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Classical shadow tomography for continuous
variables quantum systems

Simon Becker, Nilanjana Datta, Ludovico Lami, and Cambyse Rouzé

Abstract—In this article we develop a continuous vari-
able (CV) shadow tomography scheme with wide ranging
applications in quantum optics. Our work is motivated by
the increasing experimental and technological relevance of
CV systems in quantum information, quantum communi-
cation, quantum sensing, quantum simulations, quantum
computing and error correction. We introduce two experi-
mentally realisable schemes for obtaining classical shadows
of CV (possibly non-Gaussian) quantum states using only
randomised Gaussian unitaries and easily implementable
Gaussian measurements such as homodyne and hetero-
dyne detection. For both schemes, we show that N =
O(poly (1,1og (£), Mj;*®,log(m))) samples of an unknown
m-mode state p suffice to learn the expected value of any
r-local polynomial in the canonical observables of degree «,
both with high probability 1 — 6 and accuracy ¢, as long as
the state p has moments of order n > a bounded by M,.
By simultaneously truncating states and operators in energy
and phase space, we are able to overcome new mathematical
challenges that arise due to the infinite-dimensionality of
CV systems. We also provide a scheme to learn nonlinear
functionals of the state, such as entropies over any small
number of modes, by leveraging recent energy-constrained
entropic continuity bounds. Finally, we provide numerical
evidence of the efficiency of our protocols in the case
of CV states of relevance in quantum information theory,
including ground states of quadratic Hamiltonians of many-
body systems and cat qubit states. We expect our scheme
to provide good recovery in learning relevant states of 2D
materials and photonic crystals.

I. INTRODUCTION

Obtaining classical descriptions of states of quantum-
mechanical systems is a fundamental ingredient of quan-
tum computing. It is useful for storing and transmitting
quantum information and essential for verification and
benchmarking of quantum devices. However, the under-
lying quantum nature of such systems provides a huge
hurdle in obtaining such a classical description: to learn
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anything about a quantum state one needs to measure it,
but measurements in quantum mechanics are inherently
destructive and furthermore probabilistic, entailing that
individual measurement outcomes only give limited in-
formation about the state of the system. Consequently, in
order to obtain a classical representation of a quantum
state, one requires multiple identical copies of the state
on which successive, appropriate (possibly adaptive)
single-copy measurements can be performed.

This is what is done in the traditional method of
learning an unknown quantum state, known as quantum
state tomography. It is the process of inferring a quantum
state by using suitable measurements on many identical
copies of the state. There is, however, a huge practi-
cal limitation in using quantum state tomography for
many-body quantum systems. This is due to the so-
called “curse of dimensionality”: the number of param-
eters needed to fully specify the state of a quantum-
mechanical system grows exponentially with the system
size. The exponential number of measurements needed
to infer these parameters makes quantum state tomog-
raphy infeasible for large systems. Consequently, full
quantum state tomography has only been realised in
systems with few components, in particular, in a system
of ten qubits, which too required millions of measure-
ments. In a nutshell, obtaining a classical description
of a d-dimensional quantum mixed state p, given many
copies of it, via quantum state tomography, can be shown
to require Q(d?) copies of the state. (More recently, it
has been shown [I], [2] that O(d?) copies also suffice.)
However, this number grows exponentially with the
number 7 of qubits (since d = 2"), and the problem
becomes rapidly intractable.

In 2018 Aaronson [3] pointed out that for certain
concrete tasks, obtaining a complete classical charac-
terisation of the quantum state is unnecessary. Instead
it is often sufficient to accurately predict many use-
ful properties of the state. This led him to propose a
novel task called shadow tomography, the aim of which
is not to learn a complete description of the unknown
quantum state but instead to simultaneously estimate
the outcome probabilities associated with a list of M
two-outcome measurements, Eq,...,Ep, performed on
the state, up to a desired accuracy (say, ¢). For an
unknown d-dimensional quantum mixed state p, this
requires the prediction of M expectation values, Tr[E;p]
i=1,2,...,M, to within an additive error ¢. Aaronson
showed that, remarkably, the number of copies of the



quantum state (i.e. the sample size) needed to make
these predictions, scales polynomially in the system size.
Moreover, to predict the M different expectation values,
only O(polylog(M)) number of copies of the state are
needed. In spite of this advantage with respect to the
sample size, implementation of shadow tomography is
impractical because it requires very expensive quantum
processing, including exponentially long quantum circuits
that act collectively across all copies of the unknown
quantum state stored in a quantum memory, as well as
a lot of storage and post-processing to make the desired
predictions. Aaronson’s work was followed by a spate of
papers, with the best result on the sample complexity of
shadow tomography being obtained in [4], [5].

In 2020 Huang et al. [6] improved on the work of
Aaronson, by providing an efficient and experimentally
feasible method to learn an unknown quantum state
from just a few simple, single-copy measurements. The mea-
surement outcomes are used to construct a minimal clas-
sical representation of the state, called its classical shadow,
which can be efficiently stored on a classical computer.
This can thereafter be used to predict many linear (and
possibly polynomial) properties of the quantum state.
For example, the properties could be the expectation
values of a list of M observables in the given quantum
state, as was the goal of Aaronson [3]. However, in con-
trast with the shadow tomography method proposed by
Aaronson, Huang et al. [[6] have a strict divide between
the quantum and classical parts of their protocol: after
obtaining a classical shadow of the quantum state, all
processing necessary to predict its properties are done
via classical computations. They proved that, under certain
conditions, it is possible to predict expectation values of
a list of M observables for an unknown quantum state
with a small constant error, with high success probabil-
ity, by using log(M) number of copies of the state. They
called this method classical shadow tomography. This novel
method provides a tractable and rigorous procedure to
obtain succinct classical descriptions of quantum many-
body states, using which many useful properties of these
states can be predicted.

Classical shadow tomography was originally devel-
oped for locally finite-dimensional systems. In contrast,
recent years have seen a fast growth of the range of
applications of infinite-dimensional, continuous variable
(CV) quantum systems, e.g. collections of electromag-
netic modes travelling along an optical fibre or massive
harmonic oscillators, in all areas of quantum informa-
tion [7]. Notable applications include quantum com-
munication [8], [9], [10], [11], [12], [13], [14], quantum
sensing [15], [16]], [17], [18], quantum simulations [19],
quantum computing and error correction [20], [21], [22],
[23], [24], and have been enabled by a steady develop-
ment of non-classical sources of radiation [25], [26], [27],
[28], [29], [30], [31], [32].

Hence, CV systems are of enormous technological and
experimental relevance. This comes hand in hand with
a pressing need for fast and efficient quantum state

tomography of CV systems. The aim of this paper is
precisely to devise a rigorous procedure for obtaining
classical shadows of states of CV quantum systems,
thus developing an efficient and experimentally feasible
procedure to benchmark CV quantum technologies.

The traditional way of performing tomography of CV
systems consists of measuring a functional characterizing
the state, typically the characteristic function [33], [34],
[35], the Wigner [36] or the Husimi Q-function [37]
from which the quantum state of the system can be
reconstructed, either by inverse linear transformations
or by statistical inference techniques [38], [39], [35l,
[40], [41], [42], [43], [44]. This approach has also been
experimentally tested in various settings [36], [38]], [45],
[46], [47], [48], [49], [50], [51], [52], [53], [22], [54], [55].
However, as for their discrete analogues, a naive full
tomography of a CV quantum system in terms of a
quasi-probability distribution is highly inefficient. To
remedy this issue, more advanced tomographic schemes
were proposed which involve a displacement of the
state in phase space followed by parity or multiple
photon measurements [50], [52], [53], [48], [16], [56,
[47], [57]. These measurements are then processed to
reconstruct the quasi-probability distributions or their
corresponding states in the Fock basis. On the down side,
these schemes exhibit a trade-off between the number
of measurement points in phase space and the number
of operator expectation values measured at each point.
More recently, a more efficient method of reconstruction
of quasi-probability distributions via Lagrange interpo-
lation was proposed in [58]. However, to the best of
our knowledge, a rigorous analysis of the sample and
computational complexity associated to each of these
methods is missing. Moreover, the latter were mostly
applied to systems of a small number of modes. Here,
instead, we propose a new scheme for building classical
shadows of multi-mode continuous variables quantum
systems. Our proposal comes with rigorous complexity
bounds.

Related works: Results analogous to ours recently ap-
peared in a concurrent and independent work by Gand-
hari et al. [59]. In it too a framework generalizing the
qubit-based classical shadow tomography protocol [6] to
CV systems was developed. A key step in their method
is to express the density matrix of the reconstructed state
in terms of so-called pattern functions. The latter were
originally introduced in the context of optical homodyne
tomography by D’Ariano et al. [60] and have been used
extensively thereafter in quantum tomography of CV
systems (see e.g. [61] and references therein). The au-
thors of [59] obtained bounds on the sample complexity
for estimating quantum states for their protocol by ex-
ploiting known bounds on pattern functions [61]. The
framework of [59] is equivalent to ours in the settings
of homodyne and heterodyne detection (see Section
for an explanation). Even though pattern functions do
not arise explicitly in our work, they are implicit in our



results. This can be seen by a comparison of our results
with known expressions [62] for the Fourier transform
of pattern functions in terms of Laguerre polynomials.

Other recent works on learning CV quantum states
(and quantum processes) include [63], [64].

A. CV classical shadow tomography

Let us start with a brief summary of our extension of
the protocol of Huang et al. [6] for obtaining a classical
shadow of the quantum state of a continuous variables
quantum system. Assume that multiple (say, N) identical
copies of an unknown quantum state, p, are available,
and one has (i) an ensemble U of unitary operators
and (ii) a quantum measurement described by the set of
measurement operators {M,},, satisfying }, MIM, =1,
such that elements M, U, U € U, describe a tomograph-
ically complete set of measurements. In Huang et al. [6]
p was considered to be an n-qubit state, and {M,}, was
a measurement in the computational basis, in which case
x € {0,1}". In a practical scheme, each ensemble U
should be realisable as an efficient quantum circuit, and
also have a succinct classical description.

In analogy with the discrete setting, our proposal for
a CV classical shadow tomography contains the following
three main ingredients:

(i) An m-mode CV system in an unknown state p.

(ii) A random variable S taking values in the group
Sp(2m) of 2m x 2m symplectic matrices, and the
associated unitaries Us. For homodyne measure-
ments we consider e.g. random variables distributed
according to the Haar measure on SpNSO.

A Gaussian positive operator valued measurement

{D@YD(—x) GZ}, o, where ¢ = [YXY| is a
fixed pure Gaussian state and D(x) denotes the
unitary displacement operator of phase-space pa-
rameter x € R?". In practice, we will consider two
types of Gaussian measurements, namely homo-
dyne detection along a random direction in phase

space and heterodyne detection.
A CV classical shadow of the quantum state p is then
created by using a randomised protocol that involves
repeatedly performing the following simple steps:

(a) A symplectic matrix S is selected randomly from
Sp(2m) and applied to a copy of p, resulting in the
unitary transformation p +— Usg pU;.

(b) The Gaussian measurement of effect operators M
is performed on the output of the previous step,
yielding the post-measurement state py = 1y =
D(x)yD(—x), when the measurement outcome is x.
One can attempt to partly undo the effect of the
unitary by counter-rotating py, implementing the
transformation p, ~— U{p Us. Naturally, due to
the measurement such transformation will not yield
back the original state p which is in general mixed.

(c) Averaging over S,X, where X = R2" is the set
of measurement outcomes equipped the probability
measure derived from the measurement outcomes,

(iii)

the counter-rotated state yields a quantum channel
M that depends on the measure u:

M(p) = Es x [UST ﬁXUS] . M

For our choice of Gaussian measurements, the effec-
tive quantum channel M is a simple linear bosonic
channel whose action can be represented as a ran-
dom displacement in phase space.

Heuristically, one would like to define the classical
shadow of p as the random operator

P = M7 (WRLU) @)

Once the nature of the protocol, and in particular the
Gaussian measurement {D(x)l,DD(—x) % reR2n
has been specified, the classical shadow is simply a
function of the particular realisations S, x obtained
in this round of the protocol. Importantly, it is not a
function of the unknown state p. The information on
p is at this point stored only in the probability dis-
tribution associated with the measurement outcome
x. As a matter of fact, fsx is an unbiased estimator
of p:

Esx [fsx] = M7 (ES,X g 5XU5])

3)
= (Mo M)(p)=p.

