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Local Construction of Near-Optimal Power
Spanners for Wireless Ad-Hoc Networks

Iyad A. Kanj, Ljubomir Perković, and Ge Xia

Abstract —We present a local distributed algorithm that, given a wireless ad-hoc network modeled as a unit disk graph � in the plane,
constructs a planar power spanner of � whose degree is bounded by � and whose stretch factor is bounded by ����� �
	�� 
�� ����� , where
������� is an integer parameter and ����� ���  "! is the power exponent constant. For the same degree bound � , the stretch factor of our
algorithm significantly improves the previous best bounds by Song et al. We show that this bound is near-optimal by proving that the
slightly smaller stretch factor of ���#� �$	�� 
 ��&%('���� is unattainable for the same degree bound � . In contrast to previous algorithms for the
problem, the presented algorithm is local. As a consequence, the algorithm is highly scalable and robust. Finally, while the algorithm is
efficient and easy to implement in practice, it relies on deep insights on the geometry of unit disk graphs and novel techniques that are
of independent interest.

Index Terms —Spanners, unit disk graphs, Gabriel graphs, Yao graphs, local distributed algorithms.
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´ V��tYW�FS1O P�O �FM"��� �d���� )¡�¢�£ ú 03A � jk0@5<^W?<,/AW69,/4"B�eN.C5&`W:�5&?<6H2/03Aª jk0�A :<0��@5&jk.C,/032�4�^WjkeN.C5&`W:K;>c � a
ç7a ª ,/4]`_2/5&?<57.�aûWa ª ,/4�=F;F?
?<03=FA�0369aüWa b :<0R`_;F*-03.�4"A�.103A�=t:Kc�57=FA�;>.R;>c ª ,/4�ç7aýWaEþ�c ~ � ,/4l5&?J0369eN0#, ? � �@A :<01? ~ �µ� ª ,/c@5&?<6K;F?<2 I,/c]c�;>.�01mn03.�I#`_;>, ?<A�� , ? � A :<0�5&?<eN2/03¶ ~ �c�g, ?sA :<0, ?<A�03.C,/;>.�;>c]A�.C,/5&?<eN2/0!· ~ �c�g,/4�57=t^_A�03a
b :<0i¨n57;�4�^WjkeN.C5&`W:-æ�ç��¹è¹*-,/A :�, ?<A�03eN03.$`_57.C57GH03A�03..�3����;>c

5�`_2/5&?<0reN.C5&`W:K,/4q=F;F?<4"A�./^_=FA�036pjNI{.101`_0357A�, ?<edA :<0rc�;>2/2/;F*-, ?<e
4"A�01`+c�;>.d01mn03.�Is`_;>, ?<A¸�hÙ¸�z03|}^_572/2 Ih4"01`_57.C57A�036i.C5&Ik4#;F^_A
;>ci� 57.10�57.�jk,/A�.C57.C,/2 I{6903�7?<036���5&?<6��d=F2/;>4"036y=F;F?<034�;>c_4", 	W0
�R¹¤'���57.10#A :
^_4H=F.10357A�036¥|nA :<01?
��, ? 0357=t:f=F;F?<01��A :<0-4�:<;>.CA�034"A
0369eN0u�cºõ, ?<4",/690pA :<0l=F;F?<0l��,/c�5&?
Ik��,/4�=t:<;>4"01?�5&?<6D576969036
A�;dA :<0«¨n57;#4�^WjkeN.C5&`W:<a �» �1�]X>V1T���� ¼�£ ê ;F?<ef03Ap572/a�æ �Wèp5&`W`_2/,/036�5x¨n57;i4�^WjkeN.C5&`W:=F;F?<4"A�./^_=FA�,/;F?�A�;K5B�@5&jk.C,/032@eN.C5&`W: ª aÒþ ?�;>.16903.pA�;-jk;F^W?<6A :<0�GH57ø�,/G�^_Gg6903eN.10301�nA :<01ID�W.C4"An��,/G�`_2/,/=F,/A�2 Ik�<;>.C,/01?<A�036�A :<0
0369eN034R;>c<A :<0��@5&jk.C,/0329eN.C5&`W: ª � ^_4", ?<eHA :<0r=F2/574"4",/=F572W57=tIk=F2/,/=;>.C,/01?<A�57A�,/;F?[;>cR5�`_2/5&?<57.�eN.C5&`W:<�Ò4";�A :<57AÒ01mn03.�I�`_;>, ?<AÒ, ? ª:<574l, ?<8�6903eN.1030d57A@GH;>4"A��¹a b :<01?
��A :<01IJ5&`W`_2/,/036sA :<0-5&jk;Fmn0¨n57;y4"A�01`hA�;y01mn03.�Iy`_;>, ?<A�;>c ª jN^_A@A�;{A :<0 �FLNP UW�FO M}Us�1Q&UW�1S
�FMN� ½ a b :<0q4�^WjkeN.C5&`W: ª�¾ A :
^_4Ò;FjkA�57, ?<036�:<574�A :<01?DGH57ø�,/G�^_G6903eN.1030>�� ��¹a b :<,/4]eN.C5&`W:�;>.C,/01?<A�57A�,/;F?�.103|}^_,/.1034nA :<0�`_;>, ?<A�4], ?
A :<0�?<03A *-;>.CB�A�;_jk09`_.1;>=F034"4"036E, ?-5R=F03.CA�57, ?�eN2/;Fjk572�;>.16903. �$5&?<6
:<01?<=F0RA :<03,/.k572/eN;>.C,/A :<Gh,/4 MN�FP 5�2/;>=F572N69,/4"A�.C, jN^_A�036l572/eN;>.C,/A :<GHaé}^_.CA :<03.CGH;>.101��A :<0-eN.C5&`W: ;>.C,/01?<A�57A�,/;F?Ö.1034�^_2/A�4H, ?ÖA :<0-ä�¿��Wå
,/4"4�^_0�, ?sA :<0�6903eN.1030Òjk;F^W?<69a
þ ?vA :<,/4-`_5&`_03. ��*-0[;Fmn03.1=F;>GH0[A :<0J5&jk;Fmn0D:
^_.1692/034�jNI

6901mn032/;F`_, ?<e�5#4",/G�`_2/01�k^W?<,/c�;>.CG��@5&?<6z2/;>=F572]69,/4"A�.C, jN^_A�036z572/8
eN;>.C,/A :<G�A :<.1;F^_e}:{5r4"03A�;>cN?<;Fmn0329A�03=t:
?<,/|}^_034"a3Õ{0�4"A�57.CA��W.C4"A
jNI{, ?<A�.1;>6�^_=F, ?<e#A :<0�?<;>A�,/;F?s;>c]5 UW�1MN�1V/X>� O v>�1Q�w�Xey}V1O �1�>UWV/XFYWZ a
3 GENERALIZED GABRIEL GRAPHSú 03A � jk0R5n^W?<,/AW69,/4"B�eN.C5&`W:�5&?<6p2/03A��z�-� ���"�&�7jk0R5q=F;F?<4"A�5&?<A�aÀ � ÁÒMNO P�O �FM�¼�� ��£ b :<0 UW�1MN�1V/X>� O v>�1QÂw�Xey}V1O �1�9UWV/XFYWZ ;>c � *-,/A :`_57.C57GH03A�03.n���_6901?<;>A�036 ª 7C�_,/4q6903�7?<036wA�;�jk0�A :<0�4�^WjkeN.C5&`W:;>c � :<5&mn, ?<e�A :<0p4"57GH0�`_;>, ?<AÒ4"03A�574 � �R5&?<6{4�^_=t:[A :<57A�5&?0369eN0 ~ �o� � ,/4�572/4";�5&?o0369eN0E, ? ª 7 ,/c�5&?<6D;F?<2 Is,/c�A :<03.1069;>034@?<;>A@03ø�,/4"A@5�`_;>, ?<AÃ�Ä� � �Ã�Å'�c¯ ~ �8��°��q4"57A�,/4"c Ik, ?<e� � ~ � 7� 9� �c��� 7��?� ~ ��� 73aÆ ;>A�0-A :<57A�A :<0a�@5&jk.C,/032ReN.C5&`W: ;>c�5l^W?<,/A�69,/4"B{eN.C5&`W: �,/4dA :<0�eN01?<03.C572/, 	W036Ç�@5&jk.C,/032@eN.C5&`W:h;>c � *-,/A :�`_57.C57GH03A�03.��#o�¹a
ú 03A ~ 5&?<6��gjk0�A *-;#`_;>, ?<A�4H, ? � a¤jq03�7?<0�A :<0�.103eN,/;F?È 7P( ~ �8�p�#A�;{jk0sA :<0s4"03AH;>c#572/2�`_;>, ?<A�4a� , ? A :<0�`_2/5&?<0

4"57A�,/4"c Ik, ?<e�� � ~ � 7> ?� �c��� 7!�,� ~ ��� 7¹a Æ ;>A�0pA :<57A È ±R( ~ �8�z5
,/4qA :<0�=F2/;>4"036D69,/4"B#;>c]69,/57GH03A�03. ~ �pa� �1���]Xz¼�� ��£ ú 03A ~ �f�q�i�o�]5&?<6�� ¾ jk0R`_;>, ?<A�4�, ? � 4�^_=t:A :<57Au�Þ5&?<6Ç� ¾ 57.10y;F?+A :<0z4"57GH0y4",/690{;>clA :<0z4"A�.C57,/e}:<A2/, ?<0 ~ �pa ê ^W`W`_;>4"0�A :<57AzA :<0�5&?<eN2/034c¶�� ~ �o��¶ ~ ���o�¶�� ~ � ¾ ��5&?<6�¶�� ~ � ¾ 57.10q?<;>A�;FjkA ^_4"03akþ�cu� � ~ � '�� �c���¥#� � ¾ ~ � '�� � ¾ ���35&?<63¶ ~ � ¾ ��:�¶ ~ �c�fA :<01?�� ¾ �x· ~ �c�pa´ V��F� �Y£ ú 03AfÉc#Ê¶�� ~ �o��Ë�#Ì¶ ~ ���o�.É ¾ #Ì¶�� ~ � ¾ �5&?<6aË ¾ #c¶ ~ ��� ¾ a�ò�;F?<4",/6903.�A :<0pA�.C,/5&?<eN2/0�· ~ �c�la�éN.1;>G
F0[*ÍPÎ SCTHS*Ï
V)Ð THS*ÑÃS*WYÒ ��Ó�Ô Ð Z�Ò OÃS*WYZ�V)THSCÕ8ORWYWYS*Õ8Ò Ð Ö×Ð Ò Ø [



Ù
032/03GH01?<A�57.�I{A�.C,/eN;F?<;>GH03A�.�I�*-0R:<5&mn03Ù

� � ~ � '�� �c����#�-0/ 1fËÃ'f-0/ 1iÉ«� ��ç7�
ê ,/GH,/2/57.C2 IF�HjNI =F;F?<4",/6903.C, ?<e+A :<0 A�.C,/5&?<eN2/0Ú· ~ � ¾ �÷*-0

:<5&mn03Ù
� � ¾ ~ � '�� � ¾ ���e#�-0/ 1fË ¾ 'f-0/ 1iÉ ¾ � � ûW�

éN.1;>G A :<0Û:
IN`_;>A :<034",/4���*-0Û:<5&mn0Û� � ~ � '�� �c���Ü#� � ¾ ~ � '�� � ¾ ��� aDò�;>G�jk, ?<, ?<e A :<,/4�03|}^_572/,/A I *-,/A :â\9|}^_572/,/8
A�,/034q��ç7�<5&?<6w� ûW�<5&jk;Fmn0Ò*-0�;FjkA�57, ?<Ù

-0/ 1fËÃ'f-0/ 1iÉ�#?-0/ 1iË ¾ 'f-0/ 1iÉ ¾ � � üW�
ê , ?<=F0EA :<0E5&?<eN2/034ÃÉW�fÉ ¾ �fË
�fË ¾ 57.10R?<;>A];FjkA ^_4"01��,/A]c�;>2/2/;F*-4c�.1;>GÖ\9|}^_572/,/A I�� üW�
A :<57A(03,/A :<03.ÝÉ ¾ �{Éw5&?<6�Ë ¾ �{Ë
�9;>.ÝÉ ¾ :{É5&?<6qË ¾ :�Ë<a Ø IoA :<0�:
IN`_;>A :<034",/4��«¶ ~ � ¾ �Þ:c¶ ~ �c�v5&?<6:<01?<=F0dA :<0�`_.1;F`_;>4",/A�,/;F?�É ¾ :ÇÉf5&?<6{Ë ¾ :ÇËi=F5&?Djk0d./^_2/036;F^_A�a b :<03.103c�;>.101�W*-0pG�^_4"A9:<5&mn0�É ¾ ��ÉJ5&?<6aË ¾ �9Ë<a ê , ?<=F0jk;>A :9�ö5&?<6q� ¾ 2/,/0d;F?JA :<0H4"57GH0H4",/690d;>cRA :<0d2/, ?<0�) Ø ��,/Ac�;>2/2/;F*-4�A :<57A¦� ¾ ,/4q, ?<4",/690���;>.�;F?<�<A :<0�A�.C,/5&?<eN2/0!· ~ �c��574=F2/57,/GH0369a� �1���]X"¼�� ¼�£ ú 03A ~ 5&?<6²�õjk0oA *-;K`_;>, ?<A�4{, ? � a b :<0c�;>2/2/;F*-, ?<e-57.10�A�./^_03a
ç7a È 7P( ~ �8�z5R,/4�5E=F2/;>4"036w=F;F?
mn03øH4"03A�a
ûWa È 7P( ~ �8�z5],/4Ò4�IkGHGH03A�.C,/=n*-,/A :y.1034�`_03=FAWA�;lA :<0�2/, ?<0 ~ �q�
5&?<6�01mn03.�I{`_;>, ?<A�� , ? È 7P( ~ �8�z5�2/,/034�jk03A *-0301? A :<0
A *-; 2/, ?<034"ëW4"A�.C, `_4-`_574"4", ?<eÖA :<.1;F^_e}: ~ 5&?<6,� 5&?<6
`_03.�`_01?<69,/=t^_2/57.RA�; ~ �paWþ ?�`_57.CA�,/=t^_2/57. �]01mn03.�Id`_;>, ?<Ai�
, ? È 7P( ~ �8�z5�4"57A�,/4"�W034¸¶ ~ ���àß�¹¤'3�E5&?<6q¶�� ~ �àß¹¤'3�¹a��o;>.103;Fmn03. �(jk;>A : ~ 5&?<6��x2/,/0E;F?sA :<0�jk;F^W?<6957.�I
;>c È 7P( ~ �8�z5�a

