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Abstract

Conditional graph entropy is known to be the minimal rate for a natural functional compression problem with side information
at the receiver. In this paper we show that it can be formulated as an alternating minimization problem, which gives rise to a
simple iterative algorithm for numerically computing (conditional) graph entropy. This also leads to a new formula which shows
that conditional graph entropy is part of a more general framework: the solution of an optimization problem over a convex corner.
In the special case of graph entropy (i.e., unconditioned version) this was known due to Csiszar, Korner, Lovdsz, Marton, and
Simonyi. In that case the role of the convex corner was played by the so-called vertex packing polytope. In the conditional version
it is a more intricate convex body but the function to minimize is the same. Furthermore, we describe a dual problem that leads
to an optimality check and an error bound for the iterative algorithm.

I. INTRODUCTION

We consider the problem of computing conditional graph entropy. Orlitsky and Roche [14] used this entropy notion to
characterize the optimal rate of lossless functional compression with side information at the decoder. Despite playing an
inherent role in data compression, little can be found in the literature about conditional graph entropy.

A. Background and related work

Conditional graph entropy: Suppose that the random variable X takes values in a finite alphabet X', where not every pair of
letters can be distinguished. Let G be a graph with vertex set V(G) = X describing which pairs are distinguishable: z, 2’ € X
can be distinguished if and only if zz’ is an edge of G. Furthermore, we say that the sequences x1,...,z, and x%,..., 2}
are distinguishable if x; and a are distinguishable for at least one index i. We wish to encode an i.i.d. sequence X7, ..., X,
with high probability in a way that distinguishable sequences are mapped to different codewords. An independent set of G
contains no edges, and hence any two letters in the set are indistinguishable. Therefore one possible strategy is to replace each
X; with an independent set J; C X containing X;, and encode the sequence Ji,. .., J; instead. If we do this randomly in a
way that (X, J;) are i.i.d. samples of some (X, .J) where J is a random independent set containing X, then we can encode
the J; sequence with rate H(J) (asymptotically as £ — oo). Note that the number of times any given typical X; sequence
is covered has exponential rate H(.JJ|X). Based on this, one can design an encoding with rate H(J) — H(J|X) = I(X; J).
Then, for a given X, one needs to choose (X, .J) in a way that the mutual information I(X;.J) is as small as possible. Korner
showed that this is the best achievable code rate and introduced the corresponding notion of graph entropy [12]:

He(X) = mJin I(X;J), where J is a random independent set of G such that X € J. ()

The analogous problem with side information Y; at the receiver leads to the notion of conditional graph entropy Hg(X|Y).
Let (X,Y’) be discrete random variables of some given joint distribution and let (X;,Y;) be i.i.d. samples. We assume that
the decoder knows the sequence Y7, Ya,.... If we want to use the same approach (i.e., choosing a random J), then J and Y
should be independent conditioned on X (because the sender does not know Y; when choosing J;). This can be made rigorous,
leading to the following formula:

He(X|Y) =minI(X;J|Y) = min (H(J|Y) - H(JX,Y) |, )
J J ———
H(J|X)
where J is a random independent set of G such that X € J, and J and Y are conditionally independent conditioned on X
(which is equivalent to saying that Y — X — J is a Markov chain).

A lot of work has been done regarding graph entropy since Korner [12]] introduced the notion in 1973; see the surveys [16],
[L7]. In particular, Csiszar, Korner, Lovasz, Marton, and Simonyi [5] found a new way to express graph entropy based on a
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beautiful connection to the so-called vertex packing polytope VP(G), leading to, among other things, an elegant information
theoretic characterization of perfect graphs. This connection motivated the study of a more general framework, namely, entropy
functions corresponding to convex corners. (See [19, Proposition 5.4] for a recent characterization of such functions.) Besides
VP(G), another notable convex corner associated to graphs is the theta body TH(G) defined by Grotschel, Lovdsz, and
Schrijver [10]. It is closely related to the Lovdsz number (or ¥ function), originally introduced in [13] for bounding the
Shannon capacity of a graph.

Much less is known about conditional graph entropy, however. Let us first describe its connection to functional compression.

Compression with side information: Suppose now that the receiver wishes to recover the values f(X;,Y;) of some given
function f: & x Y — Z (with high probability, over long blocks) as depicted in Figure [I| Orlitsky and Roche [14] showed
that the minimal rate of information that needs to be transmitted is precisely the conditional graph entropy of the so-called
characteristic graph, which is defined on the vertex set X as follows: vertices x1,z2 € X are connected with an edge if and
only if

Jye Vst (f(z1,y) # fl2,y) &EP(X =21,V =y) >0 & P(X =22,V =y) > 0).

(This definition goes back to Witsenhausen [20].) We mention that in the special case f(z,y) = x, which was already studied
in Shannon’s classical work [15], the optimal rate is given by the conditional entropy H(X|Y) = H(X,Y) — H(Y).

Y

X Enc f = HolXY) Dec > f(X,Y)
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Fig. 1. The problem of functional compression with side information at the decoder

Also note that these problems are naturally connected to graph coloring. Doshi et al. [7] extended the notion of chromatic
entropy [1]] and defined conditional chromatic entropy. They showed that first coloring a sufficiently large power graph and
then encoding the colors achieves conditional graph entropy.

Alternating optimization: As we have mentioned, it turns out that conditional graph entropy can be obtained by alternating
optimization. This family includes a large number of problems from a variety of fields. A usual feature is that although the
optimum has no closed-form expression, there is an efficient way to optimize in each variable. Thus, optimizing in the different
variables in turns can lead to a good numerical approximation of the optimum. A well-known example is the expectation—
maximization (EM) algorithm. Another prominent example is the Blahut—Arimoto (BA) algorithm [2], [3], which deals with the
capacity of discrete memoryless channels. To find the capacity achieving input, the algorithm turns the objective into a double
supremum and alternately optimizes over the distribution parameters from random initialization. Also, [8] provides a numerical
method for the Gel fand-Pinsker problem [9], where noncausal state information is known at the encoder. Generalization of the
BA algorithm for finite-state channels, proposed in [[18], also takes advantage of the iterative nature of alternating optimization.
To the best of our knowledge, no similar procedure was proposed for the Orlitsky—Roche problem [14] beforehand.

It is important to point out that Csiszdr and Tusnady [6] initiated the systematic study of such problems in the 1980s already.
The cornerstone of their theory is a collection of inequalities called 3-point, 4-point, and 5-point properties. They will play a
key role in our problem as well.

B. Notations

Random variables are denoted by uppercase letters (X, Y, J), while their realizations are denoted by lowercase letters
(z,y,7). The (discrete) alphabet of a random variable is denoted by the corresponding script letter (X,),J). For brevity, we
write > for 37y, and > for 37 . We use P(-) to denote the probability of an event, and the following shorthand
notations will be used as well:

Pay =P(X =2,Y =y);
pr=P(X =2) =3 Py
p! =P =y) =3, Doy
Pajy = P(X =2lY =y) = psy/p%;
PV =P = y|X =) = pay/pa-

In most settings j denotes a subset of X'. When a graph G is given on the vertex set X', then j always denotes an independent
set: 7 C X is a set of vertices such that the induced subgraph G[j] contains no edge. In this setting J stands for a random
independent set. Then 7 denotes the set of all independent sets, while 7, is the set of independent sets containing x.



C. Contributions
Alternating minimization: Let us consider the following optimization problem.
Problem. Suppose that we have two finite families of probability measures on a given finite set J: jiz, ¢ € X and v, y € ).

