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Abstract

Using the 20 questions estimation framework with query-dependent noise, we study non-adaptive search strategies for a
moving target over the unit cube with unknown initial location and velocities under a piecewise constant velocity model. In this
search problem, there is an oracle who knows the instantaneous location of the target at any time. Our task is to query the oracle
as few times as possible to accurately estimate the location of the target at any specified time. We first study the case where the
oracle’s answer to each query is corrupted by discrete noise and then generalize our results to the case of additive white Gaussian
noise. In our formulation, the performance criterion is the resolution, which is defined as the maximal L, distance between the
true locations and estimated locations. We characterize the minimal resolution of an optimal non-adaptive query procedure with
a finite number of queries by deriving non-asymptotic and asymptotic bounds. Our bounds are tight in the first-order asymptotic
sense when the number of queries satisfies a certain condition and our bounds are tight in the stronger second-order asymptotic
sense when the target moves with a constant velocity. To prove our results, we relate the current problem to channel coding, borrow
ideas from finite blocklength information theory and construct bounds on the number of possible quantized target trajectories.
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I. INTRODUCTION

Consider the problem of search for a moving target with unknown initial location and velocities. This problem arises in many
areas, including search and rescue (MH370 airplane), security (botnets) and epidemiology (pathogen tracing). The crux is to
design efficient strategies to accurately locate the target as soon as possible to minimize cost and potentially save lives. Since
the target velocity and location are unknown, such a search problem is challenging and exhaustive search is infeasible for large
search regions. To shed light on the design of efficient search strategies and advance the understanding of best theoretically
attainable performance, we mathematically model the search process as a noisy 20 questions problem and derive bounds on
minimal achievable resolution using finite blocklength information theory [2]-[4].

The noisy 20 questions estimation problem is so named in analogy with the old querying-and-answering game called “20
questions” [5] between two players. The game starts with a player, the “oracle”, who chooses a question and a secret answer.
The task of the other player, the “questioner”, is to figure out the secret using at most 20 questions. As a social game, the
20 questions oracle is assumed to never lie and always provide true answers, resulting in a noiseless 20 questions problem.
Motivated by this social game, Rényi [6] proposed a mathematical formulation of the guessing problem by modeling the secret
as a random number that takes values in a finite set and assuming that the oracle could provide an untruthful answer to each
query with a certain probability. Ulam [7] revisited the problem but assumed that the number of untruthful answers to queries
is finite. The mathematical problem of 20 questions estimation is then known as a Ulam-Rényi game and the central focus is
to design query procedures that exactly guess the secret using as few queries as possible.

The Ulam-Rényi game is equivalent to a search problem for a single one-dimensional stationary target with unknown
location over the unit interval. Specifically, the secret is the target location, the oracle is mother nature that knows the secret,
the questioner is the designer of a search strategy, who poses a sequence queries to the oracle and obtains noisy answers from
the oracle about the presence of the target. There are two types of search strategies: non-adaptive search and adaptive search.
In adaptive search the design of the current query depends on all the previous queries and the answers to these queries. In
non-adaptive search the sequence of queries is determined before the start of the game. Readers can refer to [8, Section I] for
more details. We focus on the non-adaptive search strategy since it can be applied in an time-efficient parallel manner without
the need for a feedback channel.

The Ulam-Rényi game has motivated diverse applications including fault-tolerant communications [6], human-in-the-loop
decision-making [9] and object localization in an image [10], [11]. For the Ulam game, optimal search strategies and cor-
responding sample complexity were summarized by Pelc in [12]. In contrast, the Rényi game is less well understood and
has attracted much recent attention [9]-[11], [13]-[17]. In these works, the secret location of the target is assumed to be a
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continuous random variable that takes values in the unit interval and the behavior of the oracle (such as lying or refusing to
answer a query) is modeled by a noisy channel. The channel is a probability transition matrix from a binary value (“yes” or
“no”) to an output alphabet (either continuous or discrete). Among all these works, the setting in [15] is of particular interest.
Firstly, the authors of [15] proposed a query-dependent noise model where the probability that the oracle lies depends on the
size of the query set. Such a query-dependent noise model is relevant to applications such as biometric sensing, high throughput
biological tests or search with sensor networks. Secondly, the authors of [15] considered the absolute estimation error as the
performance criterion, in contrast to the differential entropy criterion adopted in earlier works [10].

Most studies on 20 questions estimation focus on stationary targets. The exception includes [15, Theorem 3] where the
authors assumed a one-dimensional moving target over the unit circle. Therein, the authors derived asymptotic bounds on the
performance of an optimal non-adaptive search strategy with infinite number of queries assuming query-dependent Bernoulli
noise. In this paper, we generalize [15, Theorem 3] to the case of a moving target whose position lies in a multidimensional
unit cube. Specifically, at time ¢ = 0, which is the starting time point that a search procedure begins, the initial location of the
target is unknown. Subsequently, the target moves with unknown velocities in B time slots. At each time slot j € {1,..., B},
the target moves with a constant velocity and changes velocity at the ending time point n;. The ending time points (n1,...,ng)
of these B time slots are assumed fixed and known. To search for the moving target, in each time slot, we make a fixed number
of queries to an oracle that knows real time location of the target and obtain noisy responses. With the goal to minimize the
estimation error of the trajectory of the moving target, we study the minimal achievable resolution defined as the L., norm of
the trajectory estimation error of any non-adaptive query procedure. We consider the query-dependent noise model where the
noise is either discrete noise or additive white Gaussian noise (AWGN).

A. Main Contributions

Our main contributions are the following. We establish non-asymptotic achievability and converse bounds on the performance
of optimal non-adaptive moving target search. We introduce a multi-stage search algorithm that uses random coding to generate
queries and uses maximal mutual information density decoding to estimate the trajectory. We obtain first-order and second-order
asymptotically tight bounds under mild conditions. We demonstrate that our proposed algorithm attains the non-asymptotic
achievability and second-order asymptotic bounds.

To derive the non-asymptotic bounds, we borrow ideas from finite blocklength coding, in particular the random coding union
bound [2] and the change-of-measure technique [18], and we generalize previous bounds on the number of trajectories of a
moving target [15, Theorem 3]. In our achievability proof, we introduce a non-adaptive query procedure (cf. Algorithm 1)
that uses the maximal mutual information density decoder. When the channel is a query-dependent BSC or AWGN channel,
the decoder in Algorithm 1 is equivalent to a nearest neighbor decoder, which is independent of the channel parameters.
Furthermore, we derive a non-asymptotic converse result, which bounds the best possible performance of any non-adaptive
query procedure. Our non-asymptotic converse bound holds for any noisy channel and is derived using the relationship between
the current problem and the data transmission (channel coding) problem [19].

Using the non-asymptotic bounds, under the assumption of bounded maximal speed of the target, we derive asymptotic
bounds on the achievable resolution of optimal non-adaptive query procedures. Our results are first-order asymptotically tight
when the number of queries for different time slots satisfy a mild condition. We show that a cold restart search, where
one searches for the target at each time slot ignoring estimation results from previous time slots, is strictly suboptimal even
asymptotically. Furthermore, our results are second-order asymptotically tight when the target moves with constant velocity,
corresponding to B = 1. For this case, we establish a phase transition phenomenon: the excess-resolution probability of optimal
non-adaptive search exhibits a sharp transition as a function of the resolution decay rate, i.e., the rate of exponential decay of
the resolution with respect to the number of queries. Specifically, if one wishes to achieve a resolution decay rate higher than
a critical value, then with probability one, no non-adaptive query procedure can achieve this goal. On the other hand, if one
wishes to achieve a resolution decay rate lower than the critical value, then with probability one, one can always achieve the
goal with an optimal non-adaptive query procedure, such as Algorithm 1. Note that this sharp transition is analogous to the
strong converse theorem for channel coding [20], which asserts a sharp transition of the asymptotic error probability between
zero and one as a function of the coding rate. Specifically, as the blocklength increases to infinity, the error probability tends
to one if the coding rate is above the capacity while the error probability vanishes if the coding rate is below the capacity.

B. Comparison with Most Related Works

The work most closely related to this paper is [15, Theorem 3], [21] and our previous publications [8], [22]. In [15, Theorem
3], the authors initiated the study of search for a moving target with unknown initial location and velocity over the unit circle
with query-dependent Bernoulli noise. Under the assumption that the target moves less than half of the circumference of the
circle per unit query time, the authors derived bounds on the asymptotic decay rate of the resolution, defined as the maximal
absolute difference between estimated and true values of the location or the velocity. The bounds in [15, Theorem 3] are tight
when the maximal speed tends to zero, thus establishing the asymptotically optimal resolution decay rate as the number of
queries tends to infinity. We generalize the setting of [15, Theorem 3] by considering a multidimensional target, a piecewise



constant velocity model and a more general noise model. Furthermore, we derive i) non-asymptotic achievability and converse
bounds and ii) second-order asymptotics that provide approximations to the performance of an optimal non-adaptive query
procedure with finitely many queries. Note that non-asymptotic and second-order asymptotic bounds are important since in
practical search problems one usually tracks a target for a limited finite amount of time.

The authors of [21] generalized the setting of [15, Theorem 1] to the case of search for a stationary one-dimensional target
with query-dependent AWGN and derived asymptotic resolution decay rates for non-adaptive and adaptive query procedures.
Note that in [21], the authors focused on adaptive queries and only presented a weak converse result (based on Fano’s inequality)
for non-adaptive query procedures. In contrast, we study the search for a moving multidimensional target and derive both non-
asymptotic and second-order asymptotic results for the same AWGN setting as [21]. Our study for multidimensional moving
targets is a significant generalization of the non-adaptive search for a stationary one-dimensional target in [21].

Finally, we discuss the differences between the current paper and our previous publications [8], [22] on non-adaptive
search. Our first work in [8] studies the search problem of a single stationary target using finite blocklength information
theory, demonstrates the performance of optimal non-adaptive query and establishes the fact that search over each dimension
of the target is strictly suboptimal from a second-order asymptotic perspective. Our second work [22] obtains a multiple
target extension of [8] using different query design and different proof techniques. The current paper generalizes [8] in another
direction, addressing the problem of a moving target with piecewise constant velocity. Our analysis uses similar proof techniques
as used in [8]. However, the case of a moving target makes the analysis more complicated since the location of the target
varies over time, introducing combinatorial complexity due to the need to consider the set of all possible quantized trajectories.
Furthermore, we consider an AWGN channel, which violates the continuity assumption for a query-dependent channel in [8].
Finally, we bring new intuition beyond [8]: for the piecewise constant velocity model, asymptotically it is strictly suboptimal
to do a cold restart search in each time slot.

C. Organization of the Paper

In Section II, we set up the notation, formulate the problem of search for a moving target and define the fundamental limit
of interest. Subsequently, in Section III, we present our main results concerning non-asymptotic and second-order asymptotic
characterization of the fundamental limit and introduce an optimal search algorithm that achieves the fundamental limit. The
proofs of our results are presented in Section IV. Finally, we conclude our paper and discuss future research directions in
Section V. Most of the proofs are deferred to appendices.

II. PROBLEM FORMULATION
Notation

Random variables and their realizations are denoted by upper case variables (e.g., X) and lower case variables (e.g., x),
respectively. All sets are denoted in calligraphic font (e.g., X). Let X" := (Xy,...,X,,) be a random vector of length n. We
use ®71(-) to denote the inverse of the cumulative distribution function (cdf) of the standard Gaussian density. We use R, R
and N to denote the sets of real numbers, positive real numbers and integers respectively. Given any two integers (m,n) € N2,
we use [m : n] to denote the set of integers {m, m+1,...,n} and use [m] to denote [1 : m]. Given any (m,n) € N2, for any
m by n matrix a = {a; ; }ic[m],je[n)» the infinity norm is defined as ||a|| oo := max;c ) je[n) lai ;|- Given any vector ™, we
use ||z™||? to denote the Lo norm > i) x2. The set of all probability distributions on a finite set X is denoted as P(X) and
the set of all conditional probability distributions from X to ) is denoted as P()|X’). Furthermore, we use F(S) to denote
the set of all probability density functions on a set S. All logarithms are base e unless otherwise noted. Finally, we use 1(.A)
to denote the indicator function of an event A.

