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Divergence Estimation in Message Passing
algorithms

Nikolajs Skuratovs, Michael Davies,

Abstract—Many modern imaging applications can be modeled
as compressed sensing linear inverse problems. When the mea-
surement operator involved in the inverse problem is sufficiently
random, denoising Scalable Message Passing (SMP) algorithms
have a potential to demonstrate high efficiency in recovering
compressed data. One of the key components enabling SMP to
achieve fast convergence, stability and predictable dynamics is
the Onsager correction that must be updated at each iteration of
the algorithm. This correction involves the denoiser’s divergence
that is traditionally estimated via the Black-Box Monte Carlo
(BB-MC) method [1]. While the BB-MC method demonstrates
satisfying accuracy of estimation, it requires heuristic tuning and
executing the denoiser additional times at each iteration and
might lead to a substantial increase in computational cost of the
SMP algorithms. In this work we develop two Large System Limit
models of the Onsager correction for denoisers operating within
SMP algorithms and use these models to propose practical black-
box methods for divergence estimation that require no additional
executions of the denoiser and demonstrate similar correction
compared to the BB-MC method.

Index Terms—Message Passing, Divergence Estimation, De-
noiser, Onsager Correction, Expectation Propagation

I. INTRODUCTION

In this work we consider a particular sub-problem that arises
in certain iterative methods designed to recover a signal x €
RY from a set of linear measurements

y=Ax+w (1)

where y € RM, w € RM is a zero-mean i.i.d. Gaussian noise
vector w ~ N(0,v,I57) and A € RM*N is a measurement
matrix that is assumed to be available. We consider the
large scale compressed sensing scenario M < N with a
subsampling factor § = 4L = O(1).

While there are many first-order iterative methods for re-
covering x from the set of measurement (1) including [2]-[5]
and many others, in this work we focus on the family of
Scalable Message Passing (SMP) algorithms that includes
Approximate Message Passing (AMP) [6], Orthogonal AMP
(OAMP) [7], Vector AMP (VAMP) [8], Conjugate Gradient
VAMP (CG-VAMP) [9]-[11], Warm-Started CG-VAMP (WS-
CG-VAMP) [10], Convolutional AMP (CAMP) [12], Memory
AMP (MAMP) and others. When the measurement operator
A comes from a certain family of random matrices, which
may be different for each example of SMP, these algorithms
demonstrate high per-iteration improvement compared to other
first-order methods and stable and predictable dynamics. Ad-
ditionally, it is evidenced that SMP algorithms can recover
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complex signals like natural images by employing powerful
Plug-and-Play (PnP) denoisers like BM3D [13], Non-Local
Means [14], Denoising CNN [15] and others, and demonstrate
State-of-The-Art performance for certain examples of A [16].
On a general level, an SMP algorithm is an iterative method
with a linear step followed by a denoising step. It can be shown
[12], [15], [17], [18] that one can be flexible with the choice of
denoisers in SMP as long as the key ingredient, the divergence
of the denoiser at each iteration, can be computed to form a
so-called Onsager Correction for the denoiser. In the literature
on SMP algorithms [10], [15], [16], [19]-[21] and others,
the suggested method for computing the divergence of a PnP
denoiser is the Black-Box Monte Carlo (BB-MC) method [1].
The BB-MC method computes an estimate of the divergence
of a function f(x) that admits a well-defined second-order
Taylor expansion by executing this function again at the points
x + en with the scalar € approaching zero and where n is a
zero-mean i.i.d. random vector with a unit variance and finite
higher order moments Then one can show that the divergence
AV fx) = ZN a(f(x L of f is equivalent to [1]

1 . f(x+en) - f(x)
vi f(x) = lim By, lnT< - >] )

To approximate the expectation operator in (2), one can use
MC trials and implement the inner product inside of the
expectation multiple times and average the results. However,
given that the function f is of the appropriate class and the
dimension of x is sufficiently large, one can often obtain a
satisfactory accuracy of divergence estimation with only a
single trial.

While this approach provides a practical method for the
divergence estimation and leads to stable dynamics of SMP
algorithms, it has two drawbacks. First, it assumes that the
chosen denoiser f admits a well-defined second-order Taylor
expansion, which is not the case for denoisers like BM3D and
for ReLU based CNNs [15] that involve non-linear operations
like thresholding as subroutines. This violation might result
in unsatisfactory accuracy of the estimation and lead to the
necessity for additional MC trials. Additionally one can no
longer use too small values of ¢ as in this case the estimator
(2) becomes unstable [1], which leads to the necessity to
tune this parameter very carefully and, to the best of our
knowledge, there is no rigorous method for this. As a result,
often one needs to empirically tune the scalar e for each
denoiser individually to ensure the stability of the estimator.
For example, from our experiments, the value of e for which
BB-MC produces accurate divergence estimates varies by an
order for BM3D and for a DnCNN.




The second problem with the BB-MC method is that it
requires executing the denoiser one or more additional times.
When the dimension of the inverse problem is large, as
in modern computational imaging tasks, executing powerful
denoisers can be the dominant cost of the algorithm and it is
desired to execute it as infrequently as possible.

In this work we study the dynamics of SMP algorithms and
develop two rigorous asymptotic models for the divergence
of a PnP denoiser used within the algorithm. These models
lead to two divergence estimation techniques that do not either
require additional executions of the denoisers, nor empirical
tuning. The first method works in a complete black-box
fashion and has a minimal computational cost dominated
by two inner-products of N-dimensional vectors, but has
inferior estimation accuracy compared to BB-MC and the
second method. The second method uses only the information
generated within any SMP algorithm, has a computational
complexity dominated by one matrix-vector product with A
and has a similar or superior accuracy of the divergence
estimation compared to the hand-tuned BB-MC method. When
an SMP algorithm incorporates a powerful denoiser such as
BM3D, using the proposed methods for divergence estimation
instead of BB-MC leads to almost halving the computational
time of the algorithm. We numerically compare the proposed
methods against the BB-MC method in the context of AMP,
VAMP, CG-VAMP and WS-CG-VAMP used for recovering
natural images from compressed measurements.

A. Notations

We use roman v for scalars, small boldface v for vectors
and capital boldface V for matrices. We frequently use the
identity matrix Iy with a subscript to define that this identity
matrix is of dimension N or without a subscript where the
dimensionality is clear from the context. We define 7'r{ M} to
be the trace of a matrix M, k(M) to be the condition number
of M and use M to be the left pseudo-inverse matrix of a full-
rank matrix M, Mt = (M”M)~'M7. We use ||-|| to define
the [, norm and || - || specifically for I norm. The divergence
of a function f (),(\2 with respect to the vector x is defined as
Vi f(x) = >, 8%7; (x). By writing ¢(z) = N(m,X)
we mean that the density ¢(x) is normal with mean vector m
and covariance matrix 3. We reserve the letter ¢ for the outer-
loop iteration number of the EP- and VAMP-based algorithms.
Lastly, we use the notation i.i.d. for a shorthand of independent
and identically distributed.

II. BACKGROUND ON SMP ALGORITHMS

In this section we briefly review the structure and the main
properties of SMP algorithms to set up the context of the paper.
For more details on a specific SMP algorithm, please refer to
[71, [10], [12], [15]-[17], [22] and the references therein.

A. General Message Passing framework

In this work, we consider SMP algorithms that alternate
between the following linear and denoising steps [17]

1
r= A (AT.ft(St+1aY) - St+1’7t) 3)
1
St41 = F (gt(rt) - I‘tat) €]

which is initialized with sy = 0 and where S; 11 = (sg, ..., St).

The update of the denoising step s;+; involves a denoiser

g:(r;) that acts on the intrinsic channel r; = x + h;, where
h; =r; —x )]

is modeled as an i.i.d. Gaussian noise vector independent of x.
The denoiser output is corrected with the Onsager term rioy
that involves the divergence oy of the denoiser gy (r;)

1
ert - g (ry). 6)

The main purpose of the Onsager term is to ensure that the
input error h; is orthogonal to the resulting output error

qi+1 = Sg41 — X N

oy =

Ensuring the orthogonality between q;-; and hy leads to stable
and efficient operation of the SMP algorithms. Lastly, except
for the AMP case where C; = 1, the normalization scalar C
is usually chosen to be Cs =1 — o [8].