üWa È 7P( ~ �8�z5R=F;F?<A�57, ?<4 È ±R( ~ �8�z5�a
ýWaE\�mn03.�I `_;>, ?<Ad� � È 7P( ~ �8�z5�4"57A�,/4"�W034B¶ ~ �c�Ä:áAâPã
ã8ä -å(*%>+D� �.æAç0è 5�a�Wa ú 03Ad� h 5&?<6,� ± jk0[A *-;s`_;>, ?<A�4K, ? � 4�^_=t:�A :<57A� � h ~ � '�� � h ���6:Ê� � ± ~ � '�� � ± ���Ý:?%C��5&?<6q¶ ~ � ± �¬:¶ ~ � h �paWþ�c�� h � È 7P( ~ �8�z5RA :<01?B� ± � È 7P( ~ �8�z5�a´ V��F� �Y£ Ü 57.CA<ç Ù È 7P( ~ �8�z5R,/4�=F2/;>4"036pjk03=F5&^_4"0�,/A<=F;F?<A�57, ?<4572/2>,/A�4(jk;F^W?<6957.�I�`_;>, ?<A�4"a b ;�4�:<;F*+A :<57A È 7 ( ~ �8�z5k,/4<=F;F?
mn03ø"�

574"4�^_GH0k*-,/A :<;F^_A(2/;>4"4_;>cWeN01?<03.C572/,/A I#A :<57A ~ #?(A+�é�'3���ê��595&?<6�ë#?(pé�'3���ê��5 �N*�:<03.10�éz#c� ~ ���N,/4�5�`_;>4",/A�, mn0�=F;F?<4"A�5&?<A�a b :<,/4
=F5&?rjk0R574"4�^_GH036@jNI#57c�c�03=FA�, ?<e�A :<0R5&`W`_.1;F`_.C,/57A�0�.1;>A�57A�,/;F?-5&?<6
A�.C5&?<4"2/57A�,/;F?
��*�:<,/=t:�57.10y=F;F?
mn03ø�,/A IJ`_.1034"03.�mn, ?<eNa b :<01?�A :<0
4"03A�;>c9`_;>, ?<A�4 È 7�( ~ �8�z5@=F5&?wjk0l69034"=F.C, jk036djNI È 7�( ~ �8�z5«#¯)(pìn�8í¦5���(*(pìd "é�'3��50±¥ "í¥±R587 ç ±i {(*(pì!+!é�'3��50±¥ "í¥±R587 ç ±>�{é�7�°�a
ú 03A¥î{jk0E5&?
Iz4"A�.C57,/e}:<A]2/, ?<0�*-,/A :s03|}^_57A�,/;F?�í"#�ïRì! x�l5&?<6
6903�7?<0�A :<0�c ^W?<=FA�,/;F?<Ù
ð (pìi5.#�(*(pìf �é�'3��5 ±  �(pïRìf ���5 ± 5 7 ç ±  �(*(pì.+¤é�'3��5 ±  �(pïRìf ���5 ± 5 7 ç ± �
b :<0�c ^W?<=FA�,/;F? ð GH03574�^_.1034�A :<0_mn572 ^_0�� � ~ � 7i q� �c��� 7�c�;>.

5&? 57.�jk,/A�.C57.�Iy`_;>, ?<A��ñ#ò(pìn�8í¦5�;F?Çî�a]þ�A�=F5&?Kjk0�mn03.C,/�W036
jNI{A :<0E, ?<A�03.1034"A�036�.103576903.ÒA :<57A ð ¾ ¾ (pìi5�,/4<?<;F?<8 ?<03eN57A�, mn01��5&?<6:<01?<=F0 ð ,/4r5d=F;F?
mn03ø#c ^W?<=FA�,/;F?<a b :<,/4r,/G�`_2/,/034rA :<57AÒc�;>.�5&?
I
A *-;K`_;>, ?<A�4xó÷5&?<6 È ��5&?<6~5&?
I `_;>, ?<A�� ;F?ôA :<0o2/, ?<0
4"03eNGH01?<A�ó È �_A :<0Rmn572 ^_0r;>c ð 57A¦� 69;>034<?<;>A]03ø�=F03036ljk;>A :
mn572 ^_034_;>c ð 57AeóÖ5&?<6 È a�þ ?p`_57.CA�,/=t^_2/57. �9,/c©óÖ5&?<6 È 57.10@A *-;
`_;>, ?<A�4�, ? È 7 ( ~ �8�z5 ��A :<01?�01mn03.�I�`_;>, ?<A9;F?wA :<0q2/, ?<0q4"03eNGH01?<Aó È ,/4�572/4";d, ? È 7P( ~ �8�z5 ��5&?<6 È 7�( ~ �8�z5R,/4q5l=F;F?
mn03øp4"03A�a

Ü 57.CA$û Ù9þ�c�5q`_;>, ?<Ai� 4"57A�,/4"�W034�� � ~ � 7« �� �c��� 7��Ê� ~ ��� 7
A :<01?ó,/A�4�4�IkGHGH03A�.�Io� ¾ *-,/A :ó.1034�`_03=FA�A�;~A :<0f2/, ?<0 ~ �4"57A�,/4"�W034Ã� � ¾ ~ � 7� d� � ¾ ��� 7��?� ~ ��� 7R574
*-032/2 �W5&?<6@:<01?<=F0Ò,/4<, ?È 7P( ~ �8�z5�a b :<,/4�4�:<;F*-4lA :<57A È 7P( ~ �8�z5�,/4�4�IkGHGH03A�.C,/=q*-,/A :
.1034�`_03=FA�A�; ~ �pa Æ ;F*ñ,/cq5�`_;>, ?<AÃ� 2/,/034l;F^_A�4",/690�A :<0�A *-;
2/, ?<034
`_574"4", ?<erA :<.1;F^_e}: ~ 5&?<6�� 5&?<6@`_03.�`_01?<69,/=t^_2/57.�A�; ~ �q�
A :<01?DA :<0�69,/4"A�5&?<=F0]jk03A *-0301?Â� 5&?<6#03,/A :<03. ~ ;>.f��,/4Ò2/57.1eN03.
A :<5&?�� ~ ��� ��5&?<6�:<01?<=F0¤�÷=F5&?
?<;>A94"57A�,/4"c Iq� � ~ � 7Ý "� �c��� 7u�� ~ ��� 7C�E5&?<6?� '� È 7P( ~ �8�z5�a b :<,/4-572/4";o,/G�`_2/,/034-A :<57A�c�;>.
5-`_;>, ?<A��ô� È 7P( ~ �8�z5r*-0�:<5&mn0�¶ ~ ���ôß³¹¤'3�z5&?<6¶�� ~ �õß�¹¤'3�¹a b :<0�4"A�57A�03GH01?<A�A :<57A�jk;>A : ~ 5&?<69�õ57.10
;F?sA :<0�jk;F^W?<6957.�Iz;>c È 7P( ~ �8�z5�c�;>2/2/;F*-4�c�.1;>GxA :<0Ec�57=FA<A :<57A
A :<01I#jk;>A :s4"57A�,/4"c I{A :<0�03|}^_57A�,/;F?s;>c]A :<0Rjk;F^W?<6957.�I{=t^_.�mn0r;>cÈ 7 ( ~ �8�z5 �9?<57GH032 I�� � ~ � 7  9� �c��� 7 #c� ~ ��� 7 a
Ü 57.CA$ü Ùqò�;F?<4",/6903.-5&?+57.�jk,/A�.C57.�I�`_;>, ?<A��ö� È ±R( ~ �8�z5�a

b :<01?;� � ~ � ±� �� � ~ � ±��­� ~ ��� ±��-5&?<6f*-0w:<5&mn0Ê� � ~ � �� �c���÷� � ~ ��� a�éN;>.h�ø: �C�o*-0+:<5&mn0µ� � ~ � 7� � �c��� 7��;� � ~ � ±×� ~ ��� 7 � ±l ,� �c��� ±×� ~ ��� 7 � ±��ù(A� � ~ � ±l � �c��� ±R5A� ~ ��� 7 � ±à�ô� ~ ��� 7¹a b :<,/4~,/G�`_2/,/034~A :<57A�� �È 7P( ~ �8�z5 ��5&?<6 È ±
( ~ �8�z5¤ú È 7�( ~ �8�z5�a
Ü 57.CA$ý Ù ú 03A!����jk0J5z`_;>, ?<A�, ? È 7P( ~ �8�z5{A :<57A-GH, ?<,/8GH, 	W034z¶ ~ ���å�pa ê ^W`W`_;>4"0�A :<57Ad� ��� ~ �u#oì��!� ���å���u#¬í¹�¶ ~ ���å�ë#�Éw��A :<0R, ?<A�03.�?<572N5&?<eN2/0R, ?�A :<0�A�.C,/5&?<eN2/0u· ~ �����H� �

5&?<6B� ~ ����#�é(a
ò�;F?<4",/6903.C, ?<edA :<0�A�.C,/5&?<eN2/0�· ~ �����f*-0�=F5&?
*-.C,/A�03Ù
ã8ä -*(pÉÃ5.#?(pì ±  aí ± +�é ± 5A'3�Rì�í!#�ìC'3�Rí� �(pí ± +�é ± 5A'3�Rì�í��[� ýW�
ê , ?<=F0z���q� È 7P( ~ �8�z5 �Ò*-0l:<5&mn0!ì¦73 �í�7��ûé�73a ê , ?<=F0ìn�8íx:c�C��,/A_c�;>2/2/;F*-4�A :<57Aiìn�8íq��é¹��5&?<6yA :<0lA�03.CGù(pí¥±¤+aé¥±R5

, ?o\9|}^_57A�,/;F?�� ýW�],/4_?<03eN57A�, mn03a b :<,/4�4�:<;F*-4�A :<57A ��c�;>.q5p�Wø�036
mn572 ^_0Cí¹� ã8ä -*(pÉÃ5�, ?<=F.103574"034$*-,/A :!ì�a Æ ;>A�, ?<e�A :<57AÝ���{É9�q¹$�W,/Ac�;>2/2/;F*-4@c�.1;>G+572/29A :<0_`_.101mn,/;F^_4�c�57=FA�4RA :<57AkA :<0�2/57.1eN034"A>mn572 ^_0
c�;>. ã8ä -*(pÉÃ5 ��5&?<6�:<01?<=F0�A :<0@4"GH572/2/034"A7mn572 ^_0�c�;>.¦ÉW��,/4_57A�A�57, ?<036*�:<01?{ìa#?(pé 7 +�í 7 5 h ç 7 aWþ ?sA :<,/4q=F574"0R*-0R:<5&mn03Ù
ã8ä -*(pÉÃ5.#?(*(pé 7 +�í 7 5�üý  aí ± +�é ± 5A'3��(pé 7 +�í 7 5©þý í�� � �W�
Ø I�4"A ^_6�Ik, ?<eHA :<0_mn57.C,/57A�,/;F?y;>c ã8ä -©(pÉÃ5_574R5�c ^W?<=FA�,/;F?{;>c6í¹�*-0�=F5&?y4�:<;F* A :<57A ã8ä -©(pÉÃ5],/4RGH57ø�,/G�^_Gi*�:<01?aíz#�é�'3� þý #ì��_, ?�*�:<,/=t:s=F574"0Ò*-0R:<5&mn03Ù

ã8ä -*(pÉÃ5.#�%>+D� üý � h �9%>+D� �.æAç0è � ���7�
c�;>.<�!�-� ���"�&� �<5&?<6E:<01?<=F0lÉ9: áAâPã
ã8ä -å(*%«+�� �.æAç0è 5�a(þ�Anc�;>2/2/;F*-4A :<57AÒc�;>.�01mn03.�I�`_;>, ?<A��ÿ� È 7P( ~ �8�z5_*-0�:<5&mn0�¶ ~ �c�Þ:áAâPã
ã8ä -å(*%>+D� �.æAç0è 5�a
Ü 57.CA�� Ù¦jq03�7?<0EA :<0Ec ^W?<=FA�,/;F?��#;F?sA :<0E, ?<A�03.�mn572k� %����B5Ò574c�;>2/2/;F*-4"a9éN;>.q5@mn572 ^_0������ %����B5 �_2/03A��÷jk0�5q`_;>, ?<A];F?oA :<0

jk;F^W?<6957.�I[;>c È 7P( ~ �8�z5r4�^_=t:fA :<57A�� � ~ � '�� �c���.#��$��5&?<6
6903�7?<0��©(��.5.#9¶ ~ �c�pa¹Õ{0��W.C4"A
?<03036wA�;d4�:<;F* A :<57A	�H,/4q5
*-032/2/8�6903�7?<036�c ^W?<=FA�,/;F?<a
ú 03A
�ojk0w5DeN, mn01?��Wø�036ymn572 ^_0�, ?~� %����B5�a ú 03A«� jk0�5

`_;>, ?<Ar;F?�A :<0Hjk;F^W?<6957.�IÖ;>c È 7P( ~ �8�z5H5&?<6i4�^W`W`_;>4"0DA :<57A� � ~ �u#òì��z� �c����#òí¹��5&?<6,� ~ ����#òé(a b :<01?[*-0p:<5&mn0ì¦7¸ Bí�7"#Êé�73a<þ�ck*-0d2/03A.ìC'Aí�#��J5&?<6K4";>2 mn0dc�;>.lìs5&?<6{í
, ?sA :<0�03|}^_57A�,/;F?Bì¦7« aí�7u#�é�71�W*-0EeN03A¥ìa#�é��¤')(*%� 
�i7�5 h ç 7
5&?<6Bí�#²é�')(*%¸ ��i7�5 h ç 7¹a b :<03.103c�;>.101��A :<03.10d57.10dA *-;H`_;>, ?<A�4���@5&?<6"� ¾� �<4�IkGHGH03A�.C,/=F572�*-,/A :K.1034�`_03=FA�A�; ~ �q�(*�:<,/=t:z57.10A :<0r, ?<A�03.C4"03=FA�,/;F?K;>c<A :<0�=F,/.1=F2/0�=F01?<A�03.1036�57A ~ ��.1034�`_a��p�<5&?<6



