/dρ′0

]
=

1

d
t(E)2 +

1

d
tr
(
E†nEn

)
+

1

d(d+ 1)
tr
(
E†sdlEsdl + E†uEu

)
.

(142)

Similarly, recall the definition of the orthogonality-preservation index o,

o(E) : = EU
[
〈〈ρ1|U†E†EU|ρ0〉〉

]
=
[
1/
√
d
√

1− 1/dρ′†1

]t(E)2 + E†nEn 0

0
tr
(
E†sdlEsdl+E†uEu

)
d2−1

I

[ 1/
√
d√

1− 1/dρ′0

]
=

1

d
t(E)2 +

1

d
tr
(
E†nEn

)
− 1

(d− 1)d(d+ 1)
tr
(
E†sdlEsdl + E†uEu

)
,

(143)

where the last equality is because that 0 = tr
(
ρ†1ρ0

)
= 1/d+ (1− 1/d)ρ′†1 ρ

′
0.

Then, by Eq. (141), Eq. (142) and Eq. (143), we have

u′(E) =
1

d2 − 1
tr
(
E†uEu

)
= p(E)− o(E)− d

d− 1
s(E) +

1

d− 1
t(E)2. (144)

Note that s(E) can be estimated to precision O(ε) by a similar strategy to that for p(E), except
that a Haar random unitary is applied to one of the states before the SWAP test or distributed
quantum inner product estimation. This implies the same upper bounds also apply to u′(E).

D.3 Lower bound

Note that the depolarizing vs random unitary problem is reducible to the estimation problem for
u′ with constant precision. This is because:

u′(D) = 0, u′(U) = 1, (145)

where D is the completely depolarizing channel and U is a unitary channel. Therefore, the lower
bound Ω(

√
d) also applies to the estimation problem of u′ with incoherent access. On the other
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hand, recall from Problem 2, E1, E2 are both unital and trace-preserving channels, which implies
that their nonunital block and state-dependent leakage block are zero, and the trace-preservation
index t = 1. This means

u′(E2)− u′(E1) =
d2

d2 − 1
(u(E2)− u(E1)) = Ω(ε). (146)

Therefore, the lower bound Ω(ε−2) also applies to the estimation problem for u′(E) with coherent
access. Combined with the previous result, the lower bound Ω(

√
d + ε−2) for incoherent access

follows.
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