Similarly, the linear step r; involves a linear function f;
and the Onsager term S;17;. The structure of f; depends on
the chosen SMP algorithm and how it processes the residual
vector

Zi =y — ASt. (8)

From the fixed point perspective, under certain assumptions
discussed below, assuming A is uniformly drawn from the set
of orthogonal matrices and given that the replica prediction is
correct for Haar matrices, the optimal choice of the function
f+ is the LMMSE estimator

fi(Sir1,y) = W'z, )

that is proposed to use within the VAMP algorithm [8]. Here
the matrix Wy is

W, = (v, + v, AAT) ™! (10)

where v,, models the variance of the intrinsic error q;. The
other SMP algorithms incorporate a suboptimal but scalable
alternative to the optimal linear estimator (9). For example,
MFE-OAMP implements the naive approximation W; ' = T
so that f;(S;y1,y) = 2z, while in CG-VAMP [9], [10], the
function f;(S¢4+1,y) approximates the linear mapping (9) with
1 iterations of the zero-initialized Conjugate Gradient (CG)
algorithm. In these three cases, the update of r; is single-
memory since the function f;(S¢11,y) depends on only the
last output of the denoising step so S;;1 = s;. On the
other hand, the algorithms like WS-CG-VAMP, MAMP and
CAMP approximate the LMMSE estimator (9) using the whole
history of vectors S;+1 = (So, ..., S¢) in order to achieve better
accuracy. These types of algorithms will be referred as long-
memory SMP algorithms. Lastly, we have the original AMP!

!Originally, AMP was formulated as a single-memory asymmetric algo-
rithm [6], but in this work we will use the unified error framework from [17]
that analyzes Message Passing algorithms that takes the symmetric form (3)-
(4). In [17], the authors showed that one can reformulate AMP in a symmetric
form with ¢-long memory update of r¢, as in (3).



algorithm, which can also be mapped into the long-memory
version following the structure (3)-(4) [17].

Similarly, to the denoising step, the update (3) involves an
Onsager term Sy 17;, where v; = (79,7}, ...,7})T and

= Ve, ATi(S01,y) (an
is the divergence of AT f,(S;y1,y) with respect to each
vector s, that f; depends on. These Onsager terms perform a
similar role to oy for the denoising step sy+; — ensuring the
orthogonality between h; and s, for 7 = 0, ..., ¢t. The closed-
form solution to these scalars can be found in the works related
to a specific SMP algorithm. Specifically, in [17] the authors
showed that when AMP is mapped into the structure (3)-(4),
we have v; = 0 and there is no Onsager correction required
for the linear step.

Lastly, the normalization scalar C,. in (3) is usually com-

puted as
t
= Z ,yz—a
7=0

except for the AMP case, where C). = 1.

12)

B. Error dynamics of Message Passing algorithms

When an SMP algorithm follows the general structure (3)-
(4), the dynamics of the error vector h; and q; from (5) and
(7) can be rigorously defined under the following assumptions
[12], [17]

Assumption 1: The dimensions of the signal model N and
M approach infinity with a fixed ratio § = % =0()

Assumption 2: A is normalized so that +7r{AAT} = 1.
Additionally,

1) For AMP: The measurement matrix A is orthogonally
invariant, such that in the SVD of A = USVT, the
matrices U and V are independent of other random terms
and are uniformly distributed on the set of orthogonal ma-
trices, while the matrix S”'S has the limiting eigenvalue
distribution with the first ¢ moments equal to the first ¢
moments of Marchenko-Pastur distribution [23], where ¢
is the maximum number of iterations of AMP.

2) For the rest of the algorithms mentioned at the end of
Section II.A: The same condition on V, while U is
allowed to be any orthogonal matrix and the matrix S”'S
is allowed to have any Limiting Eigenvalue Distribution
with a compact support. For those cases, we say A is
right-orthogonally invariant (ROI).

Assumption 3: The denoiser g; is uniformly Lipschitz so
that the sequence of functions g; : RY — RY indexed by N
are Lipschitz continuous with a Lipschitz constant Ly < oo
as N — oo [15], [24]. Additionally, we assume the following
limits exist almost surely [15]

1 1
lim Ngt(x—i—dl) g:(x + da), lim Nngt(x—i—dl),

N—o0
1 N A
]\/lgnoo 7d1 gt(x+d2) hmoo NX dl’ ]\}gnoo N”XH

and the Stein’s Lemma [25] holds for g;

dj g (x+dy). (13)

1
Jim o= Jim oo
Here « is the divergence of g; as in (6) and d;,dy € RY with
(d1,n,d2,,) ~ N(0,C) for some positive definite C € R?.

In the work [15] it is confirmed that the above assumptions
are satisfied by group-based denoisers, convolutional denois-
ers, Convolutional Neural Networks with a Lipschitz separable
activation function, such as sigmoid or ReL.U, and singular-
value thresholding denoisers.

Under these assumptions, it is possible to establish the
following theorem.

Theorem 1. [15]: Let Assumptions 1-3 hold. For T = 0,1, ...

and 7 =0,1,...,7 we have that
1) h; and q. are asymptotically orthogonal
i a0 (9
and Q. satisfies )
. LT | as
ngnoo W Aq, 0 (15)
2) In the limit N — oo, the matrices
Ht+1 = (h07"'7ht) (16)
Qi1 = (QIO7 ~-7Qt) (17)
are full rank almost surely.
3) h, and b, = VTq,. follow
h, = ET + O(HT, QT+1) (18)
bT’ = I;T’ + O<HT/7 QT’) (19)

where h, and b, are zero-mean i.i.d. Gaussian vectors
satisfying

lim —Hh |2 = hm —Hh 2 =vn, <o (20)

N—oco N

P = %nooﬁnbwu?:v%, <oo (21)

.1
Jim —[[b,
and the vectors o(H., Q1) € RN and o(H,/,Q,/) €
RN satisfy

hm —||0(HT7QT+1)||2 % (22)

hm —||0(HT Q)P =0 (23)

The above theorem confirms the intuition that g; should
be designed as a denoiser. Indeed, since we initialize the MP
algorithm with sy = 0, from (7) we have that x = —qp and
(14) implies

1
lim —hTX =0

N—voo N @9

This, and the fact that h; asymptotically behaves as a zero-
mean i.i.d. Gaussian vector, suggests to view r; as a Gaussian
channel and, therefore, to design the function g; to be a
denoiser.

Additionally, for most MP algorithms, it was shown that
there exists a State Evolution (SE) that defines the dynamics of
the magnitude of the error propagated in the SMP algorithms.



In particular, for single-memory algorithms such as VAMP,
CG-VAMP etc one can establish the mapping

'Uht+1 = SEtJrl(/Uht) (25)

that defines how the intrinsic uncertainty evolves as the algo-
rithm iterates [8]-[10], [26]. The form of the function SFE;; 1
depends on the chosen SMP algorithm, but is independent of
particular realizations of x, w and A. A similar evolution can
be defined for the long-memory algorithms mentioned before,
although in these cases the new variance vp,,, will depend
on the variances of the whole history of vectors h, for 7 < ¢
and their cross-correlations, i.e.

Vhip1 = SEt+1 (Cht+l)

with (Cp,,, )7+ = limy_o0 %hfhff. The SE provides the
means of optimizing the functions f; and g; to obtain the op-
timal performance of the algorithm and provides a theoretical
tool to study the stability and efficiency of SMP algorithms. In
particular, the SE was used in [8], [12], [18], [22] to show that
AMP, VAMP, CAMP and MAMP can achieve Bayes optimal
reconstruction under Assumptions 1-3 given the denoiser g;
is Bayes optimal, the subsampling factor § is above a certain
threshold, and (except for AMP) conditioned on the validity of
the replica prediction for right-orthogonally invariant matrices.

(26)

III. EFFICIENT ESTIMATION OF THE DIVERGENCE IN SMP
ALGORITHMS

In SMP algorithms, the key ingredients ensuring stable,
efﬁcietnt and predictable dynamics are the correction scalars
{77 }._, and a;. For SMP algorithms discussed above, esti-

mating {~] }320 is a well studied problem because the linear
function f:(Sty1,y) has an explicit dependence on each input
vector. This allowed the authors of each algorithm to derive
the closed-form solution for every scalar 7/ and use it to form
the corresponding estimator. Unfortunately, the same strategy
does not work for the denoising step (4) when there is a PnP
denoiser g;. For this case, there is only one available black-box
method for estimating the divergence a; — BB-MC method [1].
However, this method requires a hand-tuning and additional
executions of the denoiser in order to estimate ;. In this
section we develop two theoretical models for the divergence
oy within SMP and propose associated estimators that can be
computed using only the observed data in the algorithm and
do not require additional executions of the denoiser. We begin
with an intuition behind the methods and then move to the
formal results.