In the first family for each x € X we have a constraint: the support supp p,, must be contained in a given subset 7, of J.
Find the measures p., v, that minimize the weighted sum of the Kullback-Leibler divergences:

pr7yDKL(um || v,) for some given weights p, , > 0.
.y

That is, given J, € J, x € X and p,, > 0, x € X,y € Y, find the minimum of the above sum under the constraint
supp e € Jz.

In our setting we have random variables X and Y taking values in the finite sets X" and ), respectively, and G is a graph
on the vertex set X'. Then by j we denote an independent set of (G, hence each j is a subset of X. We choose 7 to be the
set of all j, while

jz::{j:xej}

consists of the independent sets containing a fixed x. With this setup and with p, , = P(X = z,Y = y), the minimum of the
problem above turns out to be precisely Hg(X|Y).
To get concrete formulas, let us represent the distributions pi, and v, by the following vectors:
_ TIXX,
q= (qﬂr)(j,x)ejxx S

_ . T XY
T = (rily) Gyyerxy ERT,

where ¢j|, and 7, stand for 1. ({j}) and v, ({j}), respectivelyﬂ The constraints for g and 7 lead to the following definition.
Definition 1. We define the convex polytopes Kq C R7*% and K, C R7*Y as

Kq:: {q(Qﬂx q]ll>0 ZQlez VIEX) QJ$01f'r¢j}

jox

and

K= {r: (rjly Py 205 Zrﬂy Vyey)}

By int(K,) and int(K,) we denote the relative interiors of the polytopes (within their affine hull).

In the sequel we will always assume that g € K, and r € K. Then
DKL Nm H Vy ZqﬂxlOgi-

Therefore we need to minimize the function

Z pzyQﬂT IOg Jlx (3)

T,Y,J ‘

over g € Kq and r € K.
As we will see, this is an alternating minimization problem. The point is that if we fix one of the two variables q and 7,
then there are explicit formulas for the optimal choice of the other variable: we will define maps

Q: K, — Kqand R: K — K;

such that » = R(q) is the optimal choice for a fixed g, and similarly g = Q(r) is optimal for a fixed r; that is, for any q and
r we have

¢(q,7) > (g, R(q)) and p(q,7) > p(Q(r),T).
Using @ and R we can explicitly define the following functions:
¢q(q) = ¢(q, R(q)) = min p(q, 7) and
er(r) = 0(Q(r),7) = min o(q, 7),

'We index the coordinates/variables by j|x and j|y to emphasize the fact that they express certain conditional probabilities, see the proof of Proposition
for details. This notation may also serve as a reminder that g;|, and 7, have to sum up to 1 for any fixed = and y, respectively.



They clearly have the same minimum as . When we work out the details in Section [II, we will see that the g-problem min
is actually equivalent to the original formula for conditional graph entropy (see Proposition [8).

Theorem 2. We have the following formulas for conditional graph entropy:
He(X|Y) = mi = mi = mi .
a(X]Y) nin = min g, = min e,
Algorithm: When trying to find the minimum of ¢(q, ), the fact that we can easily optimize in either variable (while

the other is fixed) gives rise to the following simple iterative algorithm. Let us start from a point ¢(°) and apply R and Q
alternately:

g0 T 0 2 g By ), 9, @) By ) @

The corresponding ¢-value decreases at each step:

p(@@.rV) = py(q?)
v v
olgM,r®) = o (r)
v v
p(gV,rM) = py(qW)
v v
o(q@,7V) = (W)
Y v
S0((1(2)77,(2)) - sOq(q(Q))

One can also think of this alternating optimization as “jumping” between the g-problem ming, ¢4 and the r-problem ming, ¢;
using the maps @): K, —+ K, and R: Ky — K,. The value to minimize (i.e., the ¢4-value and the ¢,-value, respectively)
always decreases, so with each step we get closer to the optimum.

Following the footsteps of the general theory of Csiszar and Tusnady [6l], we will show that, for an arbitrary starting point
q? in the relative interior int(Kg), the iterative process converges to the minimum.

Theorem 3. For an arbitrary starting point q\©) € int(K,) consider the sequence [@) obtained by alternating optimization.

Then go(q(”), 'r(")) is a decreasing sequence that converges to Kmil;l{ p as n — oo.
g Xy

We implemented the algorithm in Python and made the codes publicly available in a GitHub repository [11]].

Convex corners: As we have mentioned, the g-problem min ¢, gives back the original formula (). On the other hand,
the r-problem min ¢, gives us a new formula. We make this new formula explicit in the next theorem because it shows how
conditional graph entropy is related to convex corners (a known phenomenon in the unconditioned case).

Theorem 4. For any (maximal) independent set j of G and any possible value y of Y we have a variable r;,.. Then conditional
graph entropy can be expressed as the solution of the following optimization problem:

Hg(X|Y) = min — me log ( Z H (rjy)p“), %)

Jjiz€j Y
where the minimum is taken over all choices of r;),, > 0 satisfying ;Tjly = 1 for each fixed y.
We can easily turn this new r-problem into another one (that we will call the a-problem) which attests that conditional graph

entropy is a special case of a more general entropy notion defined for convex corners
To see this connection, note that (3) is in the form

HG(X|Y) = Hll(l,n_%:pm IOgA:c,

where A, is a function of the variables 7;,,. The key property is that A,: K; — [0,1] is a concave function for each . It
means that the set of image points a = (a;)zex With a, = A.(7), as r ranges over K, (essentially) defines a convex corner
K, in R*. Then we have

He(X|Y) = n}(lﬂn ©a, Where @,(a) = f;pm log a,.

A nice feature of this a-problem is that the minimum is attained at a single point @ € K, because ¢, is strictly convex
(provided that p,, = P(X = z) > 0 for each z). Also note that ¢, depends only on the distribution of X, while the convex

2A convex corner of RY is a convex compact set in the positive orthant [0, 00)* that is downward closed, i.e., if we take any point in the set and decrease
some of its coordinates, then the new point still lies in the set (see Definition EI)



corner K, depends only on the graph G and the conditional distributions Y | X = z for any given x. Thus, the parameters of
the problem are, so to say, split between ¢, and K,.

Moreover, we will define another convex corner, denoted by L, that can be regarded as the dual problem. To keep the
introduction concise, we will postpone the actual definition of L and the precise statements until Section In short, we
will show that

Ho(X|Y) = Irll(lan Pg = — mLin ©a,
and a vector a = (a;) _, € K, is optimal (i.e., the minimum point of ¢,) if and only if a™' == (a;"') _, € L. This
provides a fairly simple way to check optimality, and even leading to an error bound for our iterative algorithm as we will
explain in Section

In the special case when Y is trivial, i.e., ) is a one-element set, we get back Korner’s original setting of graph entropy,
and things simplify considerably. For example, K, is simply a polytope: the aforementioned vertex packing polytope (or
independent/stable set polytope) VP(G). We did not find any mention in the literature of the fact that graph entropy can be
considered as an alternating minimization problem. In particular, to the best of our knowledge, the corresponding iterative
algorithm has not been used or proposed before even in this unconditioned setting.

Outline of the paper

We give more details of our alternating minimization problem in Section [lIl and collect its key properties in Section
proving, in particular, the convergence of the iterative process. In Section [[V| we discuss the connection to convex corners and
introduce the dual problem. In Section [V] we discuss some details of the iterative algorithm; in particular, an error bound based
on the dual problem and a tweak for speeding the convergence up.

