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Generalized Likelihood Ratio Tests for Complex
fMRI Data: A Simulation Study

J. Sijbers* and A. J. den Dekker

Abstract—Statistical tests developed for the analysis of (in-
trinsically complex valued) functional magnetic resonance time
series, are generally applied to the data’s magnitude components.
However, during the past five years, new tests were developed that
incorporate the complex nature of fMRI data. In particular, a
generalized likelihood ratio test (GLRT) was proposed based on a
constant phase model [19]. In this work, we evaluate the sensitivity
of GLRTs for complex data to small misspecifications of the phase
model by means of simulation experiments. It is argued that, in
practical situations, GLRTs based on magnitude data are likely
to perform better compared to GLRTSs based on complex data in
terms of detection rate and constant false alarm rate properties.

Index Terms—fMRI, generalized likelihood ratio test, magni-
tude data, statistical parametric maps.

I. INTRODUCTION

AGNETIC resonance imaging is not only capable of
M providing excellent anatomical information. It also
offers the ability to visualize functional activity in the human
brain, by means of so-called functional magnetic resonance
imaging (fMRI). fMRI is a technique for determining which
parts of the brain are activated by different types of stimuli.
From a succession of rapidly acquired images that reflect local-
ized changes in cerebral blood flow and oxygenation, fMRI can
provide detailed images of localized brain activity induced by
sensory, motor, or cognitive tasks, by processing each pixel’s
time series. Since activation-related signal changes are of the
order of 1% to 10%, the construction of such activation maps
requires sophisticated statistical tests.

In the past, many techniques were proposed for the construc-
tion of activation maps, often referred to as statistical parametric
maps (SPMs). Initial detection methods were based on simple
subtraction of images acquired during a resting state from im-
ages acquired during activation [1], [31]. In order to improve the
detection rate, activation detection methods using the z-score,
correlation coefficients, analysis of variance, or Student-¢ test
statistics were employed [20], [23]. Those tests all fit into the
framework of the so-called general linear model (GLM) test
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[5]. A main advancement of the GLM test was the incorpora-
tion of a hemodynamic response function. Furthermore, more
flexible and general variants of the general linear model were
developed such as tests based on independent component anal-
ysis [16], [27], multiresolution analysis [4], and likelihood ratio
tests [19], [22].

Although magnetic resonance data are intrinsically complex
valued, statistical tests are generally applied to magnitude fMRI
images, since only the signal amplitude is assumed to be related
to neural activation. Indeed, most of the tests available for fMRI
data analysis were specifically developed for magnitude (i.e.,
single-valued) times series. Only recently, tests were developed
for complex valued data [3], [19], [21]. In this respect, Nan and
Nowak showed how to construct a generalized likelihood ratio
test (GLRT) for complex fMRI data with constant phase values
[19]. Thereby, it was shown that, under the assumption of a con-
stant phase model, the GLRT has a significantly higher detec-
tion rate compared to tests based on magnitude data, especially
in low signal-to-noise (SNR) regions.

The assumption of constant phases, however, is crucial and
may be too restrictive. In this respect, it has previously been re-
ported that phase traces may exhibit activation-dependent mod-
ulations, especially for voxels with large venous blood fractions
(i.e., voxels with high blood volume fractions show a time-de-
pendency related to the paradigm) [10], [17]. On the other hand,
since in most fMRI studies, a voxel contains a large ensemble
of vessels with various orientations and sizes, the assumption
of a constant phase value may still be appropriate. However,
there may also be other causes for nonconstant phases as a func-
tion of time. For example, due to physiological processes or in-
stabilities of the MR imaging system, the phase may show a
slowly varying drift [12]. Similar phase behavior was found in
our experimental fMRI data sets: though most data sets show
constant phase values as a function of time, some of those data
sets clearly revealed linear phase drifts (e.g., see Fig. 1).

In this paper, we take a closer look at the feasibility of the
constant phase assumption underlying the GLRT proposed by
Nan and Nowak [19]. Thereby, we will try to answer questions
like “What if the true phase values are not truly constant but,
for example, are more appropriately described by a linear phase
model?” and “Would it be helpful to construct a GLRT based
on a more complex phase model, or should we rather apply a
GLRT based on magnitude data?”.

