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Generalized Hamming Weights of Linear Codes from
Quadratic Forms over Finite Fields of Even Characteristic

Chao Liu, Dabin Zheng and Xiaogiang Wang *

Abstract

The generalized Hamming weight of linear codes is a natural generalization of the minimum
Hamming distance. They convey the structural information of a linear code and determine its
performance in various applications, and have become one of important research topics in coding
theory. Recently, Li (IEEE Trans. Inf. Theory, 67(1): 124-129, 2021) and Li and Li (Discrete
Math., 345: 112718, 2022) obtained the complete weight hierarchy of linear codes from a quadratic
form over a finite field of odd characteristic by analysis of the solutions of the restricted quadratic
equation in its subspace. In this paper, we further determine the complete weight hierarchy of
linear codes from a quadratic form over a finite field of even characteristic by carefully studying the
behavior of the quadratic form on the subspaces of this field and its dual space, and complement
the results of Li and Li.
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1 Introduction

Let ¢ be a power of a prime number and I, be a finite field with g elements. A linear code C over
[F, with parameters [n, k, d] is a k-dimensional subspace of [y with length n and minimum Hamming
distance d. For each r with 1 < r <k, let [C,r] be the set of all r-dimensional [F,-subspaces of C.
For each H, € [C,r], the support of H,, denoted by supp(H,), is the set of nonzero coordinates of
nonzero vectors in H,, i.e.,

supp(H,) ={i : 1 <i<n, ¢ #0 for some (c1,ca, -+ ,¢,) € H,}.
The r-th generalized Hamming weight (GHW) of C is defined by
dr(C) = min { |supp(H,)| : H, € [C,r]},

where |supp(H,)| denotes the cardinality of the set supp(H,). The set {d;(C),d2(C), - ,di(C)} is
called the weight hierarchy of C. Note that d;(C) is just the minimum Hamming distance of C.

The notion of GHWs was introduced by Helleseth et al. [18] and Klgve [2I], which is a natural
generalization of the minimum distance d;(C). The GHWs of linear codes provide fundamental
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information of linear codes which are important in many applications. In 1991, Wei [37] first gave
a series of beautiful results on GHW and used it to characterize the cryptography performance of
a linear code over the wire-tap channel of type II. The GHW was also used to deal with t-resilient
functions, and trellis or branch complexity of linear codes [5L31]. Apart from these cryptographic
applications, the GHWSs also can be applied to computation of the state and branch complexity
profiles of linear codes [11120], indication of efficient ways to shorten linear codes [I5], determination
of the erasure list-decodability of linear codes [12], etc..

The study of GHWs of linear codes has attracted much attention in the past two decades, and
many results have been obtained in the literature. For example, general lower and upper bounds on
GHWs of linear codes were derived [IL4L15], and the GHWSs have been determined or estimated for
many classes of linear codes such as Hamming codes [37], Reed-Muller codes [191[37], binary Kasami
codes [16], Melas and dual Melas codes [32], some BCH codes and their duals [21[9,[10L2829133134],
some trace codes [3,30,[35,386], some algebraic geometry codes [45] and cyclic codes [2743][44].
Readers may refer to the excellent textbook [14] for a brief introduction to GHWSs, and to [31] for
a comprehensive survey of GHWs via a geometric approach. However, to determine the weight
hierarchy of linear codes is a difficult problem, and to the best of our knowledge, only a few linear
codes have known complete weight hierarchies so far.

Let Tr denote the trace function from Fym to Fy. For a set D = {dy,ds,--- ,dp} C Fgm, we define
a linear code Cp of length n over I, as follows:

Cp = {c(z) = (Tr(xdy), Tr(zda), -, Tr(xdy,)), x € Fgm}. (1)

The set D is called the defining set of Cp. This method of construction of linear codes was first
proposed by Ding and Niederreiter [7]. A number of linear codes with a few weights were obtained
by properly choosing defining sets. For examples see [8126,41] and reference therein.

Let C be an [n, m] linear code over F, with generator matrix G. For an integer r with 1 <r <m,
let U be an (m — r)-dimensional subspace of F;* and m(U) denote the total number of occurrences
of the vectors of U as columns of G. Helleseth et al. in [I7] gave a formula to calculate the r-th
generalized Hamming weight of C as follows:

dy(C) =n—max{m(U) : U € [F;”,m—r]},

where [F;”,m — ’I“] denotes the set of all (m — r)-dimensional subspaces of IF". It has been shown
in [42] that all linear codes can be obtained from the defining-set construction as in (). Following
the idea of Helleseth et al., Li [23] gave a formula to calculate the r-th generalized Hamming weight
of Cp as follows:

Lemma 1. [23, Theorem 1] For each r with 0 < r < m, if the dimension of Cp given in (1) is m,
then
d,(Cp)=n —maX{ IDNHY| : H, € [qu,r]} ,

where [Fym, 7] denotes the set of all r-dimensional F,-subspaces of Fgm and H;- is the dual space of
H,.

Let f(x) be a quadratic form over Fym. Define a subset of Fym as follows:
Dy={x €Fgn : f(x)=a, acF,}. (2)

In the case a = 0, the weight hierarchy of Cp, can be derived from the results in [39,40], in which
the discussed linear codes were represented by generator matrices, and their weight hierarchies were



deduced by application of the theory of finite projective geometry. When a # 0 and ¢ is an odd
prime, Li and Li [24,25] used a different method to determine the weight hierarchy of the linear
code Cp, for f being non-degenerate and degenerate, respectively. Continuing the work of [24] and
[25], this paper further discusses the weight hierarchy of the linear code Cp ; for a # 0 and ¢ being
a power of 2. By Lemma/[I} the key to obtaining the r-th generalized Hamming weight of Cp, is to
determine the maximum value of |Dy N HTH for a quadratic form f and any r-dimensional subspace
H, of Fgm. It has been shown that Dy N Hﬂ is equal to the number of solutions for the quadratic
equation f[g.(x) = a, where f[y. is the restriction of f to H:-. The rank and the stand type of the
restriction f|g 1 need to be determined for solving the equation f|g 1 (z) = a. This is different from
and more difficult than the case of finite fields of odd characteristic. By application of quadratic
form theory on finite fields of even characteristic and anatomization of the rank of f|y 1 and type
flar, the maximum values of [Dy N H;-| are determined for all r-dimensional subspaces H- of Fym,
where 1 <7 <m. So, we obtain the weight hierarchy of the linear code Cp, for any quadratic form
f over finite fields of even characteristic, and complement the results of [241[25].