A. System Model: 20 Questions Estimation For a Moving Target

We state the model for the problem of search for a moving target with unknown location and velocities over a unit cube
of finite dimension. Fix any finite integer d € N. The initial location of the target is modeled by a d-dimensional vector of
continuous random variables S = (51, ..., S4), which take values in [0, 1]. For tractability, we consider a piecewise constant
velocity model: the target moves with constant velocity during a time slot and changes its velocity across time slots. Specifically,
let B € N be the total number of time slots and let (n1,...,n5) € NZ be ending time points of slots. For any time point
t € [np], the target moves with the velocity V; = (Vj1,...,Vja) € [-vy,v4]? if t € [nj_1,n;], where we define ng := 0
and v4 is the maximal moving speed per dimension. The collection of velocities at all time slots is denoted by a B by d matrix
VB ie, VB = (Vy,...,Vp) € VBX4 where for each j € [B], the j-th line corresponds to the d-dimensional velocity vector
V ;. The joint distribution fgy 5 of the location vector S and the velocity matrix VB is assumed arbitrary and unknown.

Since we consider the unit cube as the feasible region, the location of the target requires clarification. To do so, we first
describe the case of the constant velocity model when B = 1 and then generalize to a piecewise constant velocity model with
any finite integer B. Specifically, given any s = (s1,...,54) € [0,1]¢ and any v = (vq,...,v4) € V4, if a target has initial
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Fig. 1. Illustration of the location of the target at the ¢-th dimension when s; = 0.3 and v; = 0.1.

location s at time 0 and moves with velocity v, at any time ¢ € N, for each i € [d], the i-th coordinate 1(s;,v;,t) of the
location of the target satisfies

 sitty; if mod(s; + tv;,2) <1,
(84,04, ) 1= { 2 — (s; +tv;) otherwise, W

where mod(a, b) refers to the modulo operator and outputs the remainder of a dividing b. Note that in Eq. (1), we take the
modulo operator to account for the fact that the target is constrained to move within the unit cube (see Fig. 1 for an illustration
at dimension ¢). For the special case of d = 1, such a setting resembles [15, Theorem 3] where the target is constrained to
move over the unit circle.

Subsequently, the location of the target is generalized to a piecewise constant velocity model. Suppose the initial location
of the target is s € [0, 1]¢ and the velocity of time slot j € [B] is v; = (vj1,...,v;4) € V<. In the first time slot, at any time
t € [1,n4], for each ¢ € [d], the i-th coordinate of the location of the target is 1(s;, v1,;,¢) and the collection of target location
at all dimensions is denoted as 1(s,v1,t), i.e., I(s,vi,t) = (I(s1,v1,1,1),...,1(54,v1,4,1)). For each j € [2 : B], in the j-th
time slot, at any time ¢ € [n;_1 + 1,n;], for each i € [d], the i-th coordinate of the location of the target 1(s;, v}, t) satisfies
1(si,v],t) = 1(1(si,vj-1,isMj—-1), V5, t —nj_1), Where v] = (v1,...,vj,) is the collection of the velocity at dimension 4
for all time slots until the j-th one and 1(s;,v;—14,m;—1) is the location of the target at the i-th dimension at the end of the
previous time slot. The collection of the location of the target in all dimensions for any ¢ € [n;_1 + 1, 7] is similarly denoted
as 1(s,v7,t) = (I(s1,v],t),...,1(sq,v%,t)), where v/ = (v1,...,v;) is a j by d matrix that collects velocities of the target
at all dimensions in the first j time slots.

We remark that our piecewise constant velocity model generalizes the constant velocity setting in [15, Section V] and takes a
further step towards practical moving target search. However, our velocity model is still imperfect due to the strong assumptions
of knowing the velocity switching times and of an abruptly changing velocity across time slots. The former assumption enables
our results to serve as benchmarks for the case of unknown velocity changing times. The latter assumption can be relaxed
by controlling the difference of velocities between time slots, e.g., assuming that max;eo. gy max;eq) |Vji — Vi1, < pvy
for some p € (0, 1), where p controls the acceleration across time slots in each dimension. Our analyses can be generalized
to account for this acceleration-constrained case. It will be worthwhile to generalize our velocity model and make it more
practical towards real moving target search scenarios, e.g., by considering the velocity as a smooth function of time with
bounded derivatives or tolerating random noise and perturbation in the trajectory from piecewise constant velocity models.

We adopt the standard noisy 20 questions estimation framework. There is an oracle who knows the instantaneous locations
of the target at any time. Our goal is to pose a sequence of queries (A1, ..., A,,) € ([0,1]%)"# to the oracle and use the
oracle’s noisy response to accurately estimate the trajectory of the target at any time t € [np]. Specifically, at each time
point t € [ng], the oracle is queried for whether or not the target lies in the region A; C [0,1]¢. The correct answer is
X, = Zje[B] 1(t € [nj—1 4+ 1,n;] and I(s,v;,t) € A;), which is corrupted by a query-dependent noise, modeling the effect
of transmitting X, through a noisy channel. This yields a noisy response Y; that takes value in an alphabet ). Given the noisy
responses to all np queries, we use a decoder g : Y™ — ([0, 1]%)"5 to estimate the trajectory of the target.

B. The Query-Dependent Channel

We recall the definition of a query-dependent channel in [22], originally treated in [13], [15] and also known as a channel with
state [23, Chapter 7]. Given any n € N and any sequence of queries A"t C ([0, 1]¢)™, the channel from the oracle to the player



is memoryless and its transition probabilities are functions of the queries. Specifically, for any (z™*,y™ ) € {0,1}™ x Y"1,

P e (™ 2™) = T P (el )
t€[n1]

where PAl' denotes the transition probability of the channel which depends on the ¢-th query A;. Given any query A C [0, 1]¢,
let |A| = ft e dt be the Lebesgue measure of A. The query-dependent channel Py\ « depends on the query A only through
its size |A|. Specifically, P, Y| « is equivalent to a channel with state P, Y‘ «» Where the state ¢ satisfies ¢ = f(|.A|) where
f :]0,1] — R4 is a bounded Lipschitz continuous function with parameter K, i.e., |f(q1) — f(q2)| < K]|q1 — ¢2| and
maxgeo,1] f (¢) < co. When the distribution of the noise is discrete, the following continuity assumption will be needed. For
any q € [0,1], let £ € (0, min(g,1 — ¢)) and assume that there exists a positive constant c¢(q) depending on ¢ only such that

Pl (y, Py
max {log 7PZ+Z£( ) } , {log 7PZZE( i } < c(q)é. 3
viz (¥ 2) (y,2)EVXZ viz(0:2) (1,2)EVXZ

oo o0

Two types of query-dependent channels are used in this paper. The first type of the query-dependent channel is discrete with
Bernoulli noise.

Definition 1. Given any A C [0,1], a channel P{,4|  is said to be a query-dependent Binary Symmetric Channel (BSC) with
parameter ¢ € (0,1] if X =Y = {0,1} and

P x (yle) = (CLLAD 2 (1 = CF(JAN)P=, ¥ (2,y) € {—1,1} )

This channel was introduced in [22] and generalizes the query-dependent Bernoulli noise model in [15], where ( = 1 and
f(JA]) = |A|. Note that the output of a query-dependent BSC with parameter ¢ is the input flipped with probability ¢ f(|.A]).
One can verify that the query-dependent BSC satisfies (3).

The second type of the query-dependent channel is continuous with Gaussian noise.

Definition 2. Given any A C [0, 1], a channel P{/“‘ s said to be a query-dependent AWGN channel with parameter o € R
if X =40,1}, Y =R and

! e ( -2 > (z,y) € {0,1} x R )
T s P e ) WY ) +-

21(f(|Al)o)> 2(f([A])o)?

This definition appeared in [21]. Note that the query-dependent AWGN channel violates the constraint in (3) since (y — )?
can be unbounded. However, the constraint in Eq. (3) can be made to hold with high probability by restricting (x, y) to satisfy
(y —x)? < L, where L € R, is arbitrarily large but finite.

These BSC and AWGN channels will be considered to illustrate our results.

Pfix(ylz) =

C. Definition of the Fundamental Limit

Recall the piecewise constant velocity model in Section II-A with B different time slots with boundary time points n :=
(n1,...,np). A non-adaptive 20 questions query procedure is defined as follows.

Definition 3. Given any 6 € Ry and ¢ € [0,1], an (n,d,d,e)-non-adaptive query procedure for moving target search over
[0,1]¢ consists of
e np queries A" = (Ay...., Ay,,), where at each time point t € [np), the oracle is queried whether the target is
contained in a Lebesgue measurable set A, C [0,1]9,
e an estimator g : Y — [0,1]¢ x YB*d,

such that the excess-resolution probability for the target trajectory satisfies
Po(n,d, d)

‘= sup Pr{ max [[I(S,V1,t) —I(S,V1,t)]ec > or max  max [[I(S,V7,t) = I(S, VI t)||ec > 5} <e, (6)
fovB t€[0,m1] j€[2:B] t€[n;—1+1,n4]

where S and VB = (Vl, e ,VB) are the estimated initial location and velocities of the target, respectively.

Given any (n,d, d,e) query procedure, with probability of at least 1 — ¢, the trajectory of the target can be estimated with
resolution ¢ at each dimension. When specialized to the case of d = 1, our formulation in (6) imposes a slightly stronger
requirement than [15, Theorem 3], where the estimates S and V are constrained so that the absolute error between the estimated
and true locations of the target at time ¢t € N is upper bounded by ¢J instead of by J in Def. (3). When the maximal speed
vy = 0, our setting reduces to the search for a stationary target studied in [8].



We remark that constraining the resolution of the estimating the target trajectory is equivalent to constraining the resolution of
estimating the initial location and moving velocities (S, V). Suppose that S= (Sl, . Sd) is the estimate of the location vector
S =(S1,...,S4) and VB = (V,...,Vp) is the estimate of the B by d d1mens10na1 velocity matrix V = (Vy,...,Vp).
For each j € [B], let Nj :=nj —n;j_1. Fix arbitrary &' € R,. It is easy to verify that for each i € [d], if |S; — Si| < &’ and
max;e(p |\A/JZ —Vj.il < > no excess-distortion event occurs with respect to the resolution level § = (B +1)d’. On the other
hand, if |§1 —Si| > 0 or maxje[ B] |VJ i — Vi ;| > £2, an excess-distortion event with respect to the resolution § definitely
occurs. Thus, accurately estimating the initial locatlon S and moving velocities VB of a target is equivalent to accurately
estimating the trajectory (S, V7 ¢) of the target for each j € [B] and t € [nj_; + 1,n;]. The above equivalence results are
used in the proofs of non-asymptotic achievability and converse results in Theorems 1 to 3.

The fundamental limit of interest that characterizes the performance of optimal non-adaptive query procedures is the minimal
achievable resolution. Specifically, given any n = (n1,...,ng), finite dimension d € N and tolerable excess-resolution
probability e, the minimal achievable resolution is defined as

6*(n,d,e) ;== inf{é € Ry : 3 an (n,d, §,e)—non—adaptive query procedure}. @)

We provide non-asymptotic and second-order asymptotic bounds on 6*(n, d, ) for both query-dependent discrete memoryless
channels satisfying (3) and for query-dependent AWGN channels.

III. MAIN RESULTS
A. Preliminaries

We present necessary preliminary definitions. Given any (n, M) € N2, define the following quantization function
q(s,n) := [snM], s € [0,1]. (8)

The function q(s,n) will be used to quantize the location of the target so that non-adaptive grid search can be applied. Recall
the definition of the trajectory function 1(-) around (1), the fact that n = (nq,...,np) denotes the ending time points of the
piecewise velocity model in Section II-A with B time slots and the definition that ng = 0. Furthermore, let N; = n; and for
each j € [2: B], let N; := n; —n;_1. Suppose that a target has location vector s = (s1,...,4) € [0,1]? at time point zero.
Subsequently, for each j € [B], in the j-th time slot [n;_1 + 1,7;], the target moves with velocity v; = (v 1,...,v;4) € V2
Then, for each ¢ € [d] and j € [B], the quantized location of the target at time ¢ € [n;j_1 + 1,n;] along the i-th dimension
satisfies

w(si, vl t) = q(l(ss, v, 1), N;), )

and the quantized location of the target satisfies w(s, v/, t) = (w(s1,v],t),. .., w(sq, v}, 1)), which is a d-dimensional vector.