This is the final output of one iteration of the protocol. A
purely classical description of the operator s x — which,
we stress again, does not depend on the unknown state p
— is stored in a classical memory for future processing.
Note that such a description can be produced given S
and x alone, by simply computing the operator defined
by ().

Let us summarise the whole procedure. The mea-
surement yields p, as an approximation for the state
Usp U{; then one attempts to find an approximation for
the original state, p, by counter-rotating p, to obtain
U;ﬁxus. Finally, by applying M~ one eliminates the
effect of the average noise (represented by the quantum
channel M) that the state undergoes in the protocol. This
yields the classical shadow psx whose description is
stored as a string of classical data in a classical memory
for future processing. Repeating the above protocol on
N independent identical copies of p yields a string of
classical shadows {pV),..., p™N)}, where for simplicity
we introduced the shorthand notation p¥) = ps, ...
This string can be further processed for instance by
computing the empirical average

N
Ny . 1

50)
N

o

i=1
The advantage of our CV quantum tomography protocol
is most clearly visible from the simple structure of the

map M and its inverse at the level of characteristic func-
tions: for any trace class operator Z with characteristic



function xz : u € R - Tr(ZD(u)) and [¢) = U}IO), for
any T € Sp(2m),

XMz) = Xz fur, wWhere 4)

fur(u) = / du(S) e 2 ITsull )

depends on the Gaussian state |¢). Therefore, at least
formally the classical shadows p) can be equivalently
reconstructed by their characteristic functions, which
take the form

— -1
Xpi) = Xu;iﬁ)fius,- wT " (6)

B. Moment constraints

When trying to implement the above strategy, one
faces however two issues that are specific to the contin-
uous variables setting. First, as we will see, the quantum
channel M is in general not surjective on the space of
trace class operators, which implies that the classical
shadow pgs x will typically not be a trace class — and,
for that matter, not even a bounded — operator. In other
words, the right-hand side of (6), although well defined
as a function on R?™, is not the characteristic function of
a quantum state. Second, the parameters S and X that
need to be stored in the classical memory at each round
of the protocol belong to continuous and unbounded
sets.

To overcome the first problem, we focus on a suitable
characterisation of the classical shadow ps x that is well
defined, namely, its characteristic function Xpsxr and
construct the operator ps x itself as defined only on a
restricted domain. To obtain effective estimates of p from
the above scheme, we will further need to assume that p
has controlled moments of low degree. Such an assump-
tion allows us to show that the projection of the state
p onto the finite subspace of Hilbert-Schmidt operators
supported on the space of low energy Fock states is
sufficient for obtaining a good enough approximation of
the state via the Gaussian shadow tomography protocol.

Let us make these considerations more precise. We
consider the maps

ny,ny€{0,..,M}"

Pu(T) = (mifTlna) ImiXnal - )

where |n) is a multivariate Fock state, and n €
{0, ..., M}™ is a multi-index. Using a simple approxima-
tion scheme, we also approximate the Schwartz opera-
tors [njXny| by Schwartz operators Zn, with smooth
compactly supported characteristic functions and define

an auxiliary map

ny,n2€{0,..,M}™"

Pu(T) = Tt(Zngn, T) [niXma| . (8)

Our goal is to approximate possibly unbounded ob-
servables of an m-mode CV quantum system. For this,
we introduce a norm which captures approximations
of such operators: fix an arbitrary positive integer #;

then given 0 < a < n and two states p,p’ with
Tr(p(I+Ny)"), Tr(p’(I+ Ny)") < oo, where N, stands for
the m-mode number operator, we denote H,, == I + Ny,
and

!

for any trace-class X or which the right-hand side is
finite. Then the following bounds hold which put the
above approximation scheme on a rigorous footing:

2 2
X1 = ||H,i;/ XHY/

Proposition 1. Let N,, be the number operator over m modes
and let p be an m-mode state such that Tr(N],p) = mE < oo.
Then, for any n? > 2M?,

a=—n

lp - Pu)lll <2(1+M)T°E,
lp = Pu(p)lI\” < 2(1+ M)“T°E

n2m
+ (3mM)6mM+ae—Tn2Mm .

II. MAIN RESULTS
A. CV classical shadows via homodyne detection

We first consider the scenario in which one performs a
homodyne detection along a random direction in phase
space. More precisely, m independent random matrices
S1,...,Sn are distributed uniformly (according to the
Haar measure) on the intersection Sp(2) NSO(2) between
the symplectic and the special orthogonal group, with
corresponding angles 0y,:--, 60, € [-m, ]. The homo-
dyne measurement is then performed along the position
axis and yields the classical outcome x = (x1,...,xy) €
R2™. As in the qubit setting, we now restrict ourselves to
an arbitrary subset A of |A| < r modes. In that case, the
characteristic functions of the reduced shadows defined
in (6) are distributions of the form

—iul QS;x;
Xy a) = [ ] V2l o ((Sjue) ™75
jeA

for any us = {u;}jea € R2I4l, where 6(x) is the Dirac
distribution at x € R, where (Sju;)2 = X(Sj)ax(j)x,
and where () stands for the canonical symplectic form
as defined in Equation (I5). As foreseen in the previous
paragraph, this characteristic function is not square inte-
grable, and therefore cannot be associated to a quantum
state. Indeed, we recall that, by Plancherel’s theorem,
any trace class operator, and thereby any quantum state,
gives rise to a square integrable characteristic function,
and for any two such operators T3, T,

2|A|
1/ = [ S e = G, ) ©

Instead, we construct a random matrix ﬁx) (M) in the
set M5;11)41(C) of matrices of size (M + 1)1 by simply

extending (9):

pOM) = (Ximixmals X o) i Xl -
nl,nze{O ..... M}A



By (3), we know that the expected matrix E[ﬁx)(M)]
coincides with the unknown state p. Moreover, by Bern-
stein’s matrix concentration inequality, we have that,
with high probability the empirical average (7 (N) (M) =
N Zl -1 A (M) will well-approximate Pa(p4) on all sets
A of size |A| < r for N = O(poly (e’, log(m))). Combin-
ing this with the approximation bounds under moment
constraints derived in Proposition (1) leads us to our first
main result:

Theorem 2 (CV classical shadows via homodyne detec-
tion). With the notation introduced above, given 0 < a < n

and assuming that Ei") = max|<, Tr(paH}') < oo for all A
ON=
of size |A| < r, we have that for integer M = [(4156" ) ],
N = O( poly (
A of size |A| <,

M™% log (1), log(m))) and any region

(@)
<e (10)

H VM) - PA||,

with probability at least 1 — (3. Similarly, for N =
O(poly( M™%, log (1), log(L))) we have that for any
set of L observables Oj on regions A; of size at most r and
with ||H, 2O H, 2||oo <1,

mjax|Tr[Oj (qu )(M) - PAj)]| <e€

with probability at least 1 — 6.

B. CV classical shadows via heterodyne detection

We also consider the case of a heterodyne detection

{(2 )m/2| xXx I}xew ,

iie. T = I, and all unitaries employed are passive, i.e.
such that [US, %RTR] = 0. In that case, we show that the
function defined in (5) takes the simpler form

AT
fy,T(u) = 2l

Therefore, the classical shadow will have improper char-
acteristic function

1 2 —iuTQx;
X 50 (a) = exlval 1_[ e
PA

jeA

(11)

In this case, we consider the matrices

Pl =

ny,nz€{0,..., M}4

Xz ,Xﬁx>> [ng Xna|

nny

From here, repeating essentially the same argument as
in the case of homodyne detection, defining the matrix

(N)(M) =5 LyN i1 ﬁx)(M), we arrive at our second main
result

Theorem 3 (CV classical shadows via heterodyne de-
tection). With the above notation, given 0 < a < n
and assuming that Ei") = max < Tr(paH') < o0

for all A of size |A| < r, we have that for N
O(poly (ﬁ, (EMy+e,log (%),log(m))) and any region A
of size |A| <1,

155" (M) = pally”
with probability at least 1 — 6. Similarly, for N =
O(poly (ﬁ, (EMyr+a, log (%),log(L))) we have that for any
set of L oéservablfs Oj on regions A; of size at most r and
with ||H, ?OjH, * || < 1,

max|Tr[O (G( )(M) —PA; )]\
with probability at least 1 — 6.

III. NOTATION AND BASIC NOTIONS
A. Operators and norms

Given a separable Hilbert space 1, we denote by B(#)
the space of bounded linear operators on H, and by
Ty(H) the Schatten p-class, which is the Banach subspace
of B(H) formed by all bounded linear operators whose
Schatten p-norm, defined as [|X||, = (Tr|X|")"/*, is
finite. Henceforth, we refer to 71(?) as the set of trace
class operators. The set of quantum states (or density
matrices), i.e. positive semi-definite operators p € 71(H)
of unit trace, is denoted by D(#). The Schatten 1-norm,
| - |l1, is the trace norm, and the corresponding induced
distance (e.g. between quantum states) is the trace dis-
tance. Note that the Schatten 2-norm, ||-||», coincides with
the Hilbert-Schmidt norm. We also recall that a quantum
channel with input system A and output system B is any
completely positive, trace-preserving (CPTP) linear map
N : Ti(Ha) — T1(Hp), where Ha, Hp are the Hilbert
spaces corresponding to A, B, respectively.

If p is a quantum state with spectral decomposition
p = 2ipilpiXpil, and A is a positive semi-definite
operator, the expected value of A on p is defined as

TepAl:= Y pillA00)| € R U oo}

i:p;i>0

(12)

here we use the convention that Tr[pA] = +co if the above
series diverges or if there exists an index i for which p; >
0 and |¢);) ¢ dom (A'/2). This definition can be extended
to a generic densely defined self-adjoint operator A on
‘H, by considering its decomposition A = A, — A_ into
positive and negative parts, with A, being positive semi-
definite operators with mutually orthogonal supports.
The operator A is said to have a finite expected value on p
if (i) |¢i) € dom (A 1/2) N dom (A 1/2) for all i for which
pi > 0, and (ii) the two series lei”Ali/zmbi)”z both
converge. In this case, the following quantity is called
the expected value of A on p:

Dpllal o0 - D pilla? 190

i:pi>0 irpi>0
(13)

Tr[pA] =



Obviously, for a pair of operators A, B satisfying A > B,
we have that Tr[pA] > Tr[pBl].

Let A be an (unbounded) operator A on some Banach
space X, with domain dom(A). Such an operator is called
closed if its graph, that is {(|x), A|x)); |x) € dom(A)} C
X x X, is closed. The spectrum of a closed operator A is
defined as the set [65, Definition 9.16]

sp(A) = {A € C: Al — A is not continuously 'mvertible} .

Henceforth, we often suppress the identity operator I
in the expression (AI — A) for notational simplicity. We
remind the reader that the spectrum of a self-adjoint pos-
itive operator is a closed subset of the positive real half-
line [65] Proposition 9.20]. Given a possibly unbounded
operator X, Lx stands for the left multiplication by X:

Lx(Y) = XY, whereas Rx stands for right multiplication
by X: Rx(Y) = YX, whenever these products are well-
defined.

B. Continuous variable quantum systems

A CV system with m modes is defined on the Hilbert
space H, = L?(R™), equipped with the multi-mode
Fock basis {|n)}nenm of eigenvectors of the number op-

erator N,;:
m
Nuln) = (D7 ) o).

We denote the canonical operators on each mode as
X;,Pj (j =1,...,m). Define the formal vector

(14)

R:: (Xll"-/anpl/""Pn)T

and the symplectic form

0 1
a=(5 5)
(where all blocks are m X m matrices), in terms of which

the canonical commutation relations read (at least when
evaluated on Schwartz functions)

[Rj, Rx] = iQj .

(15)

(16)
We also introduce also the annihilation and creation

operators u;.r,aj (j=1,...,m), defined by

- X]‘+ipj ot Xj—iP]'
] \/5 ] \/E
In terms of these operators, the single-mode Fock states
can be constructed as

) =

17)

(a®)"
Vn!

with similar formulae holding for the multi-mode case.
The canonical commutation relations can also be written
as [aj,a;] = Oj.

