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Abstract

We consider the lossy quantum source coding problem where the task is to compress a given quantum
source below its von Neumann entropy. Inspired by the duality connections between the rate-distortion
and channel coding problems in the classical setting, we propose a new formulation for the lossy quantum
source coding problem. This formulation differs from the existing quantum rate-distortion theory in two
aspects. Firstly, we require that the reconstruction of the compressed quantum source fulfill a global error
constraint as opposed to the sample-wise local error criterion used in the standard rate-distortion setting.
Secondly, instead of a distortion observable, we employ the notion of a backward quantum channel,
which we refer to as a “posterior reference map”, to measure the reconstruction error. Using these, we
characterize the asymptotic performance limit of the lossy quantum source coding problem in terms
of single-letter coherent information of the given posterior reference map. We demonstrate a protocol
to encode (at the specified rate) and decode, with the reconstruction satisfying the provided global
error criterion, and therefore achieving the asymptotic performance limit. The protocol is constructed by
decomposing coherent information as a difference of two Holevo information quantities, inspired from
prior works in quantum communication problems. To further support the findings, we develop analogous
formulations for the quantum-classical and classical variants and express the asymptotic performance
limit in terms of single-letter mutual information quantities with respect to appropriately defined channels
analogous to posterior reference maps. We also provide various examples for the three formulations, and

shed light on their connection to the standard rate-distortion formulation wherever possible.

I. INTRODUCTION

A fundamental problem from an information theoretic perspective is the asymptotic characterization
of the rate required to compress a source that can be recovered to a certain measurable degree. Such
a problem in quantum information theory is referred to as quantum source coding or a quantum data

compression problem. In the lossless regime, Schumacher [1], [2] proved that a quantum source could



be compressed at a rate given by von Neumann entropy while incurring a very small error between the
reconstruction and the source state. The error in this model is defined for the entire block, also called as
block error or global error. Considering the block error, a strong converse was also proved in the lossless
regime [3], [4], which states that it is impossible to achieve any rate below von Neumann entropy even
when the asymptotic probability of block error is relaxed from being (almost) zero.

As for the lossy regime, where the objective is to further reduce the rate at the expense of increased but
bounded error, Barnum [5] conjectured minimal coherent information as a candidate in characterizing the
asymptotic performance limit. Generalizing the formulation from the classical rate-distortion theory [6],
Barnum in [5] introduced a local distortion criterion as averaged symbol-wise entanglement fidelity based
on marginal operations (partial trace) between the reconstruction and the reference of the original source.
In [7], Datta et. al obtained a regularized expression for the quantum rate-distortion distortion function
in terms of the entanglement of purification. Further, the authors also formulated the entanglement-
assisted quantum rate-distortion problem and characterized its asymptotic performance limit using a
single-letter expression. Wilde et. al further refined the characterization of the quantum rate-distortion
function in terms of regularized entanglement of formation, and also generalized the problem setup
to various scenarios, including side information in [8]. Works toward the asymptotic simulation of a
memoryless quantum channel in [9], [10] have shown to be useful in achieving the above results, in
particular, the entanglement-assisted formulations. Authors in [11] formulated a quantum-to-classical
rate-distortion problem and provided a single-letter formula. A rate-distortion version of the quantum
state redistribution task [12], [13] was considered in [14]. Investigations on a rate-distortion framework
of generic mixed quantum sources have been the focus of [15], [16]. Other works that addressed related
problems include [17]-[23].

In this work, we consider a new formulation of the problem of lossy quantum source coding, and
characterize a rate function, no larger than von Neumann entropy, while allowing for bounded error in
the reconstruction. We use a global error criterion as opposed to the approach of local symbol-wise error
studied in the literature. The problem we consider is without any shared entanglement resources between
the encoder and the decoder. We motivate this formulation with the following observations.

The local error criterion in the quantum rate-distortion framework is inspired by the corresponding
additive local single-letter distortion criterion in the classical source coding formulation of Shannon [6],
where a single-letter characterization is available. The motivation for considering a local criterion is the
strong converse of the lossless source coding theorem which states that the entropy bound cannot be
breached even when the asymptotic probability of block error is relaxed to any number in (0,1) [24,

Theorem 1.1].



In [6], [24], a duality connection between the source coding problem and the channel coding problem
was observed. These problems were interpreted in terms of a covering versus packing perspective. In
both problems, the same information measure, namely the mutual information, captures the asymptotic
performance limits. A similar duality connection exists between the classical-quantum communication
problem [25], [26] and the quantum-classical source coding problem [11], [27], with the performance
limits of both problems characterized in terms of single-letter Holevo information quantities [28]. This
has been further explored in [29]. In the fully quantum setting, from this standpoint, its well known that
the quantum channel coding problem has an asymptotic performance limit characterized using regularized
coherent information [30]-[33]. Among others, Devetak developed a proof of this result by employing a
coherent approach to covering and packing, and combined them cohesively, inspired by his work on the
private channel capacity problem [32]. Coherent information can be interpreted in terms of packing of
subspaces as elucidated in [30]. Quantum error-correcting codes have been extensively studied along these
lines in the coding theory literature, e.g., quantum Hamming bound [34]. This leads us to the question:
why is such a limit based on coherent information absent for the lossy quantum source compression
problem?

Toward answering this question, we take a closer look at the classical discrete memoryless setting.
We find that in addition to Shannon’s pioneering work of characterizing the rate-distortion problem [6],
[35], there have been several works discussing the lossy source compression problem. A concept that has
received particular attention is the notion of a backward channel [24, Problem 8.3], which characterizes
the posterior distribution of the source given the reconstruction. The structure of this channel has been
studied in [36]-[38]. Although the forward channel, relating the reconstruction to the source, achieving the
rate-distortion function need not be unique, the resulting backward channel is indeed unique. Moreover,
the rate-distortion achievability result in [24, Theorem 2.3] is shown by constructing a channel code
for a backward channel with a large probability of error and by using the encoder of the latter as a
decoder of the former and vice versa. Highlighting this duality further, inspired by results on the output
statistics of good channel codes [39], the following was shown in [40]. The n-letter actual posterior
conditional distribution of the source vector given the reconstruction vector of any rate-distortion achieving
code converges in normalized divergence to the n-product of the unique minimum-mutual-information
backward channel conditional distribution. In other words, although the encoder and decoder are block
operations, the induced posterior n-letter channel becomes discrete memoryless in the asymptotic limit
for a rate-distortion achieving code. For further developments on this concept see [41]-[44]. This channel
also plays a fundamental role in Bayesian estimation and detection theory [45], e.g., maximum a posteriori

(MAP) estimation. Therefore, we ask the question, can we use such a channel to formulate a lossy source



coding problem?

Contributions of this work: In light of this, in this work, we explore a new formulation of the source
compression problem in the memoryless setting. This formulation is based on the notion of a posterior
channel that produces the reference of the source from that of the reconstruction. Instead of a single-letter
distortion function, now, we are given a single-letter posterior channel that characterizes the nature of the
loss incurred in the encoding and decoding operations. More precisely, we want to construct an encoder
and a decoder such that the joint effect of encoding and decoding — to produce a reconstruction sequence
from the source sequence — is close to the effect of the n-product posterior channel acting on the non-
product reconstruction sequence.The closeness is measured using the trace distance in the quantum case
and the total variation in the classical case, manifesting as a global error constraint. A related concept is
the Petz recovery map which has found significant relevance in information-theoretic problems [46]-[48].
However, we take a different approach and consider a quantum channel, i.e., a CPTP map, acting on
the reference of the reconstruction to produce the reference of the source, whose existence is guaranteed
using Uhlmann’s theorem. We refer to this as a posterior reference map.

As one of the main contributions of our work, we provide a single-letter characterization of the
asymptotic performance limit of this source coding problem using the minimal coherent information
of the posterior reference map, where the minimization is over all reconstructions (see Theorem 1).
Furthermore, our work establishes a duality connection between quantum lossy compression and the
quantum channel coding problem. Our proof is based on the coherent application of two fundamental
tools of quantum information theory, namely, packing and covering, implying a duality relationship with
Devetak’s proof for the channel coding problem [32] (also see [31], [33]).

We also provide a correspondingly new formulation for the quantum-classical (QC) and classical lossy
source coding problems. In the quantum-classical setup, we provide a single-letter characterization of
the asymptotic performance limit using the minimal Holevo information (or the corresponding quantum
mutual information) of the posterior classical-quantum (CQ) channel, where the minimization is over all
reconstruction distributions (see Theorem 2). In the classical setup, the minimal mutual information of
the posterior channel determines the single letter characterization of the asymptotic performance limit of
classical source coding problem (see Theorem 3). The posterior CQ channel and the posterior channel
are defined analogous to the posterior reference map for the QC and classical settings, respectively.

At one end of the spectrum, when the posterior reference map is specified as the identity transformation,
our rate expression in the quantum case reduces to the von Neumann entropy of the given quantum
source, demonstrating the connection with the Schumacher’s lossless compression [1]. In fact, the two

formulations can be shown to be equivalent to one another. The same follows in the classical and



quantum-classical formulations where the rate equals Shannon’s entropy and von Neumann’s entropy
of the sources, respectively. On the other end, when the specified posterior reference map is such that
coherent information is negative for some reference of the reconstruction, we characterize the asymptotic
performance limit of the lossy quantum source coding problem to be zero.

The techniques employed to prove our results can be summarized as follows. For the achievability of
the Theorem 1, we first construct a posterior reference isometry V' (as in Definition 1) and decompose
it as a coherent measurement. We then make use of Winter’s measurement compression protocol [27],
and apply it in a coherent fashion to compress the output of the above isometry. This involves using the
Uhlmann’s Theorem [49] (or [50, Theorem 9.2.1]) followed by incorporating additional phases to achieve
a coherent faithful simulation of the posterior reference map. To further decrease the compression rate,
we exploit the fact that a noiseless quantum channel can preserve arbitrary superpositions. Therefore,
we perform additional encoding to embed the information at the output of V' as superpositions within
itself. This requires availing the HSW classical communication result [25], [26] to construct information
decoding POVMs, and Naimark’s extension theorem to construct a unitary from POVM elements. The
method used for expurgation is another interesting feature of the proof. The protocol as it stands only
permits operations that are unitary or isometric, followed by partial tracing. It can be challenging to
guarantee this when there are repeated codewords in a code. A similar phenomenon was observed in the
Devetak’s proof [32].

As for the achievability of Theorem 2, we make use of Winter’s measurement compression protocol
[27] to construct the encoding POVM. For Theorem 3, we use the likelihood encoder as discussed in
[51], [52] to prove the achievability of lossy classical source coding.

For the converse of Theorem 1, we use the quantum data processing inequality for coherent information,
the Fannes-Audenart inequality, and monotonicity results. In the case of the quantum-classical setup,
proof of the converse of Theorem 2 uses inequalities such as the quantum data processing inequality,
the concavity of conditional quantum entropy, and the continuity of quantum mutual information (AFW
inequality). In the classical setup, similar tools are used to prove a converse to Theorem 3.

The paper is organized as follows. We provide some necessary definitions and useful lemmas in Section
IL. In Section III, we formulate the problems and provide the main results pertaining to quantum lossy
compression (Theorem 1), QC lossy compression (Theorem 2), and classical lossy compression (Theorem
3). We provide examples corresponding to these three results in section IV. In Sections V, VI, and VII,
we provide proofs of the main results. Within each of these sections, we provide the achievability proof

followed by proof of the converse. Finally, Section VIII concludes the paper.
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Figure 1. Figure demonstrating the construction of the posterior reference map W from the isometry V (the Stinespring’s

dilation of Ny) and the source state p=.

II. PRELIMINARIES AND NOTATIONS

We supplement the notations in [50] with the following. Let /4 denote the identity operator acting on
a Hilbert space H 4. The set of density operators on #H 4 are denoted by D(H4), and linear operators
by L(Ha). We denote H 4, as the Hilbert space associated with the reference space of H,4, with
dimH4, = dimH 4. In this work, we focus exclusively on references obtained from canonical purifi-
cations of quantum states [27, Lemma 14 (Pretty Good Purifications)], and define canonical purification
W,,>ARA of p? as \¢p>ARA £ (14, 9/ pM)T 4,4, where T4, 4 is defined as the unnormalized maximally
entangled state. We use \IJ;‘RA to denote the density operator corresponding to |wp>ARA. As is the
convention, for two states acting on the same Hilbert space, we use the same I" when defining their
canonical purifications. We denote the finite alphabet of a source as X, and the set of probability
distributions on the finite alphabet X as P(X). Let [0] £ {1,2,--- ,©}. Fora CPTP map N : H4 — Hp,
and an input density operator p4 € D(H.4), we use I.(N, p?) to denote the coherent information of N\

with respect to p?.

Definition 1 (Posterior Reference Map). Given a source p® € D(H B) and a channel Ny : Hp — Ha,
let p* 2 Ny (pB). Let V : Hp — Ha @ Hp be a Stinespring’s isometry corresponding to the CPTP
map Ny with dim(Hg) > dim(H), such that Ny (-) = Trg{V (:)VT}. As shown in Figure 1, define the
“posterior reference map” of V with respect to p* as the CPTP map Ny : Ha » — Hp, corresponding
to the isometry W : Ha, — Hp, ® Hg satisfying (W @ 14) |¢p>ARA = (I, ®V) \1/1P>BRB where

|1j)p>ARA and |wp>BRB are the canonical purifications of p™* and pB, respectively.