A. Intuition

In the center of the developed techniques is the following
parametrized denoiser and its oracle error
27)
(28)

81+1(&) = gi(ry) — ary
Ge+1(Q) = 8141(8) —x
where & is a scalar parameter. Note that when & = oy, (27)
is an instance of (4) with the normalization Cy; = 1. However,

by using the fact that x = —qp and expanding the error q;4
in (14), we find that

lim
N—o0

1 1
Jin b s 0

At e
where in the last step we used (24). This result implies that the
orthogonality result (14) holds for any finite Cs # 0, including
Cs = 1. One can verify that when & = «y, the error vector
Gr+1(cy) also follows the other main asymptotic properties of
the original vector q;+; in SMP algorithms, including the fact
that VT'§;,1(ay) acts as a zero-mean i.i.d. Gaussian vector
corrupted by an error that almost surely converges to zero.

The idea behind our method is to seek such a function
E(&) that has a root at o and we could solve for it. As we
just discussed, when & = ay, the error ¢y is asymptotically
orthogonal to h;. Thus, a straightforward example of such a
function would be

BE(a) =

1 a.s.
NhtTQtﬂ =0

20 (29)

hld(6)
Then, one could recover oy by solving E(&) = 0. Unfor-
tunately, this example of E(&) cannot be implemented in
practice since it is explicitly formulated in terms of the error
vectors that are not available. In this work, we use the observed
quantities in the algorithm to construct two types of practical
functions E(&) that equated to zero can produce an estimate
(;; such that

(30)

. ~ a.s. .
lim a; = lim oy
N— o0 N — o0

€1y

Next, we can adapt Corollary 2 from [24] to our form of SMP
algorithms (3)-(4) to show that using such an estimate in SMP
algorithms preserves the properties stated in Theorem 1

Lemma 1. c.f. Corollary 2 [24]: Let Assumptions 1-3 hold.
Consider an SMP algorithm (3)-(4) but where at every iter-
ation t, the divergence o is replaced by a scalar &y that
satisfies (31). Define these iterations as

o lr. s -

Fuos o (AT y) = Sam) @2
- 1 - .
St41 = g (gt(rt) - TtOét) (33)

where the rest of the components are the same as in (3)-(4).
Then, the results (14)-(17) from Theorem 1 hold when h, and
q. are replaced by the error vectors

il,t = Ft — X
qt = §t — X
respectively.

Proof. See Appendix D. ]

This lemma suggests that the main asymptotic properties of
an SMP algorithm (3)-(4) are preserved when «; is replaced
by an estimate &; that asymptotically converges to ay at
every iteration {. Thus, in the following we can focus only
on designing a divergence estimator and showing that it is
asymptotically consistent under the assumption that Theorem
1 holds up to iteration t.



B. Algebraic divergence estimator

The first class of estimators we propose is a practical
extension of the naive and unavailable estimator (30). Its
based on substituting the definitions ;1 = 8¢11(&) — x and
h; = r; — x into (30) and noting that

. . A s 1 " A
Jim ()T (81 (8) ) 2 Jim () 8041 (8)
where we used (24) to obtain limpy_ o %(rt —x)Tx 2 0.
Still, the above equation involves x explicitly, which can be
resolved by considering the difference r; — r;_; instead of r,
alone

. 1 . .
Jim (e — ri-1)" (8141(&) — x)

.1 s (a
= lim N(ht +x—hy g —x)T(841(6) — x)

N—o0
= lim i(hf — hf 1) (St+1(6[) *X)
N—oco N
a.s. . 1 N a~
= A}gnm N(ht —h;1)75,41(8) (34)

where, again, we used (24) to obtain limpy_, . %(ht —
h;_1)Tx “2 0. This result suggests that if we define a scalar
function

Ei1(&) = (vy —14-1)"8,41(8) (35)

and equate it to zero, then we can recover & such that the
orthogonality between §;11(&) and h; and h;_; is insured.
The following theorem summarizes and generalizes this idea.

Theorem 2. Consider an SMP algorithm following (3)-(4).
Define a vector

(36)

t—1
Ty = E ]@_tI_I'T
=0

with scalar weights ZtT 10]@‘3_ = 1. Then, under Assumptions
1-3, the inner-product (r; —t;)T'ry is asymptotically non-zero
and

L (- ) g (ry)

E (I‘t — Ft)Trt (37)

almost surely converges to the divergence oy of the denoiser
gt (rt)r

. ~ @.S. .
lim & = lim o.
N—o0 N—o0

(38)

Proof. First, due to the normalization of the weights k:T,
have that

t—1 t—1 t—1
T — X = E kﬁrT— E kﬁX: E kihT =: h;
7=0 7=0 7=0

where we defined a weighted error vector h;. From (18) we
have that this error vector is equivalent to

(39)

thzwh +Zkt (Hr, Qri1) (40)
T7=0
t—1
=Y kih, +0(H:, Qii1) (41)
7=0

Ty

where we defined a vector
t—1

=Y kio(H,, Q1)

7=0

o(H;, Q1) (42)

Note that because each F, is Gaussian, the first sum in (40)
is Gaussian as well, while the second sum represents a vector
whose magnitude almost surely converges to zero as follows
from (22). Then, because of the assumption about g; being
uniformly Lipschitz continuous, in the limit we have that

. 1 ¥
Jim g+ ) — g+ Fo)l

. 1 o . o
= lim_ s <x+ b +5(H,, QM)) P T

2
a.

®

<

o(H;, Qi11)

0 (43)

N —o0

Then, since r; — ; = h; — h; as was seen in (34), we can

use (13) to obtain

N A im —(h—h
lim ﬁ(rt %) gi(re) = hm *(ht —hi)"gi(x + hy)

N—o0

ngnoo<ht Zk h ) gi(x + hy)

s ]\;E}noo -— (ht — Z ]Ct ) htO[t

s lim f(ht*ht) htOét

N—oo N

Il

(44)

(45)

Here, the step (44) follows from the fact that for each 7 =
0,...,t we have

1 a.s.
lim —tht(X—i—ht) =" lim Nh R

N—oo N N—oco (46)

since h, for 7 = 0,...,t is i.i.d. Gaussian, and due to the
Stein’s identity (13). Next, we can use (24) to show

.1 _ .1 —
lim N(rt —7)Tr; = lim N(ht —h)T(x+hy)

N—o00 N—o0
as. .1 -
=2 ngnoo N(ht — hy)Th, 47)
Combining the results (45) and (47) gives
1(. _=\T
0B
N—oo W(rt — I't) i
a.s +(h; —hy)Th
-2 Jim Nl( (b e (48)
N—o0 *(h —ht)Tht

Lastly, from Theorem 1 we know that in the limit, the matrix
H;., = (hy,...,h;) is full rank so the inner—product

1
~ (b - (ht Zkt )ht (49)

is non zero almost surely. Again, noting that lim o 7 (1 —
)T, 2 limpy o0 %(ht —h;)Th; completes the proof. W

hy)"h

In the following, we refer to the estimator based on (37) as
an algebraic estimator. By equating (35) to zero and solving
for &, one can show that the function E, ., leads to the
algebraic estimator with ¥4 = r;_;. While in the limit (37)



holds for any set of weights k! as long as the normalization
is satisfied, in the finite dimensional case the asymptotic
identities used to derive Theorem 2 are no longer exact and
an additional error emerges. This error might be substantial
in the case if, for example, we use ¥y = r;_;. In this case,
the term +-(h; — h;)"x (assumed to be equal to zero in (47))
might have considerable magnitude due to the fact that the
magnitude of x remains the same throughout the algorithm
and might significantly exceed the magnitude of h, and of h,.
Then, any small alignment of these error vectors with x would
result in a substantial quantity that affects the accuracy of the
LSL approximation (47).

On the other hand, the finite dimensional model of h; devi-
ates from the asymptotic one and these deviations accumulate
as the algorithm progresses. One of the effects of this error is
that the asymptotic identity

a.s. . 1
lim 7tht(rt) = ]\}gﬂoo atﬁhfht (50)

Nooco N 7
used to prove Theorem 2 becomes less accurate for finite NV
as the difference between ¢ and 7 increases. For this reason
we might observe poor quality of the divergence estimates if
we use Ty = rg. The detailed analysis of the optimal choice
of weights k¢ is left for further study, while in this work we
consider the cases ¥y = ry;—; and ¥y = ry. The important
advantage of these two options is that the computational cost
of the resulting algebraic estimator is dominated by the cost
of two inner-products of N-dimensional vectors. Such a low
cost allows one to efficiently tune a parametrized denoiser
using the SURE technique [25] to optimize the performance
of the denoising block. In particular, let the denoiser g;(r;, @)
be dependent on some free parameter vector 6, which, in
the context of BM3D denoiser, could be the patch size,
window size, distance between patches etc. Then, one could
optimize € with respect to the estimate ©(6) of the MSE
v(8) = 4 llg:(re, 0) — x|[2 as [1]

0,p: = argmin 9(0)
0
o1 N
= arg;nm N"rt —gi(rs,0)|]> — vn, + 2vn,04(rs,0) (51)

where &;(r:,6) is an estimate of the divergence ay(ry,0)
of g¢(rs, ). Then, using the algebraic divergence estimator
makes the resulting cost of evaluating (51) negligible com-
pared to executing most of plug-and-play denoisers.

