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Abstract

Conditional graph entropy is known to be the minimal rate for a natural functional compression problem with side information
at the receiver. In this paper we show that it can be formulated as an alternating minimization problem, which gives rise to a
simple iterative algorithm for numerically computing (conditional) graph entropy. This also leads to a new formula which shows
that conditional graph entropy is part of a more general framework: the solution of an optimization problem over a convex corner.
In the special case of graph entropy (i.e., unconditioned version) this was known due to Csiszár, Körner, Lovász, Marton, and
Simonyi. In that case the role of the convex corner was played by the so-called vertex packing polytope. In the conditional version
it is a more intricate convex body but the function to minimize is the same. Furthermore, we describe a dual problem that leads
to an optimality check and an error bound for the iterative algorithm.

I. INTRODUCTION

We consider the problem of computing conditional graph entropy. Orlitsky and Roche [14] used this entropy notion to
characterize the optimal rate of lossless functional compression with side information at the decoder. Despite playing an
inherent role in data compression, little can be found in the literature about conditional graph entropy.

A. Background and related work

Conditional graph entropy: Suppose that the random variable 𝑋 takes values in a finite alphabet 𝒳 , where not every pair of
letters can be distinguished. Let 𝐺 be a graph with vertex set 𝑉 (𝐺) = 𝒳 describing which pairs are distinguishable: 𝑥, 𝑥′ ∈ 𝒳
can be distinguished if and only if 𝑥𝑥′ is an edge of 𝐺. Furthermore, we say that the sequences 𝑥1, . . . , 𝑥ℓ and 𝑥′

1, . . . , 𝑥
′
ℓ

are distinguishable if 𝑥𝑖 and 𝑥′
𝑖 are distinguishable for at least one index 𝑖. We wish to encode an i.i.d. sequence 𝑋1, . . . , 𝑋ℓ

with high probability in a way that distinguishable sequences are mapped to different codewords. An independent set of 𝐺
contains no edges, and hence any two letters in the set are indistinguishable. Therefore one possible strategy is to replace each
𝑋𝑖 with an independent set 𝐽𝑖 ⊆ 𝒳 containing 𝑋𝑖, and encode the sequence 𝐽1, . . . , 𝐽ℓ instead. If we do this randomly in a
way that (𝑋𝑖, 𝐽𝑖) are i.i.d. samples of some (𝑋, 𝐽) where 𝐽 is a random independent set containing 𝑋 , then we can encode
the 𝐽𝑖 sequence with rate 𝐻(𝐽) (asymptotically as ℓ → ∞). Note that the number of times any given typical 𝑋𝑖 sequence
is covered has exponential rate 𝐻(𝐽 |𝑋). Based on this, one can design an encoding with rate 𝐻(𝐽) −𝐻(𝐽 |𝑋) = 𝐼(𝑋; 𝐽).
Then, for a given 𝑋 , one needs to choose (𝑋, 𝐽) in a way that the mutual information 𝐼(𝑋; 𝐽) is as small as possible. Körner
showed that this is the best achievable code rate and introduced the corresponding notion of graph entropy [12]:

𝐻𝐺(𝑋) = min
𝐽

𝐼(𝑋; 𝐽), where 𝐽 is a random independent set of 𝐺 such that 𝑋 ∈ 𝐽 . (1)

The analogous problem with side information 𝑌𝑖 at the receiver leads to the notion of conditional graph entropy 𝐻𝐺(𝑋|𝑌 ).
Let (𝑋,𝑌 ) be discrete random variables of some given joint distribution and let (𝑋𝑖, 𝑌𝑖) be i.i.d. samples. We assume that
the decoder knows the sequence 𝑌1, 𝑌2, . . .. If we want to use the same approach (i.e., choosing a random 𝐽), then 𝐽 and 𝑌
should be independent conditioned on 𝑋 (because the sender does not know 𝑌𝑖 when choosing 𝐽𝑖). This can be made rigorous,
leading to the following formula:

𝐻𝐺(𝑋|𝑌 ) = min
𝐽

𝐼(𝑋; 𝐽 |𝑌 ) = min
𝐽

(︂
𝐻(𝐽 |𝑌 )−𝐻(𝐽 |𝑋,𝑌 )⏟  ⏞  

𝐻(𝐽|𝑋)

)︂
, (2)

where 𝐽 is a random independent set of 𝐺 such that 𝑋 ∈ 𝐽 , and 𝐽 and 𝑌 are conditionally independent conditioned on 𝑋
(which is equivalent to saying that 𝑌 −𝑋 − 𝐽 is a Markov chain).

A lot of work has been done regarding graph entropy since Körner [12] introduced the notion in 1973; see the surveys [16],
[17]. In particular, Csiszár, Körner, Lovász, Marton, and Simonyi [5] found a new way to express graph entropy based on a
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beautiful connection to the so-called vertex packing polytope VP(𝐺), leading to, among other things, an elegant information
theoretic characterization of perfect graphs. This connection motivated the study of a more general framework, namely, entropy
functions corresponding to convex corners. (See [19, Proposition 5.4] for a recent characterization of such functions.) Besides
VP(𝐺), another notable convex corner associated to graphs is the theta body TH(𝐺) defined by Grötschel, Lovász, and
Schrijver [10]. It is closely related to the Lovász number (or 𝜗 function), originally introduced in [13] for bounding the
Shannon capacity of a graph.

Much less is known about conditional graph entropy, however. Let us first describe its connection to functional compression.
Compression with side information: Suppose now that the receiver wishes to recover the values 𝑓(𝑋𝑖, 𝑌𝑖) of some given

function 𝑓 : 𝒳 × 𝒴 → 𝒵 (with high probability, over long blocks) as depicted in Figure 1. Orlitsky and Roche [14] showed
that the minimal rate of information that needs to be transmitted is precisely the conditional graph entropy of the so-called
characteristic graph, which is defined on the vertex set 𝒳 as follows: vertices 𝑥1, 𝑥2 ∈ 𝒳 are connected with an edge if and
only if

∃𝑦 ∈ 𝒴 s.t.
(︀
𝑓(𝑥1, 𝑦) ̸= 𝑓(𝑥2, 𝑦) & P(𝑋 = 𝑥1, 𝑌 = 𝑦) > 0 & P(𝑋 = 𝑥2, 𝑌 = 𝑦) > 0

)︀
.

(This definition goes back to Witsenhausen [20].) We mention that in the special case 𝑓(𝑥, 𝑦) = 𝑥, which was already studied
in Shannon’s classical work [15], the optimal rate is given by the conditional entropy 𝐻(𝑋|𝑌 ) = 𝐻(𝑋,𝑌 )−𝐻(𝑌 ).

Fig. 1. The problem of functional compression with side information at the decoder

Also note that these problems are naturally connected to graph coloring. Doshi et al. [7] extended the notion of chromatic
entropy [1] and defined conditional chromatic entropy. They showed that first coloring a sufficiently large power graph and
then encoding the colors achieves conditional graph entropy.

Alternating optimization: As we have mentioned, it turns out that conditional graph entropy can be obtained by alternating
optimization. This family includes a large number of problems from a variety of fields. A usual feature is that although the
optimum has no closed-form expression, there is an efficient way to optimize in each variable. Thus, optimizing in the different
variables in turns can lead to a good numerical approximation of the optimum. A well-known example is the expectation—
maximization (EM) algorithm. Another prominent example is the Blahut–Arimoto (BA) algorithm [2], [3], which deals with the
capacity of discrete memoryless channels. To find the capacity achieving input, the algorithm turns the objective into a double
supremum and alternately optimizes over the distribution parameters from random initialization. Also, [8] provides a numerical
method for the Gel’fand-Pinsker problem [9], where noncausal state information is known at the encoder. Generalization of the
BA algorithm for finite-state channels, proposed in [18], also takes advantage of the iterative nature of alternating optimization.
To the best of our knowledge, no similar procedure was proposed for the Orlitsky–Roche problem [14] beforehand.

It is important to point out that Csiszár and Tusnády [6] initiated the systematic study of such problems in the 1980s already.
The cornerstone of their theory is a collection of inequalities called 3-point, 4-point, and 5-point properties. They will play a
key role in our problem as well.

B. Notations

Random variables are denoted by uppercase letters (𝑋 , 𝑌 , 𝐽), while their realizations are denoted by lowercase letters
(𝑥,𝑦,𝑗). The (discrete) alphabet of a random variable is denoted by the corresponding script letter (𝒳 ,𝒴 ,𝒥 ). For brevity, we
write

∑︀
𝑥 for

∑︀
𝑥∈𝒳 , and

∑︀
𝑦 for

∑︀
𝑦∈𝒴 . We use P(·) to denote the probability of an event, and the following shorthand

notations will be used as well:

𝑝𝑥,𝑦 ..= P(𝑋 = 𝑥, 𝑌 = 𝑦);

𝑝𝑥 ..= P(𝑋 = 𝑥) =
∑︀

𝑦 𝑝𝑥,𝑦;

𝑝𝑦 ..= P(𝑌 = 𝑦) =
∑︀

𝑥 𝑝𝑥,𝑦;

𝑝𝑥|𝑦
..= P(𝑋 = 𝑥|𝑌 = 𝑦) = 𝑝𝑥,𝑦/𝑝

𝑦;

𝑝𝑦|𝑥 ..= P(𝑌 = 𝑦|𝑋 = 𝑥) = 𝑝𝑥,𝑦/𝑝𝑥.

In most settings 𝑗 denotes a subset of 𝒳 . When a graph 𝐺 is given on the vertex set 𝒳 , then 𝑗 always denotes an independent
set: 𝑗 ⊆ 𝒳 is a set of vertices such that the induced subgraph 𝐺[𝑗] contains no edge. In this setting 𝐽 stands for a random
independent set. Then 𝒥 denotes the set of all independent sets, while 𝒥𝑥 is the set of independent sets containing 𝑥.
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C. Contributions

Alternating minimization: Let us consider the following optimization problem.

Problem. Suppose that we have two finite families of probability measures on a given finite set 𝒥 : 𝜇𝑥, 𝑥 ∈ 𝒳 and 𝜈𝑦 , 𝑦 ∈ 𝒴 .
In the first family for each 𝑥 ∈ 𝒳 we have a constraint: the support supp𝜇𝑥 must be contained in a given subset 𝒥𝑥 of 𝒥 .
Find the measures 𝜇𝑥, 𝜈𝑦 that minimize the weighted sum of the Kullback–Leibler divergences:∑︁

𝑥,𝑦

𝑝𝑥,𝑦𝐷KL(𝜇𝑥 ‖ 𝜈𝑦) for some given weights 𝑝𝑥,𝑦 ≥ 0.

That is, given 𝒥𝑥 ⊆ 𝒥 , 𝑥 ∈ 𝒳 and 𝑝𝑥,𝑦 ≥ 0, 𝑥 ∈ 𝒳 , 𝑦 ∈ 𝒴 , find the minimum of the above sum under the constraint
supp𝜇𝑥 ⊆ 𝒥𝑥.

In our setting we have random variables 𝑋 and 𝑌 taking values in the finite sets 𝒳 and 𝒴 , respectively, and 𝐺 is a graph
on the vertex set 𝒳 . Then by 𝑗 we denote an independent set of 𝐺, hence each 𝑗 is a subset of 𝒳 . We choose 𝒥 to be the
set of all 𝑗, while

𝒥𝑥
..= {𝑗 : 𝑥 ∈ 𝑗}

consists of the independent sets containing a fixed 𝑥. With this setup and with 𝑝𝑥,𝑦 ..= P(𝑋 = 𝑥, 𝑌 = 𝑦), the minimum of the
problem above turns out to be precisely 𝐻𝐺(𝑋|𝑌 ).

To get concrete formulas, let us represent the distributions 𝜇𝑥 and 𝜈𝑦 by the following vectors:

𝑞 =
(︀
𝑞𝑗|𝑥
)︀
(𝑗,𝑥)∈𝒥×𝒳 ∈ R𝒥×𝒳 ;

𝑟 =
(︀
𝑟𝑗|𝑦
)︀
(𝑗,𝑦)∈𝒥×𝒴 ∈ R𝒥×𝒴 ,

where 𝑞𝑗|𝑥 and 𝑟𝑗|𝑦 stand for 𝜇𝑥({𝑗}) and 𝜈𝑦({𝑗}), respectively.1 The constraints for 𝑞 and 𝑟 lead to the following definition.

Definition 1. We define the convex polytopes 𝐾q ⊂ R𝒥×𝒳 and 𝐾r ⊂ R𝒥×𝒴 as

𝐾q
..=

{︂
𝑞 =

(︀
𝑞𝑗|𝑥
)︀
: 𝑞𝑗|𝑥 ≥ 0;

∑︁
𝑗∋𝑥

𝑞𝑗|𝑥 = 1 (∀𝑥 ∈ 𝒳 ); 𝑞𝑗|𝑥 = 0 if 𝑥 /∈ 𝑗

}︂
and

𝐾r
..=

{︂
𝑟 =

(︀
𝑟𝑗|𝑦
)︀
: 𝑟𝑗|𝑦 ≥ 0;

∑︁
𝑗

𝑟𝑗|𝑦 = 1 (∀𝑦 ∈ 𝒴)

}︂
.