Remark 1 (Existence of a Posterior Reference Map). Using the equivalence of purifications, one can
guarantee the existence of such a posterior reference isometry W : Ha, — Hp, ® Hg. Since V
is an isometry with dim(Hg) > dim(Ha), and since |1[)p>ARA and |wp>BRAE 2 (Ig,®V) |¢p>BRB
are purifications of p* (as Trp(VpBV1) = pA), from [50, Theorem 5.1.1], there exists an isometry
W :Ha, = Hp, © Hp such that (W @ 14) [9,)74 = |y,)BrAE,



A. Useful Lemmas

Lemma 1 ( [53], Theorem 9.3.1 [50]). Given two states p,o € D(H), we have
1
1=VF(p0)<glp—ol, < v1=Flpo)

Lemma 2. For pB, 08 € D(Hp), the following inequality holds:

F(1vp)140) = <1 - %HpB —UB\}l) : (1)

where |1p,) and |1,) are the canonical purifications of pP and oB, respectively.

Proof. We provide a proof in Appendix A. O

The above lemma is a slight tightening of the Lemma 14 (“Pretty good purifications”) of [27].

Lemma 3 (Naimark’s extension theorem [54], [55, Theorem 2.1]). Given a POVM {T', },.cx acting on
the system H 4, there exists a unitary Ua s acting on the system H 4 and auxiliary system Ha and an

orthonormal basis {|x>‘l’}xex such that
Tr {T.(p" = Tr(T,p"
I‘{ .Z’(p ® ‘O><0|A’)} - I‘( zp )’

where {Ty £ U;A,(JLA @ |a)x|Y)VUanr}y are orthogonal projectors acting on system Ha @ H.ar. Also,

\O>A/ is some fixed state in H 4, and independent of T, and p™.

IIT. MAIN RESULTS
A. Lossy Quantum Source Coding

We first formulate a quantum source coding problem as follows. For any memoryless quantum in-
formation source, characterized by p® € D(Hp), denote its canonical purification by |@Z1p)B Br Let

pBr A TrB[\I/fRB].

Definition 2 (Quantum Source Coding Setup). A guantum source coding setup is characterized by a
triple (p®,Ha, Nw), where pP € D(Hp) is a density operator, H o is a reconstruction Hilbert space,
and Ny is a single-letter CPTP map from H 4, to Hp,, where Ha, and Hp, are reference spaces

corresponding to H 4 and Hp, respectively.

Definition 3 (Lossy Quantum Compression Protocol). For a given input and reconstruction Hilbert
spaces (Hp,Ha), an (n,0) lossy quantum compression protocol consists of a encoding CPTP map
Ng(n) : Hpn — Huy and a decoding CPTP map Nl()n) : Hyr — Han, such that dim(Hys) = O, as

shown in Figure 2.



Figure 2. Illustration of Lossy Quantum Compression protocol

Definition 4 (Achievability). For a quantum source coding setup (p®,Ha, Nw), a rate R is said to be
achievable, if for all € > 0 and all sufficiently large n, there exists an (n,©) lossy quantum compression

protocol satisfying
JwPEA" — (NP @ LA )ULRA || <, 2)

and +1og© < R+ ¢, where wBrA" A1 ®N(n) I ®N(n) i , and OB na \Iff%A" are the
n D £ P P

canonical purifications of pP " and wA", respectively.

In other words, the protocol ensures that the joint state of the reconstruction on ’H%n and the original
reference H%Z is close to the effect of the n-product posterior channel acting on the reference of the
non-product reconstruction sequence. Our objective is to characterize the set of all achievable rates using

single-letter quantum information quantities.

Theorem 1 (Lossy Quantum Compression Theorem). For a (p?, H ., Nyw) quantum source coding setup,

a rate R is achievable if and only if S(p®, Nvy) is non empty, and

R > min I (N, AR,
= ARES(pP Nw) c( W, P )

where for any real x, x+ £ max(x,0) and
S(p®, Nw) 2 {p** € D(Ha,) : Nw(p*") = pP7}.

Proof. A proof of the achievability is provided in Sections V-A and V-B, and a proof of converse is

provided in Section V-C. U

Remark 2 (Covering of Subspaces). The asymptotic rate obtained in the statement of Theorem I can be
interpreted using a subspace covering argument. Let us assume we are given a source p® and a CPTP
map Ny whose coherent information is positive for all pAr € S(pB,NW). Let W :Ha, - Hp, @HE

be a Stinespring’s dilation of Nyy. This implies I.(Nw,p**) = S(Br)y — S(E)s, where oBrE 2



WpAr W, for pAr € S(pB, Nyw). We know that the n-product source state p® “" can be compressed
using Schumacher compression to a subspace of normalized logarithmic dimension S(BR), with high
probability. In order to further reduce the rate, we use the posterior reference map of W with respect
to pBr such that its action on the source produces the state p*. Each basis vector in the reconstruction
space can be thought of as covering a subspace of normalized logarithmic dimension of S(E), in the
reference space. Therefore, one needs a rate of coherent information (which is the difference of the two
entropies) to cover the entire source space with high probability. A similar observation was made for the

quantum channel coding problem in [30].

Remark 3 (Comparison with Schumacher’s lossless compression). Schumuacher’s compression [1] re-

o nAn o BpB" L S
quires lim,, o, ||wBrA™ — U, "7 || = 0. In the current formulation, if one chooses the identity map as the

. . . .. . n An AR A™

posterior reference map, i.e., Ny = IA,_,p,, we require the condition lim,,_,, |wBEA" — T || = 0.
Using Lemma 2, monotonicity of the trace norm, and the triangle inequality, one can show that the
two conditions are equivalent. Subsequently, both formulations yield the same asymptotic performance

limit of von Neumann entropy. Observe that the standard source coding formulation using the average

single-letter distortion criterion at zero distortion level is not equivalent to Schumacher’s compression.

Remark 4 (Comparison with average single-letter rate distortion). Given any sequence of (n,®) lossy
quantum compression protocol for a quantum source coding setup (pP,Ha, Nw) that achieves the
optimality in Theorem 1, we observe that the following is true. Let wB#4" & (I ®/\/’1()n))(1 RN, g(n))(\lffﬁBn)
be the induced state of the n-letter reference and the reconstruction by the protocol. Since the protocol

satisfies (2), by monotonicity of trace distance, we obtain

fim [l — (N @ L) (W47 )

n—oo

1 =0, V1<i<nmn,

A, An A™ . . A, . .
where \I’fR‘A" ATy A\ An\i[\Ile |. It is worth noting that \PﬁR’Al is not necessarily a pure state.
R

Moreover, this does not necessarily provide any guarantee on the average single-letter distortion between
the reference and the reconstruction as considered in the standard formulation of the problem [7, Lemma
1], where a single-letter purification of the source is taken into account. From this perspective, the current

formulation is more “optimistic” in terms of measuring the quality of the reconstruction.

Remark 5 (Comparison with Entanglement Assistance). We note that

1 1
Le(Nw, p) = 5 1(Br; A)o = 1(4; B)o] < S1(Br; A)s,

where oBrAE & (] @ V)‘IJERB(I @ V), and V : Hp — Ha @ Hg is a posterior reference map of

W with respect of pP=. It was shown in [7] that %I (Br; A)o characterizes the asymptotic performance



limit for the rate-distortion problem (with a local single-letter distortion function) with unlimited entan-
glement assistance. Hence, this also provides a lower bound on the asymptotic performance limit for the
corresponding problem in the unassisted case. Fortunately, this does not lead to any contradiction, as

the current formulation differs from the former by being more optimistic.

B. Lossy Quantum-Classical Source Coding

This section provides the main results regarding the quantum-to-classical (QC) setup. A memoryless

quantum information source is characterized by p® € D(Hp).

Definition 5 (QC Source Coding Setup). A QC source coding setup is characterized by a triple (p®, X, W)
where p® is the source density operator acting on Hp, X is the reconstruction alphabet, and W : X —

D(Hp) is a single-letter posterior classical-quantum (CQ) channel.

Definition 6 (Lossy QC Compression Protocol). For a given source density operator p® and the re-
construction alphabet X, an (n,0) lossy QC compression protocol is characterized by (i) a POVM
m) & (4,0, and (ii) a decoding map f:{1,2,--- 0} — X", as shown in Figure 3,

Figure 3. Illustration of Quantum-Classical Lossy Source Compression Protocol.

Definition 7 (Achievability). For a given QC source coding setup (pP,X, W), a rate R is said to be
achievable if for all ¢ > 0 and all sufficiently large n, there exists an (n,©) QC lossy compression

protocol such that %log@ < R+¢ and E(T™ f) < ¢, where

VPP Ap @\ PP (Af H(zm)P ®n>®le

In other words, the post-measurement reference state should look like n-tensored posterior CQ chan-

SN 3)

1

nel W®", Our objective is to characterize the set of all achievable rates using single-letter quantum

information quantities.



Theorem 2 (Lossy QC Source Compression Theorem). For a (p®,X,W) QC source coding setup, a
rate R is achievable if and only if A(p®, W) is non-empty, and

R> min I(X;BRr)s,
PxeA(pB,W)

where the quantum mutual information is computed with respect to the classical-quantum state,
oX B 2N " Py () [a)Xz[¥ @ W,
A is the set of reconstruction distributions d;ined as
A(p?, W) 2 {Px € P(X): ) Px ()W, = p"},
x
and {|r)},exy is an orthonormal basis for the Hilbert space Hx with dim (Hx) = [X].

Proof. A proof of the achievability is provided in Section VI-A, and a converse proof is provided in

Section VI-B. O

C. Lossy Classical Source Coding

Consider a stationary discrete memoryless source (DMS) X characterized by a source distribution Px

over a finite alphabet X.

Definition 8 (Source Coding Setup). A source coding setup is characterized by a triple (Px, X, WX| <)
where Px is the source distribution over a finite alphabet X, X is the reconstruction alphabet, and
WX‘ % : X = X is the posterior (backward) channel, i.e., the single-letter conditional distribution of

source given the reconstruction.

We use Py and W; . to denote IID distributions, i.e.,

| X
n

Pg(z") = [ [ Px(«:) and Wi g (@"|3") = 11 Wy 5 (il#:).
i=1 =1

Definition 9 (Lossy Source Compression Protocol). For a given source distribution Px and reconstruction
alphabet X, an (n,©) lossy source compression protocol consists of (i) a randomized encoding map

£ . X" — (O] and (i) a randomized decoding map D™ : [©] —s X", as shown in Figure 4.

Figure 4. Illustration of Lossy Classical Source Compression Protocol.



Definition 10 (Achievability). Given a source coding setup (PX,)Z, WX\ <), a rate R is said to be
achievable if for all ¢ > 0 and all sufficiently large n, there exists an (n,©) lossy source compression

protocol such that 21og® < R+ ¢, and = =Z(EM™ D) < ¢, where

n

1
- A A . .
" =1
and
Py gn(2™,3™) M) > €M m|a™)D™ (@ m), for all (z",i") € X" x X",
me[B)
is the system-induced distribution, and Py W . is the approximating distribution.

Xn ‘

In other words, the posterior distribution of the source given the reconstruction should look like n-
product posterior channel W;| e Our objective is to characterize the set of all achievable rates using
single-letter information quantities.

Theorem 3 (Lossy Source Compression Theorem). For a (Px, X, WX‘ <) source coding setup, a rate R

is said to be achievable if and only if A(Px, W X| <) is non-empty, and

R > min I(X; X), &)
P GA(PX7 X\X)

where A is the set of reconstruction distributions defined as

A(PX,WX|X)—{P e P(X ZP ()W ¢ (#]2) = Px (), for all z € X}.

Proof. A proof of the achievability is provided in Section VII-A, and a converse proof is provided in

VII-B. O

Remark 6 (Comparison with Shannon’s noiseless source compression). Noiseless source compression

requires lim,,_,o, P(X" # X ™) = 0. In the current formulation, if one chooses the identity posterior chan-

P Py, W

Xan Xn X‘X = O'

nel, i.e., WX|X(:L‘|9%) = 1yy—sy forallr € X & € X, we require limy,_, oo

One can easily see that the two conditions are equivalent, and both formulations yield the same asymptotic
performance limit of Shannon’s entropy. However, the standard source coding formulation using the
average single-letter distortion criterion at zero distortion level is not equivalent to noiseless source

compression.

IV. ILLUSTRATIVE EXAMPLES

Example 1 (Quantum Source Coding using Bit-Flip Channel). In this example, we analyze the per-

formance of a lossy quantum compression protocol corresponding to a quantum source coding setup



(pB,HA,NW), where pB is chosen as the maximally mixed state (pB = 1p/2), and Nw: Ha, — Hp,

is specified as a bit-flip channel. An isometry W: Ha,, — Hp, ® Hg for Nw can be specified as

W=y1-pl®|0)"+/pX ®|1)",

where Ny (pA7) = Trp(WpAs W) for all p € (0,1/2). Note that the canonical purification |1,)"""
of p® is given by

1
V2

where |0)57 2 (I ® (0|1%)|0)YP*B. This implies, pP* = Ip,, /2. To compute the asymptotic performance

6" = == (10)%710)7 + 1) [1)7) ©

of the protocol for this source coding setup, as characterized by Theorem 1, we first need to identify a

A7 such that Ny (pA=) = pBr. A simple computation reveals S(p®, Nyw) = {Ia,/2}. This gives

min  IF(Nw, p**) = L(Nw, 14, /2) = S(Br)o — S(E),,
pARe’S(pBrNW)

where oBrE = W pArWT. Note that oB7 = I, /2 and oF = (1 — p) |0)0|F + p|1X1|¥, which gives
I(Nw,14,/2) = 1 — hy(p), where hy(p) & —plog(p) — (1 — p)log(1 — p). Therefore, a maximally

mixed source can be compressed at a rate 1 — hy(p) while satisfying the error criterion as defined in (2).

