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Feedback-Based Ramp Metering and
Lane-Changing Control With Connected

and Automated Vehicles
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Abstract— Aiming at operating effectively future traffic sys-
tems, we propose here a novel methodology for integrated lane-
changing and ramp metering control that exploits the presence
of connected vehicles. In particular, we assume that a percentage
of vehicles can receive and implement specific control tasks
(e.g., lane-changing commands), while ramp metering is available
via an infrastructure-based system or enabled by connected
vehicles. The proposed approach is designed to robustly maximise
the throughput at motorway bottlenecks employing a feedback
controller, formulated as a Linear Quadratic Integral regulator,
which is based on a simplified linear time invariant traffic
flow model. We also present an extremum seeking algorithm to
compute the optimal set-points used in the feedback controller,
employing only the measurement of a cost that is representative
of the achieved traffic conditions. The method is evaluated via
simulation experiments, performed on a first-order, multi-lane,
macroscopic traffic flow model, also featuring the capacity drop
phenomenon, which allows to demonstrate the effectiveness of
the developed methodology and to highlight the improvement in
terms of the generated congestion.

Index Terms— Traffic control, connected and automated vehi-
cles, lane-changing control, ramp metering.

I. INTRODUCTION

IN THE last decades, a significant and increasing inter-
disciplinary effort by the automotive industry, as well as

by numerous research institutions around the world, has been
devoted to planning, developing, testing, and deploying new
technologies that are expected to revolutionise the features and
capabilities of individual vehicles in the future [1]. Among
the wide range of available systems, few may actually have
a direct impact on traffic flow, while the majority of them
aims at primarily improving safety or driver’s convenience [2].
We focus here on the integration of a promising new feature
that can be exploited for traffic management in the presence
of connected and automated vehicles, namely, lane-changing
control, together with a conventional well-established traffic
control measure, namely, ramp metering [3].
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The problem of modelling the distribution of vehicles over
the lanes in the case of ordinary traffic has been addressed in
research that shows that lane distribution is affected by some
characteristics of the network layout (e.g., the total number
of lanes) [4]–[6]. However, this choice is also behavioural
since every single driver may autonomously decide to stay
in a slower lane accepting the lower speed, stay in the
slower lane and overtake when necessary (for lower densities),
or travel constantly in a faster lane (in higher densities).
In addition, particularly at bottleneck locations (e.g., lane
drops and on-ramp merges), human drivers usually perform
suboptimal lane changes on the basis of erroneous perceptions,
which may trigger congestion and, thus, deteriorate the overall
travel time [7]. Finally, some of the mentioned empirical
investigations indicate that in conventional traffic, capacity
flow is not reached simultaneously at all lanes, a feature that
reduces the potentially achievable cross-lane capacity. It is,
therefore, envisioned that if a sufficient percentage of vehicles
have vehicle-to-infrastructure communication capabilities and
appropriate lane-changing automatic controllers or advisory
systems, the overall throughput at the bottleneck location
may be improved by the execution of specific lane-changing
commands decided by a central decision maker.

In the context of automated and connected vehicles or
Automated Highway Systems (AHS), only a limited num-
ber of works have considered to optimize lane distribution
([8]–[14]). A number of other works addressed specifically
the problem of deciding on efficient vehicle lane-paths for a
motorway under fully automated (AHS) or semi-automated
driving (e.g., [8], [9]). However, to tackle the problem com-
plexity, a number of simplifying assumptions were typically
made. Other works focused on computing lane-changing com-
mands at vehicle level, which are obtained by sensing the
surrounding environment [13], [16]–[21]. The intrinsic com-
plexity of some of these approaches may be an impediment
for real-time application while also considering additional
options and features offered by emerging systems. An optimal
feedback control strategy for lane-changing control is formu-
lated in [12] as a linear quadratic regulator (LQR) and is
extended in [14] to allow for different policies, i.e., achieving
different traffic density distribution for the various lanes at
the bottleneck area. However, in both works, it is assumed
that another controller ensures that the overall traffic flow
entering the area where lane-changing control is applied, does
not significantly exceed the bottleneck capacity; in addition,
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robustness of the controller to unknown disturbances is not
explicitly considered.

On the other hand, the real-time control of motorway traffic
via conventional means (e.g., traffic signal based ramp meter-
ing, road-side variable message signs for route guidance and
variable speed limits) has been addressed in research studies
(see, e.g., [3]) and practical implementations for decades [22],
showing consistent benefits when they are properly imple-
mented in traffic systems [23]–[25]. Ramp-metering and lane-
changing control have been studied in [7] to investigate the
effect of forced lane-changes at the bottleneck on capacity
drop.

The method proposed in this article aims at bridging conven-
tional traffic control, i.e., ramp-metering, with lane-changing
control enabled by vehicle automation via a novel feedback-
based integrated control strategy. From an operational per-
spective, we assume that equipped vehicles have the capa-
bility of bidirectional communication with the infrastructure,
i.e., Vehicle-to-Infrastructure (V2I) communication, so that
appropriate control actions are decided in a centralised manner
by a Traffic Management Center (TMC) and are dispatched
to specific vehicles for implementation (see, e.g., [10], [26]).
We envision that, if lane-changing control capabilities are
implemented in conjunction with more traditional traffic man-
agement strategies, such as ramp metering, in an integrated
fashion, the resulting effectiveness, in terms of traffic perfor-
mance, would be further increased, while allowing for rigorous
investigations on the generalisability and robustness of the
methodology for different networks topologies and under
different disturbances. In particular, this article focuses on the
development and testing of a novel methodology for integrated
lane-changing and ramp metering control, considering and
exploiting the presence of partly automated and connected
vehicles. A preliminary version of this work is included in
[27], which is extended here with a more rigorous formulation;
a thorough discussion on controller stability properties for
the proposed control law; a set of numerical investigations
on robustness to parameter choices; and additional numerical
experiments, including a scenario considering a state-of-the-
art conventional control strategy and a scenario considering
additional disturbances.

The paper is structured as follows. Section II describes the
proposed traffic flow model. Section III includes the controller
design, while Section IV presents a discrete-time extremum
seeking scheme to achieve optimal set points value. Section V
introduces the experiment setup, whereas, in Section VI,
the obtained simulation results are presented and compared
with a reference no-control case. Section VII concludes the
paper, highlighting our main results and opening research
directions for future work.