�
;>c�.C5769, ^_4�é��¤')(*%� ��i7P5 h ç 7���.1034�`_a¥é�')(*%� ��i7�5 h ç 7¹�<*-,/A :ÖA :<0
jk;F^W?<6957.�ID;>c È 7P( ~ �8�z5�a(��þ�An=F5&?#jk0�03574",/2 Idmn03.C,/�W036�A :<57AkA :<0
, ?<A�03.C4"03=FA�,/;F?J,/4R`_.103=F,/4"032 Is5#4"03AÒ;>cRA *-;l`_;>, ?<A�4"a � b :<0�mn572 ^_0�©(��.5�,/4]:<01?<=F0��©(��.5¤#�¶ ~ ���å��#�¶ ~ � ¾� � ��4", ?<=F0u����5&?<6� ¾� 57.10�4�IkGHGH03A�.C,/=F572�*-,/A :Ö.1034�`_03=FA@A�; ~ �p� �_*�:<,/=t:Ö03ø�,/4"A�45&?<6l,/4$^W?<,/|}^_03a7þ�A$c�;>2/2/;F*-4<A :<57A���,/4n5k*-032/2/8�6903�7?<036lc ^W?<=FA�,/;F?<a
éN;>.������ %����B5 ��=F;F?<4",/6903.]5]`_;>, ?<A�� ;F?DA :<0<jk;F^W?<6957.�I-;>cÈ 7P( ~ �8�z5q4�^_=t:[A :<57A>� � ~ �¦#�ì��u� �c���Ý#?í¹�Ò5&?<6��9#?ìC'Aí(aÆ ;>A�0DA :<57A �RjNIhA :<0D6903�7?<,/A�,/;F?~;>c��F���©(��.5x#Þ¶ ~ �c�pa Ø I2/03A�A�, ?<e!É9#�¶ ~ �c�q��5&?<6pjNIK5p4",/GH,/2/57.@5&?<572 Ik4",/4�A�;#A :<57A_, ?

`_57.CA>ý-5&jk;Fmn01�$*-0r=F5&?y4"A ^_6�IyA :<0�mn57.C,/57A�,/;F?{;>cnA :<0�c ^W?<=FA�,/;F?ã8ä -©(pÉÃ5weN, mn01?ô, ?ô\9|}^_57A�,/;F?�� �W�#574y5Jc ^W?<=FA�,/;F?ô;>c��$��jNI.101`_2/57=F, ?<e�ísjNI+,/A�4Hmn572 ^_0{íò# é�')(*%! ��i7�5 h ç 7s, ?xA�03.CGH4
;>c��nanÕ{0y=F5&?~4�:<;F* A :<57A �Ec�;>.��Þ��� %����B5 �EA :<0yc ^W?<=FA�,/;F?ã8ä -)É 6903=F.103574"034Ò*-,/A :��$�q5&?<6�:<01?<=F0��©(��.5�#ÌÉ,#Ú¶ ~ �c�, ?<=F.103574"034n*-,/A :��naÆ ;F* 2/03Al� h 5&?<6�� ± jk0DA *-;�`_;>, ?<A�4�;>c � 4"57A�,/4"c Ik, ?<eA :<0�=F;F?<69,/A�,/;F?<4�, ?o`_57.CA��[;>c�A :<0�2/03GHGH57a ú 03A«� ¾h jk0�A :<0`_;>, ?<A�;F?{A :<0_jk;F^W?<6957.�I�;>c È 7P( ~ �8�z5_4�^_=t:yA :<57A¦¶ ~ � ¾h �û#�©(A� � h ~ � '�� � h ��� 5 �y5&?<6 4�^_=t:óA :<57A�� h 5&?<6�� ¾h 57.10f;F?A :<0�4"57GH0�4",/690�;>c ~ �pa Ø IfA :<0�6903�7?<,/A�,/;F?h;>c��F��*-0E:<5&mn0� � h ~ � '�� � h ���¦#û� � ¾h ~ � '�� � ¾h ��� a ê , ?<=F0�� h 5&?<6x� ¾h 57.10p, ?È 7P( ~ �8�z5 ��jNI�`_57.CA]çH;>c�A :<,/4�2/03GHGH5&��*-0q:<5&mn03¶ ~ � h �òß¹¤'3�C��¶���� h ~ ßq¹¤'3�C��¶ ~ � ¾h ��ß{¹¤'3�C�
5&?<6�¶���� ¾h ~ ß{¹¤'3�¹aþ�ce¶ ~ � ¾h ����¶ ~ � h �q�(A :<01?rjNI ú 03GHGH5�üWa û¸� ¾h 2/,/034n4"A�.C,/=FA�2 I, ?<4",/690�A :<0#A�.C,/5&?<eN2/0q· ~ � h �pa ê , ?<=F0d� h � È 7P( ~ �8�z5r5&?<6È 7P( ~ �8�z5l,/4#=F;F?
mn03ø"�r572/2n`_;>, ?<A�4#, ?�A :<0�A�.C,/5&?<eN2/0a¶ ~ � h �
57.10[, ? È 7�( ~ �8�z5�a Ø ^_A!� ¾h ,/4K5Kjk;F^W?<6957.�I�`_;>, ?<A�2 Ik, ?<e4"A�.C,/=FA�2 Ii, ?<4",/690q· ~ � h �q��5�=F;F?<A�.C5769,/=FA�,/;F?<a_þ�A@c�;>2/2/;F*-4pA :<57A¶ ~ � h ��:�¶ ~ � ¾h �ë#��©(A� � h ~ � '�� � h ��� 5�a
ê , ?<=F0�¶ ~ � ± � :Å¶ ~ � h �à5&?<6÷� � h ~ � '�� � h ���³:� � ± ~ � '�� � ± ����jNI A :<0ó:
IN`_;>A :<034",/4��v5&?<6 4", ?<=F0��ã,/4

, ?<=F.103574", ?<e}�[,/A�c�;>2/2/;F*-4�A :<57A�¶ ~ � ± � :õ¶ ~ � h � :�©(A� � h ~ � '�� � h ��� 5 : �©(A� � ± ~ � '�� � ± ��� 5�a b :<03.103c�;>.101�¶ ~ � ± � :��©(A� � ± ~ � '�� � ± ��� 5�a Æ ;F* jNIô2/03A�A�, ?<eÌ� ¾± jk0A :<0 `_;>, ?<A�;F?÷A :<0 jk;F^W?<6957.�I ;>c È 7 ( ~ �8�z5f4�^_=t:÷A :<57A¶ ~ � ¾± � #��©(A� � ± ~ � '�� � ± ��� 5y5&?<6�4�^_=t:vA :<57Arjk;>A :¬� ±5&?<6{� ¾± 57.10H;F?iA :<0#4"57GH0#4",/690d;>c ~ �q�<*-0#=F5&?J=F;F?<=F2 ^_690jNI�5�4",/GH,/2/57.�A�;>BN01? A�;fA :<0s5&jk;Fmn01�dA :<57A3� ± 2/,/034y, ?<4",/690· ~ � ¾± �pa Ø IzA :<0l=F;F?
mn03ø�,/A IK;>c È 7�( ~ �8�z5 �C� ± � È 7P( ~ �8�z5574q=F2/57,/GH0369a
b :<0�c�;>2/2/;F*-, ?<eq`_.1;F`_;>4",/A�,/;F?y;F?DA :<0�4"A�./^_=FA ^_.C572¹`_.1;F`_03.CA�,/034

;>c-eN01?<03.C572/, 	W036 �@5&jk.C,/032HeN.C5&`W:<4z,/4-`_57.C572/2/032pA�; Ü .1;F`_;>4",/8A�,/;F?�ûWa ûWa´ V��tYW�FS1O P�O �FM"¼�� ��£ ú 03A � jk0d5r^W?<,/A�69,/4"BDeN.C5&`W:
�_���o� ���"�&�5#=F;F?<4"A�5&?<A �@5&?<6 ª 7dA :<0deN01?<03.C572/, 	W036��@5&jk.C,/032]eN.C5&`W:J;>c �*-,/A :�`_57.C57GH03A�03.n�$a b :<01?KA :<0�c�;>2/2/;F*-, ?<e-57.10rA�./^_03a
ç7a ª 7 ,/4<`_2/5&?<57.�aûWa ª 7E,/4q5l=F;F?
?<03=FA�0369aüWa b :<0R`_;F*-03.�4"A�.103A�=t:Kc�57=FA�;>.R;>c ª 7E,/4qç7aýWaEþ�c�5&?D0369eN0 ~ ��� � ,/4�?<;>A�5&?D0369eN0�, ? ª 7C�kA :<01?yA :<03.1003ø�,/4"A�4]5k`_;>, ?<A���� � 4�^_=t:-A :<57A�¶ ~ �c��:qÉÃ�t�7*�:<03.10ÉÃ��# áAâPã
ã8ä -e(*%>+D� �.æAç0è 5å|N;F?yA :<0�;>A :<03.W:<5&?<6��k,/c ~ �~,/45&?K0369eN0r, ? � 5&?<6wA :<03.10r03ø�,/4"A�4q5@`_;>, ?<A�� � � 4�^_=t:A :<57Af¶ ~ �c��:{¹¤'3�C�]A :<01? ~ �x,/4<?<;>A]5&?K0369eN0r, ? ª 7¹a´ V��F� �Y£ b :<0�`_.1;>;>c�;>cn`_57.CA�4�ç&�nû7�@5&?<6-üz57.10d4",/GH,/2/57.rA�;A :<;>4"0�c�;>.]A :<0q=F574"0q;>c��@5&jk.C,/032
eN.C5&`W:<4���*�:<,/=t:D=F5&?pjk0qc�;F^W?<6

, ?sA :<0�2/,/A�03.C57A ^_.10���c�;>.�03ø�57G�`_2/01�]4"030�æ�ç��3è �_æ��¹è���a

þ�c�5&?J0369eN0 ~ �;� � ,/4�?<;>A�5&?J0369eN0d, ? ª 7C�@A :<01?iA :<03.1003ø�,/4"A�4d5p`_;>, ?<A>� � � �>�! # ~ �8�q�r4�^_=t:hA :<57A�� � ~ � 7� � � ~ � 7��³� ~ ��� 7C�r5&?<6y:<01?<=F0�� � È 7P( ~ �8�z5�a Ø Is`_57.CA]ý;>c ú 03GHGH5ÒüWa ü7�i¶ ~ �c��:qÉÃ�«# áAâPã
ã8ä -e(*%l+D� �.æAç0è 51a�
]?zA :<0;>A :<03.N:<5&?<6��W,/c ~ �Ö,/4]5&?-0369eN0R, ? � 5&?<6pA :<03.10R03ø�,/4"A�4<5n`_;>, ?<A� � � 4�^_=t: A :<57A«¶ ~ �c� :²¹¤'3�C�qA :<01??� � È ± ( ~ �8�z5�a
Ø Is`_57.CA_ü[;>c ú 03GHGH5düWa ü7�>�õ� È 7�( ~ �8�z5p574�*-032/2 ��5&?<6� � ~ � 7¦ Â� � ~ � 7��?� ~ ��� 7¹a Ø I�A :<0q6903�7?<,/A�,/;F?D;>c�eN01?<03.C572/, 	W036�@5&jk.C,/032�eN.C5&`W:<4�� ~ �x,/4<?<;>A]5&?K0369eN0r, ? ª 73a» �1�]X>V1T�¼��  �£ b :<0�.1034�^_2/A�4{, ?�A :<,/4z4"03=FA�,/;F?�69034"=F.C, jk0�A :<04"A�./^_=FA ^_.10z5&?<6hA :<0-`_.1;F`_03.CA�,/034�;>cpA :<0K.103eN,/;F?<4 È 7P( ~ �8�z5 �
*�:<03.10 ~ �i��� � �]5&?<6d�z��� ���"�&� �<574n*-032/2�574@A :<0R`_.1;F`_03.CA�,/034;>c�eN01?<03.C572/, 	W036Ç�@5&jk.C,/032�eN.C5&`W:<4"a b :<0�.103eN,/;F? È 7P( ~ �8�z5l,/4
5�=F2/;>4"036K=F;F?
mn03ø�4"03AR;>cn`_;>, ?<A�4�*�:<,/=t:i,/4E4�IkGHGH03A�.C,/=q*-,/A :
.1034�`_03=FA]A�; ~ �ô5&?<6#*�:<,/=t:�01?<=F2/;>4"034�A :<0p69,/4"B�;>cÒ69,/57GH03A�03.~ �pa#"�?<c�;>.CA ^W?<57A�032 IF�R5�`_;>, ?<A.� � � =F5&?
?<;>A�jk0p=F2/574"4",/�W036*-,/A :Û.1034�`_03=FA�A�; È 7�( ~ �8�z5{4";>2/032 I+jk574"036x;F?ÛA :<0f5&?<eN2/0¶ ~ �c� 574�,/4�A :<0z=F574"0#*-,/A :�A :<0z69,/4"BJ;>cp69,/57GH03A�03. ~ �
��,/a 03a � È ±R( ~ �8�z5���a b :<,/4R2/0357694�A�;l5�GH5&Ú�;>.�69,/c�c�03.101?<=F0kjk03A *-0301?�@5&jk.C,/032deN.C5&`W:<4K5&?<6geN01?<03.C572/, 	W036¬�@5&jk.C,/032deN.C5&`W:<4-*-,/A :
`_57.C57GH03A�03.R�����¹a b :<0d03ø�,/4"A�01?<=F0#;>c�5&?i0369eN0 ~ �;� � , ?A :<03�@5&jk.C,/0329eN.C5&`W: ª ;>c � =F5&?#jk0�`_.103=F,/4"032 ID=t:<57.C57=FA�03.C, 	W036574@c�;>2/2/;F*-4"Ù�)�?K0369eN0 ~ ��� � ,/4q, ? ª ,/c]5&?<6�;F?<2 Iz,/c]A :<03.1069;>034W?<;>A903ø�,/4"AW5&?
I�`_;>, ?<A©��� � 4�^_=t:wA :<57A6¶ ~ �c��:{¹¤'3�¹aþ ?Ö=F;F?<A�.C574"A ��c�;>.EA :<0�=F574"0�;>c�eN01?<03.C572/, 	W036��@5&jk.C,/032ReN.C5&`W:<4
4�^_=t:J?<,/=F0D=t:<57.C57=FA�03.C, 	W57A�,/;F?�69;>034r?<;>A�03ø�,/4"A �E574�;F?<0yGH5&I
:<5&mn0E?<;>A�,/=F036Jc�.1;>G `_57.CAq��, mn��;>c Ü .1;F`_;>4",/A�,/;F?oüWa ýWa b :<,/4#,/4GH57, ?<2 I�6�^_0qA�;�A :<0qc�57=FA9A :<57A¥�@5&jk.C,/032$eN.C5&`W:<4�=F;>.C.1034�`_;F?<6#A�;
eN01?<03.C572/, 	W036x�@5&jk.C,/032�eN.C5&`W:<4<*-,/A :-`_57.C57GH03A�03.�mn572 ^_0@��#��C�
5&?<6[:<01?<=F0oA :<0�=t^_.�mn0s69034"=F.C, jk, ?<e A :<0o4"03Ad;>c�`_;>, ?<A�4x�
4"57A�,/4"c Ik, ?<e²� � ~ � ±� ë� �c��� ±�# � ~ ��� ±�,/4�5K=F,/.1=F2/01�q*�:<,/=t:
=F;F^_2/6ijk0o69034"=F.C, jk036J`_.103=F,/4"032 Ig574yA :<0�4"03A#;>cr`_;>, ?<A�4x�
4�^_=t: A :<57A«¶ ~ �c�b#Ú¹¤'3�-��;>c�=F;F^_.C4"01��, ? 576969,/A�,/;F? A�;yA :<0
A *-;E`_;>, ?<A�4 ~ 5&?<6x�p��akéN;>._`_57.C57GH03A�03.]mn572 ^_034@�{� �C�RA :<,/4
,/4E?<;�2/;F?<eN03.�A :<0y=F574"03a b :<0y4"03AE;>c�`_;>, ?<A�4z�Þ4"57A�,/4"c Ik, ?<e� � ~ � 7C {� �c��� 7u#Ç� ~ ��� 7rc�;>.k�z�s�C�k=F5&?#?<;p2/;F?<eN03.�jk0_`_.1038
=F,/4"032 Io69034"=F.C, jk036�jk574"036{;F?JA :<0d5&?<eN2/0�¶ ~ �c�pa b :<03.103c�;>.101�
6903572/, ?<e�*-,/A :KeN01?<03.C572/, 	W036x�@5&jk.C,/032�eN.C5&`W:<4njk03=F;>GH034@G�^_=t:
GH;>.10�=F;>G�`_2/,/=F57A�036HA :<5&?�6903572/, ?<eÒ*-,/A :q�@5&jk.C,/032NeN.C5&`W:<4��95&?<6
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Fig. 1. The figure illustrates a region
R�(pór� ~ �8�z5