Example 2 (Quantum Source Coding using Depolarizing Channel). In this example, we study the
performance of another candidate channel, namely a depolarising channel. We again proceed with the

oo . . . I .
objective of compressing a maximally mixed state pPr = =&, with Ny defined as

3
N (p?7) = (1 - f) PR + %(XpARXT + Y eyt 4 ZpAr ZT).

for some p € [0,1]. A simple calculation to satisfy Ny (pA=) = pPr = IBTR reveals S(pP, Nyw) =

{I4,/2}, for all p € (0,1). Analogous to the above example, finding an isometric extension of Ny gives

min IF(Nw, p7) = IF (N, 14, /2) = max {0,1 — hy(3p/4) — 3—plog(3)}.
pARGS(vaNW) 4

Example 3 (Hamming codes for quantum source compression). In this example, we look at how Hamming
codes perform when evaluated using the standard single-letter (local) entanglement fidelity criterion.
Hamming codes are perfect codes, and achieve the Delsarte upper bound on the covering radius [56].

Again, let pP = %’3 Let a maximally entangled bipartite state |wm>BRB, defined as

)7 = —= (1007 4 |11)77). )

be the purification of pP. Let Fy denote a binary finite field, and let G € FS *™ be the generator matrix of
a Hamming code. To encode p®, we appeal to the duality perspective, and use the decoder of a Hamming

code. Then the encoding is defined as &(z™) £ argmin, {wg (u* G © ™)}, for all z™ € FY, where wy



denotes the Hamming weight. Similarly, the decoder can be described as mapping Do&((z")) = £(z™)G.
We describe this encoding as an isometric action Vi : HE" — HG" @ HE" taking the basis 2P 10 a
vector |E(z") @ |z @ E(x™)F" e HE™ @ HL", where the subsystem H%" stores the reconstruction
and ’H%n is eventually traced out, and H 4 is assumed to be an isomorphic copy of Hp. This implies

that the encoded state can be characterized as

PB = Trg» {VH ‘¢®n><w®n By B" V]TI} )
Using
B B"
Vi [i) ™" \/272| "y [E(@")) gn |2 B E(2")) g
s
LYY el
creC eneFpwy(en)<1
we can simplify pPi4" as
n An 1
PPN = Y e (e @ | (), ®

cn 7Cl" ,emn
where C denotes the set of codewords of the Hamming code. To compute the single-letter entanglement
fidelity, we compute
. n n 1
PP = Tegmi g (PP} = 00 D e @ i) (@ a1l @ Jei) (el ©)
cm.em
where tracing is performed on all the subsystems except corresponding to BZ\iA”\i, and the second

equality follows from using the fact that minimum Hamming distance of any Hamming code is three.

This gives,
11
BrB| Bgr.Ai|,,BrB\ __
(™ |p7 e [ 7) = 297 2 [Leme=0.c=0) + Licpei=1,6,=1}] 2n+1 ; {e,=0}-  (10)
Therefore,
IR BrB| B B B C[n” n
E Z<'¢m : ’p " w : 2n+1n Z Z ﬂ{eb =0} — on+ly - 2.9n—k’ (1D
=1 cren 4=1
We know that for Hamming codes k = 2" —r — 1 and n = 2" — 1, which simplifies as
1 ¢ BrB| Br, A BgrB 2 -1
n;me [P g BBy = S —, (12)
1=

and goes to half as r goes to infinity. Note that r — oo serves as both a demonstration of the code’s
asymptotic performance and the condition for the rate k/n to reach unity. This results in a discontinuous
asymptotic performance, since at rate exactly one, trivial identity encoding can be used to achieve the

average single-letter fidelity of unity. Further, note that S(E™) = log(n + 1) = r. Hence the normalized



S(E™)

n

amount of qubits that is dissipated, given by

, approaches zero as v — oo, indicating that there is
significant entanglement between the reconstruction and the reference.
As was demonstrated in Example 1, it is possible to compress a maximally mixed source in a continuous

fashion, when the error is measured in accordance with the suggested definition in (2),

Example 4. (Lossy QC Source Coding for Binary Quantum Source with Binary Symmetric Posterior CQ
Channel) We develop an example similar to that studied in [11]. Here we analyze the performance of
the lossy QC source compression protocol corresponding to a lossy source coding setup (p®, X, W). The
quantum source p® generates the state |+) and |0) with probability p and (1 — p), respectively, where

p € [0,1/2], so the source density operator can be written as
pP = p )+ + (1= p) |0)0],
the reconstruction set X = {0, 1}, and the posterior CQ channel W, = (1 — q) wy + q wz, where
1 3 3 1
== 2100 =2 ~10)0
w0 = 31+ 21001, = 21+ S oy,
q €[0,1/2], and x 2 4 @ 1. Toward identifying the set A, we assume Px (0) = 7, which characterizes
the set A, and solve the following
PP=mWo+ (1 —rWy, 0<r<1. (13)

This gives,

{3+12} ro<e<2min{(}-p).(p- 1} a<}

A(pB, W) = [0,1] ifg=p=0.5
10) otherwise,

where ¢ denotes the empty set. We now compute the asymptotic performance described in Theorem 2.

For the above source coding setup, we have
I(X; Br)o = S(p?) —rSWo) — (1 — r)S(W1). (14)

where

oXBr & 00| @ Wo + (1 — ) [1X1] @ Wy.

Figure 5 shows the QC lossy source compression rate curve for the range of values of the parameter q

and source pP with p = 0.4 and 0.5. Note that the curve decreases monotonically with q, as expected.

Example 5. (Lossy Classical Source Coding for Binary Source with Binary Symmetric Channel (BSC) as

Posterior Channel) In this example, we analyze the performance of the lossy source compression protocol
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Figure 5. Example for Lossy QC Source Coding for Binary Quantum Source with Binary Symmetric Posterior CQ Channel.

corresponding to a lossy source coding setup (PX,X, WX|X)’ where Px ~ Bernoulli(p), X = {0,1},
Wyix ~ BSC(q), and p,q € [0,1/2]. Toward identifying the set A, we assume Pg(0) = r, which

characterizes the set A, and solve the following system of linear equations:
p=r(l—q)+QQ—-r)g and (1-p)=rq+(1-7)(1—q). (15)
This gives,
{1} ro<g<min{p,(1-p)}a<}
AP W) =301 ifq=p=05
¢ otherwise,
where ¢ denotes the empty set. We now compute the asymptotic performance described in Theorem 3.
For the above source coding setup, we have
I(X; X) = H(X) - H(X|X) = hy(p) — ho(q)- (16)

Moreover, observe that the rate in (16) is identical to the rate-distortion function for a Bernoulli(p) source

with Hamming distortion criterion for D < p [57, Theorem 10.3.1].

V. PROOF OF THEOREM 1

A. Achievability Proof Overview

We provide a brief overview of the achievability proof before formally presenting one. The proof we
present here is inspired by Devetak’s work in [32] for the quantum channel communication problem
(also detailed in [50, Chapter 24]). An integral component of that work is the decomposition of coherent

information as the difference of two Holevo information quantities. We intend to perform a similar



decomposition, but from the perspective of the given map Njy. Toward this, for the given source pZ,
we first search for a pA® € D(H,,,), satisfying Ny (p?7) = pP=. Once found, using the spectral
decomposition, we expand pi7 as pAr =30 A4 la)a|*#, for some finite set .A. Observe that since
laXa|?® is pure, S(Nw (Ja)al®)) = S(Nﬁv(|a><a\AR)), where Ny}, : Ha, — Hp is a complementary
CPTP map of Ny, defined using the Stinespring’s dilation W : H 4, — Hp, ® Hp corresponding to
Ny . This also means that

D A SN (la)al™) = > AZS (i (faal ).

acA acA

Furthermore, from the linearity of CPTP maps, we see

> AN (Ja)al?™) = Mw (p?%) and > AN (JaXal ™) = N (p%).
acA acA

This implies, we can rewrite I.(Ny, pA7) as

LN, p7) = SWNiw (p"7)) — S (')

SWNw (p™) = Y S(Awa(\aXaIAR))] - [S(Nﬁv(pAR)) = > NS (la)al ™)

acA acA
= x ({M Mi(lafal*) }) = x ({N A laal*) }) a7

Now our aim is to show the achievability of a rate equal to the above difference. After obtaining a
similar decomposition, Devetak achieved the performance limit by applying a coherent version of the
CQ packing lemma [50, Chapter 16] followed by an application of the QC covering lemma [50, Chapter
17]. Inspired by this, and the duality connections between the two problems, we achieve the difference
obtained in (17). In particular, we start with the objective of applying a coherent version of the QC
covering lemma (or the measurement compression result [27]). Toward this, as shown in Figure 1, we
first obtain a posterior reference map V' corresponding to the isometry W. Then we identify the action of
V on the state p” as a coherent quantum measurement. Now, using the approximating POVMs constructed
in [27], we perform a coherent covering that allows us to compress the obtained measurement, and in
turn the output of V, at rate given by the first Holevo information. The compression is performed while
faithfully simulating the action of V, giving a reconstruction satisfying the error criterion (as in (2)).
This procedure is delineated in Step 1.1 where an encoder is constructed to perform coherent covering
and in Step 2.1 where the effect of covering is analyzed, and a rate corresponding to the first Holevo
information is achieved.

To get the needed coherent information, the rate corresponding to the second Holevo information must

be further decreased. This entails diffusing more data or qubits into the environment (partial tracing).



However, as will be demonstrated in the proof below, such an action would destroy quantum correlations
present in the source, possibly turning it into a classical mixture. Therefore, before such partial tracing
operation, in Step 1.2 (Section V-B) we construct a unitary operation that can condense the information
into fewer qubits in the form of entanglement, and thus allowing for further decrease in the rate. This
includes using the coherent post-measurement state of the subsystem E as side information available at
the encoder. The Step 2.2 of Section V-B details this procedure and achieves the desired rate. Finally, an
additional step (Step 2.3) is required to show the intended closeness as required in (2).

Another intriguing aspect of the proof is the technique used for expurgation. As clear from the definition
of the protocol, it only allows unitary or isometric operations, followed by partial tracing. When a code
contains repeated codewords, it can be difficult to guarantee this. An approach to removing all repetitions
is to perform expurgations. This is achieved by finding a good code (satisfying all its constraints) while
allowing a small fraction of repeats and then expurgating just this fraction of the code. However, if there
are exponentially many constraints, it becomes challenging to finding a good code. The exponentially
many covering constraints in Devetak’s problem have a doubly exponential decreasing probability of error,
which Devetak was able to take advantage of. In the current problem we instead have exponentially many
packing constraints which only have an exponential decay. In order to combat this, we construct our proof
to just require one packing constraint: the average of all exponentially many packing constraints. This
enables us to find a good code and successfully expurgate it. We now formally construct the arguments

toward proving the statement of the theorem.

B. Proof of Achievability

The proof is mainly composed of four parts. In the first part, we develop the necessary single-letter
ensembles required in the proof. In the next part, we provide the random coding setup and the distributions
on the ensembles with which the codewords are generated. We also state here the constraints that a good
code must satisfy and argue the existence of one code with non-zero probability. We further use an
expurgation strategy to make all the codewords distinct. In the third part, we construct a protocol by
developing all the actions of the encoder and the decoder and describing them as unitary (or isometry)
evolutions. Note that the only actions allowed by the protocol (Definition 3) are quantum channels which
can be described as unitary or isometric evolutions followed by partial trace operations. In parallel,
we also provide the necessary lemmas needed for the next part. The last part deals with analyzing the
action of encoding and decoding operations on the source p”, and then bounding the trace distance as

in Definition 3.



Toward this, fix two positive integers M and K, and € € (0,1). Let M and K denote the sets
[0, M —1] and [0, K — 1], respectively. Given a quantum source coding setup (p?, H.a, Nw), let |¢p)B =B
be the canonical purification of pB and pBr £ Trp{V¥,B2P}. Moreover, let Ha, be the reference
space associated with H 4. Now choose pA% € S(p?, Niy). Let Hp denote the Hilbert space such that
W : Ha, — Hp, ® Hp forms an isometric extension (or Stinespring’s dilation) of Ay according to
[50, Definition 5.2.1] with dim(#Hg) > dim(#p, ). As shown in Figure 1, define a posterior reference
isometry of W with respect to pP# (according to Definition 1) as the isometry V : Hp — Ha @ HEp
satisfying (W ® I4) \¢,,>ARA = (Ig, @ V) [10,)P"” where 1) is the canonical purification of pA#
Let p* & Trp, p{(I ® V)¥,PrB(I o V)T}.

1) Defining the ensembles: In this section, we construct the single-letter ensembles corresponding
to two Holevo information quantities used in the decomposition of coherent information discussed in

Section V-A. We begin by using the definition of W to obtain,

Iy @ V) )" = (W@ La) [) 4 = 3 (/X W o)™ @ o) (18)
acA
A _ A A . .. Agr é
where we use p” = > 4 Af|a)a|” as its spectral decomposition, and define |a)”™" = (I4, ®

(a|) 1) 4 for a € A, for some finite set .A. This also gives,

((a! ® Ip,p) I, @ V) [9,)""P
VAL ‘

Using the spectral decomposition of p? as p? =3, o AP bY(b|?, for b € B for some finite set B, we

(19)

W a)

can rewrite the action of V on p?

(Ig, ® V) )77 ="\ /AE B)Pr @ V |b) P

beB
= <IBR RIE® Y !a><a\’4> S AN LIV b)©
acA beB
=3 VAP ) M, 0P @ |a)?, (20)
acAbeB

where we define [b)57 2 (I, @ (/%) |TVP28 and M, : Hp — HE as
M, 2 (Ig ® (a|*)V. 21)

By defining a POVM A = {MJMG}QE A, we can identify a coherent measurement (isometry) Up

corresponding to A with Uy £ Yoaca Mo ® la)?, and therefore express the action of V as

(Ip, ® V) )PP = (I, @ Up) [1,) 77" (22)
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Now our objective is to faithfully simulate the action of the isometry (or the coherent measurement) Uy
while using an exponentially smaller subspace in H 4. Equivalently, we intend to minimize the amount
of qubits needed to represent the quantum state in the Hilbert space H 4». Employing Schumacher’s
compression [1], one can only achieve a rate of Von-Neumann entropy while faithfully simulating Uj.
However, since Uy is a coherent measurement, we employ a coherent version of the measurement
compression protocol [27] and demonstrate a faithful simulation of the isometry while further decreasing
the resource requirement. In particular, an approximating coherent measurement (henceforth referred to
as the covering isometry) Uy, is constructed to faithfully simulate the action of U, while requiring the
rate equal to Holevo quantity corresponding to the canonical ensemble {\2, 557}, where

ﬁBRé PBR(MaTMa)T pBr
Br &

S and (MM, 23 [y (PR @I (MIM) B 23)

b,b!