In order to simplify the discussion (as was also done by
Nan and Nowak), the noise disturbing the fMRI time series
is assumed to be Gaussian white noise [13], [15], [19]. The
white noise model may be an oversimplification of the noises
inherent in fMRI (especially if physiological noise is dominant
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Left: phase time courses of an experimental fMRI data set. The paradigm was four “dummy” images followed by a 12 rest—12 stimulus period, repeated

three times (i.e., 76 images in total). Right: the magnitude traces corresponding to the phase traces on the left (the offset of each magnitude trace was adjusted for
matching with the phase trace). No significant activation was detected in the magnitude traces, except for the middle trace (offset 200). For both plots, the task

paradigm is shown in the background (gray denotes stimulus).

over thermal noise). However, if the data are observed to be
correlated, they can be whitened based on an estimated auto-
correlation structure [2], [19], [29]-[30]. Moreover, valuable
methods exist to eliminate, for example, physiological noise
from the fMRI time courses, prior to activation detection [3],
[7], [28]. Hence, the conclusions of this work can easily be
extended to more realistic noise models that incorporate colored
noise.

The organization of this paper is as follows. Section II briefly
reviews the general theory for the construction of a GLRT. In
Section III, the GLRTs for magnitude as well as for complex
data with a constant, linear, or random phase model are derived.
Next, in Section IV, simulation experiments are discussed that
were set up to test the performance of the GLRTs. Finally, con-
clusions are drawn in Section V.

II. A GENERAL DESCRIPTION OF GENERALIZED LIKELIHOOD
RATIO TESTS

In this section, the general theory for the construction of a
GLRT for the class of hypothesis testing problems considered
in this paper will be outlined. Let w = (wy,...,wx)? be a
random sample vector with joint probability density function
(PDF) pw(;8), in which @ = (61, ..., 6;)T denotes the vector
of unknown parameters and £ = (z1, ...,z N)T represents the
vector of variables corresponding to the random sample vector
w.! The superscript T' denotes matrix transposition. Suppose
that we wish to test the composite null hypothesis:

Ho: 0y =69,-,0, = 02, 0,11, 01 ()
where 69, ...,6° are known and 6, 1,. .., 0} are left unspec-
ified, against the alternative composite hypothesis H; under
which all parameters 61, .. ., 8 are left unspecified.

Next, suppose that we have a set of observations
w = (wi,...,wn)?, and that we substitute these obser-
vations for the corresponding variables z in the joint PDF of
the random sample w. The resulting function is a function of

IHere and in what follows, random variables are underlined, small bold char-
acters denote vectors, and capital bold characters denote matrices.

the unknown parameter vector # only. By regarding these pa-
rameters as variables, the so called likelihood function L(8;w)
is obtained. Then the generalized likelihood-ratio (GLR) A is
defined as follows [9], [18]:
sup L(Hl"/ T 0k7w)
01,0
sup  L(69,,609. 01, O w)

YV

A= ANw) = (2)

Org1,,0k

Note that X is a function of the observations w only. If these ob-
servations are replaced by their corresponding random variables
w, then we write A for A, thatis, A = A(w). Since A is a function
of the random vector w, it is a random variable itself. In fact, A
is a statistic, since it does not depend on unknown parameters.
Note that the denominator of ) is the likelihood function eval-
uated at the maximum likelihood (ML) estimator (MLE) under
H,, whereas the numerator of ) is the likelihood function evalu-
ated at the ML estimator under H;. The generalized likelihood
ratio test principle now states that Hy is to be rejected if and
only if the sample value A of ) satisfies the inequality A > g
where )\ is some user specified threshold.

It may sometimes be difficult to find the distribution of A,
which is required to evaluate the power of the test [18]. How-
ever, it can be shown that, asymptotically (i.e., for N — o0), the
modified GLR statistic 2 In A possesses a X% distribution, that is,
a chi-square distribution with r degrees of freedom, when H is
true. Furthermore, it can be shown that for the case of a linear
model and Gaussian distributed noise, these asymptotic prop-
erties are exact, even for a finite number of observations [11].
Alternative modified GLRT statistics having a known distribu-
tion (under Hy) may be found. Knowledge of the PDF of the
test statistic allows one to compose GLRTs with a desired false
alarm rate. The false alarm rate is given by the probability that
the test will decide H; when Hj, is true. The detection rate is
given by the probability that the test will decide H; when H is
true. Throughout this paper, we will denote the false alarm rate
and the detectionrate by Py and Py, respectively. Furthermore, a
test has the so-called constant false-alarm rate (CFAR) property
if, independent of the SNR, the threshold that yields a constant
Py can be found. GLRTs will have the CFAR property at least
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asymptotically since the asymptotic PDF of a GLRT is known
and does not depend on any unknown parameters. Whether or
not a GLRT has the CFAR property for a finite number of ob-
servations can be found out by means of simulations. For more
details on the GLRT, see [11].