whereI	KML is highlighted.
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5&?<6�:<01?<=F0¤¶�óu�cº³�q¹¤'3�e+¤É_a ê ,/GH,/2/57.C2 IF�*-0�:<5&mn0"¶�óuî��ñßÚ¹¤'3�C��5&?<69¶�óu�cîo�Ú¹¤'3��+BÉ_a Æ ;F*
, ?�A :<0w|}^_5769.C,/2/57A�03.C572¤óuºÂ�cî *-0p:<5&mn0a¶�ºÂ�cîù#Û�R¹�+¶�î�óuº,+�¶�óuºÂ�³+�¶�óuî�� :s�R¹�+3É!+3¹¤'3�C+3¹¤'3��#�¹�+3É_a
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Fig. 3. Illustration for Proposition 4.8.

þ ?K;>.16903.RA�;#e}^_57.C5&?<A�030rA :<57A<,/c<A :<0E0369eN0 ~ �;'� ª�¾ ��.103=F572/2A :<57A ª ¾ ,/4qA :<0E69034",/.1036ljk57=FB}jk;F?<01�(*�:<,/=t:o,/4q5l4�^WjkeN.C5&`W:K;>cª 73�]A :<01?K572/2�A :<0�0369eN034@;F?KA :<0�=F5&?<;F?<,/=F572>`_57A :�jk03A *-0301? ~5&?<6x��57.10l, ? ª�¾ �k*-0H, ?<A�.1;>6�^_=F0p=F03.CA�57, ?�4"A�./^_=FA ^_.1034r=F572/2/036
S1�1�&P��FV1S A�;#69,/4"A�, ?<e}^_,/4�:sA :<0E0369eN034@;F?sA :<0�=F5&?<;F?<,/=F572>`_57A :<aÀ � ÁÒMNO P�O �FM1��� x�£ ú 03A ~ jk0�5l`_;>, ?<Aq, ? � 5&?<6o2/03A���: %��jk0�5&? , ?<A�03eN03.E=F;F?<4"A�5&?<A�a¤jq03�7?<0-5&?ry{z ± S1�1�&P��FV 57.1;F^W?<6 ~A�;#jk0-5wGH57ø�,/GH572R4"03|}^_01?<=F0�;>c
|B:x��=F;F?<4"03=t^_A�, mn0�0369eN034
��=F572/2/0365y{z ± S1�1�&P��FVk�1Q&UW�1S �(, ?<=F,/6901?<AW;F? ~ 4�^_=t:�A :<57A(A :<0�5&?<eN2/0jk03A *-0301?{A :<0��W.C4"Ak5&?<6-A :<0�2/574"Ak,/4�57Ak2/03574"Af(�|¤+a%�5pÉÃ���
*�:<03.10ÉÃ�># áAâPã
ã8ä -å(*%l+y� �.æAç0è 5Ã:?��� },~�<R¹$�]5&?<6wA :<0E5&?<eN2/0�jk03A *-0301?01mn03.�IKA *-;-=F;F?<4"03=t^_A�, mn0p0369eN034�, ?�A :<0l4"03|}^_01?<=F0p,/4�57A_2/03574"A¹¤'3�¤+-�R¹¤'���a6jq03�7?<0�5&?�y h S1�1�&P��FV 57.1;F^W?<6 ~ A�;�jk0�5Ò`_57,/.Ò;>c=F;F?<4"03=t^_A�, mn0E0369eN034q, ?<=F,/6901?<A_;F? ~ 4�^_=t:oA :<57A<��ç7�]A :<0E5&?<eN2/0
jk03A *-0301?DA :<03G~,/4Ò57A�2/03574"A©¹¤'3�C+d�R¹¤'��"�9� ûW��;F?<0�;>c�A :<0�0369eN034
,/4�4"A�.C,/=FA�2 I�4�:<;>.CA�03.]A :<5&?wA :<0q;>A :<03. ��5&?<6d� üW�9A :<0q4�:<;>.CA�03._0369eN0
��=F572/2/036i5&?�y h S1�1�&P��FVH�1Q&UW� ��69;>034r?<;>AÒjk032/;F?<e�A�;s5&?
I�y{z ±4"03=FA�;>.�a�þ�cÒ5&?�0369eN0l,/4�5&?�y{z ± 4"03=FA�;>.�0369eN0l;>.�5&?�y h 4"03=FA�;>.0369eN01�(*-0�=F572/2�,/A<5 S1�1�&P��FVR�1Q&UW� ab :<0@c�;>2/2/;F*-, ?<el2/03GHGH5�e}^_57.C5&?<A�03034]A :<57A90369eN034_;F?w=F5&?<;F?<8
,/=F572>`_57A :<4q57.10�4"03=FA�;>.�0369eN034qc�;>.kjk;>A :KA :<03,/.@01?<6�`_;>, ?<A�4"a� �1���]X���� �,��£ ú 03A©ó ~ 5&?<6�óu�[jk0q0369eN034�, ? ª 7�4�^_=t:DA :<57A¶���ó ~ �ÇÉW�n*�:<03.103ÉÌ#��R¹¤'���5&?<6?�x:Ú%��d,/4�5&?J, ?<A�03eN03.
=F;F?<4"A�5&?<A�a b :<01?-0357=t:-0369eN0�n�mK;F?�A :<0R=F5&?<;F?<,/=F572F`_57A : I	KMLjk03A *-0301? ~ 5&?<6��g,/4q5l4"03=FA�;>.�0369eN0rc�;>.kjk;>A :�nâ5&?<6�mqa´ V��F� �Y£ ò�;F?<4",/6903.]5&?�57.�jk,/A�.C57.�I�0369eN0Gn�mo;F?wA :<0q=F5&?<;F?<8,/=F572Ò`_57A :fjk03A *-0301? ~ 5&?<6c�pa]Õ{0-*-,/2/2�4�:<;F*ÝA :<57A=n�m
,/4�03,/A :<03.�5&?]y{z ± 4"03=FA�;>.�0369eN0y;>.-5&?]y h 4"03=FA�;>.�0369eN0{;>cnoa Ø I[4�IkGHGH03A�.�IF��A :<0�4"57GH0�`_.1;>;>cn*-,/2/2Ò=F57.C.�I�c�;>.�mqa
Õ{069,/4"A�, ?<e}^_,/4�:sA :<0Ec�;>2/2/;F*-, ?<e�=F574"034"a
ò�574"0rç Ù5n ,/4 ~ ;>.��paqéN,/.C4"A �p4�^W`W`_;>4"0zA :<57A�n #;�pa

ê , ?<=F03óu�Þ� ª 7C�kjNIw`_57.CA9ü{;>c Ü .1;F`_;>4",/A�,/;F?{ýWa �&�Ã¶�óu� ~ :¹¤'3�!+i�R¹¤'���a@þ�clA :<0{5&?<eN2/0B¶�óu�1mu(8¶�ó�n�m�5d,/4�2/034"4�A :<5&?¶�óu� ~ �9A :<01?�jNI�A :<0�`_2/5&?<57.C,/A I#;>c ª 71�{msG�^_4"A(2/,/0R, ?<4",/690�A :<0A�.C,/5&?<eN2/0l· ~ ��ó��(5R=F;F?<A�.C5769,/=FA�,/;F?�A�; ú 03GHGH5kýWa ýWa b :<03.103c�;>.101�¶�ó�n�mc:�¶�óu� ~ :{¹¤'3�>+D�R¹¤'���a(þ�c2n�mf69;>034<?<;>A(jk032/;F?<e
A�;y5&?�y{z ± 4"03=FA�;>.�;>c5n���n�óv5&?<6�n�m *-,/2/2Rc�;>.CGó5&?ry h



�)�
4"03=FA�;>.Njk03=F5&^_4"01�3jNI Ü .1;F`_;>4",/A�,/;F?EýWa �&�
A :<03.10Ò,/4
?<;�0369eN0Ò, ?<4",/690R�(pór� ~ �8�z5p=F;F?
?<03=FA�, ?<e�n A�;-`_;>, ?<A�4�;>A :<03.HA :<5&?Ìó���5&?<6
:<01?<=F08n�ó 5&?<6�n�mg57.10#=F;F?<4"03=t^_A�, mn0-0369eN034l57.1;F^W?<6�noa�o;>.103;Fmn03. �q4", ?<=F0Â¶�ó ~ �ó5&?<6�¶�óu� ~ 57.10#57=t^_A�0�� jk03=F5&^_4"0ó ~ 5&?<6�óu�x57.10�, ? ª 7¹�]5&?<6x¶���ó ~ �s�R¹¤'��"�],/A],/4�03574�I{A�;mn03.C,/c IwA :<57A�� ~ ����ß?� ��óz��*�:<01?���:9%��¹a Æ ;F*�4", ?<=F0�n�mi,/4
;F?�A :<0R=F5&?<;F?<,/=F572}`_57A :-c�.1;>G ~ A�;>�q�i� n�m��©�?� ~ ���©ß?� ��óz� �
5&?<6J:<01?<=F0�n�mù,/4{A :<0�4�:<;>.CA�03.D0369eN0o;>c�A :<0�y h 4"03=FA�;>.
c�;>.CGH036{jNI9n�óá� ��óE�r5&?<6]n�mqa b :<,/4r`_.1;Fmn034dA :<57A�n�m
,/4R03,/A :<03._5&?
y{z ± 4"03=FA�;>.�0369eN0�;>._5&?
y h 4"03=FA�;>.�0369eN0�57.1;F^W?<6noa b :<0�=F574"0Ò*�:<03.10�nb# ~ c�;>2/2/;F*-4]jNI{4�IkGHGH03A�.�I>a
ò�574"0Òû Ù Æ ;F* *-0q=F5&?w574"4�^_GH0qA :<57Apnù,/4Ò5]`_;>, ?<A�;F? I	KML5&?<60n� # ~ �8�pa Ø I Ü .1;F`_;>4",/A�,/;F?iýWa �&��A :<0y;F?<2 I[`_;>4"4", jk2/00369eN0l, ? ª 7p, ?<4",/6905R�(pór� ~ �8�z5@, ?<=F,/6901?<A�A�;6n ,/4>ó�noa�Õ{0

69,/4"A�, ?<e}^_,/4�:KA *-;H4�^Wjk=F574"034kjk574"036�;F?�*�:<03A :<03.R;>.�?<;>AnA :<03.10
03ø�,/4"A�4R5&?D0369eN0�ó�n � ª 7�, ?<A�03.C,/;>.�A�;GR�(pór� ~ �8�z5�a ú 03A`n�m ¾jk0�A :<0�=F;F?<4"03=t^_A�, mn0�0369eN0�A�;
n�m ;F? I	KML a
ê ^Wjk=F574"0ÒûWa ç Ù�ó�n ,/4q?<;>Aq5&?f0369eN0�, ? ª 7¹a Ø Iy`_57.CAnýs;>c

