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Abstract—Molecular communication (MC) enables coopera-
tion of spatially dispersed molecular robots through the feed-
back control mediated by diffusing signal molecules. However,
conventional analysis frameworks for the MC channels mostly
consider the dynamics of unidirectional communication, lacking
the effect of feedback interactions. In this paper, we propose a
general control-theoretic modeling framework for bidirectional
MC systems capable of capturing the dynamics of feedback
control via MC in a systematic manner. The proposed framework
considers not only the dynamics of molecular diffusion but also
the boundary dynamics at the molecular robots that captures the
lag due to the molecular transmission/reception process affecting
the performance of the entire feedback system. Thus, methods in
control theory can be applied to systematically analyze various
dynamical properties of the feedback system. We perform a
frequency response analysis based on the proposed framework
to show a general design guideline for MC channels to transfer
signal with desired control bandwidth. Finally, these results are
demonstrated by showing the step-by-step design procedure of a
specific MC channel satisfying a given specification.

Index Terms—Molecular communication, Feedback control,
Modeling, Biological control systems, Diffusion equation.

I. INTRODUCTION

In nature, bacterial cells are known to control collective
behaviors of their populations via a molecular communication
(MC) mediated by the diffusion of signal molecules [1]-
[3l. Recently, this naturally existing mechanism has inspired
researchers to engineer diffusion-based MC systems that en-
able artificially designed molecular robots to communicate
with each other in a fluidic medium [4]—[7]. The diffusion-
based MC has potential to enable multiple molecular robots
to form a feedback system via signal molecules, and thus,
it facilitates to generate cooperative behaviors, broadening the
application fields of molecular robots to targeted drug delivery
and remote health diagnosis [7]-[10]. For the streamlined
design of such MC systems, fundamental properties of systems
such as frequency response, stability, and robustness need to
be analyzed. Thus, there is a need for the development of
feedback control theory for bidirectional MC systems.

Many of the existing systems theory on MC focused on the
frequency response analysis of MC channels since securing
the desired control bandwidth is a critical and challenging task
in the design of the diffusion-based MC due to the low-pass
effect of diffusion [T1]-[13]]. In control engineering, control

This work was supported in part by JSPS KAKENHI Grant Numbers
JP21H05889 and JP22J10554, and in part by JST SPRING Grant Number
JPMISP2123.

T. Kotsuka and Y. Hori are with the Department of Applied Physics
and Physico-Informatics, Keio University, Kanagawa 223-8522 Japan. Cor-
respondence should be addressed to Y. Hori (email: tkotsuka@keio.jp;
yhori@appi.keio.ac.jp).

bandwidth refers to the range of frequencies within which
a feedback control system can effectively operate. In other
words, the MC system can respond quickly and make effective
actions only to the changes within the control bandwidth.
In [11]], the gain characteristics and the group delay of the
unidirectional MC channel was analyzed based on Green’s
function of diffusion equation. However, this approach is not
directly applicable to the analysis of bidirectional MC channels
since bidirectional MC channels can cause self-interference
by receiving signal molecules transmitted by the molecular
robot itself, and the frequency response characteristics of
bidirectional MC channels would be different from that of
conventional unidirectional MC channels. To analyze the ef-
fect of bidirectional communication, a feedback model was
previously proposed from the authors’ group by combining
unidirectional MC channels [14]], [15]. Applications of this
model were, however, limited due to its standing assumption
that signal reception is based on the receptors on the molecular
robots, which makes it hard to capture transmission/reception
mechanisms by secretion and absorption of signal molecules
such as quorum sensing, one of the major methodologies to
implement MC. This motivates to develop a unified system
theoretic framework for the modeling, analysis and design of
bidirectional molecular communication systems.

In this paper, we propose a control-theoretic modeling
framework for bidirectional MC channels with two molec-
ular robots and demonstrate the streamlined design process
of MC systems based on their frequency response analysis.
The proposed framework considers not only the dynamics
of molecular diffusion but also the boundary dynamics that
captures the lag of signal transfer due to the molecular trans-
mission/reception process at the interface between the com-
munication channel and the molecular robots, which affects
the performance of the entire feedback system. The overall
model, thus, consists of a feedback loop of molecular robots,
the boundary system, and the diffusion-based MC channel.
This model enables comprehensive analysis and design of the
dynamics of the feedback systems using methods in control
theory. Using the proposed model, we analyze the frequency
response characteristics of the bidirectional MC channel based
on the transfer functions. In particular, we show a general
design guideline of the MC channel and the membrane of
the molecular robots so that signals with pre-specified control
bandwidth is transferred while undesirable effects of the self-
interference are suppressed. Finally, we perform the frequency
response analysis for a specific MC channel to demonstrate
these results.

This paper is organized as follows. In the next section,
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Fig. 1. The molecular communication system. The system consists of a
bidirectional MC channel with two molecular robots at both ends. Both
molecular robots communicate by sending and receiving the same species
of signal molecules to and from each other.

we model bidirectional MC systems and introduce general
control-theoretic models of the MC systems consisting of three
subsystems; the diffusion system, the boundary systems, and
the molecular robots. In Section [Tl we analyze the frequency
response characteristics of the diffusion system to design the
open loop characteristics of the MC channel based on the
cut-off frequency of the diffusion system. We then provide
the design guideline of the boundary systems to suppress the
undesirable effect of the self-interference in Section[[V] These
results are then demonstrated in Section [V] for the design of a
specific MC system. Finally, the paper is concluded in Section

v

Notations: The (7, j)-th entry of a matrix A is denoted by as
A;;j. R is a set of real numbers, R" is a set of n dimensional
vectors with real entries.

II. CONTROL-THEORETIC MODEL OF MC SYSTEMS

In this section, we model bidirectional MC systems con-
sisting of the diffusion-based MC channel with two molecular
robots. We then introduce the general control-theoretic MC
model that expresses the feedback interaction of the diffusion
region, the molecular robots, and their boundaries in the MC
system.

