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Abstract

Motivated by the prevalent data science applications of processing and mining large-scale
graph data such as social networks, web graphs, and biological networks, as well as the high I/O
and communication costs of storing and transmitting such data, this paper investigates lossless
compression of data appearing in the form of a labeled graph. In particular, we consider a widely
used random graph model, stochastic block model (SBM), which captures the clustering effects in
social networks. An information-theoretic universal compression framework is applied, in which
one aims to design a single compressor that achieves the asymptotically optimal compression
rate, for every SBM distribution, without knowing the parameters of the SBM that generates
the data. Such a graph compressor is proposed in this paper, which universally achieves the
optimal compression rate for a wide class of SBMs with edge probabilities ranging from O(1) to
Q(1/n?7¢) for any 0 < € < 1.

Existing universal compression techniques are developed mostly for stationary ergodic one-
dimensional sequences with fized alphabet size and entropy linear in the number of variables.
However, the adjacency matrix of SBM has complex two-dimensional correlations and sublinear
entropy in the sparse regime. These challenges are alleviated through a carefully designed
transform that converts two-dimensional correlated data into almost i.i.d. blocks. The blocks
are then compressed by a standard Krichevsky—Trofimov compressor, whose length analysis is
generalized to identically distributed but arbitrarily correlated sequences with slowly growing
alphabet size and sublinear entropy. In four benchmark graph datasets (protein-to-protein
interaction, LiveJournal friendship, Flickr, and YouTube), the compressed files from competing
algorithms (including CSR, Ligra+, PNG image compressor, and Lempel-Ziv compressor for
two-dimensional data) take 2.4 to 27 times the space needed by the proposed scheme.
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1 Introduction

In many data science applications, data appears in the form of large-scale graphs. For example,
in social networks, vertices represent users and an edge between vertices represents friendship; in
the World Wide Web, vertices are websites and edges indicate the hyperlinks from one site to
the other; in biological systems, vertices can be proteins and edges illustrate protein-to-protein
interaction. Such graphs may contain billions of vertices. In addition, edges tend to be correlated
with each other since, for example, two people sharing many common friends are likely to be friends
as well. How to efficiently compress such large-scale structural information to reduce the I/O and
communication costs in storing and transmitting such data is a persisting challenge in the era of
big data.

The literature on graph compression is vast. Existing compression schemes follow various dif-
ferent methodologies. Several methods exploited combinatorial properties such as cliques and cuts
in the graph [1,2]. Many works targeted at domain-specific graphs such as web graphs [3], biology
networks [4, 5], and social network graphs [6]. Various representations of graphs were proposed,
such as the text-based method, where the neighbor list of each vertex is treated as a “word” [7,8],
and the k2-tree method, where the adjacency matrix is recursively partitioned into k? equal-size
submatrices [9]. Succinct graph representations that enable certain types of fast computation, such
as adjacency query or vertex degree query, were also widely studied [10]. While most compression
schemes are for labeled graphs, there are also works considering lossless compression of unlabeled
graphs [11-13], graphs with marks on its edges and vertices [14-16], or (correlated) data on the
graph [17,18]. We refer the readers to [19] for an exhaustive survey on lossless graph compression
and space-efficient graph representations.

In this paper, we take an information theoretic approach to study lossless compression of a
graph. We assume the graph is generated by some random graph model and investigate lossless
compression schemes that achieve the theoretical limit, i.e., the entropy of the graph, asymptotically
as the number of vertices goes to infinity. When the underlying distribution /statistics of the random
graph model is known, optimal lossless compression can be achieved by methods like Huffman
coding. However, in most real-world applications, the exact distribution is usually hard to obtain
and the data we are given is a single realization of this distribution. This motivates us to consider
the framework of universal compression, in which we assume the underlying distribution belongs
to a known family of distributions and require that the encoder and the decoder should not be
a function of the underlying distribution. The goal of universal compression is to design a single
compression scheme that universally achieves the optimal theoretical limit, for every distribution
in the family, without knowing which distribution generates the data. For this paper, we focus on
the family of stochastic block models, which are widely used random graph models that capture the
clustering effect in social networks. Our goal is to develop a universal graph compression scheme
for a family of stochastic block models with as wide range of parameters as possible.

How to design computationally efficient universal compression scheme is a fundamental question
in information theory. In the past several decades, a large number of universal compressors were
proposed for one-dimensional sequences with fixed alphabet size, whose entropy is linear in the num-
ber of variables. Prominent results include the Laplace and Krichevsky—Trofimov (KT) compressors
for i.i.d. processes [20,21], Lempel-Ziv compressor [22,23] and Burrows—Wheeler transform [24] for
stationary ergodic processes, and context tree weighting [25] for finite memory processes. Many of
these have been adopted in standard data compression applications such as compress, gzip, GIF,
TIFF, and bzip2. Despite these exciting developments, existing universal compression techniques
fall short of establishing optimality results for graph data due to the following challenges. Firstly,
graph data generated from a stochastic block model has non-stationary two-dimensional correlation,



so existing techniques do not immediately apply here. Secondly, in many practical applications,
where the graph is sparse, the entropy of the graph may be sublinear in the number of entries in
the adjacency matrix.

For the first challenge, a natural question arising is: can we convert the two-dimensional ad-
jacency matrix of the graph into a one-dimensional sequence in some order and apply a universal
compressor for the sequence? For some simple graph model such as Erdés—Rényi graph, where
each edge is generated i.i.d. with probability p, this would indeed work. For more complex graph
models including stochastic block models, it is unclear whether there is an ordering of the entries
that results in a stationary process. We will show in Section 6 several orders including row-by-row,
column-by-column, and diagonal-by-diagonal fail to produce a stationary process. We alleviate this
challenge by designing a decomposition of the adjacency matrix into blocks. We then show in The-
orem 3 that with a carefully chosen parameter, the block decomposition converts two-dimensional
correlated entries into a sequence of almost i.i.d. blocks with slowly growing alphabet size. To ad-
dress the second challenge, we adjust the standard definition of universality, which normalizes the
compression length by the number of variables. The new definition of universality accommodates
data with unknown leading order in its entropy expression.

Lossless compression for stochastic block models was first studied by Abbe [17] (albeit not un-
der the universal compression framework). The focus there is two-fold: 1) compute the entropy
of the stochastic block model; 2) explore the relation between community detection and compres-
sion. Several interesting questions were presented: Knowing the community assignments will help
compression since edges can be grouped into i.i.d. subsets. But is community detection necessary
for compression? In the regime when community detection is not possible, how do we compress
the graph? We answer these questions in this paper by presenting a universal compressor that
does not require knowledge of the edge probabilities, the community assignments, or the number of
communities. OQur compressor remains universal even in the regime when community detection is
information theoretically impossible. As a consequence, universal compression is a fundamentally
easier task than community detection for stochastic block models.

Recently, universal compression of graphs with marked edges and vertices is studied by Delgosha
and Anantharam [16,26]. They focus on the sparse graph regime, where the number of edges is in
the same order as the number of vertices n. They employ the framework of local weak convergence,
which provides a technique to view a sequence of graphs as a sequence of distributions on neighbour-
hood structures. Built on this framework, they propose an algorithm that compresses graphs by
describing the local neighbourhood structures. Moreover, they introduce a universality /optimality
criterion through a notion of entropy for graph sequences under the local weak convergence frame-
work, known as the BC' entropy [27]. This universality criterion is stronger than the one used in
this paper. It requires the asymptotic length of the compressor to match the constants in both
first and second order terms in Shannon entropy, whereas the universality criterion we use only
requires to match the first order term. As a consequence of the stronger criterion, the compressor
in [26] is universal over a smaller random graph family. In comparison, we expand the range of
edge numbers from ©(n) in the sparse regime to ©(n®) for every 0 < a < 2 and propose a single
universal compressor for the whole family under the weaker universality criterion. In Section 5, we
evaluate the proposed compressor under the criterion in [26] for the family of symmetric SBMs.
The proposed compressor achieves a similar performance in terms of BC entropy in the sparse
regime.