II. THE ALTERNATING MINIMIZATION PROBLEM

In this section we rigorously introduce the optimization problem min ¢(q, ) described in the introduction. We will use the
notations outlined in Section

A. Assumptions

For the sake of simplicity, we will work under the following three assumptions that do not actually reduce generality.

o Each p, = Zy Pzy and p¥ = > p, . is strictly positive. (Otherwise we simply delete the corresponding elements

from X and ).) Note that under this assumption the conditional probabilities p,, and Y17 all exist.

o The sets j cover X, that is, Vx € X' 35 € J s.t. x € j. (Otherwise the minimum we will consider would be co anyway.)

o J contains inclusion-wise maximal sets. (Removing subsets of other sets from 7 does not change the minimum.)

Also, all the results will be true under the more general setting when J C P(X) is any set of subsets of X. That is, the
sets j € J are subsets of X’ but they do not necessary need to be independent sets of some graph G on X". In conclusion, our
setup essentially has the following fixed parameters: the probabilities p; , and a binary relation € on X' x J: whenever x is
in the set j we write z € j

B. The mappings

Recall the convex polytopes K and K, defined in Section of the introduction. Now we explicitly define the mappings
@ and R between these polytopes along with an auxiliary mapping A. In fact, the formula defining Q will make sense only
on the subset K where none of the coordinates of A vanishes. We define @) arbitrarily outside K.

Definition 5. We define the mappings A: K, — RY; Q: K, - K, C R7**; R: K, — K, C R7*Y by the following

coordinate-wise functions Qﬂx, Rjjy, Ay
€Y
py\w
YHOEDS | (G
jodz Yy
0 if x ¢ j;
Qjla(r) =

I, ()" / Ar) ifze)

3Equivalently, we may write j > z. In particular, 3 means that the sum runs over sets j € J containing the (fixed) element x.

jox



Since the formula for Q. involves a division by A, it only defines ) over the subset
=K\ [JA;'(0). 6)

For r € K; \ K/ let Q(r) be an arbitrary point in int(Xy).

In the formulas above we define t° = 1 even for ¢t = 0. This ensures that A is continuous over the entire K, even when
pY!* = 0 for some pairs x,y. It is also consistent with the convention 0 - log0 = 0 which is implicit in the definition of
Shannon entropy.

It is straightforward to check that Q(r) € Ky and R(q) € K, always hold. For example, in the definition of Q;,(r),
dividing by A, (r) ensures that their sum is 1 for any fixed x.

Remark 6. Note that R is a linear map and it actually describes how the conditional distributions J |Y = y can be expressed
in terms of J| X = z in a Markov chain Y — X — J; see the proof of Proposition [8| for details.

C. The functions

Now we can turn our attention to the functions to be minimized. We already gave an explicit formula (3) for ¢(q, ) in the
introduction. However, we did not mention a few subtleties there. In particular, we need to specify the function values when
some of the variables g;, or r;, are 0.

Definition 7. For u,v € [0,1] let
flu,v) :==ulogu — ulogv

with the usual conventions log0 = —oo and 0 - co = 0 so that
f(0,v)=0ifve[0,1] and f(u,0) =0 if u € (0,1].

Then
P(@7) = Pay F(G12:71y) (7)

z,Y,J

is well-defined for any ¢ € RY** and r € R7*Y. Note that we may restrict the sum for 2 € j because otherwise 4= = 0,
and hence the summand is 0 anyway.
Let us also define the following auxiliary function that we will need for establishing the so-called 3-point and 4-point

properties.
pr S H @ Ge) =D P D 6512108 €1z — €12 108 G- ®)

jox x jdx

One may think of ¢(q,r) and é(q,q’) as (non-symmetric) squared distances between these points. We mention that both
functions are convex combinations of certain Kullback—Leibler divergences. In particular, they are nonnegative and they may
be oco. For example, ¢(q,r) = oo if and only if there exist x,y, j such that r;,, = 0 while p, , > 0 and g;, > 0. It is easy
to see that if » € K;\ K, then (g, r) = oo for any choice of g € Ky. (The two-line proof of this fact is included in the
proof of Proposition [T3])

We include here two useful equivalent formulas for ¢. On the one hand, summing g, log ¢;|, and g;, logr;|, separately

gives
pr Zqﬂw IOgQﬂw Zp ZRJH} 1Og’r]"ll ©)

jox

On the other hand, for » € K we can write

meZq”<10qu|x Zpy' 10g7°y)
x Jjox
—szZqﬂmlog Al szqulog (qj)|f4,(r) (10)

VEES ( le)pylr © joz

with the remark that if ¢;|, and @Q;,(r) are both 0, then the fraction in the log should simply be 1/A.(r).

Next we define ¢4 and ;. At this point we simply express them using ), R, and ¢, but we will shortly see that they
are indeed the minimum of ¢ with one of the variables fixed. Using (9) and (I0) we get the following specific formulas: for
g € Ky and r € K; let

Pq ( ) _90 q7 szijl’l‘logqjl’r Zp ZRﬂy logR]\y( ) (11)

jox



y|T

or(r) = <p( pr log A, ( me logz H r]‘y . (12)

VELI
Note that (T2) works even for r ¢ K as all the expressions are oo in that case.

Proposition 8. If J is the set of independent sets of some graph G on the vertex set X, then

Hg(X]Y) = min ¢,.
K‘/

Proof. Recall that the original formula ) for Hg(XY") involves minimization over random .J containing X and independent
from Y when conditioned on X (in other words, Y — X — J is a Markov chain). To define such a J one needs to specify
the conditional probabilities P(J = j|X = x) whenever 2 € j. These conditional probabilities can be represented by a vector
g € K. Due to the conditional independence, we have the expression

P(J =Y =y) =) puy, P(J = j|X = 2). (13)
T€J

Note that we defined R using the same linear combinations, see Definition [5| Consequently, if the P(J = j|X = z)’s are
represented by g, then the P(J = j|Y = y)’s are represented by r = R(q). Therefore

']|X Zptzqﬂx logQﬂwv

x VEE]

HJY) = Zp ZRm )log Rj, (q),

and hence the conditional mutual information I(X; J | Y) = (J |Y) — H(J|X) is precisely ¢q(q) according to (LI)), proving
He(XY) = ming, ¢q. O

III. CONVERGENCE

In this section we derive various properties of the the minimization problems introduced in Section [[l, They will culminate
in the proof that alternating optimization converges to the true minimum (Theorem [3). We will also prove Theorems [2] and [
along the way.

Proposition 9. The functions ¢ and § are nonnegative, lower semicontinuous, and convex. Moreover, 5(q,q’) = 0 if and only
ifa=4q"
Proof. Recall that ¢ and § were defined using the function f: [0,1]?> — (—o0, 0o] in Definition [7} It is well known and easy

to show that f is convex and lower semicontinuous, and hence so are ¢ and 9.
Using the convexity of f we get that for any fixed z,y:

both Zf(Qj\:mrjly) and Zf(%hcaqz\z) > |‘-7‘ f(1/|t7|71/|'-7‘) =

showing that o, § > 0. (This, of course, also follows from their representations as the sum of Kullback-Leibler divergences.) [

Note that lower semicontinuity implies that ¢ attains its minimum over any compact set. In particular, it has a minimum
over Ky x K.

Proposition 10 (»r = R(q) is optimal for fixed g). We have
p(a,7) > ¢(a, R(q)) = ¢4(q) for any q € Ky;r € K,.
Equality holds if and only if r = R(q).

Proof. Using formula (9) for a fixed g, it immediately follows from Gibbs’ inequality (applied for each y in the second sum)
that the unique optimal choice for r is R(q). O

Proposition 11 (¢ = Q(r) is optimal for fixed r). We have
p(a,r) > ¢(Q(r),r) = @(r) for any q € Kgir € K,
If r ¢ K, then both sides are co. Furthermore, for v € K equality holds if and only if ¢ = Q(r).