A. Governing equations

We consider a bidirectional MC channel with two molecular
robots at both ends as shown in Fig. [[l Both molecular robots
communicate with each other by signal molecules diffusing
in one-dimensional fluidic environment @ = [0, L] with L
being the communication distance. The MC system consists
of three parts: the diffusion region, the molecular robots, and
the boundaries between them.

In the diffusion region, the signal molecules diffuse in
fluidic environment, which is modeled by diffusion equation
with the molecular concentration of the signal molecules
¢(t,r) at time ¢ and position r as

de(t,r)

O%c(t,r)
ot = M ge (1

where p is the diffusion coefficient. We assume that the initial
condition is
c(0,r) =

0; Vr € Q, 2)
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Fig. 2. Dynamics at the boundary between the diffusion region and the

molecular robot for different membrane signal transfer mechanisms.

The boundary conditions depend on the membrane signal
transfer mechanisms at both ends since the molecular con-
centration at the boundaries changes dynamically based on
the membrane signal transfer and the inflow/outflow of the
signal molecules from/to the diffusion region. Let OS2 denote
the boundary of the region 2 at position * (x = 0,L). We
define the boundary system X, that captures the dynamic
input-output relation between the inside of the molecular robot
at position * and the diffusion region as illustrated in Fig.
2 respectively. More specifically, the boundary system X,
represents a dynamic Dirichlet boundary condition when the
membrane signal transfer mechanism is the secretion and the
absorption of molecules, and it represents a dynamic Neumann
boundary condition in the case of ligand-receptor reception.
For many practical examples, the boundary system >, can be
modeled by a linear time-invariant system of the form

d:c;t(t) = A,z (t) + B. {Z:Eg] 7 3)
[;}:Eg] = Cizx(t) + D, E:gﬂ ’

where A, € R"*", B, € R"*2 (C, € R?*" and D, € R?*2,
The state z.(t) € R™ is the concentration of molecules
associated with the membrane signal transfer, y.(t) is the
signal transmitted into the molecular robot as a result of
membrane signal transfer as shown in Fig. Pl and ¢, () is the
total concentration of the signal molecules in the molecular
robot. The physical correspondence of the variables v, (t) and
24(t) depends on the membrane signal transfer mechanisms
as seen in Fig. @l Specifically, v, (¢) and z.(t) are either the
concentration c(t, ) or the concentration gradient dc(t, x)/0r,
which is dc(t,r)/Or at position * defined by

v (t) = c(t, %), z.(t) = %;*) (09 is Dirichlet)
v (t) = %, z(t) = c(t,x) (0 is Neumann).
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There are several mechanisms to transfer signal molecules
via membrane including transmembrane and ligand-receptor
systems. In the following examples, we show that the dynam-
ics of typical membrane signal transfer mechanisms can be
represented by the state space model (3).

Example 1. We consider transmembrane systems such as
quorum sensing mechanisms and ion channels [16], [17],
which passively transport specific molecules depending on the
difference of the concentration between the inside and the
outside of a molecular robot. The boundary system >, can
then be modeled based on the law of conservation of mass as

dCo;; (t) k(co(t) — cout(t)) + Iuacgf; 0) 7
yo(t) = E(cous(t) — co(t)), )

where cout(t) is the concentration of the signal molecules out-
side of the molecular robot, k is the membrane transport rate.
yo(t) is the flow of the signal molecules into the molecular
robot. The transmembrane dynamics (3) can then be translated
into the state space model (@) as

. 0c(t,0)
d 35” = —kao(t) + [p k][ o, ]
Co
0c(t,0)
c(t,0)] 1 0 0
[yo(t)} - [k}“(t”[o —’ch%]' ©

Example 2. We next consider ligand-receptor systems, where
the molecular robot receives signals via receptors. The signal
molecules arriving at the boundary OS2 adsorb onto receptors
on the surface of the molecular robot and then desorb. The
dynamics of the boundary system X>;, can be represented as
dcgt(t) - —H% = _koﬁ'cA (t) + Rkonc(tv L)a(7)
yo(t) = keeca(t),
where c4(t) is the molecular concentration adsorbed by re-
ceptors [6], [18], [19]. The constants k., and kg are the
adsorption/desorption rate, respectively, and k. is the signal
transduction rate into the molecular robot. The constant R is
the total number of receptors, assuming that it is much larger
than the number of the signal molecule/receptor complexes.
The output y,(t) is the signal into the molecular robot, which
is proportional to c4(¢). The state space model (@) can be
expressed based on the ligand-receptor dynamics () as

dxgt(“ —koz () + [kon 0] {cc(z’(f))}, ®)
de(t, L) o Ron o) ret, )
l y%) ] o ke s 0 o [CL(t)]’

where z,(t) = ca(t).

B. Control-theoretic model in frequency domain

Next, we introduce a unified control-theoretic model of the
MC system that represents the feedback interaction of the three
components, i.e., molecular robots, diffusion system, and the
boundary systems, of the MC systems in general.