The rest of the paper is organized as follows. In Section 1.1, we define universality over a family
of graph distributions and the stochastic block models. We present our main result in Section 1.2,
which is a graph compressor that is universal for a family containing most non-trivial stochastic
block models. We describe the proposed graph compressor in Section 2. We illustrate key steps in



establishing universality in Section 3 and elaborate the proof of each step in Section 4. In Section 5,
we provide the second order analysis of the expected length of our compressor and compare it to
the one in [26] In Section 6, we explain why existing universal compressors developed for stationary
processes may not be immediately applicable for some one-dimensional ordering of entries in the
adjacency matrix. In Section 7, we implement our compressor in four benchmark graph datasets
and compare its empirical performance to four competing algorithms.
Notation. For an integer n, let [n] = {1,2,...,n}. Let log(:) =

standard order notation: f(n) = O(g(n)) if lim, ‘fgng‘ < o003 f(n) = (
f(n) = O(g(n)) if f(n) = O(g(n)) and f(n) = Q(g(n)); f(n) = o(g(n
1

F(n) = w(g(n)) if limy, oo 4 = 00s and f(n) ~ g(n) if lim, o0 24 =

1.1 Problem Setup

For simplicity, we focus on simple (undirected, unweighted, no self-loop) graphs with labeled vertices
in this paper. But our compression scheme and the corresponding analysis can be extended to more
general graphs. Let A, be the set of all labeled simple graphs on n vertices. Let {0,1} be the
set of binary sequences of length i, and set {0,1}* = UX{0,1}". A lossless graph compressor
C: A, — {0,1}* is a one-to-one function that maps a graph to a binary sequence. Let ¢(C(A4,,))
denote the length of the output sequence. When A,, is generated from a distribution, it is known
that the entropy H(A,) is a fundamental lower bound on the expected length of any lossless
compressor [29, Theorem 8.3]

H(An) —log(e(H (An) + 1)) < E[((C(An))], (1)

and therefore E[¢(C(AL))]
iminf 2\ S
R T,

Thus, a graph compressor is said to be universal for the family of distributions &2 if for all distri-
bution P € & and A,, ~ P, we have

: E[((C(4))]
111an—> Solép A (4,)

A stochastic block model SBM(n, L,p, W) defines a probability distribution over A,. Here
n is the number of vertices, L is the number of communities. Each vertex i € [n] is associated
with a community assignment X; € [L]. The length-L column vector p = (p1,p2,...,pr)" is a
probability distribution over [L], where p; indicates the probability that any vertex is assigned
community i. W is an L x L symmetric matrix, where W;; represents the probability of having
an edge between a vertex with community assignment ¢ and a vertex with community assignment
j. We say A, ~ SBM(n,L,p, W) if the community assignments X3, Xs,...,X,, are generated
ii.d. according to p and for every pair 1 < i < j < n, an edge is generated between vertex i
and vertex j with probability Wx, x,. In other words, in the adjacency matrix A, of the graph,
Ajj ~ Bern(Wy, x,) for i < j; the diagonal entries A; = 0 for all i € [n]; and A;; = Aj; for i > j.
We assume all the entries in W are in the same regime f(n) and write W = f(n)Q, where Q is an
L x L symmetric matrix with constant entries Q;; = ©(1) for all ¢, j € [L]. We assume all entries

=1 (2)



in p are ©(1). We will consider two families of stochastic block models: For 0 < e < 1,

P1(e): SBM with L = 0(1), f(n) = O(1), f(n) =Q (—21,—6) , (3)

P(e): SBM with L = O(1), f(n) = o(1), f(n) = Q (%) . (4)

Note that the edge probability ;15 is the threshold for a random graph to contain an edge with high
probability [30]. Thus, the family 2 (€) covers most non-trivial SBM graphs. Clearly, % (e) is a
strict subset of &) (¢), as it does not contain the constant regime f(n) = 1.

1.2 Main Results

The main contribution of this paper is providing two compressors universal over the classes Z(¢)
and H,(e) respectively for 0 < € < 1. Note that a compressor universal over the class 27 (¢) is also
universal over the class &3 (€), but our compressor designed specifically for the class %;(e) has a
lower computational complexity. We will formally state the results in the next two theorems.

Theorem 1 (Universality over &71). For every 0 < e < 1, the graph compressor Cy defined in
Section 2 is universal over the family 271 (e) provided that

0<d<e, k<+/dlogn, and k=uw(l).

Theorem 2 (Universality over &3). For every 0 < € < 1, the graph compressor Cy defined in
Section 2 is universal over the family Pa(e).

For now, one can think of k£ as a parameter that defines a compression scheme Cp—the exact
definition will become clear in the next section when we precisely define the compressors.

2 Algorithm: Universal Graph Compressor

In this section, we describe our universal graph compression scheme. For each k that divides n, the
graph compressor C: A, — {0,1}* is defined as follows.

e Block decomposition. Let n' = . For 1 <1,j </, let B;; be the submatrix of A,, formed
by the rows (i — 1)k +1, (i — 1)k +2,...,ik and the columns (j —1)k+1,(j —1D)k+2,...,jk.
For example, we have

A1 Argre 0 A
A1 Agpyo -0 Agag

Bi=| . . . (5)
Apkr1 Argr2 - Arok

We then write A4,, in the block-matrix form as

Bii B2 -+ By
A= | om P B ©
Bui Buz - Buw
Denote
Byt = B12,B13,B23,B14,B24, B34, ..., By, - B (7)



as the sequence of off-diagonal blocks in the upper triangle and
Bd = B117 B227 o 7Bn’,n’ (8)
as the sequence of diagonal blocks.

e Binary to m-ary conversion. Let m := 2¥ . Each k x k block with binary entries in the
two block sequences By and By is converted into a symbol in [m)].

e KT probability assignment. Apply KT sequential probability assignment for the two
m-ary sequences By and By respectively. Given an m-ary sequence xi1,%o,...,zrn, KT
sequential probability assignment defines N conditional probability distributions over [m] as
follows. For j =0,1,2,..., N — 1, assign conditional probability

T my for each i € [m], 9)

grr(ila’) = qrr (X =i X/ = a7) =

where X7 = (Xy,...,X;),2? = (v1,29,...,2;), and N;(a?) = Z£:1 1{x) = i} counts the
number of symbol i in 7.

e Adaptive arithmetic coding. With the KT sequential probability assignments, compress
the two sequences B¢ and By separately using adaptive arithmetic coding [31] (see description
in Algorithm 1). In case k = 1, the diagonal sequence By becomes an all-zero sequence since
we assume the graph is simple. So we will only compress the off-diagonal sequence B;.