Note that the trajectory of the target in the first and other time slots are different. This is because in the first time slot,
the trajectory of the target is affected by both the initial location s and the velocity v; while in the j-th time slot for any
j € [2: B], with fixed initial location and velocities of previous time slots, only the velocity v; affects the trajectory. Thus,
we define the sets of trajectories of the moving target in different time slots separately. For the first time slot with n; time
points, the set of all possible quantized trajectories is

By v = {W"l € [m M™% w™ = w(s, vy, [n1]) for some (s,v;) € [0,1]% x Vd}, (10)

where w(s, v, [n1]) := (w(s,vi,1),...,w(s,vi,n1)) € [nyM]"**? is the trajectory with initial location s and velocity v1,
i.e., the collection of quantized locations at discrete time points [n1] = {1,...,n1}, of the target. The size of B,,, ar is upper
bounded by

By | < (2(n1vs + 3)niM2)". (11)

The upper bound in (11) is obtained similarly to [15, Lemma 2] by considering all possible quantized trajectories at each
dimension and taking a upper bound by multiplying the number of trajectories at all dimensions. Specifically, for each i € [d],
let

le o= A{w™ e [np]™ s w™ = (s, v4,1), ..., (84, v5,m1)) for some (s;,v;) € [0,1] x V}, (12)

and thus (B, m| = [;e(q B}, as]- To upper bound each term [B;, |, similarly to [15, Lemma 2], we need to consider the
sets of trajectories B}, M(tl, ta) and B);Y 3/ (t1,t2) with (t1,t2) € [naM]?. The set B}, 5, (t1,t2) collects trajectories whose
initial location is in the ¢;-th interval and whose final location is in the ¢5-th interval while the set B;f M(tl, t2) is a subset



of Bflh a(t1,t2) with the additional requirement that the target starts and ends at the centers of the ¢1-th and ¢o-th intervals,
respectively. It follows from [15, Lemma 2] that

Bioal= > Bt i)l (13)
(t1,t2)€[n1 M]?
< (niM)? B: t1,t 14
< (mM) X 1B, (t1,t2)] (14)
5 1B}, ar(tist2)|
< (nM?)  max |Bm7 (t1,t2)] max (15)

(tl tz)e[nlM (t17t2) [nlM]2 |B (t17t2)|

Subsequent steps are algebra. Note that the key idea is to upper bound the size of Bjn, u With the size Qf B:Lf w(ti,t2), which
is more tractable. Using the same method, one can also lower bound |B;, /| by max(s, 1,)e(n, m)? |ByS as(t1,t2)]. However,
such a lower bound is too loose. It is of independent interest to derive tlght bounds on |sz1, | and propose a low complexity
method to generate the set 5,,, .

We then define the set of trajectories for other time slots. Fix any j € [2 : B]. Given initial location s € [0, 1]% and velocities
of previous time slots v/ —! € VU~1X4 the set of all possible quantized trajectories in the j-th time slot [n;_; + 1,n;] is

B, m(s, vVl = {WZLIH € ([N;M])Nixd WZLIH =wi(s, v/, [n;_1 + 1,n;]) for some v; € Vd}, (16)

where w(s, v/, [n;_1 + 1,n;]) := (w(s, v/, nj_1 +1),...,w(s,v?,n;)) € ([N;M])Ni*4 is the trajectory of the target at the
j-th time slot that moves constantly with velocity v; given s and v/~!. Similarly to (11), for any s and v/~!, we can upper
bound the number of trajectories in the j-th time slot as

1B, (s, v/ 71| < ((2Njv4 + 3)NF M) a7

The trajectory sets B, as and By, a(-) are used to present our proposed non-adaptive query procedure and also used in our
proofs.

We will also need the following definitions of information densities. Given any (p,q) € [0,1]%, let P2 be the marginal
distribution on ) that is induced by the Bernoulli distribution Px = Bern(p) and the query-dependent channel P{il - Define
the following likelihood ratio which is known as the information density [2], [8]

Py (yle)
Y|Xx
tp, (‘T7y) ::log,iu V(I’,y)E[O,l]Xy (18)
i Py(y)
Correspondingly, for any (z™,y™) € [0,1]™ x Y™, we define
Z;D,q 7y Z Z;D,q Tts yt (19)
te[n]

as the empirical mutual information between i.i.d. sequences 2™ and y".

B. Non-Asymptotic Bounds

Recall that n = (ng,...,np) € NP are the ending time points of the sequence of B time slots. We first provide a
non-asymptotic achievability result. Given any (n, k,p,v4,1) € N? x (0,1) x R2, let
¢(n, k,p,vy,n) == 2nnKc(f(p)) — [2nv4] min{log(p),log(1 — p)} + dlog(2nvy + 3) + kdlog n. (22)

Theorem 1. Consider any discrete query-dependent channel satisfying (3). For any (M, p,v,) € N x (0,1) x (0,0.5), there

exists an (n,d, %, ¢)-non-adaptive query procedure such that

¢ < min {l,exp(é(m, 4,p,v4,m)M* Epra [ exp(—1, 1) (X"I%Ym))]} +4ny exp(=2(ni M)"n?)

+ Z (min {1, exp(C(N;, 3, p, v+, n))MdIEPNj [exp(—1p, £(p) (XN, YNJ'))} } +4N; exp(—Q(NjM)dn2)> , (23)
j€[2:B] Xy
where the distribution Pxvy is induced by the Bernoulli distribution Px with parameter p and the query-dependent channel

f(»)
PY&, ie.,

Pxy (z,y) = Px(@)PL{R (le), (z,y) € {0,1} x V. 24)

The proof of Theorem 1 is provided in Section IV-A using the non-adaptive query procedure in Algorithm 1. In Algorithm
1, the oracle is queried sequentially about the trajectories of the target in different time slots using random coding to generate
each query and using maximal mutual information density decoding to generate estimates of trajectories.



Algorithm 1 Non-adaptive query procedure

Input: Velocity change time points n = (nq,...,npg), dimension d and two design parameters (M, p)
Output: Estimated trajectory w"® € ([0, 1]¢)"# of a target that moves with unknown initial location S € [0, 1]¢ and piecewise
constant velocities VZ ¢ YixB

Query and response for the first time slot:
Partition the unit cube [0, 1]¢ into (n, M)? equal size disjoint cubes {Si,....iu}(ir,....ia)e lna M)
Generate (n;M)? binary vectors {z™ (i1, . . . 28d)} iy ,....ia)e[na]¢ Where each binary vector is generated i.i.d. according to
the Bernoulli distribution with parameter p
for t € [1,n4] do
Pose the t¢-th query to the oracle that asks whether the target currently lies in 4; where

A = U i, ia
(’il,...,id) [nlM]d It( ’Ld) 1
Obtain a noisy response ¥;.
end for
Decoding for the first time slot:
Collect noisy responses y"™* = (Y1, ..., Yn,)
Generate an estimated trajectory w™* = (W1, ..., W, ) for the first stage using maximal information density decoding as
W = _argmax zp7f(p)(:c”1(€v"1);y”1), (20)
WL EBL M
where 2™ (W™) = (21(W1),. .., Zn, (v‘vnl))
Generate estimates (8, V1) such that w(§, Wy, [n1]) = w™

for j€[2:B] do
Query and response for the j-th time slot:
Set Nj =n; —Nj-1 )
Partition the unit cube [0, 1]¢ into (N;M)? equal size disjoint cubes {S7, i Y ineln, M)
Generate (N;M)? binary vectors {z™ (i1, ...,%4) }iy,...i)e| [N, Mm]¢ Where each binary vector is generated i.i.d. according
to the Bernoulli distribution with parameter p
for t € [nj,1 + 1,nj] do
Pose the ¢-th query to the oracle that asks whether the target currently lies in 4; where

Ay = U Sl'Jl,...,id
(il,.... ) [N I\{] It(il,...,id)zl
Obtain a noisy response ¥,
end for
Decoding for the j-th time slot:
Collect noisy responses ij 1+1 = (ynj DS P ,yn])
Generate an estimated trajectory w,,’ ;€ ([0,1]%)"7 using § and ¥/~ = (V1,...,V;_1) as
sz 1+1 = argmax Up,f(p) (ZU"(WZ§,1+1);QZ§,1+1)- 21

n; .
' 5 vi—1
wnjilJrleBNj,M(s,vJ )

. A~ A A4 AN
Generate an estimate v; such that w(8,v7, [n;_1 +1,n;]) = W' 1

end for




In the proof of Theorem 1, we combine techniques used to prove the random coding union bound [2], the results concerning
the number of trajectories in [15, Section V] and the change of measure technique [18]. The first term in (23) upper bounds the
excess-resolution probability for estimating the trajectory in the first time slot and each term inside the summation of j € [2 : B]
upper bounds the excess-resolution probability for estimating the trajectory in the j-th time slot. For each j € [2 : B], the
additional term 4n exp(—?N ;-iM 4n?) results from the stochastic nature of the random query matrix and upper bounds the
probability of the rare event that a query region A, with size |.A;| bounded away from p is chosen for any ¢ € [n;_1 + 1,n,].
The multiplicative term exp(¢(N;, 3, p, v+, 7)) captures the combined effect of the unknown velocity V; and the approximation
error of the change of measure that is applied to replace the query-dependent channel f{f‘tX with the measurement-independent

channel Pﬁ’;{) for each t € [n;_1 + 1,n;]. The above illustration is also true for the case of j = 1.

Unfortunately, Theorem 1 does not hold for a query-dependent AWGN channel that violates the continuity assumption in
(3). This problem can be easily fixed by adding one additional constraint on the noise power and then applying the change-
of-measure technique to the truncated AWGN channel, as discussed in Section IV-B. This way, we obtain the following
non-asymptotic bound for a query-dependent AWGN channel in Theorem 2. Analogous to the definition of {(-) in (22), we

need the following definition of 7(p,n, o, ) for any (n,k,p,n,0,v4) € N* x (0,1) x V x R%

2(Kn(f(p) + Kn)(f(p)* + 4Kn(f(p) + Kn))
F)*(f(p)* = 2Kn(f(p) — Kn)) ’
CG (nv kapv 1,0, er) = C(nv kapv Uy, 77) + TLT(p, 1, &, U) - 2n77KC(f(p)) (26)

Our non-asymptotic achievability bound for a query-dependent AWGN channel is as follows.

T(p,n,a,0) = (25)

Theorem 2. For any (M,p,o,m,c,n,v4) € N x (0,1) x Ry x (0,0.5), there exists an (n,d, %,
procedure such that

9 S min {17 GXP(CG (nla 47 p,n,o, ’U+))M2dEP;§, [exp(_lp,f(p) (an ; ym™ ))} }

+ > min {1, exp(Ca (N, 3,91, 0,04)) MUE i, [exp( =1y, (X3 V)] }
j€[2:B]

N;(1—1log?2)
+ Ez[];} (4Nj exp(—2N{M*?) + exp (—%) ) (27
J

¢)-non-adaptive query

The proof of Theorem 2 is similar to that of Theorem 1 and is provided in Section IV-B. The remarks for Theorem 1 also
apply here. The explanations of different terms are the same as in Theorem 1 except the additional term exp (—M)
that quantifies the effect of truncating the channel output to satisfy the continuity assumption in (3).

Note that the performance in Theorem 2 is also achieved by the query procedure in Algorithm 1. Furthermore, when one
considers a query-dependent BSC or AWGN channel, the maximal mutual information density decoding is equivalent to the
following nearest neighbor decoding, i.e.,

o for the first time slot,

W= argmin 2" (W) -y (28)
w1 eb’nl’M
o for the j-th time slot with j € [2: B,
Fnieit arg min " () =y (29)

n.; .
P 5 vi—1
Wl 41€8N; 0 (8,977 1)

Therefore, for both query-dependent BSC and AWGN channels, the decoding can be done universally without knowing the
statistics of the channel. The equivalence between maximal mutual information density decoding in Algorithm 1 and nearest
neighbor decoding is justified in Appendix A.

Our next result provides a bound on the best performance of any non-adaptive query procedure. To present our result, given
any A C [0, 1]9, using (18), define the following query-dependent mutual information density

Z_A_’f(X; Y) = ZIA\,f(IA\)(X; Y) (30)
Theorem 3. Consider any (3,¢) € Ry x (0,1). Given any B € (0,25%) and any k € (0,1 — ¢ — 2(1 + 4B)dj3), any

2
(n,d, 0, €)-non-adaptive query procedure satisfies

—(B+1)dlogd < sup sup {r Pr{ Z 14, f(Xe; V) ST} §€—|—2(1+4B)d[3—|—/1}
AnBe([Ovl]d)nB te[nB]

— (B+1)dlogB— Y log(2N;v;) — log k. (31)
J€E[B]
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The proof of Theorem 3 is provided in Section IV-C. Our proof proceeds in three steps. Firstly, we lower bound the
excess-resolution probability of estimating the target trajectory by the excess-resolution probability of estimating the location
S and the velocities V2. Subsequently, we show that the latter probability is further lower bounded by the error probability
of transmitting a message over a query-dependent noisy channel with np channel uses. Finally, we use the the non-asymptotic
converse bound for channel coding [3, Proposition 4.4] to obtain the desired result. Note that our proof here is different from
the converse arguments based on Fano’s inequality in the proof [15, Theorem 3].