With a slight abuse of notation, we will often denote
by the same symbol ) the symplectic form for different
sets of modes. The quantum covariance matrix V|[p] and

0) . (18)

mean vector f[p] associated with a generic state p are
defined by

Hplj=Tr (pR;) , Viplix = Tr (p {R; =}, R = tx})
(19)
provided that these expressions are well defined. For an
arbitrary x € R?", we define the associated displacement
operator by 4
D(x) = e XTOR, (20)
Note that D(x)' = D(x)™! = D(-x). By writing x =
x’ & x”, where x’ € R™ groups together the first m
components of x and x” € R” the last m, one can also

introduce the complex vector

a(x) = i (x" +ix"),

V2
in terms of which we have that [66, Eq. (3.3.30)-(3.3.31)]

D(x) = exp [ijzl (ozj(x)a;r - lej(x)*llf)]

2 Yiajxal —3 ai(x)a
1“2 @i ]ezj]()J,

21)

(22)

1
— - hl

(23)

where ||x||* = ¥; x}z,. In dealing with continuous variable
systems, one can stick to the real notation, employing
real vectors x, or move to the complex one, which uses
the complex vectors a(x). In this paper we will mostly
follow the former convention; however, it will be useful,
occasionally, to use the latter too. In general, a prompt
translation between one set of conventions and the other
can be obtained by means of 2I).
Another important identity involving displacement
operators is
d>mx
@ D(x)ZD(—x)=1Tr Z,
valid for all trace class operators Z € T1(H,,), with the
integral on the left-hand side converging in the weak
sense (see [67, Proposition 3.5.1]). Using displacement
operators, we can re-write in Weyl form as

(24)

Dx+y)= e 3%y D(x)D(y) . (25)
Coherent states are instead defined as
|x) :=D(x)|0) , (26)

where [0) is the vacuum state. We can decompose
|x) mode-wise as |x) = ®71:1|x(f)>, where x0) =
(xj, Xm+j)T € R? is the sub-vector of x obtained by pick-
ing the coordinates corresponding to the j coordinate
and momentum, and |x7)) is a single-mode coherent
state. In general, the latter can be represented in the
single-mode Fock basis according to the identity

ly) = eVl /42 (yi/%)n ”

_ ol /42 “(y)

where a(y) € C is defined in (21).

27)



For an arbitrary trace class operator Z, we can con-
struct its characteristic function yz : R>" — C by

xz(x)=Tr [Z D(x)] .

Characteristic functions are always bounded and fur-
thermore continuous, because of the strong operator
continuity of the mapping x +— D(x). Moreover, in the
sense of weak operator convergence it holds that

d>m x
Z= 2 xz(x) D(=x).
By applying and (27), one can prove that
Xyl (1)
= Tr[[x)(y[ D(u)]

= (yID(w)|x)
(OID(=y)D(u)D(x)|0)

= e~ 54T (0| D(—y)D(u + x)|0)

= ™23y TAMH) (O D(y + x — ¥)|0)

(28)

(29)

(30)

- e—%u"'()xe%y"'()(uwc)e—%||u+x—y||2'

As special cases, we conclude e.g. that

—iuTQx
7

Xyl () = el
X|—x)(x|(1/l) = e‘%”u—zx”z’
Xjex—x| (1)

Given two single-mode Fock states |k),|j) [68] and x =
x' ®x":

@1

— e—i||u+2x||2

o o
St YRy L PP, 2 k

Xiyjl(x) =
o i
/%e_2|w|2(_1/_nw)k_]L§,k DNnlwl?), j<k,

(32)

where w = —x’ + i ;‘—n Above, the functions L;{j) are the
Laguerre polynomials, defined for any two integers k, j
as

k .
Gy (k+)! (=x)
b (x)'_g;(k—l)!(ju)! T

Interestingly, the correspondence between trace class
operators and characteristic functions is injective —
even more strikingly, it can be extended to an isom-
etry between the space of Hilbert-Schmidt operators
and that of square integrable functions R*" — C [67,
Theorem 5.3.3]. A consequence of the existence of this
isometry is the quantum Plancherel theorem, which tells
us that for any two trace class operators Z,Z’ € T1(Hm),

(33)

2m
Tr [2'2'] = / én—)ﬁ)(z(x)*)@(x)- (34)

The canonical commutation relations are invariant under
so-called symplectic unitaries, constructed as follows.

A 2m X 2m real matrix S such that SQST = Q (or
equivalently SQ = QOS7T) is called a symplectic matrix.
From the defining relation it can be immediately seen
that any symplectic matrix must satisfy detS = +1; how-
ever, remarkably, it turns out that in fact all symplectic
matrices have determinant 1. To any symplectic matrix
we can associate a symplectic unitary Us acting on H,,.
This is defined by either of the following relations
U{RUg = SR,

U D(x)U} = D(Sx), (35)

where the first identity is to be understood coordinate-
wise: (SR); = Xi SjxR. Note that symplectic matrices
form a group, denoted as Sp(2m), and that the cor-
respondence S — Us is a group homomorphism. In
particular,

Ul =Ug' = Usw = Ugsrar. (36)

Also, from we deduce that
t [uSpu;] = St[P] ’

where we recall that t[w] and V[w] denote the mean
vector and quantum covariance matrix of the state w as
defined in (19). A generic Gaussian unitary is obtained as
the product between a symplectic unitary and a displace-
ment operator. States obtained by applying an arbitrary
Gaussian unitary to the vacuum state |0) = ®;ﬂ:1 |0); are
called pure Gaussian states. Often times, displacements
can be ignored; we will thus write an arbitrary pure
Gaussian state with zero mean as

l) =Us [0) ,

where S € Sp(2m) is an arbitrary symplectic matrix.

V|UspUl] =sviplsT, (37)

(38)

A quantum channel that will be particularly useful to
us is the Gaussian white noise channel, defined for A > 0
by

MO = [ DD, 69
AR 2mA)m ’
Using this formula one can show that
Nu: Xz = i) (@) = xz(x)e M 40)

Curiously, for A € (0,1] its action can be expressed
alternatively as

d2mx ® 1 ®m 1
N = [ D@, D ODE) 5, DL,
(41)
where 7, is the single-mode thermal state with mean
photon number v, given by

1 - v o\
TV_1/+IVZJ=O(V+1) nXnl,

where |n) stands for the n'" Fock state. Since we could
not locate a complete proof of in the existing litera-
ture, we provide a self-contained one in Appendix

(42)



A special case of is when A = 1, in which case
L1 = |0X0| (the vacuum state) and

d*mx

2 |eXx] () JeXx] -
In terms of the real mean vector and quantum covariance
matrix, for all A > 0 we have that

V +— V+2Al,
NA‘{t — .

The above channel, N,, is just an example within the
larger class of Gaussian channels. To construct the most
general Gaussian channel, take two arbitrary 2m X 2m
real matrices X and Y such that

Y +iQ-iXQXT >0;

M) = (43)

(44)

(45)

the corresponding Gaussian channel, denoted as Gx,y,
then acts as

Gxx 1 X7 Xgyyz(tt) = X7 (QTXTQu) e 47TV
(46)
and
V — XVXT+Y,
Gxy { P Xt (47)

It is worth observing that implies that Y > 0 is
positive semi-definite.

An important class of operators on H, that we con-
sider in this paper is the set of Schwartz operators [69].
They can be defined as those trace class operators whose
characteristic function is a Schwartz function on R>™.
We denote the set of Schwartz function as S(R?"), and
that of Schwartz operators as S(#,,). In particular, we
consider the set S(H,)o of Schwartz operators whose
characteristic functions are compactly supported.

As spaces of Schwartz functions are usually employed
as test spaces in the rigorous theory of distributions, we
can use the space S(H,,)o to formalise the definition of
objects — called symbols — that would be ill-defined as
operators in the traditional sense. For example, given any
smooth function x on R?", we can construct a symbol p,,
with ‘characteristic function” x. This is defined formally
as a functional p, : S(H;,)o — C acting as

d>mx
(@)= [ G, @)
This expression is justified by the fact that, when o €
Ti(Hm), we have p,, (Z) = Tr(cZ) by Plancherel’s the-
orem (34). The above functional extends to the whole
space S(H,;) whenever the function x — x(x)*xz(x) is
integrable.

C. Concentration inequalities

In this paper, we make use of Bernstein’s matrix
inequality in order to prove that the probability that, on
a well-chosen finite-dimensional subspace, the output of
our shadow tomography protocol is far from the original

unknown state decays exponentially fast in the number
N of samples used to gather statistics:

Lemma 4 (Bernstein’s matrix inequality [70]). Given N
i.i.d. random matrices X, ..., Xy € M, (C) which obey || X;—
E[Xi]llo < R almost surely, for some R > 0, the following

tail bound holds:

1 N
P(Hﬁ; (Xi—E[X;])

where the constant ¥ is defined as ¥? := ||E[X12]|IOo < 00,

(49)

_ ZNEZ
>e| <2ne = +2RE/3,
o

IV. CLassicAL SHADOW TOMOGRAPHY OF A CV SYSTEM

In this section, we will have a closer look at the shadow
tomography scheme sketched in Section The goal
of the procedure is to construct a good estimator of an
unknown m-mode state p, by measuring as few ii.d.
copies of p as possible. To this end, we repeatedly sam-
ple symplectic matrices from Sp(2m) according to some
probability distribution p, apply the corresponding sym-
plectic unitary Us on one copy of p, implementing the
transformation p — U, pug, and subsequently perform

a fixed Gaussian measurement {x,bx %}xe]&m on that
same state. Here, 1y = {2 XY x| with [¢y) = D(x) |[¢); the
Gaussian state |¢), which uniquely identifies the Gaus-
sian measurement, is a fixed parameter of the shadow
tomography protocol. Without loss of generality, we can
take |¢) to have zero mean, in which case, according
to (B8), we can introduce a symplectic matrix T € Sp(2m)
satisfying that U; |0) = |¢). The t here is immaterial,
thanks to (36). Now, acting with a displacement operator
on the left and on the right yields immediately

) = D) [9) = Uf (DU 10y = Uf Tx), (50)

where the last step is due to the action of symplectic
unitaries on displacement operators, see (35), and to the
definition of coherent states.

The measurement makes the system collapse into a
random state py = 1y, where x is distributed with
probability distribution
S d2m _ t dme

pp(x|S) x = (W |UgpUg|ihx) W
When combined with the probability measure u on
Sp(2m), this yields a joint probability distribution on
Sp(2m) x R?™.

We then attempt to undo the effect of the symplectic
unitary by applying U;. This amounts to the mapping
px = Py — UJp,U. Once we average over the random
variable S and the random variable X whore realisation
we denoted with x, the whole process yields an effective
noisy channel M modelled as (I). Making this more
explicit, we write the action of M on an arbitrary trace
class operator Z € T(H,,) as

dzmy
M(Z) = / au(S) / G WUZ ) U] wxus(.5 ,

(61)



Our first result allows us to express the action of M
in a form that is more easily amenable to investigation
with phase space methods.

Lemma 5. The map M : Ti(Hm) — Ti(H) defined in

can be re-expressed as

M(Z) = / 44(S) G ars)1(15)+(2),

where Gx y is the Gaussian channel defined in ([46)). Moreover,
the characteristic function of M(Z) satisfies

Mz)(x) = / du(S) xz(x) e TS = ) (x) fur(x),
(54)

(53)

where
fur(x) = /dy(s) e~ ITSxI”

Proof. We start by noticing that due to and thanks
the fact that S +— U, is a group homomorphism, one
obtains that

(55)

Ud [y = USUR | Tx) = (UrUs)" [Tx) = Ukg|Tx) . (56)
Thus, for any trace class operator Z € T1(H )
d2m
(2 )m (x| Us ZUG |9} UgpUs
(2 )m (Tx|LlTSZLlTS|Tx> |Tx)<Tx|
(11) d2m s
/ o WU ZULI) U Xyl Uy (57)

dZm
:U+ ( @ |y><y|uTszu7Ts lyXyl) U,

e u;s M (UTSZUTS) Ur

Here, in (i) we applied (56) twice; in (ii) we changed
variable, defining y := Tx, and used the fact that T, being
symplectic, has determinant 1; and in (iii) we employed
the representation in for the action of M.