III. METHODS

In this section, we describe the construction of various
GLRTs for fMRI data. Thereby, we will consider the problem
of testing whether the response of an fMRI data set w =
(wi,...,wy)T of sample size N to a known reference
function r = (r1,...,7x)7 is significant. Without loss of
generality, it is assumed that #7.1 = 0 and #7.r = N, where
1 denotes an N x 1 vector of ones. In addition, the noiseless
magnitude data set is assumed to be described by the following
N x 1 deterministic signal vector:

z=ual+br. 3)

Hence, z is a constant baseline with height ¢ on which a ref-
erence function r with amplitude b is superimposed. The refer-
ence function may be, for example, a block function convolved
with a hemodynamic response function. In the absence of ac-
tivity, b = 0, so that 2 = al. We will consider the problem
of testing the hypothesis that b = 0(H{) against the hypothesis
that b # O(H,y).

A. GLRT for Magnitude fMRI Data

In this subsection, we describe the construction of a GLRT
for a magnitude fMRI data set m = (mq,...,my)7T. Itis well
known that magnitude data are Rician dlstrlbuted (magnitude
data are derived from complex valued data of which the compo-
nents are Gaussian distributed). The Rician PDF of magnitude
data with deterministic signal component z and noise variance
o2, is given by [8]:

S, (%) @)

where I is the zeroth order modified Bessel function of the
first kind. With increasing SNR (defined as z/o), the Rician
distribution tends to a Gaussian distribution [26].

T
Pm(7]2) = —e
o

1) ML estimation under Hgy: The likelihood function under
Hy is given by

(a, a? ;m) ﬁm—; _mnﬂ IO( a)' 5

Maximizing In L with respect to (a, o) yields the MLEs

of a and o under Hy, denoted as @, and o2, respectively.
2) ML estimation under H: The likelihood function under
H; is given by

T

L(a,b, 0% m)

_m2( n+b7‘n)2 (mn(a-l—b?"n))
Iy | ——— ).

o2

(6)
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Maximizing In L with respect to (a,b,o?) yields the
MLE:s of a, b and o2 under Hy, denoted as ay, Q and 01,

respectively.
3) GLRT statistic: The likelihood ratio test statistic is then
given by
sup L(a,b,0%; m)
a,b,o?
A== . 7
= supL(a,0%m) @

The modified GLRT statistic 21n A can then be written as

CN@ L&
ao—l—,\ Z Gy +br)2.

Jlnl

N N
2In)A=2> "In =
n=1 IO <7—

(®)
The test statistic (8) is asymptotically x3 distributed. The
test will decide H; if and only if (8) exceeds a user spec-
ified threshold value 7. In order to achieve a desired false
alarm rate «, the threshold 7 can thus be chosen equal to
X1.1_a- thatis, the (1 — «)th quantile of the 3 distribu-
tion. The ¢*" quantile of the distribution of a continuous
random variable x is defined as the smallest number 7 sat-
isfying Q. (n) = ¢, with Q. (z) the cumulative distribu-
tion function of z [18].

B. GLRTs for Complex fMRI Data

In this subsection, three different GLRTSs for complex valued,
Gaussian distributed data will be discussed. Thereby, it is as-
sumed that we have N independent, complex data points W =
(wI'w!') of which the true (i.e., noiseless) components are de-
scribed by Z = (2121, where

Zrn = (a + bry,) cos @, 9)

Zi = (a + bry) sing,, (10)

with ¢,, denoting the n'" component of the N x 1 deterministic
phase vector ¢. For these data, the joint PDF of the complex
data is simply the product of the real and imaginary PDFs and
the likelihood function is given by

1 N 2 1 2
I ( o stz llzn w2 = gty i —wi 2
2mo2

Note that this implies independence of the real and imaginary
data. Taking the logarithm yields

Y

InL = —NlIn(2w0?) — — (llzr — w,||® + ||lz; — wil)?) .
(12)

We now derive the MLEs of a, b, o2, and the parameters de-
scribing the phase vector ¢ in case the underlying true phase
values {¢,, } are identical, in case they are described by a linear
model, and in case they are randomly distributed.