By int(𝐾q) and int(𝐾r) we denote the relative interiors of the polytopes (within their affine hull).

In the sequel we will always assume that 𝑞 ∈ 𝐾q and 𝑟 ∈ 𝐾r. Then

𝐷KL(𝜇𝑥 ‖ 𝜈𝑦) =
∑︁
𝑗

𝑞𝑗|𝑥 log
𝑞𝑗|𝑥

𝑟𝑗|𝑦
.

Therefore we need to minimize the function

𝜙(𝑞, 𝑟) ..=
∑︁
𝑥,𝑦,𝑗

𝑝𝑥,𝑦 𝑞𝑗|𝑥 log
𝑞𝑗|𝑥

𝑟𝑗|𝑦
(3)

over 𝑞 ∈ 𝐾q and 𝑟 ∈ 𝐾r.
As we will see, this is an alternating minimization problem. The point is that if we fix one of the two variables 𝑞 and 𝑟,

then there are explicit formulas for the optimal choice of the other variable: we will define maps

𝑄 : 𝐾r → 𝐾q and 𝑅 : 𝐾q → 𝐾r

such that 𝑟 = 𝑅(𝑞) is the optimal choice for a fixed 𝑞, and similarly 𝑞 = 𝑄(𝑟) is optimal for a fixed 𝑟; that is, for any 𝑞 and
𝑟 we have

𝜙(𝑞, 𝑟) ≥ 𝜙
(︀
𝑞, 𝑅(𝑞)

)︀
and 𝜙(𝑞, 𝑟) ≥ 𝜙

(︀
𝑄(𝑟), 𝑟

)︀
.

Using 𝑄 and 𝑅 we can explicitly define the following functions:

𝜙q(𝑞) ..= 𝜙
(︀
𝑞, 𝑅(𝑞)

)︀
= min

𝑟
𝜙(𝑞, 𝑟) and

𝜙r(𝑟) ..= 𝜙
(︀
𝑄(𝑟), 𝑟

)︀
= min

𝑞
𝜙(𝑞, 𝑟),

1We index the coordinates/variables by 𝑗|𝑥 and 𝑗|𝑦 to emphasize the fact that they express certain conditional probabilities, see the proof of Proposition 8
for details. This notation may also serve as a reminder that 𝑞𝑗|𝑥 and 𝑟𝑗|𝑦 have to sum up to 1 for any fixed 𝑥 and 𝑦, respectively.
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They clearly have the same minimum as 𝜙. When we work out the details in Section II, we will see that the q-problem min𝜙q
is actually equivalent to the original formula (2) for conditional graph entropy (see Proposition 8).

Theorem 2. We have the following formulas for conditional graph entropy:

𝐻𝐺(𝑋|𝑌 ) = min
𝐾q×𝐾r

𝜙 = min
𝐾q

𝜙q = min
𝐾r

𝜙r.

Algorithm: When trying to find the minimum of 𝜙(𝑞, 𝑟), the fact that we can easily optimize in either variable (while
the other is fixed) gives rise to the following simple iterative algorithm. Let us start from a point 𝑞(0) and apply 𝑅 and 𝑄
alternately:

𝑞(0) 𝑅↦−→ 𝑟(0)
𝑄↦−→ 𝑞(1) 𝑅↦−→ 𝑟(1)

𝑄↦−→ 𝑞(2) 𝑅↦−→ 𝑟(2) · · · . (4)

The corresponding 𝜙-value decreases at each step:

𝜙
(︀
𝑞(0), 𝑟(0)

)︀
= 𝜙q(𝑞

(0))

⩾ ⩾

𝜙
(︀
𝑞(1), 𝑟(0)

)︀
= 𝜙r(𝑟

(0))

⩾ ⩾
𝜙
(︀
𝑞(1), 𝑟(1)

)︀
= 𝜙q(𝑞

(1))

⩾ ⩾

𝜙
(︀
𝑞(2), 𝑟(1)

)︀
= 𝜙r(𝑟

(1))

⩾ ⩾

𝜙
(︀
𝑞(2), 𝑟(2)

)︀
= 𝜙q(𝑞

(2))
...

...

One can also think of this alternating optimization as “jumping” between the q-problem min𝐾q 𝜙q and the r-problem min𝐾r 𝜙r
using the maps 𝑄 : 𝐾r → 𝐾q and 𝑅 : 𝐾q → 𝐾r. The value to minimize (i.e., the 𝜙q-value and the 𝜙r-value, respectively)
always decreases, so with each step we get closer to the optimum.

Following the footsteps of the general theory of Csiszár and Tusnády [6], we will show that, for an arbitrary starting point
𝑞(0) in the relative interior int(𝐾q), the iterative process converges to the minimum.

Theorem 3. For an arbitrary starting point 𝑞(0) ∈ int(𝐾q) consider the sequence (4) obtained by alternating optimization.
Then 𝜙

(︀
𝑞(𝑛), 𝑟(𝑛)

)︀
is a decreasing sequence that converges to min

𝐾q×𝐾r
𝜙 as 𝑛 → ∞.

We implemented the algorithm in Python and made the codes publicly available in a GitHub repository [11].
Convex corners: As we have mentioned, the q-problem min𝜙q gives back the original formula (2). On the other hand,

the r-problem min𝜙r gives us a new formula. We make this new formula explicit in the next theorem because it shows how
conditional graph entropy is related to convex corners (a known phenomenon in the unconditioned case).

Theorem 4. For any (maximal) independent set 𝑗 of 𝐺 and any possible value 𝑦 of 𝑌 we have a variable 𝑟𝑗|𝑦 . Then conditional
graph entropy can be expressed as the solution of the following optimization problem:

𝐻𝐺(𝑋|𝑌 ) = min−
∑︁
𝑥

𝑝𝑥 log

(︂ ∑︁
𝑗 : 𝑥∈𝑗

∏︁
𝑦

(︀
𝑟𝑗|𝑦
)︀𝑝𝑦|𝑥

)︂
, (5)

where the minimum is taken over all choices of 𝑟𝑗|𝑦 ≥ 0 satisfying
∑︀

𝑗 𝑟𝑗|𝑦 = 1 for each fixed 𝑦.

We can easily turn this new r-problem into another one (that we will call the a-problem) which attests that conditional graph
entropy is a special case of a more general entropy notion defined for convex corners.2

To see this connection, note that (5) is in the form

𝐻𝐺(𝑋|𝑌 ) = min
𝐾r

−
∑︁
𝑥

𝑝𝑥 log𝐴𝑥,

where 𝐴𝑥 is a function of the variables 𝑟𝑗|𝑦 . The key property is that 𝐴𝑥 : 𝐾r → [0, 1] is a concave function for each 𝑥. It
means that the set of image points 𝑎 = (𝑎𝑥)𝑥∈𝒳 with 𝑎𝑥 = 𝐴𝑥(𝑟), as 𝑟 ranges over 𝐾r, (essentially) defines a convex corner
𝐾a in R𝒳 . Then we have

𝐻𝐺(𝑋|𝑌 ) = min
𝐾a

𝜙a, where 𝜙a(𝑎) = −
∑︁
𝑥

𝑝𝑥 log 𝑎𝑥.

A nice feature of this a-problem is that the minimum is attained at a single point 𝑎 ∈ 𝐾a because 𝜙a is strictly convex
(provided that 𝑝𝑥 = P(𝑋 = 𝑥) > 0 for each 𝑥). Also note that 𝜙a depends only on the distribution of 𝑋 , while the convex

2A convex corner of R𝒳 is a convex compact set in the positive orthant [0,∞)𝒳 that is downward closed, i.e., if we take any point in the set and decrease
some of its coordinates, then the new point still lies in the set (see Definition 15).
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corner 𝐾a depends only on the graph 𝐺 and the conditional distributions 𝑌 |𝑋 = 𝑥 for any given 𝑥. Thus, the parameters of
the problem are, so to say, split between 𝜙a and 𝐾a.

Moreover, we will define another convex corner, denoted by 𝐿, that can be regarded as the dual problem. To keep the
introduction concise, we will postpone the actual definition of 𝐿 and the precise statements until Section IV-C. In short, we
will show that

𝐻𝐺(𝑋|𝑌 ) = min
𝐾a

𝜙a = −min
𝐿

𝜙a,

and a vector 𝑎 =
(︀
𝑎𝑥
)︀
𝑥∈𝒳 ∈ 𝐾a is optimal (i.e., the minimum point of 𝜙a) if and only if 𝑎−1 ..=

(︀
𝑎−1
𝑥

)︀
𝑥∈𝒳 ∈ 𝐿. This

provides a fairly simple way to check optimality, and even leading to an error bound for our iterative algorithm as we will
explain in Section V.

In the special case when 𝑌 is trivial, i.e., 𝒴 is a one-element set, we get back Körner’s original setting of graph entropy,
and things simplify considerably. For example, 𝐾a is simply a polytope: the aforementioned vertex packing polytope (or
independent/stable set polytope) VP(𝐺). We did not find any mention in the literature of the fact that graph entropy can be
considered as an alternating minimization problem. In particular, to the best of our knowledge, the corresponding iterative
algorithm has not been used or proposed before even in this unconditioned setting.

Outline of the paper

We give more details of our alternating minimization problem in Section II, and collect its key properties in Section III,
proving, in particular, the convergence of the iterative process. In Section IV we discuss the connection to convex corners and
introduce the dual problem. In Section V we discuss some details of the iterative algorithm; in particular, an error bound based
on the dual problem and a tweak for speeding the convergence up.

II. THE ALTERNATING MINIMIZATION PROBLEM

In this section we rigorously introduce the optimization problem min𝜙(𝑞, 𝑟) described in the introduction. We will use the
notations outlined in Section I-B.

A. Assumptions

For the sake of simplicity, we will work under the following three assumptions that do not actually reduce generality.
∙ Each 𝑝𝑥 =

∑︀
𝑦 𝑝𝑥,𝑦 and 𝑝𝑦 =

∑︀
𝑥 𝑝𝑥,𝑦 is strictly positive. (Otherwise we simply delete the corresponding elements

from 𝒳 and 𝒴 .) Note that under this assumption the conditional probabilities 𝑝𝑥|𝑦 and 𝑝𝑦|𝑥 all exist.
∙ The sets 𝑗 cover 𝒳 , that is, ∀𝑥 ∈ 𝒳 ∃𝑗 ∈ 𝒥 s.t. 𝑥 ∈ 𝑗. (Otherwise the minimum we will consider would be ∞ anyway.)
∙ 𝒥 contains inclusion-wise maximal sets. (Removing subsets of other sets from 𝒥 does not change the minimum.)
Also, all the results will be true under the more general setting when 𝒥 ⊆ 𝒫(𝒳 ) is any set of subsets of 𝒳 . That is, the

sets 𝑗 ∈ 𝒥 are subsets of 𝒳 but they do not necessary need to be independent sets of some graph 𝐺 on 𝒳 . In conclusion, our
setup essentially has the following fixed parameters: the probabilities 𝑝𝑥,𝑦 and a binary relation ∈ on 𝒳 × 𝒥 : whenever 𝑥 is
in the set 𝑗 we write 𝑥 ∈ 𝑗.3

B. The mappings

Recall the convex polytopes 𝐾q and 𝐾r defined in Section I-C of the introduction. Now we explicitly define the mappings
𝑄 and 𝑅 between these polytopes along with an auxiliary mapping 𝐴. In fact, the formula defining 𝑄 will make sense only
on the subset 𝐾*

r where none of the coordinates of 𝐴 vanishes. We define 𝑄 arbitrarily outside 𝐾*
r .

Definition 5. We define the mappings 𝐴 : 𝐾r → R𝒳 ; 𝑄 : 𝐾r → 𝐾q ⊂ R𝒥×𝒳 ; 𝑅 : 𝐾q → 𝐾r ⊂ R𝒥×𝒴 by the following
coordinate-wise functions 𝑄𝑗|𝑥, 𝑅𝑗|𝑦 , 𝐴𝑥:

𝑅𝑗|𝑦(𝑞)
..=
∑︁
𝑥∈𝑗

𝑝𝑥|𝑦 𝑞𝑗|𝑥;

𝐴𝑥(𝑟) ..=
∑︁
𝑗∋𝑥

∏︁
𝑦

(︀
𝑟𝑗|𝑦
)︀𝑝𝑦|𝑥

;

𝑄𝑗|𝑥(𝑟)
..=

⎧⎨⎩0 if 𝑥 /∈ 𝑗;∏︀
𝑦

(︀
𝑟𝑗|𝑦
)︀𝑝𝑦|𝑥

⧸︂
𝐴𝑥(𝑟) if 𝑥 ∈ 𝑗.

3Equivalently, we may write 𝑗 ∋ 𝑥. In particular,
∑︀

𝑗∋𝑥 means that the sum runs over sets 𝑗 ∈ 𝒥 containing the (fixed) element 𝑥.
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Since the formula for 𝑄𝑗|𝑥 involves a division by 𝐴𝑥, it only defines 𝑄 over the subset

𝐾*
r

..= 𝐾r ∖
⋃︁
𝑥

𝐴−1
𝑥 (0). (6)

For 𝑟 ∈ 𝐾r ∖𝐾*
r let 𝑄(𝑟) be an arbitrary point in int(𝐾q).