Algorithm 1: m-ary adaptive arithmetic encoding with KT probability assignment

Input : Data sequence z!V, alphabet size m

Initialize lower = 0,upper = 1, logprob =0, N; = Ng =--- = N,,, = 0;
for j=0,1,...,N —1do

range <— upper — lower;

fori=1,2,...,2j41 do

L Compute gxr(ilz?) = ]]Vig//g’

upper < lower + range - > ;o1 qir(ilz?);
lower < upper — range - kT (Zj+1]27);
Najyy & Nojyy + 1

logprob < logprob + log(qKT(:Ej+1|:Ej));

Output: the binary representation of %(lower + upper) with [—logprob| + 1 bits

Given the compressed graph sequence y”, the number of vertices n and the block size k, the
graph decompressor Dy : {0,1}* — A, is defined as follows.

e Adaptive arithmetic decoding. With the KT sequential probability assignments defined
in (9), decompress the two code sequences for By, and By separately using adaptive arithmetic
decoding (see Algorithm 2). The length of data sequence By and Bq are (7 —1)/2 and %
respectively.

e m-ary to binary conversion. Each m-ary symbol in the sequence is converted to a k?-bit
binary number and further converted into a k x k block with binary entries.



Algorithm 2: m-ary adaptive arithmetic decoding with KT probability assignment

Input : Binary sequence y”, alphabet size m = 2k2, length of data sequence N

Add ‘0. before sequence y” and convert it into a decimal real number Y. Initialize
lower = Q,upper =1, Ny =No=--- = N,, =0;

for j=0,1,...,N —1do

range < upper — lower;

fori:=1,2,...,m do
0o Ni+1/2
L Compute gxr(ilz?) = jﬁn//g;

Find minimum z € [m] such that lower + range - Y ; ; gkr(ilz?) > Y;
upper < lower + range - Y, gkr(ilz?);

lower < upper — range - gkr(2|z7);

N, + N, +1;

Tjy1 < 25

Output: the m-ary data sequence x1,x2, - , TN

e Adjacency matrix recovery. With the blocks in By and Bg, recover the adjacency matrix
of A, in the order described in (6), (7), and (8).

One can check that Cj is well-defined. The block decomposition and the binary to m-ary
conversion are clearly one-to-one. It is also known that for any valid probability assignment,
arithmetic coding produces a prefix code, which as also one-to-one.

The computational complexity of the proposed algorithm is O(2k2n2). For the choice of k that
achieves universality over 27 (e) family in Theorem 1, O(2"'n?) = O(n2*9) for § < e. For the
choice of k that achieves universality over Zy(e) family in Theorem 2, O(2¥n2) = O(n?).

The orders in By and By do not matter in terms of establishing universality. The current
orders in (7) and (8) together with arithmetic coding enable a horizon free implementation. That
is, the encoder does not need to know the horizon n to start processing the data and can output
partial coded bits on the fly before receiving all the data. This leads to short encoding and decoding
delay. For some real-world applications, for example, when the number of users increases in a large
social network, this compressor has the advantage of not requiring to re-process existing data and
re-compress the whole graph from scratch.

Remark 1 (Laplace probability assignment). As an alternative to the KT sequential proba-
bility assignment, one can also use the Laplace sequential probability assignment. Given an m-ary

sequence x1, 9, ..., Ty, Laplace sequential probability assignment defines N conditional probability
distributions over [m] as follows. For j =0,1,2,..., N — 1, we assign conditional probability

qu(Xj1 =i X! =a7) = for each i € [m]. (10)

j+m
Both methods can be shown to be universal, while Laplace probability assignment has a much
cleaner derivation. However, KT probability assignment produces a better empirical performance.
For this reason, we keep both in the paper.



3 Main Ideas in Establishing Universality

In this section, we establish the universality of the graph compressor in Section 2.

Graph Entropy We first calculate the entropy of the (random) graph A,,, which, recall, is the
fundamental lower bound on the expected compression length for any compression scheme. Since
to establish optimality we need to show that limsup,, w < 1, we will only be concerned
with the first order term in H(A,).

Lemma 1 (Graph entropy). Let A,, ~ SBM(n,L,p, f(n)Q) with f(n) = O(1), f(n) = (#), and
L =0(1). For0<p <1, let h(p) & —plog(p) — (1 — p)log(l — p) denote the binary entropy
function. For a matriz W with entries in [0, 1], let h(W') be a matriz of the same dimension whose
(i,7) entry is h(W;j;). Then

H(A) = <Z> H(A12] X1, X2)(140(1)) (11)

:<Zﬁ9MﬂanrwﬂﬁhUm»% (12)

In particular, when f(n) = (#) and f(n) = o(1), expression (12) can be further simplified as

n 1
H(Ap) = n)log [ — | (P"Qp + o(1)). 13
() = (5 ) #0008 (575 ) 7@+ 0l1) (13)
Remark 2. In the regime f(n) = Q (%) and f(n) = O(1), the above result has been established
in [17]. We extend the analysis to the regime f(n) = o (%) and f(n) = Q(%).

n?2
Remark 3. Lemma 1 can be used to calculate the entropy of the graph for certain important
regimes of f(n), in which the SBM displays characteristic behavior. For f(n) = 1, we have H(A4,,) =
(5)h (PTQp) (1 + 0(1)); for f(n) = 1"% (the regime where the phase transition for exact recovery

of the community assignments occurs [32, 33]), we have H(4,) = "lng%(pTQp + o(1)); when

fln) = % (the regime where the phase transition for detection between SBM and the Erd6s—Rényi
model occurs [34]), we have H(A,) = "IZ&(pTQp +0(1)); when f(n) = 2 (the regime where the
phase transition for the existence of an edge occurs), we have H(A,) = logn(p? Qp + o(1)).

Asymptotic i.i.d. via Block Decomposition To compress the matrix A4,,, we wish to decom-
pose it into a large number of components that have little correlation between them. This leads
to the idea of block decomposition described previously. Since the sequence of blocks are used to
compress A,, the next theorem claims these blocks are identically distributed and asymptotically
independent in a precise sense described as follows.

Theorem 3 (Block decomposition). Let A, ~ SBM(n,L,p, f(n)Q) with f(n) = Q (=) for
some 0 < e <1, f(n)=0(1), and L = O(1). Let k be an integer that divides n and n' = n/k.
Consider the k x k block decomposition in (6). We have all the off-diagonal blocks share the same
joint distribution; all the diagonal blocks share the same joint distribution. In other words, for any

1 <'iy,idg, J1, jo < 0 with iy # ji,12 # jo and 1 < 1y,lo < n', we have

d
Bi17j1 =B

12,J29

d
Bl1,l1 = B12712'



In addition, if k = w(1) and k = o(n), we have

. H(But)
lim ———— = 1. 14

Length Analysis for Correlated Sequences Thanks to this property of the block decompo-
sition, we hope to compress these blocks as if they are independent using a Laplace probability
assignment (which, recall, is universal for the class of all m-ary iid processes). However, since these
blocks are still correlated (albeit weakly), we will need a result on the performance of Laplace
probability assignment on correlated sequences with identical marginals, which we give next.

Theorem 4 (Laplace probability assignment for correlated sequence). Consider arbitrarily corre-
lated Z1,Zs, ..., ZN, where the marginal distribution of each Z; is identically distributed over an
alphabet of size m > 2. Let (1 (V) = log m where qi,(+) is the marginal distribution induced by
Laplace probability assignment in (10)

NiINy!-- - N, 1
qr(zV) = N (15)
N QA
We then have
E[tL(ZN)] < mlog(2eN) + NH(Z). (16)

We provide a similar result for the KT probability assignment.