Proof. This is an immediate consequence of the 3-point property (that we will shortly state in Proposition [T3) and the fact
that 6 > 0. O



Corollary 12. Propositions [I0| and [[1] clearly show that
= min ,7T) and ) = min ,T).
#q(@) = min ¢(q,r) and (r) = min o(q,7)
In particular, @, @4 @, have the same minimum over their respective convex domains:

mln mln = mln
K, xK, Y= K, ¥q = K, ¥r:

It also follows that both @, and @, are convex as they can be obtained as minimizing the convex ¢(q, ) in one of the variables.

Note that, combined with Proposition [§] this completes the proof of Theorem [2] Moreover, Theorem [] also follows as we
simply need to substitute (I2)), which expresses ¢, into Hg(X|Y) = ming, ¢r.

From this point on we follow the footsteps of the general theory [6] of alternating minimization problems by proving the
so-called 3-point and 4-point properties, and show how they imply convergence to the minimum through the 5-point property.

The following identity can be thought of as a Pythagorean theorem for the “squared distances” ¢ and J. Csiszar and Tusnady
refer to it as the 3-point property. (In their general setting it may hold only as an inequality > but in our case we always have
equality.)

Proposition 13 (3-point property). For any q € K, and r € K, we have
ola,r) =0d(q,Q(r)) +(Q(r),r).
———

=¢r(r)

K
. Qv g
T K’r

Proof. First let us consider the cases when one of the terms on the right-hand side is co. In both cases we need to show that
one can find x,y,j with p, , > 0, g;|, > 0, 7;, = 0 so that we can conclude that the left-hand side ¢(q,r) is also oo.
o We have ¢;(r) = oo if and only A, (r) = 0 for some z. Fix such an z and take a j > x with g;,, > 0, which must exist
as their sum is 1. Since A, (r) = 0, there must exist y such that r;, = 0 and p, , > 0.
o We have 5(q,Q(r)) = oo if and only if there exist j,z such that g;, > 0 but Q;.(r) = 0, which means, by the
definition of Q;|,, that there exists y such that p, , > 0 and 7, = 0.
Otherwise we can simply combine formula for ¢(q, ), formula for ¢ (r), and formula (8] for §(q, ¢’) with ¢’ = Q(r)
to get the claim. O

Proposition 14 (4-point property). For any q,q’ € K, and r € K, we have
v(a.R(q") < ¢la,r) +d(a,q").
) K,

Proof. We may assume that the right-hand side is finite, otherwise the inequality is trivial. It follows that for any triple x,y, j

with p, , > 0, gjj, > 0 we must have both 7, > 0 and q;‘|w > 0. Let v’ := R(q’). Then r;‘y > Paly qg‘x > 0. So for any

such triple all the variables are positive and we may write:
qj|aT
pla,m)+0(a,q') — =" Doy 4y log - /‘”
z,y,j j|:v Jly
which, using that logt > 1 — 1/t, can be bounded from below as follows:

pr,ijLz <1 - |:rj|y> =1- Z Z Tj:y Zpﬂyqj\w =1 _Zp ZTJ\U
i iy =

. r
T,Y,7 9 |

=R;y(q)=r},



and the proof is complete. O
Now we are ready to prove that the alternating optimization process converges to the minimum.

Proof of Theorem [3] Consider the sequences g™ and 7™ of alternating optimization started from some ¢(®) € int(Ky). Fix
any pair g € K, r € K, and let n be a positive integer. Using Proposition for the triple ¢, ("1 W2 g™ and Proposition
for the quadruple q, r, q™ () we get that

5(a,q™) + (g™, r" V) "2 (g, V)

4—pt
ola,r™) < ogr)+(q.q™).

Since ¢\ € int(K) holds for all n, we have 0 (q, q(”)) < 00. Therefore adding the two inequalities above results in

p(d™. ") +o(q.r™) < (g, ) +o(g,r" V).
Since gp(q("),r(")) < @(q(”), r(”*l)) by Proposition it follows that

p(g™,r") +o(q. ™) < p(a.7) +o(q.r" V). (14)

This is what Csiszdr and Tusnady refer to as the S-point property for the points g, r, =1 %y () By p(n),
Note that the second term on either side is an element of the sequence go(q, r(”)) > 0. First we assume that these elements
are all finite. Then for any € > 0 there must be infinitely many n such that

@(q, r(n)) Z ‘P(Qa T(nil)) -,

otherwise the sequence would converge to —oo, contradicting that each element is nonnegative. For any such n we get from

(T4) that

(g™, ™) < p(q,7) +e.

Since go(q("), r(")) is monotone decreasing, it has a limit that must satisfy

lim (g™, r™) < p(q,r)+e

n—oo

for any positive ¢, and hence for ¢ = 0 as well.

If, on the other hand, ¢(q, (™)) = oo for some n, then (g, r) = oo follows from the 4-point property as §(gq,q'™)) < oo,
and we have the same conclusion: the limit is at most ¢(g,r).

Since this holds for any g and r, it follows that the limit must be the minimum of . [

IV. CONVEX CORNERS

Convex corners are downward closed, convex subsets of [0, 00)™. It is possible to define entropy functions for convex corners,
and this general theory was known to include the notion of graph entropy (via the vertex packing polytope, a convex corner
associated to a graph). In this section we will show that conditional graph entropy can also be expressed as the entropy of an
associated convex corner. Moreover, we will even define a dual problem in the form of another convex corner.

Besides revealing a nice theoretical connection to a general theory, this also has significant practical implications: the dual
problem provides a way to check optimality in the primal problem, even yielding an error bound. The error bound comes
in particularly handy when combined with alternating optimization: we can stop at any time through the iterations (") and
compute this error bound d, which then ensures that we are at most § away from the optimum:

wr(r(")) — < Hg(X|Y) < gpr(r(”)).

We start by recalling the basic concepts regarding convex corners.

A. Entropy of convex corners
Definition 15. A set K C [0,00)% is said to be downward closed if the following propertyﬂ holds:

if a € K, then a’ € K for all points 0 < a’ < a.

Similarly, K is upward closed if a’ € K whenever a € K and a’ > a.
We say that K C [0,00)% is a convex corner if K is compact, convex, and downward closed. Usually K is also required
to have nonempty interior, or equivalently, to contain a point with strictly positive coordinates.

4Here 0 < a’ < a means that 0 < a; < ag for each x. As before, we use the notation a = (aw)zex for points in R¥Y.



Given a random variable X and the corresponding probabilities p,, z € X, let ¢, denote the following [0, 00)* — [0, o]
function:

Pa: a»—)—prlogal..
xr

Note that ¢, depends on the distribution of X, and we write :X when we want to emphasize this dependence. The entropy
is defined as the minimum of X over K:
Hy (X) = min ¢ (a).
acK

The function H g (-), defined for random variables on X, is sometimes referred to as the entropy function corresponding to the
convex corner K. It can be seen that the entropy function Hg (-) uniquely determines K.

A related useful concept is the antiblocker K* of a convex corner K:

K*={b>0: ZaxbxglforallaeK}.

One can show that K* is also a convex corner, (K *)* = K,and Hx(X)+ Hg~(X) = H(X). For these and further properties
of Hg(-), see [17, Sections 4.1 & 6] and [19, Section 5].

We will also use the following notations: for a,b € [O,oo)X let ab denote the vector (awbx)w cx (coordinate-wise
multiplication). Similarly, a~! denotes the vector with coordinates 1/a, (provided that each a, is positive). Furthermore,

aK:={ab:beK}and K" ={b"":beK}.

Note that p,(ab) = @a(a) + ¢u(b) and py(a™") = —¢4(a). Finally, we denote the vector (p;),_, by p. Then ¢, (p) =
— Y. Pz logp, is the entropy of X.