In the formulas above we define 𝑡0 = 1 even for 𝑡 = 0. This ensures that 𝐴 is continuous over the entire 𝐾r even when
𝑝𝑦|𝑥 = 0 for some pairs 𝑥, 𝑦. It is also consistent with the convention 0 · log 0 = 0 which is implicit in the definition of
Shannon entropy.

It is straightforward to check that 𝑄(𝑟) ∈ 𝐾q and 𝑅(𝑞) ∈ 𝐾r always hold. For example, in the definition of 𝑄𝑗|𝑥(𝑟),
dividing by 𝐴𝑥(𝑟) ensures that their sum is 1 for any fixed 𝑥.

Remark 6. Note that 𝑅 is a linear map and it actually describes how the conditional distributions 𝐽 |𝑌 = 𝑦 can be expressed
in terms of 𝐽 |𝑋 = 𝑥 in a Markov chain 𝑌 −𝑋 − 𝐽 ; see the proof of Proposition 8 for details.

C. The functions

Now we can turn our attention to the functions to be minimized. We already gave an explicit formula (3) for 𝜙(𝑞, 𝑟) in the
introduction. However, we did not mention a few subtleties there. In particular, we need to specify the function values when
some of the variables 𝑞𝑗|𝑥 or 𝑟𝑗|𝑦 are 0.

Definition 7. For 𝑢, 𝑣 ∈ [0, 1] let
𝑓(𝑢, 𝑣) ..= 𝑢 log 𝑢− 𝑢 log 𝑣

with the usual conventions log 0 = −∞ and 0 · ∞ = 0 so that

𝑓(0, 𝑣) = 0 if 𝑣 ∈ [0, 1] and 𝑓(𝑢, 0) = ∞ if 𝑢 ∈ (0, 1].

Then
𝜙(𝑞, 𝑟) ..=

∑︁
𝑥,𝑦,𝑗

𝑝𝑥,𝑦 𝑓
(︀
𝑞𝑗|𝑥, 𝑟𝑗|𝑦

)︀
(7)

is well-defined for any 𝑞 ∈ R𝒥×𝒳 and 𝑟 ∈ R𝒥×𝒴 . Note that we may restrict the sum for 𝑥 ∈ 𝑗 because otherwise 𝑞𝑗|𝑥 = 0,
and hence the summand is 0 anyway.

Let us also define the following auxiliary function that we will need for establishing the so-called 3-point and 4-point
properties.

𝛿(𝑞, 𝑞′) ..=
∑︁
𝑥

𝑝𝑥
∑︁
𝑗∋𝑥

𝑓
(︀
𝑞𝑗|𝑥, 𝑞

′
𝑗|𝑥
)︀
=
∑︁
𝑥

𝑝𝑥
∑︁
𝑗∋𝑥

𝑞𝑗|𝑥 log 𝑞𝑗|𝑥 − 𝑞𝑗|𝑥 log 𝑞
′
𝑗|𝑥. (8)

One may think of 𝜙(𝑞, 𝑟) and 𝛿(𝑞, 𝑞′) as (non-symmetric) squared distances between these points. We mention that both
functions are convex combinations of certain Kullback–Leibler divergences. In particular, they are nonnegative and they may
be ∞. For example, 𝜙(𝑞, 𝑟) = ∞ if and only if there exist 𝑥, 𝑦, 𝑗 such that 𝑟𝑗|𝑦 = 0 while 𝑝𝑥,𝑦 > 0 and 𝑞𝑗|𝑥 > 0. It is easy
to see that if 𝑟 ∈ 𝐾r ∖𝐾*

r , then 𝜙(𝑞, 𝑟) = ∞ for any choice of 𝑞 ∈ 𝐾q. (The two-line proof of this fact is included in the
proof of Proposition 13.)

We include here two useful equivalent formulas for 𝜙. On the one hand, summing 𝑞𝑗|𝑥 log 𝑞𝑗|𝑥 and 𝑞𝑗|𝑥 log 𝑟𝑗|𝑦 separately
gives

𝜙(𝑞, 𝑟) =
∑︁
𝑥

𝑝𝑥
∑︁
𝑗∋𝑥

𝑞𝑗|𝑥 log 𝑞𝑗|𝑥 −
∑︁
𝑦

𝑝𝑦
∑︁
𝑗

𝑅𝑗|𝑦(𝑞) log 𝑟𝑗|𝑦. (9)

On the other hand, for 𝑟 ∈ 𝐾*
r we can write

𝜙(𝑞, 𝑟) =
∑︁
𝑥

𝑝𝑥
∑︁
𝑗∋𝑥

𝑞𝑗|𝑥

(︂
log 𝑞𝑗|𝑥 −

∑︁
𝑦

𝑝𝑦|𝑥 log 𝑟𝑗|𝑦

)︂
=
∑︁
𝑥

𝑝𝑥
∑︁
𝑗∋𝑥

𝑞𝑗|𝑥 log
𝑞𝑗|𝑥∏︀

𝑦

(︀
𝑟𝑗|𝑦
)︀𝑝𝑦|𝑥 =

∑︁
𝑥

𝑝𝑥
∑︁
𝑗∋𝑥

𝑞𝑗|𝑥 log
𝑞𝑗|𝑥

𝑄𝑗|𝑥(𝑟)𝐴𝑥(𝑟)
(10)

with the remark that if 𝑞𝑗|𝑥 and 𝑄𝑗|𝑥(𝑟) are both 0, then the fraction in the log should simply be 1/𝐴𝑥(𝑟).
Next we define 𝜙q and 𝜙r. At this point we simply express them using 𝑄, 𝑅, and 𝜙, but we will shortly see that they

are indeed the minimum of 𝜙 with one of the variables fixed. Using (9) and (10) we get the following specific formulas: for
𝑞 ∈ 𝐾q and 𝑟 ∈ 𝐾r let

𝜙q(𝑞) ..= 𝜙
(︀
𝑞, 𝑅(𝑞)

)︀
=
∑︁
𝑥

𝑝𝑥
∑︁
𝑗∋𝑥

𝑞𝑗|𝑥 log 𝑞𝑗|𝑥 −
∑︁
𝑦

𝑝𝑦
∑︁
𝑗

𝑅𝑗|𝑦(𝑞) log𝑅𝑗|𝑦(𝑞); (11)
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𝜙r(𝑟) ..= 𝜙
(︀
𝑄(𝑟), 𝑟

)︀
= −

∑︁
𝑥

𝑝𝑥 log𝐴𝑥(𝑟) = −
∑︁
𝑥

𝑝𝑥 log
∑︁
𝑗∋𝑥

∏︁
𝑦

(︀
𝑟𝑗|𝑦
)︀𝑝𝑦|𝑥

. (12)

Note that (12) works even for 𝑟 /∈ 𝐾*
r as all the expressions are ∞ in that case.

Proposition 8. If 𝒥 is the set of independent sets of some graph 𝐺 on the vertex set 𝒳 , then

𝐻𝐺(𝑋|𝑌 ) = min
𝐾q

𝜙q.

Proof. Recall that the original formula (2) for 𝐻𝐺(𝑋|𝑌 ) involves minimization over random 𝐽 containing 𝑋 and independent
from 𝑌 when conditioned on 𝑋 (in other words, 𝑌 − 𝑋 − 𝐽 is a Markov chain). To define such a 𝐽 one needs to specify
the conditional probabilities P(𝐽 = 𝑗|𝑋 = 𝑥) whenever 𝑥 ∈ 𝑗. These conditional probabilities can be represented by a vector
𝑞 ∈ 𝐾q. Due to the conditional independence, we have the expression

P(𝐽 = 𝑗|𝑌 = 𝑦) =
∑︁
𝑥∈𝑗

𝑝𝑥|𝑦 P(𝐽 = 𝑗|𝑋 = 𝑥). (13)

Note that we defined 𝑅 using the same linear combinations, see Definition 5. Consequently, if the P(𝐽 = 𝑗|𝑋 = 𝑥)’s are
represented by 𝑞, then the P(𝐽 = 𝑗|𝑌 = 𝑦)’s are represented by 𝑟 = 𝑅(𝑞). Therefore

𝐻(𝐽 |𝑋) = −
∑︁
𝑥

𝑝𝑥
∑︁
𝑗∋𝑥

𝑞𝑗|𝑥 log 𝑞𝑗|𝑥;

𝐻(𝐽 |𝑌 ) = −
∑︁
𝑦

𝑝𝑦
∑︁
𝑗

𝑅𝑗|𝑦(𝑞) log𝑅𝑗|𝑦(𝑞),

and hence the conditional mutual information 𝐼(𝑋; 𝐽 |𝑌 ) = 𝐻(𝐽 |𝑌 )−𝐻(𝐽 |𝑋) is precisely 𝜙q(𝑞) according to (11), proving
𝐻𝐺(𝑋|𝑌 ) = min𝐾q 𝜙q.

III. CONVERGENCE

In this section we derive various properties of the the minimization problems introduced in Section II. They will culminate
in the proof that alternating optimization converges to the true minimum (Theorem 3). We will also prove Theorems 2 and 4
along the way.

Proposition 9. The functions 𝜙 and 𝛿 are nonnegative, lower semicontinuous, and convex. Moreover, 𝛿(𝑞, 𝑞′) = 0 if and only
if 𝑞 = 𝑞′.

Proof. Recall that 𝜙 and 𝛿 were defined using the function 𝑓 : [0, 1]2 → (−∞,∞] in Definition 7. It is well known and easy
to show that 𝑓 is convex and lower semicontinuous, and hence so are 𝜙 and 𝛿.

Using the convexity of 𝑓 we get that for any fixed 𝑥, 𝑦:

both
∑︁
𝑗

𝑓
(︀
𝑞𝑗|𝑥, 𝑟𝑗|𝑦

)︀
and

∑︁
𝑗

𝑓
(︀
𝑞𝑗|𝑥, 𝑞

′
𝑗|𝑥
)︀
≥ |𝒥 | 𝑓

(︀
1/|𝒥 |, 1/|𝒥 |

)︀
= 0

showing that 𝜙, 𝛿 ≥ 0. (This, of course, also follows from their representations as the sum of Kullback–Leibler divergences.)

Note that lower semicontinuity implies that 𝜙 attains its minimum over any compact set. In particular, it has a minimum
over 𝐾q ×𝐾r.

Proposition 10 (𝑟 = 𝑅(𝑞) is optimal for fixed 𝑞). We have

𝜙(𝑞, 𝑟) ≥ 𝜙
(︀
𝑞, 𝑅(𝑞)

)︀
= 𝜙q(𝑞) for any 𝑞 ∈ 𝐾q; 𝑟 ∈ 𝐾r.

Equality holds if and only if 𝑟 = 𝑅(𝑞).

Proof. Using formula (9) for a fixed 𝑞, it immediately follows from Gibbs’ inequality (applied for each 𝑦 in the second sum)
that the unique optimal choice for 𝑟 is 𝑅(𝑞).

Proposition 11 (𝑞 = 𝑄(𝑟) is optimal for fixed 𝑟). We have

𝜙(𝑞, 𝑟) ≥ 𝜙
(︀
𝑄(𝑟), 𝑟

)︀
= 𝜙r(𝑟) for any 𝑞 ∈ 𝐾q; 𝑟 ∈ 𝐾r.

If 𝑟 /∈ 𝐾*
r , then both sides are ∞. Furthermore, for 𝑟 ∈ 𝐾*

r equality holds if and only if 𝑞 = 𝑄(𝑟).

Proof. This is an immediate consequence of the 3-point property (that we will shortly state in Proposition 13) and the fact
that 𝛿 ≥ 0.
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Corollary 12. Propositions 10 and 11 clearly show that

𝜙q(𝑞) = min
𝑟∈𝐾r

𝜙(𝑞, 𝑟) and 𝜙r(𝑟) = min
𝑞∈𝐾q

𝜙(𝑞, 𝑟).

In particular, 𝜙, 𝜙q, 𝜙r have the same minimum over their respective convex domains:

min
𝐾q×𝐾r

𝜙 = min
𝐾q

𝜙q = min
𝐾r

𝜙r.

It also follows that both 𝜙q and 𝜙r are convex as they can be obtained as minimizing the convex 𝜙(𝑞, 𝑟) in one of the variables.

Note that, combined with Proposition 8, this completes the proof of Theorem 2. Moreover, Theorem 4 also follows as we
simply need to substitute (12), which expresses 𝜙r, into 𝐻𝐺(𝑋|𝑌 ) = min𝐾r 𝜙r.

From this point on we follow the footsteps of the general theory [6] of alternating minimization problems by proving the
so-called 3-point and 4-point properties, and show how they imply convergence to the minimum through the 5-point property.