Observe that using the definition of M, from (21), it follows

Te{ M Map® | = Te{ (T, @ (a)V [0y V(') © ) |

- Z AN Tr{ (bl Wa') (a| W1 |b>}

= 37 AN (W W) = AL L, 4)
b

for all a,a’ € A, where the first equality uses the definition of M, and the second follows from using

the relation (18). Using the simplification from (19), it is useful to note

_ (g, ® M) [6,)""

W |a)te ey (25)
For the second Holevo information, we define the packing ensemble {\Z 7F} as
Trp, (I, ® Ma)U5*B(Ip, @ M)t M,pPM]
5o D U 29, s f_ MapPML AF AN (26)

\E B A\E
The discussion on how this ensemble is employed to reduce the rate follows in the sequel.

2) Random Coding and Expurgation: In this section, we construct the random coding argument,
and simultaneously, define all the conditions that pertain to the construction of a good random code.
Subsequently, we randomly generate one code that satisfies these constraints. We then expurgate this
code to ensure no repetitions are present. Toward constructing an approximating coherent measurement
U, randomly and independently select | M| x || sequences A™(m, k) according to the following pruned

distribution

P(A"(m, k) =a") =< (1—¢) or " €T A) (27)

0 otherwise,
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where e = ) ¢TI (4) ML, 7:;(") (A) is the 0-typical set corresponding to the distribution A\ on the set
A, and A4, & 117 ' (A2, Let C™ denote the codebook {A"(m, k)}yex for a given m, and C denote the

collection of all codebooks {C("™},,c (. Further, for each a” € ’7:5") (A) define

Bp A - B .
P’ = TMpBRTan Pg " Tan T pBR T, (28)

and por = 0, for a™ ¢ 7:5(11) (A), where pBr 2 &, P57, sy, and men are the d—typical and condi-

tionally typical projectors defined as in [50, Def. 15.1.3] and [50, Def. 15.2.4], with respect to pPr =
Y aed M2 pBr and pBr, respectively, and 7 is the cut-off projector as defined in [27]. Using the Average
Gentle Measurement Lemma [50, Lemma 9.4.3], for any given ¢ € (0, 1), and all sufficiently large n
and all sufficiently small §, we have

> AP - plrlh < e (29)
areA™

A detailed proof of the above statement can be found in [58, Eq. 35]. Using these definitions, construct

operators

-1
R®n R®n n _ . n
ABRA <\/T B fppn®n ) o 1+n\MHIC||{(m R) s A"(m, k) = a™)],  (30)

and n € (0,1) is a parameter that determines the probability of not obtaining a sub-POVM. Note that

in the definition of Afnﬁ the right hand side operates on Hpy, however, we define A,~ belonging to

L(H 4~ ). To obtain this, we transform Afn},qé as

A = > (07 ADE

bn j)n

b") B, [b7) (V"] 5.

Then construct a sub-POVM T'("") ag
M A €4, a" e T (A)). 31)

Let 1 (sP} denote the indicator random variable corresponding to the event that I'™ forms a sub-POVM.

We have the following result.

Proposition 1. For any € € (0,1), any n € (0,1), any § € (0,1) sufficiently small, and any n sufficiently
large, we have E []l{sP}} >1—¢ if L (logM +1log K) > x(A\B=, pBr).

Proof. The result follows from [27]. J

Define the code dependent random variables E; and FE» as

B AN S (M) el ) and B2 PIPICLISY Hmn =t

meM kek eEMEkeK




22

where p "o and ,o ") are used as shorthand notations to denote p and p respectively.

an (m k) an (m k)’
Further, using the results [58, Eq. (28) and Eq. (35)], for all € € (0,1), we have E[F;] > 1 — ¢, and

E[Es] < e, for all sufficiently large n and all sufficiently small 6 > 0.

Now, considering the ensemble {\Z 75}, we construct the operators {T . } using the codebook
C and the distribution defined in (27), where 7 ® E For this ensemble we construct a collection

of n-letter POVMs, one for each m € M, capable of decoding the message £ € K. In particular, we
employ the Holevo POVMs [28] defined as

~1/2 ~1/2
e wa =a(Se) @ (Sa) e

kek kek
where 77 is the d—typical projector (as in [50, Def. 15.1.3]) defined for the density operator 7 =
Y oacd MErE and rrlg ™) denotes the strong conditional typical projectors (as in [50, Def. 15.2.4]) for the
Operators Tgn (k). For these POVMs, we know the average probability of error can be made arbitrarily

small. More formally, we have the following.

Proposition 2. Given the ensemble {\F 7F} and the collection of POVMs {uk }k: for any € € (0,1),

1 m m
E m%n{zg )7 )}] >1—e (33)

Jfor sufficiently small 6 > 0 and for all sufficiently large n, and for all m € M, if - Llog K < x({A\E 7B,

where T,i ™) is used as a shorthand Jor Tan(m k)-

Proof. The proof follows from the result of classical communication over quantum channels [28] or
the packing lemma of [50, Lemma 16.3.1] while making the following identification. For each m &
M, identify M with K, X with T, (A), {oc, }m with {7/}, TT with 77, T, with 7\™, d with
2n(S(EIA)++9) ' D with 27(S(E)==9) "and A,, with _,(C ™ where 7AE & S A |a)al , @ TE and §(8) N\, 0
as 6 N\, 0. O

The above result also implies a weaker average result which suffices here. This can be stated as E[E3] >

1 — e, for sufficiently small § > 0 and for all sufficiently large n, if + Llog K < x({\E,7F}), where

(17(1

B2 W > Y m{ErAm ) (34)

meM kek
Finally, toward finding a good code, we need one last property which is that all its codewords

are distinct. In the dual, the quantum channel communication problem [32], Devetak used the double
exponential decay of the covering error to argue the existence of an expurgated code for exponentially

many covering constraints. However, in the current problem, we have exponentially many packing



23

constraints, with each having only an exponential decay in the error. To resolve this issue, we develop
a proof that only requires the average of the packing constraints. However, in such a case, it becomes
unclear as to what should be the expurgation strategy. For this, we introduce another event that captures
the non-distinctness of the codebook, and expurgate with respect to this event. Precisely, we define a
codeword A™(m, k) is bad if there exists (m/, k') # (m, k) such that A"(m, k) = A"(m/,k’). Let

1

A

by = MK Z Z ]l{A”(m,k) is bad}-
meM ke

Computing its expectation, we get

1
E[Ey] =E VK Z Z L5 k)(m k) such that A (m,k)=An(m’ k')}

meM kel
o 1 b —n(S(\A)—-d,
S MR 2 > E[Larmi=ary] B [Lpargmi)=ary] < ME2THERD™) < e (35)
mm'eM  gneT(™
k,k'EeK €7:7(A)
(m K}’ )

for all sufficiently large n and sufficiently small § > 0 if 2 (log M + log K) < S(AZ'), where (a) uses
the mutual independence of the codewords, and (b) define §; as 01(d,¢) N\, 0 as d,& ~\, 0. Using the

Markov inequality and the union bound, we have
]P’({]l{sp}zl}ﬂ{El > 1—ﬁ}m{E2gﬁ}m{Egzl—\/E}m{E4§\/E}> >1-5e

Therefore, for all € € (0,1/25), and for all sufficiently small 6 > 0, for all sufficiently large n there
exists a code C that satisfies the conditions {]l{sP} =1L {E1 > 1— e}, {Es < e}, {E3>1—/e},

and {E4 < €}, simultaneously if

1 1
~(log M +log ) > x(\g", "), —log K < x({A,7}), — (log M +log K) < S(A7). (S-0)

1
n
At this point, we choose one such code C satisfying all the above conditions, and fix it for the rest of
the analysis.

Toward showing that this chosen code achieves the asymptotic performance stated in the theorem
statement, we expurgate the code C with respect to the random variable E4, ensuring that the code has all
distinct codewords. The assumption of codebook being distinct becomes crucial at multiple places in the
proof and will be highlighted as necessary. Since { E4 < \/€} ensures at most /e M K codewords in C are
not distinct, we remove /e M K codewords from C. This is performed by first removing all the non-distinct
codewords, and then further removing some more from the distinct ones arbitrarily (if needed) until we
remain with a total of (1 — /€)M K codewords. Let the expurgated set (the remainder of the codewords)
be denoted by Cg, and define the sets Cém) as Cém) a Ce N C™) . Observe that, all the codewords in Cs

are distinct. However, as opposed to C which was consistent with regards to the size of C(™) (equal to
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K for all m € M), C¢ has varying sizes. Therefore, we define K, to denote the size of Cém) and M’
to denote number of non-empty sets in the collection {C((gm)}me M. Note that for some m € M, K/,
may be zero. Let M’ denote the subset of M for which K, > 0, and let H, denote the corresponding
Hilbert space with dim(#),) = M’ +1. As is evident, ) . K}, = (1—+/¢)M K. In addition, define
the set of indices corresponding to the expurgated codebook as Z%m) 2 {k : a™(m,k) € Cém)} and

Ip & {(m,k) : a"(m, k) € Cg}. Further, for the expurgated code, we have

By £ ychy > > wfanz1-2vs (36)

meM’ pe I<m>
By = ) Z |55~ a2 < Y <ave (37)
AR 2 -~
E,2 3 Z Tr{uk Tkm>}>1_2\/ (38)
ercrmeM, Z,

where the inequalities above follow from the fact that codebook C satisfies {Ey > 1 — \/e},{F2 < \/e}
and { E5 > 1 — \/e} and that only /e fraction of the code is expurgated. Observe that the event {1 (sP} = 1}

remains true for the expurgated Cg. Define the collection

(n) A
Ig? = {Aa (mk)}meM',kez;m%
The collection I‘(gn) is completed using the operator I — > .\, ZkeIf;” Agn(m,k)» and the operator is
associated with sequence qa;j chosen arbitrarily from A"\E(n)(A), ie.,

IREYED S SV

meM’ pez(m
Corresponding to this expurgated code, we now construct our encoding and decoding operations.

3) Encoding and Decoding Isometries: The encoding isometry Ug is constructed by concatenating
three isometries: (i) the covering isometry Upaq : Hpn — Hpn ® ”H?W ® Hg, (i) the rotation isometry
Ur : Hpr @ Hyy @ Hig — Hpn @ Hyy @ Hi, and (iii) the packing isometry Up : Hp» @ Hp @ Hy, @
Hig = Hpr QHE ® ’H’M ® Hg, where H’M, Hg and Hp are auxiliary Hilbert spaces with dimensions
M'+1,K +1, and K + 1, respectively.

Step 1.1: Covering Isometry

To define the covering isometry U, we use the completion [Fé")] as

A
U2 D ) [ Aar(np @ Im) @ k) + /Agy @ | M) @ |K) . (39)
meM’ ez
Note that, for the chosen code, the event {1 (sP} = 1} makes Uy, a valid isometry. From now on, for the
ease of notation, we use M, 1, )\ﬁﬂk, and A,, ;. to denote the corresponding n—letter objects constructed

for the codewords A™(m, k).
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Step 1.2: Rotation Isometry

Although the above covering unitary aims to cover the source, it only does so for the reference system.
To be able to apply the next step of packing, we wish to use the post-measured state as side information.
This could be possible if the post-measured state also looks close to being product. For this, we employ
a rotation unitary. A similar operation is discussed in [59, Fact 6] with regards to classical-quantum
states obtained post measurement. The construction below generalizes this to a coherent application of a

measurement. More formally, for the expurgated code Cg, we construct the states

n mnn (I ® Mm k) B»B™
| B E"MK A Z Z ) ’wgim> R ®|m,k‘> and
mem’ kel—(m) \/ 1- |M||IC’ \/)\mv
n n I ® n
1) BBMKA Z Z \5/ Am k) W’ > ~B @ m, k), (40)
where 6, A Tr{AmkpB@n} = 7Tr{ﬁﬁ’?k} and v = 1+f] \M||IC| For brevity in notation, we skip the
sets in the summations over m or k when summations are performed over the codewords belonging to
the set Z¢ corresponding to the expurgated codebook Cg. Clearly, |6)Z5F" MK and |5) 558" ME are valid

states. Now to construct Ug, consider the following lemma which upper bounds the fidelity.

Lemma 4. For any €,m € (0,1), there exists a collection of isometries {U,(m,k) : Hpn — Hpn}
and a collection of phases Oy, such that F(|6)P55" MK (15 @ Ug) |5)PRB"MEY > 1 — 4\/e, for all
sufficiently large n and all sufficiently small § > 0, where
Ur2 3 3 e UmE) @ [m)mly © [KXE] (1)
meM/U{M'} ke KU{K}
and U,.(m,k) = I and 0,, , = 0 for all (m,k) € (M x K) such that a"(m, k) ¢ Ce¢.

Proof. The proof of the lemma follows using (36), (37) and from the Lemma 7. For completeness, we

detail the proof in Appendix B. O

Step 1.3: Packing Isometry

Observe that by coherently performing the covering and rotation operations, one can show that the source
pp can be successfully recovered by the quantum registers {|m, k) }. This implies that the quantum states
{|m, k)} can be used by the decoder to faithfully reconstruct the source as per Definition 3. As a result,
we would require a rate of %logM + %logK which has to be greater than the Holevo information
x(A\Br_ pBr) as constrained by Proposition 1. However, we intend to further reduce the rate from this

Holevo information to the coherent information provided in the statement of the theorem.
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One can perhaps argue why we cannot simply release the information in the H g system into the
environment (partial tracing)? But as expected for a purely quantum setup, this would lead to the
protocol becoming incoherent. More precisely, the subsystem H g~ that the encoder has in its possession
is entangled with the subsystem Hx, and tracing out the latter without decoupling the two systems would
render the former in a mixed state. Once this entanglement is lost, the decoder would not be able to
faithfully reconstruct the source by using such a (mixed) state.