Now, let us compute the action of the above trans-
formation at the level of covariance matrices. By apply-

ing and ([@4), we see that
14 [u;s M (ursz urJrs) UTS]
= (TS)" 'V [N1 (UTSZ u;s)] (TS)T
= (18) (V [UpsZ U] +21) (T8)T
= (TS)" (TS V[Z](TS)T +2I)(TS)T
=V[Z]+2(TS) (TS)T.
Comparing the above calculation with (7)), we see that

UTJrs M (uTSZ u;s) Upg = QI,Z(TS)*I(TS)*T(Z) : (58)

Using this insight in (57) shows that
42m x

Gy (WrlUsZUsl) Ul = Gi arsyirs)+(2)

(59)

In turn, the above identity yields upon integration
in S with respect to the measure u.

We conclude by computing the characteristic func-
tion of both sides of (53). For an arbitrary x € R?",
we obtain that

2@ = [ 8 16,1 2/)
(W)/ du(S) xz(x)e 2 TQTTS) TS TOx
(2/ Au(S) x7(x)e” 1T

B / du(S) xz(x)e IS,

Here, (iv) follows from (46), and (v) is due to the fact that
since TS is symplectic, QT(TS)™! = (TS)TQT, or upon
transposing (TS)"TQ = O(TS). O

(60)

We therefore see that the action of M is actually
very simple, amounting to a point-wise multiplication
at the level of the characteristic function. Channels of
this form are particular examples of so-called linear
bosonic channels, introduced and studied by Holevo and
Werner [§]. Although we will not use this observation in
this work, it is worth noting that linear bosonic channels
are always approximable — in the strong operator sense
— by Gaussian dilatable channels, i.e. channels admitting
a Stinespring representation in which the unitary is
Gaussian and the ancilla is arbitrary [71], [72].

As it turns out, M is a special type of linear bosonic
channel whose action is representable as a random dis-
placement. Namely, using one sees that

Zm ~
M(Z) = (‘; S (0 DPWZDx), (6
— 2m .
fur(x) = (dzT)mfy,T(u)eleQ” = fur(x), (62)

ie. f,r coincides with its own Fourier transform. The
rigorous proof of the general validity of is deferred
to Appendix |Al In light of this discussion, it is easy to
write down, at least formally, the inverse of M, which
acts as
1
-1, -

M Xz = Xpmz) (%) For®) xz(x).  (63)
Note that f,r(x) > 0 for all x € R%", so the above
expression is always well defined. In particular, M is
injective as a linear map, and thus it is invertible on its
range.

The problem, naturally, is that such a range is in
general significantly smaller than the space of trace class
operators (we will shortly see an example of this). This
entails that the right-hand side of is not always
the characteristic function of a trace class operator. This,
however, does not pose any problem since the classical
shadow obtained at the output of M~ is, as the name
suggests, just a classical object which we will merely use
as a computational tool.



Incidentally, also M1 just like M, acts as a mere
point-wise multiplication at the level of characteristic
functions. This implies that one can also try, as done
in , to represent it as an affine combination of dis-
placement operators, i.e. by writing

-1 d2mx —_
M(Z) = 2o Sur(x)D(x)ZD(-x),  (64)
where g, r(x) = T T(x)’ and
- dZm .
gy,T(x) = / ﬁ gy,T(u)elx Qu (65)

would be its Fourier transform. The trouble, of course,
is that g, r will not be absolutely integrable — and not
even bounded — in general, so there is little hope to
define its Fourier transform unless one appeals to the
theory of distributions.

To provide a solution to this apparent issue, let us
return to our original problem. We can now formally
construct the classical shadow

p= M (UIDOPD(-0U)
(U ITXXTx| U )

The shadow, p, is more rigorously defined as a func-
tional on the set S(H,;)o of Schwartz operators with
compactly supported characteristic functions via (48).
Its corresponding improper characteristic function can
hence be computed as follows:

X(u) = xp(u) = Xm—l(u]jrsnx)(rﬂurs)(”)

1
- m XUl ITxXTx|U, (u)

(66)

f ( ) Xixyrx(TSu)

_ 1 —LITSu|?-iuTQSs1x

AN ’

where in the last step we used (3I). In other words, for
any Z € S(Hm):

dZm
@n"

whenever the function u +— {(u)*xz(u) is integrable. In
what follows, we will also consider the reduced shadow
over a subset A of |A| = ¥ modes, formally given by the
partial trace “p4 = Trac(p)” of the shadow p. Again, we
will use the characteristic function to rigorously define
it: given a region A of r modes, it is defined for any
g € R? as

p(2) = X)) xz(u), (67)

Xa(ua) = xp,(ua) = xp(ua,0). (68)
In that case, we write for any Z4 € S(H,):
n A ug
pa(Za) = on )f Xa(ua)" xz,(ua), (69)
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whenever the function ug — {a(ua) xz,(ua) is inte-
grable.

The following lemma further justifies the claim made
in (@) that the shadow p has average p by construction.

Lemma 6. For any subset A of |A| = r modes, and all Z4 €
S(Hr)o with corresponding characteristic function xz,, the
random variable pa(Z ) defined via is integrable and

E[pa(Za)] =TrlpaZal,
where the conditional expectation is taken with respect to the
probability density function pr(S,x) = (Tx|UpgpU *S|Tx>
with respect to u® T (2n)m on Sp(2m) xR>™. The result extends
to Za € \:(’H ) under the condition of integrability with
respect to | ® (2n)x ® L of the function

@n)’
Xz4() X|rxxrx)(TS(1,0)T) pr(S, x)

(S, x,u) = 70

f[J,T(u/O) ( )
Proof. We present the proof for |[A| = m since the case
|A| = r < m follows the exact same strategy using

that f(ua,0) = ta(ua) by definition. Now, on the one
hand, if Z € &(H;)o then the characteristic function
Xz of Z is compactly supported; therefore, owing to the
boundedness of xz we deduce that the function

Xz(W)xrxxrx(TSu) pr(S, x)
f;t T(”)

is integrable with respect to u® 5 L x w ® (ﬁ:;f,‘, On the other

hand, if only Z € &(H,,) such mtegrablhty is assumed

by hypothesis. Therefore, in both cases thanks to Fubini’s
theorem and we have that

(S,x,u)—

1)

E[p(Z)]
d*"u d*"x Xrxxtx|(TSu) pr(S, x)
(2n )m/ ©) 2nm © xz(u) For()
W [d*"u X i (ugpuit ) (TSH)
_/(Zn)m /dlll(s) xXz(u) fy,T(”)
dZmu Xz(u) XUTSPU';S (TS],[) e—%HTSu”Z
(2m)m /dy(S) Fur(ut)
(i) [d>"u xz(u) xp(u) e~2ITSuI?
a (2 )m /d (S) f‘u,T(u)
dZm
= [ X200 1,0
=Tr[Zp].

In (i) we changed variable, defining y = Tx, used the
fact that T, being symplectic, has determinant 1, and
employed the representation in (43)); in (ii) we used (40) .,
finally, in (iii) we leveraged (35).

In this section, we have made rigorous our first intu-
itive notion of a CV shadow by means of its characteristic
function. We have also seen that the latter reduces to the
characteristic function of the original unknown state p
on average when integrated against sufficiently smooth



functions. The goal of the next section is to prove that un-
der some physically relevant conditions such as energy
boundedness of the state p, these integrals are enough
to estimate expected values of observables with respect
to the state p to high accuracy.

A. Finite moments assumption

As we saw in the previous section, the shadow p,
which we formally defined through its characteristic
function, is in general unbounded. In this section, we
show that this issue can be fixed if we further assume
that the photon number distribution of the unknown
state p satisfies some moment constraints. This allows
us to show that the projection of p onto a certain finite
subspace of Hilbert-Schmidt operators is enough to get
a sufficiently good approximation of it while running the
shadow tomography protocol.

More precisely, we argue that all we need is to ensure
finite rank convergence of density operators and an
energy constraint on the initial state p.

Let Z € T2(Hy) be a Hilbert Schmidt operator and
denote by xz its characteristic function. By density, one
can find a function xz € CZ(R¥") such that ||xz —
Xzlli2amy < € and Y7z is the characteristic function of
some operator Z, i.e. x5 = Xz. The operator Z is a
Schwartz operator, and is in particular trace class, and
clearly ||Z — Z||, < ¢ [69]. Thus, p(Z) is now necessar-
ily a well-defined quantity by the quantum Plancherel
formula (cf. (34)). In particular, we have that, for any

Z € ITZ(/Hm)/
| Te(Zp) - PZ)| < | Te(Z - Z)p) + | Te(pZ) - P(Z)]

e +|Tr(pZ) - p(Z).

IA

IA

This can be used in the above context by choosing
Z = Znn, = In1)Xny|, given two multi-mode Fock states
|niXn2| € H,y, and defining

2

nyny€{0,.., M}™

Pu(T) = (n1|Tnz) [niXnz| = PuTPy .
(72)

Using the above approximation scheme, we can approxi-

mate the Schwartz operators Zn,n, by Schwartz operators

Znn, With smooth compactly supported characteristic
functions and define an auxiliary map

2

ny,n2€{0,.., M}™"

Pu(T) = T | Zogn T| Il . 73)

For sake of simplicity, we will use the same notation for
projected reduced states on subsets of r < m modes. We
further assume that the characteristic function of Zu,n, is
obtained from that of |nj)ny| by point-wise multiplica-
tion by a simple compactly supported function. Namely,
we set

Toums (1) = Xz, () = X @) | | En (@), (74)
j=1
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where as usual u) := (u]-,uj+,n)T € R?, and, given some
parameters 0 < 77 < R, the smooth function &,z : R? —
[0, 1] satisfies that

1, if [|zll <,

75
0, if ||z|| = R. 79)

EU,R(Z) = {

In particular, this allows us to evaluate py(Zn,n,) for
functionals p, defined as in (48).

Lemma 7. Forall o > 0, all non-negative integers m (number
of modes) and M (Fock truncation number), and all n > 0, it
holds that

||-£(I+Nm)“R(I+Nm)“ (PM - 731\4) < oo(n, M, a,m),

“2—>1

(76)
where the rapidly vanishing function 0 is defined by
oo(n, M, a, m)
m/2
R 2M 7]2p
. 20 m amM ,—4n
= (MM +1)%*(M + 1) 3"M¢ 4 Z—pr!
p=0
(77)

Next, we consider an approximation of p in the follow-
ing norm: given 0 < a < n and two trace class operators
p,p’ € Ti(Hw) with Tr(p(I + Ny)™), Tr(p/(I + Ny)™) < o0,
we denote H,, := 1+ N,,, and

)1 '

lp = oI = [0 - )15

Similar norms were previously defined in [73] under the
name of m-mode bosonic Sobolev norms.

Proposition 8. Let Ny, be the number operator on H,,, Hy =
I+ Ny, and p a state such that for some n > 0 we have Ei,?) =
Tr[p H},] < oo. Define Py and P as in and ([73),

respectively. Then for any 0 < a < n

llo - Py < 2M + 2% EY, (78)

~ (0() n-a
||p - 5‘)1\/1(;))”1 <2M+2) 7 Ei,’f) +60(n, M, §,m),

(79)

where &y was introduced in Lemma

Proof. We use a duality argument for this proof. For any

O such that ||H,**0H,,*||, <1, we find

[T [O(p = Pup)]|
= [t | Haf OHL i (p ~ Pu(p)HS
< an (P - PM(P))H% 1

n—a n 1

H, T HA(I - Py)p HAH,, 2

IA

+ ”H;%H,%PM‘D(I Py HEH, T 1

Hy' 7 (1= P |de

|| _N%a
H
1 m

[ee]

Na=raom, |

| npwle e




n—

(i) .
<2(M +2)""7"EW

Here, (i) comes from a repeated application of Hoélder’s
inequality, and we also observed that Py and H,, com-
mute; (ii) is because

[ - P

||Zn€]Nm\[M]m(1 +[n))7 = |n><n|||oo

= max (1+ |n|)_%
ne]Nm\[M]m
=Q2+M)7.