B. Primal problem

Now we introduce the a-problem ming, ,, which is, in fact, an equivalent formulation of the r-problem. We have already
defined the function to minimize: ¢,. Next we define the convex corner K, (associated to X,Y, J) simply as the smallest
downward closed set containing A(K;).

Definition 16. Let
K,={a€eR" :0<a< A(r) for some r € K, }.

Proposition 17. The set K, is a convex corner and H (X ) = nll(in wa = Ha(X|Y).

Proof. The key observation is that A, is a concave function for each z, which follows immediately from the following claim:
let aq, ..., > 0 with ay + -+ + ap < 1; then

f(tl""atk) = t‘fl ...tztk-,

is a concave function in the positive orthant {(tl, ey tr) sttt > 0}. Indeed, it is easy to see that the Hessian of f is

given by
L fERre it
Vel w)  if i =g

Then for a vector u = (u;) we have

2 2
T o ;U Uy
uHu' /f(t) = (Z; » ) —zi: 2 <0
by the Cauchy—Schwarz inequality, proving that the Hessian is negative semidefinite.
Since each A, is the sum of such functions, it is concave as well.
Now suppose that a,a’ € K,. By definition, there exist r,7’ € K, such that @ < A(r) and a’ < A(r’). Then for any
t € (0,1) and for any = we have
tay + (1 —t)al, < tA(r) + (1 = 1) Az (r") < Ay (tr + (1 = t)7),
where the second inequality is due to the concavity of A,. It follows that the convex combination
ta+(1—t)a’ < A(tr+(1—1t)r")
———
€K,

also lies in K,, proving the convexity of K,.



Since K, is compact and A is continuous, the image A(K) is also compact, and hence so is K,. Furthermore, if » € K
int(K,) # 0, then A, (r) > 0 for each x, so K, has a nonempty interior.
Finally, to see that Hg, (X) = Hg(X|Y), it suffices to show that

H;{igl Yo = Hll(irn ©r,
which follows immediately from o, = ¢, o A and the monotonicity of p,: if a < A(r), then

@a(a’) > Pa (A(T')) = Sor('r')
with equality when a = A(r) € K,. O

Remark 18. We make some comments regarding the a-problem.

« Note that K, depends only on J (or the graph) and the conditional distributions of Y | X = z (but not on the distribution
of X). In the unconditioned case K, is the vertex packing polytope VP(G) of the graph: the convex hull of the indicator
functions of the independent sets. In general, K, is not necessarily a polytope, it may be a more complicated convex set
with “curvy” boundary. For an example, see Figure [2|in Section

o It is easy to see that , is a strictly convex function over (0, 1]*. Consequently, the a-problem always has a unique
minimum point.

o Note that the dimension of the a-problem is usually much smaller than that of the g-problem or the r-problem. However,
the domain is not a polytope in this case and the complexity of the a-problem is, in some sense, hidden in the definition
of the domain.

C. Dual problem

Now we introduce another convex corner that will lead to a dual problem. To this end, for each j we define a function
75 [0,00)% x [0,00)Y — R: for b € [0,00)" and t € [0,00)Y we set

t) = pabs [] ()"

TEj Y

ylz

Note that }_, pYI* = 1, hence 7;(b,t) is homogeneous in t: for any scalar A > 0 we have 7;(b, A\t) = A7;(b, t).
Definition 19. Let

L= {b € [0,00)% : VET(b,t) < Zpyty} = {b €[0,00)" : 7;(b,t) <1 for all t with > p¥t, = 1}. (15)

Y Y

Finally, we define L as the intersection of all L;:

L::ﬂLj.

J
To see that L is a convex corner, notice that for any given j and ¢, the points b for which 7;(b,t) < 1 form a downward
closed polyhedron, and L is the intersection of such sets.
Remark 20. For graph entropy (i.e., the unconditioned case || = 1) it can be seen easily that
L={b:Vj> pib, <1} =
TEY

As the following lemma shows, the containment L C (pK,)* is true in general.

Lemma 21. For any a € K, and b € L we have meaxbz < 1. In other words, L C (pK,)*.

xT

Proof. We have a < A(r) for some r € K, thus

3 puaab <zzpmn i) y‘“<zzpr zp z Fily = gpyzl,

Jj z€j
W—/
=1

pyl®
where we used that b € L; for any given j, and hence 7;(b,t) = >_, . pzb. [], (ty)Iy <>, Pty holds for t, =r;,. [
Corollary 22. For any a € K, and b € L we have
Pa(@) + @a(b) > 0.



Il’l Othe’ WOIdS,
1 l'llgoa‘i_ lli“@u >“ 16
K, L ( )

Proof. Since —log is convex and monotone decreasing, by the above lemma we have

¢a(@) + a(b) = pa(ab) pr log(azbs) > —log <praxbx> > —log(1) = 0.

O

We will shortly see that (T6) actually holds with equality. In order to prove this, let us consider the set L= = {b l:be L}.
Since L is convex and downward closed, it follows easily that L~! is convex and upward closed (using the convexity of t— 1/t
for t > 0). The key observation is that K, and L~' always have a common point.

Theorem 23. The intersection of the downward closed convex set K, and the upward closed convex set L~ is a single point
a, where @, takes its minimum over K, and its maximum over L~ Then

He(X|Y) = a = mi a — a — — i a-
¢(X[Y) = pa(a) = minp, = max ¢ min ¢

1

Furthermore, K, and L= are separated by a hyperplane with normal vector pa~! = (pw / agc)z cx

Before we present the proof, recall that the mappings ) and R “jump” between the g-problem and r-problem in a way that
the function value decreases. In what follows we will focus on the r-problem and the corresponding stepping map

F..=RoQ: K, — K,.
Proposition 24. Every minimum point of @, must be a fixed point of F,.
Proof. Combining Propositions [10] and [11] gives that for any r € K we have
er(Fi(r) < oxlr)

with equality if and only if = is a fixed point of F;. In other words, if = is not a fixed point, then we have strict inequality
and hence ¢;(r) cannot be the minimum. O

Proof of Theorem Since ,(b™1) = —¢.(b), we have

max @, = — min min = a

o Pa = T Pa > e Pa PYala),
——
=Hg(X[Y)

where a denotes the unique minimum pointE] of ¢, over K,. It remains to be shown that @ € L~!, implying the only missing
inequality max; -1 ¢, > ¢.(a) and confirming that K, N L~=! = {a}. (Note that the ¢,(a’) > p,(a) for any a’ € K, \ {a},
and hence a’ ¢ L~'.) Also, the gradient of o, at a is —pa~*, so the hyperplane through a that separates the convex sets K,
and L~! must be the one with normal vector pa~".

In order to prove that @ € L™!, let 7 be such that a = A(r) so that ,(r) = p,(a), that is, 7 minimizes ¢, over K,. (Note
that » may not be unique.) By Proposition r is a fixed point of F;. That is, for g := Q(r) we have R(q) = 7.

For brevity, we write aj‘y for the partial derivative w.r.t. the variable Tjlys and g; , for the product in the definition of A,

that is: Jle
Gjz = H (ley)p so that A, ( Zgj =
Yy Jjox
If 75, > 0, then we have
0 if x ¢ 7;
ajlyA-f(’r) = {p’” ifre ’
Tily iz z 7
and hence
0 P py' 9; PY 3 e Palyd] PYR;,(q)
aj|y<Pr(7'):—Z ; J\y Z z Jx _ z€j Frlydjlz jly = —pY,
- ve; TjlyA Tjly Tjly

where we used that R(q) = 7.