Yet, as it will be demonstrated in the simulation section,
these two special cases of the algebraic estimator are sensi-
tive to finiteness of N and M, and demonstrate satisfactory
accuracy only for inverse problems of dimension of order 10°
and larger. While a rough estimate of the divergence might be
acceptable for tuning the denoiser, in order to ensure stable
performance of an SMP, we require more robust alternatives.
In the next section we present such an alternative.

C. Polynomial divergence estimator

In this section we present another way of constructing a
practical function F(&) that has a root almost surely converg-
ing to the divergence oy of the denoiser g;(r;). For this, we

switch the parametrized denoising step §;41(&) from (27) to
the following more general form

St41(4, 7) = ge(re) — d(re — ;) (52)
which is associated with the corresponding error vector
A 41(4,7) =8e41(4,7) — x (53)

Note that §;11(&) is a special case of 8;41(&,7) when the
parameter 7 is set to 0. Another important property of (52) is
that the asymptotic orthogonality of q, (&, 7) and h, implies
the orthogonality of §;41(&) and h; and vice versa, since

1

. . . 1 . A
i Nhtht-i-l(avT) = Jim_ NhtT(‘IHl(Oé) +ds;)
a.s . 1 A~ -~
=" Jdim NhtTQtH(Oé) (54)

and this result is invariant with respect to 7. Here we used
(14) and the fact that x = —qg to show that

m %hfsf = %hﬂx +a) 20 (59)
Thus, one can equivalently use (52) to derive estimators for
oy, while the more general structure of S;41(&,7) provides
additional flexibility that will be useful next.

To derive a new estimator of «, consider the MSE of the
parametrized denoiser S;11 (&, 7) and recall that r; = x + hy
and 8y11(&,7) = x+9q,;, (&, 7). Then, after simple algebraic
manipulations we obtain

1, . 1, .
NHStH(O&,T) —x[* = N||St+1(0m') —x — hy + hy|?

1 _ .
= ﬁHSH—l(O@T) — 1 + hy|]?

1 . — A

=~ (IBe1(@7) = rll® + 207 (5144(8,7) —0) + el )
Lo . _ .

=~ (IBt1(@7) = rll? + 207 (@1 (6,7) = ho) + el

1/, . _ ~
=~ (IBe1(@7) =l = Il + 20T, 1 6, 7) )

N
Then, if we define a function

~ Lo s
Ta@r) = (1B (@, 7) =l = el 7). (56)

this function would be equivalent to the MSE of parametrized
intrinsic measurement S;1(&, 7) plus an error

R 1, R R
T, ) = ~ |Be1(d, 7) — x[[* + €141 (@) (57)
where
er11(d) = —2h{ Gy (&, 7) (58)
As was discussed before, when & = «y, the error vector

q;,1(G,7) is asymptotically orthogonal to h;. This implies
that in the limit J} ;(8;41(w)) converges to the MSE of
St+1(ay, 7) when & = o, and is additionally corrupted by
the error e;, (&) when & # a.

At the same time, the same MSE can be observed in a
different way. Using the definition of the vector y and that
Si41(&,7) =x+q,,1(&,7), we can show that



: 1 _ .
J\}f}}oﬁﬂy — AS; 1 (6, 7)|]
. 1 _ . 9
= NIEHOONHW —Aq; (&, 7]

2 — 4
NWTA%H(%T)
Next, we can use the conditioning technique [8], [17], [18]
for the random matrix A to study the interaction between
q;,1(&,7) and A. In Appendix B we show that

a.s. . 1 — ~ 2
= 5, + Jim AT (6,7)]2 -

. — ~ 2 a.s. . — N 2 N
]\;gréo NHA%JA(O‘,T)H = 1\}520 NHqu(aaT)H +Gry1(a)

where (;+1(&) depends on the whole history of vectors
(do,---,q¢) when & # «; and almost surely converges to
zero for & = ay. Similarly, in Appendix B we show that
+wTAq,, (&, 7) almost surely converges to v, (oy — &),
which becomes zero for & = «a;. Therefore one can define
another MSE estimator

Ji (G, 7) = ﬁHy — A5 1 (6,7)|]F —dvy (59)
which can be represented as
Jt2+1(5‘a7') = NHG)&—H(@:T)HZ + 6?4—1(5‘) (60)

where €7, (&) almost surely converges to zero for & = a.

The important observation, which we theoretically confirm
in Appendix B, about J}, (&, 7) and J?, (&, 7) is that their
errors, e/, (&) and e}, (&), behave differently for & #
and both almost surely converge to zero for & = «y. Then, by
defining a new function

Ei1 (6, 7) = Jt1+1(6‘7 T) — Jt2+1(d77-) (61)

one could recover «; by finding the appropriate root to
Ei+1(&,7). The following theorem shows that (61) corre-
sponds to a particular quadratic polynomial

Lemma 2. Consider an SMP algorithm following (3)-(4) and
let v, %||ht\|2. Then Ey1(&, 7) from (61) is the following
quadratic polynomial

Er1(8,7) = ug + w1 (7)& + ua ()62 (62)

where the scalar coefficients are defined as

1
wo = 7 (11 = el = o0, = lly — Ag|l* + 6v. )
uy (1) = N(I‘t - S—r)T(rt — 8t — AT(Y - Agt))
1
ua(r) = 5 (I = sl = (e = 5.)] )

with g; used as a shorthand for g;(r;).

Proof. See Appendix A. ]

Note that the coefficients of the equation (62) are formed
only from the data that is naturally circulated in any SMP
algorithm. Computational cost of evaluating wug, u; and wus
is dominated by implementing two matrix-vector products
Ag:(r;) and Ar;. However, this cost can be reduced by
reusing the calculations to form the next update. All the
algorithms mentioned at the end of section II.A compute the
vector

Zip1 =y — Asi g (63)

as part of the function f; in (3). Using the definition of sy 1,
this vector can be equivalently represented as

Zt+1 =y - ASt+1 =Yy - Agt(rt) — OétAI't

Thus, one can reuse the results of the matrix-vector products
Ag;(r;) and Ar; to update z;,; and, consequently, reduce
the number of additional matrix-vector products down to 1.
Additionally, one can store the m-dimensional vector As, to
reuse this result in the implementation of us and us.

Lemma 2 becomes useful in the light of the following
theorem that establishes the asymptotic behaviour of the roots
of Et+1 (d, T)

Theorem 3. Consider an SMP algorithm following (3)-(4).
Let S;11(&, T) be defined as in (52) with 7 < t. Additionally,
let Qi1 = (qo, ..., q:) and define a vector

Brer = lim Q. (ge(re) — x) (64)

Then, under Assumptions 1-3, the function E.i1(&,7) from
(61) has two roots &1 and Go that satisfy

Nligloo =y (65)
Jimds(7) = lim m (66)
where
) =—2(vp, — vw + %B? 1Q1 AT AL)  (67)
e (1) = —Q%quTAht (68)
¢i = vn, — %llAhtH? (69)
Proof. See Appendix B. [ |

Then, one way to estimate ay is by computing the roots to
(62) and identifying which of the two roots is the correct one.
In the following, we refer to this estimator as a polynomial
estimator. As it will be demonstrated in the simulation section,
SMP algorithms with the polynomial estimator demonstrate
stable dynamics similar to the BB-MC estimator even for
N and M of order 10%. To combine the advantages of the
algebraic and the polynomial estimators, one could use the
algebraic estimator to tune the denoiser via SURE and use the
polynomial estimator to compute the final correction scalar ;.
This approach combines the advantages of both methods and
results in a fast and efficient way of updating s;4.

D. Root identification for the polynomial estimator

While Theorem 3 relates the correction scalar «; to one
of the roots &; and ao of (62), it is still required to identify
which of the two roots is the right one. In this subsection, we
propose a method for assigning «a; to either &; or &a.

The idea is based on forming a pair of polynomials, P; (&)
and P,(&), that share one root at o, and the other two roots
would be different by a substantial amount. Let the pair &,
and & and the pair &3 and &4 be the roots of P;(&) and
P, (&) respectively. Additionally, assume that two roots from



different pairs are the same. Then, one way to form an estimate
¢ of the common root «; would be

N &k* + &s*
ayp = ———
2 (70)
(k*,s*) = argmin |&g — s,

ke{1,2},s€{3,4}

i.e. take the average of two roots that are from two different
polynomials and that are the closest ones.