The rest of this paper is organized as follows: In Section 2, we introduce quadratic forms over a
finite field F,m of even characteristic and their restrictions to the subspaces of Fym. Section 3 deter-
mines the weight hierarchies of the binary linear codes Cp, for f being a non-degenerate quadratic
form over Fym. In Section 4, we obtain the weight hierarchies of the binary linear codes Cp, for f
being a degenerate quadratic form over Fym. Finally, Section 5 concludes the paper.

2 Quadratic forms on F;» and their restrictions to its subspace

In this section, we recall some definitions and properties of quadratic forms over finite fields of
even characteristic and their restrictions to subspaces. Reader refer to [131[24,[38] for more details.

From now on, let ¢ be a power of 2 and Fy= be a finite field of ¢ elements. A polynomial
F(x) € Fyn[z] with the following shape,

m—1 )
— Z g’
F(.%') = aijmq q , Qjj € qu,
17]:0

is called a Dembowski-Ostrom (DO) polynomial [6]. It is clear that F'(z) is also a homogeneous
quadratic polynomial. A function Q(z1, 2, ..., ;) from Fg* to Fy is called a quadratic form if it is
a homogenous polynomial of degree two as follows:

Qz1,m,--- xm) = Y aymizj, aij € Fy.

1<i<j<m
Let Tr(-) denote the trace function from F,m to F,. We fix a basis Q = {e1,e9,--- ,ep} of Fgm over
F, and identify x = > i" | x;6; € Fgm with the vector x = (x1, 22, ,2p) € FY', then Tr(F(z)) is a

quadratic form in the coordinates of Fy’. Moreover, every quadratic form f(x) from Fym to F, can
be represented as

f(z) =Tr (F(z)),

where F'(x) is a DO polynomial defined above.
Let f be a quadratic form on Fym and £ be the symmetric bilinear form on Fym associated with
f as follows:

Cr(z,y) = flx+y) — f(@) = fly), 2,y €Fym.



By the property f(ax) = a®f(z) for all z € Fym, where a € F,, and the property of the symmetric
bilinear forms, we have that

f(z) = f:f(ﬁi)wf + > (e g)mimy = xMp(Q)xT, (3)
i=1 1<i<j<m
where x = (1,22, ,2p) € Fy" and
fler) Ly(er,e2) -+ Ly(er,em)
o= | LT e

is called the matrix of quadratic form f with respect to the basis 2. Recall that the kernel of £ is
defined to be

ker 0y = {x € Fgm : Ly(z,y) =0forall y € Fgm} = {x € F" : x (Mf() + MfT(Q)) =0},
and the kernel of f is defined to be

ker f ={x €Fem : f(x+y) = f(y) forall y € Fym}
={z €Fyn : f(x) =0and lf(x,y) =0 for all y € Fgm}.

The quadratic form f is said to be non-degenerate if ker f = {0}. Otherwise, f is degenerate. The
rank of the quadratic form f over F = is defined as

rank f = m — dimg, (ker f).
It is known that ker f C ker £; [13]. The type of f is defined as
type f = dimp, (ker £; /ker f).

It has been shown in Lemma 6.34 of [I3] that type f = 0 if f(ker{s) = {0}, otherwise, type f = 1.
The rank of f can be represented as

rank f = m — dimg, ker £ + type f = rank (M(Q) + M}F(Q)) + type f. (4)

Taking a nonsingular linear transformation x = y P, where x,y € Fy* and P is an m X m nonsingular
matrix over F,, the quadratic form f(z) in (B]) is equivalent to the following standard types.

Lemma 2. [22, Proposition 2.4] Let f be a quadratic form given in (3) with rank t. If t is even,
then f is equivalent under a change coordinates to

Tpye I:  x172 + 2304 + -+ + 24174, OT

Type II: 21290 + 2324 + -+ - + T4_374_9 + ax%_l + 212 + aw?, acl, \ {x2 +x:x€ Fq}.
If t is odd, then f is equivalent under a change coordinates to

Type III:  x1x2 + 2304 + -+ + T4 2T 1 + x%

Fora e Fy, let 6(a) = —1 if a # 0 and 6(0) = ¢ — 1. The number of solutions in Fyn to the equation
flx)=ais



t42

Tpye I: ¢ ' +6(a)g™ 2 ;
Type IL:  ¢"~' — §(a)g™ % ;
Type III: ¢™ !,

It is known that the rank of M(2) + M;;F(Q) is even. If f is equivalent to Type I or Type II,
then the rank of f is an even number. By () we have that type f = 0. If f is equivalent to Type
ITI, then the rank of f is an odd number. By (@) we have that type f = 1.

Next, we recall some results on the restriction of the quadratic form f to a subspace of Fym. Let
H be an r-dimensional subspace of Fym. The restriction of f to H, denoted by f|x, is a quadratic
form over H with at most r variables. Wan in Lemma 2 of [40] proved that the size of the intersection
of a preimage of a quadratic form f and a subspace H is equal to the number of solutions for the
restricted equation f|g(z) = a. Below we give the finite-field version of Lemma 2 in [40].