Let G*(s) denote the multi-input multi-output transfer func-
tion of the diffusion system, where the two input and the output
is defined as [vo(s),vr(s)]T and [20(s), 21 (s)]T, respectively.
The subscript f = dn,dd,nd,nn represents the different
combinations of the boundary mechanisms at both ends of the
region €2, where d is Dirichlet boundary and n is Neumann
boundary. We also define H*(s) and F*(s) as the transfer
functions of the boundary systems and its associated molecular
robots at position *(x = 0, L), respectively. Then, the MC
system can be systematically modeled as the feedback system
shown in Fig. [3] with the three types of subsystems: the
diffusion system G*(s), the boundary systems H*(s), and the
reaction system in the molecular robots F*(s). The feedback
interaction of the subsystems is formally written as

| Rl R ©
i = o) (10)
cul(s) = Fr(s)els, %), an

where c(s, *), v.(s), and z.(s) are defined as the Laplace
transform of the molecular concentration c(t,*), the input
v« (t), and the output z, (t), respectively. The transfer function
of the boundary system #H*(s) is obtained from the state
space representation ) as H*(s) = C.(sI — A,) ' B, + D,
(* = 0, L). The transfer function of the diffusion system G*(s)
depends on the boundary mechanisms, which determines the
input v, (s) and the output z,(s) of the diffusion system G*(s)
as illustrated in Fig. 2l Specific forms of the transfer function
of the diffusion system G¥(s) are introduced in Section [Tl

The control-theoretic model @)—(II) allows us to analyze
and design each subsystem that ensures the stability, robust-
ness and performance of the bidirectional MC systems using
methods in control theory. In particular, the proposed model
explicitly considers the interaction between the diffusion sys-
tem G*(s) and the boundary system #*(s), which is often
overlooked despite a large impact on the overall dynamics as
illustrated in Section [Vl Thus, we can, for example, design
the frequency response characteristics of the closed-loop MC
channels T'or,(s) and Tor(s) in Fig. Bl which are transfer
functions from co(s) to zp(s) and from cp(s) to zo(s),
respectively, through the design of the boundary mechanisms
at the surface of the molecular robots. In the following section,
we first derive specific forms of the transfer functions G#(s)
and analyze the effect of the feedback interaction between the
diffusion system G%(s) and the boundary system 7{*(s) on
the closed-loop frequency response. This analysis then gives
an insight into the design of the boundary system #*(s)
that attenuates undesirable effect of the boundary-diffusion
interaction.

Remark 1. The control-theoretic model in Fig. [ also
captures the effect of the cross-talk due to the use of the same
molecular species between the two molecular robots. Here, the
cross-talk refers to the interference of the communication from
the molecular robot at » = 0 to the robot at » = L by signals
transmitted from the robot at r = L. In Fig.[3 the signal y,(s)
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Fig. 3. Control-theoretic model of the MC system. The model represents the
feedback interaction of the three components, the diffusion system gﬁ (s), the
boundary systems H*(s), and the molecular robots F*(s).

is expressed as yr(s) = Mor(s)co(s)+Mrr(s)er(s), where
Mo, and M1 (s) are the transfer functions from the inputs
co(s) and cr(s) to the output yr(s), respectively. The first
term represents the transmission characteristics of the signal
from the molecular robot at » = 0 to the robot at » = L while
the second term Maa(s)cr(s) represents the transmission
characteristics of an undesired signal corresponding to the
effect of the cross-talk, i.e., the effect of the signal transmitted
from the molecular robot at r = L.

III. FREQUENCY RESPONSE ANALYSIS OF THE DIFFUSION
SYSTEM

In this section, we show the derivation of the transfer
function of the diffusion system G*(s) to analyze its frequency
response characteristics. We then show the parameter depen-
dency of the bandwidth of signals that can be transferred by
passive diffusion based on the transfer function.

A. Transfer function of the diffusion system

Recall that the entries of the transfer function matrix G*(s)
consist of the transfer functions from v, (s) to z.(s) (x =
0,L). The v.(s) and z.(s) are either the concentration or
concentration gradient of the signal molecule at the boundary
O as defined in (@). Here, we derive a general form of these
transfer functions and provide its system-theoretic interpre-
tation. The following theorem shows a specific form of the
transfer function from the input v.(s) to the output z(s),
where z,(s) is the Laplace transform of the concentration
c(t,0) or its gradient dc(t, r)/Or at position £ € Q.

Theorem 1. Consider the diffusion equation (I) with the initial
condition ) and the boundary conditions (@). The transfer
function from v, (s) to z,(s) is given by Z,G, .(s) (x =0, L),
Le.,

20(s) = Z0Gy i (s)vi(s), (12)

where

g(s,L —d)Kg(s, L)+ g(s,d)
1+ Kg(s,L)g(s, L)

Gra(s) = 13)

—O— g(s,d) —@—g(s,L-d)— K

Bouncing off walls

Fig. 4. The block diagram of the diffusion process.

with
g(s,r) = efﬁﬁ, (14)
= {—1 (09 are both Dirichlet or both Neumann)
1 otherwise,
(15)
d=|r— x| (16)

The operator Z, on a function f is defined by

of B ~Oc(s,7)
Zf = /O fdr (v*(s) = % o ze(s) = c(s,z)>
f otherwise,
r={

a7)

The proof of this theorem is shown in Appendix [Al Fig. (]
illustrates the block diagram of the transfer function Z,G, .(s)
in (I3). This figure illustrates that the transfer function from
v.(8) to z¢(s) can be decomposed into the feedback con-
nection of the simple transfer function g(s,r), where g(s,r)
is the transfer function of passive diffusion for distance r
with the boundary condition lim, ,~ ¢(¢,7) = 0 in one-
dimensional space ) = [0,00). The coefficient K is the
reflection coefficient of the boundary, which is —1 when the
boundary Of) is fixed end relative to the input v.(s) and 1
when the boundary is free end relative to the input v, (s).