In our context, the polynomial E; (&, 7) from (61) is a
function of 7. From (65) we know that the first root, &, is
invariant with respect to 7, but its not the case for the second
root &o. Given that there is a pair of indices 7 # 7/ such that
7,7 <t and satlisﬁes )

Jin ATATAN 7 lin GalATAR ()
we can generate a pair of polynomials FE;,i(&,7) and
E;+1(&, ') that share one root at o and have distinct second
roots. While identifying when the condition (71) holds for a
general SMP framework (3)-(4) is a challenging theoretical
task that we leave for further work, we can test this condition
online. In Appendix D we show that finding a pair of indices
(7,7') that follows (71) is asymptotically equivalent to finding
the pair that ensures

. 3 1
lim sz(y — Ar,) # A}gﬂoo NZZ (y — Ary) (72)

N—oc0
Note that all the elements involved in this condition are avail-
able so one can test the condition at a negligible computational
cost.
Motivated by the above idea, we make the following pro-
posal

Proposal 1. Consider an SMP algorithm following (3)-(4). Let
7,7 < t be a pair of indices that follow the condition (71).
Generate the pair of polynomials Eyy1(&,7) and Eyiq(&,7")
associated with the pair (7,7'). Let &1 and G define the roots
of the first polynomials and &3 and &y define the roots of the
second polynomial, respectively. Then, choose an estimate &
of the divergence oy of the denoiser gi(r¢) as in (70).

E. Implementation details of the polynomial estimator

As discussed in Section III.B, when we implement SMP
algorithms in practice, the finite dimensional model deviates
from the asymptotic one, which results in the emergence
of additional stochastic components in the algorithm. From
our experiments, we observed that sometimes after a few
iterations, the polynomial constructed from (62) might end
up having complex roots. However, since we assume g; is
a real-valued function, the divergence «; must be a real
value. Therefore, when the roots &; and Gy of the polynomial
Eyy1(&, 1) associated with the index 7 are complex, we set
them to the stationary point of the quadratic function
~ ua(7)

2uz(7)

where uo(7) and us(7) are as in (62). The same we do with
the roots &3 and A4 of the second polynomial Ejyq(&,7")
associated with the index 7/, if these roots are complex. Next,
regardless whether all the roots were originally real or not, we
proceed to the rule (70) to form the finale estimate &;.

(73)

5[1(7’) = 5[2(7’) =

IV. SIMULATION EXPERIMENTS

In this section we compare the proposed divergence es-
timators against the BB-MC method [1] within AMP [6],
VAMP [8], CG-VAMP [10] and WS-CG-VAMP [10] where
the denoiser is chosen to be BM3D?. We consider the problem
of recovering natural images shown on Figure 1 from the
measurement system (1), where the subsampling ratio is

chosen to be § = % = 0.05 and we set the measurement noise
2
variance v,, to achieve SNR [l of 40dB. Additionally,

in the experiments with all the algorithms, except for AMP,
we set the condition number x(A) = 1000, unless stated
otherwise. Furthermore, we choose A = SPHD to be the
Fast ill-conditioned Johnson-Lindenstrauss (FIJL) transform,
which is composed of the following matrices [15]: the values
of the diagonal matrix D are either —1 or 1 with equal
probability; the matrix H is some fast orthogonal transform.
In our simulations, we chose H to be the Discrete Cosine
Transform (DCT); The matrix P is a random permutation
matrix and the matrix S is an M by N matrix of zeros
except for the main diagonal, where the singular values follow
geometric progression leading to the desired condition number.
Although the FIJL operator is rather artificial, it is convenient
for evaluating the performance of algorithms since it acts
as a prototypical ill-conditioned Compressed Sensing matrix,
requires no storing of matrices and has a fast implementation.
Additionally, the FIJL operator that we consider enables us to
directly implement VAMP, since

AAT = SPHDD"H”"PTST = sS” (74)

and, therefore, the matrix inverse
VV;1 = (vplnp + vthAT)_1 = (vpIn + thSST)_1

requires inverting only a diagonal matrix. However, here we
emphasize that the AMP, CG-VAMP and WS-CG-VAMP
algorithms that we implement do not utilize the fact that W,
is diagonal and operate as if W is an arbitrary matrix.

To the best of our knowledge, there is no general practice
for tuning the BB-MC divergence estimator for denoisers that
violate the continuity assumption like in the case of the BM3D
denoiser. In this work we use the heuristic for choosing the
scalar € from (2) as in the GAMP library?

1
€ = 0.1min (M7N‘|rt||1) te

where e is the the float point precision in MATLAB. This
choice of the parameter e¢ demonstrated stable estimation
throughout iterations ¢ for all the considered algorithms and
in all the experiments involving BB-MC, we use a single
MC trial (additional execution of the denoiser) to estimate
the divergence.

Lastly, because there is no access to the exact value of the
divergence oy for the BM3D denoiser, we use the following
approximation
htTgt(I‘t)

h!'h,

agrucle _

(75)

2The BM3D library used throughout the simulations can be downloaded
from the website of the authors of the denoiser http://www.cs.tut.fi/ foi/GCF-
BM3DY/. For this particular implementation we used the ’profile’ to be 'np’.

3The link to the code is https:/sourceforge.net/projects/gampmatlab/



Fig. 1: The ground truth images

to measure the accuracy of the divergence estimates produced.
This estimator represents the finite dimensional approximation
of the Stein’s identity (13).

A. Setting up the polynomial divergence estimator

In all the simulation experiments discussed next, we ob-
served two tendencies of the polynomial divergence estimator.
The first one is supporting the idea that there is a pair 7 # 7/
that satisfies (71). In fact, the experiments showed that this
condition was satisfied by any pair of indices and in the
following simulations we will stick to the pair (¢,¢— 1), which
led to a slightly better overall performance of SMP algorithms.

The second tendency is related to the root assignment
problem. It is observed that when an SMP algorithm makes
substantial progress after each iteration, i.e. reduces the in-
trinsic variance substantially, the divergence «; is by a few
orders of magnitude closer (in the absolute value sense) to the
smallest root of the polynomial (61). This tendency is observed
up to roughly iteration ¢ = 10, which depends on the chosen
SMP algorithm and how quickly the algorithms converges.
Note that the proposed method for identifying the right root of
the polynomial (61) cannot be implemented at the first iteration
since it requires a pair of indices 7 # 7’. Therefore, motivated
by the empirical observation, at the first iteration of an SMP
algorithm, we generate only one polynomial with the roots &;
and &o, and use
(76)

&t = Hlil’l(éél, 6[2)

for the estimate of oy for ¢ = 0.

B. Polynomial vs algebraic estimators

We begin with the comparison of the polynomial estimator
(70) against the algebraic estimators (37) with ¥y = ry and
T; = r;_1. For this purpose, we consider the CG-VAMP algo-
rithm recovering a natural image shown on the right of Figure
1 of dimension 2048 by 2048. We run a single CG-VAMP
algorithm with ¢ = 5 CG iterations and where «; is estimated
by the polynomial estimator and, additionally, the two alge-
braic estimators are computed in parallel (these two values are
not used within the algorithm and are only archived). For this

(dt_a:racle)2

experiment, we computed the normalized error “——=tres—,
A . . t

where &; corresponds to either the estimate produced by the

polynomial or by the two algebraic estimators, and the “oracle”
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Fig. 2: Divergence estimation error with the standard deviation
error bars of the polynomial and the algebraic estimators

correction af’"“le is as in (75). The results averaged over 15
iterations are shown on Figure 2. As seen from the figure,
the polynomial estimator demonstrates the best accuracy of
estimating the “oracle” correction (75), while the algebraic
estimator with ¥; = r;_; demonstrates second to the best
performance. On the other hand, the algebraic estimator with
T = ry turns out to perform considerably worse than the other
two and therefore is not recommended either for computing
oy or for estimating the divergence of the denoiser g, for its
optimization via SURE.

Next, we assess the stability of CG-VAMP that uses dif-
ferent proposed divergence estimation methods. For this, we
compare two CG-VAMP algorithms: one where a; is com-
puted based on the polynomial estimator as in the previous
experiment, and one where «; is estimated by the algebraic
estimator with ¥, = r;_;. Here, we computed the same

error for a; and the Normalized MSE (NMSE) %.
The two error measures averaged over 15 realizations are
shown on Figure 3. As seen from the left plot depicting the
NMSE, the CG-VAMP algorithm with the algebraic estimator
with ¥y = ry_; diverges halfway through the execution,
while the same algorithm but with the polynomial estimator
demonstrates high stability. This result in combination with
the previous experiment suggests that the algebraic estimator
is capable of producing a relatively accurate estimate of «y, if
it is not used as the main correction method.