We remark that the result in Theorem 3 holds for any query-dependent channel, regardless of the alphabet of the output.
The bound in Theorem 3 is challenging to evaluate for relatively large np due to the difficulty of optimizing over all possible
choices of queries A" = (Aj, ..., A,,) € ([0,1]%)"2. However, when n is relatively large, the bound can be approximated
accurately by much simpler expressions.

C. Second-Order Asymptotics

In this subsection, using the non-asymptotic bounds established in Section III-B, we derive the second-order approximation
to the fundamental limit 6*(n, d,<). To present our results, we need the following definitions. Recall the definition of the
mutual information density of 2, () (-) in (18). For any query-dependent channel {P)q,‘ < faelo,1]> let

C .= pren(%ﬁ)E[lp’f(p) (X;Y)], (32)

where (X,Y’) ~ Bern(p) x P{;‘(g’g. Let P, be the set of values p achieving C'. Furthermore, given any p € (0, 1), let
V,, := Var(y, ¢, (X;Y)] (33)
Tp = IEHZ;D,f(p) (X; Y) - IE[Z;D,f(p) (X; Y)Hg]v (34)

be the variance and the centered third absolute moment of the mutual information density 2, ., (X;Y’). Finally, given any
€ (0,1), let

| maxpep,,V, if e<0.5,
Ve = { mingyep,, Vp otherwise. (35
Recall that n = (ng,...,np) are ending time points of B different time slots of the piecewise velocity model in Section

II-A, Ny = ny and N; = nj —n;_q for each j € [2 : B]. Note that for any p € Pe,, the third absolute moment T), is finite,
ie.,, T}, < oo, for any channel with discrete alphabet [2, Lemma 47] and any AWGN channel [24].

Theorem 4. For any ¢ € (0,1) and any query-dependent channel satisfying (3), given any p € Pe,, the minimal achievable
resolution satisfies

—dlogd*(n,d,e)

2 max mln{nlc+ \V4 nlvalq)_l(gl) _C(n174~7p7v+777) _lognl +O(1)7
(e1,..,B): 2
2jeip) fi5e

,H[12h}3] (NjO + /N Ve, @7 (eg) — C(Nj, 3, p,v4,m) — log Nj + 0(1))} —dlog(B+1).  (36)
JE|2:

The same is also true for a query-dependent AWGN channel with ((-) replaced by (c(-). Conversely, for any € € (0,1), the
minimal achievable resolution satisfies

—(B 4+ 1)dlogé*(n,d,e) < npC + /ngV-®'(g) + O(lognp). (37)

The proof of Theorem 4 is provided in Section IV-D, which follows by applying the Berry-Esseen theorem [25], [26] to
our derived non-asymptotic achievability and converse bounds in Theorems 1 to 3. In the achievability proof, we only present
details for a query-dependent discrete channel since the proof for a query-dependent AWGN channel is identical except that
we need to replace ((-) by (g (-) and incorporate an additional term exp(—M) into the definition of ¢; in (156).

In general, the upper and lower bounds on — log §*(n, d, 0) in Eq. (36) and Eq. (37) do not match. We believe our achievability
result is not tight since successive decoding is used slot-by-slot to estimate the trajectory of the target in Algorithm 1. This
way, we have to constrain the sum of excess-resolution probabilities from each time slot to achieve a final excess-resolution
probability . This is analogous to the fact that separate source and channel coding (SSCC) achieves worse performance as
compared to joint source-channel coding, at least in second-order asymptotics [27], where the sum of error probabilities of
source and channel coding are assumed to satisfy the final error probability constraint in SSCC. To close the gap, we would
need to jointly decode the trajectory of the target for all time slots. However, the analyses of the excess-resolution probability
for joint decoding appears quite challenging and is left as future work.
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There are at least two cases where the bounds match: one is when n; = % for all j € [B] and the other is when
B = 1. Note that the former case corresponds to using ;Lﬁ queries in the first time slot to estimate two parameters S and V;
and using g—fl queries to estimate V; in the j-th time slot for each j € [2 : B], while the latter case corresponds to searching
for a moving target with unknown initial location S and a constant moving velocity V7.

Our results in Theorem 4 specialize to the first case as follows.

Corollary 1. For each j € [B], let nj = %. When the maximal speed vy is such that ngvy = o(ng), for any
(d,e) € N x (0,1), the asymptotic resolution decay rate satisfies
—logé*(n,d C
i —logd(ndie) . (38)
(np)—o0 np (B+1)d

The result in (38) is known as a strong converse result, which holds regardless of the excess-resolution probability . In
other words, tolerating a larger excess-resolution probability cannot improve the asymptotic resolution decay rate.

We make several remarks on Corollary 1. Firstly, our result in (38) generalizes the first order asymptotic result in [15,
Theorem 3], which was constrained to d = 1, B = 1 and ¢ — 0, to any finite (d, B) € N2 and any excess-resolution
probability £ € (0, 1). Note that our results establish the asymptotic fundamental limit for optimal non-adaptive search for a
moving target over a multidimensional region with piecewise constant velocity model, which is a better model for practical
search problems where the target can move with variable velocity over a two or three dimensional region.

Secondly, one might wonder whether it is asymptotically optimal to search for the moving target with the piecewise constant
velocity model using a cold restart search in each time slot, where for each j € [2 : B], one estimates the trajectory in the j-th
time slot and the velocity V; without using estimates (S, Vj_l) obtained from the previous j — 1 time slots. If one uses the
query and response process process for the first time slot described in Algorithm 1 for each j € [B], let 5:ep(n, d, ) denote the
achievable resolution. Following the same method used to prove the achievability part of Theorem 4, for any (d,e) € Nx (0,1),
it holds that under the same assumptions of Corollary 1,

—log X, (n,d,e) o
1. . f sep > 39
nB—300 ng = 2B+ )d (39)

which is smaller than the asymptotic achievable resolution of our query procedure in Algorithm 1 in Eq. (38). Thus, asymp-
totically, one should avoid cold restart search and instead use estimates of initial location and velocities from previous time
slots in order to achieve optimal performance.

We then state the second-order asymptotic result for B = 1, which corresponds to searching for a moving target with
constant velocity. In this case, we use §*(n, d, ) to denote 6*(n, d,e) where ny := n € N denotes the number of queries.

Corollary 2. Fix B = 1. For any € € (0,1), the minimal achievable resolution 6*(n,d, ¢) satisfies

nC + O(nvy) if nuy =0(n"), v € [0.5,1]
—2dlog6*(n,d,e) = { nC +/nV.@71(e) + O(nvy) if nuy = O(n”), v € (0,0.5), (40)

nC +/nV.® 1(e) + O(logn) if nvy = O(1).

We remark that the conditions in Corollary 2 on the maximal speed v are chosen so that the achievability result in (36)
matches the converse result in (37). Our achievability result in (36) depends strongly on v, through the function {(-) defined
in (22) for the discrete noise and through the function (¢ (-) defined in (26) for AWGN.

Corollary 2 generalizes [15, Theorem 3] that only provided a first-order asymptotically tight result when v, — 0 and n — oo
for d = 1. Specifically, Corollary 2 applies to arbitrary finite d € N and identifies different regimes of v, as a non-increasing
function of the number of queries n. Furthermore, it provides a stronger second-order asymptotically tight characterization for
the minimal achievable resolution when nv; = o(y/n), i.e., the maximal speed v, satisfies vy = o(n_%).

Furthermore, Corollary 2 implies a phase transition phenomenon governing optimal non-adaptive query procedures when
B = 1. Specifically, if we let ¢*(n,d,d) be the minimal excess-resolution probability of any non-adaptive query procedure
with n; queries, when the maximal velocity v, is such that nvy = o(y/n), our result in Corollary 2 implies that

e (n,d, o) = & (M) +o(1). 1)
nVe

Eq. (41) implies the existence of a phase transition phenomenon for the minimal excess-resolution probability as a function
of the resolution decay rate —%. In particular, when the target resolution decay rate %gé is strictly greater than 2%, the
minimal excess-resolution probability tends to one as the number of queries n tends to infinity. On the other hand, when the
target resolution decay rate is strictly less than the critical rate 2%, the excess-resolution probability vanishes as the number
of queries n increases. We numerically illustrate the phase transition phenomenon for a query-dependent BSC and an AWGN
channel in Figure 2 for the case of d = 1.

Comparing to [8], Corollary 2 asserts that under mild conditions, search for a d-dimensional moving target with unknown

constant velocity over the unit cube of dimension d has the same resolution as search for a 2d-dimensional stationary target
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Fig. 2. Illustration of the phase transition phenomenon of optimal non-adaptive query procedures for d = 1. In both figures, the Lipschitz continuous size
function f(-) in Definitions 1 and 2 is chosen as f(q) = 2¢ + 0.5. Note that such a choice ensures that ¢ f(¢) < 0.5 for all ¢ € [0, 1] so that the crossover
probability for the query-dependent BSC is always no greater than half. The pentagram star denotes the critical phase transition threshold.

- -

<

over the unit cube of dimension 2d. However, as can be gleaned from the proofs of Corollary 2 and [8, Theorem 4], the
analyses for these two cases, especially the achievability part, are significantly different. This is because, when we search for a
moving target with unknown velocity, the real time location of the target varies over time and is determined by both the initial
location and the velocity. This makes the analysis for the moving target search problem complicated and requires consideration
of intersected trajectories having different values of initial location and velocity, as demonstrated in Algorithm 1. In contrast,
when we search for a stationary target, the location of the target is fixed over the search period.

IV. PROOF OF MAIN RESULTS
A. Proof of Theorem 1

1) Preliminary definitions for target trajectories: Given any (n, M) € N2, partition the d-dimensional unit cube [0, 1]¢ into
(nM)? equal size disjoint regions {Sis,..iatGir,.sia)ena)a- We need the following additional definitions. For any n € N and
v € V¢, define the following set of velocities

1
D(v,n,M):=<veV: i — Uil < —= ¢, 42
v )= {v e Vs s - ol < o | @)
Furthermore, for any (s,v,n, M) € [0,1]? x V¢ x N2, define the following set of locations and velocities:
1
D(s,v,n, M) := {(S,V) € [0,1]% x D(v,n, M) : max |s; — 5| < —} . (43)
i€[d] M
Recall the definitions of I(-) around Eq. (1), w(-) around (9), B, a in (10) and the description of the piecewise constant
velocity model in Section III-A which uses n = (n1,...,np) as the ending time points. Furthermore, recall that N. i =ni—nj_1
for each j € [B]. Fix s € [0,1]¢ and vB = (vy,...,vp) € VB> For any § and vZ = (v1,...,vg) € (V4B such that
(8,v1) € D(s,v1,n1,M) and v; € D(v;, N;, M) for all j € [2: B], it follows that
i ; j+1
max max I(s,v7,t) — (s, v/, t <. 44
JE[B] t€[nj—1+1,n;] H ( ) ( )HOO M )

For subsequent analyses, we also need the following definitions of trajectories of the target in different time slots. For the first
time slot, define the following set of trajectories

U (s,v) = {W"l € By W' =w(s,V,[n]) for some (§,V) ¢ D(s,vl,nl,M)}, (45)
which can be equivalently written as the union of the following sets U,"* (s, v) over [ € [n4]
U (s,v) = {v’v"1 eU™(s,v): Z L(w, =w(s,v,t)) = l}. (46)
te[n1]

Note that the set /™ (s, V) contains trajectories that are generated by all possible pairs of elements (8,v) € D(s,vi,n1, M)
and and U} (s, v) contains the subset of trajectories that differ from w(s, v, [n1]) for exactly [ times. In the following lemma,
we present an upper bound on [, using [15, Lemma 3].
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Lemma 1. Given any (s,v) € [0,1]¢ x V¥ and n; € N, for any W™ = (W1,..., Wy, ) € U™ (s, V), the number of possible
intersections of two trajectories w(s, v, [n1]) and W™ satisfies

[{t € [m] : w(s,v,t) = Wi }| < [2n1v4]. 47)
It follows from Lemma 1 that
un(sv) = |J U sv). (48)
le[2nyvy]

Furthermore, from the definitions of B,,, as in (10) and U™ (s, v) in (45), it follows that
U (5,9)] < |Buy ] < ((2navy + 3)niM2)". (49)

where (49) follows from (11).
Fix j € [2: B]. Recall the definition of By, a(-) in (16). Given (s, v7), define the sets of trajectories of the target in the
j-th time slot as

uni (vjls, vj_l)
n;

= {V’VZLIH € BNJ._’A{(S,V‘j_l) PW, = w(s, (vj_l;x’rj), [nj—1 +1,n,]) for some v; € D(vj,Nj,M)}, (50)

which can be equivalently written as the union of the following sets Z/{l '(vjls,viT1) over I € [nj —nj_1],
L{le (vils, v/t = {V_VZ] 1 € Ui (vjls, vy Z I(w: =w(s,v,t)) = l}. (51)
te[nl]

Similarly to (48) and (49), we have

uNi(vils v = | U (vyls v, (52)
1€[[2N;v41]
. i i d
U™ (vils, v )| < B (s, v < ((2Njv4 + 3)NPM). (53)

where (53) follows form (17).