II. LINEAR MULTI-LANE TRAFFIC FLOW MODEL

We consider a multi-lane motorway that is subdivided into
N segments, indexed by i = 0, . . . , N , each of length Li ,
while each segment i is composed of lanes, indexed by
j = mi , . . . , Mi , where mi and Mi are the minimum and
maximum indexes of lanes for segment i . We denote each

Fig. 1. A hypothetical motorway stretch.

element of the resulting grid (see Fig. 1) as “cell”, which is
indexed by (i, j). In order to account for any possible network
topology, including lane-drops and lane-additions, both on
the right and on the left sides of the motorway, we assume
that index j = 0 corresponds to the segment(s) including
the right-most lane. For example, looking at the hypothetical
motorway stretch depicted in Fig. 1, m0 = 0 and M0 = 4,
while m3 = 1 and M3 = 3. For controller design purposes,
we assume that the last segment in our network, indexed by
N , is the main bottleneck. The resulting total number of cells
is H = ∑N

r=0 (Mr − mr + 1) and the number of cells at the
bottleneck area is S = MN − mN + 1.

The model is formulated in discrete time, considering the
discrete time step T , indexed by k = 0, 1, . . . , K , where the
time is t = kT .

Each motorway cell (i, j) is characterised by the traffic
density ρi, j (k), defined as the number of vehicles present
within the cell at time instant k divided by Li . Density
dynamically evolves according to the following conservation
law equation, (see, e.g. [10]),

ρi, j (k + 1) = ρi, j (k) + T

Li

[
qi−1, j (k) − qi, j (k)

]
+T

Li

[
fi, j−1(k)− fi, j (k)

]+ T

Li
di, j (k)+ T

Li
ri, j (k),

(1)

where qi, j (k) is the longitudinal flow leaving cell (i, j) and
entering cell (i + 1, j) during time interval (k, k + 1]; fi, j (k)
is the net lateral flow moving from cell (i, j) to cell (i, j + 1)
during time interval (k, k + 1]; and di, j (k) is any external
(uncontrolled) flow entering the network in cell (i, j), either
from upstream of the considered stretch or from an on-ramp,
during time interval (k, k+1]. Since a ramp, located within the
considered stretch, is assumed to be controlled, we introduce
ri, j (k) as the flow allowed to enter the network from the
ramp located in

(
i, j
)

during time interval (k, k + 1] (e.g.,
r2,1 in Fig. 1). Depending on the network topology, some
terms of (1) may not be present. In particular, the inflow
qi−1, j (k) does not exist for the first segment of the network,
the outflow qi, j (k) does not exist for the last segment before
a lane-drop, while lateral flow terms fi, j (k) exist only for
mi ≤ j < Mi . Following previous considerations, the total
number of (controllable) lateral flow terms is F = H − N .

Let us now consider the well-known relation

qi, j (k) = ρi, j (k) vi, j (k). (2)

Since we are designing a controller to operate in (and in
fact maintain) congestion-free traffic conditions, we assume
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that the speed in all cells is approximately constant (e.g.,
the critical speed) vi, j (k) ≡ v̄i, j ,∀i, j, k. It is worth highlight-
ing that this assumption is made only for controller design
and analysis, while in the numerical experiments presented
in Section VI, we use a nonlinear model that produces non-
constant speeds, which are also different from the constant
speed value set in the controller, without any significant
negative impact on the results. Despite this may appear a
strong assumption, we will see in simulation (Section VI)
that the controller achieves good performance also when speed
varies over time, thanks to the inherent robustness property of
the designed feedback controller.

By replacing (2) into (1), we write the resulting system in
the form of a Linear Time Invariant (LTI) system

x̄(k + 1) = Āx̄(k) + B̄u(k) + d(k), (3)

where (time index k is omitted to simplify notation)

x̄ = [
ρ0,m0 . . . ρ0,M0 ρ1,m1 . . . ρN,MN

]T ∈ R
H , (4)

d =
[

T

L0
d0,m0 . . .

T

L0
d0,M0

T

L0
d1,m1 . . .

T

L0
dN,MN

]T

∈ R
H ,

(5)

u = [
f0,m0 . . . f0,M0 f1,m1 . . . fN,MN , ri, j

]T ∈ R
F+1. (6)

Variables u and d are the controlled and uncontrolled inputs,
respectively; u includes all the lateral flows fi, j and the
ramp flow ri, j that are assumed controllable; while d includes
the external flows that are not in u. Matrix Ā ∈ R

H×H ,
composed of elements ap̄,s̄ , reflects the connections between
pairs of subsequent cells via a longitudinal flow; while matrix
B̄, composed of elements bp̄,s̄ , reflects the interconnections
among cells via their entering or leaving lateral flows. The
matrices for the mentioned system can be described as

ap̄,s̄ =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1, if p̄ = s̄ and
(

j < mi+1 or j > Mi+1
)

1 − T

Li
v̄i, j , if p̄ = s̄ and

(
i = N or mi+1 ≤ j ≤ Mi+1

)
T

Li
v̄i, j , if p̄ > H0 and s̄ = p̄ − Mi−1 + mi − 1

0, otherwise

(7)

bp̄,s̄ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

T

Li
, if j > mi and s̄ = p̄ − i

− T

Li
, if j < Mi and s̄ = p̄ − i + 1

T

Li
, if j = j̄ and i = ī

0, otherwise

(8)

where
(

ī , j̄
)

defines the location of on-ramp flow.
Finally, the CFL condition [28]

T

Li
v̄i, j < 1,∀i, j (9)

should be respected for a stable discrete time and discrete
space traffic flow model.

III. LATERAL FLOW AND RAMP METERING CONTROLLER

A. Controller Formulation

We employ here the linear system described in Section II
to formulate an optimal control problem, whose solution
leads to a MIMO (multi-input multi-output) feedback con-
troller. Specifically, the controller manipulates the lateral
flows, as well as the flow entering from an on-ramp located
upstream of the bottleneck, with the overall goal of avoiding
the creation of congestion and maximising the bottleneck
throughput. More specifically, lane-changing control aims at
increasing the bottleneck capacity encountered with human-
driver lane choices via more efficient lane distribution; while
ramp metering aims at avoiding the creation of congestion
and maintaining the bottleneck throughput at the increased
capacity level.