1) Identical Phase Values: Let c be the true phase of each
complex data point

¢ =cl. (13)



SIJBERS AND DEN DEKKER: GLRTs FOR COMPLEX fMRI DATA: A SIMULATION STUDY

a)

b)

K

ML estimation under Hy: Under Hy (i.e., b = 0), the
MLEs of a, ¢, and o2 are found by maximizing (12)
with respect to (a, ¢, a?). For (a,c,0?) to be a max-
imum, the first order derivatives of the likelihood func-
tion with respect to a, ¢, and o2 should be zero. Solving
the resulting system of equations yields the MLEs of
a, ¢, and o2 under Hy [25]:

1 2
S R s
Co = arctan = 'wT 1 (15)

72 = %(H@o cosEyl — w, |2
+l[g singy1 — wi]|?) (16)

= oo (l@F 1) 1~
@l y)-wl?).  ap

ML estimation under Hy: Under H; (i.e., b # 0), max-
imizing In L in (12) with respect to (a, b, ¢, o) yields
the following MLEs of a, b, ¢, and o

a, = % [(w? 1) cos?, + (wl.1)sin?,] (18)
b= % [(w!r) cos? + (w! r)sing ] (19)
< :% arctan
2 (P 1) (] 1)+ (w7 r) ()
2 2 2 2 (20)
(w?.1)"+ (wl.1)" +(w?r)" + (w!.r)
—~ ~ 2
= % ( (a;1 4+ br)cosc, —w,

+1[(@,1 + br) sin?,

_wi

2
) . @21)

Note that no numerical optimization is required to find
the MLEs (18)—(21).

GLRT statistic: From (11) and using the MLEs given
in (14)—(21), a closed-form expression for the GLR can
be obtained

(22)

with ég and E given by (17) and (21), respectively.
Furthermore, it can be shown that the test statistic

) (23)

is asymptotically F; »n_3-distributed under Hy [24].
The test will decide H; if and only if the test statistic
(23) exceeds a user specified threshold value. In order
to achieve a specified false alarm rate «, this threshold
should be chosen equal to F'j asn_3,1—q (i.€., the (1-
a)th quantile of the F on_3 distribution). It should
be mentioned that Nan and Nowak proposed ((N —

o~

(2N =3) (A% 1) = (2N - 3) <‘—§—

[oX]

2)
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1)/(2N — 3))k as test statistic and (1/2)F1 n—1,1—q
as corresponding threshold, where the threshold was
determined via Monte Carlo simulations [19]. Since it
can be shown that for an increasing value of N, ((N —
1)/(2N - 3))F1,2N73,17a tends to (1/2)F1’N,171,a,
both approaches are approximately equal. This has also
been verified by means of simulations.

Linear Phase Model: Next, it is assumed that the true

phase model is described by a constant baseline ¢ on which an
N x 1 reference vector 8 with amplitude d is superimposed

¢ =cl+ds. (24)

For example, s may be a linear trend or a reference function
related to the employed paradigm.

a)

b)

ML estimation under Hy: Under Hy (i.e., b = 0), the
MLEs of a, ¢, d, and o2 are found by maximizing (12)
with respect to (a, ¢, d, 0?). In general, this is a four-di-
mensional optimization problem. However, by setting the
first order derivatives with respect to a, ¢, and o2 to zero,
closed-form expressions for the MLEs of a, ¢, and o2 can
be obtained:

N
~ 1 ~ N
dy =+ Z[wr,n oS . +w; , sin £07n] (25)
n=1
¢, = arctan
S (i 0s(dgsn) = w, , sin(dsn)|
x = _ (26)
S [t c08(dysn) + 1, sin(dys)]
2h = g7 2 | @ oy, — wn)’
n=1
+(@gsin g, — win)’] 27)

where @ Py, = =Cy+ 30 5. To evaluate the MLEs given by

(25)— (27) knowledge of the MLE do is required. It can
be found by maximizing (12) with respect to d, under the
constraints (25)—(27). Note that this is a one-dimensional
optimization problem.