With Theorem 1, the transfer function of the diffusion
system G%(s) can be systematically obtained by substituting
¢=0and ¢ = L into Z,G,,*(s) in Eq. (D), i.e.,

_ ZQGT7O(S)
ZLGT)Q(S)

ZQGT7L(S)

Z.Gri(s)| (18)

G (s)

Example 3. Consider the diffusion system (9) with the bound-
ary at 7 = 0 being the membrane transport and » = L being



the ligand-receptor mechanism. The input and the output of
the diffusion system is then defined as

c(s,0)
[UO(S)} = |oc(t, L)
vL(s)
or
t
[ZO(S)} = W (19)
zr(s) c(t,L) ’
respectively. The reflection coefficient is K = 1 since the

boundary 0f2 at » = 0 is Dirichlet boundary and at r = L is
Neumann boundary. Using Theorem 1 and substituting ¢ = 0
and ¢ = L, the transfer function G4 (s) is obtained as

() e

e=1 JEn (L)
cosh (L 5) s Vi 5

Four types of transfer functions G#(s) are summarized in Table

B. Frequency response characteristics of the diffusion system

The (1.2) and (2,1) entries of G¥(s), Giy(s) and G,
represent the transfer functions from the boundary system of
a molecular robot to another. These transfer functions, thus,
determine the open loop transfer functions of the diffusion
system. On the other hand, the (1,1) and (2,2) entries, g%l(s)
and g§2(s), represent the self-feedback effect due to the
reflection of the signal at the terminal, which forms a feedback
between the boundary system H*(s) and the diffusion system
G¥(s) and complicates the design of the entire MC system.
Thus, we here consider a design scenario, where we translate
specifications of the MC system into the open loop transfer
functions.

To this end, we first analyze the frequency response charac-
teristics of the (1,2) and (2,1) entries of the diffusion systems
G¥(s) based on Eq. (20) and Table [l Specifically, we analyze
the cut-off frequency wp of the transfer functions ggl(s) and
QQQ(S) to show the relation between the bandwidth of signals
that can be transferred by diffusion and the parameters such
as the communication distance L and the diffusion coefficient
1. In what follows, we first show a proposition that the gain
of the transfer functions G2, (jw) and G%,(jw) monotonically
decreases. This proposition then facilitates the analysis of the
relation between the cut-off frequency and the parameters of
the communication channel.

Proposition 1. Consider the diffusion systems G49(s), G4 (s),
G"(s), and G""(s) defined in Table[ll The gain of the transfer
functions at (1,2) and (2,1) entries of these transfer functions
monotonically decreases for w > 0, i.e.,

d|G}, (jw)| d|G5, (jw)|
dw dw

'y . . .
where G7,(jw) represents the (i, j)-th entry of G*(s) with § =
dd, dn, nd, nn.

<0, < 0 ;Vw € [0, 00), (21)

The proof of Proposition 1 is in Appendix B. This propo-
sition implies that the cut-off frequency wp is uniquely
determined, if it exists, because of the monotone property of
the gain (2I). Moreover, L and jx can be eliminated from the
gain of QQQ( jw) and ggl( jw) by normalizing the frequency as
@ := L*w/p. Thus, the cut-off frequency can be calculated
by binary search over the normalized frequency @ € [0, 00).

The cut-off frequency and the steady gain for Q12( jw) and
G, (jw) are summarized in Table [ In Table [ the cut-
off frequency is defined as the smallest frequency, where
the gain reaches —6 dB, which means that the amplitude of
the molecular concentration is reduced by half. The cut-off
frequencies for G (jw) and G3{*(jw) could not be obtained
since L and p are not eliminated by normalization of the
frequency. However, for G3(jw), the frequency at which
the gain decreases by 6 dB from the steady gain can be
found as shown in parenthesis in Table [l These results
illustrate the open loop characteristics of the diffusion system
that we can use for designing desired MC systems with
pre-specified control bandwidth. Specifically, the admissible
communication distance L and diffusion coefficient ;. can be
specified based on Table [[I to enable signal transfer with the
desired bandwidth.

IV. EFFECT OF SELF-INTERFERENCE

In this section, we analyze the frequency response char-
acteristics of the feedback interaction between the diffusion
system G#(s) and the boundary systems #*(s), which is not
considered in the analysis for the open loop system. We then
show the design guideline of the boundary system #*(s) for
suppressing undesirable effect of the feedback interaction.

We consider the transfer functions of the MC channels
To(s) and T'1,(s), which are specifically defined as

Tow(s) = G5, (5)5(s)Ha(s),
I'ro(s) = ggz(s)sL(S)Hle(S)a

where S°(s) and S%(s) are the self-interference systems
defined by

(22)
(23)

SO(s) = (24)

SE(s) =

1
—HY, (s)G5, (s)
z 25)

1- Hll S)QQQ(S) '

The self-interference system S*(s) represents the self-
feedback effect of the transmitted signal on the boundary
system of the sender itself. In other words, S*(s) accounts
for a feedback interaction between the diffusion system GF(s)
and the boundary systems #*(s). Physically, this corresponds
to the situation where signal molecules secreted from a robot
accumulate around the boundary of the diffusion region and
make it difficult for the robot to further secrete the signal
molecules due to less concentration difference between both
ends of the membrane. This phenomenon is called self-
interference [20]. As shown in Eqs. 22) and 23), the self-
interference system introduces changes in the frequency char-
acteristics of the open loop transfer functions HIQ(s)ggl(s),



TABLE I
TRANSFORMATION OF THE DIFFUSION SYSTEM

From\To Dirichlet boundary Neumann boundary
Gid(s) = Gin(s) =
B S s L 1
. I /_ —,/=tanh [ —+/s
Dirichlet L L tan ( ) L
boundary # tanh 1ﬁ\/§ Hs F\/g H VH cosh (W\/E>
1 L
- —A /i . . E tanh _ﬁ)
H smh ﬁ\/g H tanh ﬁ\/g cosh (ﬁ \/E) S H
gni(s) = g™ (s) =
m L 1 o 1 1
Neumann \/ 7 tanh (_\/E) NV 5
boundary S [z cosh (% \/E) S tanh (ﬁ \/E) S sinh (ﬁ \/E)
1 L 1 1
: /% tann (—\/E) S b L
cosh (W\/E> H VH S sinh (W\/E> S tanh (ﬁ \/§>
TABLE II
FREQUENCY RESPONSE CHARACTERISTICS OF OPEN LOOP DIFFUSION
SYSTEMS
- = 0r
From To Steady gain Cut-off freq. 8
©
Qd“ Dirichlet Neumann 0 dB 4. 14—2 o
L o
dd e . 1 5 —20
g Dirichlet  Dirichlet  20log || dB  (15.04;) p=
L L2 c
G2d  Neumann  Dirichlet 0 dB 4.14% o —12/u=10"2
= —1%/u=1
g Neumann  Neumann [e%) _ H“

21 \ 40 —_—2 /=100
The value in parentheses indicates the frequency at which the gain decreases | | |
by 6 dB from the steady gain. -4 -2 0 2

10 10 10 10

and thus, the transmitted signal is potentially attenuated due
to the self-interference.