The following identity can be thought of as a Pythagorean theorem for the “squared distances” 𝜙 and 𝛿. Csiszár and Tusnády
refer to it as the 3-point property. (In their general setting it may hold only as an inequality ≥ but in our case we always have
equality.)

Proposition 13 (3-point property). For any 𝑞 ∈ 𝐾q and 𝑟 ∈ 𝐾r we have

𝜙(𝑞, 𝑟) = 𝛿
(︀
𝑞, 𝑄(𝑟)

)︀
+ 𝜙

(︀
𝑄(𝑟), 𝑟

)︀⏟  ⏞  
=𝜙r(𝑟)

.

Proof. First let us consider the cases when one of the terms on the right-hand side is ∞. In both cases we need to show that
one can find 𝑥, 𝑦, 𝑗 with 𝑝𝑥,𝑦 > 0, 𝑞𝑗|𝑥 > 0, 𝑟𝑗|𝑦 = 0 so that we can conclude that the left-hand side 𝜙(𝑞, 𝑟) is also ∞.

∙ We have 𝜙r(𝑟) = ∞ if and only 𝐴𝑥(𝑟) = 0 for some 𝑥. Fix such an 𝑥 and take a 𝑗 ∋ 𝑥 with 𝑞𝑗|𝑥 > 0, which must exist
as their sum is 1. Since 𝐴𝑥(𝑟) = 0, there must exist 𝑦 such that 𝑟𝑗|𝑦 = 0 and 𝑝𝑥,𝑦 > 0.

∙ We have 𝛿
(︀
𝑞, 𝑄(𝑟)

)︀
= ∞ if and only if there exist 𝑗, 𝑥 such that 𝑞𝑗|𝑥 > 0 but 𝑄𝑗|𝑥(𝑟) = 0, which means, by the

definition of 𝑄𝑗|𝑥, that there exists 𝑦 such that 𝑝𝑥,𝑦 > 0 and 𝑟𝑗|𝑦 = 0.
Otherwise we can simply combine formula (10) for 𝜙(𝑞, 𝑟), formula (12) for 𝜙r(𝑟), and formula (8) for 𝛿(𝑞, 𝑞′) with 𝑞′ = 𝑄(𝑟)
to get the claim.

Proposition 14 (4-point property). For any 𝑞, 𝑞′ ∈ 𝐾q and 𝑟 ∈ 𝐾r we have

𝜙
(︀
𝑞, 𝑅(𝑞′)

)︀
≤ 𝜙(𝑞, 𝑟) + 𝛿(𝑞, 𝑞′).

Proof. We may assume that the right-hand side is finite, otherwise the inequality is trivial. It follows that for any triple 𝑥, 𝑦, 𝑗
with 𝑝𝑥,𝑦 > 0, 𝑞𝑗|𝑥 > 0 we must have both 𝑟𝑗|𝑦 > 0 and 𝑞′𝑗|𝑥 > 0. Let 𝑟′ ..= 𝑅(𝑞′). Then 𝑟′𝑗|𝑦 ≥ 𝑝𝑥|𝑦 𝑞

′
𝑗|𝑥 > 0. So for any

such triple all the variables are positive and we may write:

𝜙(𝑞, 𝑟) + 𝛿(𝑞, 𝑞′)− 𝜙(𝑞, 𝑟′) =
∑︁
𝑥,𝑦,𝑗

𝑝𝑥,𝑦 𝑞𝑗|𝑥 log
𝑞𝑗|𝑥𝑟

′
𝑗|𝑦

𝑞′𝑗|𝑥𝑟𝑗|𝑦
,

which, using that log 𝑡 ≥ 1− 1/𝑡, can be bounded from below as follows:∑︁
𝑥,𝑦,𝑗

𝑝𝑥,𝑦 𝑞𝑗|𝑥

(︃
1−

𝑞′𝑗|𝑥𝑟𝑗|𝑦

𝑞𝑗|𝑥𝑟
′
𝑗|𝑦

)︃
= 1−

∑︁
𝑦

𝑝𝑦
∑︁
𝑗

𝑟𝑗|𝑦

𝑟′𝑗|𝑦

∑︁
𝑥

𝑝𝑥|𝑦𝑞
′
𝑗|𝑥⏟  ⏞  

=𝑅𝑗|𝑦(𝑞′)=𝑟′
𝑗|𝑦

= 1−
∑︁
𝑦

𝑝𝑦
∑︁
𝑗

𝑟𝑗|𝑦 = 0,
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and the proof is complete.

Now we are ready to prove that the alternating optimization process converges to the minimum.

Proof of Theorem 3. Consider the sequences 𝑞(𝑛) and 𝑟(𝑛) of alternating optimization started from some 𝑞(0) ∈ int(𝐾q). Fix
any pair 𝑞 ∈ 𝐾q, 𝑟 ∈ 𝐾r, and let 𝑛 be a positive integer. Using Proposition 13 for the triple 𝑞, 𝑟(𝑛−1) 𝑄↦−→ 𝑞(𝑛) and Proposition
14 for the quadruple 𝑞, 𝑟, 𝑞(𝑛) 𝑅↦−→ 𝑟(𝑛) we get that

𝛿
(︀
𝑞, 𝑞(𝑛)

)︀
+ 𝜙

(︀
𝑞(𝑛), 𝑟(𝑛−1)

)︀ 3−𝑝𝑡
= 𝜙

(︀
𝑞, 𝑟(𝑛−1)

)︀
;

𝜙
(︀
𝑞, 𝑟(𝑛)

)︀ 4−𝑝𝑡

≤ 𝜙(𝑞, 𝑟) + 𝛿
(︀
𝑞, 𝑞(𝑛)

)︀
.

Since 𝑞(𝑛) ∈ int(𝐾q) holds for all 𝑛, we have 𝛿
(︀
𝑞, 𝑞(𝑛)

)︀
< ∞. Therefore adding the two inequalities above results in

𝜙
(︀
𝑞(𝑛), 𝑟(𝑛−1)

)︀
+ 𝜙

(︀
𝑞, 𝑟(𝑛)

)︀
≤ 𝜙(𝑞, 𝑟) + 𝜙

(︀
𝑞, 𝑟(𝑛−1)

)︀
.

Since 𝜙
(︀
𝑞(𝑛), 𝑟(𝑛)

)︀
≤ 𝜙

(︀
𝑞(𝑛), 𝑟(𝑛−1)

)︀
by Proposition 10, it follows that

𝜙
(︀
𝑞(𝑛), 𝑟(𝑛)

)︀
+ 𝜙

(︀
𝑞, 𝑟(𝑛)

)︀
≤ 𝜙

(︀
𝑞, 𝑟

)︀
+ 𝜙

(︀
𝑞, 𝑟(𝑛−1)

)︀
. (14)

This is what Csiszár and Tusnády refer to as the 5-point property for the points 𝑞, 𝑟, 𝑟(𝑛−1) 𝑄↦−→ 𝑞(𝑛) 𝑅↦−→ 𝑟(𝑛).
Note that the second term on either side is an element of the sequence 𝜙

(︀
𝑞, 𝑟(𝑛)

)︀
≥ 0. First we assume that these elements

are all finite. Then for any 𝜀 > 0 there must be infinitely many 𝑛 such that

𝜙
(︀
𝑞, 𝑟(𝑛)

)︀
≥ 𝜙

(︀
𝑞, 𝑟(𝑛−1)

)︀
− 𝜀,

otherwise the sequence would converge to −∞, contradicting that each element is nonnegative. For any such 𝑛 we get from
(14) that

𝜙
(︀
𝑞(𝑛), 𝑟(𝑛)

)︀
≤ 𝜙

(︀
𝑞, 𝑟

)︀
+ 𝜀.

Since 𝜙
(︀
𝑞(𝑛), 𝑟(𝑛)

)︀
is monotone decreasing, it has a limit that must satisfy

lim
𝑛→∞

𝜙
(︀
𝑞(𝑛), 𝑟(𝑛)

)︀
≤ 𝜙

(︀
𝑞, 𝑟

)︀
+ 𝜀

for any positive 𝜀, and hence for 𝜀 = 0 as well.
If, on the other hand, 𝜙

(︀
𝑞, 𝑟(𝑛)

)︀
= ∞ for some 𝑛, then 𝜙(𝑞, 𝑟) = ∞ follows from the 4-point property as 𝛿

(︀
𝑞, 𝑞(𝑛)

)︀
< ∞,

and we have the same conclusion: the limit is at most 𝜙(𝑞, 𝑟).
Since this holds for any 𝑞 and 𝑟, it follows that the limit must be the minimum of 𝜙.

IV. CONVEX CORNERS

Convex corners are downward closed, convex subsets of [0,∞)𝑛. It is possible to define entropy functions for convex corners,
and this general theory was known to include the notion of graph entropy (via the vertex packing polytope, a convex corner
associated to a graph). In this section we will show that conditional graph entropy can also be expressed as the entropy of an
associated convex corner. Moreover, we will even define a dual problem in the form of another convex corner.

Besides revealing a nice theoretical connection to a general theory, this also has significant practical implications: the dual
problem provides a way to check optimality in the primal problem, even yielding an error bound. The error bound comes
in particularly handy when combined with alternating optimization: we can stop at any time through the iterations 𝑟(𝑛) and
compute this error bound 𝛿, which then ensures that we are at most 𝛿 away from the optimum:

𝜙r
(︀
𝑟(𝑛)

)︀
− 𝛿 ≤ 𝐻𝐺(𝑋|𝑌 ) ≤ 𝜙r

(︀
𝑟(𝑛)

)︀
.

We start by recalling the basic concepts regarding convex corners.

A. Entropy of convex corners

Definition 15. A set 𝐾 ⊂ [0,∞)𝒳 is said to be downward closed if the following property4 holds:

if 𝑎 ∈ 𝐾, then 𝑎′ ∈ 𝐾 for all points 0 ≤ 𝑎′ ≤ 𝑎.

Similarly, 𝐾 is upward closed if 𝑎′ ∈ 𝐾 whenever 𝑎 ∈ 𝐾 and 𝑎′ ≥ 𝑎.
We say that 𝐾 ⊂ [0,∞)𝒳 is a convex corner if 𝐾 is compact, convex, and downward closed. Usually 𝐾 is also required

to have nonempty interior, or equivalently, to contain a point with strictly positive coordinates.

4Here 0 ≤ 𝑎′ ≤ 𝑎 means that 0 ≤ 𝑎′𝑥 ≤ 𝑎𝑥 for each 𝑥. As before, we use the notation 𝑎 =
(︀
𝑎𝑥

)︀
𝑥∈𝒳 for points in R𝒳 .
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Given a random variable 𝑋 and the corresponding probabilities 𝑝𝑥, 𝑥 ∈ 𝒳 , let 𝜙a denote the following [0,∞)𝒳 → [0,∞]
function:

𝜙a : 𝑎 ↦→ −
∑︁
𝑥

𝑝𝑥 log 𝑎𝑥.

Note that 𝜙a depends on the distribution of 𝑋 , and we write 𝜙𝑋
a when we want to emphasize this dependence. The entropy

is defined as the minimum of 𝜙𝑋
a over 𝐾:

𝐻𝐾(𝑋) ..= min
𝑎∈𝐾

𝜙𝑋
a (𝑎).

The function 𝐻𝐾(·), defined for random variables on 𝒳 , is sometimes referred to as the entropy function corresponding to the
convex corner 𝐾. It can be seen that the entropy function 𝐻𝐾(·) uniquely determines 𝐾.

A related useful concept is the antiblocker 𝐾* of a convex corner 𝐾:

𝐾* ..=
{︀
𝑏 ≥ 0 :

∑︁
𝑥

𝑎𝑥𝑏𝑥 ≤ 1 for all 𝑎 ∈ 𝐾
}︀
.

One can show that 𝐾* is also a convex corner,
(︀
𝐾*)︀* = 𝐾, and 𝐻𝐾(𝑋)+𝐻𝐾*(𝑋) = 𝐻(𝑋). For these and further properties

of 𝐻𝐾(·), see [17, Sections 4.1 & 6] and [19, Section 5].
We will also use the following notations: for 𝑎, 𝑏 ∈ [0,∞)𝒳 let 𝑎𝑏 denote the vector

(︀
𝑎𝑥𝑏𝑥

)︀
𝑥∈𝒳 (coordinate-wise

multiplication). Similarly, 𝑎−1 denotes the vector with coordinates 1/𝑎𝑥 (provided that each 𝑎𝑥 is positive). Furthermore,

𝑎𝐾 ..=
{︀
𝑎𝑏 : 𝑏 ∈ 𝐾

}︀
and 𝐾−1 ..=

{︀
𝑏−1 : 𝑏 ∈ 𝐾

}︀
.

Note that 𝜙a(𝑎𝑏) = 𝜙a(𝑎) + 𝜙a(𝑏) and 𝜙a(𝑎
−1) = −𝜙a(𝑎). Finally, we denote the vector

(︀
𝑝𝑥
)︀
𝑥∈𝒳 by 𝑝. Then 𝜙a(𝑝) =

−
∑︀

𝑥 𝑝𝑥 log 𝑝𝑥 is the entropy of 𝑋 .