ML estimation under Hy: Under Hy (i.e., b # 0), the
MLEs of a, b, ¢, d, and o2 are found by maximizing (12)
with respect to (a, b, ¢, d,o?). In general, this is a five-
dimensional optimization problem. However, by setting
the first order derivatives with respect to a, b, and o2 to
zero, closed-form expressions for the MLEs of a, b, and

o2 can be obtained

N
@ =5 D w08, +wi,sind, ] oo
~ 1 n;l
o b, aring, )G9
N

o~

2
wr,n)

A~ . o~ 2
+ ((g1 + an) sing, | — wi,n) } (30)

a? [( @y + bry) )cos B

X



608

where §, =7, + dys,. The MLEs given by (28)~(30)
depend on the MLEs of ¢ and d, of which no closed-form
expression can be derived. Therefore, the latter estimators
can only be obtained by maximizing (12) with respect to
c and d, thereby using the constraints (28)—(30). Note that
this is a 2-D optimization problem.

¢) GLRT statistic: From (11) and using the MLEs given in
(25)—(30), a closed-form expression for the GLR can be
obtained

€29

with g2 and ¢ given by (27) and (30), respectively. Fur-
thermore, it can be shown that the test statistic

) (2N — 4) <—z—> (32)

= (2N —4) ( ATV
a1

is asymptotically F; o _4-distributed under Hy. The test

will decide H; if and only if the test statistic (32) exceeds

auser specified threshold value. In order to achieve a spec-

ified false alarm rate «, this threshold should be chosen

equal to F1 an_4.1—qa.

3) Random Phase Values: Next, let ¢,, be the true phase of

each complex data point.

a) ML estimation under Hy: Under Hy, b is zero. In that case,
the MLEs for a, ¢,,, and o2 are found by maximizing
(12) with respect to a, ¢,,, and 0. For (a, ¢,,0?) to be
a maximum, the first order derivatives of the likelihood
function with respect to a, ¢,, and o2 should be zero.
Solving the resulting system then leads to the following
MLESs under Hy [25]:

~ T
—lmTa 33
dy = ym (33)
w.
Gy, = anctan (222 (34)
- wr,n
o~ 1 N
g% = 2— z_:l [(@0 COS@Om — wT,n)2
+(@sind,  — wi,n)ﬂ . (35)

Note that the MLEs given in (33)—(35) are simple closed-
form expressions for which no numerical optimization is
required.

b) ML estimation under Hy: Under H; (i.e., b # 0), the
MLEs for a, b, ¢,,, and o2 are then found by maximizing
(12) with respect to a, b, ¢,, and o2. This leads to the
following MLEs:

a, = NmT 1 (36)
~ 1
b= ﬁmT r (37)
W; n
¢, , = arctan <_—> (38)
- wr,n

IEEE TRANSACTIONS ON MEDICAL IMAGING, VOL. 24, NO. 5, MAY 2005

2
5 _
o] = 2N g [( al—}—brn cosgo1 w,«,n)

2

+ ((@1 +hra)sin g, — wn) } (39)
Note that also in this case the MLEs given in (36)—(39) are
simple closed-form expressions for which no numerical
optimization is required.

¢) GLRT statistic: From (11) and using the MLEs given in
(33)-(39), a closed-form expression for the GLR can be
obtained

(40)

with g2 and ¢? given by (35) and (39), respectively. Fur-
thermore, it can be shown that the test statistic

:(N_2)(A%—1):(N—2) <:2— ) (A1)

ok

is asymptotically F'; n_o-distributed under Hy. The test
will decide H; if and only if the test statistic (41) exceeds
auser specified threshold value. In order to achieve a spec-
ified false alarm rate «, this threshold should be chosen
equal to F'1 ny_21—. Note that this test is identical to the
well-known generalized linear model test applied to mag-
nitude data [6].