Proposition 1. [/0, Lemma 2] Let f be a quadratic form over Fym defined in ([3) and Dy be a set
given in (2). Let H be a d-dimensional subspace of Fym and f|g be the restriction of f to H. Then

|Dy N H| = Dy,

where Dy, ={y € H : flu(y) = a}.

Proof. Let Q = {e1,e2, -+ ,em} be a basis of Fym over F,. Each element z € Fym corresponds one
to one with its coordinate vector x = (x1,22, -+ ,zy,) under this basis. Let {a1, a2, -+, a4} be a
basis of H over F,, then o; = Z;ﬂzl bijej, where b;; € Fy and ¢ = 1,2,--- ,d. For any y € H, it can
be represented as
d m d
y=> =) (Z bijyz) &5, Yi € Fq. (5)
i=1 j=1 \i=1

By a discussion similar to (3]) we have

d d d d T
flu(y) = (Z biryi, - - ,szmyz) My () (Z biryi,- - ,szmyz) = yPM(Q)PTy",
i=1 i=1 i=1 i=1

where y = (y1,%2, - ,vq), P = (b1,ba,--- ,bq) and by = (b;1, bsa, - ,big)? fori=1,2,---,d. This
shows that the matrix of the restricted quadratic form f|y is PM(Q)PT.

For any x € Dy N H, we have f(z) = xM;(Q)x? = a and x = yP from (f). Then, we derive that
yPMi(Q)PTy" = a,ie., f|lu(y) = a. So, from an 2 € DyNH we can obtain a y € Dy),,. Conversely,
for any y € Dy, we have f|g(y) = yPMy(Q)PTy" = a. Let x = yP = (21,22, ,&m), then
xMp(Q)xT = a and z = Y} | 2;6; € H. So, from a y € Dy, we obtain an z € Dy N H. This
completes proof. O

Two vectors x,y € Fym are said to be orthogonal under the quadratic form f, denoted by = L y,
if £4(x,y) = 0. For a d-dimensional subspace H C Fym, its dual space H + under the quadratic form
f is defined by

H* = {2 €Fym : {;(x,y) =0 forall y € H}.

Two subspaces H and W of Fym are said to be orthogonal, denoted by H L W, if L y for all

x € H and y € W. The self-orthogonal subspace H ,}JC_|H of H under f|g is defined as

HﬁH ={reH :li(x,y) =0foralye H}.

5



It is obvious that H%

flu = H+ N H. Similar to @), the rank of f|z can be represented as follows:

rankf\H:d—diqu(HLﬂH)+typef]H, (6)

where type f|y = dimp, (ker £y, /ker f|p).

For a subspace H C Fym, it is known from Proposition [ that |[D; N H| is equal to the number
of solutions for the equation f|g(x) = a, where f|y is the restriction of f to H. By Lemma 2] the
rank and the standard type of f|g need to be determined for solving the equation f|y(x) = a. This
is different from and more difficult than the case of finite fields of odd characteristic. The following
proposition gives a formula to calculate the intersection of the preimage of a quadratic form and a
subspace of F,m, which is slightly different from Proposition 1 in [24].

Proposition 2. Let f be a quadratic form over Fgm and Dy be a set given in (3). Let H be a
d-dimensional subspace of Fgm and R = rank f|g (R < d). Then

@1 +£¢"F, if R=0 (mod 2),
Dy N H| =
¢4, if R=1 (mod 2).

Proof. By Proposition [[I we know that \Df NH|= ‘Df‘H‘7 where
1Dyl ={z €H : flu(z) =a,a e F;}.

It is known that f|g(z) is a quadratic form over H with rank R (R < d). By Lemmal[2] if R is even,
then the quadratic form f|y(x) is equivalent to the standard type I or II, i.e.,

r1x2 + -+ TR-1TR OF T1X2 + -+ + 049623_1 + TR TR+ 0496%7
and [Dy|,, | = ¢+ qd7¥, respectively. If R is odd, then the quadratic form f|g(z) is equivalent
to the standard type III, i.e.,
r1x2 + -+ TR 2TR-1 + x%,

and Dy, | = ¢ O
By a similar proof of Proposition 2 in [24], we have

Proposition 3. [2], Proposition 2] Let f be a non-degenerate quadratic form over Fym. For each r
with 0 < 2r < m, there exists an r-dimensional subspace H C Fym such that H C HL.

3 The weight hierarchies of linear codes from non-degenerate quadratic
forms on F
Let f be a non-degenerate quadratic form over Fym, where ¢ is a power of 2. In this section, by

analysis of behavior of the restriction of f to subspaces of Fym, we determine the weight hierarchy
of the linear code

CDf:{cm:(dx)deDf : xEqu}, (7)

where Dy = {z € Fym : f(z) = a, a € F;}.



Theorem 1. Let m be an even number. Let f be a non-degenerate quadratic form over Fym, which
is equivalent to Type 1. Then the linear code Cp, defined in (@) has the following weight hierarchy:

M

e it r=1,
gnl - ¢"T g ", f2<r<m

d, (CDf) =¢qgm ! — qu_2 — gl g2 if F<r<m-—l1,
qul—qu_Q—l, if r=m-—1,
¢t - ¢, if r = m.

Proof. Since f is a non-degenerate quadratic form over Fym, which is equivalent to Type I, by
Lemma 2] we have that

m—2

n:|{x€qu|f(x):a’a€F:;}|:qm—l_qT

By Lemma[Il the weight hierarchy of Cp, is
dr(Cp,;) = n — max {|Df NHY| : H, e [qu,r]} .