Therefore, a major task here is to successfully decouple the system Hpy before releasing it to the
environment. To achieve this, we introduce the notion of coherent packing or coherent binning. This
notion is built on the idea that the post-measured system present in g~ contains information about the
quantum state |k) -, and hence, conditioned on the state |m), a copy of the state |k) can be recovered
from the state present in subsystem Hg-, albeit with a small probability of error. Using this copy, we
intend to decouple the existing copy of |k) from the latter. However, this new copy can erase (decouple)
the original, but will itself still remain. Therefore, as will become evident in the sequel, we perform the
process of erasing the information in H  intrinsically without producing any additional copies.

Toward this, we employ the packing code consisting of the sub-POVMs {E,(Cm)} kezim generated for
the ensemble {\Z 7F}. We complete this sub-POVM for each m € M’ as

=V ar- Y =
kezZl™

In addition, we also make use of Naimark’s extension theorem (also provided in Lemma 3). This lemma
gives us a collection of orthogonal projectors {H,(Cm)} each acting on Hg» ® Hg, corresponding to the

collection {E,(Cm)}k, such that
{m (™ © 100l | = Te{E" A", “2)

for all m € M’ and k € Iém) U{K}, and dimH = K + 1. Finally, we define the packing unitary Up

as

e S| S e Y e k) mod (1) 1) | ol

meM’ | ket U{K} K eKU{K}

+ Igpr ® | MY M’

SNCS)

where the phases {a,(cm)} are introduced for later convenience, and will be specified in the sequel'. Note
that by using ngm) in the above definition, instead of E,(Cm) ensures that UpUJ, = I, implying Up is a

valid unitary.

"Moving forward, we implicitly assume the modulus operation rather than explicitly mentioning it for the purpose of brevity.
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As a result, we can express the encoding CPTP map N, én) as

B’Vl B’n
(185 2 NEV) (g ywsm P")
n BTL Bﬂ,
& Trpp i (10 UpUrUnm) |05 Xus™ P27 @ 10X0| (1 & UpUrUM)T) . (44)
The quantum state in 7{}, is now sent to the decoder.
Step 1.4: Decoding Isometry:
The following decoding isometry is applied on the state in ),

Up= Y < > e ja"(m ’f)>> (m] + |ag) (M'], (45)

meM’ m e I( n)

where the phases {B,(cm)} will be identified in the continuation. Observe that, to argue Up is a valid
isometric operation, we need the vectors {|a™(m,k))} to be distinct. By expurgating the codebook to
generate Cg, and only using the codewords from Cg ensures this distinctness. With the definitions of
encoder and decoder, we move on to bounding the error incurred by the protocol (as defined in Definition
2).

4) Trace Distance: We begin by defining the following terms
) PRETEATR S (I'@ Up)(I @ Up)(I @ UrUn) [05™) 7" 10) 5.,
[QYBRE™A™ & (Wom @ 1) [y, ) 44" (46)

where? [1,)#4" is the canonical purification of w*". Let

G 2 [WPRA" - (BRA"|.

Following Definition 2, our objective now is to show GG can be made arbitrarily small for all sufficiently
large n for the code Cg.

Step 2.1: Closeness of |w) and (I ® Up)(I ® Up) |6) :

Recall the definitions of |6) and |&) from (40), and let |wi) £ (I ® UrUnq) 1,) 755" and &, 2
(1 —¢)/(1+mn). Consider

\/F <’w1>BgE"MK (I®Ug) |5 >B nEr MK)

Z <¢p| (I & Ur(m, k)\/ Am,k)T((I @ Ur(mv k) \ Am,k) ’wp>
VA \MH’C\ VOm,k

- — P ! VL r{p 5 — Ve(l —2y/e
_Jl——ﬁ%;MWC\mzW%wumupmvk}zﬁ L= Vel —2ve),

47

) Bngn
ZFor conciseness, we drop the @n from ‘w§"> £7  when understood from context.
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where we note that there is no overlap between the term corresponding to \/Aqr @ [M'),, ® |K) - of

>B§E”MK BRrE"MK

w1 and the state (Ugr ® I) |6)"* , and the last inequality follows from (36).

Using Lemma 1, and the inequality (47) , we get *

leB}%E"MK (I ® Ur)aPRE"ME ([ & Up)t Hl

32\/1—(1—\£)(1—2ﬁ>2(1—ﬂ;>32,/;712 c< Gy, (48)

for all sufficiently large n and sufficiently small 7, > 0. Further, using the unitary invariance of trace

distance, we get the closeness of the states:
H (I ® UpUp)wy BRE"ME & |0)0| 5 (I ® UpUp)!
~(I & UpUpUR)&HE™ MK & |0)0] ; (1 @ UpUpUr)T| <6V @49)
Using Lemma 4 and the fact that trace norm is invariant under isometric transformations, we have
(1 @ UpUR)GBHE"ME & 0)0| 5 (T @ UpUp)'
—(I ® UpUpUg)5H=" MK & 0)0] 5 (1 ® UDUPURvHI

Using triangle inequality and inequalities (49) and (50), we obtain

& — (I®UR)G(I ® Ug) H <2/1-F(|6),I®Ur)5)) < 4/e. (50)

| B — (1 @ UpUp) (%55 @ [0X01 ) @ UpUp)f | <1092, (s-D)

for all sufficiently large n and sufficiently small 7,6 > 0, which concludes Step 2.1.

For the next step, define |§)B§E7LEMK as

I . o(m) I®Mm
EBRENBME & SN 3 et LE Mt Wo) 1y 10} @10) 5, (51)
JOIM|IK VAmk
meM’ kezl™ ( ’ H | mk

where the phases ﬁkm will be specified shortly. Observe that |f >BﬁEnEM K'is a valid pure state due to (i)
the distinctness of codewords in Cg and (ii) the identity (24). Furthermore, in its definition, the information
in the subsystem Hy is decoupled from the remaining subsystems. Since Up acts on Hg» ® Hz, an
additional pure ancilla is attached for appropriate comparisons. We aim to show that this state is close

to the action of (I ® Up) on the state |5) |0) 5.

3At times, the subspace notation is omitted when it is clear from the context.
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Step 2.2: Closeness of (I ® Up)|5)|0)z and |() :
We begin by simplifying (I ® Up)|5) |0) as

ia(m) m
TeUp)la)0)p= Y > o™y @ m)
meM,kEI( n) \/1_ ’MHIC‘
where
(m)
I @1, My, 0) =
|¢l(€m)>é Z U #) 1) 0 ®‘k'—k>K, for allkel’ém) and m e M. (52)

A
keI U{K} mk

Similarly, let
A (U Mnp)|¥,)10)5

Z A ™Y @ fmy s ™)
</ — /e |chr o

®[0) g, (53)

forall m € M and k € Iém), and the phases { 6,(;")} are the same phases incorporated in the construction
of the decoding isometry Up. Further, from (42), we know for all m € M/,

o ) = e Y ) (54)

" pezim " ezl

Now the fidelity between |¢) and (I @ Up)|6)|0) 7 can be written as

. . 1
JF (0U19)105.06) = 1| 3 6nbin)| 59
meM’
where, for all m € M/,
A ia{™ | 5(m) A RERSINGD
[bm) S ¢ D e g™) and  [xm) Sc Y ),
keZi™ kezZ(™
é M’ . . . ..
and ¢ = A=vOIMIK" Toward a lower bound on the fidelity, we provide the following proposition.
Proposition 3. For any € € (0, 1), there exists phases {a } and {Bkm)} such that
1
25 2 (Ombom)| 212V, (56)
memM’
for all sufficiently small § > 0 and all sufficiently large n.
Proof. The proof is provided in Appendix D. O
Observe that, using the relation in Lemma 1, and the result of Proposition 3 and (55), we get
|t vps ol evp - < 2% ~F(pa Do) 0. 10) <46 62)

for all sufficiently large n, and sufficiently small 77, § > 0. Observe that |C)BRE"ME — |(\BRE"M () K>

and hence \( VBRE"M remains pure after partial tracing over the subsystem Hyx ® H . Finally, we are

left with showing the closeness of the state (I ® Up)|C)BRE"M with the state |¢)PRE"4",
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Step 2.3: Closeness of (I ® Up)|C)BRE"M ang |¢)BRE"A"

We begin by defining c4" as
oM & Tepyp (1 0 Up)CPHP M (1 0 Up) ',

and perform the simplification

m m’ Tr (MmkpBMT ’ /)
=U e—iB=B) m'k "\t
D(Z;%;L— VOIMIIK® Do )Up

where the second equality uses (24) and the crucial condition that the codebook Cg obtained after

expurgation is distinct, and last equality defines [b"(m))" as

B m A S e g, k) (58)

for all m € M’. This implies, we can write the canonical purification of o4" as

\%) = (IA" ® \/7) P®n Z\/ 1— |M|\IC\ ’bn( )> i ® ’bn(m»An

— (I®UD")Z\/(1_\/[§TMHK| b (m)) % @ [my™ | (59)

where the first equality follows by defining [b"(m))*% £ (I AR ® (b"(m)|*") |F®">A§A". Using the

relation from (25) and definition (58), we can write

B
e S W, N = 3 Tna M) 05" 7

v keI“") v keI("’ \ )‘?q,,k

for all m € M', which gives

W™ b7 (m))

®n ApAn _ n K7, O (5 (VAR 5 ()M
(W= @ Ian) [tho) (I ®Up )zm:\/(l—\/E)IMHIC!W 0" (m))"* ® |m)

By B"
o LB ® M) [957) ™

I®%)§:¢1— VOIMIK] N

= (I ®Up")|¢)PREM, (60)

® [m)™

where the last equality follows from the definition of ]6 VBRE"M in (51). Observing that

Q) BRE A — (W @ [0 [, )7
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we are left with showing the closeness of |15)#" and |1h,,)%". Using (S-1) and (S-2), the triangle
inequality, the monotonicity of trace distance, and identification of appropriate purifications, we obtain

for all sufficiently large n and sufficiently small 7,6 > 0,
lo?” = o[ < WP AT — (1 @ Up)CPREM (T © Up)T|h < 14/
This implies,

|1 0 UA")BREM (1 0 U — (PR

& g, A g, A7

1 1

’ An AY, An A?,
< 21— F(|) 4" 4k, [g,) 4" 4%)
o /It — ot <2 1ave <8 (5D)

for all sufficiently large n and sufficiently small n, § > 0, where (a) follows from the isometric invariance
of trace distance, (b) uses Lemma 1, and (c) uses Lemma 2, which concludes this step.
In summary, combining results of (S-0), (S-1), (S-2) and (S-3), we have showed that there exist a code

C satisfying G < 14+/e + 8+/e with the following rate constraints:

1 1 1
SO > = (log M +1log K) > x(\B#, pBr), Zlog K < x({\E,7F}), —logM >0, ~logK >0,
n n n

1
n
for all sufficiently large n and sufficiently small 7,4 > 0, where we have also included the necessary

non-negativity constraints. Eliminating %logK using Fourier-Motzkin elimination [60] gives
1 1
—log M > x(A\{", p5") = x({Ag,74°}), and  —log M >0,
n n

where we remove the redundant constraints. This completes the proof.

Remark 7 (Zero performance rate). The coherent information I.(Nyy, pAR) is negative when the Holevo
information quantities are such that x(\B=, pBr) < x({\E,7EY). The asymptotic performance limit for
these situations is zero, according to the statement of the theorem. We must therefore demonstrate that a
rate of zero is feasible. To put it another way, we must construct a protocol (see Definition (3)) that satisfies
(2) with a rate that can be made arbitrarily close to zero. The constraints imposed by the preceding proof
are still met if we select M =1 and +log K = x(A5#, pBr) + 69 < x({\F,7F}), while achieving a
rate of log(2)/n, for a sufficiently small dy. This rate (1/n) can be made arbitrarily close to zero (i.e.,
smaller than the provided €) for any given €, for all sufficiently large n and sufficiently small n,é > 0.
Similarly, when the coherent information I.(Ny, p®) is exactly zero, i.e., x(A\Br, pBr) = x({\E 7F}),

we choose M and K such that %logM = 20¢, and %logK = x({\E,7EY) — 6¢. This gives a rate of

28¢ which can be again made arbitrarily close to zero. Therefore, even though the coherent information

is not necessarily positive, the rate in the theorem can still be achieved.
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C. Proof of Converse

Let R be an achievable rate. Then from Definition 4, given a triple (pg, Ha, Nw), for all € > 0, and
all sufficiently large n, there exists (n, ©) lossy compression protocol with an encoding CPTP map N, g(n)

and a decoding CPTP map ./\/'1()”) that satisfies the following constraints:
o : %log@ <R+e and ¢ :|[wBrA" —oBRA7||| <, (61)
where wPiA" 2 (1@ Np”)(I® NE)([45,) 427,
VBRA" = Ty, (pBRAE Y A Ty {(W®n @ DUARA" (o I)T} ,

and |@ZJ¢,J>A”ARn is the canonical purification of w*", and W is the Stinespring’s dilation of the CPTP
map Njy. Let wik & TrAn(\IlﬁnA%).