IV. SIMULATION RESULTS AND DISCUSSION

Monte Carlo simulation experiments were set up to compare
the performance of the GLRT for magnitude data to the per-
formance of the GLRTs based on complex data. The test’s per-
formances were evaluated in terms of the CFAR property and
the detection rate P;. For this purpose, numerous realizations
of fMRI time series were generated of which the noiseless real
and imaginary components are described by (9) and (10), re-
spectively. As a reference function, a square wave was con-
sidered, which fluctuates between —1 and 41 with period 20.
Three phase models were considered: a constant phase model,
a linear phase model, and a random phase model. For the linear
phase model, a slope of 0.01 rad/point was applied. This is com-
parable with the slope observed from experimental fMRI data
(see, e.g., Fig. 1). For the random phase model, the true phases
were generated using a uniform random generator in the interval
[, 7]. Gaussian distributed, zero mean noise with variance o
was added to the noiseless, complex data. Hence, the magni-
tude data sets obtained from the complex data sets were Rician
distributed.

A. CFAR Property

First, simulation experiments have been run so as to find out
to what extent the tests under concern have the CFAR property.
The reason for this is that tests that do not have the CFAR prop-
erty are of little practical use, since the SNR is usually unknown
beforehand. Although it is known that the GLRT has the CFAR
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Fig. 2. False alarm rate as a function of the noise standard deviation o (¢ =
10, P; = 0.01). Results are shown for the GLRT based on magnitude data
and for the GLRTSs based on complex data and constant, linear and random
phase model. The true phases were constant. Note that only the GLRT based
on complex data and a random phase model does not have the CFAR property.

property asymptotically, it remains to be seen whether this prop-
erty still applies to a finite number of observations.

For all tests, the threshold was set to x? o9, that is, the 99%
quantile of the x? distribution. For each point, a sample size of
105 was employed. The simulation results for the CFAR prop-
erty of the GLRTSs can be summarized as follows.

* For numbers of observations that are representative of
those available in practical fMRI measurements, the
GLRT based on the magnitude data has the CFAR prop-
erty, at least for SNR > 1. Of course, this holds for any
underlying phase model since the GLRT based on mag-
nitude data is not influenced by the underlying phases.

* The GLRT based on complex data and constant phases,
as well as the GLRT based on complex data and a linear
phase model was observed to have the CFAR property as
long as the true, underlying phases were constant or de-
scribed by the correct linear model, respectively. In gen-
eral, as long as the true phase variations are correctly de-
scribed by the imposed phase model, the CFAR property
should hold.

e Alternatively, from the simulation results it was also clear
that, if the true underlying phases were not described by
an appropriate model, the CFAR property did not hold.
For example, the GLRT based on complex data and con-
stant phases did not have the CFAR property when ap-
plied to data described by a linear phase model in which
the model parameter d was different from zero.

* Finally, the GLRT based on complex data and random
phases was observed to lack the CFAR property (see
Fig. 2). This may seem remarkable since any underlying
phase model can be correctly modeled by a random phase
model. However, the lack of CFAR property may be
explained by the fact that for a random phase model the
number of estimated parameters is very large in compar-
ison with the number of data points [14].

These results, summarized in Table I, indicate that, for a very
wide range of SNRs (simulations were run for SNRs larger than

1), a GLRT for magnitude data holds the CFAR property. On
the other hand, when the phase model used in a GLRT based on
complex data does not describe the underlying phases in an ap-
propriate way, such a GLRT does not have the CFAR property
and is therefore of little use in practice. In the following subsec-
tion, the GLRTs that do have the CFAR property are compared
with respect to detection rate.

B. Detection Rate

For GLRTs that have the CFAR property, simulation exper-
iments were run to test the detection rate. Thereby, for a fixed
false alarm rate Py, the detection rate P; was determined as a
function of the noise standard deviation (sample size was 10°,
a = 10, N = 120). In each experiment, the threshold was set
to Xio_gg. For truly x7 distributed test statistics, this would lead
to a false alarm rate Py = 0.01, which is a representative value
of the Py values used in fMRI.

The results obtained from the experiments showed that for
low values of the SNR the detection rates for GLRTSs based on
complex data were significantly higher than the detection rates
for the GLRT based on magnitude data, at least as long as the
phase model was correctly specified. In particular, when the true
phases were constant, it was noted that for low SNR

 the detection rate of the GLRT for complex data and con-
stant phases was significantly higher than the GLRT for
complex data and a linear phase model,;

* the detection rate of the GLRT for complex data and
a linear phase model was significantly higher than the
GLRT for magnitude data.