B. Primal problem

Now we introduce the a-problem min𝐾a 𝜙a, which is, in fact, an equivalent formulation of the r-problem. We have already
defined the function to minimize: 𝜙a. Next we define the convex corner 𝐾a (associated to 𝑋,𝑌,𝒥 ) simply as the smallest
downward closed set containing 𝐴(𝐾r).

Definition 16. Let
𝐾a

..=
{︀
𝑎 ∈ R𝒳 : 0 ≤ 𝑎 ≤ 𝐴(𝑟) for some 𝑟 ∈ 𝐾r

}︀
.

Proposition 17. The set 𝐾a is a convex corner and 𝐻𝐾a(𝑋) = min
𝐾a

𝜙a = 𝐻𝐺(𝑋|𝑌 ).

Proof. The key observation is that 𝐴𝑥 is a concave function for each 𝑥, which follows immediately from the following claim:
let 𝛼1, . . . , 𝛼𝑘 ≥ 0 with 𝛼1 + · · ·+ 𝛼𝑘 ≤ 1; then

𝑓(𝑡1, . . . , 𝑡𝑘) ..= 𝑡𝛼1
1 · · · 𝑡𝛼𝑘

𝑘

is a concave function in the positive orthant
{︀
(𝑡1, . . . , 𝑡𝑘) : 𝑡1, . . . , 𝑡𝑘 ≥ 0

}︀
. Indeed, it is easy to see that the Hessian of 𝑓 is

given by

𝐻𝑖,𝑗 =

{︃
𝛼𝑖𝛼𝑗

𝑡𝑖𝑡𝑗
𝑓(𝑡) if 𝑖 ̸= 𝑗;

𝛼𝑖(𝛼𝑖−1)
𝑡2𝑖

𝑓(𝑡) if 𝑖 = 𝑗.

Then for a vector 𝑢 = (𝑢𝑖) we have

𝑢𝐻𝑢⊤⧸︀𝑓(𝑡) = (︂∑︁
𝑖

𝛼𝑖𝑢𝑖

𝑡𝑖

)︂2

−
∑︁
𝑖

𝛼𝑖𝑢
2
𝑖

𝑡2𝑖
≤ 0

by the Cauchy–Schwarz inequality, proving that the Hessian is negative semidefinite.
Since each 𝐴𝑥 is the sum of such functions, it is concave as well.
Now suppose that 𝑎,𝑎′ ∈ 𝐾a. By definition, there exist 𝑟, 𝑟′ ∈ 𝐾r such that 𝑎 ≤ 𝐴(𝑟) and 𝑎′ ≤ 𝐴(𝑟′). Then for any

𝑡 ∈ (0, 1) and for any 𝑥 we have

𝑡𝑎𝑥 + (1− 𝑡)𝑎′𝑥 ≤ 𝑡𝐴𝑥(𝑟) + (1− 𝑡)𝐴𝑥(𝑟
′) ≤ 𝐴𝑥

(︀
𝑡𝑟 + (1− 𝑡)𝑟′

)︀
,

where the second inequality is due to the concavity of 𝐴𝑥. It follows that the convex combination

𝑡𝑎+ (1− 𝑡)𝑎′ ≤ 𝐴
(︀
𝑡𝑟 + (1− 𝑡)𝑟′⏟  ⏞  

∈𝐾r

)︀
also lies in 𝐾a, proving the convexity of 𝐾a.
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Since 𝐾r is compact and 𝐴 is continuous, the image 𝐴(𝐾r) is also compact, and hence so is 𝐾a. Furthermore, if 𝑟 ∈ 𝐾*
r ⊇

int(𝐾r) ̸= ∅, then 𝐴𝑥(𝑟) > 0 for each 𝑥, so 𝐾a has a nonempty interior.
Finally, to see that 𝐻𝐾a(𝑋) = 𝐻𝐺(𝑋|𝑌 ), it suffices to show that

min
𝐾a

𝜙a = min
𝐾r

𝜙r,

which follows immediately from 𝜙r = 𝜙a ∘𝐴 and the monotonicity of 𝜙a: if 𝑎 ≤ 𝐴(𝑟), then

𝜙a(𝑎) ≥ 𝜙a
(︀
𝐴(𝑟)

)︀
= 𝜙r(𝑟)

with equality when 𝑎 = 𝐴(𝑟) ∈ 𝐾a.

Remark 18. We make some comments regarding the a-problem.
∙ Note that 𝐾a depends only on 𝒥 (or the graph) and the conditional distributions of 𝑌 |𝑋 = 𝑥 (but not on the distribution

of 𝑋). In the unconditioned case 𝐾a is the vertex packing polytope VP(𝐺) of the graph: the convex hull of the indicator
functions of the independent sets. In general, 𝐾a is not necessarily a polytope, it may be a more complicated convex set
with “curvy” boundary. For an example, see Figure 2 in Section IV-D.

∙ It is easy to see that 𝜙a is a strictly convex function over (0, 1]𝒳 . Consequently, the a-problem always has a unique
minimum point.

∙ Note that the dimension of the a-problem is usually much smaller than that of the q-problem or the r-problem. However,
the domain is not a polytope in this case and the complexity of the a-problem is, in some sense, hidden in the definition
of the domain.

C. Dual problem

Now we introduce another convex corner that will lead to a dual problem. To this end, for each 𝑗 we define a function
𝜏𝑗 : [0,∞)𝒳 × [0,∞)𝒴 → R: for 𝑏 ∈ [0,∞)𝒳 and 𝑡 ∈ [0,∞)𝒴 we set

𝜏𝑗(𝑏, 𝑡) ..=
∑︁
𝑥∈𝑗

𝑝𝑥𝑏𝑥
∏︁
𝑦

(︀
𝑡𝑦
)︀𝑝𝑦|𝑥

.

Note that
∑︀

𝑦 𝑝
𝑦|𝑥 = 1, hence 𝜏𝑗(𝑏, 𝑡) is homogeneous in 𝑡: for any scalar 𝜆 > 0 we have 𝜏𝑗(𝑏, 𝜆𝑡) = 𝜆𝜏𝑗(𝑏, 𝑡).

Definition 19. Let

𝐿𝑗
..=

{︃
𝑏 ∈ [0,∞)𝒳 : ∀𝑡 𝜏𝑗(𝑏, 𝑡) ≤

∑︁
𝑦

𝑝𝑦𝑡𝑦

}︃
=

{︃
𝑏 ∈ [0,∞)𝒳 : 𝜏𝑗(𝑏, 𝑡) ≤ 1 for all 𝑡 with

∑︁
𝑦

𝑝𝑦𝑡𝑦 = 1

}︃
. (15)

Finally, we define 𝐿 as the intersection of all 𝐿𝑗 :
𝐿 ..=

⋂︁
𝑗

𝐿𝑗 .

To see that 𝐿 is a convex corner, notice that for any given 𝑗 and 𝑡, the points 𝑏 for which 𝜏𝑗(𝑏, 𝑡) ≤ 1 form a downward
closed polyhedron, and 𝐿 is the intersection of such sets.

Remark 20. For graph entropy (i.e., the unconditioned case |𝒴| = 1) it can be seen easily that

𝐿 =
{︀
𝑏 : ∀𝑗

∑︁
𝑥∈𝑗

𝑝𝑥𝑏𝑥 ≤ 1
}︀
= (𝑝𝐾a)

*.

As the following lemma shows, the containment 𝐿 ⊆ (𝑝𝐾a)
* is true in general.

Lemma 21. For any 𝑎 ∈ 𝐾a and 𝑏 ∈ 𝐿 we have
∑︁
𝑥

𝑝𝑥𝑎𝑥𝑏𝑥 ≤ 1. In other words, 𝐿 ⊆ (𝑝𝐾a)
*.

Proof. We have 𝑎 ≤ 𝐴(𝑟) for some 𝑟 ∈ 𝐾r, thus∑︁
𝑥

𝑝𝑥𝑎𝑥𝑏𝑥 ≤
∑︁
𝑗

∑︁
𝑥∈𝑗

𝑝𝑥𝑏𝑥
∏︁
𝑦

(︀
𝑟𝑗|𝑦
)︀𝑝𝑦|𝑥

≤
∑︁
𝑗

∑︁
𝑦

𝑝𝑦𝑟𝑗|𝑦 =
∑︁
𝑦

𝑝𝑦
∑︁
𝑗

𝑟𝑗|𝑦⏟  ⏞  
=1

=
∑︁
𝑦

𝑝𝑦 = 1,

where we used that 𝑏 ∈ 𝐿𝑗 for any given 𝑗, and hence 𝜏𝑗(𝑏, 𝑡) =
∑︀

𝑥∈𝑗 𝑝𝑥𝑏𝑥
∏︀

𝑦

(︀
𝑡𝑦
)︀𝑝𝑦|𝑥

≤
∑︀

𝑦 𝑝
𝑦𝑡𝑦 holds for 𝑡𝑦 = 𝑟𝑗|𝑦 .

Corollary 22. For any 𝑎 ∈ 𝐾a and 𝑏 ∈ 𝐿 we have

𝜙a(𝑎) + 𝜙a(𝑏) ≥ 0.
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In other words,
min
𝐾a

𝜙a +min
𝐿

𝜙a ≥ 0. (16)

Proof. Since − log is convex and monotone decreasing, by the above lemma we have

𝜙a(𝑎) + 𝜙a(𝑏) = 𝜙a(𝑎𝑏) = −
∑︁
𝑥

𝑝𝑥 log(𝑎𝑥𝑏𝑥) ≥ − log

(︃∑︁
𝑥

𝑝𝑥𝑎𝑥𝑏𝑥

)︃
≥ − log(1) = 0.

We will shortly see that (16) actually holds with equality. In order to prove this, let us consider the set 𝐿−1 =
{︀
𝑏−1 : 𝑏 ∈ 𝐿

}︀
.

Since 𝐿 is convex and downward closed, it follows easily that 𝐿−1 is convex and upward closed (using the convexity of 𝑡 ↦→ 1/𝑡
for 𝑡 > 0). The key observation is that 𝐾a and 𝐿−1 always have a common point.

Theorem 23. The intersection of the downward closed convex set 𝐾a and the upward closed convex set 𝐿−1 is a single point
𝑎, where 𝜙a takes its minimum over 𝐾a and its maximum over 𝐿−1. Then

𝐻𝐺(𝑋|𝑌 ) = 𝜙a(𝑎) = min
𝐾a

𝜙a = max
𝐿−1

𝜙a = −min
𝐿

𝜙a.

Furthermore, 𝐾a and 𝐿−1 are separated by a hyperplane with normal vector 𝑝𝑎−1 =
(︀
𝑝𝑥/𝑎𝑥

)︀
𝑥∈𝒳 .

Before we present the proof, recall that the mappings 𝑄 and 𝑅 “jump” between the q-problem and r-problem in a way that
the function value decreases. In what follows we will focus on the r-problem and the corresponding stepping map

𝐹r
..= 𝑅 ∘𝑄 : 𝐾r → 𝐾r.

Proposition 24. Every minimum point of 𝜙r must be a fixed point of 𝐹r.

Proof. Combining Propositions 10 and 11 gives that for any 𝑟 ∈ 𝐾*
r we have

𝜙r
(︀
𝐹r(𝑟)

)︀
≤ 𝜙r(𝑟)

with equality if and only if 𝑟 is a fixed point of 𝐹r. In other words, if 𝑟 is not a fixed point, then we have strict inequality
and hence 𝜙r(𝑟) cannot be the minimum.

Proof of Theorem 23. Since 𝜙a(𝑏
−1) = −𝜙a(𝑏), we have

max
𝐿−1

𝜙a = −min
𝐿

𝜙a
(16)
≤ min

𝐾a
𝜙a⏟  ⏞  

=𝐻𝐺(𝑋|𝑌 )

= 𝜙a(𝑎),

where 𝑎 denotes the unique minimum point5 of 𝜙a over 𝐾a. It remains to be shown that 𝑎 ∈ 𝐿−1, implying the only missing
inequality max𝐿−1 𝜙a ≥ 𝜙a(𝑎) and confirming that 𝐾a ∩ 𝐿−1 = {𝑎}. (Note that the 𝜙a(𝑎

′) > 𝜙a(𝑎) for any 𝑎′ ∈ 𝐾a ∖ {𝑎},
and hence 𝑎′ /∈ 𝐿−1.) Also, the gradient of 𝜙a at 𝑎 is −𝑝𝑎−1, so the hyperplane through 𝑎 that separates the convex sets 𝐾a
and 𝐿−1 must be the one with normal vector 𝑝𝑎−1.

In order to prove that 𝑎 ∈ 𝐿−1, let 𝑟 be such that 𝑎 = 𝐴(𝑟) so that 𝜙r(𝑟) = 𝜙a(𝑎), that is, 𝑟 minimizes 𝜙r over 𝐾r. (Note
that 𝑟 may not be unique.) By Proposition 24, 𝑟 is a fixed point of 𝐹r. That is, for 𝑞 ..= 𝑄(𝑟) we have 𝑅(𝑞) = 𝑟.