2) Query design and analysis: For any (s,vB) € [0,1]
for different time slots as summarized in Algorithm 1.

For the first time slot, we partition the unit cube [0, 1] into (n1M)? equal size disjoint sub-cubes {S;, ....i, } (i1,....ia)e[ni M)
Furthermore, let x™ = {a™ (i1, ...,ia)}(i,,...,is)e[n, 1) De the collection any (nyM)? binary codewords that will be used as
the query matrix. Given any possible trajectory W' = (w1, ..., Wy, ) € [n1M]"*4, we use x™(w"!) to denote the vector
(z1(w1),...,2n(Wy)). The query and response procedure for the first time slot proceeds as follows. At each discrete time
t € [n1], one queries the oracle on whether the target is located in the region A; defined as follows:

Ay = U Siv,ig- (54)

(41,000sta) E[n1 MLz (41,..050a) =1

d x YBxd_ our non-adaptive query procedure proceeds sequentially

Note that A; is the union of sub-cubes with index (i1,...,44) such that the corresponding codeword x4 (iy,...,iq) is one.
Given any s € [0,1]? and moving velocity v; € V9, the noiseless answer to the query A; is

1 if a(w(s,v,t)) =1

2 =1(w(s,v1,t) € A) = { 0 otherwise. (5

Since a query-dependent noisy channel is used to model the behavior of the oracle, the noisy answers y; is obtained by passing

z¢ over the memoryless channel P}f(ﬂgl'l)( |z¢). Given noisy answers y™ = (y1, ..., Yn, ), the decoder first generates estimates
W™ = (Wy,...,W,) of the quantized trajectory using the following maximal mutual information density estimator:
W' = argmax 1, s (" (W");y"), (56)

WLEBn, M

where 1, ¢(,)(+) is the empirical mutual information defined in (19). Subsequently, the decoder generates estimates (S, V1) of
(s,v) as any (8,v1) € [0,1]% x V¥ such that W™ = w(s, V1, [n1]).

We next describe the query and response procedure for the j-th time slot with j € [2 : B]. Recall that N; = n; —n;_;. Simi-
larly to the first t1me slot we partmon the unit cube [0, 1]¢ into (N; M)? equal size disjoint sub-cubes {8, i i) eIN, M-
Furthermore, let x,./ {xn] 41001, 0a) iy, iye (N, be the collection of (N;M)* binary codewords. Given

I'This can be done by equally partitioning each dimension into equal size sub-intervals and let i; be the index of the sub-interval of the cube in the j-th
dimension for each j € [d].
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any possible trajectory w,’ 1 = (Wn,_,41,...,Wp,) € [niM]Ni*? we use x (W " n,_1+1) to denote the vector
(T, 41 (Wny_y41), - a:nj (wnj )). At each discrete time ¢ € [n;_1 + 1, n;], the query asks Whether the target current locates
in the region A; deﬁned in (54) with S;, ., replaced by S/ . . The noiseless response is z; = x(w(s,v7,t)) and the noisy

yeeey

answer %, is the output of passing z; over Pf(“ t‘)( |2¢). Using noisy responses yZ]];lH = (Yn;_1+1+- - - Yn, ), the estimates §
and v/~! = (V1,...,V;_1), the decoder first generates estimations W,,’ . = (Wp,_, 41, ..., Wn,) of the quantized trajectory
as
w7 = arg max 1 (z (W );yn? ) (57)
nj_a+1 = g pf ) (T 1 (W 1)iUn)_41)s
w ; 1+1€BN M (8,9771)

Subsequently, the decoder generates an estrmate v; € V¥ such that w,,’ ;= w(s, v/, [n;_1 +1,n;]). Finally, the estimated
trajectory W"Z is the concatenation of W, 41 for each j € [B].

Under the above non-adaptive query procedure the conditional excess-resolution probability with respect to the resolution
level 241 given any (s,v?) € [0,1]% x VB*4 satisfies

B+1
P. (n,d,%‘s,v)

B+1 : : B+1
= Pr{ten%arrf1 11(8,%1,t) — (s, v1,1)|loc > % or jrer[lgé] te[nﬁlﬁfrm] 1(8,¥7,8) = I(s, V7, t)]| oo > ]\—; } (58)
A B+1
=Pr||i(8,Vv1,t) = 1(s,vi,t)]lco > for some ¢ € [0,n1],
) . 1
or3je€2:B]: IS,V ,t) —I(s, v, t)]| 0 > for some t € [nj_l—i—l,nj]} (59)
< Pr{(5,%1) ¢ Dls,vi,m, M) or 3j € [2: B : ¥; ¢ D(v;, N;, M) } (60)
<P { )¢ Ds.vin, M)+ > Pr{v; ¢ D(vj,Nj,M)} 61)
Jj€E[2:B]
<Pr {EI W E UM (8, V1) 1 1 iy (@™ (WH);Y™) > 0y, ) (@™ (W(s, V7, [04])); Y”l)}
+ Z Pr{ﬂw 141 EU ( leij_l): Z;o,f(p)( nj 1+1( ZJ 1+1)7Y:Jj 1+1)
jE€[2:B]
> ZPvf(P)(xZ;,l-l-l (W(Su Vju [nj—l + 1,7’Lj])); anz-j,1+1)}u (62)

where (60) follows from the result in (44). For ease of notation, we denote the first term in (62) as Po(x"!,s,v1) and the
probability term for each j € [2 : B] in the second term of (62) as Pe(x;,’ 4,8, v/ 1),

3) Upper bound the excess-resolution probability for the first time slot To upper bound the probability terms, we employ
a random coding argument. We first consider Po(x"1,s, v1). To proceed, let X" = { X" (i1,...,iq)} ¢, ...,
collection of (n; M)? random binary vectors where each one is generated i.i.d. from a Bernoulli d1str1but10n Px with parameter
p. The joint distribution P,(gf%/nl of the query matrix X" and the noisy responses Y™ for the first time slot satisfies that
for any (x™,y"™) € ([0,1]m )M x ym

oy = (0 T PR @G si) TT PR Gilan(wis, vi,0). (63)
(il,....Zd)E[nlM]d te[nl]

iq)€[n1 M]d be the

To apply the change-of-measure technique, we also need the following alternative query-independent distribution
PRIbEY (xm ) = ( I1 P (2™ (i, ... ,id))) [T PR wilae(w(s, vi,1)). (64)
(i1, sia) €[n1 M4 t€[n1]
P(md s,v)

In the following analysis, the expectation operator K is calculated according to Py y; " or its induced distributions unless
otherwise stated. Furthermore, for any € R, define the following typical set of typrcal query matrices

T (M dopm) = {x" € ({0.13")" ™ - max g™ (<) = pl < ), (65)
where we define
ni (o 1 o
ai M) = pama ) alinia). (66)

(i1, sia) €[n1 M4
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Similarly to the proof of [8, Theorem 1], it follows that for any n > 0,
E[Pe(X™,5,v1)] < E[Po(X",5,vi)1{X" € T (M.d,p,n)}] + Pr{X" ¢ 7" (M,d,p,n)} ©7)
E[P.(X™,s,v1)1{X" € T" (M, d,p,n)}] + 4n1 exp(—2(n1 M) n?), (68)
where the inequality follows from the upper bound of [28, Lemma 22], which bounds the probability of atypicality of a random

query matrix.
To further bound the result in (68), let the joint distribution Py xy be defined such that for any (z,z,y) € [0,1]% x V],

Py xy(Z,@,y) == Px(Z)Pxy (z,y) = Px (Z)Px (z) Py x (y|2). (69)

where the second equality follows from the definition of Pxy in (24). Applying techniques used to prove the random coding
union bound in [2], we have

E[Po(X™, s, v1)L(X" € T™ (M, d,p,n))]
=E[1{X™ € T"(M,d,p,n)}L{3 W™ € U™ (5,V) : 1 () (X" (W");Y™) > 1, 1) (X (W(s, v, [m1]); Y™) }]

(70)
< exp (2n1an(f(p)))EP)(::1i:,lll> [L{3 W™ €U™(s,V) 1 1 p(p) (X" (W)Y ™) > 1y 50 (X (W(s, vi, [n1])); Y™) }]
(71

= exp (2mnKc(f(p)))
X Z E s []l{ﬂ W' e UM (s, V) 1oty pp) (X (W) Y >0y, 5o (XM (W (s, v, [nl]));Y”I)H (72)

Xn1yni
le[[2n1v]]

=oxp (2mnKe(f(p) Yo VI Pr {0 (XY Z 0 50 (XY (73)
le[[2n1v4]] XXy

< oxp unKe(Fp) Y U S Epyt 5 (— 150 (XY )| (74)
le[[2n1v4 1]

< exp (2n117Kc(f(p))) Z [ (s, v) exp(—I min{log(p), log(1 — p)}EPgV [exp(—tp, f(p) (X5 Y1) (75)
le[[2n1v4 1]

< exp (2nnKe(f () — [2n104 ] min{log(p), log(1 = p) ) U™ (5, V)[E ppy, [exp(—1y, ) (XY ™))] (76)

<exp (2n177Kc(f(p)) — [2n1v4 ] min{log(p), log(1 — p)) (2nivy + 3)dn‘11dM2dIEP;%/ [exp(—2p, f(p) (X5 Y))] (77)

< exp(Cln, 4, py v, )M Epry [exp(—tp, s (X Y™)) 78)

where (71) follows from a change-of-measure, the fact that f(-) is Lipschitz continuous with parameter K and the assumption
on the query-dependent channel in (3); (72) and (76) follow from the result in (48) that specifies the relationship between
U™ (s,v1) and U™ (s,v1); (73) follows since i) each codeword is generated i.i.d. from the same Bernoulli distribution and
ii) the noisy channel is memoryless and time invariant under the joint distribution P)((aitl }s,:fll), (74) follows since for any real

number a € R and any y™ € Y™,

PP, ) (X" y™) > a} = > Py (z™) (79)
Zrin(Zmynl)>a
< > exp(—a) Py (2" [y™) (80)
Z"1: Pyt (zm1) <exp(—a)Pxni |yn1 ("1 |y"1)
< exp(—a); (81)

(75) follows since for any (2™, y™) € [0,1]™ x Y™, the definition of the empirical mutual information ¢, ,(-) in (19) implies
that

exp (= 1, 1) (2" 55y" ")) = exp < i@ Y D e (@55 )) (82)
JjE[n—I4+1:n]
< tpp(p) (@5 y") 1 maxty, f(p) (z; y)) (83)
1
<e - I 1 84
= ( Ip, f(:D) )+ wg}[%‘)i} 0g Px(I)) (84)
= exp ( Uy, f(py ("5 y"") — I min{log(p), log(1 — p)}>, (85)
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(77) follows from the result in (49), and (78) follows the definition of {(-) in (22).
Since any probability term is no greater than one,

E[Po (X", s,v1)L(X™ € T"(M,d,p,n))]
< min {1, exp(C(n1,4,p,v4,7) M* Epra [exp(—1y, ) (X™; Y’“))]} (86)

Note that for any random variable X and any constant a, E[X] < a implies that there exists < a. Thus, there exists a
deterministic query matrix x"* such that

Po(x",s,v1) < min {LeXP(C(m, 4,p, v+,n))M2d1Ep;;1Y [exp(—2, £(p) (X"I;Y”I))]} +dnyexp(=2(m M)™?). (87