Previous works (e.g., [29], [30]) have demonstrated that the
real flow capacity (at which traffic flow speed is observed
to break down due to overload) in a merge area may vary
quite substantially from day to day even under similar environ-
mental conditions, therefore, any control strategy attempting
to achieve a pre-specified capacity flow value may either
lead to overload and congestion (on days where the real
capacity happens to be lower than its pre-specified target
value) or to under-utilisation of the infrastructure (on days
where the real capacity happens to be higher than its pre-
specified target value). On the other hand, the critical density
(ρcr

S×1), at which capacity flow occurs, appears to be more
stable [31], and it is therefore preferable targeting a density
set-point (i.e., the critical density) at the bottleneck location.
Thus, to maximise the bottleneck throughput, densities at the
bottleneck cells should be maintained around their critical
values (ρcr), which are here supposed to be known.

In order to design our controller, we first assume the
availability of nominal (desired) steady-state values x̄d and ud,
for density states and input flows, respectively, which satisfy(

I − Ā
)

x̄d − B̄ud − dd = 0, (10)

where dd is the constant nominal uncontrolled demand. Vari-
ables x̄d and ud describe a desired behaviour of the controlled
system; in our case, following the previous rationale, we define
values in x̄d corresponding to the cells at the bottleneck equal
to ρcr. The need for specifying remaining desired steady-state
state and control variables will be discussed in Section III-C.

Introducing the notation �ω(k) = ω(k) − ωd, where ω
replaces x̄ , u, and d̄, we reformulate the system in terms of
error dynamics, obtaining

�x̄(k + 1) = Ā�x̄(k) + B̄�u(k) + �d(k). (11)

In order to design a feedback control law without feed-
forward terms, i.e., a control law that reacts to the impact
of the disturbances on the controlled process rather than to
disturbance forecasts, we assume �d(k) = 0. In addition,
since the system may be affected by disturbances, (e.g.,
upstream mainstream demand or uncontrolled lateral flows),
in order to avoid offset at the stationary state, we employ
an integral controller to reject constant disturbances [32],
thus removing the need for measuring the external inflows.
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Stressing on the usefulness of employing an integral controller,
it is also worth pointing out that movements of conventional
vehicles, such as, e.g., changing lanes or exiting at an off-ramp,
can be essentially viewed as disturbances, e.g., as additive
noise, affecting the traffic densities at each cells. In such case,
due to the features of integral control, such disturbances are
automatically rejected by our controller, without need of any
additional measurement. Thus, we proceed by augmenting the
system (11) with S (i.e., as many as bottleneck lanes) integral
states, denoted as z ∈ R

S , characterised by dynamics

z(k + 1) = z(k) + C̄�x̄(k), (12)

where C̄ =
[
0S×(H−S) IS×S

]
extracts the elements of �x̄ cor-

responding to the bottleneck cells. This implies that, in order
to compute the dynamics of z, only the nominal state values
corresponding to the cells at the bottleneck, i.e., ρcr, are
needed. These modifications lead to the following augmented
system:

�x(k + 1) = A�x(k) + B�u(k), (13)

where

�x =
[
�x̄
z

]
, A =

[
Ā 0H×S

C̄ IS×S

]
, B =

[
B̄

0S×(F+1)

]
.

Finally, we define the following quadratic cost function,
over an infinite time horizon, which accounts for minimisation
of integral state and control input errors:

min J =
∞∑

k=0

[
�x(k)T CT Q C�x(k) + �u(k)T R �u(k)

]
,

(14)

where

Q = wQ IS×S, R =
[
wR1 IF×F 0F×1

01×F wR2

]
, (15)

C =
[
0S×H IS×S

]
. (16)

Matrices Q and R are weighting matrices associated to the
magnitude of the integral and control errors, respectively,
defined by parameters wQ > 0, wR1 > 0, and wR2 > 0,
where wR1 penalises lateral flow errors and wR2 penalises
ramp-metered flow error.

The resulting optimal control problem (14), (13) can be
solved through a Linear Quadratic Regulator (LQR), which
provides a stabilising feedback gain under the assumptions
that the original system is, at least, stabilisable and detectable
(see Chapter 2 of [33]).

B. Stabilisability and Detectability

We investigate stabilisability and detectability of system
(13) by employing the Hautus-test [34].

We start by observing that the system matrix A is, by con-
struction, lower triangular, implying that its eigenvalues λ are
equal to the elements in the main diagonal. Since v̄ is always
positive and assuming (9) is respected, it results that all the
modes related to cells for which another downstream cell exists

are always stable (|λ| < 1), while the modes related to cells
without any other cell downstream (i.e., at a lane-drop), as well
as the integral state modes, are marginally stable (λ = 1).

In order to guarantee that the pair (A, B) is stabilisable, B
must have more linearly independent columns than the number
of non-stable modes (|λ| ≥ 1) [34]. Depending on the network
topology, we distinguish two cases: a) there are no lane-drops,
thus non-stable modes are solely related to integral states; and
b) there are lane-drops, thus non-stable modes are both related
to integral states and to cells upstream of lane-drops.

In the first case (a), there are S marginally stable modes,
corresponding to integral states, which, in order to satisfy
the Hautus-test condition, require at least S controlled inputs.
Since, in our system configuration, there are at least S − 1
controlled lateral flows (e.g., the lateral flows at the bottleneck
location), and a controlled on-ramp input, the stabilisability
condition is satisfied. In the presence of lane-drops (b), in addi-
tion to the previous, stabilisability is guaranteed if there is at
least one additional controlled variable that directly affects the
dropping lane. Since we assume in our model that lateral flows
are controlled for each lane of the network, also this condition
is satisfied for any network topology following the structure
shown in Section II.

We turn now our attention to the detectability of the pair
(A, CT QC); since Q > 0, this is equivalent to investigating
the detectability of the pair (A, C) [35]. In our case, the Hautus
test condition is verified in case C has at least a non-zero
element in each column corresponding to a marginally stable
mode (λ = 1), which, in case there are no lane-drops, implies
controlling all integral states, which is satisfied according to
(15), (16). On the other hand, if the network features lane-
drops, it is necessary to include in the cost function also terms
to control cells that does not have any other cell downstream;
this can be done by either defining an opportune set-point
for the density in the lane-drop cell, or, as proposed in [12],
by placing additional dummy cells immediately downstream
of each lane-drop, imposing, with an appropriate high penalty
weight, to have a density equal to zero. Note that, in all the
described cases, the system is also observable.