(80)
This proves (78). Next, we have that

|Tr [o (Prt - i"M)(p)”
= [ [H5F 01 B (Pua(p) - Pua() |

(iii) _a _g
< ||Hm2 OH,?

) i
< 60 (T]/M/ E/m) ’

|1 e - P

1

where (iii) is again Ho6lder’s inequality, and (iv) comes
from our assumptions together with Lemma [7] Combin-
ing this with (78) yields (79) and concludes the proof. [

In order to use the approximation bounds of [§} it
remains to estimate how well the empirical average of

the shadows
1 i
A(N) ._ A(i)
oW = — oY,
N i=1

where p') are N i.i.d. copies of the shadow p constructed
in (67), approximates Pum(p) and Pum(p) depending on
the choice of the Gaussian shadow tomography scheme.
For this, we introduce, for any set A of |A| = r modes,
the operators

(81)

amy= Y 5 (ImnaXml) [ Xna,
nl,nze{O,.A,M}’

~(N ~(N) =~

GMy= > 8 Zagn,) ImiXnal . (82)

n,n€{0,..,M}"

Since both operators are supported on a finite dimen-
sional subspace, we can resort to the matrix Bernstein
inequality (49) in order to prove that, with high prob-
ability, [|0" (M) = Pu(pa)ll, 1155 (M) - Pulpalh < €
for N large enough. In the next section, we explain in
more detail how we use the matrix Bernstein inequality
in the case of both the homodyne and the heterodyne
detection strategies.

V. HOMODYNE AND HETERODYNE SHADOW TOMOGRAPHY
A. Local homodyne detection

Let us first consider the scenario in which one per-
forms a homodyne detection along a random direction
in phase space. Here, m independent random matrices
S1,...,S5y are distributed uniformly (according to the
Haar measure) on the intersection Sp(2) NSO(2) between
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the symplectic and the orthogonal group. It is useful to
note that Sp(2) N SO(2) = U(1), where on the right-hand
side we have the unitary group of 1x 1 matrices, so that
the Haar measure on Sp(2) N SO(2) is essentially that on
U(1). In this simple homodyne case the algorithm for
shadow tomography is summarised as follows:

(1) A copy of p is loaded, and m matrices S1,...,5, €
U; are drawn at random according to the Haar
measure. In other words U; = Ry, for some angle
0; € [-n, ], where

Rp = (cos 0

—sin @
sin 6 ’

cos 6

(2) The rotation Us = Us, ® --- ® Us,, is applied to p,
where S =51 ®---®S,,, obtaining the state Usp U;.

(3) The output state of (2) is subjected to a homodyne
measurement along the position axis, yielding the
classical outcome x = (x1,...,x,)T € R¥",

(4) We construct the classical shadow p, which is the
final output of this round of the protocol.

After several rounds have been conducted, we can pro-
cess the classical shadows as we prefer. A typical method
would be that of computing the empirical average 5N)
as defined in for the above protocol. We can then
use that operator e.g. for computing expected values of
observables, or else reduced density operators, etc. To
model homodyning in a rigorous way, let us introduce
a parameter s > 0, which we will later take to infinity,
and let us set

, (83)

- 0 Dm
0 es)

T@m — TSEF)m = (6

These choices of p ~ Haar(U;) and T completely de-
termine our shadow tomographic setting. In the limit
s — oo, the measurement will reproduce a homodyne
measurement along the position axis of each mode. To
make things more concrete, given a threshold M € N
and a > 0 we define

~ M ~
pad) = Q) (2 s P My ainal ),
IS
Pi (M) = / dy Iyle™ % i (S, 0T),
(84)
By (32), the absolute value of the characteristic function
Xima(i)ym () (Sj(y,0)7) is upper bounded by

nZ(j)! _ T2 Mi—m; + Mj—m;) 2
) HP (WM Ly (@),

where w = —x’ + z%‘—n with x = x" ® x” = S;(y, 0)7T, mj =
min{n1(j), n2(j)}, M; = max{ni(j), n2(j)}, and where the
Laguerre polynomials L;k) were defined in (33). Since



W< Hy paM)H; ||
is almost surely bounded by
(M)

B na(j)!

= H ( 1+ g )1 + n2)))? 1_[ ().

4

/dylx/_yl“Mf " o Ly " (rlyl? )’)

np,ny llco

where ny,n; € {0,...,M}", by using the simple fact
that given two matrices A = {(a;;)};j and B = {(b;j)};;
with |a;j| < bj; for all 7,j, then [|All < ||B|leo. This
can be proved as follows. For a vector v with en-
tries v; and norm ||v||§ = Y,;|vil>, define the new
vector w with entries w; = |v;|, so that ||w|*> = 1.
Using the triangle inequality, it is straightforward to
verify that ||Av|> < ||Bw||%; this entails that [|Allc =
sup|, =1 140l < supy, - 1Bwll = [|Blle. Continuing, as
before we then denote
5 2 s,

i=1

Z

(N)(M) —

where ﬁx)(M) are i.i.d. random matrices of law the one
of pa(M). With this, we are ready to state our first main
result:

Theorem 9. With the above notation, given 0 < a < n such
that Eg") = maxg|<, Tr(paH}') < oo and

(M +1)*

N >
3e2

{24 @M + 4(25‘”(1\/1) + Ei‘*))e}
2[m(M +1)]’ ) (86)

xlog( 5

where
M = (4B )77 ],

87)

we have that for any region A of size |A| < r, it holds that

(@)
o) - pa < e (89)
with probability at least 1 — 6. Similarly, for
2r
Ny MDY {4zl (M) + 4=V (M) + 1) e}
3e? (89)
2L(M + 1)
x log — |

we have that for any set of L obsermbles Oj on regions A; of
size at most v and with |H *OjH, : S 1,

max | Tr [Oj (quN)(M) - ij)” <e (90)
j ]

with probability at least 1 — 6.

Remark 10. We essentially recover the same dependence
of the number of samples in terms of the logarithm of
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the number of observables/total number of modes and
on the exponential of the size of the regions A as in the
qubit setting of [6].

Proof. The first part of the proof consists in computing
the function fen ren defined as in (B5) in the limit s —
0. It is given by

m)e zuT(T@ms) (Tﬂams)

f[,l®"’,T®"’(u) = /d‘Ll®m(Sl, N
= l_[f‘li,T(uj)/
j=1

with u = (uy, ...
have

furtup @ [ G erbeTap o
Hy 17—
i +77/2 d@
:/ —e_
-n/2 Tt

(iii)/+”/2 do Iy I
- —nj2 T

,um)T € R, where for each mode j we

1, TRT .
E“,‘ ReDngu]

TRTD Rgel

O1)
2 g IR
—e 2

(672 cos? O+e% sin” 0)

nf2 T
W) - 2 coshias) l[uj 2 sinh(2s)
2 IO -
112 cos
LI eosh@) - Jlu; |2 sinh(2s)
=e T I~

Here, in (i) we introduced the matrix D; = T2; in (ii)
we noted that the integrand is invariant under rotations
of m, in (iii) we observed that the integral is invariant
under rotations of u#;, and thus chose to compute it for
uj = |lujller = [lu;l|(1,0)T; and in (iv) we recognised the
integral representation for the modified Bessel function

1 T
Io(x)::—/ e*¥304dQ .
T Jo

Plugging this into (66), we have found that

e—%llTeB’“Sullz—iuTQSx

Alu) =
Xp( ) f‘u®m,T®m(u)

lluj 1% cosh(2s)

e~ 2z

Io( 1P szinhas))

2 . —
—% ||TS,'uj|| —ZM]TQS,. 1Xj

= T

| Xp; (1) -

]

1l
—_

In other words, x is formally the characteristic function
of a tensor product of forms p = p1 ®- - - ® p,,. Moreover,
by the asymptotic expansion of the modified Bessel
function

( ||| sinh(2s) )
|\ ——



ll4;11? sinh(2s)

~ Jsinh@s)elluj |

we see that

(1+ Ol 11> sinh(25)) 1)),

lu;|2e=2s

V2 sinh(2s)7||ujll e~ 2
1+ O((Iluj|> sinh(2s))~")
which shows that x;(u) can be integrated against any

element of the Fock basis as soon as s > 0. Taking the
distributional limit, we find

—%H]}Sju]'llz—iu;(lsj’lx/-

XP] (u]

—i QS
Xp; (1) == 27wl 6 ((Sjuj)a) e 0

S—00

Next, we fix a region A of size |A| = r and consider for
a fixed squeezing s

M
pats M=) (D pillmaXml]) lmi)mal ).

jEA ny,np=1
We have from Lemma [6] that
E[pa(s, M)| = Pulpa)

which holds for any squeezing parameter s. Therefore,
we can take the limit s — oo above. We find

ﬁA(s,M)=®( Z [ Xna| /xp](u,wzw( ) G ),)
ni,ny=1

j€A
(92)
so that
pals, M) —= paM) = (X) p;(M),
jeA
M
piM) = Ini)Xna
nl,n2=1
—i “TOSG v
X/|y|€ {005,708y Xlnaxn1|(Sj(y,0)T) dy,
(93)
with  E[pa(M)] = Pum(pa). Then, we have
seen below Equation (84) that, almost surely,

||H2,5A(M)H lo < ZW(M). Moreover, we have
that I1H? Pm(pa)H? |l < E(a) therefore almost surely
IH (pa(M) = Pra(pa)H] o < ES + £ (M). Finally,

||E[(H2ﬁA(M)H Pl < Z‘.(U‘)(M)2 We can hence use
the equivalence of matrix norms together with the
matrix Bernstein inequality to get

B(lo M) - Pupa)|[ = €)
< (|l (o 0) ~ Pas(pa)) EE |, 2 e0 + 1))

2 =2r
<2(M +1) exp (— SNeY(M +1) ) .

6ZV(M)? + 2(Z (M) + EY)e
(94)

Therefore, by a union bound, we get that

B(34, 1Al <7 o0 - Puipally” 2 €)
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<2[mM +1)]’
< exp - 3NeX(M + 1)
6\ (M)2 + 2= (M) + E)e

Next, we use Proposition [§| and choose M =
[(4]:"(")/6)” “-| so that [|Pm(pa) — pally (@ < ¢/2 and

) . (95)

P(34, 141 < 7 o) - pally” 2 €]

<]P>(3A Al <7 [loN ) - Pulpa)] " = e)

2
<2[mM+1)]

xexp [ 3Ne*(M + 1)
245D (M2 + 4D M) + EM)e |

Therefore, choosing N as in the statement of the theo-
rem, we obtain that the probability that on any subset A

of at most r modes ||01(4N)(M) —pA”ga) > ¢ is at least 1-6.

The results for a fixed number of L observables
O1,...,0L supported on regions Ag,...,Ar of size at
most r follow after replacing the above union bounds
over regions A by a union bound over the observables
Oj:

2(3) ¢ 1T(0;0 (M) = Tr(O; Paa(pa )| = )

<2L [(M " 1)]7’ exp (_ 3N€2(M + 1)_27 )

6= V(M2 + 2= (M) + EM)e

and the result follows after replacing m” by L in the
estimate for N.
O

B. Local heterodyne detection

Even simpler than homodyne detection, the simplest
Gaussian shadow tomographic setting is that where the
measurement employed is a heterodyne detection

{ on )m/QI xXx I}XERM ,

ie. T = I, and all unitaries employed are passive, i.e.
such that [US, 5RT R] 0. Naturally, this is the same
as requiring that S be (not only symplectic but also)
orthogonal. Since passive unitaries send coherent states
to coherent states, amounting to a rotation in that space,
the effective measurement being carried out on p is the
same irrespectively of S — the only thing changing is
that the outcome is rotated. Mathematically, this means
that the probability distribution of the random variable
U;r D(x)pD(-x)Ug, where x is the outcome of the hetero-
dyne detection on Usybll*, is the same as that of the
random variable D(y)yD(-y), where y is the outcome
of the heterodyne on . This means that in the shadow
tomography protocol we can skip the unitary operation
altogether without losing any data. In what follows we
will therefore set S = I (deterministically) without loss
of generality.