4) Final steps: We next upper bound P ( 141055 vJ~1). Similarly, we consider a random query matrix. Specifically,
for each j € [2: B], let Xn] 1= {an 1+1(zl, e+ +38d) Y iy, ia)e[n; M)e } De the collection of independent random binary
vectors that are generated 11d from Px. Correspondingly, for each j € [B], let Y,/ e be the noisy responses when this
random query matrix is used. For each j € [2 : B], given any (x, Xy 410 ynj 41) € ([O 1)Ni)NiM 5 YNi | the joint distribution

of the query matrix X I _,+1 and the noisy responses Y J 41 satisfies

(md,s,v?) n; n;
P, n; x,’ yYn
an-,1+1Yan,1+1( nj_1+1 Yy J,1+1)
N. . Ay j
(I PoEr i) T AR oy, 0). (88)
(i1;...s1a) E[N; M]* t€ln;—1+1,n4]

We also need the following alternative query-independent distribution

alt,s, v’ n; n;
P( nj )Y"f (Xn;,lﬂvyn;,lﬂ)
nj_1+1 n;_1+1
N, n . :
(I P abni) T PR dewis v 0), (89)
(i1;-..,5a) €E[N; M]4 t€[n;—1+1,n4]

Furthermore, for any € R, define the following typical set of query matrices

- n; - - N; M n;
TNJ (M7 d7p7 77) = {an-,1+1 € ({07 1}NJ)NJM : te[njril?i(l nj] |qt,l; (Xn;71+1) - p| S 77}5 (90)
where
n; 1 . .
qivé’M(an 1+1) (N M) Z It(lla"'ald)' (91)

(Z1,...,id)€[NjM]d
Similarly to (68), for each j € [2: B] and any 7 > 0, it follows that

E[Pe(x,) 41,8,V D] SEP(X 4y, VVTHIXY € TN (M d,p,n)}] +Pe{X}7 ) ¢ T (M,d,p,n)}
(92)
<E[P(X7 s,V XY € TN (M, d,p,n)}] + 4N; exp(—2(N; M) n?). (93)

Using the same techniques as to derive (78), we can upper bound the first term in (93) as follows:
E[Po(X,7 41,8, v/ DX € TV (M, d,p,n)}]
_Pr{]l{XnJ 1 €ETNI(M,d,p,n)}1{3W, 1+1€L{ i(vjls, v/ 1)
Zp,f(p)(Xn;,l-i-l(VNVZ;,l-',-l); anz-j,l-i-l) > U, f(p) (ij,l-',-l (W(vajv [nj—l + 17”3’])); anz-j,l-i-l)}} (%94)

< eXP(2Nj77KC(f(P)))]EP<au s,vi) o [1{3‘7"2;7&1 c UM (Vj|3= Vj_l) : Zp,f(p)(X:zlj,ﬁl(vvz;fﬁl); anz-];wl)

Xp ,1+1 Vo141

> 1,10 (Xl (W(s, V[0 + L)Y, )} 95)

< exp(2N;nKc(f(p))) Z L{le (vjls, vj_l)IEPer [exp ) (xNi—t, YNf_l))} (96)
IE[[2N,v4 1) *
< exp(C(NG,3,p, 04, M)ME v, [exp(=y, 1) (X5 ))]. 7
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where (96) follows form the union bound and the result in (52) and (97) follows from the definition of ¢(-) in (22) and the
upper bound on the size of ™7 (v;|s,v/~1) in (53). Since any probability is less than one, we further have

E[Po(X) s v )XYy € T (M, d,p, )]
< min {1, exp(¢(N;,3,p, v4, n))MdIEP)z;z{/ [exp(—tp, (p) (X7 Y N0))] } (98)

Note that (98) implies that there exists a deterministic query matrix ij _, 11 such that
PC(XZ;IJFI, s, v/71) < {1, exp(¢(N;,3,p, vy, n))MdIEP)z(v{/ [exp(—1p,(p) (X V73 Y N9))] } + 4N; exp(—2(N; M)n?). (99)

Combining (62), (87) and (99) and noting that N; = n; by definition, we conclude that the conditional excess-resolution

probability with respect to the resolution level £ given any (s, v?) € [0, 1]? x VB¢ satisfies
B+1

P. (n, d, ——— s,v)

< min {1, exp(C(n1, 4, p, v, ) MP Epm [exp(—ty 5 (XY ™))] } +4ny exp(—2(n1 M) ")

+ > (min{l,exp(((]\]j,3,p,v+,77))MdIEP)z(v{/[exp(—zpj(p)(XNj;YNj))}}+4Njexp(—2(NjM)dn2)>. (100)
j€[2:B]

The proof of Theorem 1 is completed by noting that (100) holds uniformly for any (s, v?) and the right hand side of (100)
upper bounds the excess-resolution probability under any joint distribution fgv s of initial location S and moving velocities
VE,

B. Proof of Theorem 2

In this subsection, we emphasize the changes needed to prove Theorem 2 based on the proof of Theorem 1 since the same
query procedure is used.

Fix p € (0,1). Let Z™ be generated i.i.d. generated from the Gaussian distribution A'(0, 0?) with mean 0 and variance o2
Define a as

a =20%(f(p)* +4Kn(f(p) + Kn)), (101)

Then, for any (s, v1) € [0,1]¢ x V¢ and any x™ € T"(M,d,n,p), given queries A" = (Ay,..., A, ), we have

Pr{||Y™ — 2™ (w(s, v1, [n1])||* > na} = Pr{ Z f(|.At|)2Zt2 > na} (102)
t€[n1]
1 «
<Pr{— zZ? } 103
N r{nl tez[:m] 7 TR+ AKn(F(p) + Kn) (1o
= Pr{i N zt> 202} (104)
™ te[n1]
< exp (—@) , (105)
where (103) follows since when x™* € 7™ (M, d,n, p), the query size |A;| € [p —n,p + n) for each ¢ € [n;] and thus
FAD? < max  f(q)? (106)
q€[p—n,p+n]
= max (f(p)*+ f(0)* - f(»)?) (107)
q€[p—n,p+n]
< max (0P +1f(@) - F0IRI0) + 1f(@) - fD)) (108)
q€[p—n,p+n]
< max (f(p)2 +K|q—pl(2f(p)+K|q—p|)) (109)
q€[p—n,p+n]
< f(p)* +2Kn(f(p) + Kn), (110)

and (105) follows from the Chernoff bound [29, Theorem B.4.1] and the fact that E[Z;]> = o2 for each i € [n], the justification
of which is provided in Appendix B.
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Recall the definition of 7(p,n, @, o) in (25). The analysis for the case of query-dependent AWGN case is exactly the same
to that of Theorem 1 till (66). Then we need to bound the first term in (68) in a slightly different manner as follows:

E[Pe(X",s,vi)L{X" € T"(M,d, p,n)}]
< E[Pe(X™ 5, vi) L{X"™ € T (M, d,p, ) L([Y™ = X" (w(s, v, [n]))|* < na)]
+E[L{X™ € T" (M, d,p,n)}L(|[Y™ — X™ (w(s, vi, [m1])|* > na)] (111)

<E[P(X" 5, v)L{X™ € T (M, d, p, )) (Y™ = X" (w(s, vi, [m))| < na)] +exp (—M) L (12

where (112) follows from the result in (105). Subsequently, the first term in (112) is further upper bounded as follows:

E[Po(X" 5, vi) L{X" € T (M, d,p, ) FL([Y™ = X" (w(s, V1, [m]))|* > na)]
= IEE[]I{X”1 e T (M,d,p,n)}L{X" € T"(M,d,p,n)}L(||]Y"™ — X" (w(s, vy, [nl]))H2 > na)

X L{I W € U™ (s,V) : 1 5y (X"H(W™); Y ™) > 0 50 (X (W (s, v, [04])); V™) }] (113)
< exp(m'(p, n, a, U))EP(altl,s,vll) []].{3 w't e Y™ (s, V) Yl f(p) (an (v~v7l1); Y”ll)
Xn1y™n
2 1,1 (X" (Ws, v, [ma]); Y™}, (114)

where (114) follows from a change-of-measure similarly to (71). Following exactly the same steps till (78), we can prove the
result in (87) with ((-) replaced by (c(-).

Similarly to steps leading to (114), we can obtain results in (99) with ¢(-) replaced by {g(-) for each j € [2 : B]. The proof
of Theorem 2 is then completed in the same manner as that of Theorem 1.

C. Proof of Theorem 3

We now prove the non-asymptotic converse result in Theorem 3 that bounds the performance of an optimal non-adaptive
query procedure. Consider any sequence of queries A"2 = (A1, ..., A,,) C ([0,1]?)"# and any decoding function g : Y2 —
[0,1]% x VB*4 guch that the excess-resolution probability with respect to § € R is upper bounded by € € (0,1), i.e.

Pc(na da 6)
= sup Pr{ max [[I(S,V1,t) —I(S,V1,t)]ec > or max  max |[I(S,V7,t) — (S, V’ t)||lec > 5} <e, (115)
S B te[0,n1] j€E[2:B] te€[n;—1+1,n4]
where S and VB = (Vl, e ,VB) are estimates of the initial location S and moving velocities V2, respectively. Since the

inequality in (115) holds for arbitrary joint pdf fsvs. Without loss of generality, in subsequent analyses, we consider the
joint pdf f‘Sl{’;g such that random variables (S, V5) are independent of each other, S distributes uniformly over [0, 1]¢ and V;
distributes uniformly over V for each j € [B].

1) Connection to the excess-resolution probability of estimating the location and velocities: In this subsection, we show that
the excess-resolution probability of estimating the trajectory in (115) can be further lower bounded by the excess-resolution
probability of estimating the initial location and velocities. To do so, we need to define the following events:

€ :={(8,VP): |IS =8| > 4}, (116)

E1:={(S,VE): S =S| <6, Ni[[Vi— Vi > 25}, (117

£ = {(S,VB) 1S = Sloe <6, ax, N Vi = Vi|loo <20, Nj||[V; = Voo > 25}, jel2:B]. (118)
€—

Note that &£; are mutually independent for each j € [0 : B]. In the following, we show that the union of events | jeo:p) €5 leads
to excess-resolution events in the probability term of (115). This is done inductively. Note that & leads to an excess-resolution
event at time ¢ = 0. Recall that we define N; = n;. Using the triangle inequality, it follows that if (S, VZ) € &,

11(S, Vi,m1) = IS, Vi,1m1)||oe = I_Iéé[?g]( (S + nlvl,i) — (S + Vi) (119)
2 max (7’L1|V17i — V171'| — |Sz — Sz|) (120)
i€[d]
27115
— 121
N 0 (121)

_s, (122)
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which leads to an excess-resolution event at time ¢ = n;. For subsequent analyses, we need to further partition each set &;
with j € [2: B] into the following two independent subsets:

EL={(S, VB e&: IS, VIt n; 1) — 1S, VIt n; 1)|le > 0}, (123)
{S,VBYe &« IS, VI 1) —1(S, VI"  n; 1)|le <3} (124)

The error event 5} directly leads to an excess-resolution event at time ¢ = n;_1. If (S, VB ) € 872,

11(S, V7, ny) —U(8, V7 ng)||oo—mffg]<! S, VI n) + NjVia) = (1S, VIt moa) + N Vi) (125)
> max (N Vii = Vil = 1S, VIt imy 1) = (S, VI~ ”jfl)‘) (126)
>26—6=03, (127)

which leads to an excess-resolution event at time ¢ = n;.
Combining the above arguments and using (115), it follows that

> v S I _ J
e> Pr{téﬂ)afl(l] 11(S, Vi, t) — I(S, V1, 8)||os > 6 or max max U8V 0) < 1S,V ) o > 5} (128)
> Pr { (S, VP) e U } (129)
€[0:B
. 26
:Pr{||S—SHoo>50rE|j€[ Az V||>—} (130)

J

2) Connection to data transmission over a query-dependent noisy channel: In this subsection, we further lower bound
the right hand side of (130) by the probability of incorrectly decoding messages over a query-dependent noisy channel. To
do so, we need to define quantization functions for the initial location and velocities. Let 3 € R, be arbitrary such that
B < 5 < 0.25 and let M := [g] Partition the set [0,1] into M disjoint equal size subsets Si,...,Sy;. Furthermore,
for each j € [B], partition the set [—v,,vy] into M; = [N;v, M disjoint equal size subsets V7, ..., V]J%. Now define the
following quantization functions