C. Controller Design and Anti-Windup

The solution to the proposed LQR problem is the linear
feedback control law

�u(k) = −K�x(k), (17)

where

K =
(

R + BT P B
)−1

BT P A, (18)

P = CT QC + AT P A − AT P B
(

R + BT P B
)−1

. (19)

The optimal gain (18) and the Algebraic Riccati Equation (19)
can be found in classic Optimal Control books (see, e.g., [36]).
For practical implementation, gain K is appropriately split as

K =
[

KP KI

]
(20)

which allows to rewrite the control law as

�u(k) = −KP �x̄(k) − KI z(k), (21)
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and, consequently,

u(k)=u(k − 1)−KP
[
x̄(k) − x̄(k−1)

]−KI
[
z(k)−z(k−1)

]
.

(22)

In practice, it may not be always possible to achieve the
desired density set-point at the bottleneck (e.g., due to input
saturation), therefore it is necessary to include an anti-windup
scheme within our controller. We employ the scheme proposed
in [37] (see also [38], [39]), which, in our case, modifies the
integral part of the dynamic controller (12) as

z(k + 1) = (I + �KI)z(k) +
(

C̄+�KP

)
�x̄(k)

+�sat(�u(k)), (23)

where � ∈ R
S×(F+1) and (I + �KI) ∈ R

S×S. Since the
saturation is implemented, in practice, on the actual system
input u(k), we may replace sat

(
�u(k)

)
with sat

(
u(k)

)+ ud,
where the saturation operator is defined as follows

sat(uo) =

⎧⎪⎪⎨
⎪⎪⎩

umin
o , if uo < umin

o

umax
o , if uo > umax

o

uo, otherwise,

(24)

where o is the index of controlled inputs inside vector u, and
umin

o and umax
o are the lower and upper bound for the input uo.

The final formulation of the dynamic regulator is therefore
(22), (23), which is very effective for practical application
since the computation of the feedback gains KP, KI may be
effectuated offline, i.e., solving (18) and (19), while online
calculations are limited to computing (22) and (23).

Note that, while the input u(k) is not saturated, the dynamics
(23) reduces to (12), implying that only steady-state desired
values for bottleneck cells are required, i.e., critical densities.
On the other hand, in case the input u(k) is saturated,
the computation of the integral state dynamics (23) requires
desired values for all state and input variables. Such nominal
values can be obtained from (10), by imposing values in
x̄d corresponding to the cells at the bottleneck equal to ρcr

and an arbitrary nominal demand dd, deriving the remaining
components via, e.g., a least-squares-based approach. Note
that, our numerical experiments have shown that the choice
of different nominal values has virtually no impact on the
controller performance, which can be explained by the fact
that the input is saturated mostly in non-critical situations,
e.g., for the ramp input case, when the on-ramp demand is
very low and ramp metering is, in fact, not needed.

D. Stability of the Closed-Loop System With Anti-Windup

A necessary condition for stability of the closed-loop system
is that matrix � must be opportunely chosen so that I +�KI

has stable eigenvalues λ̄ [39]; this can be achieved, for exam-
ple, via classical pole placement or via specific algorithm (see,
e.g., [39]). Note that, when inputs are not saturated, system
stability is guaranteed by the conditions stated in Section III-B,
as the pair (A, B), and (A, C) are the same in both cases; on
the other hand, when inputs are saturated, � must be properly
designed as it may affect the stability of (23).

In order to investigate stability of the closed-loop system in
case the controller (21), (23) is implemented and the input is
saturated, we rewrite (13) as

�x(k + 1) = ¯̄A�x(k) + (B + Raw�)sat(�u(k)), (25)

where

Raw =
[

0H×H

IS×S

]
, ¯̄A =

⎡
⎣ Ā 0H×S(

C̄ + �K P

)
(I + �KI )

⎤
⎦ (26)

According to [40], if there exist a symmetric positive definite
matrix Waw ∈ R

(H+S)×(H+S), a diagonal positive definite
matrix Saw ∈ R

(F+1)×(F+1), and a matrix Zaw ∈ R
S×(F+1) ,

satisfying:

� =
⎡
⎢⎣ Waw −Waw K ′ −Waw A′

−K Waw 2Saw SB ′ + Z ′
aw R′

aw
−AWaw BSaw + Raw Zaw Waw

⎤
⎥⎦ > 0,(27)

then, for Zaw = �Saw, system (25) is globally asymptotically
stable. In our case, we define matrix Waw as follows

Waw = ζ I(H+S)×(H+S), (28)

where ζ is a parameter to be opportunely calibrated. This result
implies that, by evaluating condition (27) for a reasonable
domain of λ̄ and ζ , we can assess the global asymptotic
stability of our system while designing controller parameters.

E. Activation Logic

For practical implementation, it is not necessary nor reason-
able at low densities (far from ρcr) to order lane-changes, since
it is not likely that a congestion would occur. We propose to
implement an activation logic, by introducing variable 	crt(k)
that indicates if the controller is active at time k (	crt(k) = 1)
or not (	crt(k) = 0). The proposed logic reads as follows

	crt(k)=

⎧⎪⎪⎨
⎪⎪⎩

1, if
∑

j ρI, j (k) > ρact

0, if
∑

j ρI, j (k) < ρdeact

	crt(k − 1), otherwise,

(29)

where ρact and ρdeact, are the activation and deactivation
thresholds, respectively. Essentially, the controller is activated
when the total density at the bottleneck exceeds ρact and it
remains active until the total density at the bottleneck becomes
lower than ρdeact. We consider selecting ρact > ρdeact in
order to avoid unnecessary switches between activation and
deactivation states, which may occur due to high frequency
fluctuations in traffic demand. Note that, due to the fact that the
congestion originates from the bottleneck area, it is sufficient
considering only total density at the bottleneck as the trigger
for the proposed activation logic.

IV. OPTIMAL SET-POINT TUNING VIA

EXTREMUM SEEKING

The proposed controller requires opportune set-points for
the per-lane densities at the bottleneck area. Note that the per-
lane optimal set-points, i.e., the per-lane critical densities, may
sum up to a higher value than the conventional cross-section
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Fig. 2. The employed extremum seeking scheme.

critical density, which is typically used in ramp metering
installations. This is because the lane-change control action
may help avoiding pre-mature congestion at one lane, while
density at other lanes is still under-critical. Finding appropriate
set-points may be a non-trivial task that is commonly per-
formed off-line, by collecting traffic data prior to the control
application and analysing the obtained fundamental diagrams,
in addition to some real-time fine tuning during the controller
application. On the other hand, adaptive algorithms have
been proposed and employed for on-line tuning the design
parameters within urban control strategies (e.g., [41], [42]).