Step 1: Quantum Data Processing Inequality: Let M denote the quantum state at the output of
the encoder. Let Vg(n) : Hpr — Hu @ Hp and Vl()n) : Hy — Har ® Hp be Stinesping dilations
of encoding and decoding maps N, g(n) and /\/'gl), respectively, such that dim(Hz ) > dim(#,s) and

dim(Hg, ) > dim(H 4~ ), as shown in Figure 6(a). Let
wn PRMEL & (1 & VI (ERE) (I, Vi)
WBREI B2 AT A (IBgEl 2 V’En))(wlB}%ElM)(IB%El ® VZ()”))T- (62)

Let |1, >M =M denote the canonical purification of the quantum state w{” .Let Wg(n) cHuy — HppQH B

) M

denote the posterior reference isometry (see Definition 1) of Vg(n with respect to wy”, as shown in

Figure 6(b). Moreover, let W1()n) : Hap — Hup, @ Hp, denote the posterior reference isometry of VZ()")
with respect to w?”, as shown in Figure 6(c). Let Ny, () = TrE](Wgn) . (Wén))T) and Ny, (-) =
TI"E2(W1(>n) - (WE™)) be the induced CPTP maps. Let

pMrBA" & () g 1y (AR (W @ 1)1
Using the quantum data processing inequality for coherent information [50, Theorem 11.3.2], we obtain
I (N, w®) > L(NMyw, o N, wR).
Expanding the coherent information in terms of Von Neuman entropy, we get
S(MRg)a, — S(E2)a, > S(BR)w — S(E1Ea)w,

which implies that
S(M)w, > S(Bg)w = S(BRA")w. (63)

Step 2: Implication of the constraints ¢y and c;: Consider the following sequence of inequalities:
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PR Bp
ATI.
M W
™ :
F’B“ VE(n) Ey L —
BRM By wBR E1E24™
1
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R e W e ™ |
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o= D
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V("-) B
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WY wA" ~£d' R EzA
(b) ()

Figure 6. Lossy quantum source coding protocol and the associated CPTP maps and their Stinespring dilations.

nRkR >log© —ne > S(M)., —ne (64)
> S(B)y — S(BL, A™)., — ne (65)
b
> S(BE)w — S(BE, A™), — ne — néy (66)
= S(BR)w — S(E™)y — ne —né; (67)
> S(BR)w — Y S(E)y — ne —néy (68)

=1

LN S(Bri)o — > S(Ei)y — ne — néy (69)
=1 =1

>3 S(Bri)o — > S(Ei)e — ne — néy — néa (70)
=1 =1

L D IL(Nw,w™) — ne — néy — néy (71)
=1

in LNy, p7) = ne — néy — nés, (72)

pARED(H A PN (o) | <e
where the inequalities are argued as follows. (a) follows from (63). (b) follows from the condition c;
and the Fannes-Audenaert inequality [50, Theorem 11.10.1] by defining &; 2 ¢ log |Hal||HB|+ hi(€). (c)
follows from the subadditivity of entropy. (d) follows from the memoylessness of the quantum source. (e)

follows from condition cy and the Fannes-Audenaert inequality [50, Theorem 11.10.1], where condition

Bri _ 4, Bri

et fjw 1<e V1<i<n,
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is implied by c; using the monotonicity of trace distance with respect to partial trace. € is defined as
& 2 elog |Hp| + hy(e). (f) follows from the fact that vPr:Fi = WwAr VT, (g) follows from condition

co which can also be stated as
ca 1 |05 = N (W)l <e, V1<i<n,

and the fact that coherent information is continuous, and the constraint set is closed and bounded.
The continuity follows from the following arguments: for the fixed CPTP map Ny, let a function
f:DMHa,) — R be defined as f(pA%) = I.(Nw, p%). One can establish the continuity of f for a
fixed Ny by writing I.(Nw, p*#) = S(Br)w parw+ — S(E)w panw, and using the Fannes—Audenaert
Inequality [50, Theorem 11.10.2], where W is the Stinespring’s extension of the given CPTP map Ny .
Step 3: Continuity Argument: We have shown that

Re ()L

>0
where we have defined for all € > 0,
7.2 {R:3p*% € S.(p®, M) such that R > I.(Nw, p**) — g(e) }, (73)
and
Se(p” Niw) 2 {p*" € D(Hay)  [Nw(p'") = p™" |1 < e}, (74)

g(€) & ¢ + & + &. Condition ¢y ensures that the set S, is non-empty for all € > 0. Now, by arguing

continuity of Z. at ¢ = (0, we obtain the desired result.

Lemma 5. For the above definitions of S. and I., we have Sy(p®, Nw) non-empty, and

%:ﬂ@

e>0
Proof. This is a standard argument used in the literature [51], [61], [62]. A proof is provided in Appendix

E for completeness. O

This completes the proof.

VI. PROOF OF THEOREM 2
A. Proof of Achievability

For a given (p” X, ) QC source coding setup, we choose a reconstruction distribution Px €
A(p?,W). Toward specifying the POVM T'(™ and a decoding map f : {1,2,---,0} — X", we construct

a codebook C. From now on, we let © = 2",
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1) Codebook Design: We generate a codebook C consisting of n-length codewords by randomly and

independently selecting 2"% sequences {X™(m)} according to the following pruned distribution:

me[2nk

Py (") (n)
f neTI(X
P(X"(m)=a")={ (1—¢) or ame T ), (75)

0 otherwise

where PY(2") = [[;, Px(z:), 7:5(71) (X) is the d-typical set corresponding to the distribution Px on
the set X, and £(6,n) = Zﬂf”%ﬁ(")(X) P%(2™). Note that (5, n) N\, 0 as n — oo and for all sufficiently
small § > 0. The generated codebook C is revealed to both the encoder and decoder before the QC lossy
source compression protocol begins.

2) Construction of POVM: We use Winter’'s POVM construction [27]. Let 7,z and m;» denote the
d-typical and conditional J-typical projectors defined as in [50, Def. 15.1.3] and [50, Def. 15.2.4], with
respect to p® and W, respectively. Consider the following positive operators with a trace of less than
one, and we exploit the random selection of these operators to construct the sub-POVM {4, }. For all

" e 7:5(n) (X), define:
gwn é ﬂpBTFZannﬂwnﬂ-pB, (76)

and &;» = 0 for 2" ¢ 7:;(”) (X), where Wyn 2 ®); Wa,. We now define £ as the expectation of &,» with

respect to the pruned distribution PP as defined in (75):

Eampe) = Y B

1—¢
I"E'T&(n)(X)

Let 7 be the cut-off projector onto the subspaces spanned by the eigenstates of £ with eigenvalues greater

than ed, where d & 9-n(H(p")+01) gand 01 will be specified later. With the above notation, we define

(>

Pon 2 76t and  p 2 Ep[pyn] = 7ER. (77)

Using the Average Gentle Measurement Lemma [50, Lemma 9.4.3], for any given ¢ € (0,1), and all

sufficiently large n and all sufficiently small §, we have

Pe(x™)
> f(_ 6) |pan = Wanlly < e. (78)
zneXn

Detailed proof of the above statement can be found in [58, Eq. 35]. Using the above definitions, for all

z" € X", we construct the operators,

—1 -1
/ - 1 (1-¢
Agn 2 Yzn PB®” Pzxn PB®” , where ~z» = onR El T ;
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and € (0,1) is a parameter that determines the probability of not obtaining a sub-POVM. Let 1 {sP}
denote the indicator random variable corresponding to the event that {A,~: 2" € 7:5(") (X)} forms a

sub-POVM. If 1¢¢py = 1, then construct sub-POVM '™ as follows:
™ 2 {4, 2" e T (X)) (79)

Since '™ is a sub-POVM, we add an extra operator Az a (I — Zz €T (x) Axn), associated with
an arbitrary sequence z( € X”\%(n)(X ), to form a valid POVM [F(”)] with at most (2"% +1) elements.
If 1 (sP} = 0, then we define ™ = {I} and associate it with z}}. This defines the POVM and the

associated decoder. We now provide a proposition from [27], which will be helpful later in the analysis.

Proposition 4. For any ¢,n € (0,1), for any sufficiently small § > 0, and sufficiently large n, we have
E []l {SP}] >1—¢ if R > I(X; BRr),, where the quantum mutual information is computed with respect
to the CQ state,
o*Bn 23" Px(a) [x)a* @ Wi,
T

and {|7)}zex) is an orthonormal basis for the Hilbert space Hx with dim (Hx) = |X].

3) Error Analysis: We show that for the above-mentioned POVM and decoder, the sum of unnor-

BO®nN

malized post-measurement reference state \/ pB O A g \/ P is close to the unnormalized n-product

posterior reference state Tr (Amn pB®n> @i, Wy, in the trace distance, averaged over the random
codebook. In other words, we would like to bound the following error term:

> ‘\/ pBE" Ay \/ pBE" — Tr (Azn pB®”) Qn{) Wi, ] .
zn i=1 1

We begin by splitting the error E(F(”)) into two terms using the indicator function 1 {sP) s

E[Z([™)] =E

() = 1gpy ) + (1= Lygpy ) 2C™),
< 1ygpyE™) +2 (1 - ]l{sp}) , (80)

where (80) follows from upper bounding the trace distance between two density operators by two, i.e.,

its maximum value.

Step 1: Isolating the error term induced by not covering

Using the triangle inequality, we now expand the E(F(")) under the condition 1 (sP} = 1.
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=T < H\/pB®"A \/pBéZm Ty (Aa;an@n) W

" T(n
! H Vo A2

®
H\/pB®nA \/pB®” r( wnpB n>Wmn
neT(") 1

where we have deﬁned.

1

T (A 0" ) W
1

+ 2Tr<Axng®n) —¢+20, (81

B[ T (AP @

=1

A4

J:"ET( )

€T (X)

)

1

The error term 5 captures the error induced by not covering the n-tensored posterior reference state. We

provide the following proposition that bounds this term.

Proposition 5. For all € € (0, 1), and for all sufficiently small 1,0 > 0, and sufficiently large n, we have
B1spyd] <

Proof. The proof is provided in Appendix F. 0

Step 2: Bounding the error induced by covering
We now bound the term ¢, which captures the error induced by covering. Under the condition 1 {sP} = 1,

we rewrite ¢ as

¢= Z Y Tr{pan} ‘px" = Wan (82)

Tr{ o n
e (X) {pz }

We now provide the following proposition that bounds the error term (.

1

Proposition 6. For all e,n € (0,1), for all sufficiently small 6 > 0, and sufficiently large n, we have
B [14pyc| <
Proof. The proof is provided in Appendix G. 0
Finally, using Propositions 4, 5, and 6, we bound E [E(F(”)], for all € € (0,1),

Ec [2(0™)] < Ee [1ggpE0™) +2 (1 - 1ygpy )| < Fe |1ypy ET™)] +2¢ < 6e.

Since Ec¢ [E(I'(™)] < 6e, there exists a codebook C and the associated POVM I'™) such that (™)) <

6e. This completes the achievability proof.
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B. Proof of Converse

Let R be an achievable rate. Then from Definition 7, given a triple (p®, X, W), for all € > 0, and all
sufficiently large n, there exists (n, ©) QC lossy compression protocol with a POVM TI'(") = {Am}me[e]

and a decoding map f that satisfies the following constraint:

VB A gy pB" = Tr (Affl(xn)ﬂB@m) (é) W,
i=1 1

Let M denote the transmitted message, and define the following classical-quantum state:

wX" B & Z |z 2" @ 4/ pB®nAf71(xn)\/ pBE™ and

172
SX"By A Z Tr (Affl(ﬂ)pB@n) |z} x| @ Wen, (83)

X" BYg

1
<e¢ and —log® < R+ e
n

X" Bg

where w R and T = are the resulting CQ-states of the QC lossy compression protocol and the

ideal QC lossy compression protocol according to Definition 7, respectively. By triangle equality, we
X"Bp _ TX"B;;H

have Hw . < €. We now provide a lower bound on the rate R. We have the following

inequalities:
nR =1log® —ne > H(M) —ne > I(M; By)w —
% I(X™; BR)w — ne,

>nSBR Zs Bgr)il Xi)w

[

nS(BR)w, — MS(BR|X)w, —ne = nl(X; Br)w, — ne,

i nl(X; Br)r, — né(€) — ne, (84)

where inequalities are argued as follows: (a) follows from the quantum data processing inequality [50,
Section 11.9.2], (b) follows from the fact that conditioning does not increase quantum entropy, (c) follows
from the concavity of conditional quantum entropy [50, Ex. 11.7.5] and by defining

1o -

wXe(Brle & = ZT‘I'Xn\i(BR)n\i {wX BR} and noting that wBrle = o5,
n
i=1

and (d) follows from the continuity of quantum mutual information (AFW inequality) [50, Ex. 11.10.2],
by defining

r¥elBre £ ZTan\» oy {7 PR} = (:L ZZTY{Af%w)PB@n}) el & e

1=1 gn\i

and ¢ & Selog(dimHp) + (2 + e)hb(ﬁ), and noting

HpB — Try, {rXa(Br)e}

‘ < HWXQ(BR)Q _ +%Xa(Br)e
=

< jw* PR - 7 XTBR|| <6, (89)
1



39

where Try,, {rXa(Brle} = S~ Px,(x)W,, and

Px,(x) = (11 Xn:ZTr{Afl(zn)pB@)n}) .

7=1 gn\i

We note that ) Px,(x) = 1. So far, we have shown that

Re ﬂIe,

e>0

where we have defined for all € > 0,
Z(p®, W) 2 {R: 3 Px € A, such that R > I(X, Br)s — g(€)},

Ac(p? W) £ {Px € P(X) : || Y Px(@)Ws — pP|1 <€}, and o*Pr 23 " Py (a) |2)a|* @ W,

xT
g(e) Sete Equation (85) ensures that the set A, is non-empty for ¢ > 0. Using the continuity of rate

regions similar to Lemma 5, we obtain () .,Zc = Zo, and Aj is non-empty, and hence R € Z. This

e>0

concludes the converse proof.

VII. PROOF OF THEOREM 3

We begin the section with the achievability part, i.e., any rate R that satisfies (5) is achievable. We

then prove the converse, i.e., any achievable lossy source compression protocol must satisfy (5).