Here, we consider a design strategy that makes |S*(jw)| =~
1 and shapes the gain characteristics of the closed-loop transfer
functions T'gy,(s) and T'1o(s) based on the open loop transfer
functions ;5 (s)G3, (s). For this purpose, we analyze the
frequency response characteristics of S*(s) and obtain the
design criteria of the boundary system H*(s) for suppressing
the effect of the self-interference system. Without loss of
generality, we consider the self-interference system at position
r = 0, ie, So(s). It should be noted that the analysis
result for S°(s) applies to S”(s) in the same way. To make
|59(jw)| = 1, the gain of 7}, (jw)G?, (jw) must be kept small
according to Eq. (24). For this purpose, the boundary systems
Hi1(s) should be de31gned according to the gain of Qll(jw)
to make H, (jw)G, (jw) small.

The four types of transfer functions g§‘1 (s) shown in Table [
consist of the combinations of /s/,/iz and tanh (L+/s/ /1)
Unlike typical transfer functions in control engineering, these
functions depend on the square root of the frequency variable,
/s. The gain of \/jw//pi increases monotonically at 10
dB/dec for w € [0,00). The gain of tanh (L+/jw/\/1), on

Frequency (rad/s)

Fig. 5. The gain diagram of the transfer function tanh (L/jw/ /).

the other hand, is approximated by

tanh (%ﬁm)’”{ LR (<

This approximation is obtained by Taylor expansion at w = 0
and

77)
By - @9

lim
w—>00

27)

tanh (%m)‘ 1

Eq. (26) shows that the gain of tanh (L+/jw/,/ft) increases
at 10 dB/dec for the frequency bandwidth [0, 1/L?], where
u/L? is the approximate cut-off frequency for the high pass
filter. The gain plot of tanh (L+/jw/./p) is shown in Fig.
Bl which agrees with the approximation in Eq. 28). There-
fore, to attenuate undesirable effect of the self-interference,
the boundary system HY,(s) should be designed such that
113, (jw)G, (jw)| < 1 for the control bandwidth based on
the cut-off frequency of tanh (L/s/\/n) and the gain of

NN



V. NUMERICAL EXAMPLE

In this section, we show a design procedure of a specific MC
channel with transmembrane signal transfer in the boundary
system X, and receptor-mediated membrane signal transfer
in the boundary system Y; capable of transferring signals
with a desired control bandwidth. To this end, we first explore
the parameter range of each subsystem in T'gr(s), i.e., the
transfer function from cy(s) to zr(s), that transfers signals
within the desired bandwidth based on the open loop transfer
function. We then show the parameter conditions to suppress
the influence of the self-interference system S*(s). Finally, we
expand the analysis of the MC channel Ty (s) to the entire
MC channel Moy (s), i.e., the transfer function from co(s)
to yr(s), by considering the influence of the ligand-receptor
system.

A. Design of the MC channel Tyr,(s) for suppressing self-
interference

Consider an MC system that has transmembrane signal
transfer in the boundary system > and receptor-mediated
membrane signal transfer in the boundary system >, as seen
in Fig. [6l The signal molecules produced in the molecular
robot on the left are emitted to or absorbed from the boundary
of the diffusion region 9€2. Thus, the dynamics of the boundary
system Xy can be modeled by Eq. (6). In the boundary system
31, the signal molecules at the boundary 02 are sensed by
the receptors as the signal intensity that transfers into the
molecular robot on the right. Here, the objective of the design
problem is to explore the conditions for the membrane of the
molecular robot on the left and the signal molecules that satisfy
the following specifications:

(a) The bandwidth for control is @ := [0, 10~?]rad /s

(b) The communication distance L is limited within 10 um <
L <100 ym

(c) The thickness of the small region at the boundary 0f is
Ar =1 pum.

To be more specific, our goal is to design the boundary system

>0 and the diffusion coefficient p satisfying these conditions

(a)—(c).

To this end, we first compute the transfer function of each
subsystem in the MC channel T'gr,(s). The boundary system
HO(s) is obtained as

I k
o/ _ |s+k s+ k
Hos) = "0 T (28)
s+ k s+ k
based on Eq. (6). Next, the transfer function matrix of the
diffusion system is obtained as G*(s) = G4"(s) shown in

Table [[] since the two inputs of the diffusion systems from the
boundary systems X and X, are defined by vg(s) = ¢(s,0)
and vy (s) = dc(s, L)/Or, respectively (see Fig. 2)). Based
on these transfer functions, we seek for the conditions of the
membrane transport rate k£ and the diffusion coefficient p to
achieve the design objective. The diffusion coefficient p can
be adjusted by changing the type of signal molecule [7]], and
the membrane transport rate k£ could possibly be modified

Transmembrane Receptor

Diffusion region Q

10~100 pm

Fig. 6. The MC channels with the molecular robots of transmembrane type
and receptor type.

by changing the number of pores on the membrane formed
by proteins. For example, in [21]], protein pores such as «-
haemolysin, which inserts itself into the membrane and forms
pores that spans lipid bilayers, were synthesized in the molec-
ular robot (vesicle), leading to the increase of the membrane
transport rate of small molecules outside the vesicle.