(%)



With the above simplifications, one can see that
fur(u) = e 3P 5o that M = M (cf. (40)). Therefore,
the classical shadow will have improper characteristic
function
[[2=iuTQx

xp(u) = el

Once again, the characteristic function tensorises: given

u= ..., uy)T and x = (x1,...,x,)7:
m
X0 = [ ] xs, ) 97)
=1
where
Xp 1) = e 1T (98)

Now, if we want to use the classical shadow to compute
expectation values, we can formally use Plancherel’s
relation

2m
p(0) = / (‘; 5 o) x0 ()

In order for this to make sense, we should make sure
that not only O is trace class (instead of bounded),
but also that yo(u) decays sufficiently rapidly, for in-
stance like ~ e~ill°, with A > 1. This decay is too
fast — but barely too fast — to be useful in practice.
For instance, if O has a finite expansion in the Fock
basis then yo(u) ~ p(u)e_%”””2 as ||u|]] — oo, where
p(u) is some polynomial of the entries of u. We get
rid of the diverging Gaussian in (99), but not of the
diverging polynomial. In order to take care of this issue,
we make use of the approximations Zn;n, of the Schwartz
operators |nj Xny| as well as of the auxiliary map $» and
the corresponding matrices EI(L‘N)(M) introduced in (73),
resp. in (82). We consider the matrices

(99)

1 .
+Z||u||2—1uTQx

xo(u).

pa(M) = Z P(Znyny) ImiXna|,  where
n1,m€{0,..., M}l

5(7. — ~ ulP—iuTO d2ry

P(Zngn,) = /zr Anpng (u)€4||”|\ iuTQx oy

where Xn,n, is defined in (74). From Lemma [f]
E[pa(M)| = Pm(pa). For @ > 0, R > 0 and r,M € N,
we introduce the matrix norm

ZY(M, R) = [IK:(M, Rl ,

where the entries of the (M + 1)" X (M + 1)" matrix
K;(M, R) are defined by

K?’ (M/ R)n1,n2

a — 5 d2r
= (@D 0+ [ [T )] 3
[u|<R (2n)

and ny,ny € {0,..., M}". With these definitions, we can
write the inequality

Fpav) Y (100)

<T(M,R).
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As before, we then denote

N
My e LN A6
A (M) == § Pa (M),

where p A) (M) are i.i.d. random matrices of law the one
of pa(M). Our second main result is stated below:

Theorem 11. With the notation introduced above, given 0 <
a <n, r €N such that Ei”) = max|a|<, Tr(paH)') < oo, and
0<n <R, set

M= min{M’eN L > 2M7
(101)
21+M")TEM + 80(n, ML &, 7) < g}

with og defined as in Proposition 8| Then for any

N > inf

0<n<R

3e2 )

(M +1)% (2[m(M + 1)]r)
log

[24 T@(M, R)?

+4(ECMR) +EY + 001, M, §,1)e ],
(102)
we have that for any region A of size |A| < r, it holds that

(@)

<e (103)

o) = pa
with probability at least 1 — 6. Szmzlarly, for

(M+1)%  [2L(M +1)
32108 5

[24 @M, R)

N > inf
0<n<R

+4(S0MR) + B+ 0001, M, §,7))e]
104)
we have that for any set of L observables O; on regions A;

of size at most v and with HH OjH, z LS 1, it holds that

max\Tr [0 (G(N)(M) - ij)]I <e (105)

with probability at least 1 — 6.

Proof By construction, we have almost surely that
||H2ﬁA(M)H [loo < Z(a)(M R). Moreover, we have that

IHE Pra(pa)HY oo

< 1Pupl”

< 1P = Pu)p DI + 1Pm ()
< 60(n, M, %, )+ Eﬁ“)

for n*> > ZMZ, by Lemma [7} Therefore

surely ||H2(pA(M) - PM(PA))H lloo <
Y+ oM gn o+ EOOLR. Finaly

IE[(H. §PA(M)H Yl < Z(a)(M R)2 We hence use the

almost



matrix Bernstein inequality to get in terms of a
constant C = C(N, ¢, R, a, 1) with

B 3Ne* (M +1)%
6. (M, R + 2(Z (M, R) + 60(n, M, &, 7) + E)e

the estimate

B(|54" ) - Purtpaly” = €
<2(M+1) exp(-C(N,¢,R,a,r1)) .

(106)

Therefore, by a union bound, we get that

P(34, 1Al <7 ¢ [72700 - Putpaly” 2 €)
< Z[m(M + 1)] exp(-C(N,¢,R, a,71)) .

Next we use Proposition [§] and choose M = min{M’ €

2(1 + M’ )M EW 4+ do(n,M’, §,r) < §}, so that

||PM(pA) PA||1 <¢€/2, and
B34, 141 <+ 7000~ pa[ = )
<P(EIA Al < [T M) - Pu(pa)||” = 2)

Therefore, choosing N as in the statement of the theo-
rem, we obtain that the probability that on any subset A

of at most r modes ||52N)(M)—pA||§a) > € is at least 1-0.

The results for a fixed number of L observables
O1,...,0L supported on regions Ay, ..., AL of size at
most r follow after replacing the above union bounds
over regions A by a union bound over the observables
O]':

P(3j: 1T(0,55" (M) = Tr(O; Paslpa) )| > €)
<2L [(M + 1)] exp(-C(N,¢e,R, a,1))

and the result follows after replacing m” by L in the
estimate for N.
O

C. Comparison to related work

In a concurrent and independent work [23], the au-
thors also developed a shadow tomography protocol
for bosonic systems. Their framework is equivalent to
ours in the homodyne and heterodyne settings. Let
us consider the former in the one-mode setting: the
shadows in [23] are constructed in the Fock basis by
taking Opn = e'"™M0f,.(x), after making a random
rotation 6 and obtaining x from a measurement in the
position axis. The functions fy, = fum are the so-called
pattern functions [38], [74] and are defined using Fock
state wavefunctions ¢,, (m'" energy eigenstate of the har-
monic oscillator) and ¢, (n*" non-normalizable solution
of the Schrédinger equation of a harmonic oscillator) as

fun() = 2 (),

nz>m.
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Then, they construct the following estimator from N
copies of the unknown state:
5N

G = NZ x(i) _ NZ z(m n)@z

where the angles 0; are picked uniformly at random,
and xg = x &) x = \V2nx' @ Tx in the notations of
Section It turns out that these pattern functions
can be equlvalently defined in terms of their Fourier
transforms (eq. (31) of [75], see also egs. (20)-(21) of [76]):
for n > m:

Fun(t) = / e frn (x) dx

mn(X6,) ,

o 2m—nm _,2 (n_m) t?.
— _n\n-m Mo~ T L (_) .
(i) 1t (5

Therefore |fun(xg)| corresponds to the coordinate
Z(lo) (M)yn for m,n < M. As observed in [59], the pattern
functions have been already studied for tomography
purposes (see e.g. Lemma 7.1 in [61])). In particular,

DT lfild = o).

0<j<k<M

These bounds can be directly used to get control over
||Z(10)(M)||oo. That way, we recover Theorem III.1 of [23].
Slightly better bounds can be achieved using estimates in
Lemma 4 of [76]. It is also worth observing that, from the
proof of Theorem 9} one can extend these results to more
realistic models of homodyning with finitely squeezed
resources.

VI. LEARNING NON-LINEAR FUNCTIONALS OF THE STATES

So far, we considered properties of the quantum sys-
tem which could be related to local linear functionals of
the unknown state. In finite dimensions, a simple trick
permits the estimation of non-linear functionals, e.g. the
entropy of entanglement [6], [77]. Here, we show that
the technique developed in these works combined with
recent energy-constrained continuity bounds provide us
with a similar extension. For sake of conciseness, we will
only consider the entropy of a reduced CV state over
r < m modes of the m-mode state:

S(pa) = =Tr(palnpa),

where we denote by A the set of those modes, so that
|A| = r. We also assume that the unknown state p has
locally finite energy: Tr((I + NU))p;) := E < oo, where
NU) corresponds to the number operator on mode j,
and where p; is the reduced state on mode j € A. Here,
we also restrict ourselves to the shadows constructed in
our local homodyne detection scheme of (V-A), although
similar conclusions can be drawn from shadows arising
from a local heterodyne detection and states with higher

moment constraints. Given the shadow o' " )(M) arising



from the homodyne scheme of (V-A), and d, € N, we
denote the matrix polynomial

H% (6 (M) = = Te(a\ (M) - P)

& T (P — o (M)
2 (k= 1) '

k=2

Theorem 12. With the notation of the previous paragraph,
we have that for any € > 0 and M € N,

B(34, 141 < r 2 15(pa) - H D () 2 €

< 2[mM+1)] exp (_ 3Ne?(M + 1)~ )

62 O(M)2 + 220 (M) + 1)e’

r_ €2 —4(M+1)" /e
where €' = —12(M+1),62 .

Proof. By [78, Theorem 3], we have that for all y €
[0,7E/(1 + rE)], and any state p; on subsystem A with
llpa = pull <2y,

S(pa) = S(py)l < h(y) + rEh(y/(rE)),

where h(.) denotes the binary entropy. Next, we pick
Py = PM(pA)/Tr(PM(pA)) By Proposition (8] l we have
that, assuming 1+ M > 4r2E2,

! I = I Tr(Pum(pa))pa — Pmpa)lls
pa=Palli= Te(Pu(pa))
| Tr(Prm(pa)) = 1 + llpa = Pm(pa)lla
1—|Tr(Pumpa)) — 1
2llpa = Pumlpa)ll
~ 1= 1Pm(pa) — pall
4rE
T (1+M)2 -2rE

(107)

Next, we approximate S(qu) in terms of S(Pm(pa)),
where the entropy of a sub-normalised positive trace
class operator A is defined as S(A) = —TrAInA: de-
noting Tr(Pum(pa)) =A <1,

S(p)) = S(Pmlpa))
SDM(PA) PM(PA)

5 Tt Tr Pm(pa) InPr(pa)
1-7

REPNTEY) S(Pm(pa)) +InA
loa = Pum(pallla
T 1-1lpa—Pulpa)ll
<y S(Pum(pa))
<rln(M+1)y.

=-Tr

S#Pm(pa))

(108)

Next, we use a polynomial approximation of S(Pum(pa))
as was already done in [77]:

HY%) (Pri(pa))

t [(Pym — Pumlpa))]

= =Tr(Pm(pa) — Pm) + Z k(k —1)
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where d,, is the truncation degree which we will choose
later. Since Py projects onto a subspace of dimension
(M +1)", a simple extension of the proof leading to [77,
Equation (K46)] gives us

M+1)
dy

IS(Pum(pa)) — H*(Pp(pa))l < (109)

Now, we re-express the function H(dﬂ)(PM(pA)) as a
linear function of (Pu(pa))®%:

H%) (Prm(pa))
k

d}”
—-re 1)+ Y b (M0 muten)
k=2 j=0

=-1+ (M+1)T

d
L (k=2)!
+Z HEEE D Y G
=max{2,j}
dp
_—1+(M+1)T+Z Cj Te(Sj(Pm(pa)®),
=01 (110)

where S; is a generalised swap operator over j sub-

systems. Let us now chose G(AN)(M) to be the classical
shadow arising from the homodyne scheme of (V-A). We
have, similarly to [77, Lemma 11]

|H<dv)(¢>M(pA>) - H% (0" (M) (111)

< Z FCHIPu(pa)® = (05" M)l
j=0

Next, we estimate the trace distances in the above

summand. By an arbitrary labelling Ay, ..., A;j of the
subsystems so that (Pum(pa))® = p;h ® - ® p;‘j and
(afﬁN)(M))@’j =04, ® - ®04;, wWe have
1P (pa)® = (o (M) |ly
=1lp), ® --®pA], —04,® - ®0alh
= [[(pl, = o) @ ply, @@ ply
+ 04 ®(py, ® - ®p) —04,® - ®0a)|,
< N1p%, = oarllllpi, Nl - - 1Py Ml
+lloallillph, ® - ®p) —oa, @ @aul;
< gy, - oalh
+ 1+l =oall) [, ©- - ®p), ~ 04, ®...®0 -
(112)