5Since K, is compact and ¢a: Ka — [0, 00] is continuous, its minimum is attained at some @ € K,. The minimum is finite, so we have a; > 0 for each
z. In that region ¢, is strictly convex, therefore a is indeed unique.



Now we fix a j € J and a vector t = (t,) with ¢, > 0. Then we perturb 7 in the coordinates j|y as follows: for a given
€ > 0 we define the perturbed vector r° as

pe o JTi ety i =
A PO if j 5.
Then A, does not change for z ¢ j. As for x € j, we claim that

yl@

A (rf) = Ap(r) > e [T (1)" (17)

ylz

To see this, notice that the function f: u — Hy (uy)p is concave (as we have shown it in the proof of Proposition and
homogeneous (of degree 1) to conclude that

which implies (T7). It follows that

e () L a(A(rF)) — pa(A(r))
51—1>%1+ f - 51—1>I(TJI+ 3 S B a:zej

ylz

[L6)” = e 0)

Note that 7 ¢ K, anymore because moving in direction ¢ violates the linear constraints of K. So for each y we decrease
other (positive) coordinates 7|, by a total of €, to get a point #° in K. Since the partial derivative 9;,¢; is —p? for such
positive coordinates, it is easy to see that we get the following:

. ©e(7°) — ore(7) _ -1
Jim S = (e ) Zyjpyty- (18)

=

a

Since 7¢ € K, we have ¢ (7°) > ming, ¢r = ¢,(r) for each €. So the above limit must be nonnegative, that is,
(™t t) < Zpyty.
y
This holds for any ¢ > 0, meaning that a~! € L;. This can be done for any j € 7, implying a™! € L. O

D. The Orlitsky—Roche example
Orlitsky and Roche considered the following simple example, see [14, Examples 2&5]. Let X = Y = {1,2,3} with the

distribution
1/6 if x #y;
Pz,y = .
0 ifz=y.
Furthermore, let G be the graph on the vertex set X containing a single edge (1,3) so that G has two maximal independent
sets: {1,2} and {2, 3}. They showed that

1

2 /1 33
He(X[Y) = —3 (4 log  + 7 log 4) ~ (.37489. (19)

We will use this example to illustrate our results. We have

1/2  if x # y;

e =p¥ =1/3(Ve,y); Py =Y =
Pz =D [3(YT,y);  pajy =P {0 ooy

We will use the notations o := {1,2} and 8 := {2, 3} for the independent sets so that J = {«, 5}. It means that the r-problem
has six non-negative variables with the following constraints:
Talt 781 =1; a2 + 782 =15 a3 +7g3 =1
Then the mapping A is described by the following coordinate functions:
Al(r) = VTal2Ta|3
As(r) = \/TaliTals + /TB1TA
As(r) = /Ta1T5)2
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Next we describe the convex corner K, associated to this example. Note that A%(r) + A3(r) < Tai2 + 732 = 1, and
As(r) < \/raji T 7p11 - \/Tajz + 753 = 1 by Cauchy-Schwarz. It follows that for any @ € K, we have a?+a3 <1 and
as < 1. Now fix aj, a3 such that a? + a3 < 1, and let us try to find the largest possible corresponding ay value:

af a3
let w:= Ta|2;then rgl2 = 1-— U};’f’a‘g = E,Tﬁll =

1—w’

a? a? a? a?
a2 = Az(r) = \/El (1 1 —3w> + \/1 —3w <1 B i)

We need to maximize this formula in the one free variable w. It is easy to see that when a; + a3 < 1, the maximum is always
1, meaning that the boundary of K, includes a triangle whose vertices are (0,1,0); (1,1,0) and (0,1,1). When a; + as > 1
and a% + a§ < 1, we did not find a closed formula, but one can easily plot the maximum as a function of the parameters a;
and ag; see Figure @ Note that when a; = ag, the maximum is always taken at w = 1/2, so we get az = 2v/2a14/1 — Qa%
for the boundary of K, in this cross section.

Therefore

az

o=

L
VT

Fig. 2. On the left: plots of the boundaries of K, (blue) and L~ (red). On the right: the two-dimensional cross section corresponding to the plane a1 = ags.
The black dot marks the unique intersection point, where ¢, takes its minimum over K, and its maximum over L1

As for the convex corner L corresponding to the dual problem, first we need to work out the formulas for 7, and 73:

1

Ta(b,t) = 3 (b1vtats + bav/tits) ;
1

Tg(b, t) = g (bg\/tltg + b3\/t1t2) .

By Cauchy-Schwarz we have

1 1 tita+t
Ta(b,t) < 5\/1)% + b2/ (t + ta)ts < 5\/b§ + b2 %

which shows by ([3) that b € L, provided that b3 + b3 < 4. It is also easy to see that b ¢ L, if b3 + b3 > 4. Similar
calculations show that b € Lg if and only if b3 + b3 < 4. We conclude that

L={b=(by,bo,b3) : b7 +b3 < 4 and b3 + b3 < 4}.



In Figure [2| we plotted (the boundary of) L~! instead of L to illustrate the fact that K, and L~! intersect in a single point
(marked by a black dot in the figure). This intersection point is where ¢, takes its minimum over K,. The minimum points
of the various problems are as follows.
The minimum of ¢, is attained at the following point q:
dot = 1; g1 = 0;
daj2 = 42 = 1/2;
qoi3 = 0; qg3 = 1.
Then ¢, takes its minimum at the corresponding point r = R(q):
ropn = 1/4; Tg|L = 3/4;
Taj2 = 1/25 1512 = 1/2;
Taj3 = 3/4; rg3 = 1/4.
Lastly, ¢, takes its minimum at

a=A(r)= <\/3/78’ \/3/747 \/ﬁ)

Using our results, one can easily verify that this is the optimal point in K, by checking that a~! € L, which indeed holds as

forb=a""'= (\/8/37 V4/3, \/8/3> we have b3 4 b3 = b3 + b3 = 4/3 +8/3 = 4.

This confirms the value of Hg(X|Y); see (19).
Finally, the table below shows the values ¢, (r(”)) of the iterative process started from a random point g(°). We also included
the error (i.e., the distance from the minimum) and our error bound based on the dual problem (see Theorem in Section

V).

n | value error error bound (see Thm
o (r™) o (r™) — Ho(X]Y) | §(A(r™))
5 | 0.3749085763210158 1.8-107° 2.5-1073
10 | 0.3748904169016328 3.2.1077 3.2.-107¢
15 | 0.3748901019703158 5.5-107° 4.3-107°
20 | 0.3748900965089192 9.6-10"11 5.6-1076
25 | 0.3748900964142102 1.6 - 10712 7.4-1077
30 | 0.3748900964125679 2.9.10714 9.8-108
35 | 0.3748900964125393 4.6-10716 1.2-1078
Hqg(X]Y) | 0.3748900964125389...

E. Fractional chromatic number

Given a convex corner K, it is natural to ask what the maximum of its entropy function is. That is, by varying the distribution
of X, what is the maximal possible Hx (X ) we can get for a fixed K? In general one can say the following about this maximum
entropy.

Lemma 25 (see Corollary 1.2.21 in [4]). Let K C R* be an arbitrary convex corner. Then
m)?XHK(X) =log7(K),

where T(K) denotes the smallest t > 1 such that the constant 1/t vector lies in K. (Note that here X can be any random
variable on X: its support may be a proper subset of X.)

The question arises: is there a special meaning of 7(K) in our setting? In the unconditioned case, that is, for the vertex
packing polytope K = VP(G), 7(K) is known to be equal to the fractional chromatic number of the graph [I7, Lemma 4].
Is there a generalization of this result: does 7(K,) have a nice graph theoretic meaning in the conditional setting?