Ü .1;F`_;>4",/A�,/;F?DýWa �&�ÒA :<0p5&?<eN2/0p57A:n ,/4�57A�2/03574"AfÉÃ� a ê , ?<=F0pA :<0;F?<2 I�0369eN0q, ? ª 7�, ?<4",/6902R�(pór� ~ �8�z5]A :<57A9=F5&?w=F;F?
?<03=FA�A�;�n,/4>ó�n��R5&?<6aó�n 69;>034_?<;>AÒ03ø�,/4"A �>n�mh5&?<67n�m ¾ 57.10lA *-;=F;F?<4"03=t^_A�, mn0H0369eN034Ò*-,/A :?¶�m5n�m ¾ :?ÉÃ����5&?<6#:<01?<=F0dG�^_4"Ajk0@`_57.CA];>c�5&?�y{z ± 4"03=FA�;>.q57.1;F^W?<6FnájNIKA :<0l6903�7?<,/A�,/;F?�;>c5&?8y{z ± 4"03=FA�;>.�a
ê ^Wjk=F574"0ÒûWa û Ù3ó�n ,/4�5&?Û0369eN0i, ? ª 7¹a Ø I~`_57.CAd�x;>c

Ü .1;F`_;>4",/A�,/;F?�ýWa �&�nA :<0�5&?<eN2/0r57A/n ,/4q57An2/03574"A¦¹�+��R¹¤'��"�]5&?<6¶�ó�n�m<�d¶�ó�n�m ¾ :Þ¹¤'3�!+i�R¹¤'���a b :<,/4�4�:<;F*-4�A :<57AEA :<0=F;F?<4"03=t^_A�, mn0�0369eN034
n�mn��n�ó��r5&?<6Qn�m ¾ 57.10�`_57.CA�;>c�5&?y{z ± 4"03=FA�;>. �n5&?<6r:<01?<=F0�n�mJ,/4�5&?(y{z ± 4"03=FA�;>.�0369eN0�57.1;F^W?<6noa
éN,/e}^_.10düf,/2/2 ^_4"A�.C57A�034�5&?~03ø�57G�`_2/0y;>cE5z=F5&?<;F?<,/=F572_`_57A :

jk03A *-0301? ~ 5&?<6B�q�q5&?<6sA :<0�y h 5&?<6�y{z ± 4"03=FA�;>.C4l;F?iA :<,/4`_57A :<a ú 03AR^_4-6901?<;>A�0yA :<,/4�=F5&?<;F?<,/=F572_`_57A :~c�.1;>G ~ A�;��
jNIc( ~ #,���}�8� h �8� ± �8��æ}�8�7�3�8��è�#²�z5�a()H4"4�^_GH, ?<eyA :<57AA :<0p=F;F?<69,/A�,/;F?<4r, ?[A :<0p4"A�57A�03GH01?<A_;>c ú 03GHGH5�ýWa ç��p57.10EA�./^_0
� ?<57GH032 IvA :<57Azó ~ 5&?<6ûóu� 57.10J, ? ª 71�q¶���ó ~ � ÉW�
*�:<03.10xÉµ# �R¹¤'��s5&?<6û�Ú: %��¹� �lA :<01?fjNI ú 03GHGH5-ýWa ç��
,/AÖc�;>2/2/;F*-4xA :<57A9* ~ ór� ~ � h�+ 5&?<6�* ��ór�8���7� + 57.10fy h
4"03=FA�;>.C4���5&?<6~A :<57A
* � h ~ �8� h � ± + �6* � ± � h �8� ± ór�8� ± ��æ + �* ��æå� ± �8��æå�7� + ��5&?<6�* �7�*��æ}�8�7�*� + 57.10�572/2`y{z ± 4"03=FA�;>.C4"ab :<03.103c�;>.101��0357=t: 0369eN0-;F?hA :<,/4�`_57A : ,/4d5�4"03=FA�;>.l0369eN0-c�;>.
jk;>A :s,/A�4q01?<6�`_;>, ?<A�4"a

5 THE ALGORITHMb :<0�572/eN;>.C,/A :<G =F;F?<4"A�./^_=FA�4�5 jk;F^W?<69036ù6903eN.1030J`_2/5&?<57.
`_;F*-03.l4�`_5&?
?<03.l;>c�6903eN.1030rjk;F^W?<69036DjNIë�w5&?<6[5w4"A�.103A�=t:
c�57=FA�;>.>jk;F^W?<69036qjNIÂ%© �(1�.-0/ 1¤(p¹¤'���5*587C�(c�;>.N`_57.C57GH03A�03.>mn572 ^_034�$: %���5&?<6Ö�³�õ� ���"�&��a�Õ{0�574"4�^_GH0�A :<57A#A :<0�, ?<A�03eN03.
`_57.C57GH03A�03.���:Ê%��p5&?<6{A :<0�`_;F*-03.�=F;F?<4"A�5&?<An�q�y� ���"�&��57.10
eN, mn01?<a

5.1 Constructing the Generaliz ed Gabriel GraphÕ{0y4"A�57.CAÒjNIh=F;F?<4"A�./^_=FA�, ?<e[A :<0DeN01?<03.C572/, 	W036Ê�@5&jk.C,/032�4�^Wjk8
eN.C5&`W: ª 7#;>c � a Ø I b :<03;>.103G+üWa �&��A :<,/4E4"A�01`f=F5&?yjk0d69;F?<0jNIh5{ç78�2/;>=F572q69,/4"A�.C, jN^_A�036f572/eN;>.C,/A :<GHÙ�0357=t:[`_;>, ?<A�6903=F,/69034
*�:<,/=t:Ö0369eN034lA�;yBN0301`ojk574"036o;F? ,/A�4p=F;>;>.169, ?<57A�034p5&?<6oA :<0
=F;>;>.169, ?<57A�034q;>c],/A�4<?<03,/e}:
jk;>.C4"a

5.2 Computing the Appr oximation Angle
Õ{0]*-;F^_2/6�2/,/BN0�A�;l01?<4�^_.10�A :<57A�Ù$��ç7��572/2(0369eN034Ò;>ckA :<0
y h 5&?<6y{z ± 4"03=FA�;>.C4d57.1;F^W?<6J5&?
Is`_;>, ?<Ar, ? ª 7w57.10�4"032/03=FA�036J��A :<,/401?<4�^_.1034�A :<57A ��c�;>.d5&?
IhA *-;�`_;>, ?<A�4 ~ 5&?<6��ñ, ? ª 7 �EA :<00369eN034#;F?�A :<0D=F5&?<;F?<,/=F572<`_57A :�jk03A *-0301? ~ 5&?<69�ï, ? ª 7*-,/2/2$jk0E4"032/03=FA�0369��|W� ûW�]c�;>.@5&?
Iz0369eN0uóu�¬� ª 7l, ?<=F,/6901?<A];F?5n`_;>, ?<A�ó��9A :<03.10Ò,/4]5@4"032/03=FA�036p0369eN0.ó ~ , ?<=F,/6901?<A(;F?zóz*-,/A :¶�óu�#�8ó ~ �f�R¹¤'���|�5&?<6{� üW��c�;>.�5&?
I�`_;>, ?<AÒ, ? ª 7C�R57A�GH;>4"A�p0369eN034@, ?<=F,/6901?<A];F?KA :<0�`_;>, ?<A]57.10�4"032/03=FA�0369a
b :<0@5&jk;Fmn0@=F;F?<69,/A�,/;F?<4��N:<;F*-01mn03. ��=F5&?
?<;>A�jk0q4"57A�,/4"�W036dc�;>.

mn572 ^_034r;>c��x�?¯)%����ê%�%��ê%7���ê%,}��ê%P��°}a b ;w4"030�*�:
I�A :<,/4E,/4EA :<0
=F574"01�k4�^W`W`_;>4"0�c�;>.�, ?<4"A�5&?<=F0�A :<57A.��#?%��C�k5&?<6-4�^W`W`_;>4"0�A :<57A
A :<03.10�57.10��7mn0�03|}^_572/2 Iw4�`_57=F036�y{z ± 4"03=FA�;>.C4R57.1;F^W?<6-5�`_;>, ?<Aó���0357=t:s=F;F?<4",/4"A�, ?<e�;>c_A *-;�=F;F?<4"03=t^_A�, mn0l0369eN034�GH57BN, ?<e-5&?
5&?<eN2/0Ò;>c¹`_.103=F,/4"032 I3ÉÃ�«# áAâPã
ã8ä -*(*%�+�� �.æAç0è 5�a ê ^W`W`_;>4"0Òc ^_.CA :<03.A :<57An0357=t:z;>c<A :<0��7mn0r5&?<e}^_2/57.R4"03=FA�;>.C4q4"01`_57.C57A�, ?<ed5&?
IyA *-;
;>c�A :<0l�7mn0Gy{z ± =F;F?<A�57, ?<4�0369eN034�A :<57A_57.10�4�:<;>.CA�03.�A :<5&?oA :<0y{z ± 0369eN034"a b :<01?Ö;F?<0�.1035769,/2 IJ4"03034HA :<57A]`_,/=FBN, ?<eKA :<0�A�01?y{z ± 0369eN034_2/035&mn034W^_49*-,/A :p?<;�0369eN034_A�;R`_,/=FBNa b :<,/4�GH57BN034�,/A,/G�`_;>4"4", jk2/0rA�;p4"57A�,/4"c IDA :<0�5&jk;Fmn0�=F;F?<69,/A�,/;F?z4", ?<=F0rc�;>.�A :<;>4"0
4�:<;>.CA�03.�0369eN034njk03A *-0301?zA :<0�4"03=FA�;>.C4qA :<57A
*-03.10�?<;>A(`_,/=FBN036��
A :<0w=F;F?<69,/A�,/;F?�,/4�?<;>A�4"57A�,/4"�W0369a«
]jk4"03.�mn0l:<03.10�A :<57A �r01mn01?
A :<;F^_e}:sc�;>.R5&?
I{0369eN0lóu�g2 Ik, ?<e�, ?K5E.103eN,/;F?-jk03A *-0301?zA *-;y{z ± 4"03=FA�;>.C4@A :<03.10�,/4@5�4"032/03=FA�036-0369eN0�A :<57AnGH57BN034�5&?{5&?<eN2/0;>cn57AkGH;>4"A]�R¹¤')%���*-,/A :qóu�q�(?<57GH032 Iy;F?<0r;>cnA :<0Òjk;F^W?<6957.�I
0369eN034n;>c
A :<0`y{z ± 4"03=FA�;>.C4��WA :<,/4<c�57=FAN69;>034$?<;>A3:<032 `�4"57A�,/4"c Ik, ?<eA :<0r69034",/.1036�=F;F?<69,/A�,/;F?-jk03=F5&^_4"0rA :<0Òjk;F^W?<6957.�Iy0369eN0r;>c<A :<0y{z ± 4"03=FA�;>.�GH5&I#jk0�2/;F?<eN03.�A :<5&?Bóu�pab ;y�Wø�A :<,/4q`_.1;Fjk2/03G��<*-0��W.C4"Aq69.C5&*õA :<0�c�;>2/2/;F*-, ?<ez;Fjk8
4"03.�mn57A�,/;F?<a b :<0o.103574";F?�*�:
Ih*-0w?<030369036~A�; 4"57A�,/4"c IxA :<0
=F;F?<69,/A�,/;F?gA :<57Alc�;>.-01mn03.�I~0369eN0xóu�÷A :<03.10{,/4w5s4"032/03=FA�036
0369eN0zó ~ 4�^_=t:�A :<57A3� ó ~ �u�Þ� óu����5&?<6?¶���ó ~ �ô�R¹¤'��"�
,/4dA :<57A_*-0l*-5&?<A�036[A�;ze}^_57.C5&?<A�030�A :<57A�� ó ~ � 73 Ì� ~ ��� 79�(*%" ��Y7C-0/ 1 7 (p¹¤'���5*5A� óu��� 7[� jNI ú 03GHGH5yýWa ç7� ��*�:<03.10?(*%" 
�Y7f-0/ 1 7 (p¹¤'���5*5l,/4�A :<0w69034",/.1036J4"A�.103A�=t:�c�57=FA�;>.�aÒþ�A�A ^_.�?<4#;F^_A
A :<57A�01mn01? ,/c�A :<0iA *-;�0369eN034Bó ~ 5&?<6ûóu�ð;>c ª 7 57.104�^_=t:[A :<57Al� ó ~ �f�Ú� óu��� ��A :<0H, ?<03|}^_572/,/A IÊ� ó ~ � 7l ?� ~ ��� 7"�(*%¥ d�Y7i-0/ 1 7 (p¹¤'���5*5A� óu��� 7�,/4�4"A�,/2/2(4"57A�,/4"�W036d574�2/;F?<el574.¶���ó ~
,/4@4"GH572/2/03.ÒA :<5&?z5�4"GH572/2�ä75&`W`_.1;>ø�,/GH57A�,/;F?<år5&?<eN2/0>É	� 7�� A :<57A6901`_01?<694E;F?ë��a]ò�03.CA�57, ?<2 IJA :<,/4p5&`W`_.1;>ø�,/GH57A�,/;F?f5&?<eN2/0r*-,/2/2
jk0d4"GH572/2/03.�A :<5&?i�R¹¤'���aNÕ{0�*-,/2/2_4�:<;F*�?<03ø�A�:<;F*õ5�2/;F*-03.
jk;F^W?<6w;F?KA :<0�5&?<eN2/0lÉ	� 7�� =F5&?-jk0r=F;>G�`W^_A�0369a¹Õs,/A :sA :<,/4q, ?GH, ?<6��n*-0#=F5&?y?<;F*õGH57BN0�^_4"0d;>c�A :<0#4"032/03=FA�036�jk;F^W?<6957.�I
0369eN034�;>cRA :<0Jy h 5&?<6�y{z ± 4"03=FA�;>.C4rA�;�=F;Fmn03.�5&?[576969,/A�,/;F?<5725&?<e}^_2/57.R4"03=FA�;>.�;>c]4", 	W0¸É	� 7�� 0357=t:<a´ V��tYW�FS1O P�O �FM" �� ��£ ú 03A.ó ~ 5&?<6{óu�+jk0dA *-;w0369eN034�, ? ª 73aú 03AiÉ	� 7�� #�¹¤'��"��*�:<03.10"��:Ê%��p,/4r5&?�, ?<A�03eN03.�=F;F?<4"A�5&?<A�a�þ�c¶���ó ~ �{É	� 7�� A :<01?