So, the next task is to determine the maximum value of |D; N H-| for all r-dimension subspaces of
Fym. By Proposition 2, we know that

R+2
e R=0 (mod 2),
Dy 08} = { o

gmrL if R=1 (mod 2),
where I? = rank f|y .. By the equation (@),
R:rankf\Hrl:m—r—dimlpq(HrﬂH,,l)—i—type flass 9)

where R is even when type f[y1 = 0 and R is odd when type f|y1 = 1. From (§) we know that the

maximum value of Dy N HTH is ¢ 4 qmﬂ*¥ with possible minimum value of R.
By Proposition [ we know that |D; N H-| = \DﬂHL |. Let f|y1 denote the restriction of f to

the subspace H;-, which is a quadratic form over H;- at most m — r variables. If | D N H;-| is equal
to g™ " 4 qu”f¥, by Lemma [2], then f|HTL (z) must be equivalent to a quadratic form of Type
II.

Then, we will determine the minimum value of R when f| mL Is equivalent to a quadratic form
over H;- of Type II. By Proposition B and (@), we know that R reaches its minimum value when
H, C HTl or HrL CH,ie,r<m—rorm—r <r. These two cases are discussed below.

(1) 1 <r < 2. It is known that 0 < dimg, (H, N H;") < r. From (@) we have

m —2r +type flgr < R <m—r+type flg.. (10)

By (@0), the minimum value of R is m — 2r when type f[51 = 0. Next, we will show that f|;. can
only be equivalent to Type I when R =m — 2r.

By Proposition Bl we can construct an r-dimensional subspace H, of F,m and its dual space as
follows:

HT — <Bla/82?' .- ,BT>5 Hﬂ_ — Hm,r — <O[1,Cv2, cee ,amf2ra/81’/827' .- ’/8T>-



Since dimp, (H, N H;") = r we have rank flgr =m—2r by @). From H, and its dual space Hp,—;
we set

1
Hm—QT’ - <0417042,. .- 7am—27’>7 Hm—2r - </817/827' .- 757’7/87"-1-17 cee 7/827’>-

It is clear that By = {a1,a2,...,m—2p, 51, 02,..., 02} is a basis of Fym over F,. Under this basis,
the matrix of the quadratic form f is

flaa) Ly(an, ) -+ Ly(aa, Bor)

My(By) = flez)

f(52r)
Since rank f’HTL = m — 2r is even, we know that type f‘HTL = (0. This implies that ker £f|Hl =ker

f’HTL SO7
f(Bi) =L¢(Bi,8:) =0, 1 <i <.

Therefore, M¢(B1) has the following form,

Mm—2r 0 0
Mf(Bl) = 0 OT‘ Kr 9
0 0 M,

where M,,_o, is an upper triangular matrix with order m —2r. Since f is non-degenerate, M¢(B)+
M?(Bl) is nonsingular. This implies that K, is a nonsingular matrix of order r. It is easy to verify
that

Mm72r 0 0 Imf2r 0 0
GTM;(B1)G = 0 0, I, |, where G = 0 I (K,HWYIMIK:™' |. (11)
0 0 0, 0 0 Kt

According to the representations of HrL and H,, 9., we know that the restrictions of f to HTl and
H,,—2, have the same canonical representation. Assume that f|; L s equivalent to a quadratic form

on H;}' of Type II, and then flH,, o is also equivalent to a quadratic form on H,,_g, of Type II.
Hence, from (IIl) we derive that f is equivalent to a quadratic form on Fym of Type II. This is a
contradiction to that f is equivalent to Type I.

Next, we construct a subspace HTl such that f|z L s equivalent to a quadratic form on HrL of
Type IT and R = rank f\HTL = m—2r+2. By Proposition Bl there exist subspaces H,_o, H;- 5 C Fgm
as follows:

Hy_o={B1,....,0r—2), Hig=Hp rio=1{B81,82,....0r—2,01,02,...,0n; 2+4).
From H,_5 we construct two subspaces H, and HrL as follows:
HT’ - </817 o 75T—27§17§2>7 Hﬂ_ - Hm—T‘ - <517527 o 75771—27‘4-27/817 cee 757’—2>7

where {&1,6} € HE:,

Assume that f|HTL is equivalent to a quadratic form over H:- of Type II. Since dimp, (H, NHY) =
r—2, from (@) we have R = rankf[y . =m — 2r + 2. Next, we show that there exists a basis of Fym
over [F, such that f is equivalent to a quadratic form over Fym of Type I under this basis. Set

Hm,2r+2 — <615 525 cee ,6m72r+2>5 H#;,—Zr—l—Z = </81, 527 .. 5187'72’ Y172y -9 Vr—2, 51? £2>



Under the basis By = {01,02, ..., 0m—2r+2, 581, .-, Br—2,71,-- ., Yr—2,&1, &} of Fgm over Fy, the matrix
of f has the following form,

My 912 0 0 0

0 0,0 K,—o 0
w0 e
0 0 0 Mo

where My, 2,12 and My are upper triangular matrices with order m—2r+2 and 2, respectively. Since
f is non-degenerate, M¢(B2) + Mf(Bg) is non-singular. This implies that K, _o is a non-singular
matrix of order r — 2. It is verified that

Mp—9r42 0 0 0
0 0p— I 0
/ —_ T _ r—2 r—2
0 0 NTK1, M,
where My is congruent to a matrix of the form
I 2712 O : 0 X 10
a 1 and G = 0 Ly (K, M7,K 7, (KZ,)"N
0 ’ 0 0 K 0
0 0 0 I,
Moreover, it is easy to show that XM}(BQ)XT = xMy(Bg)xT, where x = (21,22, -+ ,Tp,) and

My oia O 0 0

_ 0 Op—o Ir_o 0
My (Bp) = 0 0 0:_2 0 |-
0 0 0 M

that is to say, the matrix of f under the basis By is My (B2).