Now, we recall that the homodyne tomography protocol
provides us with the following concentration bound
borrowed from

B(34, 1Al <7+ oD - Puripa)], = €
<2[mM +1)]"



3Ne?(M + 1)
6xO(M)2 + 2(20(M) + 1)e’
Plugging this bound into (112), we have that with high
probability

1) = (013" (M) s
<€+ (1+€)(Pulpa)® ™ = (0 M)l

X exp (113)

After iterating the procedure j times, we find
1Pa(pa)® = (a3 M) s
=t , .
<€y (1+€) <(1+€) -1.
i=0
Into (111), we have that

IH®) (Prr(pa)) — H (o' (M)

d .
<30 (1+¢) 1)
j=0 7"

(114)
Then, combining (107), (108), (109) and (114), we end up
with

1S(pa) = HW (o} (M)

<h(y)+ rEh(%) +2rIn(M + 1)y

N (M+1) N
dp

Now, the first three terms on the right-hand side above
are small for M large enough, the fourth term is small

for d, large enough, and the last term is small for N

large enough. The result follows after choosing M so that
3(M+1)"
€

(1+¢€)" —1)2% .

the first three terms are smaller than €/3, d, = [

so that the fourth term is smaller than €/3, and finally
€ = WZ““M“W € so that the last term is smaller
than €/3. O

VII. DISCRETISATION SCHEME VIA QUASI MONTE-CARLO
INTEGRATION

Since the objects we are manipulating in this paper
are defined on continuous metric spaces, we need to
explain how to devise an efficient description ag]is of
the estimator state oy in terms of a number of discrete
parameters which scales at most polynomially with the
number m of modes and such that Tr(O(a;'\llis —0N)) can
be controlled for the observables O for which we want to
learn the average Tr(pO). One natural strategy consists
e.g. in approximating the coefficients Tr(Zn,n,0n) of the
matrix Pp1(on). Since the characteristic function of Zy n,
is compactly supported in a ball B(0,R) around the
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origin, it suffices to store its values on a net of small
enough mesh.

In order to evaluate traces Tr(zn1 n,ON), in an efficient
way, we shall employ quasi Monte-Carlo techniques
using the isometry (@8). We start by recalling that an
L' function u : Q — R is of bounded variation if

TV(u)

= sup { /Q u(x) div(p(x)); ¢ € CHQ,R™; 9]l < 1}
< o0

and denote by TV(K,R) the space of functions of
bounded variation. In particular, for u € C}(Q,R") one
just has

TV(u)z/@qu(x)l dx.

For a complex valued function to be of bounded varia-
tion, we accordingly require that both its real and imag-
inary part are of bounded variation. Let K = [-[;, [;]"
be a compact set and ¢ : [0,1]" — K a linear map.
We set S = {tr}ren, where t, € [0,1]" is a Halton
sequence, see [79] for a definition, in a pairwise prime
basis by, .., b,;. We then introduce for f € TV(K,R), the
numerical integral

k
Ic(f k) = £ ) FU(E)).
i=1
It then follows that there exists a constant C(by, ..., by)
independent of both f and N such that, see [79] Theorem
2.11],

==

et 0= [ 0

1 m
< TV(f) C(E(t1), ..., £(tm)) og(k)

o
Thus, this technique allows us to approximate high-
dimensional integrals with errors that depend only very
mildly on the number of modes m. We can then apply
this construction to
Xy ()Xo (0) TT7L &g R (%)

@m)m '

fx) =

with K = [-R, R]".

VIII. ExaMPLES

In this section, we test our homodyne classical shadow
tomography method by means of numerical simulations.

A. Vacuum state

We start with the simplest example p = |0X0| to fix
ideas. In this case [{0|a)|? = ¢~14P/2 Measurements of
are then standard normally distributed a ~ Ng2(0,1).
Considering then N = 50 experimental realisations,
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Fig. 1: The quantum characteristic function of the actual
state is depicted in the first plot on the top left, while
that of the reconstructed state is given in the plot beside
it (for N = 50) and the one below it (for N = 1000). For
N =50 (above) the quantum characteristic function gets
almost perfectly approximated within the unit square
but diverges outside of it. On the right, we show the his-
togram of numerical measurement outcomes generating
our approximation. For N = 1000 (below) the quantum
characteristic function is well approximated inside the
square [-2,2]% In the center, we show the histogram
of numerical measurement outcomes generating our ap-
proximation. On the bottom right, we show the variance
of the approximated characteristic function to the real
characteristic function inside [-2,2]°.

aq, ..., an € R2, the trial quantum characteristic function
is
m? N

e 4
N

—iuTQa;

e
i=1

Xoy(u) =

The function is illustrated in Figure [I| Reduced particle
characteristic functions for up to 1000 oscillators are illus-
trated in Figure [5l This yields an approximation of the

quantum characteristic function on compact sets around
zero. Due to the exponentially increasing function e 4,

this approximation is only local for fixed N. We also plot
the variance of the true characteristic function x vs the
reconstructed characteristic function ¥ at N grid points
(xn)ﬁi , with x, € D in some domain D

vV _ Z{i] |Xi(xn)_)~(i(xn)|2
N.D vol(D)N
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Fig. 2: Real and imaginary parts of the quantum char-
acteristic functions of |0)c,.(top line) and |1)c,; (center
line), respectively, reconstructed with N = 200, with re-
constructed function (left) and true one (right) on [-2,2]
for & = (1,1). At the bottom, we illustrate the numerical
measurement outcomes for the above reconstructions
(10)cat left, |1)c, right) and the variance (for |0)c,.) for
fixed @ = (1,1) and varying number of measurements
(left) and fixed number of measurements, N = 200, and
varying a (right).

B. Cat qubit states

For our second example, we consider a non-Gaussian,
one-mode pure quantum state called cat state. These
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istic function of |0)c,(top) with @ =10%(1,1) and |1)cy
(bottom), with a = 11—0 % (1,1), respectively reconstructed
with N = 200 with reconstructed function (left) and true
one (right)) on [-2,2].

states are used in quantum error correction [21], [24].
Given a coherent state |a), we denote the cat states

_lo-l-a)

kTR 2 ok
at — N_ 7

+)cat = —
| )Cat N+

with normalisation constants

Ne = (al £ (=al)(la)  [-a))

= V2= ((a] - a) + (—alay) = \[2(1 x e2eP).  (115)

x[2+]al

, where (x|a) = e™ 1

= Glo)s(si-a) at

Here, (x|+)cat
such that (—aja) = (a| — a) = e71*F. This way, we can
define

10)cur = [+)cat + |=)cat a . |+)Cat = |=)cat
ot = ———— =2 =
V2 V2

For N = 100 we are able to reconstruct the characteristic
function of states |[0)c,; and |1)c,, respectively on [-2,2],
for a = (1,1), which is illustrated in Figure @

The probability distribution is then
2 [+ 12 + Qx| =) > + 2R (x| =) (x[+))

= 5 (116)

| <x |O>Cat
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Fig. 4: On the left, we see the correlation coefficient
log(y1,[m/21) (in the bottom row with hxx replaced by
hxx + ﬁQz, where Q is a GUE Matrix and m is the
number of oscillators). Here x refers to the interaction
strength between neighboring oscillators. In the center
and on the right, we see the same correlation coefficient
recovered from the shadow with 1000 and 100,000 nu-
merical experiments sampled from (122).

and
2 e ]P + x| =) = 2R (x| =) x|+
(e = AP £GP ~ZRGEN ) (117
This implies that
X|O>Cat <0|Cat
1
= 5 (X + X1+ Xl + X9 1) (118)
1,11
VAN (Xlayal + X|-a)(-al)

S _1
2\ N2 T N2

)(X|a><—a| + X|-a)(al)

and

+ Xlay(al = X|-a)(-a]

NN

X|1>Cat<l|Cat
1

= 5 (Xpo = Xpepl = Xyl + Xl—)(—l)

2

(119)

(120)

111
=3 a2 Nz (Xjayal + X-a)(-al)
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measurements sampled from the multivariate Gaussian
distribution (I122). From left to right we see simulations
for (x, N) = (0.99,1000), (0.99,10), (0.99,4) respectively,
with recovered characteristic functions in the top row
and true ones in the bottom row. We see that correlations
between particles are almost perfectly reproduced.
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The characteristic functions on the right hand side are
explicitly given by (31).

(121)

C. Chain of quadratic harmonic oscillators

We consider a hermitian Hamiltonian matrix h =
hxx hxp
hpx  hpp
with Hamiltonian

H = (R, hR) with R = (X, P),

to which we associate a quadratic chain

where hxp = hpx =0, hpp = % and

/2 -% ... 0 -X

X 12 -& 0
hxx = @ -% 1)2

0 oo -k

-0 e -k 1/2

for some x € [-1,1]. Here, x refers to the interaction
strength between neighboring oscillators: small ¥ means

21

weak correlations whereas large k¥ means strong correla-
tions. Let

X = h P Vhxxhepvhxx Bl

The ground state |¢) of H is a Gaussian state with
covariance matrix given by y = diag(X, X~!) [80]. The
decay of spatial correlations is illustrated in Figure [4
We will again use our heterodyne tomography protocol
to reconstruct that decay. The distribution of the random
variable arising from the heterodyne detection takes the
following expression:

-1
I+y
T) Qx

el 122)

We recall that for any two modes i,j, the reduced
shadow characteristic function after sampling (xk)i\]:1
from the above distribution is defined as
s 1% Ul 2+l 12— (] Q)i+ T Qxr))
X(ui/ u]) = N Z e / 7
k=1
where (xi);, (xx); € R? are the components of vector
xy € R?" corresponding to modes i and j. The re-

duced characteristic functions of the marginal of |¢’) over
modes i and j takes the form

x(ui, uj) = o 1 (0i ) Ty (ui )

From which the correlations coefficients corresponding
to these two modes can be read-off.
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A. Application of shadow tomography to photonic crystals and
2D materials

Photonic crystals are dielectric solids with a period-
ically modulated refraction index. One of their many
exciting features is that the photonic bandstructure in
photonic crystals, which is accessible to optical mea-
surements, provides insights into the electronic band-
structure in periodic solids. Just like electrons in solids,
photons are prohibited from propagating at band-gap
frequencies inside the medium. While the band struc-
ture of photonic crystals is obtained from the classical
Maxwell equations, the filling of bands by photons relies
on a quantum mechanical description of the electro-
magnetic field. Such a description is also necessary to
understand effects such as spontaneous emission of pho-
tons in photonic crystals [81], [82]. We shall demonstrate
now how shadow tomography can be applied to exhibit
the dispersion surface of the Bloch-Floquet bands. Our
description here is semiclassical, as we treat the photons



quantum-mechanically and the crystallic band structure
classically.

In our discussion of applications of shadow tomogra-
phy, we will then focus on optical analogues of graphene
called photonic graphene

We start by using classical electrodynamics to describe
the propagation of electromagnetic waves in photonic
crystals. We will then quantise the electromagnetic fields
to convert the classical picture to a quantum picture
involving photons and illustrate how the methods de-
veloped in this article can be used in photonic crystals.
This semiclassical approach is used to simplify the anal-
ysis and get explicit formulas for photonic states and
electromagnetic fields.

1) Derivation of the Helmholtz equation: A mathematical
account of the electromagnetic structure of photonic
crystals can be found in [83]. We shall start by arguing
that the propagation of TE polarised light, with E =
(E1, E2,0) and H = H3és, where ¢é; is the i-th unit vector,
in two dimensional photonic crystals can be reduced to
a periodic eigenvalue problem with Helmholtz operator
L=V-D,V

£¢ = a)%p (123)

with 1/1 Hj. Here, D, = LH s a periodic function, with

J= 1 01 , that only depends on the permittivity and

permeability of the material and will be specified below.
We start from the Maxwell equations

VXE=-dB, VXH=0dD

V-D=0, V-B=0.

We then find that Maxwell’s equation can be written as
a Schrodinger equation with

iV = MY

with W = (E, H)! and

M—R—l( 0 iVx)

-iVx 0

Here, R = ( é ft) with permittivity tensor ¢, permeabil-

ity tensor u, and bianisotropy tensor C.