� ó ~ � 7  9� ~ ��� 7 ��(*%� �(1�.-0/ 1 ¹ � 5 7 5A� óu��� 7 �
´ V��F� �Y£ ê , ?<=F0�ó ~ � ª 7H*-0p:<5&mn0�� ó ~ � 7?ßµ� óu��� 73 � ~ ��� 7C�]5&?<6p:<01?<=F0

� ó ~ � 7  9� ~ ��� 7 ß�� óu��� 7  {��� ~ ��� 7 � ��çA�W�
ê , ?<=F0�ó ~ 5&?<6,óu�ã57.10�0369eN034{, ? ª 7 �EjNIh`_57.CA�ý~;>c

Ü .1;F`_;>4",/A�,/;F?�üWa ý7�kA :<0�5&?<eN2/034�¶�ó ~ �+5&?<6Â¶�óu� ~ 57.10�57=t^_A�03a
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Fig. 4. Construction of the spanner ª�¾ .
b :<,/4�,/G�`_2/,/034qA :<57A

� ~ ��� '�� óu���©��Í á 1©(pÉ	� 7�� 5¤�
Í á 1 ¹ � � @ �C-0/ 1 ¹ � � ��ç��7�
b :<0r2/574"A<, ?<03|}^_572/,/A I{,/4@A�./^_0Rjk03=F5&^_4"0 ã8ä - 2 4z:�%�'�@ ��c�;>.¸��:%��¹a(ò�;>G�jk, ?<, ?<e�, ?<03|}^_572/,/A�,/034���çA�W�<5&?<6���ç��7� �
*-0R:<5&mn0

� ó ~ � 7  9� ~ ��� 7 � (*%« {��( @ �C-0/ 1 ¹ � 5 7 5A� óu��� 7 ��ç��7�
� (*%« �(1�.-0/ 1 ¹ � 5 7 5A� óu��� 7 � ��ç��7�

c�;>.]�z��� ���"�&��a
5.3 The Algorithm Edge Selectionb :<,/4<572/eN;>.C,/A :<Go*-;>.CBN4<c�;>.���:9%��¹a¹\�mn03.�I�`_;>, ?<A ~ `_03.Cc�;>.CGH4
A :<0wc�;>2/2/;F*-, ?<eo572/eN;>.C,/A :<G�^W?<A�,/2qA :<0w4"A�57A ^_4#;>c�0357=t:h;>cr,/A�4
, ?<=F,/6901?<A�0369eN034�:<574�jk0301?h6903�7?<036���5&?<6J57A�A :<57A_`_;>, ?<A � ~
�7?<,/4�:<034Ò`_.1;>=F034"4", ?<eNa>Õ{0p574"4�^_GH0pA :<57A�A :<0p, ?<A�03eN03.]`_57.C57GH8
03A�03.��z:Ç%��l5&?<6yA :<0@`_;F*-03.q=F;F?<4"A�5&?<Ak�Â�w� ���"�&�Ò57.10EeN, mn01?<a
b :<0�572/eN;>.C,/A :<G ,/4qeN, mn01?s, ?KéN,/erýWa
b :<0�`_.1034"01?<A�036w572/eN;>.C,/A :<Gô,/4�5lç78�2/;>=F572k69,/4"A�.C, jN^_A�036w572/eN;>8

.C,/A :<G~��574"4�^_GH, ?<elA :<57A9A :<0q=F;>;>.169, ?<57A�034�;>c�A :<0<?<03,/e}:
jk;>.C4Ò;>c
A :<0�`_;>, ?<A�4n:<5&mn0_jk0301?{=F;>G�`W^_A�036-6�^_.C, ?<eHA :<0�=F;>G�`W^_A�57A�,/;F?
;>crA :<0weN01?<03.C572/, 	W036Ç�@5&jk.C,/032qeN.C5&`W:<��a��o;>.103;Fmn03. ��?<;KGH;>.10
A :<5&?�n�(pmq5<GH034"4"57eN034�57.10�03ø�=t:<5&?<eN036d, ?wA :<0<?<03A *-;>.CBl4", ?<=F0
;F?<2 I�n�(*%�5<GH034"4"57eN034Ò57.10q03ø�=t:<5&?<eN036#572/;F?<el01mn03.�I�0369eN03a Ø Ib :<03;>.103G�üWa �&�_=F;F?<4"A�./^_=FA�, ?<e ª 7p=F5&?�jk0l69;F?<0@jNIK4�`_01?<69, ?<e?<; GH;>.10oA :<5&?�n�( D�s t�D 5Ç# n�(pk s t k.5�2/;>=F572pA�,/GH0�57Ad5`_;>, ?<Ar;>cr6903eN.1030 D a�)Hc�A�03.pA :<0w=F;F?<4"A�./^_=FA�,/;F?�;>c ª 7C��0357=t:`_;>, ?<AqGH57, ?<A�57, ?<4H5�2/,/4"Aq;>c�,/A�4p, ?<=F,/6901?<Aq0369eN034l4";>.CA�036�, ? 5
=F;F^W?<A�03.1=F2/;>=FB}*-,/4"0�;>.16903.l57.1;F^W?<6[A :<0p`_;>, ?<A�a�Õs,/A :�A :<,/4#, ?
GH, ?<6���,/A@,/4p03574�IJA�;y4"030�A :<57A@0357=t:f;>c�A :<0�5&jk;Fmn0�4"A�01`_4p, ?
A :<0l572/eN;>.C,/A :<G�=F5&?�jk0l03ø�03=t^_A�036D, ?�n�( D 5�#�n�(pk.5@A�,/GH0@jNI5�`_;>, ?<AR;>cÒ6903eN.1030 D akþ�A�c�;>2/2/;F*-4�A :<57AÒA :<0pA�;>A�572]2/;>=F572]A�,/GH04�`_01?<A
jNI{5@`_;>, ?<A];>c]6903eN.1030 D ,/4Ãn�( D�s t�D 5C#�n�(pk s t k.5�a

ú 03A ª�¾ jk0�A :<0�4�^WjkeN.C5&`W:Ö;>c ª 7E*�:<;>4"0l`_;>, ?<A�4d57.10-A :<0`_;>, ?<A(;>c ª 7C�W5&?<6�*�:<;>4"0@0369eN034<57.10ÒA :<0�0369eN034];>c ª 7�=t:<;>4"01?jNI{A :<0�5&jk;Fmn0�572/eN;>.C,/A :<GHa$ Z7�1�FV��1�² �� ��£ b :<0�c�;>2/2/;F*-, ?<e-57.10�A�./^_03a
ç7a b :<0�6903eN.1030�;>c ª ¾ ,/4<jk;F^W?<69036pjNI���aûWaEþ�c�óu� ,/4y5&?x0369eN0s, ? ª 7�jN^_Ad,/4d?<;>Ad5&?x0369eN0s, ?ª�¾ ��A :<01?ÖA :<03.10-03ø�,/4"A�4p5&? 0369eN0!ó ~ � ª�¾ 4�^_=t:ÖA :<57A03,/A :<03.���ç7�«¶���ó ~ �,É	� 7�� ;>.E� ûW��� ó ~ ���¬� óu���]5&?<6¶���ó ~ �s�R¹¤'��"�<5&?<6�, ?-jk;>A :K=F574"034��<572/2�A :<0r0369eN034@;F?
A :<0�=F5&?<;F?<,/=F572>`_57A :-jk03A *-0301? ~ 5&?<6��g57.10r, ? ª�¾ aüWa b :<0�4"A�.103A�=t:�c�57=FA�;>.k;>c ª�¾ ,/4Wjk;F^W?<69036�jNIa%6 �(1�.-0/ 1�2 465873a´ V��F� �Y£ Ü 57.CA<ç Ù�ò�;F?<4",/6903.D5&?ô57.�jk,/A�.C57.�I `_;>, ?<A ~ 5&?<6

A :<0D0369eN034#, ?<=F,/6901?<ArA�;o,/Ar, ? ª�¾ a Ø IhA :<0�ÎMÏSÐpÑ ÒMÑPÓ�Ñ,Ô)Õ�Ö«×ÉØ572/eN;>.C,/A :<G��W0357=t:�0369eN0Ò, ?<=F,/6901?<A
A�; ~ , ? ª�¾ G�^_4"A3jk0R4"032/03=FA�036jNIhjk;>A :�;>c-,/A�4z01?<6�`_;>, ?<A�4���5&?<6+, ?�`_57.CA�,/=t^_2/57.DG�^_4"Arjk0
4"032/03=FA�036wjNI ~ a b ;�`_.1;Fmn0�A :<57A�A :<0�6903eN.1030-;>c ~ , ? ª�¾ ,/4jk;F^W?<69036rjNI��"�k,/A�4�^_c��W=F034ÒA�;l4�:<;F*ôA :<57A ~ 4"032/03=FA�4�?<;lGH;>.10
A :<5&??�p, ?<=F,/6901?<A<0369eN034"a
b :<0�`_.1;>;>cd,/4djk574"036�;F? 5[GH5&`W`_, ?<efA :<57AdGH5&`_4D0357=t:

0369eN0J4"032/03=FA�036fjNI ~ A�;h5&? 5&?<e}^_2/57.{4"03=FA�;>.{57.1;F^W?<6 ~ a
Õ{0H.103|}^_,/.10pA :<57AÒ69,/c�c�03.101?<A_0369eN034Òjk0HGH5&`W`_036{A�;�69,/c�c�03.101?<A
69,/4�Ú�;>, ?<Al4"03=FA�;>.C4-��,/a 03a ��?<;F?<8�;Fmn03.C2/5&`W`_, ?<e[4"03=FA�;>.C4"��anÕ{0{4"5&I
A :<57AÒ5&?[0369eN0 ~ � �&��Ù7�1V1S_X>MlX>M}UW� � ;>c�GH03574�^_.105ÚF��6901?<;>A�036jNIFÛl( ~ �z5�#�ÚF�q,/c@,/A�,/4lGH5&`W`_036KA�;w5&?i5&?<e}^_2/57.r4"03=FA�;>.r;>c
GH03574�^_.10JÚ>a Ø 03=F5&^_4"0HA :<0d4"03=FA�;>.C4�57.10H69,/4�Ú�;>, ?<A �qA :<0d4�^_G ;>cA :<0�5&?<eN2/034Ò=F;Fmn03.1036�jNI�A :<0�0369eN034Ò4"032/03=FA�036�jNI ~ ,/4Ò57A�GH;>4"A
�R¹naÆ ;>A�0DA :<57A ~ 4"032/03=FA�4#A :<.1030wA IN`_034�;>c�0369eN034"ÙRA :<0D0369eN034
4"032/03=FA�036[jNI ~ , ? 4"A�01`�ç�;>c#A :<0s572/eN;>.C,/A :<G���*�:<,/=t: 57.10
A :<0�y{z ± 4"03=FA�;>.�0369eN034ê|@A :<0{0369eN034-4"032/03=FA�036 , ?�4"A�01` ûf;>cA :<0�572/eN;>.C,/A :<G��9*�:<,/=t:o57.10rA :<0�y h 4"03=FA�;>.�0369eN034ê|W5&?<6wA :<;>4"0
0369eN034q4"032/03=FA�036w, ?s4"A�01`q��;>c_A :<0�572/eN;>.C,/A :<G���*�:<,/=t:�*-,/2/2Njk0
.103c�03.C.1036-A�;d574qA :<0 �&�FMN�R�1Q&UW�1S aþ�c ~ 4"032/03=FA�4R;F?<2 ID=F;F?<0�0369eN034R5&?<6r?<;p4"03=FA�;>.�0369eN034��kA :<01?
A :<0_?
^_G�jk03.�;>c�=F;F?<034R57.1;F^W?<6 ~ ,/4�57A�GH;>4"A�Ü��R¹¤')(1�R¹¤'���5�Ýu#�"�95&?<6�:<01?<=F0 ~ 4"032/03=FA�4_57A(GH;>4"Af��0369eN034"a b :<03.103c�;>.10�*-0@=F5&?
574"4�^_GH0�A :<57A ~ 4"032/03=FA�4q57A<2/03574"A<;F?<0�4"03=FA�;>.�0369eN03a
)�?1y{z ± 4"03=FA�;>.]=F;F?<4",/4"A�4R;>c�5�GH57ø�,/GH572
4"03|}^_01?<=F0�;>ca|�:K�=F;F?<4"03=t^_A�, mn0py{z ± 4"03=FA�;>.�0369eN034k4�^_=t:#A :<57A$A :<0�5&?<eN2/09jk03A *-0301?A :<0l�W.C4"A_5&?<6yA :<0l2/574"A_,/4�57A_2/03574"A¤(�|l+�%�5pÉÃ�t��5&?<6yA :<0l5&?<eN2/0

jk03A *-0301?�5&?
IoA *-;�=F;F?<4"03=t^_A�, mn0H0369eN034�, ?[A :<,/4r4"03|}^_01?<=F0H,/4
57Ak2/03574"AÝ¹¤'3�¤+��R¹¤'���a�Õ{0r69, mn,/690�A :<0r5&?<e}^_2/57.Ò4"03=FA�;>.Ò;>cn4", 	W0(�|�+�%�5pÉÃ�_, ?<A�;:|R03|}^_572F`_57.CA�4<5&?<6pGH5&`w0357=t:�y{z ± 4"03=FA�;>.n0369eN0A�;l;F?<0_`_57.CA�a b :
^_4��n0357=t:(y{z ± 4"03=FA�;>.�0369eN0�,/4RGH5&`W`_036�A�;l5&?5&?<eN2/0�;>ck2/03574"Ai(�|C+�%�5pÉÃ�Y'P|u: áAâPã
ã8ä -å(*%.+#� �.æAç0è 5A'3��:���� %�<P��¹na�o;>.103;Fmn03. �k4", ?<=F0�A :<0>y{z ± 4"03=FA�;>.C4�69;q?<;>An4�:<57.10�0369eN034��n,/An,/4=F2/0357.rA :<57AqA :<0�57.1035-GH5&`W`_036oA�;HjNIi5&?
IÌy{z ± 4"03=FA�;>.E0369eN069;>034@?<;>A�;Fmn03.C2/5&`s*-,/A : A :<0-57.1035�GH5&`W`_036oA�;djNIi5&?<;>A :<03.
69,/4"A�, ?<=FApy{z ± 4"03=FA�;>.�0369eN01�Ò.103eN57.1692/034"4�;>c9*�:<03A :<03.�A :<0pA *-;0369eN034@57.10Ò`_57.CAn;>c]A :<0E4"57GH0>y{z ± 4"03=FA�;>.�;>.k?<;>A�aÕ{0EGH5&`[0357=t:�y h 4"03=FA�;>.q0369eN0EA�;�5&?s57.1035l4"A�57.CA�, ?<e�c�.1;>G
A :<0�y h 4"03=FA�;>.�0369eN0�5&?<6�4�`_5&?
?<, ?<e�5&?K5&?<eN2/0�;>c_�R¹¤'���a
b :<,/4q=F;>G�`_2/03A�034�;F^_.�GH5&`W`_, ?<e#c�;>.�A :<0�4"03=FA�;>.�0369eN034"a
Ø 03c�;>.10�*-0sGH5&`ôA :<0s=F;F?<0s0369eN034���*-0s=F.10357A�0z5&?x57.103557.1;F^W?<6�4"03=FA�;>.C4q=F572/2/036w5Eä&jN^_c�c�03.Ò57.10357å�574@c�;>2/2/;F*-4"a
Ø I Ü .1;F`_;>4",/A�,/;F?��Wa ç&��0357=t:i4"03=FA�;>.r0369eN0d=F;Fmn03.C4E5&?i576969,/8A�,/;F?<572�5&?<eN2/0D;>c¸É	� 7�� #$¹¤'���aR\957=t:�4�^_=t:�5&?<eN2/0Dc�;>.CGH4�5jN^_c�c�03.�57.10357a�þ ?-576969,/A�,/;F?
�W4", ?<=F0R5&?�y h 4"03=FA�;>.k4�`_5&?<4<5&?�5&?<eN2/0