According to the representations of HTl and H,,_2,192, we know that the restrictions of f to HrL
and H,,_9,+2 have the same canonical representation. Since f|y gl (x) is equivalent to a quadratic
form on H;- of Type II, JlHp 2,12 () is also equivalent to a quadratic form on H,, 2,42 of Type IL
So, M,—9,+2 is a the matrix of Type II. By Lemma 11.17 in [38], we derive that f is equivalent to
a quadratic form on F,m of Type I. Hence, R can reach m — 2r + 2 when f|y 1 s equivalent to the
quadratic form on H;" of Type II. In this case, from (@) we know that dimg, (H,NH;") =m—r—R =
r — 2. Therefore, the cases r = 1 and 2 < r < m/2 need to be discussed separately.

Case 1: r = 1. From (I0), the possible minimum values of R are m — 2 and m — 1. According
to analysis above, we know that f|,, L is equivalent to a quadratic form on HlL of Type I when
R =m—2, and f‘HIL is equivalent to the quadratic form on Hi- of Type III when R = m — 1.
By [®), we know that |D; N Hi-| is maximized when R = m — 1. Next, we show that there exists a
basis under which f is equivalent to Type I and its restriction to Hi- is equivalent to Type III.

By Proposition B}, there exists a 1-dimensional subspace H; of Fy» and its dual space as follows:

Hy = (1), Hi" = Hpyq = (1,00, .., 0m1).

So, R =rank | =m —1— (dim (H; N Hi) - type f|g+) = m — 1. From 1-dimensional space H)
and its dual space we construct a 2-dimensional space Ho and its dual space as follows:

Hy = (am1,7), Hy = Hp o = (a1, 09, .., 0 _2).



It is clear that f|H2¢ is a non-degenerate quadratic form on Hsy. Then, dimp, (H2 N H3") = 0. So,
Bs = {a1,09,...,0m—2,0;,—1,7} is a basis of Fgm over F,. Since R = m — 1 is odd, the quadratic
form f| L (z) has the canonical form of Type III and its corresponding matrix has the following

form:
_( My 0O
Mm—l - < 0 1 > 9

where M, 5 is a matrix of a quadratic form of Type I. For the sake of convenience, we can assume
that f(y) = a = p* + p, where p € Fy and £f(am-1,7) = 1. Under the basis B3, the matrix of
quadratic form f is

Mpy—2 0 0
M;(Bs) = 0 11
0 0 o
It is easy to verify that
Mo 0 0
M} (Bs) = G"M;(Bs)G = 0 0 1+a+p2a? |,
0 a+p2a? 0
where
Lp—o 0O 0
G= 0 p p ta
0 1 p2a+p!
Moreover, it is clear that XM}(Bg)XT = xM;y(B3)xT, where x = (z1, 72, ,2p,) and
Mpy—2 0 0
MyBs)=| 0 01
0 0 0

We have shown that f is equivalent to a quadratic form on Fym of Type I, and its restriction to H f
is equivalent to a quadratic form of Type III. In this case, |Dy N Hi-| = ¢™ "1 and

m—2

d(Cp,) = n—max{|D; N HE| « Hy € [Fym 1]} = ¢ = g™ — "2

Case 2: 2 <r < Z Tt is shown above that |Dy N H;"| is maximized when the quadratic form

f|HrL is equivalent to Type IT and R = m — 2r 4+ 2. So, by Lemma [2] the number of solutions for the

R m—
equation f|y1 () = ais g 4+ qm_T_T+2 =gl 4 qT4. Hence,

dr(CDf):n—maX{’DmeTJf‘ : HTG [qu7r]}:qm_l_qT_qm—r—l_qT.
(2) 5 <r <m. In this case, 0 < dimp, (H, N H}) <m —r. From (@) we have
type flpr < R <m—r+type fly.. (12)

From (8) we know that |Dy N H;| is maximized when f| g+ 1s equivalent to Type II and R is the
smallest possible even number.
From (I2)), the least even number that R can take is 0. In this case, type f|y1 = 0 and rank

flar = 0. So, the number of solutions of f[y . (z) = a fora € Fis 0, ie., |DyNH;-| = 0. The second-
to-last smallest even number desirable for R is 2. In this case, from (@) we have dimg, (H, N H;") =
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m — 2 —r. When r < m — 2, by a discussion similar to the case 1 <r < 7 above, we can construct
a subspace H, such that the quadratic form f|; L () on HrL is equivalent to Type II. The following
cases are discussed.

Case 1: 2 < r <m —2. Since R = 2, the maximum value of Dy N H;| is ¢™ "1 4+ g™~ "~2 for
any H, € [F qm,r] So,

—2

dr(Cp,) =n — max{]Df NHL| : H, e [qu,r]} — " T g g2,

Case 2: r =m — 1. Let H,,,_1 be a subspace of Fyn» with dimension m — 1 and its dual space
H:- | has the dimension 1. From (@), we have

R =rank fl.  =1— dimp, (H- N H,_ 1)+ type flas - (13)
It is known that H,, L _1 N Hy,—1 is the self-orthogonal subspace of H,,—1 under f|g,__,. From )
we have that R = 0 when typef|HL_1 = 0, and R = 1 when type f|Hl =1L If R = 0, then
|Dy N H% 1|—|DfL |:0f0ra€F . When R = 1, from (§) we have |[D; N H;5_;| = 1. Next,

we show that there ex1st subspaces H,, 1 and H _, of Fgm such that R = rank f| HL | = 1 and

fly L is equivalent to Type III, where f is a quadratic form over Fym, which is equlvalent to Type

I. Let My and M fl, be the matrices of the canonical forms of f and f| HE respectively. From

@) and (I3) we know that rank (My i | ) = 0. So, any vector in Fym is self-orthogonal
—1

under f|HL_1. Let 8 = (b,0,0,...,0) be a self- orthogonal vector under f|HL for b € Fy, and

Hm,1 = <B’O‘1’""O‘m*2>’ HrJr_Lfl = <18>

It is easy to verify that ﬂMfﬂT = b?. This shows that f‘HL71 is equivalent to Type III. So,
dm-1(Cp;) =n — max{|Df NHE: || : Hyy € [Fgm,m — 1]} =¢"l—g2 —1.