Problem 26. Fix a graph G equipped with a distribution on ) at each vertex x (described by p,,). Note that this determines
the convex corner K. Is it possible to give a (graph theoretic) description of 7(K,)? This could lead to a notion generalizing
the fractional chromatic number to measure-labelled graphs.

V. DISCUSSION OF THE ALGORITHM

As we have seen in the introduction, one may start at any point ¢(*) € int(K) and alternate in applying the mappings
R and @ to get a sequence with decreasing (-values. In fact, Theorem (3| tells us that the values always converge to
minp(q,r) = Hg(X|Y).

In this section, we provide an error bound for the algorithm, then propose a tweak for improving the running time, and
finally analyze the rate of convergence in the unconditioned case of graph entropy.



A. Error bound

How long should we run the iterations? A natural stopping rule is to terminate the algorithm at a step where the drop in the
p-value gets below some threshold. Is there a way to know how far we are from the actual minimum? Using the dual problem
defined in Section , we can easily get an error bound for any given (") we stop at.

Theorem 27. Let r € K, arbitrary and set a = A(r). For each j consider the following maximization problem:

14+46;(a) = max 7; (a_l,t) = mtaxz Z—z 1;[ (ty)pylx under the constraints t, > 0; Zpyty =1. (20)

TEJ Y

Then @,(a) = @.(r) is at most §(a) := max; §;(a) away from the minimum. More precisely,
¢r(r) = Ha(X]Y) < log (1 + 6(a)) < 6(a).
In particular, a (and hence r) is optimal if and only if 5(a) = 0.

Remark 28. Note that each maximization is a convex optimization problem, whose dimension (|)|) is small compared to that
of the r-problem (|Y| - |J]) so we can solve them with high precision relatively fast.

Proof. By definition, b:= (1 + (5((1))71(1_1 lies in L. Therefore
Ho(X|Y) = — mLin ©a < —a(b) =log (1+8(a)) + ¢a(a).

The table at the end of Section compares this error bound to the true error for the Orlitsky—Roche example.

B. A tweak: deleting redundant sets

The running time of the algorithm depends on two things: the time required to perform a single step and the number of
steps required to get within the desired distance of the minimum. With one small tweak we can achieve significant gains for
both at the same time.

First of all, note that at each step the algorithm performs O(|X| - |V| - |J|) operations when computing r(™) = R(q(™)
and ¢"tY = Q(r™).

In examples there are often a large number of (independent sets) j that are actually not “used” at the optimal g and » in
the sense that ¢, = 0 and r;, = 0 for all &, y. For any such j, these variables will converge to O through the iterations. To
speed things up, we may want to detect such redundant sets j early and set the corresponding variables to 0. Note that these
variables remain to be 0 from this point on, so we may remove such a j from J and proceed with the iterations using a smaller
set J. This immediately reduces the computational complexity for each subsequent step. Moreover, it typically results in a
better rate of convergence as well: without redundant sets, the error usually decays at a faster rate. Consequently, this version
of the algorithm often requires considerably fewer steps to reach the desired precision. (This phenomenon will be illustrated
for graph entropy both by an example and an analysis.)

However, when the algorithm terminates and outputs an (approximate) minimum point for some subsystem 7 of the original
Jor, We should justify that all deletions we made along the way were indeed necessary. So we take the corresponding point
a and perform our optimality check/error bound calculations: we compute d;(a) as in (20). For each j € J we should get a
negative number or a very small positive number, confirming that we are indeed close to the minimum point of the problem
corresponding to the subsytsem 7. If 5j(a) < 0 for all deleted sets j € Jo \ J, it means that we cannot do better even if we
used the deleted sets. If, on the other hand, J; (a) > 0 for some of the deleted sets j, then we should “re-activate” them (i.e.,
add them back to 7).

So we propose the following tweaked version of the iterative process.

Set T§‘(|2 = 1/|J]| for each j and y. Note that (9 ¢ K.

o Set g4 = 1073|Y|/|T).

o At step n:

- compute 71 N q™ Ly (),

— for any j with Zy rﬁ; < €act, remove j from J and delete the corresponding variables r

— for each y, re-normalize the remaining variables r;ﬁ/), j € J such that

(n)

il for all y;

the constraint Z r](ﬁ/) =1 is satisfied again.
J

o Compute the value (pr(r(")) after every 10 steps, and terminate the iterations when this value, compared to the




previous one, decreases by less than some small gprc (say, 107195).

e Seta= A(r(”)).

« Compute d;(a) as in 20) for all j € J as well as for all previously deleted sets j.

o If §;(a) <0 for each deleted j, then return ¢,(a) with the error bound max d;(a).

o Otherwise, for each deleted j € 7, \ J with d;(a) > 0, add j back to J and create the corresponding variables
rj(‘ny) for each y, setting them to some small positive Values Then re-normalize as before so that 7(™) € K, holds
again. Finally, restart the iterations, this time with no set-deletions.

“Any values work but the following choice should guarantee that we get a smaller ¢r-value right after restart: set ry‘ly) :

e, where t denotes the vector at which @) takes its maximum.

= ety for a sufficiently small

Normally, we set g, to be fairly small so that it is extremely unlikely that we unjustifiably delete a set j, and the check at
the end should (essentially always) confirm this.
Our implementation in Python is available on GitHub [11].

C. An example

The next example shows how detecting redundant sets can speed the convergence up.

Example 29. Let G be the dodecahedral graph: a 3-regular graph with 20 vertices and 30 edges; see Figure [3] It has 295
maximal independent sets. For a uniform X we have

)

This can be seen easily using that |j| < 8 for each j € J and that one can find five independent sets ji, ..., j5 such that each
vertex is contained in exactly two of them (and hence (2/5)e € K, = VP(G), where e is the all-ones vector).

Fig. 3. The graph of the dodecahedron. The red vertices form an independent set of size 8. By “rotation” one can get five independent sets in a way that
each vertex is contained in exactly two of them.

Starting from a random point q(°), the blue dots below show the value o, (r(”)) for each iteration n = 1,...,75.
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For comparison, we run the process from the same starting point, but this time deleting a set j if ”r;") gets below g, =
2720 ~ 1075, Up to n = 75 only 23 sets were deleted and there was little difference in the value compared to the plot above.
Afterwards the deletion rate accelerated and by step n = 101 all but the five independent sets of size 8 were deleted. The figure
below compares the values in the two cases after step 80. (We used blue dots for the original process with no set-deletions
and green dots for the one with set-deletions.)
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The original algorithm (blue dots) needed 239 steps to get within distance 10712 of the true minimum log(5/2), while the
refined process (green dots) reached this threshold after only 108 iterations. We plotted the distance to the minimum in a
logarithmic scale below: the horizontal axis shows the number of steps, while the vertical axis shows —log;, of the distance
(i.e., the number of precise decimal digits essentially).
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We see that there is a considerable leap in precision at the point when all 290 “redundant” independent sets have been deleted.
Both versions eventually settle into a phase where the precision (“number of precise digits”) grows at a linear rate. The tweaked
version clearly exhibits a faster rate. In fact, the analysis in the next section will reveal that this faster rate is 2-1g(8/5) ~ 0.408
compared to the rate 1g(8/7) ~ 0.058 of the original version.

D. Rate of convergence for graph entropy

As we have seen in the example of the previous section, the precision of the iterative algorithm appears to grow at some
linear rate (for steps n > ng). The following analysis confirms this observation and explains how one can determine this
(“eventual”) rate in the unconditioned setting (i.e., graph entropy). Rigorous proofs would make the analysis undesirably long
and technical so in this section we settle for only sketching the arguments.