C. Black Box Monte Carlo and the polynomial methods for
divergence estimation

Next we compare the performance of SMP algorithms
when two different divergence estimation methods — BB-MC
(2) and the proposed polynomial method (70), are used to
estimate ;. First, we compare these two methods in terms of
accuracy, by running two identical CG-VAMP algorithms but
with two different divergence estimators. For this, we consider
recovering the image 'man’ of dimensions 1024 by 1024
shown to the left on Figure 1 and measured by an operator
A with three condition numbers «(A) = (100, 1000, 10000).
As in the previous experiment, we used the fixed number of
iterations for the CG algorithm ¢ = 5. The NMSE of the
algorithms averaged over 15 realizations is shown on Figure
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Fig. 3: Top: the NMSE of CG-VAMP algorithms with the two

correction methods. Bottom: divergence estimation error with

the standard deviation error bars of the polynomial and the
algebraic estimators

4. As we see from the plot, the CG-VAMP algorithm with
the polynomial divergence estimator demonstrates a similar
reconstruction performance as CG-VAMP with the BB-MC
estimator. To demonstrate robustness of the method with
respect to other parameters of the inverse problem, we repeated
the same experiment but with the SNR of 20dB and with
higher subsampling factor § = 0.2, and plotted the result on
Figure 5. Additionally, we computed the error of estimating
agrele as in the first experiment. The averaged result over
15 realizations for x(A) = 1000 is depicted on Figure 6.
As seen from the plot, the polynomial estimator demonstrates
higher accuracy of estimation for the initial iterations where
CG-VAMP has a substantial per-iteration improvement and
exhibits a similar accuracy when CG-VAMP is near the fixed
point.

Next we keep the same inverse problem as in the last
experiment with k(A) = 1000 and compare the run time
and the estimation accuracy of several SMP algorithms when
the two divergence estimations methods are used. In partic-
ular, we consider the VAMP, CG-VAMP and WS-CG-VAMP
algorithms. Each of these algorithms is executed separately
with the BB-MC method and with the proposed polynomial
method, and the results are averaged over 40 realisations.
On Figure 7 we demonstrate the NMSE of the three pairs
algorithms and in Table 1 we show the time required for all
the algorithms to get to iteration ¢ = 15. The first observation
is that all the SMP algorithms demonstrate almost identical
performance in terms of MSE when we choose different
methods for divergence estimation. Secondly, as seen from
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Fig. 4: NMSE with the standard deviation error bars for two
CG-VAMP algorithms: with the BB-MC divergence estimator
(2) and with the polynomial divergence estimator (70).

the table, the run time of the algorithms* with the polynomial
divergence estimator is almost twice as low as of the same
algorithms but with the BB-MC divergence estimator (2). This
confirms the initial goal of this work.

TABLE I: Time (in seconds) taken for SMP algorithms with
two different divergence estimation methods to execute 15
iterations.

Algorithm BB-MC estimator | Polynomial estimator
VAMP 164.89 83.55
CG-VAMP 177.11 95.41
WS-CG-
VAMP 178.28 96.7

D. AMP

Lastly, we consider the AMP case. As mentioned in As-
sumption 2, the AMP dynamics is rigorously derived for

“Even though here VAMP demonstrates the fastest time-wise convergence,
implementing each iteration of the algorithm is only possible because we
specifically designed A as discussed at the beginning of the section. If A
was a general matrix, it would be intractable to implement even a single
iteration of VAMP when the size of the inverse problem is as large as in the
experiment considered. Yet, we left the run-time performance for VAMP to
illustrate the benefit of the proposed technique when one can design this type
of measurement matrices A.
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Fig. 6: Mean error with the standard deviation error bars of
estimating the correction scalar o; within CG-VAMP
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Fig. 8: NMSE of AMP with two different divergence estima-
tion methods.

those measurement systems (1) where A” A has the empirical
eigenvalue distribution with the first ¢ moments equivalent to
the same order moments of MP law [17]. In the following
experiment, we keep the FIJL transform, generate a sequence
of i.i.d. MP random values and assign the entries of the matrix
S to be the square root of those random values. The rest of
the parameters of the inverse problem are kept the same. The
NMSE averaged over 15 realizations of the two version of
AMP are shown on Figure 8. As seen from the plot, the two
algorithms demonstrate almost identical reconstruction results.
However, the AMP version with the polynomial estimator
takes 16.23 seconds on average to execute 15 iterations, while
the same algorithm but with BB-MC estimator (2) takes 32.1
seconds for the same work.

V. CONCLUSIONS

In this work we have proposed two alternatives to the
traditional Black-Box Monte Carlo (BB-MC) [1] methods for
estimating the divergence of denoisers within SMP algorithms.
Similarly to BB-MC, the proposed methods do not use any
additional information about the denoiser apart from its input
and output. However, contrary to the BB-MC method, the two
suggested estimators do not require executing the denoiser ad-
ditional times and, therefore, significantly accelerate the SMP
algorithm when an expensive denoiser such as BM3D is used.
The first method - the algebraic estimator — has a negligible
computational cost and can produce a rough estimate of the
divergence of a denoiser, which can be further used to, for
example, optimize the performance of the denoising block.
The second estimation method — the polynomial estimator —
complements the first one and demonstrates high robustness
with respect to the dimensionality of the inverse problem and
a similar accuracy of correction compared to the BB-MC
method.

While the two proposed estimators are exact in the large
system limit, for finite NV their accuracy suffers from additional
stochastic error. In future work, we would like to understand
why the polynomial estimator is more robust with respect to
the decreased dimensionality and whether it is possible to
modify the fast algebraic estimator accordingly to increase its
robustness. Additionally, from the thorough numerical study
(not demonstrated here), we have found that in the polynomial



estimator, the root associated with the divergence oy is the
smallest root and this tendency holds irrespectively of the
chosen SMP, denoiser or parameters of the inverse problem
(1). Yet, at the moment we do not have a rigorous explanation
for this and it would be interesting to get a better understanding
of this phenomena.

APPENDIX A

In this appendix we prove Lemma 2. Recall that we define
the vector S;y1(&,7) as

§t+1(€k, T) = gt(rt) — OAZ(I't — ST) (77)
For this vector, next, we aim to simplify the function
B (&, 7) = Jho(a,7) — T2 (6, 7) (78)

where
1 (A 1 - A 2
Ji41(&,7) = llte = 8e41(&, )7 — vn,
. 1 _ A
Jt2+1(a’7—) = NHy - Ast+1(a>7—)”2 — duy

To increase the readability, in the following we use g; to refer
to g¢(r;) and drop the dependence of S;1(&,7) on & and 7.
First, we expand the norm in JZ, (&, 7) to obtain

|lre = Seqal|® = ||re — g + G(re — s7)|?
= |lre — gl + 2(re — g80)" (re — 57)é + |1 — s/ |[°&°

Thus, J}, (&, 7) is equivalent to

T (G, 7) = ko + k1@ + keGP (79)
where

o = [l — gl — v (80)

0= N t — 8t he

1
k= 2N(rt —g) " (ry —s,) (81)
1

ko = NHM-STH2 (82)

In the same way, we can show that

ly — Asi1 (4, 7)|[* = [ly — Ags + AA(r; —s,)||?
=|ly — Agill* +2(y — Ag))"A(r, —s,)d

+||A(ry —s,)|]?6? (83)

which implies
T2 (6,7) = do + dié + dod® (84)
where
do = Iy — Agi|l? =5
0= N y gt Vuw
1
dy = 2N(y - Agt)TA(rt —s;)

1
& = A )|

Combining these results, we can show that (78) is equivalent
to

Et+1(5¥7 T) = Ug + ulév + ’LL2(342 (85)

with

ug = k‘o —do
1 2
= NHI‘t — gl

1
up =ky —dy = 2N(rt - ST)T (rt — 8 — AT(Y - Agt))

1
- NHY — Agi|]* — vn, + vy

1 1
Uy = ko —dp = NHPt —s.])? - NHA(Pt —s.)|?

which completes the proof.

APPENDIX B

In the following we will study the interaction of the error
vectors
h;=r; —x q: =S; — X

where r; and s; are as in (3) and (4) respectively. Additionally,
we will frequently refer to the whole history of these vectors

H,;; = (ho,hy, ..., hy)
Qi1 = (QO,Q1,~~7%)
and their mapped versions
M1 = VIH,
By =V Qi

Note that these four error vector matrices can be simultane-
ously represented as

(86)
87)

(M.B,) = V7 (H,, Q)

With this relationship between the error vectors, one can
represent the effect of applying the matrix V through the
so-called conditioning technique [6], [8]. For this, define two
vectors

8- =Qla, (88)
pr =Mim, (89)
and the set
Gt,t’ = {Bta Qta Mt'7 Hy y X, 12)7 S| (Mt’a Bt) = VT (Ht'7 Qf)}
(90)

Lastly, for a matrix R, let @ﬁ be the set of the left-singular
vectors associated with the zero singular values of R. With
these definitions, one can obtain the following asymptotic
result for V and V7.