Theorem 5 (KT probability assignment for correlated sequence). Consider arbitrarily correlated
Z, 4o, ..., Zn, where the marginal distribution of each Z; is identically distributed over an alphabet
of size m > 2. Let lxr(2V) = log m where qgr(+) s the marginal distribution induced by KT
probability assignment in (9)

(2N, — DIN(©2Ny — DI+ (2N, — 1)1

axr(z") = m(m+2)---(m+ 2N —2) (7
with (—1)!! = 1. We then have
Eltxr(Z2™)] < 3 log (e(1+ 37)) + 3 log(nN) + NH(Z1). (18)

We are now ready to prove Theorem 1.

Proof of Theorem 1. We will prove the universality of C} for both KT probability assignment
and Laplace probability assignment. Note that the upper bound on the expected length of KT
in (18) is upper bounded by the upper bound on the length of Laplace in (16). So it suffices to
show Laplace probability assignment is universal.

We use the bound in Theorem 4 to establish the upper bound on the length of the code. Recall
that here we compress the diagonal blocks By (m = 2k -sized alphabet, N = n’ blocks) and the
off-diagonal blocks By (m = 2kn _sized alphabet, N = (’g) blocks) separately. We have,

E(/(Ck(An)) — E(fL(But)) + E(fL(Ba))
H(A,) H(A,)
(ZI)H(BH) + 252 log ( ) n'H(B1y) + 2% log(2en’)
= H(A,)




—
S

) (ZI)H(BH) + 2k log (enz) +nH(Bq1) + okn log(2en)
H(Ap)
(V) H(Bys) + 2% log (262n%) + nk2 H (Ay2)
H(Ap)
_ (ZI)H(BH) n 2k log (2¢?n?) n nk2H (A2)
H(A,) H(A,) H(A,)

IN

—
INS

where in (a) we bound (g,) < n?andn’ < n,and in (b) we note that H(By;) < k2 H(A12) since there
are k2 — k,, elements of the matrix (all apart from the diagonal elements) are distributed identically
as Ajo. We will now analyze each of these three terms separately. Firstly, using Theorem 3 yields

that % — 1. Next, since f(n) = Q (=5—), we have H(A,) = Q(nlogn) and subsequently

substituting &, < /0 logn, we have

2k7 Jog(2en3) n®logn S—e
H(A,) _O<nelogn> —O(n ) = o(l)

since ¢ < e. Moreover, we have

k2 H(A) _ nkZH(Aw2)  nk2H(Ap) (ﬁ) = o(1),

H(An) - H(An|X”) N (g)H(Alngl,Xg) N n

where the penultimate equality used the fact that H(As) ~ H(A12| X1, Xo) (since h(f(n)p’ Qp) ~
p ' h(f(n)Q)p). We have then established that

E(UCk(An)) _ (5)H(Bio) . 2% log (2en®)  nk2H(A)
H(An) T H(Ap) H(Ay) H(Ay)
=1+o0(1),
which finishes the proof. O

The proof of Theorem 2 follows similar arguments as in Theorem 1 and is deferred to Section 4.5.

4 Proof of Universality

4.1 Graph Entropy
Proof of Lemma 1. Note that

H(A,) = H(A, | X™) + I[(X™; Ay)
— <Z>H A | X1, Xo) + I(X™; A) (19)
- <Z> p h(f(n)Q)p + I(X"™; Ay), (20)



where (20) follows since all the (g‘) edges are identically distributed and also independent given X"
and consequently

H(A,|X") = <Z>H(A12!X1,X2) = <g> %:H(Alz\Xl =i, X2 = j)pipj = <Z>PT}1 (f(n)Q)p.

When f(n) = 0(1), we see that since
0<I(X™A,) <HX")=nH(X;) <nlogL,

we have that H(A,) = (5)p"h(f(n)Q)p + o (n®h(f(n))).
Next, consider the case when f(n) = o(1) and f(n) = Q (glg) By properties of the entropy, we
have

n

H(A,|X™) < H(A,) < <2

>H(A12)- (21)

Note that
P(A1 = 1) =) P(Aip = 1|X1 =i, X5 = j)pip; = p" f(n)Qp,
i,J

which yields that H (Aj2) = h (f(n)p” Qp). Substituting this in (21) gives

(5)p" @ < ma) < (4 ) (f0p" Q). (22)
Note now for any g(n) = o(1), we have

h(g(n)) = —g(n)log g(n) — (1 — g(n))log(1 — g(n))

= —g(n)log g(n) <1 +4 gg(zg))llgg(gl(_) = ))> '

M_)—l and

By noting that 0 1( v~ 0 as g(n) — 0 we see that

Tog(g(n))

h(g(n)) = g(n)log ——(1 + o(1)).

s
g9(n)
Using this, we note that p’h(f(n)Q)p = p’ Qpf(n)log ﬁ(l + o(1)) and h(f(n)p’Qp) =
p’'Qpf(n)log ﬁ(l + o(1)). Finally, substituting this into (22) yields

14 = ()" QpF() o8 1151+ (1)

1
f(n)
as required. O

4.2 Asymptotic i.i.d. via Block Decomposition

We first invoke a known property of stochastic block models (see, for example, [35]). We include
the proof here for completeness.

Lemma 2 (Exchangeability of SBM). Let A,, ~ SBM(n, L, p, W). For a permutation  : [n] — [n],

10



let w(Ay,) be an n x n matriz whose (i,j) entry is given by Ar@)x(j)- Then, for any permutation
71 [n] = [n], the joint distribution of A, is the same as the joint distribution of w(A,), i.e.,

A L r(4,). (23)

Proof. Let a, be a realization of the random matrix A4, and 7(X™) be the permuted vector
(Xrz(1)s -+ Xn(n)). For any symmetric binary matrix a,, with zero diagonal entries, we have

P(A, =a,) = Z P(A, = an, X" =2")

xne[L]n
Z P(Ap = ap| X" =2") [ P(X; = z)
z"€[L i=1
= Z H P(Aij = aij| Xi = i, Xj = z;) HP
el 1<z<’]g<n =1
Z H Wayay)™ (1 = Wl‘ivl‘j)l_aij H P(Xr(i) = =)
wrelt " 1<idi<n =1
23 H P(An(ir(s) = 15| X = 2 Xn(g) = 23) [[ Py = 22)
el 1<Z<]<n =1
Z P(m(Ap) = an, 7(X") = 2")
ane(L

= P(W(An) = an),

where (a) follows since X" are i.i.d. and thus P(X; = x;) = P(X,;) = x;) and (b) follows since
Aij ~ Bern(Wy; x;), and thus

Wai a: ifa; =1
P(Aij = a;j| Xi = x5, Xj = o) = T3 * 24
(45 =0y i =) L—mm e (29
aij 1—a;;
- (mel‘j) ! (1 - Wxi,xj) 7. (25)
The step in (c) follows since Az () »(j) ~ Bern(Wx_ ;) x, ;) and the conditional probability has the
same expression as in (25). O

Now we are ready to establish Theorem 3.