Formulas for graph entropy: In the special case of graph entropy (i.e., when || = 1 so there is only one y) the formulas
simplify considerably. First of all, we have p¥ = p¥/* = 1 and Dz,y = Paly = Pz» and we may omit y in the indices. So r now
denotes a point (r;);cz in the set

Kr:{r:(rj) :rjEO;erzl}CRj.
J

Furthermore, we have the following simple formulas:

Ri(Q) = s Gjja;

EASH]

Ay(r) = eré

i3
B 0 ifx¢j§
Qjla(r) = {rj/Ax(T‘) if z € j;

or(r) = —me log Ay (r) = —pr longj.

VEES
So A is simply a linear R7 — R* map corresponding to the following matrix M € R7*?*:
M, = 1 %fxE]:;
’ 0 ifzéj.

That is, the columns of M are the indicators functions of the sets j, and we have A(r) = Mr.



As for the stepping map F;: r — 7’ for the r-problem, we have

r_ Px )
v (Z o ) b

Aj (1‘)::

It follows that if r is a fixed point of F; (i.e., ; = r; for each j), if and only if Aj;(r) =1 for any j with r; > 0.
It is worth mentioning that if 0; denotes the partial derivative w.r.t. the variable r;, then we have

yontr) = = A - Y P o)

x

So what the stepping map F;(r) does in this unconditioned setting is simply multiply = (coordinate-wise) by the negative of
the gradient Vi (7).

Case of no redundant sets: We start our analysis with the case when each j is “used” (r; > 0) at the minimum point 7
of .. This is always the case in the tweaked version of the algorithm which ensures that all redundant sets are eventually
deleted. Note that A;(r) =1 for all j in this case, and hence the gradient Vi, (r) = —e for the all-ones vector e.

For a vector v we will use the notation D(v) for the corresponding diagonal matrix. In particular, D(r) € R7*7 is the
diagonal matrix with entries 7;, while D(pa~2) € RY*¥ is the diagonal matrix with entries p,/a?.

Lemma 30. Assume that v is a minimum point of y, and that each r; > 0. Set a := A(r) = Mr so that a is the minimum
point of @,. Let

N := D(r)M " D(pa~?)M.
Then N € RI*7 is a square matrix with nonnegative entries and with the following properties:

e in each column the sum of the entries is 1 (and hence 1 is an eigenvalue);
e N is diagonalizable with eigenvalues in [0, 1];
e ker N = ker M.

The proof of the lemma can be found at the end of the section.
Claim. The rate of convergence is governed by the smallest nonzero eigenvalue Ay, of N:

or(r) = min ¢, + O((1 = Amin)™). (22)

So the rate of growth for the precision is —21g(1 — Apin)-

Example. The dodecahedral graph of Example 29 has five independent sets of size 8. Note that their pairwise intersections
are of size 2. Independent sets of smaller size are all redundant so let 7 be the set of these five sets. Then we have 7; = 1/5
for all j and a, = 2/5 for all z. It follows that each diagonal entry of N is equal to 1/2, while all other entries are equal
to 1/8. Therefore, the eigenvalues (with multiplicity) are 1; 3/8; 3/8; 3/8; 3/8. SO Amin = 3/8 and we get that the rate of
growth for the precision is —21g(5/8) + o(1), which is consistent with our numerical findings presented earlier.

Now we will sketch the proof of the claim. For the sake of simplicity we assume that ker M = {0}. In this case 7 is the
unique minimum point of ¢, and hence 7™ — r as n — oo. So difference vector o) = (™ — ¢ converges to 0. Set
a™ = Mp™. Then |a™]|| = O(|[o™]) converges to 0 as well.

With these notations, we compute the coordinates of the next point 7("+1) = Fr(r(”)) of our sequence:

(n) (n))2
n Z Yz Pz Pz Oy Pz Oz n

2
vej Go T Q zej % zej © z€j az(az + ag

=1

It follows that (1) - »
n—+ n T n n
o " =" =y Y ral” +O(le™]).

I

Since a(® = MQ(”), we conclude that
"t = (I = N)o™ + O(|le™]).- (23)

Recall that A, is the smallest nonzero eigenvalue of N. Under our assumption ker N = ker M = {0}, so 0 is not an
eigenvalue now, meaning that the largest eigenvalue of the diagonalizable matrix I — N is 1 — Api,. Then it is not hard to
deduce from that

1™l = O((1 = Aumin)").
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As for the ¢,-value,
pr(r™) = pi(r + ™) = () + Ver(r) 0™ + O([le™?),
Hﬁ,—/

=—e

where the dot product e - o™, which is simply the sum of the coordinates of (™), is equal to 0 because this sum is 1 both
for r € K, and for 7(") € K,. Then clearly follows.

In fact, heuristically, o"*t1) ~ (I — N)o(™ means that if we write () in an eigenbasis, then the parts corresponding to
smaller eigenvalues will become negligible and (™ will be close to an eigenvector with the maximal eigenvalue 1 — Apin,
and hence 0"t ~ (1 — A\pin)0™ for large n (at least for typical starting points).

When ker M = ker N has positive dimension, 1 is an eigenvalue of I — [NV and it seems that we do not necessarily have
exponential decay. Note, however, that vectors from ker M do not make a difference from the point of view of y-value because
for any v € ker M we have A(r’ + v) = A(r’), and hence ¢, (7" + v) = ().

We close this section by proving the required properties of V.

Proof of Lemma Since r is a minimum point of ¢, by Proposition [24]  is a fixed point of F;, and hence A;(r) =1 for
each j. This means that M " (pa~!) is the all-ones vector e.
We also have Mr = A(r) = a. Then

N'e=M"D(pa ?)M D(r)e = M D(pa=2) Mr = M" D(pa—%)a=M"(pa™') =,
—— ~~ —— __/1
o

=a _

=r

confirming that 1 is an eigenvalue and that each column sum of [V is 1. Since all entries are nonnegative, it follows that IV is
a (left) stochastic matrix, and hence || < 1 for each eigenvalue \.
Furthermore, N is similar to a positive semidefinite matrix:

D(r~'?)ND(r'/?) = D(r'/*)M " D(pa=)MD(r'/?),

so N is diagonalizable with nonnegative eigenvalues.
Finally, let B = D(p'/?a~')M. Then

ker M = ker B = ker(B' B) = ker(M " D(pa=2)M) = ker N.
O

Convergence for a redundant set: If r; = 0 for a given j at the limiting point r = lim,_, r(™), then we must have
Aj(r) < 1. We then eventually see an exponential decay in the j-coordinate:

P = (A (r) + (1)) (.

Then the growth rate for the precision of ¢, (r(")) is at most —log A, where A denotes the largest value of A;(r) among all
redundant sets j. For the dodecahedral graph we have A = 7/8, which is consistent with our previous numerical findings.

VI. CONCLUSION

The optimal rate of lossless functional compression with side information at the receiver can be characterized by conditional
graph entropy. However, little can be found in the literature about this entropy notion. So we set out to study conditional
graph entropy in more detail. Our starting point was the original formula which can also be formulated as the g-problem.
Our first step was the discovery of the r-problem and the stepping maps (), R between the two problems. This interaction
was reminiscent of the alternating optimization in the EM algorithm, which made us realize that there might be an underlying
alternating minimization problem. This, in turn, helped us to analyze the iterative algorithm because we could turn to the
general theory of Csiszar and Tusnddy: we verified that the 3-point, 4-point, and S-point properties hold in our setting, and
showed that the iterations always converge to the minimum. Our theoretical results lead to a practical algorithm for computing
conditional graph entropy that also comes with an error bound based on a dual problem.

Alternating optimization has a vast and growing literature. The fact that (conditional) graph entropy is part of this family
of problems will hopefully inspire future research in the area.
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