We use the spirit of the loop shaping approach in control
engineering [22] to design the closed loop characteristics of
the MC channel T'gr,(s) using the open loop transfer function
G2 (s)HY,. Specifically, the bandwidth of the communication
channel is designed based on the cut-off frequency wy and
wp of the subsystems H{, and G9"(s). Since HY5(s) is a
first-order lag system, wgo = 3k rad/s holds. Moreover,
wp = 4.14p/L?* as shown in Table [ To satisfy the design
requirement (a) that the control bandwidth must be w € w0,
we consider the conditions for wyg, wp > 1072 rad/s. Sub-
stituting the parameters for the other requirements (b) and (c)
into wyg and wp, we obtain

(i) p>24.2um?.s7!

(i) k>5.77x 107 3s~ L

The solid line in Fig. [7] (A) illustrates the gain of the MC
channel Top,(jw) for k = 5.0 x 1072571, g = 83 um?-s71,
and L = 100 pm, which satisfy the parameter conditions (i)
and (ii). These parameter values are taken from those for
quorum sensing [16]], [23]]. As expected, the cut-off frequency
of the boundary system HY,(jw) and the diffusion system
Gdh(jw) is designed to pass the signals for the desired control
bandwidth w € w. However, Fig.[7] (A) shows that the gain of
the MC channel gy, () is attenuated between 103 rad/s and
10~2rad/s even though the parameters satisfy the conditions
(1) and (ii). This is because of the self-interference effect
discussed in Section [Vl Specifically, the gain of the self-
interference system S°(jw), which has a large dip around
1073 < w < 10'rad/s (see the dotted magenta line in Fig.
[7), restricts the bandwidth of the MC channel since the closed
loop transfer function is Tor,(s) = G3(5)S%(s)H)5(s). Thus,
the effect of the self-interference system SY(jw) needs to be
suppressed to design the MC channel T'op,(s) with a desired
frequency response characteristics.

To suppress the effect of the self-interference system S°(s),
we consider parameter conditions that prevent the gain of
the self-interference system from being small. We suppose
that signals do not significantly decrease if the gain of the
self-interference system is |SY(jw)| > 1/2 for the control
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Fig. 7. The gain diagram of the MC channel T'gr,(jw), the boundary system H9; (jw), the self-interference system S°(jw), and the diffusion system
gg{' (jw) (A) for the membrane transport rate k = 5.0 X 10=2s~1 (B) for the membrane transport rate k = 200s71.

bandwidth w € w, which means |HY; (jw)G(jw)| < 1
for w € w. However, since it is difficult to attenuate
|HY, (jw)GR(jw)| only for w € w, we consider the entire
frequency range. Using the approximation in Eq. (26) and the
frequency characteristics of H{; (s) as a first-order lag system,
the maximum gain of HY; (jw)G{(jw) can be approximated
as

a(w)

max [HY, (jw)Gi (jw)|

~ | g bz (29)
~  (k<4)
Ar L2

If a(w) < 1, the gain of the self-interference system is
|S(jw)| > 1/2. Since the thickness Ar of the small region at

the boundary is Ar < L, the following condition is obtained
to suppress the effect of the self-interference system S°(s).
(i) k> p

Fig.[7] (B) shows the gain characteristics of the MC channel
for the redesigned membrane transport rate k& = 200s™ 1,
which satisfies both of the conditions (ii) and (iii). The value
of the membrane transport rate k is taken from that for ion
channels [24]. The gain of the redesigned MC channel T'or(s)
in Fig. [ (B) becomes larger than —6 dB for the control
bandwidth w € w. In particular, the loss of the gain in the
self-interference system S°(s) that restricted the bandwidth of
the MC channel is now shifted to the higher frequency range
by suppressing the effect of the feedback interaction between
the diffusion system and the boundary system (see the dotted
magenta line in Fig. [7 (B)). Thus, the design specifications
(a)—(c) are satisfied for the redesigned MC channel Ty, (s).

Finally, we verify that the analysis result of the frequency
response characteristics agrees with the simulation in the time
domain. For this purpose, we compute the solution of the ODE
model of the membrane kinetics (3) and the diffusion equation
(@ using finite difference methods implemented in Python.
Fig. B (A) shows the gain characteristics of the MC channels
for different communication distances L = 50pm and L =
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Fig. 8. (A) The gain diagram of the MC channel I'gr,(jw) for different

communication distance L = 50 pum and L = 100 pm. (B) Cosine wave
inputs co(t) and outputs zz,(t) for w = 1072 rad/s and w = 10~ ! rad/s
in time domain.

100 um with the same parameter values as in Fig. [71(B). Since
these parameter values satisfy the conditions (i) — (iii), the
gain of I'gp,(jw) exceeds —6 dB for the control bandwidth
w € w for both of the distances, implying that the signal can
be transmitted via the designed MC channel. Fig. [8] (B) shows
the time series data of the output signal zy,(¢) at the molecular
robot on the right for the cosine wave input with the frequency
w=10"2rad/s and w = 10~ rad/s. When w = 10~ 2 rad/s,
the output signal z7,(¢) has approximately the same magnitude
as the input signal cy(t) for the both distances. On the other
hand, when w = 10~ ! rad/s, the magnitude of zy(t) is less
than 1/4 of the magnitude of the input ¢o(¢) for L = 100 um



since the input frequency exceeds the pre-specified bandwidth
w € w. The gains calculated by the numerical simulations are
plotted as the circular dots in Fig. 8| (A). The simulated values
agree with the theoretically predicted values, validating the
frequency response analysis performed in this section. These
results imply that the control-theoretic framework in Fig.
is a powerful tool for engineering MC channels in a system
theoretic approach.