As in [12], we employ a methodology based on discrete-
time extremum seeking, which is a model-free method for real-
time optimisation that can be utilised for adaptively tuning
set-points to achieve an optimal value of a cost utilising
only real-time measurements of an appropriate cost function.
Extremum seeking has been widely studied and used in several
applications, e.g. [42]–[44]. In our case, in order to guarantee
that the estimated set-points, denoted as ŷ, remain within a
feasible interval, we incorporate also an orthogonal projection
operator (34) that prohibits the estimated parameters from
leaving the interval

[
ŷmin, ŷmax

]
(see, for more details, [45]

and [46]).
The employed control framework for multi-parameter

extremum seeking, illustrated in Fig. 2, is formulated as

χ(n) = −hχ(n − 1) + �(ŷ(n)) − �(ŷ(n − 1)) (30)

ξ(n) = χ(n) sin(ωn + β) (31)

ȳ(n + 1) = ȳ(n) − Proj
{
γ ξ(n); ŷmin, ŷmax

}
(32)

ŷ(n) = ȳ(n) + α cos(ω(n + 1) + β) (33)

where

Proj
{
φ; ŷmin, ŷmax

}
=

⎧⎪⎪⎨
⎪⎪⎩

ȳ−φ−ŷmin

δ φ, if ȳ ≤ ŷmin+ φ + δ
ŷmax−ȳ+φ

δ φ, if ȳ ≥ ŷmax+ φ − δ

φ, otherwise.

(34)

The cost function � is evaluated while employing different
set-points in the control strategy;  = 0, . . . is the parameter
index; n is the iteration index of the extremum seeking
algorithm; ŷmin and ŷmax are physically meaningful bounds
for parameters ŷ; while h, ω, β, δ, γ , and α are parameters
of the extremum seeking algorithm. The optimisation of the
cost � is achieved by sinusoidally perturbing each parameter
estimate ȳ and then employing a gradient-based optimisation

by estimating, for each parameter, the gradient ξ. The gradient
is estimated by a high-pass filter (30) and a demodulator (31)
with the same frequency of the perturbation (see, for more
details, [44]).

Since the cost function must reflect the performance of the
traffic system for given set-points ŷ, candidate functions are,
for example, the Total Time Spent (TTS) [47] or the Total
Throughput. Here, we employ TTS since minimising TTS is
equivalent to maximization of a time-weighted sum of the total
network output, which is known to be happening when the
density is at its critical value (see, e.g., [48]). Finally, note that
the computation time required to run the extremum seeking
algorithm is negligible, as calculation is limited to solving
(30)-(34) once every given interval during which the controller
is applied; such interval could be, e.g., around morning or
afternoon peak-hour or an entire day.

V. EXPERIMENT SET-UP

A. Nonlinear Multi-Lane Traffic Flow Model

In order to test and evaluate the performance of the proposed
control strategy, we present simulation experiments using a
first-order traffic flow model based on [10]. The model is used
for reproducing the traffic behaviour for a multi-lane motorway
and it features: (i) non-linear functions for the lateral flows of
manually driven vehicles (which may also act as disturbances
for the designed controller); (ii) a Cell Transmission Models
(CTM)-like formulation for the longitudinal flows; and (iii) a
non-linear formulation to account for the capacity drop phe-
nomenon. Briefly, we consider the conservation law equation
(1), where all variables are defined as in Section II. Lateral
flows due to manual lane-changing, denoted as f M

i, j (k) are
considered among adjacent lanes of the same segment, and
corresponding rules are defined in order to properly assign
and bound their values. They are computed as

f M
i, j (k) = li, j, j+1(k) − li, j+1, j (k), (35)

where

li, j̄ , j (k) = min

{
1,

Ei, j (k)

Di, j−1, j (k) + Di, j+1, j (k)

}
Di, j̄ , j (k)

(36)

Ei, j (k) = Li

T

[
ρ

jam
i, j − ρi, j (k)

]
(37)

Di, j (k) = Li

T
ρi, j (k)Ai, j, j̄ (k) (38)

Ai, j, j̄ (k) = μ max

{
0,

Gi, j, j̄ (k)ρi, j (k) − ρi, j̄ (k)

Gi, j, j̄ (k)ρi, j (k) + ρi, j̄ (k)

}
, (39)

and j̄ = j ±1. Variable E denotes the available space, in terms
of flow acceptance, while D denotes the lateral demand flow,
which is computed via definition of the attractiveness rate A.
Equation (36) accounts for the potentially limited space that
may not be sufficient for accepting the lateral flow entering
from both sides of a cell. In (39), the factor G is mostly equal
to 1, which implies the intent of drivers to move towards a
faster lane (which may lead also to balanced densities among
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lanes), but may also be tuned to reflect particular location-
dependent effects where lateral flow may occur in the direction
from a lower density to a higher one (e.g. upstream of on- and
off-ramps, lane drop locations, etc.); while μ is a constant
coefficient in the range [0, 1] reflecting the “aggressiveness”
in lane-changing.

Longitudinal flows are the flows going from a cell to the
next downstream one, while remaining in the same lane.
We employ the Godunov-discretised first-order model pro-
posed in [10], employing however a non-linear exponential
demand function for under-critical densities, to obtain a more
realistic behaviour at low densities. The model accounts also
for the capacity drop phenomenon, via a linearly decreasing
demand function for over-critical densities [49] and a linear
reduction of the maximum flow as a function of the entering
lateral flows. The overall formulation for longitudinal flow is

qi, j (k) = min
{

QD
i, j (k), QE

i+1, j (k) − di+1, j (k)
}

, (40)

where

QD
i, j (k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

vmax
i, j exp

⎡
⎢⎣− 1

α

⎛
⎝ρi, j (k)

ρcr
i, j

⎞
⎠

α
⎤
⎥⎦ρi, j (k), if ρi, j (k) < ρcr

i, j

(1 − γ )Qcap
i, j

ρcr
i, j − ρ

jam
i, j

[
ρi, j (k)−ρ

jam
i, j

]
+QB

i, j (k),otherwise

(41)

QE
i+1, j (k) =

⎧⎪⎨
⎪⎩

Q
cap
i+1, j , if ρi+1, j (k) < ρcr

i+1, j

wi+1

[
ρ

jam
i+1, j − ρi+1, j (k)

]
, otherwise

(42)

QB
i, j (k) = γ Q

cap
i, j − ν

[
li, j+1, j (k) + li, j−1, j (k)

]
. (43)

Parameter vmax denotes the maximum speed, Qcap is
the capacity flow, ρcr is the critical density, while

α =
(

ln Qcap

vmaxρcr

)−1
[50]. Parameter ϕ influences the extent of

capacity drop due to overcritical densities, while ν affects the
capacity drop due to entering lateral flows. Note that, setting
ϕ = 1 and ν = 0, we obtain a conventional first-order model,
i.e., no capacity drop appears at the head of congestion.