For brevity, we write 𝜕𝑗|𝑦 for the partial derivative w.r.t. the variable 𝑟𝑗|𝑦 , and 𝑔𝑗,𝑥 for the product in the definition of 𝐴𝑥,
that is:

𝑔𝑗,𝑥 ..=
∏︁
𝑦

(︀
𝑟𝑗|𝑦
)︀𝑝𝑦|𝑥

so that 𝐴𝑥(𝑟) =
∑︁
𝑗∋𝑥

𝑔𝑗,𝑥.

If 𝑟𝑗|𝑦 > 0, then we have

𝜕𝑗|𝑦𝐴𝑥

(︀
𝑟
)︀
=

{︃
0 if 𝑥 /∈ 𝑗;
𝑝𝑦|𝑥

𝑟𝑗|𝑦
𝑔𝑗,𝑥 if 𝑥 ∈ 𝑗;

and hence

𝜕𝑗|𝑦𝜙r
(︀
𝑟
)︀
= −

∑︁
𝑥

𝑝𝑥
𝜕𝑗|𝑦𝐴𝑥(𝑟)

𝐴𝑥(𝑟)
= −

∑︁
𝑥∈𝑗

𝑝𝑥𝑝
𝑦|𝑥𝑔𝑗,𝑥

𝑟𝑗|𝑦𝐴𝑥(𝑟)
= −

𝑝𝑦
∑︀

𝑥∈𝑗 𝑝𝑥|𝑦𝑞𝑗|𝑥

𝑟𝑗|𝑦
= −

𝑝𝑦𝑅𝑗|𝑦(𝑞)

𝑟𝑗|𝑦
= −𝑝𝑦,

where we used that 𝑅(𝑞) = 𝑟.

5Since 𝐾a is compact and 𝜙a : 𝐾a → [0,∞] is continuous, its minimum is attained at some 𝑎 ∈ 𝐾a. The minimum is finite, so we have 𝑎𝑥 > 0 for each
𝑥. In that region 𝜙a is strictly convex, therefore 𝑎 is indeed unique.
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Now we fix a 𝚥 ∈ 𝒥 and a vector 𝑡 = (𝑡𝑦) with 𝑡𝑦 ≥ 0. Then we perturb 𝑟 in the coordinates 𝚥|𝑦 as follows: for a given
𝜀 > 0 we define the perturbed vector 𝑟𝜀 as

𝑟𝜀𝑗|𝑦
..=

{︃
𝑟𝑗|𝑦 + 𝜀𝑡𝑦 if 𝑗 = 𝚥;

𝑟𝑗|𝑦 if 𝑗 ̸= 𝚥.

Then 𝐴𝑥 does not change for 𝑥 /∈ 𝚥. As for 𝑥 ∈ 𝚥, we claim that

𝐴𝑥(𝑟
𝜀)−𝐴𝑥(𝑟) ≥ 𝜀

∏︁
𝑦

(︀
𝑡𝑦
)︀𝑝𝑦|𝑥

. (17)

To see this, notice that the function 𝑓 : 𝑢 ↦→
∏︀

𝑦

(︀
𝑢𝑦

)︀𝑝𝑦|𝑥

is concave (as we have shown it in the proof of Proposition 17) and
homogeneous (of degree 1) to conclude that

𝑓(𝑢+ 𝜀𝑡) = 2𝑓

(︂
𝑢+ 𝜀𝑡

2

)︂
≥ 2

𝑓(𝑢) + 𝑓(𝜀𝑡)

2
= 𝑓(𝑢) + 𝜀𝑓(𝑡),

which implies (17). It follows that

lim
𝜀→0+

𝜙r(𝑟
𝜀)− 𝜙r(𝑟)

𝜀
= lim

𝜀→0+

𝜙a(𝐴(𝑟𝜀))− 𝜙a(𝐴(𝑟))

𝜀
≤ −

∑︁
𝑥∈𝚥

𝑝𝑥
𝑎𝑥

∏︁
𝑦

(︀
𝑡𝑦
)︀𝑝𝑦|𝑥

= −𝜏𝚥
(︀
𝑎−1, 𝑡

)︀
.

Note that 𝑟𝜀 /∈ 𝐾r anymore because moving in direction 𝑡 violates the linear constraints of 𝐾r. So for each 𝑦 we decrease
other (positive) coordinates 𝑟𝑗|𝑦 by a total of 𝜀𝑡𝑦 to get a point 𝑟𝜀 in 𝐾r. Since the partial derivative 𝜕𝑗|𝑦𝜙r is −𝑝𝑦 for such
positive coordinates, it is easy to see that we get the following:

lim
𝜀→0+

𝜙r(𝑟
𝜀)− 𝜙r(𝑟)

𝜀
= −𝜏𝚥

(︀
𝑎−1, 𝑡

)︀
+
∑︁
𝑦

𝑝𝑦𝑡𝑦. (18)

Since 𝑟𝜀 ∈ 𝐾r, we have 𝜙r(𝑟
𝜀) ≥ min𝐾r 𝜙r = 𝜙r(𝑟) for each 𝜀. So the above limit must be nonnegative, that is,

𝜏𝚥
(︀
𝑎−1, 𝑡

)︀
≤
∑︁
𝑦

𝑝𝑦𝑡𝑦.

This holds for any 𝑡 ≥ 0, meaning that 𝑎−1 ∈ 𝐿𝚥. This can be done for any 𝚥 ∈ 𝒥 , implying 𝑎−1 ∈ 𝐿.

D. The Orlitsky–Roche example

Orlitsky and Roche considered the following simple example, see [14, Examples 2&5]. Let 𝒳 = 𝒴 = {1, 2, 3} with the
distribution

𝑝𝑥,𝑦 =

{︃
1/6 if 𝑥 ̸= 𝑦;

0 if 𝑥 = 𝑦.

Furthermore, let 𝐺 be the graph on the vertex set 𝒳 containing a single edge (1, 3) so that 𝐺 has two maximal independent
sets: {1, 2} and {2, 3}. They showed that

𝐻𝐺(𝑋|𝑌 ) = −2

3

(︂
1

4
log

1

4
+

3

4
log

3

4

)︂
≈ 0.37489. (19)

We will use this example to illustrate our results. We have

𝑝𝑥 = 𝑝𝑦 = 1/3 (∀𝑥, 𝑦); 𝑝𝑥|𝑦 = 𝑝𝑦|𝑥 =

{︃
1/2 if 𝑥 ̸= 𝑦;

0 if 𝑥 = 𝑦.

We will use the notations 𝛼 ..= {1, 2} and 𝛽 ..= {2, 3} for the independent sets so that 𝒥 = {𝛼, 𝛽}. It means that the r-problem
has six non-negative variables with the following constraints:

𝑟𝛼|1 + 𝑟𝛽|1 = 1; 𝑟𝛼|2 + 𝑟𝛽|2 = 1; 𝑟𝛼|3 + 𝑟𝛽|3 = 1.

Then the mapping 𝐴 is described by the following coordinate functions:

𝐴1(𝑟) =
√
𝑟𝛼|2𝑟𝛼|3

𝐴2(𝑟) =
√
𝑟𝛼|1𝑟𝛼|3 +

√
𝑟𝛽|1𝑟𝛽|3

𝐴3(𝑟) =
√
𝑟𝛽|1𝑟𝛽|2
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Next we describe the convex corner 𝐾a associated to this example. Note that 𝐴2
1(𝑟) + 𝐴2

3(𝑟) ≤ 𝑟𝛼|2 + 𝑟𝛽|2 = 1, and
𝐴2(𝑟) ≤

√︀
𝑟𝛼|1 + 𝑟𝛽|1 ·

√︀
𝑟𝛼|3 + 𝑟𝛽|3 = 1 by Cauchy–Schwarz. It follows that for any 𝑎 ∈ 𝐾a we have 𝑎21 + 𝑎23 ≤ 1 and

𝑎2 ≤ 1. Now fix 𝑎1, 𝑎3 such that 𝑎21 + 𝑎23 ≤ 1, and let us try to find the largest possible corresponding 𝑎2 value:

let 𝑤 ..= 𝑟𝛼|2; then 𝑟𝛽|2 = 1− 𝑤; 𝑟𝛼|3 =
𝑎21
𝑤
; 𝑟𝛽|1 =

𝑎23
1− 𝑤

.

Therefore

𝑎2 = 𝐴2(𝑟) =

√︃
𝑎21
𝑤

(︂
1− 𝑎23

1− 𝑤

)︂
+

√︃
𝑎23

1− 𝑤

(︂
1− 𝑎21

𝑤

)︂
.

We need to maximize this formula in the one free variable 𝑤. It is easy to see that when 𝑎1+ 𝑎3 ≤ 1, the maximum is always
1, meaning that the boundary of 𝐾a includes a triangle whose vertices are (0, 1, 0); (1, 1, 0) and (0, 1, 1). When 𝑎1 + 𝑎3 > 1
and 𝑎21 + 𝑎23 ≤ 1, we did not find a closed formula, but one can easily plot the maximum as a function of the parameters 𝑎1
and 𝑎3; see Figure 2. Note that when 𝑎1 = 𝑎3, the maximum is always taken at 𝑤 = 1/2, so we get 𝑎2 = 2

√
2𝑎1
√︀
1− 2𝑎21

for the boundary of 𝐾a in this cross section.

Fig. 2. On the left: plots of the boundaries of 𝐾a (blue) and 𝐿−1 (red). On the right: the two-dimensional cross section corresponding to the plane 𝑎1 = 𝑎3.
The black dot marks the unique intersection point, where 𝜙a takes its minimum over 𝐾a and its maximum over 𝐿−1.

As for the convex corner 𝐿 corresponding to the dual problem, first we need to work out the formulas for 𝜏𝛼 and 𝜏𝛽 :

𝜏𝛼(𝑏, 𝑡) =
1

3

(︀
𝑏1
√
𝑡2𝑡3 + 𝑏2

√
𝑡1𝑡3

)︀
;

𝜏𝛽(𝑏, 𝑡) =
1

3

(︀
𝑏2
√
𝑡1𝑡3 + 𝑏3

√
𝑡1𝑡2

)︀
.

By Cauchy–Schwarz we have

𝜏𝛼(𝑏, 𝑡) ≤
1

3

√︁
𝑏21 + 𝑏22

√︀
(𝑡1 + 𝑡2)𝑡3 ≤ 1

3

√︁
𝑏21 + 𝑏22

𝑡1 + 𝑡2 + 𝑡3
2

,

which shows by (15) that 𝑏 ∈ 𝐿𝛼 provided that 𝑏21 + 𝑏22 ≤ 4. It is also easy to see that 𝑏 /∈ 𝐿𝛼 if 𝑏21 + 𝑏22 > 4. Similar
calculations show that 𝑏 ∈ 𝐿𝛽 if and only if 𝑏22 + 𝑏23 ≤ 4. We conclude that

𝐿 =
{︀
𝑏 = (𝑏1, 𝑏2, 𝑏3) : 𝑏21 + 𝑏22 ≤ 4 and 𝑏22 + 𝑏23 ≤ 4

}︀
.
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In Figure 2 we plotted (the boundary of) 𝐿−1 instead of 𝐿 to illustrate the fact that 𝐾a and 𝐿−1 intersect in a single point
(marked by a black dot in the figure). This intersection point is where 𝜙a takes its minimum over 𝐾a. The minimum points
of the various problems are as follows.

The minimum of 𝜙q is attained at the following point 𝑞:

𝑞𝛼|1 = 1; 𝑞𝛽|1 = 0;

𝑞𝛼|2 = 𝑞𝛽|2 = 1/2;

𝑞𝛼|3 = 0; 𝑞𝛽|3 = 1.

Then 𝜙r takes its minimum at the corresponding point 𝑟 = 𝑅(𝑞):

𝑟𝛼|1 = 1/4; 𝑟𝛽|1 = 3/4;

𝑟𝛼|2 = 1/2; 𝑟𝛽|2 = 1/2;

𝑟𝛼|3 = 3/4; 𝑟𝛽|3 = 1/4.

Lastly, 𝜙a takes its minimum at
𝑎 = 𝐴(𝑟) =

(︁√︀
3/8,

√︀
3/4,

√︀
3/8
)︁
.

Using our results, one can easily verify that this is the optimal point in 𝐾a by checking that 𝑎−1 ∈ 𝐿, which indeed holds as

for 𝑏 = 𝑎−1 =
(︁√︀

8/3,
√︀
4/3,

√︀
8/3
)︁

we have 𝑏21 + 𝑏22 = 𝑏22 + 𝑏23 = 4/3 + 8/3 = 4.

This confirms the value of 𝐻𝐺(𝑋|𝑌 ); see (19).
Finally, the table below shows the values 𝜙r

(︀
𝑟(𝑛)

)︀
of the iterative process started from a random point 𝑞(0). We also included

the error (i.e., the distance from the minimum) and our error bound based on the dual problem (see Theorem 27 in Section
V).