G(s) == > il(s€S;), Vs €0,1], (131)
i€[M]
o (v) == Z il(v e V), Vv e |[-vy,vy] (132)
i€[M;]
Given any sequence of queries A" = (Ay,..., A,,) € ([0,1]4)"5, the noiseless response X" = (X1,...,X,,) is
a sequence of independent random variables where for each ¢ € [ng], X; is a Bernoulli random variable with parameter
being the volume |A:| of the query A;. The noisy responses Y"s = (Y1,...,Ys,) are the output of passing X"™# into

the query-dependent memoryless channel Hte[nB] PY X, Given Y2, the decoder g outputs estimate (S, VB) =g(Y™) as
the estimates for the initial location S € [0,1]? and velocities VZ € yBxd of the moving target. In subsequent analyses,
for each ¢ € [d] and j € [B], let Wy; := qs(Si), Wi = a2 (V;i), Woi == qs(S:) and W;; = qy(V},;). Furthermore, let
Wo = Wo,i,....Woa), Wj = (Wja,...,W;q) and we use Wy and W similarly. From the problem formulation, the
Markov chain (Wo, Wy,...,W;) — (S,VP) — Xn& — yns — (S, VB) holds and the joint distribution of these random
variables satisfy
W[O:j]SVBX"B ynBSVB (W[O]] , S, VBv an Y B 9 év ‘AIB)
= fovs(s,vP) H (]1(11)0Z = qs(s4)) x H L(wj, —qv(v“)))
i€ld] 76[3]

x ( II T i =10(s,v7,t) € Ay)) y\x(yt|xt))1((§v‘73) =9(y"?)). (133)

JE[B] t€[n;—1+1,n;]

Unless stated otherwise, the probabilities of events are calculated according to the distribution in (133) or its induced marginal
and conditional versions.
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It follows that

PY{W[O;B] # W[O:B]}

) . , 26
=Pr {W[O:B] # Wio.p) and ||S — S||oc >0 or 3 j € [B] : [V = V]| > —}
J
26
+Pr{ 0:8) 7 Wio.p) and [|S = S|l <6, V5 € [B]: ||V V||OO<F} (134)
J
. 26
<Pr{S-Sl>bor3 (B [V, - V] >}
]
. 26
#Pr{ Wio. # Wie and [8 =Sl <0, ¥ 5 € [B]: [V, = Vi < 3 | (135)
J
. 5 26
< a—l—Pr{W[O:B] # Wig.p and ||S — S|l <3, Vi€ [B]: [V, = V] < F} (136)
J
. . 2
<e+Pr{Wy+#Wjand [|S—S[loc <6} + Z Pr{W #W; and ||V, — V|| < F(S} (137)
jELB] /
S E+PI‘{3 1€ [d] : VAVOJ' # WO,i and |gl — Sl| S 5}
+Pr{3 (i.5) € [d] x [B] : Wy # Wi and Nj|(Vji — V)| < 26} (138)
<e+2d5M +Pr{3 (i,5) € [d] x [B] : W;; # Wj,; and N;|(V;; — V;:)| < 26} (139)
<e+2d5M + Y Pr{3ield: W,;#W,; and N;|(V; — Vj,)| < 26} (140)
Jj€lB]
<e42d6M + )y dMj~— 0 (141)
N,
JEIB]
< e+ 2(1+4Bvy)dg, (142)

where (136) follows from (130), (139) follows from the union bound and similar arguments as in [15] which state that for
each ¢ € [d], the event Wo,i # Wy, and |S‘1 —S;| < ¢ occurs only when S; lies near the boundary of a quantized region (see
[8, Appendix B ] for a detailed explanation), (141) follows similarly to (139), and (142) follows from the definition of M and
M;.

For subsequent analysis, let I" : [M]9 x ng[B][ 1% = Mp.q = [M? [em ] be an arbitrary one-to-one mapping from
B+1 d-dimensional vectors to an integer. To connect the current problem to data transmlssmn let W:=T(Wo,Wy,..., Wg)
be a random variable. Similarly, we can define W = I‘(WO, Wl, . ,WB). It follows from (142) that

Pr{W #W} = PY{W[O;B] # Wio.p} (143)
<e+2(1+4B)dp (144)

Since we consider uniformly distributed initial location S and velocities VB, the random variable W is uniformly distributed
over [Mp q4]. Given any queries A™Z, the probability Pr{W # W} is the average error probability for a channel coding
problem with states at both the encoder and decoder, where at each time ¢ € [np], the channel is given by the query-dependent

channel P}q‘;t D,

3) Final steps: To further lower bound the excess-resolution probability €, we can use results from finite blocklength
information theory, e.g., the meta-converse bound [2] or the information spectrum method [3]. Using the non-asymptotic
converse bound for channel coding in [3, Proposition 4.4], for any « € (0,1 — e — 2(1 4+ B)df), we have

Py|x(Y;5|Xt)

10g(|MBd|) S sup {T S R+‘ PI‘{ Z log W-At”(}/) S T} S €+ 2(1 + 4B'U+)dﬁ + li} — 10g K. (145)
t€[np] Y t

Note that (145) is different from [3, Proposition 4.4]. In fact, we follow the proof of [3, Proposition 4.4] with M replaced by
Mg 4| and e replaced by ¢ + 2(1 + 4B)dg until [3, Eq. (4.18)]. Then, we use the definition of the so called e-hypothesis
testing divergence [3, Eq. (2.9)]. Furthermore, we choose the () distribution in [3, Proposition 4.4] as the induced product

marginal distribution [ [, P}I,A‘I’f (1A,
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It follows from the definitions of M and M; that

log | Mg a| = d(log M + " log M;) (146)
JE[B]
=d(log M + ) log(2N,v, M)) (147)
JE[B]
= (B+1)dlog 8 — (B +1)dlogd + Y log(2N;uvy). (148)
JEIB]

Combining (145) and (148) leads to
—(B 4+ 1)dlogé < sup sup {r’ Pr{ Z 14, (X 1) < T} <e+2(1+4Bvy)ds + /1}

A"B te[ng]

— (B+1)dlogB— Y log(2N;vy) —log k. (149)
JE[B]

The proof of Theorem 3 is completed.

D. Proof of Theorem 4
1) Achievability for discrete noise: We first present the achievability proof for discrete noise such that the output alphabet )

is finite. Consider any p € Pe,. Using Theorem 1, we have that for any M € N and any ending time points n = (ny,....ng)
for different slots, the non-adaptive query procedure in Algorithm 1 achieves the resolution 6 = % with excess-resolution

probability P.(n, d, §) satisfying
B + 1 . n n
PC <n7 d7 T) S min {1,exp(C(n1,4,p, ’U+577))M2dEP;§, [exp(_lpr(p)(X 1’Y 1))] } + 4TL1 exp(—2(n1M)d772)

+ > (min{l,exp(C(Nj,3,p,v+,n))MdEP§§[exp(—lp,f@)(XNf;YNj))}}+4Njexp(—2(NjM)dn2)>, (150)
j€[2:B]

where N; =n; —n;_; for each j € [2: B]. We next analyze each probability term in (150). For the first term, we have

min {1, exp(¢(n1,4,p, vy, n))MQdEP;b [exp(—zpj(p) (X" Y™))] }

1 1
<P { exp(C(nt, 4, p, v, ) M2 exp(—ty, g (X Y™)) > n—} e (1s1)
1 1
1
=Pr {lp_,f(p)(an;Ynl) < 2dlog M + ¢(n1,4,p,v4+,n) + lognl} + — (152)
1
1
= Pr{ > s (X Yi) < 2d1og M+ ((nn, 4, p, v n) + 1ogn1} + =, (153)
1
t€[n1]

where (151) follows from the inequality min{1, E[X]} < Pr{X > ¢} +¢ for any random variable X and positive real number
t € (0,1). Similarly, for each j € [2 : B], we have

min {1, exp(¢(N;,3,p, v4, n))MdIEP)z;z{/ [exp(—tp, () (X7 Y N9))] }
1

< Pr{ Z 1y f(p) (Xt Ys) < dlog M + ((Ny,3,p,v1,n) —i—logNj} + N (154)
te[N;]

<

Recall the definitions of V, in (33) and T}, in (34). Let € R be chosen as

1
)= og(ns) (155)
np
Let (¢f,...,e%) € [0,1]7 and &’ € [0, 1] be arbitrary such that 3°, 5 € = &'. For each j € [B], define
! dysd, 2 6TP
ej =&, + ANj exp(—2N M In?) + (156)

N;V3

5
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and let € =3, €;. Choose M € N such that

dlog M — min{nlc + /11 Ve, @71 (e]) ;C("174,p7 Ui,n) — 10gn17
: -1
jg[lzl:%} (NjC—i—«/NjVEjCI) (5;)—C(Nj,3,p,v+,77)—logNj)}. (157)

Using the Berry-Esseen theorem [25], [26], we have that the first term in (153) is upper bounded by &} + \/L% and for
n1 Vg,
61 —. Thus, the excess-resolution probability satisfies

/vasj

each j € [2: BJ, the first term in (154) is upper bounded by &’ +

B+1
P. (n,d, %) <e. (158)
Therefore,
—dlogd*(n,d,e)
> dlog M — dlog(B +1) (159)
. {n10+ nlvilq)_l(gl) _C(n174ap7v+7n) _1Ogn1 +O(1)
= max min ,
(e1,..,€B): 2
2jeipEise

min (N;C +\/N;Ve, @71 (25) = C(N;,3,p,01,m) — log N, + O(1)) } —dlog(B+1), (160)

j€[2:B]

where (160) follows from Taylor expansions of ®~1(e

%) around €’ = ¢; and the fact that e; = €/, + O(%) that is implied by
the following inequalities:

J

4ny exp(—2n{Mn?) = exp ( — 2ndn 52 M (lognp)? + logny + log 4) (161)
nlC
=0 |exp| —exp > +O(logng) | | +1logny ). (162)
and similarly for each j € [2: B,
AN; exp(—2NIM?) = exp ( — 2N{nz*M?(lognp)? + log N; + log 4) (163)
= O (exp (—exp (N;C + O(logng))) + log N;) . (164)

2) Converse Proof: The converse proof is similar to that of [8, Theorem 3]. Given any sequence of queries A"Z =

(A1,..., Ang) € ([0, 1]9)"5, let

1
Cars = — > Elua, (X5 V1)), (165)
B te[ng]
1
Vars = — > Varfia, f (X3 V7)), (166)
B te[ng]
1 3
Tarp = oo 3 IEUzAhf(Xt;Y}) — Elra, ¢ (X V1)) } (167)
te[np]

Let V_ € R, be chosen such that V_ < V 4n5. For any r € R, using the Berry-Esseen theorem [25], [26], we have that

T‘—?’LBCAnB GTAnB
Pr 1A, 1 (X Y §r}2<1>( )— (168)
{tG[ZnB] e vnVars VIB(VVars)?
r—nBC'AnB> 6T gnp
> o — . (169)
( VnV gng \/TLB(\/V,):"
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Thus, for any ¢ € (0,1),

sup{r€R+: Pr{ Z ZAhf(Xt;Y;g)ST}SE}

te[np]
r—nBC'Anl) . 6Tans <€}
\/TLBV_A"B ,/TLB(\/V_)3 o

6T n
< npCuns +V/ngVans® ! <g + $> . (171

< sup {TERJ’_ 9 ( (170)

ViB(y/Vo)?

Therefore, choosing 5 = \/%_B and Kk = %, we have

sup sup {t eRy: Pr{ Z 14, (X 1) < t} <e+2(1+4Bvy)ds + Ii}

A"B te[ng)
6TA7LB
< sup s npCunp + VnpVans @ e+ 2(1 +4Bvy)df + K + —————— 172
p{ BUA"B BV A"B ( +) B \/@(\/\/—_)3)} ( )
— 6T_A"B
= sup npCanp +/ngVans ® 1<€—|—2(1+4Bv )dﬂ+li+7>}+0(1) (173)
A"B:|At|€Pca, te[nB]{ ? ? - \/nB(\/V,)?’

A"B:|A¢|€Pca, tE[NE]

= sup <nBC_A"B + vV TLBVAnB (1)71 (E) + O(l)) + 0(1) (174)
=ngC +/ngV.27 () + O(1), (175)

where (173) follows from [30, Lemma 49], (174) follows from the Taylor expansion for ®~!(-) at around ¢, and (175) follows
from the definitions of C' in (32) and V. in (35).

Therefore, using Theorem 3, we have

—(B+1)dlogd*(n,d,e) <ngC++/ngV.2 (¢) + O(logng). (176)

V. CONCLUSION

We addressed optimal search for a moving target with unknown initial location and piecewise constant velocity model over
the unit cube of a finite dimension and derived bounds on the performance of optimal non-adaptive query procedures. Our
bounds are tight first-order asymptotically when the number of queries in each time slot satisfies mild conditions and imply that
cold restart search is strictly suboptimal. When the target moves with a constant velocity, our bounds are tight second-order
asymptotically and provide approximation to the finite query performance of optimal non-adaptive querying. In this case, our
results imply an interesting phase transition phenomenon for the excess-resolution probability as a function of the resolution
decay rate.