Proof of Theorem 3. For any i1 # j1 and ig # jo, consider a permutation 7y : [n] — [n] that has

(LE) . { xr + (’iQ — Zl)k‘n for (’il — 1)k’n +1<x<ik,
T 24 (o — 1k for (i — Do +1< 2 < jik

and the remaining n — 2k,, arguments are mapped to the n — 2k, values in [n] \ {(i2 — 1)k, +

1,... iokn, (jo —1)kn, ..., j2kn} in any order. Lemma 2 implies that B;, ;,, which is the submatrix
formed by the rows (i1 — 1)k, + 1,...,41k, and the columns (j; — 1)k, + 1,...,j1k, has the same
distribution as the submatrix formed by the rows 71 ((iy — 1)k, +1),...,m1(i1ky,) and the columns

11



m1((j1 —1kn+1),...,m1(j1ky). From the definition of 7, we see that the latter submatrix is By, j,

and we establish that B;, j, 4 B,, j,. Similarly, defining a permutation 7 : [n] — [n] which has

7T2(33) = T+ (lg — ll)kn for (ll — 1)kn +1 <z < llkn

and invoking Lemma 2 establishes By, ;, 4 By, .-
Now, clearly H(By) < (g/)H (B12), and therefore we have
H(By)

limsup———F— <

Moreover we have H(A,) = H(By,Bq) < HBy) + HBq) < HBy) + W H(B11) < H(By) +
n'k2h(A12) where the last inequality follows by noting that except for the diagonal elements of
By (which are zero and thus have zero entropy), all other elements have the same distribution as
A1a. We therefore obtain H(By) > H(A,) — n'k2h(A12) = H(A) — nkyh(A) > H(A,|XT) —
nkph(Arz) = (5)pTh(f(n)Q)p — nknh(f(n)p” Qp). Consequently,

HB,) () (PP Q) - 2enfrpman)

(26)

(5)H(B12) — (%) H (B12) 27
We will now analyze the right hand side of (27) in two parameter ranges.
e f(n)=1: We have
H(Biz) € H(Biol X7) + H(XP)
< H(Bu2| X7™) + 2k, H (p)
D2 (Ars, | X0, Xe,) + 20 H (p)
<2 (prh@p + 2755, (29)

where (a) follows from the chain rule and (b) follows since all elements of the matrix Bio are
independent given X7, ---, X, . Plugging this into the right hand side of (27) we obtain

B, () (PTH(Qp - 2o

n’ = / (29)
(3)H®Bi2) ~ (3)k2 (pTH(Q)p +2"EL )
Since ky, = o(n), k, = w(1) and (Zl) k2 ~ (), we have from (29)
lim inf M >1, (30)

n—o00 (Z)H(Bm) -
which together with (26) yields the required result.

o f(n)=9 (n—12) ,f(n) =o(1) : Since Bis is a matrix of k2 identically distributed Bernoulli

12



random variables, we have

H(Bi2) < k2h(A1y,) = kah (f(n)p" Qp) . (31)

Plugging this into the RHS of (27) then yields

HBy) _ G) (P Qe - rdiprar)

n' = n/\ 1.2 T (32)
(3)H(Br2) () 2k (f(n)p" Qp)
We first observe that in this parameter range, since f(n) = o(1), we have by Lemma 1
P h(f(n)Q)p ~ h (f(n)p"Qp) . (33)
Finally using that k,, = o(n) and (Z,)k% ~ (3) establishes
lim inf n{{(it) > 1, (34)
n—o00 ( 5 )H(Bl2)
which together with (26) yields the required result.
U

4.3 Length of the Laplace Probability Assignment

Proof of Theorem /. Let us first elaborate the relation between probability assignment and com-
pression length. In Algorithm 1, the terms log(g(z;+1|27)) are added up, which lead to the marginal
probability implied by the sequential probability assignment

N-—-1 _ N-1 _
log(q(z41|27)) =log | [] alwjr1la?) | =log(g(z™)). (35)
j=0 Jj=0

The compression output length of Algorithm 1 is {log ﬁ—‘ + 1.

Now we analyze the compression length of Laplace compressor for the sequence Z1, Zs, ..., Zy.

Define §; .= P(Z; = i), N; == S0 1{Z = i},i € [m]. We have

1
®w )
o162 ... gNm
q.(zV)

:10g< m— 1 >+log <—N1!N2!---Nm!911922”.97” +log—6¥16§2”'9%n

(a)o N+m-—1 o 1
& m—1 go{“gé%...g%m

(") =lo

= log + log

o2 ... oo

im0 (e[ 1)) Hlog b
_(m_ )Og (& m_1+ +0g0{\710£\729%m
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- 1
< mlog(2eN) + Z N;log —,

(36)
i—1 0;

where (a) follows since WHN 19N 2...9Nm is a multinomial probability which is always upper

bounded by 1, and (b) follows since (}) < (%)k Taking expectation on both sides of (36), we
obtain

1

E[tr,(ZN)] < mlog(2eN) + Z E[N;]log — 0
i=1

(@ S 1
= mlog(2eN NO;log —
mlog(2e )+E 90g9.

i=1 !
=mlog(2eN) + NH(Zy),

where (a) follows since E[N;] = S0 E[1{Z; = i}] = NP(Z; = i) since the Z; are identically
distributed. O

4.4 Length of the KT probability assignment
Lemma 3. For any integer m > 0, Ny, Na,--- N,,, € N and probability distribution (01, --0,,),

(Nl,NJQV---Nm)H{Vl SR

( 2N )92N1 .. 92Nm 2 17
2N1,2No---2Npm, m

where N =" | N;.

Remark 4. Equivalently, consider an urn containing known number of balls with m different
colours. The lemma claims that the probability of getting N7 balls of colour 1, Ny of balls of colour
2, -+ Ny, balls of colour m out of N draws with replacement is always greater than the probability
of getting 2NV balls of colour 1, 2N5 of balls of colour 2, --- 2N, balls of colour m out of 2N draws
with replacement.

Proof. Let py = N1/N,ps = Na/N,-- ,py, = Ny, /N. Notice that Y ;" p; =1, so (p1,- - pm) can
be viewed as a probability distribution. And the entropy of this distribution is H(pi,- - pm) =
>, —pilog p;. Firstly we consider the case when Ny, Ny --- Ny, are all positive and none of them
equal to N. By Stirling’s approximation for factorial \/%(%)”el/(w”“) <nl < \/%(%)”61/12“,
we can bound

SN ATN 1 1 1 1
< N > - 2rNN™ exp <12N+1 ~ 12NT 12N, T 12Nm>
Ny, Ny --- N, (27T)m/2 (N{Ny--- Nm)1/2N1N1N2N2 . NTJr\L’m
1 1 1 1
©Xp <12N+1 ~ TN T T2N. T 12Nm>

m—1

(27T) 2 (pip2--pm)/2N 2

m—

Lo—NH(p1.p2, pm)

Similarly, we have

1 1 1
( 2N ) CXp < T AN 1 T AN+ T 24Nm+1>
Nm (

2N1,2Ny---2 27r) Lol (p1p2 pm)1/2N Lo—2NH(p: - o)
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Consider the function

_ 1 1 1 1 1 1 1 1
(N1, Ng, -+ Nip) = N1~ 2AN T (24N1+1 - 12N1) + (24N2+1 - 12N2) +oe Tt (24Nm+1 - 12Nm)
and the function
(n) 1 1
n)= -
I 2n+1 121’

where n is a positive integer. Function g(n) is minimized with n = 1 and min g(n) = 1/25 — 1/12
and we can bound function f(Ni, Na,---,Np,) > Wlﬂ — 5iv + (1/25 — 1/12)m. Finally we are
ready to prove the lemma.

N N Nm m—1
(N17N2"'N7n)91 P em > 272 eXp(f(N17N27 e 7Nm))

2N 2N 2Nm — N Npm
(o, 2828, )01+ Om 2NHPL-pm)g™ - Oy
m—1
2" exp (s — vy + (1/25 = 1/12)m)
= =N Dt (10)

— 95 9N Dk (pl16) 9log (o — iy +(1/25-1/12)m)
Notice that 12N+1 — 5ix goes to zero when N — oo, -1 > (1/25 — 1/12)m and Dy (P||6) > 0.