Case 3: v =m. From [{) we hvae R = rank f[y. = 0. So, [Dy N H;-| =0 and

1 m—2

dm(Cp,) =q¢" —q = .
O

Example 1. Let w be a primitive element of Fou and f(zx) = Tri(wz®) be a quadratic form on
Fou, where Tri(-) is a trace function from Fou to Fy. Let Cp, be a linear code as in (7), where
Dy ={x € Fou| f(x) = 1}. By the help of Magma, we obtain the weight hierarchy of Cp, as follows:
dy =2,dy = 3,d3 = 5,dqs = 6. This result is consistent with Theorem [I.

By a proof similar to Theorem [I], we get the following theorem.

Theorem 2. Let m be an even number. Let f be a non-degenerate quadratic form over Fym, which
is equivalent to Type II. Then the linear codes Cp, defined in (@) has the following weight hierarchy:

qul _ qur717 if 1 <r < m 1’

qm—l + quf2 _ qm—r—l _ qm—r—Q, if ™ m <r<m-1,
dT(CDf) = -1 m—z .

g +qg T —1, if r=m-—1,

¢" 1+ g if 7 = m.

11



Example 2. Let w be a primitive element of Fos and f(z) = Tr$(wz?) be a quadratic form on
Fos, where Tr8(-) is a trace function from Fos to Fy. Let Cp, be a linear code as in (7), where
Dy ={x €Fy | f(x) = 1}. By the help of Magma, we obtain the weight hierarchy of Cp, as follows:
di =16,dy = 24,d3 = 30,dy = 33,d5 = 35,dg = 36. This result is consistent with Theorem [2.

By a discussion similar to Theorem [I], we obtain the following theorem.

Theorem 3. Let m be an odd number. Let f be a non-degenerate quadratic form over Fym, which
is equivalent to Type III. Then the linear code Cp, defined in (A) has the following weight hierarchy:

gt gl gt il <r<mel
dCp,) = {0 T i S am m,

gnl -1, if r=m-—1,

g, if r=m.

Example 3. Let w be a primitive element of Fys and f(x) = Trl(wa?) be a quadratic form on
Fys, where Tri(+) is a trace function from Fos to Fy. Let Cp, be a linear code as in (7), where
Dy ={x € Fys | f(x) = 1}. By the help of Magma, we obtain the weight hierarchy of Cp, as follows:
di = 6,dy = 10,d3 = 13,dy = 15,ds = 16. This result is consistent with Theorem [3.

4 The weight hierarchies of linear codes from degenerate quadratic
forms on F

In this section, we discuss the weight hierarchy of the linear code Cp, defined in @ for f(x)
being a degenerate quadratic form over Fy,m. From now on, let f be a degenerate quadratic form
over [Fym and qu = Fgm /ker f. It is easy to see that the quadratic form f induces a non-degenerate
quadratic form f over Fym as follows:

f : qu HFq

Let ¢ : x+— Z be a canonical map from Fym to Fgm. For a subspace H C Fym, p(H) = H/(H Nker f)
is a subspace of F,m, and denote it by H. Let f|; denote the restriction of the quadratic form of f
to H, and R denote the rank of f|5. The dual space of H under the quadratic form f is defined as

H' = {z €Fgm : L5(z,y) =0 for all §j € H},
and the self-orthogonal subspace of H under f|g is defined as
FIJJ;‘E ={TeH: lp(z,y) =0 for all y € H}.

For a degenerate quadratic form f, to calculate the r-th generalized Hamming weight of Cp,
in (), we need to find the maximum value of |Dy N H;-| for all r-dimensional subspace H, of Fym,
which is determined by the rank and type of f|y1 by Proposition @ Since f(z) = f(z) for all
x € Fym, we know that f|y and flg have the same rank and standard type. However, Since f is
a non-degenerate quadratic form on qu, the rank and type of f|gz can be determined as we did in
Theorem [Il Hence, by a similar way to the last section, we can determine the weight hierarchy of
the linear code Cp, for f being a degenerate quadratic form over Fgm.
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Theorem 4. Let m be a positive integer and f be a degenerate quadratic form over Fym with rank f =
2s(2s < m), which is equivalent to Type 1. Then the linear code Cp, defined in (@) has the following
weight hierarchy:
qul m—s—1 m—2 ifr=1
qm—l _ qm—s—l _ qm—r—l _ qm—s—2 if2<r<s
dr(CDf) — qm—l _ qm—s—l _ qm—r—l _ qm—r—Z, ifs<r<m-— 1’
q
q

, if r=m-—1,

—q , if r=m.

Proof. Since f is a degenerate quadratic form over Fym with rank f = 2s, which is equivalent to
Type I, by Lemma 2] we know that

n={z €Fgm|flx)=0a,a€F}|=q""—¢g"* L

By Lemmal [l the r-th generalized Hamming weight of Cp, is equal to
dy(Cp,) = n — max {]Df NHY| : H, e [qu,r]} ,

where [Fgm,r] is the set of all r-dimensional subspaces of Fym. By Proposition 2] we know that

R+42

mfrflj: m—r——5= if = 9
Dy HA =1 ¢, R=0 (mod2), (14)
gm L if R=1 (mod 2),

where R = rank f| 1. From (I4)), the possible maximum value of [Dy N Ht|is g™ 1+ qm_r_%
when R is the smallest even number possible. In this case, by Lemma[2 f|; gl (x) is equivalent to a
quadratic form over H of Type II.