�8�
;>c¥¹¤'3�¤+��R¹¤'��"�$*-0r572/4";p69034",/e}?<57A�0rA :<0�69,/c�c�03.101?<=F0]jk03A *-0301?
A :<0z4"03=FA�;>.-5&?<eN2/0z5&?<6ÖA :<0z57.1035zA :<57AlA :<0z4"03=FA�;>.-0369eN0{,/4
GH5&`W`_036#A�;E574Ò5�jN^_c�c�03.<57.10357a b :<,/4�jN^_c�c�03.<57.1035�GH03574�^_.1034�57A
2/03574"A¥¹¤'3�>+D�R¹¤'��¸+D�R¹¤'���:{¹¤'3�«+=��¹¤'��3:{¹¤'��pc�;>.u��:�%��¹aÆ ;F* 0357=t:s4"03=FA�;>.�� y h ;>./y{z ± �(:<574�A *-;rjN^_c�c�03.R57.103574��]0357=t:GH03574�^_.C, ?<ep57A�2/03574"A6¹¤'��"�k4�^_.C.1;F^W?<69, ?<epA :<0�4"03=FA�;>.�;F?y03,/A :<03.
4",/6903a Æ ;>A�0�A :<57A�A :<0�jN^_c�c�03.]57.103574Òc�;>.�69,/c�c�03.101?<A94"03=FA�;>.C4RGH5&I
;Fmn03.C2/5&`_aÆ ;F* A�;+GH5&`áA :<0 4"032/03=FA�036 =F;F?<0 0369eN034��y=F;F?<4",/6903.s5
GH57ø�,/GH572<4"03|}^_01?<=F05y/Þq;>c`| ¾ :Ê%p=F;F?<4"03=t^_A�, mn0H=F;F?<0p0369eN034"a
b :<0y5&?<eN2/0y4�`_5&?
?<036zjNI�A :<0{=F;F?<034-=F;>.C.1034�`_;F?<69, ?<e�A�;�y/Þ
��, ?<=F2 ^_69, ?<ezA :<0E`_;>4"4", jk2/0�eN5&`_4qjk03A *-0301?ÖA :<03GH��,/4H57Aq2/03574"A
��(�| ¾ +�%�5p¹¤'��ljk03=F5&^_4"0d0357=t:f=F;F?<0�, ?fA :<0�4"03|}^_01?<=F0�=F;Fmn03.C45&? 5&?<eN2/0�;>c-�R¹¤'��"�#03ø�=F01`_Ad� `_;>4"4", jk2 Ik��c�;>.DA :<0o2/574"A#;F?<03a
ê , ?<=F0 ~ 4"032/03=FA�4H57Aq2/03574"Aq;F?<0�4"03=FA�;>.E0369eN01��A :<03.10-57.10�y{z ±;>.Jy h 4"03=FA�;>.C4#57A_jk;>A :�01?<694d;>c>y/Þ ��5&?<6D:<01?<=F0wA :<03.10�57.10
jN^_c�c�03.�57.103574�57Aqjk;>A :g01?<694w;>c5y/Þ1a b :<03.103c�;>.101�lA :<0K5&?<eN2/0
=F;Fmn03.1036HjNI8y/Þn`_2 ^_4�A :<034"0@jN^_c�c�03.@57.103574qGH03574�^_.1034�57A]2/03574"A
��(�| ¾ +Ì%�5p¹¤'��z Ö�R¹¤'��,#â��| ¾ ¹¤'���a��o;>.103;Fmn03. �lA :<,/4w57.1035z,/469,/4�Ú�;>, ?<A�c�.1;>Gð572/2dA :<0i5&?<e}^_2/57.{4"03=FA�;>.C4sA :<57A�:<5&mn0yjk0301?
GH5&`W`_036yA�;�jNIKA :<0p4"03=FA�;>.q0369eN034"a Æ ;F*x*-0l01mn01?<2 Is69, mn,/690
A :<,/4p57.1035#, ?<A�;
| ¾ =F;F?<0�0369eN034��q0357=t:i=F;F?<0�0369eN0�=F;Fmn03.C4E5&?5&?<eN2/0E;>c_57A<2/03574"A¤(1��| ¾ ¹¤'���5A'P| ¾ #[�R¹¤'���a Æ ;>A�0EA :<57A]A :<0E57.103574A :<57An69,/c�c�03.101?<A�GH57ø�,/GH57294"03|}^_01?<=F034@;>c<4"032/03=FA�036�=F;F?<0r0369eN034
57.10rGH5&`W`_036�A�;d57.10r69,/4�Ú�;>, ?<A�a
b :<,/4q=F;>G�`_2/03A�034qA :<0rGH5&`W`_, ?<e#;>c<572/2�A :<0r4"032/03=FA�036�0369eN034"aÆ ;F*ßÛl( ~ �z5 �rA :<0�GH03574�^_.10-;>c�5&? 5&?<eN2/0�=F;Fmn03.1036wjNIf5

4"032/03=FA�036�0369eN0 ~ �g,/4]jk;F^W?<69036pjNIkÙ
Ûl( ~ �z5¤:áàâ ã ��� %�<P��¹_� *�:<01? ~ �g,/4�5&?8y{z ± 4"03=FA�;>.�0369eN0)|�R¹¤'��N� *�:<01? ~ �g,/4�5&?8y h 4"03=FA�;>.�0369eN0)|

�R¹¤'��N� *�:<01? ~ �g,/4�5E=F;F?<0E0369eN03a
Æ ;>A�, ?<e�A :<57A�572/2nA :<034"0p57.103574q57.10EG�^_A ^_572/2 Is69,/4�Ú�;>, ?<A ��5&?<6
A :<57ArA :<0y57.1035y57.1;F^W?<6z`_;>, ?<A ~ GH03574�^_.1034��R¹$�E,/A�c�;>2/2/;F*-4
A :<57A-A :<0y?
^_G�jk03.z;>c�0369eN034K4"032/03=FA�036fjNI ~ ,/4K57A-GH;>4"Aä �R¹¤'på�/ 1e(�Ûl5�æ��?�"�¹*�:<01?{��:�%��¹a b :<,/4<=F;>G�`_2/03A�034<A :<0�`_.1;>;>c
;>c(`_57.CAnç7a
Ü 57.CA
û Ù]þ�cÃóu� � ª 7�,/4q?<;>Aq, ? ª�¾ ��A :<01? 03,/A :<03.¸ó ;>.¸�69,/6l?<;>A<4"032/03=FA¦óu�pa7Õs,/A :<;F^_A<2/;>4"4�;>c<eN01?<03.C572/,/A IF�]574"4�^_GH0ló

69,/6-?<;>A�4"032/03=FA.óu�pa b :<01?9óu� G�^_4"Ak:<5&mn0�jk0301?J.103GH;Fmn036
jNI�óÛ, ?Ö03,/A :<03.l4"A�01`�üo;>.l4"A�01`?�o;>c�A :<06ÎMÏSÐpÑ ÒMÑPÓ�Ñ,Ô)Õ�Ö«×ÉØ
572/eN;>.C,/A :<GHa
þ�c�óu�ã,/4{.103GH;Fmn036JjNI�ó , ?�4"A�01`~ü7�-A :<01?ôA :<03.10�03ø�8

,/4"A�4y5&? 0369eN0Bó ~ � ª 7�4�^_=t: A :<57A�ó÷4"032/03=FA�4Âó ~ 5&?<6¶���ó ~ �ëÉ	� 7�� #�¹¤'���a Æ 03ø�A]*-0E*-,/2/2@4�:<;F*âA :<57A�ó ~ ,/4
5&?Qy{z ± 4"03=FA�;>.#0369eN0w57.1;F^W?<6 ~ 5&?<6z:<01?<=F0H*-,/2/2�572/4";�jk04"032/03=FA�036DjNI ~ a�éN,/.C4"A_?<;>A�0�A :<57A�A :<0�5&?<eN2/0Â¶�óu� ~ ßû¹¤'3�
jNI�`_57.CApý ;>c Ü .1;F`_;>4",/A�,/;F? üWa ýWa ê , ?<=F0Ê¶���ó ~ � ¹¤'��"�¶�ó ~ �$:�¹¤'3�¸+a¹¤'��":J�R¹¤'3��:9ÉÃ� a Ø I ú 03GHGH5�ýWa ý7��A :<03.10,/4�?<;�`_;>, ?<AÒ, ?<4",/690pA :<0pA�.C,/5&?<eN2/0"· ~ ��óla�q�01?<=F0lA :<0p5&?<eN2/0
jk03A *-0301?�ó ~ 5&?<6d5�=F;F?<4"03=t^_A�, mn0q0369eN0q57.1;F^W?<6 ~ ,/4Ò57AW2/03574"AÉÃ� a b :<,/4�,/G�`_2/,/034�A :<57A ~ óÖjk032/;F?<eN4�A�;�5&?�y{z ± 4"03=FA�;>.q;>c ~5&?<6p*-,/2/2Njk0�4"032/03=FA�036pjNI ~ a ê , ?<=F0¸ó ~ ,/4�4"032/03=FA�036pjNI�jk;>A :;>c],/A�4�01?<6�`_;>, ?<A�4��ió ~ � ª�¾ a
]?hA :<0�;>A :<03.q:<5&?<6���,/c>óu�ù,/4d.103GH;Fmn036wjNI?óó, ?h4"A�01`�7�qA :<01?iA :<03.10#03ø�,/4"A�4E5&?i0369eN0dó ~ � ª 7�4�^_=t:fA :<57A�ó ~ ,/45p=F;F?<0E0369eN0E4"032/03=FA�036pjNIqó��Ò5&?<6p:<01?<=F0z� ó ~ �Ý�c� óu���95&?<6¶���ó ~ �K�R¹¤'���a b :<03.103c�;>.10Ã¶�ó ~ ��:9(p¹u+E�R¹¤'���5A'3��:s�R¹¤'3�¹a
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Fig. 5. A figure illustrating the lower bound on the
stretching factor.

Ø I�A :<0�4"57GH0�57.1e}^_GH01?<A(574]5&jk;Fmn01�eó ~ *-,/2/2N572/4";Òjk0�4"032/03=FA�036jNI ~ �q5&?<6-:<01?<=F0#,/4�`_.1034"01?<AR, ? ª�¾ a b :<,/4�`_.1;Fmn034EA :<0#�W.C4"A:<572/c<;>cW`_57.CA$ûWa
Ø I ú 03GHGH5zýWa ç��&��01mn03.�I 0369eN0 � mñ;F?vA :<0J=F5&?<;F?<,/=F572

`_57A :Öjk03A *-0301? ~ 5&?<6Ê� ,/4y5o4"03=FA�;>.�0369eN0sc�;>.Ejk;>A : ;>c
,/A�4l01?<6�`_;>, ?<A�4 � 5&?<6�m<�q5&?<6�:<01?<=F0�,/4Ee}^_57.C5&?<A�03036KA�;Hjk0`_.1034"01?<An, ? ª�¾ a b :<,/4�=F;>G�`_2/03A�034qA :<0R`_.1;>;>c];>c(`_57.CA$ûWa
Ü 57.CA$ü Ù>þ�c�óu��� � ,/49?<;>A�, ? ª ¾ �N*-0<*-,/2/2W4�:<;F*xA :<57A�A :<03.1003ø�,/4"A�4�5r`_57A :Jc�.1;>GoóôA�;��v, ? ª�¾ *�:<;>4"0#=F;>4"A�,/4�57ARGH;>4"A(*%6 �(1�.-0/ 1 2 4 587�5A� óu��� 7¹a ê , ?<=F0@A :<0k`_;F*-03.<4"A�.103A�=t:�c�57=FA�;>.n;>c ª 7,/4]ç<jNI Ü .1;F`_;>4",/A�,/;F?lüWa ý7�7*-0�;F?<2 I�?<03036HA�;�=F;F?<4",/6903.nA :<0@=F574"0*�:<03.10�óu��� ª 7�,/4�?<;>A�, ? ª�¾ a Ø Ip`_57.CA�û7��, ?yA :<,/4�=F574"0�A :<03.1003ø�,/4"A�4�5&?�0369eN0�ó ~ � ª�¾ 4�^_=t:�A :<57A�03,/A :<03.l¶���ó ~ �9É	� 7��;>.u� ó ~ ����� óu���W5&?<6x¶���ó ~ �s�R¹¤'���a
þ�c�¶���ó ~ �{É	� 7�� �$jNI Ü .1;F`_;>4",/A�,/;F?��Wa ç&�N*-0_:<5&mn0�� ó ~ � 7C � ~ ��� 7$�à(*%� �(1�.-0/ 1 2 4 587�5A� óu��� 7¹aEþ�c{� ó ~ ���=� óu���E5&?<6¶���ó ~ �x�R¹¤'��"�_jNI ú 03GHGH5lýWa ç&�_*-0�572/4";#:<5&mn0{� ó ~ � 7� � ~ ��� 7��9(*%« �(1�.-0/ 1 2 46587�5A� óu��� 7¹a
é}^_.CA :<03.CGH;>.101�@jNI b :<03;>.103G ýWa �&�EA :<0{=F;>4"AE;>cE=F5&?<;F?<,/=F572