Therefore in this case,
( N )eNl . eNm
m

Ni,Na--
( 2N )92]\71 . 92Nm -
IN1,2No--2Nm ) V1 m

When one of {Ni}ﬁ\il equals to N, without loss of generality, we assume that Ny = N. We have

N N N
(Nl,NQ )0 e em B 1 -1
2N 2N 2N, N Non :
(2N1,2N2...2Nm)9 b Om 91 Lo b
When there are k numbers out of N1, No,--- , N,, that equal to zero, we can simply remove these
values and consider the case with alphabet size m — k. And this will yield the same result. O

Proof of Theorem 5. In this proof, we deﬁne a generalized form of factorial function. Let x be a

positive integer, (z + )1 = 12 .. (z + 1). Since (2N; — 1)!l = 2](\,%7]1\,) jis We have

212 -2 2 () (P2 (PN g (N

Therefore we can rewrite the KT probability assignment in (17) as

(3~ 1) )
qKT(ZN):2 mLN 1) E ;HNQN

B (7—1). 2N oy V! o (2IN;)!
S 2N(BAHN-DINN ) (2N) 1L N12N

(a) m_ )2 N! &~ (2N;)!
9 (31 e

W+ ="

|
i
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m N N m
(b) 2 0N (2 — 113 (Nl,N2...Nm)91 L Oy
- m —1 2N 2N 2N,
4N(N + % — %) 2 (2N1,2N2~~2Nm)9 b Om
. N! _ 1 1
where (a) follows that when m is even, EFN-1) — (VA1) (ZFN-1) =z (N+%_%)mT4 and when m
: N! N! _ 1 1 N _
is 0dd, TIN=I 2 TN T B3 -D 2 (vygpy st () follows that (i) =
it and 0; £ P(Z; =i). By lemma 3, we have (V) > o0 (5~ DY) . Thus,
ITZ, TR E By ’ W) = v vem -
txr(2Y) = log !
= grr (2V)
N(N 4 m - Ly=5t
<lo + lo 22
R N C G
1 m—1 m—1 4N m
~1 log (N +22) +1 log (5~ 1))!
0g PR + 5 og( + 5 > + log (2]@,) 0g 5
(a) 1 4N 1

1 ~1 —1 m_1
@log +m2 log(N—l—mT)—|—logV7rN—<%—1)log<2 >
Mo

m . e(g +N) 1
5 10 T +10g\/7TN—|—log70{V1”‘

m

m 1 1
= Elog (e(l + %)) + ilog(ﬂN) + ZNi log R

i=1 g

where (a) follows Stirling’s approximation k! > v/ 27Tk7(§)k6 241 and (b) follows Stirling’s approxi-

. . . . . N
mation for binomial coefficient, i.e., (215 ) ~ f—W' Therefore, we have
T

Eltkr(ZV)] < %mlog (e(142X)) + % log(mN) + NH(Z).

4.5 Proof of Theorem 2

Proof. Once again, we establish universality for both KT and Laplace probability assignment.
Following a similar argument as in the proof of Theorem 1, it suffices to show the universality of
Laplace. Since we are compressing N = (g) identically distributed bits using a Laplace probability
assignment, Theorem 4 yields

E(((C1(An))) _ log(2eN) + NH (Arn)

H(An)  — H(Ay)
log(2eN) + NH (A12)
- H(An|XT)
_ <log(2eN) + NH (A12)> H(Alg)
NH(A2) H(A2| X1, Xo)
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B log(2eN) h(f(n)p” Qp)
)

(f(m)pTQp) ) PTR(f(n)Q)P
@y +0(1)
s : . log(2eN) log(2en?) h(n~2=9pTQp)
Here, (a) is justified by noting that Nh(f%n)pTQp) < (Z)h(nig(Q*E)pTQp) h(f(n)piIF)Qp)p , and then
. o 6’/L2 n7(275) T
noting that (g)h(;:g((i@;TQp) = o(1) and W = O(1) when f(n) = Q (#) and that
H(h(f(n)p" Qp) ~ p"h(f(n)Q)p. O

Remark 5. When f(n) = 1, the compressor C} is strictly suboptimal. This is because the length
achieved by Cy is () (f(n)p"Qp) (1 + o(1)), whereas the first order term in the entropy is
(5)PTh(f(n)Q)p’. When f(n) is o(1), these two have the same first order term. However, when
f(n) is constant, p”h (f(n)Q)p” is strictly smaller than h ( f (n)pTQp) by concavity of entropy.

5 Second order analysis in the sparse regime

So far, we have shown that our algorithm always matches the first order term in the Shannon
entropy. Now, we proceed to analyze the second order term of the expected length of our pro-
posed compressor. We focus on the family of symmetric SBM with edge probability f(n) = 1/n
and evaluate the performance of our compressor using the framework of local weak convergence,
as introduced in [27]. This would allow us to compare the performance of our compressor to
the compressor proposed in [14]. We first introduce some basic definitions on rooted graphs in
Subsection 5.1. Then, we define the local weak convergence of graphs and derive the local weak
convergence limit of the symmetric stochastic block model in Subsection 5.2. Finally, we review the
definition of BC entropy in Subsection 5.3 and state the performance guarantee of our compression
algorithm in Subsection 5.4.

5.1 Basic definitions on rooted graphs

Let G = (V, E) be a simple graph (undirected, unweighted, no self-loop), with V' a countable set of

vertices and F/ a countable set of edges. Let u £ v denote the connectivity of vertices u and v in G.
G is said to be locally finite if, for all v € V', the degree of v in G is finite. A rooted graph (G, 0)
is a locally finite and connected graph G = (V, E,0) with a distinguished vertex o € V, called the
root. Two rooted graphs (G1,01) = (Vi, E1,01) and (G2, 02) = (Va, E2,09) are isomorphic, denoted
as (G1,01) ~ (Go,09), if there exists a bijection 7 : Vi — V5 such that 7(01) = 02 and u @ yif
and only if 7(u) % 7(v) for all u,v € Vi. One can verify that this notion of isomorphism defines
an equivalence relation on rooted graphs. Let [G, o] denote the equivalence class corresponding to
(G, 0). Let G* denote the set of all locally finite and connected rooted graphs. For (G,0) € G* and
h € N, we write (G, o), for the truncated graph at depth h of the graph (G, 0), in other words, the
induced subgraph on the vertices such that their distance from the root is less than or equal to h.
The equivalence classes [G, o], follows the similar definition. Let G; denote the set of all [G,0].
Now, we define the metric d* on G*. For any [G1,01] and [G2, 09], let

h = sup{h € Z" : (G1,01)n = (G2, 02)p, for some (G1,01) € [G1,01], (Ga,02) € [Ga,00]}

and define the metric d* as

d*([Gl, 01]7 [GQ,OQ]) = 14 ]Al
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As shown in [14], equipped with the metric defined above, G* is a Polish space, i.e, a complete
separable metric space. For this Polish space, let P(G*) denote the Borel probability measures on it.
We say that a sequence of measures u,, € P(G*) converges weakly to p € P(G*), written as p, ~ y,
if for any bounded continuous function f on G*, we have [ fdu, — [ fdu. It was shown in [36]
that g, ~» p if for any uniformly continuous and bounded functions f, we have [ fdu, — [ fdpu.
For p € P(G*), h € {0,1,2,...}, and [G, 0] € G*, let up, denote the h-neighborhood marginal of

un([G,o]) = ) u((G', o).