Next, we determine the minimum value of R when f|y g (x) is equivalent to a quadratic form over
Hﬂ‘ of Type II. Let H, denote the image of H, under the canonical map ¢, i.e., H, = H,/H, Nker f.
Let R denote the rank of f|;. From (B) we have

R = rankﬂgrl = dim[gq (H#) — dim[gq (FIT N Hﬁ') + type f’HrL (15)

and R = R. Since f is non-degenerate over F,m, by Proposition Bl and (1)), R reaches its minimum
value when H, C ]E[,,l or ]E[,,l C H,, ie,r <2s—ror2s—1r <r. These two cases are discussed
below.

(1) 1 <7 <s. In this case, for a subspace H, C Fym we have

s s

0 < dimp, (H, N H;") < dimg, (H,) = 2s — dimg, (H;") <25 — (25 —7) =1

dimp, (H+) = dimp, (H+) - dimp, (H: Nker f) >m —r — (m —2s) = 2s —r, and

So, from ([IH]), we know that )
R223—2r+typef\gﬁ. (16)

Since f is non-degenerate over F,m, by a discussion similar to Theorem [ we know that the minimum
desirable value for R is 2s — 2r + 2, rather than 2s — 2r when f|j 1 (2) is equivalent to the quadratic
form over H; of Type II. Next, we construct a subspace H;- C Fym such that f|g 1 is equivalent to
the quadratic form over I:ITl of Type Il and R = 25 — 2r + 2.

13



Since dimp, (Fym) = 2s and 1 < r < s, by Proposition [3] there exist subspaces H, o, H* 5, C Fym
as follows:

_ L _
Hy_o={01,...,0r—2), H;j 9= Hos_rio=(01,00,...,025_2714,01,02,-.., r—2).

From H,_5 and H;- , we can construct two subspaces H, and H;- of Fym as follows:

H, = (B1,Ba,. ., Br2,&1,6), HF = Hoy r = (51,09, ..,025 2012, 51,02, -, Br_a),

where {£1, &} € Hy- B -
Assume that f[7.1 is equivalent to a quadratic form over H; of Type IL Since dimg, (H, NH;") =
r — 2, from (I5) we have R = rank f|5 1 = 2s — 2r + 2. Next, we show that there exists a basis of

Fym over I, such that f is equivalent to a quadratic form over Fym of Type I under this basis. Set
Has—gp12 = (01,62, ..., 62s—2012), Hay 9pyo = (B1, B2, -, Bre2, M1, 72, - -, Yr—2, &1, &2),

and

kerf = <61,02,. . ,Qm_25>.

Under the basis B = {51, PN ,52572r+2, ,81, PN ,5r,2,’)/1, ey Yr—2, 51, 52, 91, . ,Hmfgs} of qu over Fq,
the associated matrix of the quadratic form f is as follows:

M28—27‘+2 0 0 0 0
0 0p—o K,o 0 0
M(B) = 0 0 M, N 0
0 0 0 Mo 0
0 0 0 0 O(m—25)><(m—25)
It is verified that
Mys_9r49 0 0 0 0
0 0,—2 I o 0 0
M}(B) = G"M(B)G = 0 0 0 (K )TN 0 ,
0 0 (K 1)I'N M, 0
0 0 0 0 0(m—28)><(m—28)
where M> is congruent to a matrix of the form
Ios 212 0 0 0 0
- 0 Lo (K,)"MILKT, (KZ,)'™N 0
(0 a),andG: 0 0 K 0 0
0 0 0 Is 0
0 0 0 0 0(m—28)><(m—28)
Moreover, it is easy to show XM}(B)XT = fo(B)xT, where x = (z1, 29, -+ ,zy,) and
M25—2r+2 0 0 0 0
0 0p—o I,—2 O 0
Mf (B) = 0 0 0 0 0 ,
0 0 0 M 0
0 0 0 0 O(m—25)><(m—25)
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that is to say, the associated matrix of f under the basis B is M (B).

According to the representations of I:ITl and Ho,_ 9,42, we know that the restrictions of f to FITL
and Has 9,12 have the same canonical representation. Since f| g L is equivalent to a quadratic form
on H;- of Type II, ﬂst_errz is also equivalent to a quadratic form on Has 2,42 of Type II. So,
Mo 9,49 is the associated matrix for a quadratic form of Type II. By Lemma 11.17 in [38] and the
form of M #(B), f is equivalent to a quadratic form on Fym of Type I. In this case, from (I5]) we know

that dimp, (Hp—r N H- ) =2s—7r— R=r—2. Therefore, the cases r = 1 and 2 < r < s need to
be discussed separately.

Case 1: r = 1. From (I0), the possible values of R are 2s — 2 and 2s — 1, i.e., there exists a
subspace Hi C Fym such that the possible rank of f|H1L are 2s — 2 and 2s — 1. By a similar analysis
to Theorem 1, we know that f| - is equivalent to the quadratic form of Type I when R = 2s — 2,
and Type III when R = 2s — 1. Since f]HlL(x) = f‘Hll(j') for any x € Fgm and R = R, f]HlL(x) is
equivalent to Type I when R = 2s — 2 and Type III when R = 2s — 1. So, From (4] we know that