Future directions include the following. Firstly, it would be worthwhile to relax the “torus” constraint in Eq. (1) on the moving
target and study the fundamental limit of optimal search strategies under more practical boundary assumptions. Secondly, one
can generalize our piecewise velocity model to account for more practical settings by assuming that the velocity of the target
is a smooth function of time with bounded derivatives or tolerating random noise and perturbation in the trajectory from
piecewise constant velocity models. The main challenge will be to be able to analyze the set of all possible trajectories for
such a setting in the achievability proof of Theorem 4. In the converse part, novel ideas will be required in order to relate
the search problem to channel coding. Thirdly, in this paper and previous studies on 20 questions estimation, e.g., [8], [15],
[16], the query set is allowed to be arbitrary. However, in practical search problems such as beam alignment [31], the query
set is usually connected. Nonetheless, it would be interesting to generalize our results in this paper and companion papers [8],
[22] to the case of hierarchical and dyadic query sets as in [32]. Fourthly, in Algorithm 1, we use random sampling, which
enables us to derive theoretical benchmarks. However, such an algorithm suffers from high computational complexity due to
the need for exhaustive decoding over all possible trajectories, which renders it impractical. It would be fruitful to investigate
the existence of a low complexity deterministic algorithm that achieves or approximates our theoretical benchmarks. Finally,
in this paper, we focused on non-adaptive query procedures due to its time-efficiency. However, adaptive query procedures
usually yield superior performance [8], [21]. Thus, one can study adaptive query procedures and explore the potential benefit
of adaptivity. In this direction, one might use the concepts in [13], [33] to design and analyze adaptive query procedures.
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APPENDIX
A. Equivalence between Maximal Mutual Information Density Decoding and Nearest Neighbor Decoding

It suffices to justify for the decoding for the first time slot since the same decoding method is used in subsequent time slots.
Fix n1 € N. Consider a query-dependent BSC with parameter ¢ € (0,1) (cf. Definition 1). For any p € (0, 1), let

B(p) =p(1 - f(p)) + (1 —p)f(p). a77)

For any (z™,y"!) € {0,1}?", the mutual information density is given by

(@) = D (L # 0 log(Cf () + L = y) log(1 = Cf ()

t€[n1]
1y = 1) log(B(p)) — Lys = 0) log(1 - (p))). (178)
It follows that
arg max i, r(p) (™ (wW™);y™)
WEBn, M
= arg max < > (1 (welwe) # i) 10g(CS @) + 1 (wa(W1) = ye) log(1 - <f(p))) (179)
WEBn .M t€[n1]
= angame [y = 0™ () 10g(0f () + (0 = ™ = a™ () |) (1 ~ 12 ) (150)
= argmin [[y™ — 2™ (w™)]]?, (181)
WEBn, M

where (181) follows since ¢ f(p) < % from our assumption below Definition 1. Thus, we have justified that maximal mutual
information density decoding is equivalent to nearest neighbor decoding for a query-dependent BSC.

Now consider a query-dependent AWGN channel. From Definition 2, for any p € (0,1) and (z™,y™) € {0,1}" x R"t,
the mutual information density is

_ 2
s (@) = 3 (_ %(T)it;? log P)z;-,(f(p))(yt))' (182)
ten1]

Thus, given any y™,

argmax 1, r(p) (" (W"*);y™")

WEBn, M
(ye — 24 (Wy))? p.(f(p)) >
= arg max - —log P/~ Y
s D ( 2(f(p)o)? v
t€[n1]
= argmin |jy™ — 2™ (w™)|>. (183)
WEBn, M

Thus, we obtain equivalence between maximal mutual information density decoding and nearest neighbor decoding for the
query-dependent AWGN channel.

B. Justification of (105)

Consider any Gaussian random variable Z with mean 0 and variance 0. For any 6 such that 2602 < 1, we have

[ee) 1 2
Elexp(0Z?)] = / o exp <—%> exp(0z?)dz (184)
—00 g
< 1 22 9
= / W exp 5,2 +60z* | dz (185)
— 00 g
1 (1- 2029)22
1 /1 — 2002 (1 —200?)22
1
S (183)

V1=2002’
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1

and for 8 > =, we have

202

E[exp(62?)] = oo. (189)

For any (6,0) € R3, let

2002 + Llog(1 — 200?) if 0 < 315

—00 otherwise (190)

1(0,0%) := 200° — log (E[exp(627)])) = {

Then, for any 6 € R,

1
Pr{n—l > 7> 202} = Pr{ > 0z7 > 2n19a2} (191)

Thus,

t€[n,] te[n]
=Pr { exp ( Z HZE) > exp(2n1902)} (192)
t€[n]
E{exp (Zte[nl] HZE)}
exp(2n1602) (193)
— exp ( — 211002 + ny log (E[exp(ozf)])) (194)
= exp(—n11(6,0?)). (195)
For any 6 € (0, 525), the first derivative of I(6, 0?) with respect to 6 is
%’902) — 2% — 1_”722902 (196)
pax 1(6,0%) = HGRT:ZZ{# I10,6%) =1 (4%2 a2> = % > 0. (197)

The justification of (105) is completed by combining (195) and (197).

ACKNOWLEDGMENTS

The authors acknowledge two anonymous reviewers for helpful comments and suggestions, which help imoprimprove the
quality of the current manuscript.

[1]
[2]

[3]
[4]

[5]
[6]
[7]
[8]

[9]
[10]

[11]
[12]
[13]
[14]

[15]
[16]

(17]
[18]
[19]
[20]

REFERENCES

L. Zhou and A. O. Hero, “Resolution limits of 20 questions search strategies for moving targets,” in /[EEE ICASSP, 2021.

Y. Polyanskiy, H. V. Poor, and S. Verdd, “Channel coding rate in the finite blocklength regime,” IEEE Trans. Inf. Theory, vol. 56, no. 5, pp. 2307-2359,
2010.

V. Y. F. Tan, “Asymptotic estimates in information theory with non-vanishing error probabilities,” Foundations and Trends ® in Communications and
Information Theory, vol. 11, no. 1-2, pp. 1-184, 2014.

L. Zhou and M. Motani, “Finite blocklength lossy source coding for discrete memoryless sources,” Foundations and Trends ® in Communications and
Information Theory, vol. 20, no. 3, pp. 157-389, 2023.

Wikipedia. (2020, 05) Twenty questions. [Online]. Available: https://en.wikipedia.org/wiki/Twenty_Questions

A. Rényi, “On a problem of information theory,” MTA Mat. Kut. Int. Kozl. B, vol. 6, pp. 505-516, 1961.

S. M. Ulam, Adventures of a Mathematician. Univ. of California Press, 1991.

L. Zhou and A. O. Hero, “Resolution limits for the noisy non-adaptive 20 questions problem,” IEEE Trans. Inf. Theory, vol. 67, no. 4, pp. 2055-2073,
2021.

T. Tsiligkaridis, B. M. Sadler, and A. O. Hero, “Collaborative 20 questions for target localization,” IEEE Trans. Inf. Theory, vol. 60, no. 4, pp. 2233-2252,
2014.

B. Jedynak, P. I. Frazier, and R. Sznitman, “Twenty questions with noise: Bayes optimal policies for entropy loss,” J. Appl. Probab., vol. 49, no. 1, pp.
114-136, 2012.

P. Rajan, W. Han, R. Sznitman, P. Frazier, and B. Jedynak, “Bayesian multiple target localization,” J. Mach. Learn. Res., vol. 37, pp. 1945-1953, 2015.
A. Pelc, “Searching games with errors—fifty years of coping with liars,” Theor. Comput. Sci., vol. 270, no. 1-2, pp. 71-109, 2002.

S.-E. Chiu and T. Javidi, “Sequential measurement-dependent noisy search,” in /EEE ITW, 2016, pp. 221-225.

T. Tsiligkaridis, B. M. Sadler, and A. O. Hero, “On decentralized estimation with active queries,” IEEE Trans. Signal Process., vol. 63, no. 10, pp.
2610-2622, 2015.

Y. Kaspi, O. Shayevitz, and T. Javidi, “Searching with measurement dependent noise,” /[EEE Trans. Inf. Theory, vol. 64, no. 4, pp. 2690-2705, 2018.
H. W. Chung, B. M. Sadler, L. Zheng, and A. O. Hero, “Unequal error protection querying policies for the noisy 20 questions problem,” [EEE Trans.
Inf. Theory, vol. 64, no. 2, pp. 1105-1131, 2018.

E. Variani, K. Lahouel, A. Bar-Hen, and B. Jedynak, “Non-adaptive policies for 20 questions target localization,” in IEEE ISIT, 2015, pp. 775-778.

I. Csiszar and J. Korner, Information Theory: Coding Theorems for Discrete Memoryless Systems. Cambridge University Press, 2011.

T. M. Cover and J. A. Thomas, Elements of information theory. John Wiley & Sons, 2012.

J. Wolfowitz, “Coding theorems of information theory,” New York:Springer-Verlag, 2016.


https://en.wikipedia.org/wiki/Twenty_Questions

[21]
[22]

[23]
[24]

[25]

[26]
[27]

(28]
[29]
[30]
[31]
[32]

[33]

26

A. Lalitha, N. Ronquillo, and T. Javidi, “Improved target acquisition rates with feedback codes,” IEEE J. Sel. Topics Signal Process., vol. 12, no. 5, pp.
871-885, 2018.

L. Zhou, L. Bai, and A. O. Hero, “Resolution limits of non-adaptive 20 questions search for multiple targets,” IEEE Trans. Inf. Theory, vol. 68, no. 8,
pp. 49644982, 2022.

A. El Gamal and Y.-H. Kim, Network Information Theory. Cambridge University Press, 2011.

V. Y. F. Tan and T. Tomamichel, “The third-order term in the normal approximation for the AWGN channel,” IEEE Trans. Inf. Theory, vol. 61, no. 5,
pp. 2430-2438, 2015.

A. C. Berry, “The accuracy of the Gaussian approximation to the sum of independent variates,” Trans. Am. Math. Soc., vol. 49, no. 1, pp. 122-136,
1941.

C.-G. Esseen, On the Liapounoff limit of error in the theory of probability. Almqvist & Wiksell, 1942.

V. Kostina and S. Verdd, “Lossy joint source-channel coding in the finite blocklength regime,” IEEE Trans. Inf. Theory, vol. 59, no. 5, pp. 2545-2575,
2013.

M. Tomamichel and V. Y. F. Tan, “Second-order coding rates for channels with state,” IEEE Trans. Inf. Theory, vol. 60, no. 8, pp. 4427-4448, 2014.
N. Bouleau and D. Lepingle, Numerical methods for stochastic processes. John Wiley & Sons, 1994, vol. 273.

Y. Polyanskiy, “Channel coding: Non-asymptotic fundamental limits,” Ph.D. dissertation, Department of Electrical Engineering, Princeton University,
2010.

S.-E. Chiu, N. Ronquillo, and T. Javidi, “Active learning and CSI acquisition for mmwave initial alignment,” IEEE J. Sel. Areas Commun., vol. 37,
no. 11, pp. 2474-2489, 2019.

S.-E. Chiu and T. Javidi, “Low complexity sequential search with size-dependent measurement noise,” /EEE Trans. Inf. Theory, vol. 67, no. 9, pp.
5731-5748, 2021.

D. Kartik, A. Nayyar, and U. Mitra, “Fixed-horizon active hypothesis testing,” IEEE Trans. Autom. Control, vol. 67, no. 4, pp. 1882-1897, 2022.



	Introduction
	Main Contributions
	Comparison with Most Related Works
	Organization of the Paper

	Problem Formulation
	System Model: 20 Questions Estimation For a Moving Target
	The Query-Dependent Channel
	Definition of the Fundamental Limit

	Main Results
	Preliminaries
	Non-Asymptotic Bounds
	Second-Order Asymptotics

	Proof of Main Results
	Proof of Theorem 1
	Preliminary definitions for target trajectories
	Query design and analysis
	Upper bound the excess-resolution probability for the first time slot
	Final steps

	Proof of Theorem 2
	Proof of Theorem 3 
	Connection to the excess-resolution probability of estimating the location and velocities
	Connection to data transmission over a query-dependent noisy channel
	Final steps

	Proof of Theorem 4
	Achievability for discrete noise
	Converse Proof


	Conclusion
	Appendix
	Equivalence between Maximal Mutual Information Density Decoding and Nearest Neighbor Decoding
	Justification of (105)

	References