Lemma 3. [15]: Let Assumptions 1-3 hold. Define a vector
v € RY such that limy_o +||v]|> = o0 < oc. Then, for
7=0,1,...and 7' =0,1,...,7 we have
1) The matrix VT conditioned on the set G, almost surely
converges to

lim V|TG,_,

N—o0 —00

a._S. . Hi.
8 th (M,,B,) (Qi) o1

1 ¥ 1
+ @, 8,) Ve, Q)

with V being Haar distributed and independent of G ;.
Additionally, we have

P=®4 ) VO g ) v=D0+0(V) (92)

where p ~ N(0,0l) is independent of G., and the
vector o(v) € R satisfies limy_, +||o(v)[|? “= 0.



2) The matrix V conditioned on the set G 1 , almost surely
converges to

s. Mi

(93)
v 1
+ (I)(Ht7Qr+1)Vq)(MtaBr+1)

with V being Haar distributed and independent of
Gry1,-. Additionally, we have

p= (I)é_HtaQTJrl)v(I)é_MtaBTH)V =p+o(v) ©4)

where p ~ N (0,01) is independent of Gr41,, and the
vector o(v) € RN satisfies limn_,oc [|0(v)||> =" 0.

With this lemma and Theorem 1, we aim to study the be-
haviour of the following parametrized denoising step and its
error

95)
(96)

§:41(4,7') = g, (r7) — d(rs —sr)

qt+1(5‘v T,) = §t+1(6‘v T/) - X

In particular, we are interested in the roots of the function

Erp1(a,7') = I3 (6,7") = T2, (6, 7') o7
where
— R 1 _ R
Ji+1(a77/) = N(l's‘rJrl (a77/> - I"r||2 - ||hr||2) (98)
R 1 _ R
Traa(@7) = Iy = ASra (6,7 —dvw (99

Before beginning the analysis, we define two vectors that will
arise in the derivation

_ R 1 o .
ﬁt+1(aa7—/) = NQI+1%+1(0‘77’/) (100)
_ R 1 _ R
P (@ 7) = FHL G (@) (0D

From Theorem 1 we know that the matrices Q;+1 and H; 4
are asymptotically full rank, so the pseudo-inverses above are
well-defined in the limit N — co. Additionally, we have that

Jm L (6,77 = i (8, 7) - x|

= Jim_ () — e —s,) — x]?

= Jim g (x+hy) — a(he —qn) - x|

< Jim g G+ )2 = 8 (ol — < flan] )
- %HxllZ <o (102)

where the bound comes from Theorem 1 stating that in the
limit h,; and q; have finite variances, and Assumption 3 in
combination with (18). Thus, in the limit, the vectors (100)
and (101) are almost surely finite.

In the following we simplify the notations and drop
the dependence of 5i11(&,7"), qu1(a,7), ,Bt+1((3£,T/),
U1 (&, 7), Jr (&, 7') and of JZ, (&, 7') on & and 7.

T

A. Analysis of jTlJrl

First, we consider the function J! -41 and its limiting be-
haviour. Since s = x+q;,; and rr = x+h,, we can rewrite
(98) as

- R 1 o
Tl ) = —(||q7+1 B2 = ||b,|?)

1

= 7||a7'+1|| -2 th‘r-‘,-l =

N T
Next we consider el ; (&) in the last result given that N — oo
and Theorem 1 holds up to iteration 7 = ¢. First, we can follow
the same steps as in the proof of Theorem 2 to obtain

1,_
Nqu-s-le +eryy (103)

1 a.s.
lim Nht gi(r;) =

N—o00

1, .
i b g (x4 )

a.s.

= vp, 0 (104)

Following the same steps and the asymptotic independence
result (14), we can obtain

1
lim —h (ry —sy) = Nlim *NhT(ht —qy)
—00

N—oo N
= Jim NhTht “op, (105)
Combining (104) and (105) implies
: 1 P
I\}1—r>noo er1(a,t')
. 1
=-— A}gnoo QNhf (ge(ry) — dfry —sp) — x)
2y, (ap — &) (106)

Thus, the error term e} +1(&) converges to a linear function of
(¢ — &) in the limit N — oo. We will return to this result
shortly.

B. Analysis of j7'+1

Next, we analyze J2,,(&,7') which involves the following
norm

1 _ 1 _

NHY — A5, ]]? = NHW —Aq, 4]?
1 2
~lwl
where we used the fact that y = Ax + w. Similarly to the
analysis of J},;, next we assume that N — oo and that
Theorem 1 holds up to iteration 7 = t. Then, we can use
(91) to obtain

1 _ 1 _
+ AL - 2wl AG,,  (107)

H%{+1qt+1)

lim Vth+1 o1 et 2 (Myy1,Big1) < _
Qi 11T 41

N—o00

€ v iR —
+ q)(Mt+1,Bt+1)V(I)(Ht+1:Qt+1)qt+1

A}Lmoo M 1Vrgq + Bt+1Bt+1 + Pt+1 (108)
where we used (101) and (100) and defined
Pi+1 = (I)(Mtﬂ Bt+1)vq)(Ht+1 Qer1)dtt1 (109)

which asymptotically acts as a zero-mean i.i.d. Gaussian vector
independent of M, 11, B¢+1, U, S and w, as follows from
Lemma 3. With this result we can obtain the following



. 1 _ 2 . 1 T 2
i, ATl = Jim G lISVEd.|

. 1 — _
- J\}E)r})o NHS(BtHﬁtH + M1+ Py
a.s. 7. 1 >, na 5
= NHS(BHlBtH + My 1Tsg1 + pes)|]? (110)

.1 -
dim —(/1SBis1Ba |2 + 1P|

a.

®

_ 2or o _
+ ||SMt+1Vt+1||2) + NﬂtHBtTHSTSMtHVtH (111)

a.s.

N -
dim = (11BraBaal? + [P

_ 2or o _
+ ||SMt+1Vt+1||2) + NﬂHlBtTHSTSMtHVtH (112)

where in (110) we used the asymptotic model of the error
vectors b, from Theorem 1, (111) follows from the fact that
P:+1 is asymptotically independent of Bt-{-l and M;;; and in
(112) we used the normalization &7r{STS} = 1, the Stein’s
Lemma and the fact that the columns of Et+1 and the vector
P:+1 are i.i.d. Gaussian to obtain

. 1 o -3 2 a.s. . 1 ~ — 2
Jm l[SBeiBe|” = im | BeiBe|l” (113)
. 1 2 a.s. ;. 1 2
J\}EPOONHSPHIH = I&POONHIHHH (114)
To relate (112) to the MSE of q, , ;, next we consider the later.
Again, by referring to (108) and following the same steps as
in (112), we can obtain
. 1, _ 2
ngnoo NHthrlH

a.

Il

) 1 — _
Aim o IBe418i 41 + Mep Wi + el

a.

w

R R i
Jm N\|Bt+15t+1 + M 1T + pea|?

5 o 1, <« = 1 _ 1
= i N\|Bt+15t+1||2 + N|\Mt+1'/t+1\|2 + N”pt“HQ

where we used the asymptotic independence of b, and m,/,
which follows from (14). By comparing the last result to (112),
we find that imy_,c +||AG,4||? is equivalent to

. 1 _ 5. 1 1,
1\;5%0 ﬁHAqu”Q e ngnooNHqt“H?
1 B 1 o
+ FISMetaPe [P = T lMia D
2T o _
+ NﬁtHBtTHSTSMtHVtH (115)
Then, define a function
R 1 _ 1 -
e} (@) = NHSMt+1Vt+1||2 - NHMtﬂl/tHHZ
2_T B 1 _
+ Nﬁt+1BtT+1STSMt+1Vt+1 - 2NWTAth (116)

Assuming N — oo and Theorem 1 holds up to iteration 7 = ¢,
we can use (116), (115) and (107) to show that the function

J2, | from (99) almost surely converges to

. 2 a.s.
i, T ™

. _ 2 2 N
A}gnoc N||Qt+1|| + ei1(d) (117)
Next, we analyze the behaviour of the error €7, (&). First,
we consider the term %WTA@I +1. Using the SVD of A =
USVT, the model (108) and defining w = Uw, we can obtain

. 1 T A — a.s. 7. 1 ~T T—

N AT i TSV

) 1 . _ —

= J\}gnoo NU’TS(MtHVtH +B18y1 + Pt+1)
; 1

s lim f’lI)TSMt_;'_lﬁt_i_l

N—oo

(118)

where we used the asymptotic independence of w and py41
and of w and Sb, as follows from Theorem 3 and (15)
respectively. Next, we analyze the vector 7;;; in the large
system limit

lim 7, = Hig
N Vet + A1

1
N

= g

1 _

NHtT+1Ht+1) HtT+1Qt+1 (119)
Here, the vector %HtTHGt 11 is composed of the elements
(¥H19:41), = whi Gy 1- Following the same steps as in
(106), we can show that this element almost surely converges
to

. 1. P 1 .
N b S lim Thih (e —4) (120
which together with (119) implies that
lim Ty = eppr (o — @) (121)
N—oc0

where ;11 € R is (¢+1)th vector of the ¢+ 1 dimensional
natural basis. Since My, 1€e;11 = my, substituting this result
into (118) leads to

. 1 — as. . 1 _ .
Jm, AT i 0T Sm(en - 4)
v (ay — &) (122)

where the the asymptotic result limy 00 %ﬁ)TSmt T
was proven in [10].
Following similar steps, we can show that
. 1 = 2 1 = 2
i [SMep1 P || = 2 [[Me 1P|
21 _
+ N/@t+1BtT+1STSMt+1Vt+1
a.s. . 1 A~ 1 ~
= lim Sl (ar — &)% = < llmel (a0 — a)?
21 R
+ NﬂtHBfHSTSmt(at — &) (123)

Combining this result with (122), we conclude that the error
eo from (116) almost surely converges to

a.s.