This is shown in Fig. 3. It shows the detection rates as a function
of the noise standard deviation o for the GLRT for magnitude
data and the GLRT for a constant and linear phase model. For
very small values of ¢, i.e., at high SNR, the detection rates do
not differ significantly. For increasing values of o, the difference
in detection rate between the GLRTS increases. From Fig. 3, itis
clear that the GLRT based on a constant phase model performs
best with respect to detection rate. Note, however, that this is a
very specific case, i.e., when the underlying phases are constant
and a GLRT for complex data and a constant phase model is
applied.

Whenever a GLRT for complex data is applied based on a
more advanced phase model, the difference between the detec-
tion rate of this GLRT and the detection rate of a GLRT based on
magnitude data drops significantly. Indeed, it seems that, with
an increasing number of phase model parameters, the detec-
tion rate of the GLRT based on complex data decreases signif-
icantly. This can also be concluded from Fig. 3. The detection
rate for the GLRT based on complex data and a linear phase
model (which also correctly models constant phases) is compa-
rable to the detection rate of a GLRT based on magnitude data
for a larger range of SNRs. Hence, it is clear that the addition of
even a single phase parameter significantly lowers the detection
rate of the GLRT based on complex data. Although no GLRT
for complex data was constructed that had more than two phase
parameters, it is expected that the detection rate of such a GLRT
would hardly be any different from the detection rate of a GLRT
for magnitude data.
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TABLE 1
CFAR PROPERTY OF THE GLRTS FOR CONSTANT PHASES, LINEARLY VARYING PHASES (WITH STEP A¢), AND RANDOM PHASES. IF A GLRT HOLDS THE
CFAR PROPERTY, THIS IS DENOTED BY v

GLRT GLRT

magnitude data

complex data

constant phase model

GLRT GLRT

complex data complex data

linear phase model random phase model

n=1¢ v v
on =@ +nlyp v -
(on, = random v -

v -
v -

100 .
== GLRT (compl., const.)
90 =o= GLRT (compl., linear)
= GLRT (magn.)
80"
~ T70;
s
o 60
o
50
40+
30 ¢
25 3 35 4 45 5
c

Fig.3. Detection rates as a function of the noise standard deviation o (a = 10,
Py = 0.01). Results are shown for the GLRT based on magnitude data, for the
GLRT based on complex data and constant phases, and for the GLRT based on
complex data with a linear phase model. The true phases were constant.

V. CONCLUSION

Most statistical tests for detecting activation from functional
fMRI data are applied to the magnitude components of intrinsi-
cally complex valued fMRI data. However, previous work has
reported the observation that the phase components of an fMRI
time course are virtually constant. Based on this observation,
a generalized likelihood ratio test (GLRT) for complex valued
fMRI data with constant phases was developed, showing signif-
icantly higher detection rates compared to standard tests in low
SNR regions [19].

However, phase values of complex fMRI time series may
not be constant but for example linearly varying or related to
the paradigm. Therefore, in this work, we tested the perfor-
mance of the GLRT based on constant phases if a slight noncon-
stant behavior was introduced to the phase components. Simu-
lation results show that, even with a small deviation from a con-
stant baseline, the detection rate of this GLRT drops drastically,
and, even worse, the GLRT looses its constant false alarm rate
(CFAR) property. Hence, we conclude that a GLRT based on
complex data and constant phases is very vulnerable to a mis-
specification of the phase model underlying the complex fMRI
data.

Furthermore, a GLRT for complex data with a linear phase
model was constructed. Such a test covers a much wider range
of phase models, but requires the estimation of an additional
parameter. It was shown that, whenever the underlying phase

model was correct, this GLRT showed a slight improvement of
detection rate compared to a GLRT based on magnitude data
and was observed to have the CFAR property. In case the un-
derlying phases could not be described by a linear phase model,
the performance of this GLRT was observed to drop drastically
as well.

In conclusion, we believe that in practice it is safer to use a
GLRT for magnitude fMRI data than a GLRT for complex fMRI
data, unless one is absolutely confident that the underlying phase
values are constant.
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