For photonic analogues of 2D material, we shall only
consider matrix entries of R that vary in the two-
dimensional plane. In addition, we assume that the cou-
pling between the longitudinal and transversal direction
is zero.

This way, we may decouple the 6x6 Maxwell equations
into two coupled equations with matrices

Ro= (5

that are the form
O(EL, Hy) = R7 (=]V.H;,JV.E3) and
9¢(Es, Hz) = R '(=JV. - H3, ]V - E3).

& .
Hi) and R = diag(e), i)

(124)
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Here V, = (dy,,dx,). Eliminating (E,,H,) and using
Rl = éi (:’ , we find under the assumption of pure

TE waves, that is E3 = 0, the wave equation

9?Hz(x1, x2,t) = —LHz(x1, X2, t).

Observe that by (124), (E., H,) are directly determined

from Hjz. By looking at planar waves Hs(x1,x2,t) =

H3(x1, x2)e*'®!, we reduce the wave equation to (123).
In magneto-optic materials, one has

R, =diag(eop — yo2, uoo),

where y, with |y| < ¢, is the strength of the Faraday-
rotation. This way, ¥ = =t>00 + ézf)ﬂ 0.

2) Bloch-Floquet theory and band structure of photonic
crystals: Photonic crystals are periodic with respect to
some lattice I'. This is reflected in the periodicity of the
operator L. We can thus apply the standard Gelfand
transform and find that that £ is unitarily equivalent
to the direct integral operator

L(k)

c/T

with L(k) = =(V +ik) - D.(V + ik)

IC/ I
for which the eigenvalue problem (123)) converts into

L(k)Hs(x, k) = w*(k)Hs(x, k), Hs(x +T,k) = Hz(x, k)
for k € C/T”, the Brillouin zone. By standard arguments,
the set of admissible w for given k is discrete (wy(k)?)nen
with associated fields (Hs,,(x, k)).

The function w(k)? is also called the dispersion rela-
tion and drw(k) is the speed of propagation.

Thus, any eigenfunction of £(k) has a Fourier expan-

sion
qr)(x) — Z ¢mei(m1k1+m2k2)~xl

meZ?

where I'" = k1Z + k) Z.

3) The quantisation of the EM field: In order to study
quantum effects such as spontaneous emission, it is
essential to use a field theoretic description of the elec-
tromagnetic field inside a photonic crystal[81], [82].

The filling of bands in photonic crystals by photons
can be described by quantizing the magnetic field and
consider field operators

(o, k1) = " h(K) (Ha (x, K)ay (ke i 40
neN

+ Ha (xR (k) el )

4

where h,(k) = Z al)é(/kf)l and a,(k), a,(k)* are annihilation

and creation operators of photons with wavevector k in
band 7. The macroscopic limit is then obtained by taking
the expectation value of the field vector (H3(x, k, )) with
respect to the photonic state.
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4) Dirac points: As a simple example, we shall consider
the case that D,, appearing in (123), has honeycomb-
lattice symmetries, i.e. I' is an equilateral triangular
lattice with 27/3-rotational symmetry In this case, it is
well-known, see e.g. [83], that the spectrum of L(k) at
suitable energies can be effectively described, close to
some positive energy Ep > 0, by a two-dimensional
Dirac operator

_ 0 2Ds + k
H(k) = (ZDZ +k 0

and k € C with periodic boundary conditions where
D, = 19.. This operator can be diagonalised with Bloch

1
functions i

) with z € C/(Z + iZ)

) and eigenvalues =*|k|. This means

that the originai frequencies satisfy for k small enough
w(k)?> = Ep + |k|, where Ep is the energy level of the
Dirac cones in the spectrum of L(k).

5) Strain-induced pseudomagnetic fields: Since photons
do not directly interact with electromagnetic fields, the
effect of electromagnetic fields on the electronic band
structure cannot be modelled directly using external
fields. However, it has been observed that physical strain
can be used to imitate the effect of electromagnetic fields,
see e.g. [84]. Indeed, consider the displacement field
T(z) = z+u(z) with u a displacement vector. In the case
of a honeycomb-lattice symmetries, the effective strain-
induced magnetic potential is then given as

A(z) o Tr(U(z)o3) — i Tr(U(z)o1)

where U(z) = %(Du +Du'), with Jacobi matrices Du. This
way, by applying suitable strain, we obtain a pseudo-
magnetic potential A(z) = 2 associated with a constant
magnetic field B > 0 and the effective Hamiltonian is the

magnetic Dirac operator

0 2D: - iBz

H=1p. 4 liBz 0 ’

(125)

with constant magnetic field B > 0.
An example of, up to a change of gauge, pseudomag-
netic field inducing strain is

T(z) = z + ¥*3(2)>.

We then have the conjugation relation

e BIEP/42D;)eBle /4 = 2D, — %Bz.
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Fig. 7: Reconstruction error for single particle charac-
teristic function with n = 5 particles for Ep = 0.5 and
Ep = 5 with N = 150. High energies are harder to
reconstruct, as they are more

The infinitely degenerate ground state satisfies then

u(z) = f(z)e‘B'fT'Z, feo(C), / If(z)[2e B /2dz < oo,
C

where 6(C) is the space of entire functions. The infinitely
degenerate ground state can be equivalently interpreted
as a flat band, see e.g. [85].

Let a = 2D, — A(z), one then has that [a*,a] = 2B
which means that to find the zero energy band for the
Hamiltonian (125), we have to find zero modes to a*
satisfying Bloch-Floquet boundary conditions.

Let Ep > 0 be the energy of the Dirac point, then the
lowest band is just w(k)? = Ep for all k. Correspondingly,
by the commutation relation of the ladder operators,
we find that the other (also flat) bands are of the form
w(k)?> = E2 + V2nB with n € {0,...,N} for some large
enough N which is in fact independent of k, since the
band is flat.

As a simple example, we may choose photons in the
strained crystal with state

v =] Jion,
i=1

with harmonic oscillator frequencies w(k;) = Ep. In
Figure [7] we see that high-energy states are in general
harder to reconstruct as their characteristic function is
more extended in phase space.
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APPENDIX

The purpose of this appendix is to provide a self-
contained proof of the representation of the Gaus-
sian white noise channel. We start by observing that
it suffices to test on all projectors [s)s| on the
coherent states, where s € R?". This is because the
linear span of such projectors is dense in the space of
Hilbert-Schmidt operators. To prove this latter claim,
we can take an arbitrary Hilbert-Schmidt operator X
and assume that it is orthogonal to span{|s)s|}scgen,
in formula Tr[X |sXs|] = (s|X]|s) = 0 for all s € R?".
We can express this in words by saying that the Husimi
Q-function Qx(s) := (2n),,, (s|X|s) of X vanishes every-
where. Since the characteristic function of X is a
point-wise multiple of the Fourier transform of Qx, in
formula [66) § 4.5]

xx(t) = et/ / 275 Qx(s) =T

we have that also yx = 0 identically. Since the corre-
spondence between Hilbert-Schmid operators and char-
acteristic functions is an isometry and in particular in-
jective [67, Theorem 5.3.3], we conclude that X = 0.
Since X € span{|s)Xs|}- s.gen Was arbitrary, this entails
that span{|s)Xs|}scgen is dense.

Therefore, let us verify by letting the right-hand
side act on an arbitrary [s)Xs|. We obtain that

(126)
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Here, (i), (iv), and (vi) follow from and (25); in (ii)
we employed the identity

_ _2v+1
e Alv+l) 1v+1)2

1 ll£112
i) =-— |75 t), (127)

which is readily verified in Fock basis by combining (27)
and (#2); in (iii) we performed the change of variables
y = s—x; in (v) we set z = 1+Ay, finally, (vii) is
simply (39). The proof of is complete.

Throughout this appendix, we will prove rigorously
that the function f, 1 defined by has a well-defined
Fourier transform, which moreover coincides with itself.
This will establish (62). We formalise these facts as
follows:

Lemma 13. For every measure p1 on the symplectic group and
for every symplectic T, the function f,r defined in is in
LY(R?™) N L2(R?™); more precisely,

/ d*"x |fur(x)| = @)™, / d>mx fiT(x) <"
(128)
Moreover,

Fur () = fur(x).

Proof. We start with the first identity, which follows by
writing

/d2n1x |fH,T(JC)|:/d[J(S)/d2mX€ 2xT(TS) (TS)x

22y,

Here in (ii) we combined the Gaussian integral formula

de e—ixTAthTx — (zn)N 1t"'A'lt
V et A ¢ ’

valid for N X N positive definite matrices A > 0, with
the observation that det(T'S) = 1 because both T and S
— and hence TS, too — are symplectic.

Since f,,r is in LY(R?™), positive, and bounded by 1,
it is clear that it must be also in L*(R?*"). However, it
requires little effort to prove directly the second inequal-
ity, which is anyway tighter than what one would obtain
simply by the above observation. It suffices to compute

JE
(2)‘/@(5)51#(5’) 42y o= 537 (TS (TS)+(TS)(TS)x

2m)™"
Vdet ((TS)(TS) + (TS)(TS’))

(129)
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(130)
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Here, (iii) is just Tonelli’s theorem, (iv) is again an
application of ([129), and (v) follows from the Minkowski
determinant inequality, which states that the function
A (detA)'/N is concave on the set of positive semi-
definite N X N matrices [86, Eq. (4.21)], combined with
the fact that det(TS) = 1.

Now that we know that f,  is highly regular, we can
manipulate the integrals in its Fourier transform more
safely:

d2m

fur(x) =

u .
W fy,T(”) eleQu

/W@/ew

Z/dy(S)e_ZXTQ(TS) (TS) TQTx

= / du(8) e T TITTN = £ (x).

T(TS)T(TS)x+ixTQu

In the above derivation, we have used (129) together with
the fundamental identity WQ = QW~™T, valid for any
symplectic matrix W. O

Lemmal7] Forall a > 0, all non-negative integers m (number
of modes) and M (Fock truncation number), and all n > 0, it
holds that

H£(1+Nm)aR(I+N’")a (PM - ﬁM)HZ—»l
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2\ \"
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where in the second line we introduced the incomplete Gamma
function, given by [87, § 6.5]

N-1

(<) xP
I'(N, x) := / dsesN1=(N-1)e™* —
x Z p!

p=0

(132)

for N >0and x > 0.

Proof. Let T be an arbitrary Hilbert-Schmidt operator
acting on H,,, the Hilbert space of an m-mode system. In
what follows, we denote by [M]™ := {0, ..., M}" the set
of possible Fock number vectors with all entries bounded
by M, and for n € [M]" we will use the notation
In| := Z;”:O n(j) to denote the corresponding total photon



number. We start by writing
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We can then continue by estimating
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Here, (i) comes from (34), in (ii) we remembered (74),
and in (iii) we observed that 1 - &, r(u;) = 0 if |lu;|| <7,
and estimated 1 — &, r(1;) < 1 otherwise. In order to
continue, we should upper bound )x|,y|(1) for vectors
u € R? of sufficiently large modulus, and for arbitrary
integers n,n’ < M. To this end, let us write
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The steps of the above derivation can be justified as
follows: (iv) is an application of (23), and we recall that
a(u) = %(m + up); (v) is simply the Cauchy-Schwarz
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inequality; (vi) can be verified by a repeated application
of (18); in (vii) we introduced the Laguerre polynomials

n _ Ak
L= ) 1) S

k=0

(135)

and in (viii) we noted that L,(—x) is monotonically non-
decreasing in the integer n for x > 0, essentially because
1) is monotonically non-decreasing in n for fixed k.

Continuing, we deduce that
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Here: in (ix) we introduced the new variable s :=
%Hullz; in (x) we expanded the square thanks to the
expression for the Laguerre polynomials; in (xi)
we introduced the incomplete Gamma function (132);
in (xii), besides using that (I,f ) < 2N for all non-negative
integers N, k, we also observed that by virtue of the
expansion in (132) it is easy to verify that mT(N ,X)is
a monotonically non-decreasing function of the integer
N > 1 for all fixed x > 0; finally, (xiii) is just the binomial
theorem, applied twice to 3" = (1 + 2)M.
Plugging the above estimate into (134), we find that

m/2

for all ny,ny € [M]™
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. From (133) we then deduce that
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concluding the proof. O
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