D¢ N Hji"| is maximized when R = 2s — 1. The desirable H; can be constructed by a similar way in
Theorem [ In this case, |Dy N Hit| = {z € Fym | f‘H%(x) =a} = q™ 2. So,

d1(Cp,) =n —max { Dy A HE|  Hy € [Fgn, 1]} = q"! = g1 = g2

Case 2: 2 < r < s. It is shown above that the minimum value of R is 2s — 2r + 2 when .ﬂg?} (7)
is equivalent to the quadratic form of Type II. Since f’HlL () = f’Hf (z) for any x € Fym and R = R,

we know that the minimum value of R is 2s — 2r + 2 when f|y g (x) is equivalent to a quadratic form
of Type II. So, from (I4]) we have

dr(CDf) =n— max{ |Df N HTJ‘| : H, € [qu,r]} — qul _ qusfl o qurfl _ qm—s—Q‘
. . r r7 |l . r7 1
: ,0< r < .
(2) s <r < m. In this case, 0 < dimp, (H, N H;-) < dimg, (H;-). From ([I5) we have
R > type f|g.- (17)

From () we know that |D; N H;-|, i.e., the number of solutions for flar(z) = a is maximized
when f|y 1 is equivalent to Type II and R is the smallest even number possible. It is clear that
|DyNH;| =0 when R =0, ie., fla: (%) is a zero polynomial. From (I7) we know the second-to-last
smallest even number of R is 2. By a similar discussion to Theorem [, we can construct a subspace
H, such that f|grl is equivalent to a quadratic form of Type II and R = rank f|grl = 2. In this case,

R = R = dimy, (H;") — dimg, (H, N H;"),

and dimg, (H, N HY) = m —r —2for r < m — 2. Therefore, the following cases are discussed
separately.

Case 1: s <1 < m—2. According to the analysis above, [D; N H;| is maximized when flar s
equivalent to Type II and R = 2. From from (I4]) we have

dr(Cp,) =n — max{ |Dy N HTH : H, e [qu,r]} =g sl gt g2,
Case 2: 7 = m — 1. For any (m — 1)-dimensional subspace Hy, 1 of Fym, dimp, Hﬁkl = 1. From
@) we know
R = 1r801r1k!)"|H#L_1 =1 - dimp, (H- N H,_1)+ type f|H#L_1'
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It is known that the number of solutions for the equation f|HL_1 () = a is 0 when R = 0. For the

case of R =1, by a similar discussion to Theorem [Tl we can construct a subspace H#kl of Fym such
that f|HL_1 is equivalent to a quadratic form of Type IIT and R = rank f|Hl_1 = 1. So, from (4]
we have

dm-1(Cp;) =n — max{ Dy N Hy 2 Hyoy € [Fym,m — 1]} Ly UL e
Case 3: r = m. From ([I5) we know R = R = rank f|5 1 = 0. So, |Dy N H;5| =0 and

dm(CDf) _ qm—l _ qm—s—1.
O

Example 4. Let w be a primitive element of Foe and f(x) = Trf(w32?®) be a quadratic form on
Fos, where Tr8(-) is a trace function from Fos to Fy. Let Cp, be a linear code as in (@), where
Dy ={z € Fys | f(x) = 1}. By the help of Magma, we obtain the weight hierarchy of Cp, as follows:
diy =8,dy =12,d3 = 18,dy = 21,ds = 23,ds = 24. This result is consistent with Theorem [4)

By a proof similar to Theorem [, we get the following theorem.

Theorem 5. Let m be a positive integer and f be a degenerate quadratic form over Fym with rank f =
2s(2s < m), which is equivalent to Type II. Then the linear code Cp, defined in () has the following
weight hierarchy:

qul 4 qsfl _ qurfl _ qusfl7 if 1 <r<s-— 17

qm—l + qs—l _ qm—r—l _ qm—r—Z’ if s <r<m-— 1,
dr(CDf) - m—1 s—1 ;

q +q¢*7 =1, if r=m-—1,

gv 4+, if »=m.

Example 5. Let w be a primitive element of Fou and f(z) = Tri(wz?®) be a quadratic form on
Fou, where Tri(-) is a trace function from Fou to Fy. Let Cp, be a linear code as in (7)), where
Dy ={x € Fou| f(x) = 1}. By the help of Magma, we obtain the weight hierarchy of Cp, as follows:
di =6,dy =9,d3 = 11,d4 = 12. This result is consistent with Theorem [3.

By a discussion similar to Theorem [}, we obtain the following theorem.

Theorem 6. Let m be a positive integer and and f be a degenerate quadratic form over Fym with
rank f = 2s+1(2s+ 1 < m), which is equivalent to Type III. Then the linear code Cp, defined
in () has the following weight hierarchy:

qul _ qurfl _ qu¥7 if 1 <r< s,

gt =gl g2 i s+ 1<r<m-—1,
dT(CDf) = 1 .

gnl -1, if r=m-—1,

gL, if r=m.

Example 6. Let w be a primitive element of Fos and f(z) = Tr$(wa®) be a quadratic form on
Fos, where Tr8(-) is a trace function from Fos to Fy. Let Cp, be a linear code as in (7), where
Dy ={x € Fy | f(x) = 1}. By the help of Magma, we obtain the weight hierarchy of Cp, as follows:
di =12,dy = 20,d3 = 26,dy = 29,d5 = 31,dg = 32. This result is consistent with Theorem [4.
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5 Concluding remarks

Quadratic forms on Fy» behave quite differently depending on whether the characteristic of F,
is 2. Some additional information is needed to classify quadratic forms over finite fields of even
characteristic. For a quadratic form f over F,m, where ¢ is a power of 2, by carefully studying the
behavior of the quadratic form f restricted to subspaces of Fym, we obtained the number of solutions
for the restricted quadratic equation f|y(x) = a, where a € Fyn and f[y is the restriction of f
to a subspace H C Fym. Based on this result, we determined completely the weight hierarchies of
linear codes from quadratic forms over finite fields of even characteristic. Our results complement the
results in [241[25], and the weight hierarchies of linear codes from quadratic forms were completely
determined. By the help of Magma, we gave some numerical examples, which verified the correctness
of our theorems.
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