B. Analysis of the entire MC channel My (s) with ligand-
receptor systems

Finally, we consider the frequency response of the entire
MC channel Moy, (s), i.e., the transfer function from ¢y (s) to
yr(s). The transfer function Moy (s) involves the boundary
system . (s), which is the receptor-mediated signal transfer
into the molecular robot modeled by Eq. (8), in addition to the
MC channel Ty (s) in Fig. Bl Thus, we need an additional
analysis to make sure that the entire MC channel satisfies
the pre-specified conditions (a)—(c) in Section [V-Al In what
follows, we show that, under a certain condition, the frequency
response of the entire MC channel Mgz, (s) can be designed
by independently shaping the gain characteristics of the two
transfer functions T'gz,(s) and HE; (s).

As shown in Fig. B the input-output relation of zp(s)
and yr(s) is characterized by the transfer function H%;(s)
as yr(s) = HL (s)zr(s). The input signal to the boundary
system, zz,(s), is subject to the self-interference effect of the
boundary system 7 (s) since the input from the boundary
to the diffusion region, vy (s), feeds back to zy(s). Thus, the
transfer function from co(s) to zr (s) involves not only T'g,(s)
but also the self-interference effect due to the reflection of the
signal at the boundary r = L, which complicates the frequency
response analysis of Mg, (s) in general.

To closely look at the situation, we compute the trans-
fer functions from the input zz(s) to the output vi(s) =
dc(s,L)/Or and obtain

Rkon s
z
pos+kow

vr(s) = Hiy(s)z1(s) = (s).
A key observation here is that the transfer function H¥; (s) is a
high-pass filter with a cut-off frequency wyr, = kog/v/3, while
Ty (s) is a low-pass filter as shown in Figs.[Z]and[8] In other
words, the frequency component less than wyy, is effectively
eliminated when the signal is reflected at the boundary while
the signal arriving at the boundary contains only the low
frequency signal. Thus, vy, (s) ~ 0 if the gain for the product
of the boundary system H%(s) and the MC channel T'g7(s)
satisfies |H¥ (jw)ToL (jw)| ~ 0. In this case, the transfer func-
tion from the sender to the receiver is calculated simply by the
product of Toy, and HE; (s), i.e., yr(s) = HL (s)Tor(s)co(s).
This means that the gain of the entire MC channel Moy (s)
can be independently characterized by those of the two transfer
functions, |H%; (s)| and |Tor(s)].

More specifically, let wys be defined as the dominant cut-
off frequency of T'gr(s), i.e, wy := min(wp,wnp). Then,
|HL (jw)Tor(jw)| = 0 holds when kog > V/3was. Thus,
under this condition, the frequency response of the entire MC
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Fig. 9. The gain diagram of the boundary system HF, (jw) and the MC
channel I'or, (jw) with the cut-off frequencies.

channel My, (s) can be analyzed independently by the MC
channel g7, (s) and the ligand-receptor system H(s).

For the parameters R = 103, kop = 1071 pM~s_1, and
kog = 100s~! [19], [23] in addition to the parameters
of the MC channel T'gz(s) used in Fig. [ (B), we plot
the gain diagram of the boundary system H¥ (s) and the
MC channel T'gy(s) in Fig. Since kog = 100s~! and
wip = wp = 344 x 10 2rad - s, kog > V3w holds,
and |H¥, (jw)Tor (jw)| = 0 for all frequencies. Therefore, the
entire MC channel My (s) can be designed based on the
independent gain characteristics of |H%; (jw)| and |Tor (jw)|,
which means that the design specifications (a)—(c) are satisfied
by designing them based on the conditions (i)—(iii) in Section
[V-Al and the cut-off frequency of |HZ; (jw)|.

VI. CONCLUSION

In this paper, we have proposed a control-theoretic model-
ing framework for bidirectional MC systems and performed
the frequency response analysis to obtain a general design
guideline of the MC channels and the boundary systems.
Specifically, we have first derived the open loop characteristics
of the diffusion system to design desired MC channels that can
transfer signals with pre-specified control bandwidth. We have
then shown the design guideline of the boundary system H*(s)
to suppress the undesirable effect of the self-interference. Fi-
nally, we have analyzed the frequency response characteristics
of the specific MC channel to obtain the parameter conditions
guaranteeing the performance of the system to satisfy the
predefined specifications.

Using the proposed control-theoretic modeling framework,
the stability, robustness and performance of the bidirectional
MC systems can be analyzed based on the characteristics of
each subsystem using methods in control theory. We expect
that the proposed framework will be the foundation for the
future development of feedback control theory for MC systems
toward engineering applications.



APPENDIX A
DERIVATION OF THEOREM 1

We show the derivation of Theorem 1. By taking Laplace
transform of Eq. (I) for time ¢ and using the initial condition

in Eq. @), we obtain
0?
sc(s,r) = uic(:;’ T).

Similarly, the Laplace transform of Eq. (3I) for the spatial
variable 7 leads to
0c(s,0)

S
;C(Svp) Ir

where p is the frequency variables for space. Eq. (32) can be
decomposed into the partial fractions

1 1
_l’_
p+\/; p—\/;

1 1 1 dc(s,0)
+ s s N s 81"
AU
Taking the inverse Laplace transformation for space, we have
the concentration ¢(s, ) as

€1y

= p®c(s,p) — c(s,0) — (32)

c(s,p) (33)

c(s,r) = % (e_\/gT + e\/ﬁTr) c(s,0) (34)
ar —\ur 80(570)
+2 S (e\/_ - ¢ \/_) or
m
1
= 5 (9(87 ’f‘) + g(Su _T)) C(Su 0)
1 de(s, 0
g o) .0
m
and the concentration gradient dc(s,r)/0r as
acf;r’ N é (e\/? e ‘) o(5,0) (35
1 . = Jc(s,0)
+§( Vi e \/_) or

(9(57 —T‘) - 9(87 T)) C(Sv O)
(905, —) + g5, 2220

For the combination of the inputs vy (s) = ¢(s,0) and vz (s) =

dc(s, L)/dr, we transform Eq. (34) to

g(S, T) + g(s, L — T)g(S, L) 0(57 O)
1+g(s,L)g(s, L)