1
. 2 ~ . 2 ~\2
dim ey (@) fim (lISmil = v, ) (00— @)

1-_71 R
+ Q(NﬁtHBtTHSTSmt - vw) (cr — &) (124)

C. Roots of E;11(&,7")

Combining (103) with (106) and (117) with (124), we can
obtain the following asymptotic result for E,;1(&,7") from
(97) under the Assumptions 1-3 and assuming Theorem 1
holds up to iteration 7 = .



a.s.

lim et+1( &) — e§+1(d)

lim F A, 1!
Ngnoo t+1(a’7—) N—oc0

a.s. . ]-
= Jim (vht——HSth ) - a)?

- z(vh, n ,6f+1Bt+1S Sm, — v) (ar — &) (125)

From this result, we immediately notice that the first root é&;
to Fy11(&,7') almost surely converges to limpy_,oo &1 = .
Next, we aim to obtain the closed-form solution for the second
root o to this function. Consider the asymptotic behaviour of
Bt-{-l from (100)

lim Bm(em’): Jim Qjﬂqm(@,f’)

N>

= ngn Qt+1 (St+1( 7'/) - X)

= ngn Qt+1(g'r(rt) G(ry —s.) — X)

= hm Qt+1 (gt(rt) — &(ht — 7./) — X)

“':S Jim Ql,, (gi(rs) + G — x) (126)
where in the last step we used the fact that Q;+1 = (qo, ..., q¢)
and (14) to obtain )

1\}13100 QI-Hht = J\,hjﬂoo(NQtTHQtH) *Qt+1ht =0
Additionally, note that
Qi ar = e (127)

where e; € R!*! is the i-th vector of the natural basis.
Therefore (126) is equivalent to

Bt+1(@77'/) = A}gnoo QI+1 (gt(rt) - X) + derrqq

=: P41 + aerqq (128)
where we defined
Brer = lim QL (gi(ry) —x) (129)

Using (128) and grouping terms together, we can rewrite the
cost function E; (&, ') from (125) as

lim Et+1 ((3[, 7'/)
—00

0 lim (& + acf (7)) (e — &) + oy — @)?
N—o00
= lim (cg +ac (") + Aoy — 64)) (g — &)  (130)
N—o00
where
) = —2(vp, — vw + 6,+1Bf+1S "Sm;) (131)
() = —2— b ,STSm, (132)
c?zvht—Nl\Sth2 (133)
Thus, the second root &» of this function follows
lim ¢ + Ggct (1) + c2(ay — dz) = 0 (134)
N—o00
Solving for &s gives
lim dg(r') % lim -4 (135)

N—oc0

which completes the proof.

APPENDIX C

In this section, we prove Lemma 1 which states that
Theorem 1 holds for the error vectors h; = 7; — x and
q; = 8¢ — X, where

o1 - -
Ty = c (AT.ft(St+17Y) - St+1’Yt) (136)
1 - - -
Sty1 = a (gt(rt) - Tt%) (137)
and «; satisfies
i o e

at ever iteration. The proof is by induction: we assume that
Lllre — 7|/ =" 0 holds and that this implies ||s;41 —
5i41]|2 2 0. The 1mphcat10r1 that +||si11 — e[ = 0
leads to & |rs41 — Frp1|[2 “2 0 is proved in the same way.

Using the triangular inequality, we can bound the difference
of sy11 and §;y1 from (4) and (137) as

lIst+1 — Se4all?

_ Hcis(gt(rt) ~riar) — éls(gt(ft) +ft5zt)H2

< Hcisgt(rt) - Cl,sgt(":t)HZ + ’ !

Similarly, we can show the following for the first inner-product
from above

1

27 I‘t) =

HC’ c. =g¢(7+)

}gt() !

‘ 2

gt I‘t

- Hﬁ(gt(rt) —&i(71)) + (a - a)gt(ﬂ)
(* - i)gt(ft)

:

<HC’ (gt(r) — 8e(7r)) H +’
(140)

Here, we can use Assumption 3 about g; being a Lipschitz
continuous function, which implies

_ L ~ 2
din e - ol < i e =l
=0 (141)

where L = O(1) is some constant and the last step follows
from the induction hypothesis. Recall that the definition of the
scalars C and C; are [8], [15]

Cszl—Oét észl—&t

SO that T m

3 statlng ‘that the norm +||gt(7¢)||? is bounded and (138) to
obtain

Then we can use Assumption

1 1

N (0553)213 )

gt(Ft)

2 1 _
7

T Qp — Oy .5.
= Jm ((1%)(1@) 0 (142)

2
‘ a.s




Thus, the first component of (139) almost surely converges to
zero. In the same way, we can analyze the second component.
Following the same steps, we obtain

&7 gome|
=Ty — T«
] tte Cs ttt
1 _ . 1 R+ - - ’2
= || =Tttt — Tt — —T+x — Tt
i ttt CS ttee Cs tt Cs ttt
1 1\ - 1 ,_ . 2
= H(a - CS)Ttat+a(rtat —I'tat> ‘
1 1N2 502 10 1. - 2
< (a —a) « H"“t” "FC? 7"tOét_rtO%H (143)

Since r; = x + hy, and both of these vectors have bounded
second moments as follows from Theorem 1 and Assumption
3, we have that

f (1 1>2~21II~H”‘“'0 (144)
im (= ——=—) a“—||F =
NS \G, €/ © N
Similarly, we have
||7edy — roou||?
= ||Ft@ — rroq +re6y — rt&tHz
= [|(Ft — r¢) G + (G — c)e]]?
< aF[[F —rl|? + (@ — ar)?||re| P =0 (145)

where we used the induction hypothesis and (138). Combin-
ing all the above results confirms that (139) almost surely
converges to zero under the induction hypothesis. Since
fi(S¢s1,y) is a linear mapping, which further implies that
~: is Lipschitz continues as follows from the definition
(11), the proof of that +|[sir1 — e41]|> = 0 implies
lrer — Fepa|[? =7 0 follows exactly the same steps as
above.

APPENDIX D

Next, we show that for a pair of indices 7 # 7/, (1,7') < t,
the condition

R s 1
ngnoo T A’ Ah, # A}gnoo NQT'A Ah, (146)
is asymptotically equivalent to
N o 1op
A}gnoo N (y — Ary) # ]\;gnoo Nz (y — Ary). (147)

Here y and A are from (1), z; = y — As; and the error
vectors are

qi =8 — X h; =r; —x (148)

where r; and s; are from (3)-(4). First, note that from the
definition of z;, y and q¢, we have
7z, =w— Aqy

Then, we can show that the left hand side of (146) is equivalent
to

1
lim —qfATAh
im 4, ¢

N—oo
_ 7 1 T L p
= A}E}noo —N(w —Aqg;) A(ry —x) + ~V Ah,
a.s. . 1
2 lim ——zl A(ry — x) + vy, (149)
N—o0
. 1 5
= ngnoo—NzT (Ar; — Ax4+w — W) + vy,
s I I p
= A}gnoo—NzT (Ar, —y) + vy — NI W
a.s. ;. 1 T
= 1\}51100 NZT (y — Ary) + vy — vy (150)
where (149) uses the result limpy_, %WTAht =2, from
[10], while the last step is based on the fact that
. LT _ LT _
i, e = i o~ A
a.s. . 1 a.s.
= lim —w!w = vy, (151)
N—o0

where we used the asymptotic orthogonality of w and Aq.
from (15). Finally, applying (150) to both sides of (146) gives
(147).
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