The proposed model is characterised by constant parame-
ters; specifically, it is assumed that the FD does not change
during the simulation. However, in the presence of a per-
centage of connected and automated vehicles using driving
assistance systems, such as adaptive cruise control (ACC)
or cooperative ACC (CACC), these values may be altered,
resulting in a different FD (see, e.g., [51]; this phenomenon
is not captured by this model.

B. Network Description and Simulation Configuration

We consider a hypothetical two-lane motorway stretch,
shown in Fig. 3, to test and evaluate the performance of
the proposed strategy. In particular, we consider a network
composed of 10 segments characterised by the same length
Li = 0.5 km, while we employ a time step T = 10 s.
Different lanes feature different parameters, namely a different
Fundamental Diagram (FD), which may reflect different traffic
composition (e.g., a high number of heavy vehicles reducing

Fig. 3. Motorway stretch employed in the simulation experiments.

Fig. 4. Traffic demand used in the simulation experiments.

the capacity of a specific lane). In addition, the used traffic
demand is depicted in Fig. 4.

We test our controller by considering only a percentage η of
vehicles that are connected and automated, i.e., implementing
the lane-changes dictated by the controller, while the other
vehicles are assumed to behave according to the lane-changing
model for manual vehicles described in (35)-(39). Moreover,
while the controller is not activated (	crt(k) = 0), all vehicles
have the same lane-changing behaviour as manual vehicles.
The lateral flow implemented in numerical experiments is
therefore

f̄i, j (k) =
{

f M
i, j (k), if 	crt(k) = 0

sat
(

fi, j (k)
)+ (1 − η) f M

i, j (k), if 	crt(k) = 1.
(44)

Since ramp metering actions may create a queue outside the
motorway network, we introduce the following dynamics for
the queue length w(k) (in veh)

w(k + 1) = w(k) + T
(
d10,1(k) − r̄10,1(k)

)
, (45)

where d10,1(k) is the on-ramp external demand during time
interval (k, k + 1]. The ramp flow implemented in our numer-
ical experiments is

r̄10,1(k) =
{

d10,1(k), if 	crt(k) = 0,

sat
(
r10,1(k)

)
, if 	crt(k) = 1.

(46)

We consider the following bounds for the control inputs:

sat( fi, j ) =

⎧⎪⎪⎨
⎪⎪⎩

f min
i, j = − Li

T ρi, j+1, if fi, j ≤ f min
i, j

f max
i, j = Li

T ρi, j , if fi, j ≥ f max
i, j

fi, j , otherwise;
(47)

sat(r10,1) =

⎧⎪⎪⎨
⎪⎪⎩

rmin
10,1 = 0, if r10,1 ≤ rmin

10,1

rmax
10,1 = min

(
w
T +d10,1, Qcap

r

)
,if r10,1 ≥ rmax

10,1

r10,1, otherwise.

(48)

Bounds for lateral flows (47) account for the amount of vehi-
cles in the demand cell that are available for lane-changing;
whereas bounds for ramp flow (48) consider the total available
flow, which depends on both vehicles queuing and on-ramp
demand, as well as the ramp capacity Qcap

r .
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TABLE I

PARAMETERS USED IN THE NONLINEAR MULTI-LANE
TRAFFIC FLOW MODEL

Note that, since the longitudinal flow model implemented
in this work assumes priority for the on-ramp flow (via
(40)), the assigned on-ramp flow, for both the no-control and
controlled cases, is not restricted by the amount of vehicles
within the mainstream cell, while restrictions (the supply part
of the FD) apply for the flow coming from upstream. This
implies that, unless the ramp flow is limited by a controller,
it is fully allowed to enter the mainstream; therefore, there
is no need to specify bounds dependent on the mainstream
traffic conditions. In addition, in the presented experiments
(as well as in the majority or real situations), we assume that
the ramp capacity is smaller than the mainstream one; in the
opposite case, there may be need to consider for the presence
of on-ramp queues also for the no-control case, thus d10,1
should be saturated in (46).

As performance metric we employ the TTS over a finite
time horizon K , defined as

TTS = T
K∑

k=0

N∑
i=0

Li

Mi−1∑
j=mi

ρi, j (k) + T w(k). (49)

Note that TTS is used both for numerical comparisons among
scenarios and as cost function to be minimised within the
extremum seeking algorithm.

C. ALINEA

To further investigate the benefits of considering lateral
flow control, we include numerical experiments employing
the ramp-metering feedback controller ALINEA [47] in an
additional simulation scenario. The goal of ALINEA is to
maintain the total (cross-lane) density at its critical value in
the bottleneck segment, by manipulating only the ramp inflow.
Accordingly, we implement the following control law

u(k) = u(k − 1) − K A
(
ρtot(k) − ρ̂tot(k)

)
, (50)

where, e.g., in our scenario, ρtot(k) = ρ10,1(k) + ρ10,2(k);
the set-point ρ̂tot = ρcr

10,1 +ρcr
10,2; while the gain K A may be

selected via a trial-and-error tuning procedure.

D. Presence of Off-Ramps

In order to illustrate the robustness of the proposed
controller to unmeasured disturbances, we develop an

additional numerical experiment that accounts for the
presence of an off-ramp. We consider the same network as in
Section V-B, assuming the presence of an additional off-ramp
located in segment 3 lane 1; this is formulated by adding a
specific off-ramp term −γ3,1

∑
q3, j (k) in the conservation

law (1) of the nonlinear model of Section V; see [10] for
details. For this scenario, no modifications are made to the
integrated controller. Note also, that in this case also the
no-control case used for comparison needs to be modified to
account for the presence of the off-ramp.