L P —g(s,7)g(s,L) 4+ g(s, L — 1) dc(s, L)

[\
H\$

+
N |

c(s, )

(36)

s 1+g(s,L)g(s, L) or
by substituting
80(570) - S g(S,—L)—g(S,L)
o~ Vnes DD @0 GD
42 1 Oc(s, L)

g(s,—L)+g(s,L) Or
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into Eq. (34), where Eq. (37) is obtained by substituting r = L
into Eq. (34). Substituting r = ¢ into Eq. (36), we obtain

g(S,f) +9(s, L — Z)g(va)

c(s,l) = 1+ 905 Da(s. L) c(s,0) (38)
w—g(s,0)g(s, L)+ g(s,L —£) dc(s, L)
+\/: 14+ g(s,L)g(s,L) or
B Bc (s L)
= G o(8)|r=ec(s,0) / Gr.r(s or

where G, . (s) is the transfer function from c(s, %) to c(s,r),
which is same as the transfer function from Oc(s,*)/0r to
Oc(s,r)/0r. The reflection coefficient is K = 1 because the
boundary 02 is free end relative to the input v, (s) for this
combination of the inputs. The second term of Eq. (38) has the
integral of G, 1,(s) by r since the output is the concentration
while the input is the concentration gradient. On the other
hand, the concentration gradient dc(s,¢)/0r is obtained by
substituting Eq. (37 into Eq. (33) and r = ¢, that is

dc(s, ) [s—g(s,0) +g(s, L —L)g(s, L)C .
or N \/; 1+ g(s,L)g(s, L) (5,0)
9(s,0)g(s, L)+ g(s,L — £) dc(s, L) (39)
1+9g(s,L)g(s, L) or
= %Gno(s) T:ec(s, 0) + GT,L(S)|T25#.

The first term of Eq. (39) has the derivative of G, o(s) by r
since the output is the concentration gradient while the input
is the concentration. Each term of Eqgs. (38) and (@9) can
be generally expressed by Eq. (I2), which can be applied
to the concentration c(s,¢) and the concentration gradient
Oc(s, ) /Or for the other input combinations in the same way.

APPENDIX B
PROOF OF PROPOSITION 1
We prove that the gain of the diffusion transfer functions
9 (jw). G55 (jw). 8¢ (jw). and G} (jw) monotonically de-
crease for w > 0.

A. The gain of the diffusion transfer functions G (jw) and
Gai (jw)
We consider the gain of the diffusion transfer function

2
G55 (jw)| = — - —
(e¥ +e % +2cos(w))?
where & = v2L\/w /+/1 for w > 0. The derivative of the gain
of g21 (jw) is

d‘gm w‘

|GST (jw)| = (40)

|Gt (@)] de

dw n dw dw @
B fo(@) di
(P e+ 2c0s(@))F W
where
fo(@) =€ —e @ — 25in (@), (42)
and dw/dw > 0. Since
e +e“+2cos(@) >0 (43)



by the inequality of arithmetic and geometric means, and
f-(@) > 0 for w > 0 (see Appendix [C), Eq. HEI) is
non-positive for w > 0. Therefore, the gain of G3I'(jw)
monotonically decreases for w > 0.

B. The gain of the diffusion transfer function G3{(jw)

We consider the gain of the diffusion transfer function

V2o

|G51 (jw)| = ———— : (44)
L(e* +e % —2cos(w))?
for w > 0. The derivative of the gain of G (jw) is
198@)] _ dleti)] i s
dw dew dw
B h(©) dw
L(e¥+e % —2cos(w )) dw’
where
@) = 2(e+e ¥ —2cos (@) (46)
—& (¥ — e + 2sin (@)) .
Since
e +e ¥ —2cos (@) >0 47)

for w > 0 by the inequality of arithmetic and geometric means,
Eq. @3) is non-positive for w > 0 if h(w) < 0. In what follow,
we take the first and the second derivative of h(w) as

dlzlg’) = e“(-o+1)+e“ (-0 —-1)
+25sin (0) — 2w cos (w), (48)
d*h(&
# = —af (@) (49)
Since f_(t) > 0 (see Appendix [C), we obtain
d2h(@)
—= <. (50)

Moreover, we have dh(@)/do < 0 for w > 0 because
d?h(0)/dw? = 0. Using h(0)/d& = 0, we obtain h(@) < 0 for
w > 0, and Eq. @3) is non-positive. Therefore, the gain of the
diffusion transfer function |G${!(jw)| monotonically decreases
for w > 0.

C. The gain of the diffusion transfer function G5} (jw)

We consider the gain of the diffusion transfer function

2v/2L

|Gt (jw)| = —— - I (1)
@ (e¥ +e % —2cos(w))?
for w > 0. The derivative of the gain of G5 (jw) is
d|Gs1 (@ d do
oRE@) ) o .
C \BL2C (@) +6f4(3) do
w2 ci@)
where
fr(@) = ea’ ¥+ 2sin (@), (53)
C. = e“+e“—2cos(@). (54)
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Since C_ (@) > 0 by the inequality of arithmetic and geomet-
ric means, and f (@) > 0 for w > 0 (See Appendix [C), Eq.
(32) is non-positive for w > 0. Therefore, the gain of G3}(jw)
monotonically decreases for w > 0.

APPENDIX C
NON-NEGATIVITY OF EQ. (@2) AND EQ. (53)

We consider the function
fr@) = -
and prove fi (@) > 0 for
of f1(®) as

™% + 2sin (@), (55)

v > 0. We consider the derivative

df+ (@)
dw
Using the inequality of arithmetic and geometric means, we
obtain that Eq. (36) is non-negative for @ > 0. Since f1(0) =
0, Eq. (33) is non-negative for & > 0.

= Y4 e %+ 2cos (@) (56)
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