A. Proof of Achievability

For a given source distribution Py, reconstruction alphabet X, and a posterior channel WX‘ > We choose
a reconstruction distribution Py € A(Py, Wy ). Toward specifying the encoder £ (n) . X" — [©] and
the decoder D™ : [©] —s X", we construct a codebook C. From now on, we let © = 277 41,
1) Codebook Construction: We construct a codebook C £ {X™(1), X™(2),--- , X"(2"%)}, by choos-
ing each codewords randomly and independently according to the following “pruned” distribution:
P (i)
P(X"(m) =2") = l—e¢
0 otherwise.

if #m e TM(X),

where P2 (i") = ITL Py (%), 7:5(n) (X) is the d-typical set corresponding to the distribution Py on

the set X, and £(8,n) £ 3" ) P2 (™). The codebook C is revealed to both the encoder and the

ang T (X
decoder before the lossy source compression protocol begins.
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2) Encoder Description: For an observed source sequence x", construct a randomized encoder that
chooses an index m € [2"f] according to a sub-PMF E MIX" (m|2™)*, which is analogous to the likelihood
encoders used in [51], [52]. We now specify Ejsx-(m|z") for 2" € 7;(7"”) (X) and m € [2"%], where
6 = 6(]X| + |X|). For a i € (0,1) (to be specified later), and & > 0, define

— o) W "2
Epgjxr(mlz™) 2 S k2 B

PR (1+y)  Po)  erer oyl eer (e ignemy—iny (80)

a":n
Similar to the encoder specification in [52], we also have relaxed the constraint that s xn (-[2") is strictly
a PMF, i.e, 2727::31 Eypixn(mlz™) = 1. Let 1 {sPMF) denotes the indicator random variable corresponding
to the event that { s xn(m|z") },ec(e) forms a sub-PMF for all 2" € 7%(") (X). If 1 (sPMF} = 1, then

construct the sub-PMF as follows:

Py (m|z™) 2 Eygpxn (mla™), for all 2" € T (X) and m € [0)].

2nR

We then add an additional PMF element Py jx~(0[2") = Ejysx»(0[z") = <1 — > om=1 Erxn (m|x”)>
for all 2" € 7%(n)(X ), associated with m = 0, to form a valid PMF Py x.(m|z") for all 2" € 7%(") (X)
and m € {0} U [2"F]. If 2" ¢ 7;(n)(X), then we define Pysx.(m|2z") = 1,—0;. We provide a

proposition that will be helpful later in the analysis.

Proposition 7. For all e,n € (0,1), for all sufficiently small 6 > 0, and sufficiently large n, we have

E[Lipmpy| 216 ie,

QnR
Pr ﬂ Z Eypixn(mlz™) <1 >1—c¢,
x"E'E(”)(X) m=1
if R>I(X;X).
Proof. A proof is provided in Appendix H. O

We now summarize Py x~ for m € {0} U [2"%] and under the condition that 1 (sPMF} = 1,

a ) Lin—o) it 2" ¢ T (X),

Pypixn (m|z") 87)

Eppxn(mla™) if 2 € T (X).
If 1 {sPMF} = 0, then Ppsxn(m|z") = Lgp—gy, for all 2™ € X™. This concludes the encoder descrip-

tion.

*A non-negative function gx () over a finite alphabet X is said to be a sub-PMF if >°__, gx(z) < 1.
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3) Decoder Description: We now describe the decoder. For an observed index m € {0} U [2"F]
communicated by the encoder, the decoder outputs X "(m) if m # 0. Otherwise, decoder outputs a fixed
#n e XTI (X), ie.,

X"(m) if m #0,
D™ (m) & (88)

Zy otherwise.
4) Error Analysis: We show that for the above-mentioned encoder and decoder, PX,I Sn is close to

the approximating distribution Py W; in the total variation, averaged over the random codebook. We

|X
begin by splitting the error =(& (n), D(”)) into two terms using the indicator function 1 {sPMF} as

(€™, D) = 1 pppy 2(E™, D) + (1 1 {SPMF}> =(£M, pM),

< 1rpmpy E(E™, D) + (1- 1gpupy ) - (89)

Step 1: Isolating the error term induced by not covering

Using the triangle inequality, we now expand the =Z(& (), D(")) under the condition 1 {sPMF} = 1.

2 (™, D)

-y

PR ST Parpsen (mla™) L ey — D PrOm)T sy W (27[87)

T E™ me{0}U[27 1] me{0}U[2"F]
< D |PREM Y Baxe (e L iy — D P ()L gy iy Wi ¢ (27127)
2 €T (X) me|[2n 7] me[2nF]
+ > Py (2") Enrxn (0[2") = Pu(0)W3, ¢ (2"[25)
T (X)
+ Y PR lgesgy— >, Pu(m M)W 5 @ 2L % (my—gn
g T (X) me{0}u[2"7]
b ~
SCHCH DY Pr(0)W 5 (2"25) + > Pr(0)W ¢ (2"25) + > PRE")
areT{" (X) zr T (X) 2T (X)
+ > > Pra(m)We ¢ (@ [2") L g (y—gmy
me2 ] greT ™ (X)
e ¢T3 (X)
SCHCH Y PR+ Par(0) +e
e ¢T3 (X)
~ d ~
=(+20+2 Y PRE")+e<C+20+ 3 (90)

2T (X)



42

for all sufficiently large n and all 6 > 0, where (a) and (b) follow from the triangle inequality, and by

defining
A n n|an
C: Z ZEMLXn m|:c ) {X" —x”} Z PM {Xn )—x"}WX|X( |$ ) ’
xnet;")(x) me[m me([2n ]
~ QnR
andC2 S PR@MEwx- (0" = > PR(a) (1 -3 EM|Xn<m|x">>, 1)
aneT{™ (X) aneT{™(X) m=1

(c) follows from the conditional typicality argument for all sufficiently large n, and finally, (d) follows
from the standard typicality argument for all sufficiently large n. The error term ( captures the error
induced by not covering the n-product posterior test channel. We provide the following proposition that

bounds this term.

Proposition 8. For all € € (0, 1), and for all sufficiently small 1,0 > 0, and sufficiently large n, we have
E [R{SPMF}CN} <eif R>I(X;X).

Proof. The proof is provided in Appendix . O

Step 2: Bounding the error induced by covering
We now bound the term (, which captures the error induced by covering. Using the triangle inequality,
we get

C= 2

z" eT< >( )

S (PR Engx (mla™) = Par(m)WE ¢ (2"15) 1o my—sry |

me[2ni]

<Y PR Eax (™) — Pu(m)W (a3 1
m6[2"ﬁ’]x eTM(X)

We now provide the following proposition that bounds the error term (.

(X (m)=in}

Proposition 9. For all e,n € (0,1), for all sufficiently small 6 > 0, and sufficiently large n, we have
E[1rpmpy] < e
Proof. A proof is provided in Appendix J. O
Finally, using Propositions 7, 8, and 9, we bound E [E(S (n) D("))], for all € € (0,1),

Ec [2(€™, D) < Ee [1pmpy ™, D) + (1= Lypmpy )| < 9¢/2.

Since E¢ [E(E™, DM™)] < 9¢/2, there exists a code C such that the associated Z(£(™, D) < 9¢/2.

This completes the achievability proof.
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B. Proof of Converse

Let R be an achievable rate. Then from Definition 4, given a triple (P, X, WX| X)’ for all ¢ > 0, and
for all sufficiently large n, there exists (n,®) lossy compression protocol with an encoding map & (n)

and a decoding map D" that satisfy the following constraints:

=M, D) _H on = Pe W <e and — log®<R+e

n
1
Let M denote the transmitted message. We now provide a lower bound on the rate k. We have the
following inequalities:
nR=1ogO —ne > H(M) —ne > I(X", M) — ne
> I(X", X") — ne

> ZH(Xi) - ZH(XAX}) — ne
= ZI(XZ-;XZ-) —ne

where the inequalities are argued as follows: (a) follows from the data processing inequality, (b) follows
from the convexity of mutual information as the function of varying channel for a fixed source, and by

defining
Pxoxq = Z x,%, and noting that  Px, = Px,

(c) follows from the change of notation of mutual information [24], and (d) follows from the con-
tinuity of mutual information [57, Theorem 17.3.3] and from Lemma 6 (see below) and by defining

S 9 log

|X\ \XI

Lemma 6. The distributions Py, ¢, and Pg W”‘ s satisfy

1Px — ZP Wik Clo)lley < 1Py 5, = Ps, Wiz oy < 1Pxgn = Pra Wi g v

Proof. The proof is provided in Appendix K. 0

So far, we have shown that

Re ﬂIe,

e>0
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where we have defined for all € > 0,

T(Px, Wy 5) 2 {R: 3Pg € A(Px, Wy ) such that R > I(Pg, Wy ¢) — g(e)},

AdPx W) & {Pg € P(R) < |3 Pe(@)Wi (1) = Pxllrv < ),

g(e) 2 ¢+ ¢. Lemma 6 ensures that the set A is non-empty for ¢ > 0. Using the continuity of rate

regions similar to Lemma 5, we obtain ()..,Z. = Zy and Ay is non-empty, and hence R € Zy. This

e>0

concludes the converse proof.

VIII. CONCLUSION

In this work, we explored a new formulation of the lossy quantum source coding problem. The two
ingredients that make our formulation different from the standard rate-distortion problem are (i) the usage
of a global error criterion to measure the quality of reconstruction, and (ii) the notion of a posterior
reference channel defined as a CPTP map acting on the reference of the reconstruction to produce the
reference of the source. Instead of a single-letter distortion function, a global error criterion measures
the error incurred by using the given single-letter posterior channel. The given channel characterizes the
nature of the loss incurred in the encoding and decoding operations.

As a first main result, we provide a single-letter characterization of the asymptotic performance limit
of this source coding problem using the minimal coherent information of the posterior reference map,
where the minimization is over all reconstructions. Even though the formulation uses a global error
criterion, it sheds light on an “optimistic” perspective of the lossy source coding theory. In this regard,
our results provide the missing duality pair of the quantum channel coding problem, and also broadens
the framework of performing lossy quantum source compression. Investigation of this formulation to
other variants of lossy source coding problem can be an interesting research avenue to pursue. Similarly,
it would be interesting to explore other techniques of establishing the achievability and converse of this
limit.

Subsequently, we considered the quantum-classical (QC) setting and formulated a corresponding lossy
QC source coding problem. We provided a single-letter characterization of the asymptotic performance
limit of this problem using the minimal Holevo information (or the corresponding quantum mutual
information) of the posterior classical-quantum (CQ) channel, where the minimization is over all re-
construction distributions (see Theorem 2). Finally, we performed a correspondingly new formulation
for the classical setup, and established the minimal mutual information of the posterior channel as the

single-letter characterization of the asymptotic performance limit of the classical source coding problem.
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APPENDIX
A. Proof of Lemma 2

Note that

[p) 2 (In @ VpB) D)2 |1h,) & (I © VoB) 1) P

where |I') 5 is the unnormalized maximally entangled pure state: |I") ;5 = >, |4) 5 |#) 5. Consider the

fidelity between the canonical purification states |1,) and |1),):
RB RB
F(Itp), [a) = [{¥plta) [P = (D™ (Ir @ v/ pBVaB) 1) 7 12,
2
b c 1
21 Te(VpPVoB )2 2 (1 1 JBHl) > 1% = o],

where (a) follows from the definition of fidelity for a pure state, (b) follows from the definition of
trace, (c) follows from the Power-Stgrmer inequality [63, Lemma 4.1], i.e., for any positive semi-definite

matrices A and B, we have

Te(A) + Tr(B) — ||A — Bl < 2Tr<\/Z\/§>.

B. Proof of Lemma 4

We first provide the following lemma.

Lemma 7 (Covering superposition states). Consider a finite set U, and a pair of collections {py } ey and
{ow}ucu where py, 0, € D(HA) for all u € U. Let {¥% } e and {99 }yers acting on D(Hr, @H 4) and
D(HRr,RH 4) be some purifications of {py }ueu and {oy }ucu, respectively, with dim(Hpg,) < dim(Hg, ).
Then there exists a collection of isometric operators {U,(u)}yey acting on Hgr, — Hp, and phases

{0u} such that

F((Ur®14) I7p) s I76)) = F(I7p) s (Ur @ 1a)" |75)) > 1 = Z u 1w — oull1, (92)
uelU
where
Up 2> e ™ Ur(u) @ [uful, |7,)2 ﬁW@?!u =3 ﬁlwu ® [u) .
uel uel |Z/[ uel |u
Proof. We provide a proof in Appendix C. O

Now, with the intention of employing the above lemma we perform the following identification.

Identify U with M x K, p, with p2 " Ou With pm L |0l with MW?”}BEB", and [¢7) with

\ Ak
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I A/ Am n RN . . . . . . ~
( ®\/7k \¢®”>B 7B" Note that the last two identifications are, in fact, the purifications of pfzﬁk and

pm ./ Tr (pm k>’ respectively as
T ~Br

I M Ie M, I A I A .
T (( & mk)\I/ ( )> ~Br TI“B (( ® : ’k)\Il®n( &® ,k)) _ P k

/ mk PB / mki _pm’]{p oB

m,k 6m,k
Using Lemma 7, we obtain

F(|&>BREMK (I ® UR)| >BRBMK)
~ Pk
>1— pnBzR _rmk
( ‘MH’C‘ Z F Tr(pffk)

1 LBl 1
Z 1= VOIMIK] %T {rmi} - T ;

where the last inequality follows from using the bounds in (36) and (37).

~Br ~Br
pm k pm,k
1

> 1 -4/, (93)

C. Proof of Lemma 7

Consider the following:
2

F(l7,),(Ur® )t |75))=

—z5 o
S e WU o0
2
( i |t vt ) )
2
uaau)>
<§£, vV

2
c 1
Z(l— ZW’”Pu Uu”1> >1 Zﬁ’pu Uu”lv

ueU

II=

IIe

u
where (a) follows by choosing &, such that e~ (18| U (u) [49) = | (5| U (u) [09) |, (b) follows from
Ur(

Uhlmann’s theorem [50, Theorem 9.2.1], i.e., there exists some isometry w) such that F'(p,,0,) =

F(Ur(u) [¢*) , |17)), and (c) follows from Lemma 1.