VI. EXPERIMENTAL RESULTS

A. No-Control Case

The no-control case is defined by implementing the nonlin-
ear traffic model (35)-(43) for the described network. Looking
at Fig. 5(a), one may observe that a strong congestion develops
at the merge area (segment i = 10) and spills-back until
segment i = 1. The congestion starts at the merge bottleneck
area, where the density exceeds its critical value in both lanes
(see Fig. 6).

The reasons for the congestion are a) the high inflow
entering from the ramp, since the total demand during the
peak period is about 4600 veh/h, while the overall capacity
is 4200 veh/h; as well as b) the inefficient “natural” lane-
changing flow. Capacity drop also occurs at the bottleneck
cells of the stretch, which worsens the congestion.

B. Lateral Flow and Ramp Metering Controller

In order to test our proposed strategy, we apply the linear
dynamic compensator (21), (23) to the non-linear traffic model
(35)-(43). In the following experiments, we assume that the
current system state (density) is exactly known, i.e., there are
no measurement errors. To start with, we show here results for
a percentage η = 0.5 of connected and automated vehicles.
The controller is active during the entire simulation, thus
	crt(k) = 1,∀k.

As described in Section III-C, the anti-windup scheme
requires nominal values for all state and input variables (i.e., xd
and ud). Assuming steady-state conditions, we impose desired
states at bottleneck cells equal to critical densities and we
derive the remaining nominal states using a pseudoinverse
(least-squares-based) approach.

We initially perform a set of experiments to select the
controller parameters and to investigate the sensitivity of the
controller to the choice of parameters wQ , wR1 , wR2 , λ̄1, and
λ̄2, using as evaluation metric the resulting TTS. As can be
seen from Fig. 7, which shows how the obtained TTS varies
by altering, in pairs, the weights used in the cost function (14),
the controller is capable of obtaining a low TTS value (blue
areas) for a wide range of such parameters. This indicates that
the controller is little sensitive to the parameters choice, which
is desirable for practical applications, since it implies there is
no need for fine tuning in order to achieve satisfactory results.

Observing Fig. 8 (left), we see that the performance of the
controller is not affected by values of λ̄1 and λ̄2 within the
interval (−1, 1). However, since these results are based on
numerical experiments, there may be some conditions (e.g.,
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Fig. 5. Contour plots of per-lane densities for the different tested scenarios.
(a) No-control case, (b) ALINEA controlled case (η = 0.5), (c) Controlled
case (η = 0.5), (d) Controlled case, with activation logic (η = 0.5), (e) Off-
ramp No-control case, (f) Off-ramp controlled case (η = 0.5).

saturation of some inputs), which are not appearing during
our simulation runs, where the system becomes unstable,
which would cause a deterioration of traffic conditions. Thus,
we investigate the closed-loop stability of our system following
the results presented in Section III-D; namely, we check
whether matrix � in (27) is positive definite for a domain
of λ̄1, λ̄2, and ζ . For the sake of brevity, we illustrate results
for λ̄ ≡ λ̄1 = λ̄2 in Fig. 8 (right), where we can observe that
there are no unstable eigenvalues for −0.2 ≤ λ̄ ≤ 1, which

Fig. 6. Density at bottleneck cells in the no-control case.

Fig. 7. Sensitivity analysis showing TTS for: (a) a domain of wR1 and wR2 ,
while wQ = 1; (b) a domain of wQ and wR2 , while wR1 = 1; (c) a domain
of wQ and wR1 , while wR2 = 0.001.

Fig. 8. TTS for a domain of λ1 and λ2 (left) and number of negative
eigenvalues in � (right), while wQ = 1, wR1 = 1, and wR2 = 0.001.

means that � is positive definite. As a result, this implies that
assigning eigenvalues λ̄1 and λ̄2 within the range (−0.2, 1) not
only produces good results in term of TTS (Fig. 8 (left)), but
also guarantees asymptotic stability of the closed loop system.

We now show detailed simulation results using wQ = 1,
wR1 = 1, wR2 = 0.001, λ1 = 0.75, and λ2 = 0.75. We can
observe in Fig. 5(b) that the congestion fully disappears, while
the entire network is basically in free-flow for the entire
simulation. The controller is in fact capable of maintaining
densities at the bottleneck areas at their critical values during
the period with high demand (see Fig. 9). This is achieved
by the integrated usage of lane-changes and ramp metering
actions. The former are implemented during the entire sim-
ulation (see Fig. 10 (left)), assigning vehicles to move from
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Fig. 9. Density at bottleneck cells in the controlled case.

Fig. 10. Contour plots of lateral flows in the controlled case, for η = 50%,
without activation logic (left) and with activation logic (right).

Fig. 11. On-ramp queue (a) and flow (b) in the controlled case, for η = 50%;
and on-ramp queue (c) and flow (d) in the ALINEA case.

lane j = 1 to lane j = 2, i.e., moving away from the merging
lane; while the latter are implemented during the peak period
only, creating a large queue (see Fig. 11), which is not upper-
bounded in our experiments. The TTS improvement is about
26% (see also Table II).

C. Implementation of the Activation Logic

As can be observed from Fig. 10 (left), a large amount
of lane-changes is assigned by the controller also during
periods when the density at the bottleneck is low (see Fig. 9).
In order to prevent from ordering these unnecessary actions,
we test here the activation logic designed in Section III-E.
In our experiments, we choose ρact = 0.7

∑2
j=1 ρcr

10, j and

ρdeact = 0.5
∑2

j=1 ρcr
10, j , while we initialise 	crt(0) = 0.

Similarly as in the previous case, using the activation logic,

Fig. 12. On-ramp queue comparison for different η.

TABLE II

TTS FOR THE DIFFERENT SCENARIOS

the congestion fully disappears and the densities at the bot-
tleneck area remain at their critical values, as can be seen
in Figs. 13 and 5(d). Nevertheless, differently from the pre-
vious case, the controller is active only in the central part
of the simulation, namely when demand is high (see Fig. 10
(right)). This has a minor impact on the TTS, which results
slightly worse than without employing the activation logic, but
still presents a considerable improvement of about 23% with
respect to the no-control case (see Table II). On the other
hand, employing the activation logic produces a considerable
reduction of total number of lane-changes, in comparison with
the controlled case without activation logic (see Table II),
which is known having a positive effect on traffic smoothness
and safety.