[G7,0]€G*:|G 0]p,=|G,0]

For a locally finite graph G = (V, E) and a vertex v € V, let G(v) denote the graph component
in G that is connected to v. By our previous definitions, (G(v),v) denotes the rooted graph of
the connected component of v and the root is located at v and [G(v),v] denotes the equivalence
class corresponding to (G(v),v). Now, the rooted neighbourhood distribution of G is defined as the
distribution of the rooted graph when the root is chosen uniformly at random over V'

1
U(G) == 4 > e (37)

veV

where § is the Dirac delta function.

5.2 Local weak convergence

For our study of stochastic block model, which is a sequence of random graphs {A,}2°, U(Ay) as
defined in (37) becomes a random distribution. In the section, we establish the asymptotic behavior
of the average neighbourhood distribution EU(A,,) averaged over the randomness of the graph A,,.

To state the limiting distribution, we define the Galton—Watson tree probability distribution on
rooted trees GWT(P,) as follows. Let Py denote the Poisson distribution with mean \. We take a
vertex as the root and generate Z(1) ~ P, as the number of children of the first generation. For the

(1)) i.i.d. according to P as the number

AC
of children of each vertex in the first generation. Let Z(2) = ZZZ:(? Z-(l) denote the total number of

vertices in the first generation. In general, for the jth generation, j = 1,2,..., generate the number

first generation, independent of Z @, we generate §§1), o€

of children for each vertex in the jth generation §§j ), e ,§(Zj()j) i.i.d. according to P, independent

of all previous variables {{%Z_l), e ,g(ZZ(‘i}{), ZW | for all i < j}. Let ZUtD = ngl) 5,9) denote the
total number of vertices in the jth generation. In this way, we iteratively defined a measure on
rooted trees. With the definitions above, we are ready to establish the local weak convergence of
the symmetric stochastic block model.

Lemma 4 (Local weak convergence of sparse symmetric SBMs). Let A,, denote a graph generated
from a symmetric stochastic block model SBM(n, L, p, %Q) with p = (%, cee %), Qi = a,Vi € [n]
and Qi; = b,Vi,j € [n],i # j. Let U(A,), defined as in (37), be the random rooted neighbourhood
distribution of A,. Then, the average neighbourhood distribution EU(A,) converges weakly to a
Poisson Galton—Walson tree

EU(A,) ~ GWT(Py),

a+(L—1)b

where A = T

Remark 6. When a = b, the symmetric stochastic block model recovers the well-known local weak
convergence result on Erdés-Rényi model (see, e.g., []).
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Proof of Lemma 4. We want to show that for any uniformly continuous and bounded function

f

—0

‘ / FdEU(A / FAGWT(P))

as n — oco. Since f is a uniformly continuous function on G*, for every € > 0 there exists § > 0
such that, for any pair of rooted graphs [Gy,01]| and [G2,02] € G* with d*([G1,01], [G2,02]) < ¢

we have |f(G1,01) — f(Ge,092)| < e. Recall that d*(|Gy,01], [G2,02]) := 1%}, where h denotes the

maximum layers of matching between [G1,01] and [Ga, 02]. Therefore, as long as h > % — 1, we have
lf((G,0)n) — f(G,0)| < e. It follows that |f([i,0]) — f([g,0])| < €, if [i,0]n = [g,0]. Let u € P(G*)

and assume h > % — 1. We have

‘/fduh—/fdu'z S floDunllgro) = S (i o)ullis o) (38)
lg,01€G;; [i,0]€G*
< > £ ol)un(lg, o) — > f([d, o) u([3, o]) (39)
[9,01€G}, [i,0]€G*:[i,0]n=[g,0]
- S (llgol) — £ oD)nadliso]) (40)
[9,0€G}; |[i,0]€G*:[i,0],=[g,0]
< > > |f([g,0]) — f([i,0])| pu([i; 0]) (41)

[.%‘ﬂeg;: [Lo}eg*:[ivo]h:[gvo]

< Z Z eu([i70]) =6 (42)

[.%‘ﬂeg]t [Lo}eg*:[ivo]h:[gvo]

where (3) follows since a([g,0]) = > p; ojeg=:io)n=lg,0] #([é; 0]). Therefore, we have | [ fAEU (Ap)p —
[ fdEU(A,)| < eand | [ fAGWT(P)),— [ fAGWT(P,)| < e. Let B C G* be a measurable event in
G*. By the exchangability of stochastic block model, we have EU(4,)(B) = £ 3" | P([A,(i),i] €
B) = P([A,(1),1] € B), in other words, EU(A4,,) is simply the neighbourhood distribution at vertex
1. By the analogous argument as in proposition 2 of [34], for any € > 0, there exists ng such
that if n > ng and 101n(2(;rjr’(‘L_l)b)) > R, we have dpy (GWT(Py)g,EU(Ay)R) < €, where dpy (-, -)
denotes the total variation distance between two measures. Remember here the total variation
distance is dpy (pu1, p2) := supg.ge—1.11([ 9dp1 — [ gdpz). Since f is a bounded function, we have
| [ fAGWT(P))r — [ fAEU(An)R| < €, as long as n is large enough. Therefore, if we take n large
enough such that Inn >3 —1and | [ fAGWT(P,), — [ fdEU(A,)p| < €, we have

10 (2(a+(L—1)b))
‘/deU h—/deU

. ‘ [ raawres, - [ racwrey)

‘ / FdEU (A / FAGWT(Py)

+ ‘/fdGWT(P,\)h—/deU(An)h

< 3,

which completes the proof. O
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5.3 BC entropy

In this section, we review the notion of BC entropy introduced in [27], which is shown to be the
fundamental limit of universal lossless compression for certain graph family [14].

For a Polish space (2, let P(€2) denote the set of all Borel probability measures on €. Let A be a
Borel set in €2, we define the e-extension of A, denoted A€, as the union of the open balls with radius e
centered around the points in A. For two probability measures p and v in P(£2), we define the Lévy—
Prokhorov distance dip(p,v) = inf{e > 0 : p(A) < v(A°) + e and v(A) < p(A°) + €, VA € B(Q)},
where B(£2) denotes the Borel sigma algebra of 2. Let p € P(G*). Let d be the expected number of
neighbours of root under the law p and let a sequence m = m(n) such that m/n — d/2, as n — oco.
Define G,, ,, to be the set of graphs with n vertices and m edges. For € > 0, define

Gnm(p,€) = {G € Gnm 1 U(G) € B(p, )},

where B(p, €) denotes the open ball with radius e around p with respect to Lévy—Prokhorov metric.
Now, we define the e-upper BC' entropy of p as

— 1 —ml

S, ) = lim sup -2&19nm(p ) = mlogn

n—00 n

and define the upper BC entropy of p as

S(p) = lim X(p, €).

e—0

Similarly we define the e-lower BC entropy X(p, €) and lower BC' entropy 3(p) with lim sup replaced
by liminf in above definitions. If p is such that ¥(p) = X(p), then this common limit is called the
BC entropy of p

3(p) = X(p) = Z(p)-
The following lemma states the BC entropy of the Galton—Waston tree distribution.
Lemma 5 (Corollary 1.4 of [27]). The BC entropy of the Galton—Watson tree distribution GWT(P))
18 given by

5 (GWT(Py)) = %log§ bits.

5.4 Achieving BC entropy in the sparse regime

With the Lemma above, we can give a performance guarantee of our algorithm corresponding to
the BC entropy. It is a Theorem analog to Proposition 1 in [14].