𝑛 value error error bound (see Thm 27)
𝜙r
(︀
𝑟(𝑛)

)︀
𝜙r
(︀
𝑟(𝑛)

)︀
−𝐻𝐺(𝑋|𝑌 ) 𝛿

(︀
𝐴
(︀
𝑟(𝑛)

)︀)︀
5 0.3749085763210158 1.8 · 10−5 2.5 · 10−3

10 0.3748904169016328 3.2 · 10−7 3.2 · 10−4

15 0.3748901019703158 5.5 · 10−9 4.3 · 10−5

20 0.3748900965089192 9.6 · 10−11 5.6 · 10−6

25 0.3748900964142102 1.6 · 10−12 7.4 · 10−7

30 0.3748900964125679 2.9 · 10−14 9.8 · 10−8

35 0.3748900964125393 4.6 · 10−16 1.2 · 10−8

𝐻𝐺(𝑋|𝑌 ) 0.3748900964125389...

E. Fractional chromatic number
Given a convex corner 𝐾, it is natural to ask what the maximum of its entropy function is. That is, by varying the distribution

of 𝑋 , what is the maximal possible 𝐻𝐾(𝑋) we can get for a fixed 𝐾? In general one can say the following about this maximum
entropy.

Lemma 25 (see Corollary 1.2.21 in [4]). Let 𝐾 ⊂ R𝒳 be an arbitrary convex corner. Then

max
𝑋

𝐻𝐾(𝑋) = log 𝜏(𝐾),

where 𝜏(𝐾) denotes the smallest 𝑡 ≥ 1 such that the constant 1/𝑡 vector lies in 𝐾. (Note that here 𝑋 can be any random
variable on 𝒳 : its support may be a proper subset of 𝒳 .)

The question arises: is there a special meaning of 𝜏(𝐾) in our setting? In the unconditioned case, that is, for the vertex
packing polytope 𝐾 = VP(𝐺), 𝜏(𝐾) is known to be equal to the fractional chromatic number of the graph [17, Lemma 4].
Is there a generalization of this result: does 𝜏(𝐾a) have a nice graph theoretic meaning in the conditional setting?

Problem 26. Fix a graph 𝐺 equipped with a distribution on 𝒴 at each vertex 𝑥 (described by 𝑝𝑦|𝑥). Note that this determines
the convex corner 𝐾a. Is it possible to give a (graph theoretic) description of 𝜏(𝐾a)? This could lead to a notion generalizing
the fractional chromatic number to measure-labelled graphs.

V. DISCUSSION OF THE ALGORITHM

As we have seen in the introduction, one may start at any point 𝑞(0) ∈ int(𝐾q) and alternate in applying the mappings
𝑅 and 𝑄 to get a sequence (4) with decreasing 𝜙-values. In fact, Theorem 3 tells us that the values always converge to
min𝜙(𝑞, 𝑟) = 𝐻𝐺(𝑋|𝑌 ).

In this section, we provide an error bound for the algorithm, then propose a tweak for improving the running time, and
finally analyze the rate of convergence in the unconditioned case of graph entropy.
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A. Error bound

How long should we run the iterations? A natural stopping rule is to terminate the algorithm at a step where the drop in the
𝜙-value gets below some threshold. Is there a way to know how far we are from the actual minimum? Using the dual problem
defined in Section IV-C, we can easily get an error bound for any given 𝑟(𝑛) we stop at.

Theorem 27. Let 𝑟 ∈ 𝐾r arbitrary and set 𝑎 = 𝐴(𝑟). For each 𝑗 consider the following maximization problem:

1 + 𝛿𝑗(𝑎) ..= max
𝑡

𝜏𝑗
(︀
𝑎−1, 𝑡

)︀
= max

𝑡

∑︁
𝑥∈𝑗

𝑝𝑥
𝑎𝑥

∏︁
𝑦

(︀
𝑡𝑦
)︀𝑝𝑦|𝑥

under the constraints 𝑡𝑦 ≥ 0;
∑︁
𝑦

𝑝𝑦𝑡𝑦 = 1. (20)

Then 𝜙a(𝑎) = 𝜙r(𝑟) is at most 𝛿(𝑎) ..= max𝑗 𝛿𝑗(𝑎) away from the minimum. More precisely,

𝜙r(𝑟)−𝐻𝐺(𝑋|𝑌 ) ≤ log
(︀
1 + 𝛿(𝑎)

)︀
≤ 𝛿(𝑎).

In particular, 𝑎 (and hence 𝑟) is optimal if and only if 𝛿(𝑎) = 0.

Remark 28. Note that each maximization is a convex optimization problem, whose dimension (|𝒴|) is small compared to that
of the r-problem (|𝒴| · |𝒥 |) so we can solve them with high precision relatively fast.

Proof. By definition, 𝑏 ..=
(︀
1 + 𝛿(𝑎)

)︀−1
𝑎−1 lies in 𝐿. Therefore

𝐻𝐺(𝑋|𝑌 ) = −min
𝐿

𝜙a ≤ −𝜙a(𝑏) = log
(︀
1 + 𝛿(𝑎)

)︀
+ 𝜙a(𝑎).

The table at the end of Section IV-D compares this error bound to the true error for the Orlitsky–Roche example.

B. A tweak: deleting redundant sets

The running time of the algorithm depends on two things: the time required to perform a single step and the number of
steps required to get within the desired distance of the minimum. With one small tweak we can achieve significant gains for
both at the same time.

First of all, note that at each step the algorithm performs 𝒪
(︀
|𝒳 | · |𝒴| · |𝒥 |

)︀
operations when computing 𝑟(𝑛) = 𝑅

(︀
𝑞(𝑛)

)︀
and 𝑞(𝑛+1) = 𝑄

(︀
𝑟(𝑛)

)︀
.

In examples there are often a large number of (independent sets) 𝑗 that are actually not “used” at the optimal 𝑞 and 𝑟 in
the sense that 𝑞𝑗|𝑥 = 0 and 𝑟𝑗|𝑦 = 0 for all 𝑥, 𝑦. For any such 𝑗, these variables will converge to 0 through the iterations. To
speed things up, we may want to detect such redundant sets 𝑗 early and set the corresponding variables to 0. Note that these
variables remain to be 0 from this point on, so we may remove such a 𝑗 from 𝒥 and proceed with the iterations using a smaller
set 𝒥 . This immediately reduces the computational complexity for each subsequent step. Moreover, it typically results in a
better rate of convergence as well: without redundant sets, the error usually decays at a faster rate. Consequently, this version
of the algorithm often requires considerably fewer steps to reach the desired precision. (This phenomenon will be illustrated
for graph entropy both by an example and an analysis.)

However, when the algorithm terminates and outputs an (approximate) minimum point for some subsystem 𝒥 of the original
𝒥or, we should justify that all deletions we made along the way were indeed necessary. So we take the corresponding point
𝑎 and perform our optimality check/error bound calculations: we compute 𝛿𝑗(𝑎) as in (20). For each 𝑗 ∈ 𝒥 we should get a
negative number or a very small positive number, confirming that we are indeed close to the minimum point of the problem
corresponding to the subsytsem 𝒥 . If 𝛿𝑗(𝑎) ≤ 0 for all deleted sets 𝑗 ∈ 𝒥or ∖ 𝒥 , it means that we cannot do better even if we
used the deleted sets. If, on the other hand, 𝛿𝑗(𝑎) > 0 for some of the deleted sets 𝑗, then we should “re-activate” them (i.e.,
add them back to 𝒥 ).

So we propose the following tweaked version of the iterative process.

∙ Set 𝑟(0)𝑗|𝑦 = 1/|𝒥 | for each 𝑗 and 𝑦. Note that 𝑟(0) ∈ 𝐾r.
∙ Set 𝜀act = 10−3|𝒴|/|𝒥 |.
∙ At step 𝑛:

– compute 𝑟(𝑛−1) 𝑄↦−→ 𝑞(𝑛) 𝑅↦−→ 𝑟(𝑛);
– for any 𝑗 with

∑︀
𝑦 𝑟

(𝑛)
𝑗|𝑦 < 𝜀act, remove 𝑗 from 𝒥 and delete the corresponding variables 𝑟

(𝑛)
𝑗|𝑦 for all 𝑦;

– for each 𝑦, re-normalize the remaining variables 𝑟
(𝑛)
𝑗|𝑦 , 𝑗 ∈ 𝒥 such that

the constraint
∑︁
𝑗

𝑟
(𝑛)
𝑗|𝑦 = 1 is satisfied again.

∙ Compute the value 𝜙r(𝑟
(𝑛)) after every 10 steps, and terminate the iterations when this value, compared to the
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previous one, decreases by less than some small 𝜀prec (say, 10−15).
∙ Set 𝑎 = 𝐴

(︀
𝑟(𝑛)

)︀
.

∙ Compute 𝛿𝑗(𝑎) as in (20) for all 𝑗 ∈ 𝒥 as well as for all previously deleted sets 𝑗.
∙ If 𝛿𝑗(𝑎) ≤ 0 for each deleted 𝑗, then return 𝜙a(𝑎) with the error bound max

𝑗∈𝒥
𝛿𝑗(𝑎).

∙ Otherwise, for each deleted 𝑗 ∈ 𝒥or ∖ 𝒥 with 𝛿𝑗(𝑎) > 0, add 𝑗 back to 𝒥 and create the corresponding variables
𝑟
(𝑛)
𝑗|𝑦 for each 𝑦, setting them to some small positive values.a Then re-normalize as before so that 𝑟(𝑛) ∈ 𝐾r holds

again. Finally, restart the iterations, this time with no set-deletions.

aAny values work but the following choice should guarantee that we get a smaller 𝜙r-value right after restart: set 𝑟(𝑛)
𝑗|𝑦

..= 𝜀𝑡𝑦 for a sufficiently small
𝜀, where 𝑡 denotes the vector at which (20) takes its maximum.

Normally, we set 𝜀act to be fairly small so that it is extremely unlikely that we unjustifiably delete a set 𝑗, and the check at
the end should (essentially always) confirm this.

Our implementation in Python is available on GitHub [11].

C. An example

The next example shows how detecting redundant sets can speed the convergence up.

Example 29. Let 𝐺 be the dodecahedral graph: a 3-regular graph with 20 vertices and 30 edges; see Figure 3. It has 295
maximal independent sets. For a uniform 𝑋 we have

𝐻𝐺(𝑋) = log
5

2
.

This can be seen easily using that |𝑗| ≤ 8 for each 𝑗 ∈ 𝒥 and that one can find five independent sets 𝑗1, . . . , 𝑗5 such that each
vertex is contained in exactly two of them (and hence (2/5)𝑒 ∈ 𝐾a = VP(𝐺), where 𝑒 is the all-ones vector).

Fig. 3. The graph of the dodecahedron. The red vertices form an independent set of size 8. By “rotation” one can get five independent sets in a way that
each vertex is contained in exactly two of them.

Starting from a random point 𝑞(0), the blue dots below show the value 𝜙r
(︀
𝑟(𝑛)

)︀
for each iteration 𝑛 = 1, . . . , 75.

For comparison, we run the process from the same starting point, but this time deleting a set 𝑗 if 𝑟
(𝑛)
𝑗 gets below 𝜀act

..=
2−20 ≈ 10−6. Up to 𝑛 = 75 only 23 sets were deleted and there was little difference in the value compared to the plot above.
Afterwards the deletion rate accelerated and by step 𝑛 = 101 all but the five independent sets of size 8 were deleted. The figure
below compares the values in the two cases after step 80. (We used blue dots for the original process with no set-deletions
and green dots for the one with set-deletions.)
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The original algorithm (blue dots) needed 239 steps to get within distance 10−13 of the true minimum log(5/2), while the
refined process (green dots) reached this threshold after only 108 iterations. We plotted the distance to the minimum in a
logarithmic scale below: the horizontal axis shows the number of steps, while the vertical axis shows − log10 of the distance
(i.e., the number of precise decimal digits essentially).

We see that there is a considerable leap in precision at the point when all 290 “redundant” independent sets have been deleted.
Both versions eventually settle into a phase where the precision (“number of precise digits”) grows at a linear rate. The tweaked
version clearly exhibits a faster rate. In fact, the analysis in the next section will reveal that this faster rate is 2 · lg(8/5) ≈ 0.408
compared to the rate lg(8/7) ≈ 0.058 of the original version.

D. Rate of convergence for graph entropy

As we have seen in the example of the previous section, the precision of the iterative algorithm appears to grow at some
linear rate (for steps 𝑛 ≥ 𝑛0). The following analysis confirms this observation and explains how one can determine this
(“eventual”) rate in the unconditioned setting (i.e., graph entropy). Rigorous proofs would make the analysis undesirably long
and technical so in this section we settle for only sketching the arguments.

Formulas for graph entropy: In the special case of graph entropy (i.e., when |𝒴| = 1 so there is only one 𝑦) the formulas
simplify considerably. First of all, we have 𝑝𝑦 = 𝑝𝑦|𝑥 = 1 and 𝑝𝑥,𝑦 = 𝑝𝑥|𝑦 = 𝑝𝑥, and we may omit 𝑦 in the indices. So 𝑟 now
denotes a point (𝑟𝑗)𝑗∈𝒥 in the set

𝐾r =

{︂
𝑟 =

(︀
𝑟𝑗
)︀
: 𝑟𝑗 ≥ 0;

∑︁
𝑗

𝑟𝑗 = 1

}︂
⊂ R𝒥 .