D. Different Penetration Rates of Controlled Vehicles

We test here a range of different penetration rates of con-
nected and automated vehicles, which also shows the robust-
ness of the proposed controlled to disturbances. We evaluate
TTS for η = {

0.25, 0.5, 0.75, 1
}

and we report numerical
results in Table II. Note that η = 1 corresponds to 100%
connected and automated vehicles, which is therefore an upper
bound for the effectiveness of the proposed strategy. Our
results show that a 26.6% improvement is achieved for η = 1,
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Fig. 13. Density at bottleneck cells in the controlled case with activation
logic.

while TTS does not deteriorate significantly for the tested
lower penetration rate. The resulting ramp-metering control
actions for the different penetration rates η are very similar;
we present in Fig. 12 the maximum and average values for
the queue created at the on-ramp. From these results, we can
deduce that, in the presence of a higher amount of vehicles
able to perform controlled lane-changes, the controller needs
to keep less vehicles queuing outside the mainstream, with a
larger improvement in term of traffic conditions. Moreover,
we can observe that applying the activation logic has minimal
effect on the resulting TTS, therefore, in practical implemen-
tations, its usage should be preferred.

E. ALINEA Implementation

Considering (50), we set K A = 53 tuned using some exper-
iments. Applying the controller (50) in the model (35)-(43),
we observe that, despite the ALINEA strategy is successful in
maintaining total density at its critical value (see Fig. 14(a))
and avoiding the creation of congestion (see Fig. 5(b)), the per-
lane densities are not maintained at their respective critical
values (see Fig. 14(b)). Since per-lane capacity is achieved
when the per-lane densities are at critical values, this implies
that, in this case, the resulting total throughput is lower,
causing also longer queues at the on-ramp (see Fig.11). As a
consequence, the resulting TTS is higher than in the previous
cases, namely TTS = 901.2 veh·h, proving the added benefit
of applying lane-changing control in combination with ramp
metering.

F. Off-Ramp Case

As it was envisioned, adding an off-ramp does not have a
significant impact on the application of our controller. This is
due to the fact that, since the outflow exiting the motorway at
the off-ramp can be viewed as an unknown disturbance, this
is automatically rejected by the controller in a similar manner
as other disturbances affecting the system. The TTS for the
related no-control case, i.e., where the off-ramp is considered,
is TTS = 677 veh·h; corresponding density contour plots are
presented in Fig. 5(e). Note the mildest congestion, due to the
fact that some flow leaves the network at the off-ramp, which
is located upstream of the bottleneck area. We present here
only results applying the controller with η = 0.5, resulting

Fig. 14. Density at bottleneck cells in the ALINEA controlled case.
(a) Summation of densities at bottlenecks, (b) Separated value of density
at bottleneck cells.

TABLE III

PARAMETERS USED IN THE EXTREMUM SEEKING SCHEME

in TTS = 545 veh·h, which is a 18% improvement with
respect to the no-control case. The density results related to
this experiment are shown in Fig. 5(f), where one can notice
that the controller is capable of resolving the corresponding
congestion in a similar way as in the previous cases.

G. Extremum Seeking Algorithm

The results presented so far are based on the knowledge
of the exact value of critical densities at the bottleneck
location. To overcome a situation where these values may
be unknown, we test here the effectiveness of the extremum
seeking algorithm for finding the optimal set-points proposed
in Section IV. We employ the same network as described
above, applying the controller with activation logic presented
in Section VI-C, computing the TTS for the controlled area
over a horizon t = 240 min, which corresponds to one
iteration of the extremum seeking algorithm, and using the cost
� = −TTS. This procedure is iteratively performed for 600
times in our case. The set of parameters used in the algorithm
is presented in Table III.

The set-points are initialised as ρ̂10,1 = 28 veh/km,
ρ̂10,2 = 24 veh/km, which represents a non-optimal set-point
configuration for our controller (i.e., set-points are different
from the critical densities). As shown in Fig. 15 (left), the pro-
posed algorithm achieves the optimal cost, while also reaching
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Fig. 15. The cost function (left) in the no-control case (yellow), opti-
mum achieved setting critical densities as set-points (red), and applying
the extremum seeking algorithm (blue); and the set-points achieved by the
extremum seeking algorithm (right).

and maintaining the optimal density set-points (Fig. 15 (right)).
Note that, once the extremum seeking algorithm converges
to the true critical densities, the traffic pattern is the same
as reported previously in this section, therefore no additional
simulation results are reported.

VII. CONCLUSION

The methodology presented in this article demonstrates that
integrated lane-changing and ramp metering control may be
employed as an efficient management strategy, in a future
where a percentage of connected and automated vehicles
will be present in traffic. The proposed strategy is designed
based on well-established feedback control methods, which
guarantee its efficiency and applicability, while also requir-
ing a very limited computation effort. The robustness and
insensitivity to parameters choice, as well as the adaptive
component, i.e., the extremum seeking algorithm, allow for
an easy implementation, without necessity of lengthy and
costly traffic observations and parameter tuning. The controller
requires per-lane density data for the entire stretch under
consideration, which may be obtained from spot detectors
and/or connected vehicles. Various traffic state estimators
have been proposed to produce such data, starting also from
incomplete measurements, such as [52]–[55].

Despite the fact that the model used in the experiments does
not consider explicitly effects of connected and automated
vehicles on the FD shape and parameters, which may have an
effect on the set-points that are then employed within our con-
troller, the experiments with the extremum seeking algorithm
demonstrate that, even without any knowledge of the non-
linear model structure or parameters, the set-points converge to
the critical densities. Therefore, despite our experiments do not
cover explicitly the case of varying capacities, we are confident
that our method would behave appropriately in such cases as
well. In order to further investigate this issue, we envision
testing this strategy in microscopic simulation, which allows
also to assess in more detail the impact of different penetration
rates and different aspects related to traffic behaviour, such as,
e.g., heterogeneity of drivers and compliance to control tasks.

Further developments include the incorporation in the con-
trol strategy of mainstream flow control, which may be imple-
mented, for example, via variable speed limits, as well as
accounting for the presence of multiple bottlenecks; the latter
could, e.g., follow the works in [56], [57]. Another possible
direction is to investigate the case of more complex networks,

characterised by multiple destinations, where the behaviour of
connected and automated vehicles is defined per-destination.
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