`_57A : c�.1;>G ~ A�;x�ó,/4H57AqGH;>4"A�� ~ ��� 7C��5&?<6wjNI{`_57.CA<ûo572/2
A :<0#0369eN034E;F?iA :<0�=F5&?<;F?<,/=F5729`_57A :yjk03A *-0301? ~ 5&?<6{� 57.10
, ? ª ¾ a b :<,/4<`_.1;Fmn034@A :<57An,/c<5&?K0369eN0lóu��� ª 7 ,/4n?<;>A], ? ª ¾ �A :<01?sA :<03.10E,/4�5q`_57A :sc�.1;>GûógA�;d�x, ? ª�¾ *�:<;>4"0l=F;>4"A_,/4�57AGH;>4"Au(*%u ?(1�.-0/ 1 2 4 587�5A� óu��� 7¹a b :<0r`_;F*-03.r4"A�.103A�=t:fc�57=FA�;>.r;>cª�¾ ,/4�%� �(1�.-0/ 132 46587E574q=F2/57,/GH0369a

5.4 Optimality
b :<0K4"A�.103A�=t:xc�57=FA�;>.-;>c�%! ë(1�.-0/ 1 2 46587s;FjkA�57, ?<036�5&jk;Fmn0K,/4
572/GH;>4"Aq;F`_A�,/GH572R, ?ÖA :<0-4"01?<4"0-A :<57A@=F;F?<4"A�./^_=FA�, ?<eK5E`_;F*-03.
4�`_5&?
?<03.l;>c�5p^W?<,/A�69,/4"BKeN.C5&`W:s*-,/A :h6903eN.1030rjk;F^W?<6J;>c��
5&?<6i5y4"A�.103A�=t:�c�57=FA�;>.H4"GH572/2/03.dA :<5&?Ì�²# %3 Ì(1�.-0/ 1 24Rgih)587
,/4#?<;>A�`_;>4"4", jk2/03a�ò�;F?<4",/6903.DA :<0�c�;>2/2/;F*-, ?<eh03ø�57G�`_2/0o��4"030
éN,/e}^_.10¥�W��a Ü ;>, ?<A ~ �
:<574��� u%9?<03,/e}:
jk;>.C4��(01mn01?<2 IH69,/4"A�.C, jN^_A�036;F?J5#=F,/.1=F2/0H=F01?<A�03.1036{57A ~ � a b :<0H5&?<eN2/0�jk03A *-0301?J5&?
IoA *-;
=F;F?<4"03=t^_A�, mn0R0369eN034<, ?<=F,/6901?<A(A�; ~ �_,/4]�R¹¤')(A�6 �%�5�a7þ ?-;>.16903.kA�;
jk;F^W?<6wA :<0r6903eN.1030�;>c ~ �]jNI��"�]57An2/03574"An;F?<0�0369eN0r, ?<=F,/6901?<A
A�; ~ �<:<574qA�;�jk0Òjk0r.103GH;Fmn0369a ê ^W`W`_;>4"0 ~ � ~ h ,/4q.103GH;Fmn036��A :<01?�A :<0D=F;>4"Ar;>cr4"01?<69, ?<eo5DGH034"4"57eN0Dc�.1;>G ~ �-A�; ~ h ,/4
57A�2/03574"A�� ~ � ~ ± � 73 ²� ~ ± ~ h � 7�:Þ(*%3 Ê(1�.-0/ 1 24RgihP587P5A� ~ � ~ h � 73ab :<,/4�,/G�`_2/,/034�A :<57A_5q`_;F*-03.@4�`_5&?
?<03.q;>c_5q^W?<,/A_69,/4"B-eN.C5&`W:
*-,/A :x6903eN.1030�jk;F^W?<6~;>cÂ�D:<574D5o4"A�.103A�=t:gc�57=FA�;>.�57Ap2/03574"A�!#�%� �(1�.-0/ 1 24Rgih 587¹a
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6 ROBUSTNESS
þ ?{A :<,/4�4"03=FA�,/;F?#*-0�*-,/2/29c�;>.CGH572/2 ID4�:<;F*ôA :<57AkA :<0�572/eN;>.C,/A :<G
`_.1034"01?<A�036o, ? A :<,/4�`_5&`_03.�,/4q:<,/e}:<2 If.1;FjN^_4"AqA�;yA�;F`_;>2/;>eN,/=F572
=t:<5&?<eN034"a7Õ{:<01?sA :<0�A�;F`_;>2/;>e}Iz;>c]A :<0�^W?<6903.C2 Ik, ?<e�?<03A *-;>.CB
=t:<5&?<eN034Òjk03=F5&^_4"0p;>cÒA :<0H, ?<A�.1;>6�^_=FA�,/;F?J;>cÒ5�?<01*x`_;>, ?<A ��;>.
A :<0#69032/03A�,/;F?f;>.�GH;>A�,/;F?f;>cq5&?i03ø�,/4"A�, ?<ed`_;>, ?<A ��A :<0�`_;F*-03.
4�`_5&?
?<03.�=F;F?<4"A�./^_=FA�036ojNI�A :<0{572/eN;>.C,/A :<GèÎMÏSÐpÑ ÒMÑPÓ�Ñ,Ô)Õ�Ö«×ÉØ
=F5&?rjk0RGH57, ?<A�57, ?<036l03c��W=F,/01?<A�2 I�*-,/A :<;F^_A(57c�c�03=FA�, ?<e�A :<0�`_;>, ?<A�4
jk01Ik;F?<6pA :<0�mn,/=F, ?<,/A I�;>c(A :<0R=t:<5&?<eN03a¹þ ?<A ^_,/A�, mn032 IF�9A :<,/4<4�:<;F^_2/6
jk0dA�./^_0H6�^_0dA�;�A :<0d2/;>=F572_69,/4"A�.C, jN^_A�036-?<57A ^_.10p;>c�A :<0d572/eN;>8
.C,/A :<GHa
ê , ?<=F0�A :<0�GH;>A�,/;F?w;>cW5<`_;>, ?<AW,/4_03|}^_, mn572/01?<A(A�;r,/A�4_69032/03A�,/;F?5&?<6K.103, ?<4"03.CA�,/;F?i57AR5�69,/c�c�03.101?<AÒ2/;>=F57A�,/;F?
�<*-0d;F?<2 IJ69,/4"=t^_4"4

:<;F*�A�;q^W`_6957A�0�A :<0�`_;F*-03.Ò4�`_5&?
?<03.�^W`_;F?zA :<0�, ?<4"03.CA�,/;F?z;>c
5E?<01*�`_;>, ?<Aq5&?<6oA :<0-69032/03A�,/;F?f;>cq5&?f03ø�,/4"A�, ?<e#`_;>, ?<A�aWÕ{0
�W.C4"A@69,/4"=t^_4"4@:<;F*ï4�^_=t:f5-A�;F`_;>2/;>eN,/=F572R=t:<5&?<eN0#57c�c�03=FA�4�A :<0
eN01?<03.C572/, 	W036q�@5&jk.C,/032�eN.C5&`W:<a
ú 03A � jk0Ò5�^W?<,/A$69,/4"B�eN.C5&`W:�5&?<6E2/03A ª 7�jk0�,/A�4<eN01?<03.C572/, 	W036�@5&jk.C,/032NeN.C5&`W:<a�þ�cW5<`_;>, ?<A ~ , ? ª 7 ,/4_69032/03A�036��9A :<01?�A :<,/4_=F5&?;F?<2 Iy=F5&^_4"0�A :<0�5&`W`_0357.C5&?<=F0�;>ck4";>GH0r0369eN034R, ? ª 7C�$?<57GH032 IA :<;>4"0H0369eN034r;>c � BN,/2/2/036�jNIoA :<0�`_;>, ?<A ~ a Æ ;>A�0HA :<57A�jk;>A :01?<6�`_;>, ?<A�4�;>ck5&?
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Fig. 6. Illustrations for the robustness of the algorithm.
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Fig. 7. The average maximum degree, the average
stretch factor, the maximum maximum node degree, and
the maximum stretch factor.



�)�
A :<57A<572/eN;>.C,/A :<G

OrdYaoGG
,/4 MN�FP 2/;>=F572/a

Fig. 8. Stretch factors as functions of input
�
.

Õ{:<01?xA :<0sA :<.1030z572/eN;>.C,/A :<GH4y57.10z./^W?Ö*-,/A :x5o4�`_03=F,/�W=
, ?
`W^_A7mn572 ^_0¸�"�9A :<01I�57.10Òe}^_57.C5&?<A�03036pA�;r.103A ^_.�?-5@4�`_5&?
?<03.n;>c
GH57ø�,/G�^_Gv6903eN.1030"��a�þ ?[;F^_.�03ø"`_03.C,/GH01?<A�4��R5&?<6{574�=F5&?wjk0
4"0301?�, ?�éN,/e}^_.10>�&��:<;F*-01mn03. �9A :<0 X>�&P�L}X>� GH57ø�,/G�^_G�6903eN.1030R;>cA :<0R;FjkA�57, ?<036l4�`_5&?
?<03.k,/4<572 *-5&Ik4<2/034"4<A :<5&?-A :<0R, ?
`W^_A3jk;F^W?<6��a1Õ{0�^_4"0 b 5&jk2/09û�A�;�5&?<572 I©	W0�A :<0Ò57=FA ^_5727GH57ø�,/G�^_G 6903eN.103034
5&?<6y4"A�.103A�=t:sc�57=FA�;>.C4�;FjkA�57, ?<036HjNIsA :<0lA :<.1030E572/eN;>.C,/A :<GH4"a�þ ?
,/A�*-0w4�:<;F* A :<0p?
^_G�jk03.p;>cr4�`_5&?
?<03.C4#;FjkA�57, ?<036�§i, ?�;F^_.
4",/G�^_2/57A�,/;F?<4�;Fmn03.f�¦����.C5&?<69;>Gg, ?
`W^_A]eN.C5&`W:<4}§{*-,/A :KeN, mn01?
GH57ø�,/G�^_G 6903eN.1030z5&?<6h4"A�.103A�=t:gc�57=FA�;>.-.C5&?<eN03a Æ ;>A�0KA :<57A
c�;>.�GH;>.10sA :<5&?Ö:<572/cH;>cdA :<0KeN.C5&`W:<4��#572/eN;>.C,/A :<G

SYaoGG=F;F?<4"A�./^_=FA�4l4�`_5&?
?<03.C4R*-,/A :i6903eN.1030z��;>.�GH;>.10#5&?<6K4"A�.103A�=t:
c�57=FA�;>.3%�� %d;>.�GH;>.103a b :<0d572/eN;>.C,/A :<G

OrdYaoGG
,/G�`_.1;Fmn034

;F?-A :<0Ò4"A�.103A�=t:#c�57=FA�;>.>jN^_A�?<;>A$;F?-A :<0Ò6903eN.10309jk;F^W?<69aP
]^_.�2/;>8
=F572�69,/4"A�.C, jN^_A�036w572/eN;>.C,/A :<Gx57GH5A	W, ?<eN2 I{=F;>G�`W^_A�034q4�`_5&?
?<03.C4
*-,/A :sGH57ø�,/G�^_G 6903eN.1030Ã��5&?<6�4"A�.103A�=t:Kc�57=FA�;>.>%EGH;>.10�A :<5&?~7�,ô�;>c]A :<0EA�,/GH0©õ

TABLE 2
The number of spanners with given maximum degree and stretch factor range

returned by the SYaoGG (top), OrdYaoGG and KPX (bottom) algorithms.M2ö�L K _ ` \ ]E9F0[ G0G0G0G G G FHJ J0K K÷ F0[ G0G0GPF G G G G G÷ F0[ G0GPF G G G F F÷ F0[ GPF G G J F0F G÷ F0[ F G G FH] \PF ^�ÂF0[ F G G \0K I0I0] J0JM	ö�L K _ ` \ ]E9F0[ G0G0G0G G G `0_ I0]PF _PF÷ F0[ G0G0GPF G G G G G÷ F0[ G0GPF G G F _ G÷ F0[ GPF G G \ I0` K÷ F0[ F G G FHI J0` F0F�ÂF0[ F G G G F GM2ö�L K _ ` \ ]E9F0[ G0G0G0G I0\ K0I0\ J0` G G÷ F0[ G0G0GPF G G G G G÷ F0[ G0GPF G G G G G÷ F0[ GPF F _ F G G÷ F0[ F G I F G G�ÂF0[ F G G G G G
þ�AR,/4r=F2/0357.�c�;>._jk;>A :i4"03A�4r;>c�4",/G�^_2/57A�,/;F?<4EA :<57AÒ572/eN;>.C,/A :<G

KPX
,/4�4�^W`_03.C,/;>.kjk;>A :sA :<03;>.103A�,/=F572/2 Iy5&?<6w03ø"`_03.C,/GH01?<A�572/2 I>a

ACKNOWLEDGMENTSb :<0@5&^_A :<;>.C49*-;F^_2/6�2/,/BN0qA�;�A :<5&?<BEA :<0q574"4";>=F,/57A�0@0369,/A�;>.<5&?<6
A :<0�.103c�03.103034k*�:<;>4"0�=F;>GHGH01?<A�4�,/G�`_.1;Fmn036�A :<0R`_5&`_03.�a

Iyad A. Kanj obtained his Ph.D. from Texas A&M University in 2001.
Since then he has been with DePaul University where he is currently
an associate professor of Computer Science. His research interests
are in the areas of parameterized complexity, graph theory and algo-
rithms, combinatorial optimization, computational geometry, distributed
algorithms and wireless computing.
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