Furthermore, we have the following simple formulas:

𝑅𝑗(𝑞) =
∑︁
𝑥∈𝑗

𝑝𝑥 𝑞𝑗|𝑥;

𝐴𝑥(𝑟) =
∑︁
𝑗∋𝑥

𝑟𝑗 ;

𝑄𝑗|𝑥(𝑟) =

{︃
0 if 𝑥 /∈ 𝑗;

𝑟𝑗
⧸︀
𝐴𝑥(𝑟) if 𝑥 ∈ 𝑗;

𝜙r(𝑟) = −
∑︁
𝑥

𝑝𝑥 log𝐴𝑥(𝑟) = −
∑︁
𝑥

𝑝𝑥 log
∑︁
𝑗∋𝑥

𝑟𝑗 .

So 𝐴 is simply a linear R𝒥 → R𝒳 map corresponding to the following matrix 𝑀 ∈ R𝒥×𝒳 :

𝑀𝑥,𝑗
..=

{︃
1 if 𝑥 ∈ 𝑗;

0 if 𝑥 /∈ 𝑗.

That is, the columns of 𝑀 are the indicators functions of the sets 𝑗, and we have 𝐴(𝑟) = 𝑀𝑟.
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As for the stepping map 𝐹r : 𝑟 ↦→ 𝑟′ for the r-problem, we have

𝑟′𝑗 =

(︂∑︁
𝑥∈𝑗

𝑝𝑥
𝐴𝑥(𝑟)⏟  ⏞  

Δ𝑗(𝑟)
..=

)︂
𝑟𝑗 . (21)

It follows that if 𝑟 is a fixed point of 𝐹r (i.e., 𝑟′𝑗 = 𝑟𝑗 for each 𝑗), if and only if Δ𝑗(𝑟) = 1 for any 𝑗 with 𝑟𝑗 > 0.
It is worth mentioning that if 𝜕𝑗 denotes the partial derivative w.r.t. the variable 𝑟𝑗 , then we have

𝜕𝑗𝜙r(𝑟) = −
∑︁
𝑥

𝑝𝑥
𝜕𝑗𝐴𝑥(𝑟)

𝐴𝑥(𝑟)
= −

∑︁
𝑥∈𝑗

𝑝𝑥
𝐴𝑥(𝑟)

= −Δ𝑗(𝑟).

So what the stepping map 𝐹r(𝑟) does in this unconditioned setting is simply multiply 𝑟 (coordinate-wise) by the negative of
the gradient ∇𝜙r(𝑟).

Case of no redundant sets: We start our analysis with the case when each 𝑗 is “used” (𝑟𝑗 > 0) at the minimum point 𝑟
of 𝜙r. This is always the case in the tweaked version of the algorithm which ensures that all redundant sets are eventually
deleted. Note that Δ𝑗(𝑟) = 1 for all 𝑗 in this case, and hence the gradient ∇𝜙r(𝑟) = −𝑒 for the all-ones vector 𝑒.

For a vector 𝑣 we will use the notation 𝐷(𝑣) for the corresponding diagonal matrix. In particular, 𝐷(𝑟) ∈ R𝒥×𝒥 is the
diagonal matrix with entries 𝑟𝑗 , while 𝐷(𝑝𝑎−2) ∈ R𝒳×𝒳 is the diagonal matrix with entries 𝑝𝑥/𝑎

2
𝑥.

Lemma 30. Assume that 𝑟 is a minimum point of 𝜙r and that each 𝑟𝑗 > 0. Set 𝑎 ..= 𝐴(𝑟) = 𝑀𝑟 so that 𝑎 is the minimum
point of 𝜙a. Let

𝑁 ..= 𝐷(𝑟)𝑀⊤𝐷(𝑝𝑎−2)𝑀.

Then 𝑁 ∈ R𝒥×𝒥 is a square matrix with nonnegative entries and with the following properties:
∙ in each column the sum of the entries is 1 (and hence 1 is an eigenvalue);
∙ 𝑁 is diagonalizable with eigenvalues in [0, 1];
∙ ker𝑁 = ker𝑀 .

The proof of the lemma can be found at the end of the section.

Claim. The rate of convergence is governed by the smallest nonzero eigenvalue 𝜆min of 𝑁 :

𝜙r
(︀
𝑟(𝑛)

)︀
= min

𝐾r
𝜙r +𝑂

(︀
(1− 𝜆min)

2𝑛
)︀
. (22)

So the rate of growth for the precision is −2 lg(1− 𝜆min).

Example. The dodecahedral graph of Example 29 has five independent sets of size 8. Note that their pairwise intersections
are of size 2. Independent sets of smaller size are all redundant so let 𝒥 be the set of these five sets. Then we have 𝑟𝑗 = 1/5
for all 𝑗 and 𝑎𝑥 = 2/5 for all 𝑥. It follows that each diagonal entry of 𝑁 is equal to 1/2, while all other entries are equal
to 1/8. Therefore, the eigenvalues (with multiplicity) are 1; 3/8; 3/8; 3/8; 3/8. So 𝜆min = 3/8 and we get that the rate of
growth for the precision is −2 lg(5/8) + 𝑜(1), which is consistent with our numerical findings presented earlier.

Now we will sketch the proof of the claim. For the sake of simplicity we assume that ker𝑀 = {0}. In this case 𝑟 is the
unique minimum point of 𝜙r and hence 𝑟(𝑛) → 𝑟 as 𝑛 → ∞. So difference vector 𝜚(𝑛) ..= 𝑟(𝑛) − 𝑟 converges to 0. Set
𝛼(𝑛) ..= 𝑀𝜚(𝑛). Then ‖𝛼(𝑛)‖ = 𝑂

(︀
‖𝜚(𝑛)‖

)︀
converges to 0 as well.

With these notations, we compute the coordinates of the next point 𝑟(𝑛+1) = 𝐹r
(︀
𝑟(𝑛)

)︀
of our sequence:

𝑟
(𝑛+1)
𝑗 =

(︂∑︁
𝑥∈𝑗

𝑝𝑥

𝑎𝑥 + 𝛼
(𝑛)
𝑥

)︂
(𝑟𝑗 + 𝜚

(𝑛)
𝑗 ) =

(︂∑︁
𝑥∈𝑗

𝑝𝑥
𝑎𝑥⏟  ⏞  

=1

−
∑︁
𝑥∈𝑗

𝑝𝑥𝛼
(𝑛)
𝑥

𝑎2𝑥
+
∑︁
𝑥∈𝑗

𝑝𝑥
(︀
𝛼
(𝑛)
𝑥

)︀2
𝑎2𝑥(𝑎𝑥 + 𝛼

(𝑛)
𝑥 )

)︂
(𝑟𝑗 + 𝜚

(𝑛)
𝑗 ).

It follows that
𝜚
(𝑛+1)
𝑗 = 𝜚

(𝑛)
𝑗 − 𝑟𝑗

∑︁
𝑥∈𝑗

𝑝𝑥
𝑎2𝑥

𝛼(𝑛)
𝑥 +𝑂

(︀
‖𝜚(𝑛)‖2

)︀
.

Since 𝛼(𝑛) = 𝑀𝜚(𝑛), we conclude that

𝜚(𝑛+1) = (𝐼 −𝑁)𝜚(𝑛) +𝑂
(︀
‖𝜚(𝑛)‖2

)︀
. (23)

Recall that 𝜆min is the smallest nonzero eigenvalue of 𝑁 . Under our assumption ker𝑁 = ker𝑀 = {0}, so 0 is not an
eigenvalue now, meaning that the largest eigenvalue of the diagonalizable matrix 𝐼 − 𝑁 is 1 − 𝜆min. Then it is not hard to
deduce from (23) that

‖𝜚(𝑛)‖ = 𝑂
(︀
(1− 𝜆min)

𝑛
)︀
.
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As for the 𝜙r-value,
𝜙r
(︀
𝑟(𝑛)

)︀
= 𝜙r

(︀
𝑟 + 𝜚(𝑛)

)︀
= 𝜙r(𝑟) +∇𝜙r(𝑟)⏟  ⏞  

=−𝑒

·𝜚(𝑛) +𝑂
(︀
‖𝜚(𝑛)‖2

)︀
,

where the dot product 𝑒 · 𝜚(𝑛), which is simply the sum of the coordinates of 𝜚(𝑛), is equal to 0 because this sum is 1 both
for 𝑟 ∈ 𝐾r and for 𝑟(𝑛) ∈ 𝐾r. Then (22) clearly follows.

In fact, heuristically, 𝜚(𝑛+1) ≈ (𝐼 −𝑁)𝜚(𝑛) means that if we write 𝜚(𝑛) in an eigenbasis, then the parts corresponding to
smaller eigenvalues will become negligible and 𝜚(𝑛) will be close to an eigenvector with the maximal eigenvalue 1 − 𝜆min,
and hence 𝜚(𝑛+1) ≈ (1− 𝜆min)𝜚

(𝑛) for large 𝑛 (at least for typical starting points).
When ker𝑀 = ker𝑁 has positive dimension, 1 is an eigenvalue of 𝐼 − 𝑁 and it seems that we do not necessarily have

exponential decay. Note, however, that vectors from ker𝑀 do not make a difference from the point of view of 𝜙-value because
for any 𝑣 ∈ ker𝑀 we have 𝐴(𝑟′ + 𝑣) = 𝐴(𝑟′), and hence 𝜙r(𝑟

′ + 𝑣) = 𝜙r(𝑟
′).

We close this section by proving the required properties of 𝑁 .

Proof of Lemma 30. Since 𝑟 is a minimum point of 𝜙r, by Proposition 24 𝑟 is a fixed point of 𝐹r, and hence Δ𝑗(𝑟) = 1 for
each 𝑗. This means that 𝑀⊤(𝑝𝑎−1) is the all-ones vector 𝑒.

We also have 𝑀𝑟 = 𝐴(𝑟) = 𝑎. Then

𝑁⊤𝑒 = 𝑀⊤𝐷(𝑝𝑎−2)𝑀 𝐷(𝑟)𝑒⏟  ⏞  
=𝑟

= 𝑀⊤𝐷(𝑝𝑎−2)𝑀𝑟⏟ ⏞ 
=𝑎

= 𝑀⊤ 𝐷(𝑝𝑎−2)𝑎⏟  ⏞  
=𝑝𝑎−1

= 𝑀⊤(𝑝𝑎−1) = 𝑒,

confirming that 1 is an eigenvalue and that each column sum of 𝑁 is 1. Since all entries are nonnegative, it follows that 𝑁 is
a (left) stochastic matrix, and hence |𝜆| ≤ 1 for each eigenvalue 𝜆.

Furthermore, 𝑁 is similar to a positive semidefinite matrix:

𝐷(𝑟−1/2)𝑁𝐷(𝑟1/2) = 𝐷(𝑟1/2)𝑀⊤𝐷(𝑝𝑎−2)𝑀𝐷(𝑟1/2),

so 𝑁 is diagonalizable with nonnegative eigenvalues.
Finally, let 𝐵 = 𝐷(𝑝1/2𝑎−1)𝑀 . Then

ker𝑀 = ker𝐵 = ker(𝐵⊤𝐵) = ker(𝑀⊤𝐷(𝑝𝑎−2)𝑀) = ker𝑁.

Convergence for a redundant set: If 𝑟𝑗 = 0 for a given 𝑗 at the limiting point 𝑟 = lim𝑛→∞ 𝑟(𝑛), then we must have
Δ𝑗(𝑟) < 1. We then eventually see an exponential decay in the 𝑗-coordinate:

𝑟
(𝑛+1)
𝑗 =

(︀
Δ𝑗(𝑟) + 𝑜(1)

)︀
𝑟
(𝑛)
𝑗 .

Then the growth rate for the precision of 𝜙r
(︀
𝑟(𝑛)

)︀
is at most − logΔ, where Δ denotes the largest value of Δ𝑗(𝑟) among all

redundant sets 𝑗. For the dodecahedral graph we have Δ = 7/8, which is consistent with our previous numerical findings.

VI. CONCLUSION

The optimal rate of lossless functional compression with side information at the receiver can be characterized by conditional
graph entropy. However, little can be found in the literature about this entropy notion. So we set out to study conditional
graph entropy in more detail. Our starting point was the original formula (2) which can also be formulated as the q-problem.
Our first step was the discovery of the r-problem and the stepping maps 𝑄,𝑅 between the two problems. This interaction
was reminiscent of the alternating optimization in the EM algorithm, which made us realize that there might be an underlying
alternating minimization problem. This, in turn, helped us to analyze the iterative algorithm because we could turn to the
general theory of Csiszár and Tusnády: we verified that the 3-point, 4-point, and 5-point properties hold in our setting, and
showed that the iterations always converge to the minimum. Our theoretical results lead to a practical algorithm for computing
conditional graph entropy that also comes with an error bound based on a dual problem.

Alternating optimization has a vast and growing literature. The fact that (conditional) graph entropy is part of this family
of problems will hopefully inspire future research in the area.
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