Theorem 6. Let A, ~ SBM (n,L,p,%Q) with p = (%,...,%), Qi = a,Vi € [n] and Q;; =
b,Yi,j € [n],i # j. Let \ = p'Qp = @ and m = (72’)% be the expected number of edges
i the model. Then, our compression algorithm achieves the BC entropy of the local weak limit of
stochastic block models in the sense that

lim sup FLACk(An)] — mlogn

n— o0 n

<3N (GWT(Py)).
Proof. By our proof of theorem (need to fill in ref), we have

E[¢(Cr(An))] < <Z> H(Bi2) + 2kn log(2en3) + nk2 H(Ay).
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Notice that

1
ki( /\logT—i—o( ))
(2 (n 1
~<> —Alogn + )\log +0< >>

2 n
) "t

1 Al Alog A
—Alogn + 08— A8 o(n)
n 2

= mlogn +nX (GWT(P))) + o(n)

where (1) follows since h(p) = plog 7 log °p? + o(p?), (2) follows since n'k, = n and (3) follows
from Lemma 5. Then it suffices to that the remaining terms in the upper bound of E[¢(Ck(A,))]
are all o(n). Indeed we have

2kn log(2en?) < 2018 1og(2en®) = n’ log(2en®) = o(n)
since § < 1 and

nk2H(Ap) = nk2h(\/n)
= nk? <l)\logE +o <l>>
n A n
1 1
<ndlogn <—/\logE +o0 <—>>
n A n

ne
=dlogn ()\log 7) + o (logn)
= o(n).
O

Remark 7. For sparse symmetric SBMs, Theorem 6 shows that our compressor achieves the BC
entropy of the Galton—Watson tree that is the local weak convergence limit of the underlying
sequence of graphs. We note, however, that for the family of sparse symmetric SBMs, it is unclear
if this BC entropy is the fundamental limit of lossless compression. This is because the family of
sparse symmetric SBMs does not belong to the family of random graphs considered in [26], where
a converse statement can be established.

6 Stationarity in the stochastic block model

In this section, we take a closer look at the correlation among entries in the adjacency matrix
and explain why existing universal compressors developed for stationary processes may not be
immediately applicable for certain orderings of the entries.
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Compressing A,, entails compressing
A1y ooy Arny Aoz, oo Ane1ns

i.e. the bits in the upper triangle of A,,. Clearly, these are not independent (because of the
dependency through X7') so one cannot use any of the compressors universal for the class of iid
processes to compress A,. So, one hopes that it is possible to list the (g) random variables
A, ..., A1y, Aoz, ..., Ap_1, in an order that makes the resulting sequence stationary, so that the
Lempel-Ziv compressor (which, recall, is universal for the class of stationary processes) may be
used. However, we show now that some of the most natural orders of listing these (g) bits result
in a sequence that is nonstationary.

1. Horizontally: Listing the bits in the upper triangle row-wise (i.e. first listing the bits in
the first row, followed by the bits in the second and so on, ending with A,_,) we get the
following sequence

Alg, . ,Al,na A23, . ,Agm, . ,An—l,n,

which can be seen to be nonstationary. Consider the case when n =4, L = 2,Q11 = Q12 =
1,Q12 = 0. In this case the horizontal ordering is

Avg, A1z, Avg, Aoz, Aoy, Azy

and this is seen to be nonstationary by observing P(Ajs = 1, A13 = 0,414 = 1) > 0 but
P(Agg = 1,A24 = 0,A34 = 1) =0.

2. Vertically: Listing the bits in the upper triangle column-wise (i.e. first listing the bits in
the first column, followed by the bits in the second and so on, ending with A,_;,) we get
the following sequence

Ao, A1, Aggy oo Ay Ancin,

which can be seen to be nonstationary. Consider the case when n =4, L = 2, Q11 = Q12 =
1,Q12 = 0. In this case the vertical ordering is

Avg, A1z, Aoz, Avy, Aoy, Azy

and this is seen to be nonstationary by observing P(Ajs = 1, A13 = 0,433 = 1) = 0 but
P(A14 =1,A94 =0,A3 = 1) > 0.

3. Diagonally: Consider |5 | sequences defined as

S1 = A1, A23, A4, ..., Ap_im, Ant
Sy = A13,A24, As5, ..., Ap_2m, An—1,1, An2

Slzjo1 = Az, Ao z)1, 5 An 2

and
S . A171+n/2, A2’2+n/2, e ,An/27n, when n is evel,
|'§J A171+L%J’A272+L%J’ oo ,An’n_H%J, when n is odd.

Concatenating S1,...,S 12] yields a sequence of length (g) This corresponds to listing the
bits diagonal-wise. However, even this does not yield a sequence that is stationary which can

22



be illustrated by considering the case when n = 4, L = 2,Q11 = Q12 = 1,Q12 = 0. In this
case the diagonal ordering is

Avg, Aoz, Azg, Agr, Arz, Aoy

and this is seen to be nonstationary by observing P(Ajs = 0,423 = 1,434 = 1) > 0 but
P(A34 = 0,A41 = 1,A13 = 1) =0.

7 Experiments

We implement the proposed universal graph compressor (UGC) in four widely used benchmark
graph datasets: protein-to-protein interaction network (PPI) [37], LiveJournal friendship network
(Blogcatalog) [38], Flickr user network (Flickr) [38], and YouTube user network (YouTube) [39].
The block decomposition size k is chosen to be 1,2, 3,4 and we present in Table 1 the compression
ratios (the ratio between output length and input length of the encoder) of UGC for different
choices of k. We present in Table 2 the compression ratios of four competing algorithms.

k=1 k=2 k=3 k=4
PPI 0.0228 0.0226 0.0227 0.034
Blogcatalog 0.0275 0.0270 0.0267 0.0288
Flickr 0.00960 0.00935 0.00915 0.00907
YouTube | 4.51x107° | 4.11 x107° | 3.98 x 107° | 4.00 x 107

Table 1: Compression ratio of UGC under different k£ values.

CSR Ligra+ LZ PNG

PPI 0.166 0.0605 0.06 0.089

Blogcatalog 0.203 0.0682 0.080 0.096

Flickr 0.0584 0.0217 0.0307 0.0262
YouTube | 3.23x107%]9.90 x107° | 1.09 x 10~* | 1.10 x 1073

Table 2: Compression ratios of competing algorithms.

e CSR: Compressed sparse row is a widely used sparse matrix representation format. In the
experiment, we further optimize its default compressor exploiting the fact that the graph is
simple and its adjacency matrix is symmetric with binary entries.

e Ligra+: This is another powerful sparse matrix representation format [40,41], which improves
upon CSR using byte codes with run-length coding.

e LZ: This is an implementation of the algorithm proposed in [42], which first transforms the
two-dimensional adjacency matrix into a one-dimensional sequence using the Peano—Hilbert
space filling curve and then compresses the sequence using Lempel-Ziv 78 algorithm [23].

e PNG: The adjacency matrix of the graph is treated as a gray-scaled image and the PNG
lossless image compressor is applied.
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The compression ratios of the five algorithms implemented on four datasets are given as follows.
The proposed UGC outperforms all competing algorithms in all datasets. The compression ratios
from competing algorithms are 2.4 to 27 times that of the universal graph compressor.

Note, however, that CSR and Ligra+ are designed to enable fast computation, such as adjacency
query or vertex degree query, in addition to compressing the matrix. Our proposed compressor does
not possess such functionality and is designed solely for compression purpose.
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