D. Proof of Proposition 3

We begin by defining indexing functions f(™ : [0, K/ —1] — Iém), for each m € M’, that uniquely

map each element of the [0, K, —1] to the set Iém) in a monotonic fashion. Let g(™) : Iém) — [0, K], —1]

be the inverse of f("™), for each m € M’. Define the transformed vectors corresponding to the collections
"} and {9} as
K1 | K1 |

’Xsm) S¢ Z eK/ |Xf(m)(])> and m) 2 Z eK/ |¢f(m >
7=0
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for s € [0, K], — 1]. It follows from basic algebra that, for all m € M/,

K., —1 K., —1

1 ',
= D OR) = ¢ Z WUl XS = S oM ™). (94)
m s—=0 kez—éﬂl)

This implies, for all m € M’, there exists at least one value of s, € [0,K], — 1] that follows the
inequality:
P (GI) 2 ¢ 3 (9" ™), for some phase B,
kez{™

Observe that,

2m<g<m><k> g“”)uc Dam ()

(@ A3 Y e (O ™y,

keZ{™ kreTl™

for all m € M’. Choosing 041,(f m) _ % and 6 % + 0,,, we obtain
1
S b 2 5 T T W =S Y Y wEmm) 21008
mem’ mG/W keZ{™ mEM’ keZi™

where the equality uses (54), and the last inequality uses (38) and substitutes the value of c. This means

1\14’Re< > <¢mxm>) >1-2v/e,

meM
and consequently,

‘]é 3 <¢m|xm>' []@R (Z <¢m|xm>>] >1-2ve ©99)

memM’ memM’
This completes the proof.

E. Proof of Lemma 5

Here we follow arguments similar to the proof of [51, Lemma VIL.5]. We begin by defining Z/ (removing

the relaxation in the rate) as, for all ¢ > 0,
I 2 {R: 3 p** € S(p®, Niw) such that R > I(Nyw, p*7)}, (96)

and note from [51] that
ﬂ Z. C Closure (ﬂ Ié) .
>0 e>0

Now we prove the following:

= ) Se(p® N (97)

e>0



48

So(pB, Nw) C Newo Se(p?, Niw) is straightforward. To show the other direction, consider any pilr e
Neso Se(p®, Nyw). This means, for all € > 0,

INw (%) = P71 < € = [[Nw(pi™) — pP ) =0 = N (pi'") = pP*, (98)

where the second implication follows from the definition of a metric, and hence p‘14R € So(p?, Nw) and
(97) is true. Observe that, since the intersection of decreasing sequence of non-empty closed and bounded
sets of a compact (finite-dimensional) metric space is non-empty, So(p”®, Njy) is non-empty. Therefore,
using the continuity of f(pA%) = I.(Ny, pA®), and the fact that S, are decreasing non-empty closed
and bounded subsets of a compact (finite-dimensional) metric space gives

F(So(p®, Nw)) = () F(Se(p® , Nw)).

e>0
Noting that the images f(S.(p®,Ny)) and f(So(p®, Nw)) characterize the rate regions Z! and Z,

respectively, and the fact that 7y is closed completes the proof.

E Proof of Proposition 5

Consider the following inequalities:

| < - N P P
E [1{31,}(] <E|T{ [I- 3 Aw]p 1-E| Y Tr{Ax o } ,
zreT{ M (X) aneT" (X)

(1-¢) Py(a") o -

=1- Z Tr{pgn},
1 1—
I+ 25 (=9

=1- Tr{p} <1-— 1—2¢—2V¢e) <k,
() S () )

for all sufficiently large n and all sufficiently small 7, d > 0, where (a) follows from (77) and (b) follows
from [58, Eq. 28]. This completes the proof of Proposition 5.

G. Proof of Proposition 6
We begin the proof by splitting the term ¢ under the condition 1 (sP} = 1; using triangle inequality,

we get ( < (1 + (o, where

1 = Z Yz Tr{ﬁx"}

xnefts(n) (X)

Tr{pan} ’

a2 ST e e Mg = Wl (99)

1 an/]—&(n)(X)
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Consider the following inequalities:

2nR

1 (1- i
= [l{sp}ﬁ] <> > QnREHE;E [L4x (my=an}] Tr{pan}

2nR

<> > L A= BREY ()

2nR (1 + 1—¢
2 T ) (1 =9)

_0-9 |y B g

ﬁ(l?" _ ﬁ
Tr{ﬁx”} ‘

1

(0N - ()
s (1-¢) )
T L T < e+ 2vE) <

for all sufficiently large n and all sufficiently small n,é > 0, where (a) follows from definition (77), and

(b) follows from [58, Eq. 28]. Similarly, we now compute

QnR

1-¢) 1 P2
U ED DY EHZ;W(f( [ — W2,

m=1yn ET(H)(X
(1—¢) Pg(x™), - n
= Z (1 _ 5) prn - Wzn
aneT™ (X)

for all sufficiently large n and all sufficiently small 7, § > 0, where the last inequality follows from (78).

|1§6'

This completes the proof of Proposition 6.

H. Proof of Proposition 7

Recall, the definition of Ejx«(m|z"), for 2" € 7;(71) (X):
3 1 (1) W@ ) .
R (147) Pi(zn) el Xl {Xrm)=ir)

Eypixn (mlz™) =
#reTi™(X)

Let D = 2n(H(XIX)=0)  where 91(6) N 0 as § N\, 0, and will be specified in the sequel. Define a
sequence of 2" IID random variables {Zm(x”)}m 1, for all 2™ € T ( )s

ny A nian
Zn@) S ) A=W @ B ey (xiamy L (my—sny (100)
greTiM(X)
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We get the following bound on the expectation of the empirical average of {Z,,(z")}c(gnn), for all

sufficiently large n:

2nR
1 1 D
m=1

nR

[\

Z (1= )Wy @1 fgneqn x1amy B (mmy=iy )
x"ET (X))

: 1M

271R

2nR Z Z Pe@W ¢ (@)L e (x13m)y
m= lmneT(n)(X)

=D Z ) Pn(An)W%x( n|£n)]l{(m“,§:“)€7';")(X,X)}1{1"67}(">(X\§:")}’
ﬁ n(H (X|X)=61) 9=n(H (X, X)+20:) gn(H(X|X)=81) _ 9=n(I(X;X)+481) (101)

where in (a) follows from the fact that if 2" € T( )(X |z") and 2" € 7:5(n) (X), then (z",i") e
%(n) (X, X), where & = §(|X|+ |X]), and (b) follows from the properties of joint typical and conditional
typical sequences and 6;(0) is a function that follows from the characterization of the size of the typical
set [57].
Furthermore, observe that, for all sufficiently large n, we have

DZp(z™) < 2MHXIX)=61) g-n(H(X|X)=61) (1 _ 5)( > ﬂ{XH(m)ZM) <1, (102)

g e (X)
where the first inequality follows from the properties of joint typical sequences, i.e., if (z",2") €

TIV(X, X), then Wy ¢ (a|2") < 27(HXIX)=0) From (101) and (102), observe that {DZ(x")}p

satisfies the constraints of Lemma 8 (stated below). Thus, after applying Lemma (8) to {DZ,,(z")}m
for all n € (0,1) and 2" € 7%(")(X), we get

20m(R—I(X;X)—45,)
Pr (Z(a:") € [(1 —pE[Z(z")], (1 +77)E[Z(x”)]}) > 1—2exp{—” 2 y } (103)

271}?

where Z(z") & 527 Y1 Zm(z™). Moreover, using the definition of Z,,(z") and Eppxn(m[z™), we

can simplify the above 1nequa11ty as follows:

n22n(R I(X;X)—461)
Pr [(1 +n)P%(x ZEM|X (m|z™) < (14 n)E[Z(2™)] | > 1-2expi— 1 . (104)

Now, observe the following bound on E[Z (x”)]
1 n An wn n|any __
P}(xn)E[Z(x ZP W ¢ (2"[2") = 1.

This simplifies the inequality (104) as, for all 2" € 7% (X ),

gnR

7722n(R71(X,)A()7461)
ZEM‘X"(mM”)gl >1—2exp <— 1 ) .
m=1
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Eventually, using the union bound, we get

2nR 2nR
Pr ﬂ Z Eyxn(mlz™) <1 || 21— Z Pr Z Eyxn(mlz") > 1],
:E"'E’Y;(")(X) m=1 xn,€7:§(n)(X) m=1
(n) n22n(RfI(X;X)f451)
21—2|7:§n(X)|exp - 1 . (105)

Thus, if R > I(X; X ) + 401, the second term in the right hand side of (105) decays exponentially to
zero, and as a result, the probability of the above intersections goes to 1. This completes the proof of

Proposition 7.

Lemma 8. Ler {Zn}fi\[:1 be a sequence of N IID random variables bounded between zero and one, i.e.,
Zy € 10,1 Vn € [N], and suppose E[]{[ 27]:/:1 Zn] = u be bounded below by a positive constant 0
as p > 6 where 0 € (0,1), then for every n € (0,1/2) and (14 1) < 1, we can bound the probability

that the ensemble average of the sequence {Z,})_, lies in (14 n)u as

P(}V Nl Zy €[(1—n)p, (1 +n)u]> >1- 2exp{ ( = Nfe) } (106)

Proof. Follows from the Operator Chernoff Bound [64]. ]

L. Proof of Proposition 8
Fix an € > 0. Recall, the definition of Z,,(z™) for z" € 7g(n) (X) from Appendix H,

Zu(@") = Y, U= Wy @) pero (xipny Lo (m=any-
gneTiM(X)

We begin by using the lower bound from (103) given in Appendix H. We have for all sufficiently large

n:
QnR 2nR
1 1 1
Bvxe mla) = (147 ) e gim 2 Zn(e”)
mz_:l | 14+1n) Pg(zm) 2anz_:1 "
whp (1 —1p 1 1— 77>
> E[Z(z")] > (—1) (1 - ), 107
=" (2 ppleenl = (2) -9 (107)
where the first inequality uses the lower bound from (103), which holds true with probability greater
than 1 — 7, where 7 2 2exp{ ( — ”22H(R_I;X'W)_4sl)> }, and the second inequality uses the following
bound on E[Z(x™)], for all sufficiently large n:
1 1 R N
Prien) A = B > PREMIWR @3 e (o 2 (L6 (108)
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Using (108), we get, with probability greater than (1 — |7:§(n)(X )|7) and for all sufficiently large n,
= 1—n 2n+e(1—n)
< Pz [1—-(—)(1—¢ | < ——m—F—=.
< ) X()< <1+n>( )>— 1+
aneT™ (X)
Noting that Z -1 {sPMF} < 1, and using the above result, we have, for all sufficiently large n,

21+ e(1 —n)

E[C 1pmry| < ST (109)

Therefore, if R > I(X; X) + 401, then 7 — 0 for all sufficiently large n. Hence, [E -1 {sPMF}} can
be made smaller than e for all sufficiently large n and sufficiently small n. This completes the proof of

Proposition 8.

J. Proof of Proposition 9

We begin by writing the PMF Py;(m) for m € [2"%] and under the condition that 1 (sPMF} = 1.

Py(m)= Y PR(a")Eyx-(mla"),
x"ET(ﬂ’)( X)
o 1 — n n|an 1
= > . 7R pr%(x ) e (xpamp L (my—zry (110)

aneT(M(X) aneT ™ (X
We now argue that the error term (, averaged over the random codebook, can be made arbitrarily small

by the following inequalities:

Fe [1(spmr) <)

me(2nk "
<! ]x €T (X)

1 (1-¢)

- n

B (1) ik @D o eron ) Lanerio (xjin)

> > P(X"(m)=3i")

me2m7] gneT M (X)

n

1 (1 _6) n n|an n R
| X 3 (1) 2 N rero oy L poero(xiany | W (@187)
xne7§">(X)
Z Z 2”3 P;(jn)w;l)?(xn@n) Lianem (x)am) Z W;lX( x"[2")
me[2nE] pn 67'“‘) €T (X|dm)

& eTW( )
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INe

ZZ

me [2111?} n 67—(n)

Pi(EM 2 Y W x (@ @)W ¢ (x"[2")
x”ET(g(n)(X\i:“)
xn @ T (X]d")

1 1 n (AN n <" |3

me[2 7] g T (X [am)

+1)

reT{™(X)
b 1 (1-¢) 1
< — —P2(2") | 2¢ <2
- Z QnR(1+77) Z X (1_5) X(‘T ) € > 2€,
me[2nE] jnef]:s(")(X)

for all sufficiently large n and all 7,6 > 0, where (a) follows by splitting the summation over z" €
7%(") (X) as summation over {z" € 7:;(n) (X2} n{a" € 73(") (X)} and {2" ¢ ,7:5(71) (X2} n{a" €
7g(n) (X)} and (b) follows from the standard conditional typicality argument. This completes the proof
of Proposition 9.

K. Proof of Lemma 6

Consider the following inequalities:

1
2

3 (3 2) [P lam87) - P Gmw g a187)

Tn,Tn i
1 1 n\i ~n\i A
— 5 Z E PXlX (xl’xz)PX”\iX“\ﬂXiXi ($ , L ’xlaxz)
1,x" "

= Py (#0) Wy 2 (@il ) P, (020 Wy 1 (2515)

1 1 . .
5> E’PX&X (21, 1) — Py (20) Wy (21]:)

1 1 ) 1 )

=[P XoXo P W |X”TV > ||[Px — ZP Wx\f(("ﬁ:)HTVa

v
[

where the above inequalities are the consequence of trlangle inequality and the fact that Px, = Px.
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